arXiv:1503.00772vl [math.AP] 2 Mar 2015

CONVEX INTEGRATION AND INFINITELY MANY WEAK
SOLUTIONS TO THE PERONA-MALIK EQUATION
IN ALL DIMENSIONS

SEONGHAK KIM AND BAISHENG YAN

ABSTRACT. We prove that for all smooth nonconstant initial data the initial-
Neumann boundary value problem for the Perona-Malik equation in image process-
ing possesses infinitely many Lipschitz weak solutions on smooth bounded convex
domains in all dimensions. Such existence results have not been known except for
the one-dimensional problems. Our approach is motivated by reformulating the
Perona-Malik equation as a nonhomogeneous partial differential inclusion with lin-
ear constraint and uncontrollable components of gradient. We establish a general
existence result by a suitable Baire’s category method under a pivotal density hy-
pothesis. We finally fulfill this density hypothesis by convex integration based on
certain approximations from an explicit formula of lamination convex hull of some
matrix set involved.

1. INTRODUCTION

In this paper, we study the initial and Neumann boundary value problem:

uy = div (ﬁ) in Q x (0,7),
(1.1) du/on = 0 on 89 x (0,7),

u(z,0) = up(x), x € (),
where (2 C R" is a smooth bounded convex domain, 7" > 0 is a given number,
u = u(x,t) is the unknown function with u; denoting its time-derivative and Du =

(Ugy, -+ , Uy, ) its spatial gradient, n is outer unit normal on 0f2, and ug(z) is a given
smooth function satisfying
(1.2) Dug#0 in Q, 0Ouy/0n =0 on 0.

Problem (ILT]), especially when n = 2, is a famous Perona-Malik model in image
processing introduced by Perona and Malik [27] for denoising and edge enhancement
of a computer vision. In this model, u(z,t) represents an improved version of the
initial gray level ug(z) of a noisy picture. The anisotropic diffusion div(lﬁ)ﬁp) is
forward parabolic in the subcritical region where |Du| < 1 and backward parabolic
in the supercritical region where |Du| > 1.

The expectation of the Perona-Malik model is that disturbances with small gradient
in the subcritical region will be smoothed out by the forward parabolic diffusion,
while sharp edges corresponding to large gradient in the supercritical region will
be enhanced by the backward parabolic equation. Such expected phenomenology has
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been implemented and observed in some numerical experiments, showing the stability
and effectiveness of the model. On the other hand, many analytical works have
shown that the model is highly ill-posed when the initial datum wq is transcritical
in ; namely, there are subregions in ) where |Dug| < 1 and where |Dug| > 1,
respectively. For transcritical initial data, due to the backward parabolicity, even a
proper notion and the existence of well-posed solutions to (I.I]) have remained largely
unsettled. Most analytical works have focused on the study of singular perturbations,
Young measure solutions, numerical scheme analyses, and examples and properties
of certain classical solutions; see, e.g., [3, 6, 12l 13} 14 [17, [1§].

The present paper addresses the analytical issue concerning the existence of certain
exact weak solutions to problem (LT). Let Qp = Q x (0,7). We say that a Lipschitz
function v € W4 (Qyr) is a weak solution to (L)) provided for all ( € C*({) and
s €[0,77,

(1.3) /Qu(x, s)((x, s)dx + /OS/Q (—ult + o(Du) - DQ) dedt = /Quo(:c)C(:c, 0)dz,

where o(p) = R (p € R") is the Perona-Malik function. The first existence re-

sult on such weak solutions was established by K. ZHANG [32] for the one-dimensional
problem, whose pivotal idea is to reformulate the one-dimensional Perona-Malik equa-
tion as a differential inclusion with linear constraint and then prove the existence using
a modified method of convex integration following the ideas of [20, 24]. Based on a
similar approach of differential inclusion, we have recently proved in [19] that for all
dimensions n if the domain €2 is a ball and the nonconstant initial function ug is
smooth and radially symmetric then (1)) admits infinitely many radially symmetric
Lipschitz weak solutions.

The main purpose of this paper is to extend the results of [19] [32] to problem (I.])
on all n-dimensional smooth convex domains for all nonconstant smooth initial data.

Our main result of the paper is the following theorem.

Theorem 1.1. Let Q C R" be a bounded convexr domain with 09 of C*** and
let ug € C?(Q) satisfy (L2) for some constant 0 < o < 1. Then (L)) possesses
infinitely many weak solutions. Moreover, if || Dug| ) > 1 and X > 0, then these
weak solutions u will satisfy the almost gradient maximum principle:

| Dul| o ry < || Dol Lo (0) + A

This theorem asserts that the Perona-Malik problem (1) admits infinitely many
Lipschitz weak solutions no matter whether the initial datum is subcritical, super-
critical, or transcritical.

Existence of classical solutions to Problem (LT]) depends heavily on the initial data
up. KAWOHL & KUTEV [17] showed that a classical solution exists in any dimension
if ug is subcritical in Q (see also [18]). Later, GOBBINO [I5] showed that the problem
cannot admit a global classical solution when n = 1 if wg is transcritical. Recently,
GHiISI & GOBBINO [13] 14] have studied the existence and properties of certain clas-
sical solutions of the Perona-Malik equation in the one-dimensional or n-dimensional
radially symmetric cases with suitably chosen initial data; their initial values can be
arbitrarily given in the subcritical region, but the values in the supercritical region
must be predetermined by the subcritical initial values.
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We remark that the convexity of the domain is needed to guarantee a gradient maz-
imum principle for the classical solution to initial-Neumann boundary value problem
of a class of quasilinear uniformly parabolic equations (see Theorem 2.1l below). This
gradient maximum principle turns out to be crucial for the proof of main theorem,
and an example in [I, Theorem 4.1] showed that such a gradient maximum princi-
ple may fail even for heat equation without the convexity of the domain. However,
domain convexity seemed to be overlooked in [I7, Theorem 6.1].

For the proof of Theorem [LLT], in what follows, we assume the initial function wug
satisfies

(1.4) /Quo(:c)da: =0,

since otherwise one can solve solution @ of (LLI]) with new initial datum g = ug —
ﬁ Jo, uoda; then u = a + ﬁ o uoda will solve (LTI).

Our proof is based on a crucial generalization of the ideas of [19, 32, B3]. Let us
discuss this generalization in some details because it exhibits several different features
from the one-dimensional setup.

Assume u € W (Qr) is a weak solution to (I.I]) and suppose there exists a vector
function v € WhH*(Qp; R") such that dive = w and v; = o(Du) a.e.in Q7. Let
w = (u,v): Qr — R with space-time Jacobian matrix denoted by

_ (Du u
Vw = (Dv vt>

as an element in the matrix space M(")*("+1) " Given s € R, define the set K(s) in
M(1+n)><(n+1) by

(1.5) K(s) = {(g O_(Cp)) ‘pGR", ceR, Be M trB:s}.

Then w = (u, v) solves the nonhomogeneous partial differential inclusion:
Vuw(z,t) € K(u(z,t)), ae. (z,t) € Qp.
Conversely, suppose we have found a function ® = (u*,v*), where u* € Wh>(Qyr)
and v* € WH=(Qz; R™), such that
u*(z,0) = up(x) (x € Q),
(1.6) dive* = u* a.e. in Qrp,
v*(+,t) snlegq =0 Vit €[0,T].

Assume w = (u,v) € WhH*(Qp; R'™) solves the Dirichlet problem of nonhomoge-
neous differential inclusion:

Vw(z,t) € K(u(z,t)), ae. (z,t) € Qr,
w(z, t) = (x,t), (x,t) € 0Q7.
Then it can be verified that u is a weak solution to (II]) (see Lemma [3.2]).
The Dirichlet problem (7)) falls into the framework of general nonhomogeneous
partial differential inclusions studied by DACOROGNA & MARCELLINI [10] using

Baire’s category method and by MULLER & SYCHEV [26] using the convex inte-
gration method; see also [20]. Study of such differential inclusions has stemmed

(1.7)
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from the successful understanding of homogeneous differential inclusions of the form
Du(z) € K first encountered in the study of crystal microstructure by BALL &
JAMES [2], CHIPOT & KINDERLEHRER [7] and MULLER & SVERAK [24]. Recently,
the method of differential inclusions has been successfully applied to other important
problems ; see, e.g., [8, 111, 23] 25] B0, B31].

We point out that the existence result of [26] is not applicable to problem (L)
even in dimension n = 1, as has already been noticed in [32 33]. A key condition
in the main existence theorem of [26], when applied to (L.7), would require that the
boundary function ® satisfy

Vo(x,t) € Ulu(x,t)) U K(u*(x,t)), ae. (z,t) € Qrp,

where U(s) ¢ MUF7)x(+1) (s ¢ R) are bounded sets that are reducible to K(s) in
the sense that, for every so € R, & € U(sp), € > 0, and bounded Lipschitz domain
G C R, there exist a piecewise affine function w € Wy *°(G;R™*") and a § > 0
satisfying, for a.e. z = (z,t) € G,

&+ Vw(z) € ﬂ U(s), /dist(§0+Vw(z),K(so))dz<6|G|.

|s—so|<d G

The second condition would imply tr By = sy for each & = (go ;0) € U(sp) and
o Do

so € R; but then Njs_y<sU(s) = 0, which makes the first condition impossible.

However, certain geometric structures of the set K(0) turn out still useful, especially
when it comes to the relaxation of homogeneous differential inclusion Vw(z) € K(0)
with w = (¢,1). We explicitly compute the first-order lamination set L(K(0)) of
K (0) consisting of all £ € M+Mx(+1)\ K(0) such that £ = A& + (1 — )&, for some
A€ (0,1) and &,& € K(0) with rank(§; — &) = 1. We obtain the explicit formula
(see Theorem [A.1])

L<K<0>>={(§ g) =0, |5|2+(p-5)2—p-6<0},

which enables us to extract enough information on the diagonal components of dif-
ferential inclusion Vw(z) € K(0) and establish a relaxation result on (D, ;) (see
Theorem [4.6]). Although for such relaxation we must have div ¢ = 0, the resulting ¢,
can be arbitrarily small; this is important for the subsequent handling of the linear
constraint divev = u in problem (I.7).

Another difficulty concerning problem (L) is that when n = 1, one can control
|2 || Lo (@py in terms of u = v, (see [32]); however, for n > 2, it is impossible to
control || Dv|| ez in terms of u = divw. So, if n > 2, the space Wh>(Qp; R™) is
not suitable for the function v. It turns out that a suitable space for v is the space
W2((0,T); L*(; R™)) of abstract functions (see Lemma [B1I); in this setting, the
linear constraint divv = u must be understood in the sense of distributions.

We design a new approach to overcome the lack of control on Dw: instead of
defining an admissible class for w = (u,v), we define a suitable admissible class for
only the functions u € W*°(Q7), treating v as auxiliary functions. Of course, during
all the relevant constructions, the linear constraint dive = u must be satisfied. In
this regard, we need a linear operator R that serves as a (distributional) right inverse
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of the divergence operator: div R = Id. By the results of [4], such an operator may
not exist as a bounded operator on certain spaces, but for our purpose, it suffices to
construct such an operator R that is bounded from L>*(Q x I) to L>(Q x I; R") for
the box domains Q x I in R™*!; this is achieved by following some construction in
[4].
Finally we remark that although the result of this paper heavily relies on the explicit
formula of L(K(0)), the method can handle some general forward-backward parabolic
equations; however, we do not intend to discuss further results of this direction in the
present paper.

The rest of the paper is organized as follows. In Section 2, we collect several nec-
essary preliminary results, some of which cannot be found in the standard references.
In Section 3, we set up a new general procedure for proving Theorem [L.I] under a
pivotal density hypothesis of an admissible class U; this setup is suitable for a Baire’s
category method and simplifies some of the arguments even for the one-dimensional
problem. In Section 4, as the heart of the matter for fulfilling the density hypothe-
sis and thus proving Theorem [T, we present the essential geometric considerations,
including an explicit computation of the set L(K(0)) above and establishing a crit-
ical relaxation property (Theorem [4.0)) by convex integration with linear constraint.
In Section 5, we construct the suitable admissible class U after defining a specific
boundary function ® = (u*,v*). In Section 6, we fulfill the key density hypothesis
for admissible class U (Theorem [6.1]) and finally complete the proof of Theorem [I]
according to the setup of Section 3.

2. SOME PRELIMINARY RESULTS

2.1. Uniformly parabolic quasilinear equations. We refer to the standard ref-
erences (e.g., [21], 22]) for general theory of parabolic equations, including some no-
tation concerning functions and domains of class C¥* for integer k£ > 0 and number
0<a<l.

Assume f € C3([0,00)) is a function satisfying

(2.1) < f(s)+2sf(5) <O Vs>0,

where © > 6 > 0 are constants. This condition is equivalent to 6 < (sf(s?))’ < © for
all s € R; hence, 0 < f(s) < © for all s > 0. Let

Alp) = f(lpP)p (»€R").
Then we have
and hence the uniform ellipticity condition:
(2.2) 0lgl> < Y A} (p)gig; < Olg* Vp, g€ R
ij=1

Theorem 2.1. Let @ C R" be a bounded convexr domain with 0Q of C* e and
ug € C*T(Q) satisfy Dug-n = 0 on 9Q. Then the initial-Neumann boundary value
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problem
uy = div(A(Du)) in Qrp,

(2.3) Ju/on =0 on 09 x (0,T),
u(x,0) =ug(x)  forx e

has a unique solution u € C”‘*HTQ(QT). Moreover, the gradient maximum principle

holds:
(2.4) [ Dul| (7)) = [ Duoll o= (@)
Proof. 1. As problem (2.3)) is uniformly parabolic by (2.2]), the existence of unique

classical solution u in C2+**2* (Q) follows from the standard theory; see [22, The-

orem 13.24]. To prove the gradient maximum principle (2.4), note that, since A €
C3(R"), a standard bootstrap argument based on the regularity theory of linear para-
bolic equations [21], 22] shows that the solution u has all continuous partial derivatives
Ug,zjz;, aNd Uy, Within Qp for 1 <4, j, k < n.
2. Let v = |Du|?. Then, within Q7, we compute
Av = 2Du - D(Au) + 2| D?ul?,
uy = div(A(Du)) = div(f(v)Du) = f'(v)Dv - Du+ f(v)Au,
Du; =f"(v)(Dv - Du)Dv + f'(v)(D*u)Dv
+ f'(v)(D*v)Du + f'(v)(Au)Dv + f(v)D(Au).
Plugging these equations into v; = 2Dw - Du;, we obtain
(2.5) vy — L(v) — B+ Dv = —2f(|Dul*)|D*u|* <0 in Qr,
where operator L£(v) and coefficient B are defined by
L(v) = f(|Du|*)Av + 2f'(|Du|*) Du - (D*v) Du,
B =2f"(v)(Dv - Du)Du + 2f'(v)(D?*u)Du + 2 f'(v)(Au) Du.
We write £(v) = 3 ", @ijUs,e;, With coefficients a;; = a;;(z,t) given by

ai; = Ay (Du) = f(IDul*)dy; + 2f (| Dul*)us us, (1,5 =1, ,n).

Note that on Q7 all eigenvalues of the matrix (a;;) lie in [6, ©)].
3. We show

max v(z,t) = maxv(x,0),

(z,t)EQr z€e)
which proves (2.4]). We prove this by contradiction. Suppose
(2.6) M := max v(z,t) > maxv(z,0).

(z,t)EQT €N

Let (z9,t0) € Qr be such that v(zg,ty) = M; then ty > 0. If 2y € €, then the strong
maximum principle applied to (2.5) would imply that v is constant on €2;,, which
yields v(x,0) = M on €, a contradiction to ([Z6). Consequently zy € 9Q and thus
v(xg,tg) = M > v(x,t) for all (z,t) € Qp. We can then apply Hopf’s Lemma for
parabolic equations [28] to (2.5 to deduce Ov(xg,ty)/0n > 0. However, a result of
[1, Lemma 2.1] (see also [16, Theorem 2|) asserts that dv/On < 0 on 90Q x [0,T]
(convexity of €2 is used and necessary here), which gives a desired contradiction. [
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2.2. Modification of the Perona-Malik function. We need to modify the Perona-
Malik function o(p) = %W to obtain a uniformly parabolic problem of type (2.3)).

For this purpose, let
s

pu— >
ps) = 12 (520)
and, for 0 < 6 < 1/2, let m = m4(J) be the solutions of p(m) = d; that is,
RSV Ty
- 26 '

The following result can be proved in a similar way as in [0, 32]; we omit the proof
(see Figure 1).

Lemma 2.2. Let 0 < 0 < 1/2 and 1 < A < my(6). Then there exists a function
p* € C3([0,00)) satisfying that

p*(s) = p(s) V0 <s<m_(3),

pr(s) < p(s) Vm_(d) <s<A,

0<(p)(s) <O V0<s<oo

for some constants © > 6 > 0. Moreover, define f(0) =1 and f(s) = p*(\/s)/\/s for
s > 0; then f € C3([0,00)) and 1) is fulfilled.

(2.7) m(0)

do pLs) =

PIAY Fommmmmmm el D ‘ p(s)
A |
0 ml(d) 1 A m;@ 5

FIGURE 1. The graphs of function p(s) and the modified function p*(s)
in Lemma

2.3. Right inverse of the divergence operator. To deal with the linear constraint
dive = u, we follow an argument of |4, Lemma 4] to construct a right inverse R of
the divergence operator: divR = Id (in the sense of distributions in Q7). For the
purpose of this paper, the construction of R is restricted to the bor domains, by which
we mean domains given by Q = J; X Jy X -+ - X J,,, where J; = (a;,b;) C R is a finite
open interval.

Given such a box @), we define a linear operator R,,: L>(Q) — L*(Q;R") induc-
tively on dimension n. If n =1, for u € L>(J;), we define v = Ryu by

o(z1) = / T u(s)ds (a € ).

al



8 SEONGHAK KIM AND BAISHENG YAN

Assume n = 2. Let u € L®(J; x Jy). Set u(x,) = ffj u(zy, ) ds for zy € J;. Then
€ L>®(Jy). Let © = Rqa; that is,

17(3:1):/:1 ﬂ(s)ds:/:l /b u(s, 7)drds (21 € Ju).

Let py € C%(ag,by) be such that 0 < po(s) < % and f p2(s)ds = 1. Define

bz —az

v=TRou € L®(J; x Jo; R?) by v = (v}, v?) with v!(xy, 25) = p2( 2)0 ( 1) and

V321, 29) = /rz w(zy,s)ds — a(xq) /rz p2(s)ds.

az az

Note that if u € WH(J; x J;) then @ € W1°°(J}); hence v = Rou € Wh*(J; x
Jo;R?) and dive = wu a.e.in J; x Jo. Moreover, if u € C'(J; x J;) then v is in
Cl(Jl X J27R2>

Assume that we have defined the operator R, ;. Let u € L*°(Q) with Q@ =
Ji X Jyx - x Jyand x = (', x,) € Q, where 2’ € Q' = J; x --- X J,_1 and x,, € J,.
Set u(z') = ff:u(x’, s)ds for 2’ € ). Then @ € LOO(Q’). By the assumption, 0 =
Rt € L*(Q'; R™™!) is defined. Write o(z') = (Z'(2'),--- , Z""!(2')), and let p, €
C(an, by) be a function satisfying 0 < p,(s) < C_Oal and f pn(s)ds = 1. Define v =
R,u € L>®(Q;R") as follows. For x = (2, x,) € Q, v(x) = (vl(x),vz(:c), ceu(z)
is defined by

v x,) = o) Z8(2)) (k=1,2,--- ,n—1),

"2, ) / u(z', s ds—u(m)/ pn(s)ds.

Then R, : L*(Q) — L>®(Q;R") is a well-defined linear operator; moreover,
(2.8) IRnullze@) < Cn (1] + -+ + [ul)[[ull L= (@),

where C),, > 0 is a constant depending only on n.

As in the case n = 2, we see that if u € W"*(Q) then v = R,u € W'>(Q;R")
and dive = v a.e.in Q. Also, if u € C*(Q) then v = R,u is in C'(Q; R"). Moreover,
if u e Wy™(Q) satisfies fQ u(z)dr = 0, then one can easily show that v = R,u €
Wy (Q; R™).

Let I be a finite open interval in R. We now extend the operator R,, to an operator
R on L>®(Q x I) by defining, for a.e. (z,t) € Q X I,

(2.9) (Ru)(z,t) = (Rpu(-,t))(x) Yue L>®(Q xI).
Then R: L>®(Q x I) — L*>®(Q x I;R") is a bounded linear operator.

We have the following result.

Theorem 2.3. Let u € Wol’oo(Q x I) satisfy fQ u(z,t)dx = 0 for allt € I. Then
v=TRué€ Wol’oo(Q x [;R"), divv =u a.e.in Q x I, and
(2.10) [0l L @xry < Cr (11| + - -+ + [ Tn) ll | oo @x )

where Q = J; X -+ X J, and C,, is the same constant as in [2.8). Moreover, if
ue CHQ x I) then v ="TRu € CY(Q x I;R").
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Proof. Given u € Wy (Q x I), let v = Ru. We easily verify that v is Lipschitz
continuous in ¢ and hence v, exists. It also follows that v, = R(u,). Clearly, if
fQ u(z,t)dr = 0 then v(x,t) = 0 whenever ¢t € 0I or + € 0Q. This proves

v € Wy™(Q x I;R™) and the estimate (ZI0) follows from (Z8). Finally, from the
definition of Ru, we see that if u € C1(Q x I) then v = Ru € C1(Q x I;R"). O

3. GENERAL SETUP FOR EXISTENCE

In this section we set up the general procedure for proving our main theorem,
Theorem L1l

3.1. Sufficient conditions for weak solutions. Since our setup differs from the
usual formulation of differential inclusions, we first prove the next two results to
clarify some relevant issues, which are elementary but not too obvious.

Lemma 3.1. Suppose u € WH(Qr) is such that u(z,0) = up(z) (x € Q), there exists
a vector function v € WH((0,T); L*(€; R™)) with weak time-derwative vy satisfying
v = o(Du) a.e.in Qp, and for each { € C=(Qr) and t € [0,T],

(3.1) /Qv(:c,t)-DC(x,t) dr = —/Qu(x,t)C(:c,t) da.

Then u is a weak solution to (I.T]).

Proof. To verify (I.3)), given any ¢ € C*°(Qr

), let
g(t)z/ﬂu(:c,t)((x,t)dx, h(t):/gu(x,t)g(x,t)dx (0<t<T).

Then for each ¢ € C°(0,7T), by 3.1,

[ etvawar=- [ [ vt Dot s
/ W(t)h(t)dt = — /OT/qu(t)v(:c,t) - D¢y (z, t) dxdt.

Since v € W2((0,7); L*(Q; R"™)) and v; = o(Du), one has

/ / t)D((x,t)); - v(x, t)dxdt = / W(t)o(Du(x,t)) - D¢(x,t) dzdt.

Now as (¢ D), = 1, D( + 1) D(;, combining previous equations, we have

/0 Yy(t)g(t) dt = /O sz(t) (—h(t)+ /Q o(Du(z,t)) - D¢(x,t) d:c) dt;

this proves that g is weakly differentiable in (0,7") with weak derivative
g'(t) = h(t) — / o(Du(x,t)) - D{(x,t)dx a.e. t € (0,T).
Q

From this, upon integrating, (L3]) follows for all s € [0, 7. O
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Let ® = (u*,v*) € Wh(Qp; R"") satisfy (LG)), and let W2 (Q7) and W2 (Qr; R™)
denote the usual Dirichlet classes with boundary traces u*, v*, respectively.

Let U be some nonempty and bounded subset of W,:*(€Qr) such that for each
u € U, there exists a vector function v € W™ (Qr; R™) satisfying dive = u a.e.in
Qp and ||v¢]| L) < 1/2. Any such set U is called an admissible class.

Given any € > 0, define U, to be the set of u € U such that there exists a vector
function v € W, (Qp; R") satisfying dive = u a.e.in Qp, |||~y < 1/2, and

/ lvg(x,t) — o(Du(x,t))| dxdt < €|Qr|.
Qr

(Note that U, = U for all € > 1.)

Lemma 3.2. Let u € U. Then any vector function v € W (Qp: R") determined
above satisfies the integral identity B.1) for each ¢ € C®(Qr) and t € [0,T).

Proof. Let ¢ € C*(Q7) and define

h(t) = /Q (v(z,t) - D{(z,t) + u(z, t)((x,t)) dx.

Then h is continuous on [0, T] and for each ¢ € C''[0, T,

/0 = / /¢ ) - DC(, 1) + u(z, )( (2, 1)) dwdt
/ /¢ ) - D¢(,1) + divo(z, 1)((z, 1)) ddt

_ /0 /Q div(C(z, )b (o (x, 1)) dadt
_ /0 ! /Q div(C (2, D)0 (#)0* (x, £)) dadt = 0,

resulting from v|gn, = v*|sq, and v*(-,t) - nlsgq = 0 for all £ € [0,7]. Hence h =0 on
[0, 7. This completes the proof. O

3.2. General existence theorem by Baire’s category method. We prove a
general existence theorem under a density hypothesis.

Theorem 3.3. Let U C W,2°(Qr) be an admissible class. Assume, for each € > 0,
U, is dense in U under the L>°-norm. Then, given any ¢ € U, for each n > 0, there
exists a weak solution u € W:*(Qr) to problem (L)) satisfying ||u — ¢|| =) < 1-
Furthermore, if U contains a function in Wr™(Qp) that is not a weak solution to
(T, then (I)) admits infinitely many weak solutions.

Proof. 1. Let X be the closure of U in the metric space L>(Qr). Then (X, L) is a
complete metric space. By assumption, U, is a dense subset of X. Furthermore, since
U is bounded in W™(Qp), we have X € Wh™(Qp).

2. Let Y = LY(Qp;R"). For h > 0, define Ty,: X — Y as follows. Given any
w e X, write u = u* 4+ w with w € Wy °(Qr) and define

Th(u) = Du* + D(pp * w),
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where pp,(2) = h™Np(z/h), with 2 = (x,t) and N = n+ 1, is the standard mollifier on
RY, and p;, * w is the usual convolution on R" with w extended to be zero outside
Q. Then, for each h > 0, the map T},: (X, L) — (¥, L') is continuous, and for each
u € X,

T |7,(w) = Dullpxar) = T [l + Dw = Dwllgia) = 0.

Therefore, the spatial gradient operator D: X — ) is the pointwise limit of a sequence
of continuous functions 7j,: X — Y; hence D: X — Y is a Baire-one function. By
Baire’s category theorem (e.g., [, Theorem 10.13]), there exists a residual set G C X
such that the operator D is continuous at each point of G. Since X \ G is of first
category, the set G is dense in X. Therefore, given any ¢ € X, for each n > 0, there
exists a function v € G such that ||u — ¢|| e < 7.

3. We now prove that each function u € G is a weak solution to (LI). Let u € G
be given. By the density of U, in (X, L>), for each j € N, there exists a function
u; € Uyy; such that ||uj—u|| ey < 1/7. Since the operator D: (X, L>) — (Y, L) is
continuous at u, we have Du; — Du in L'(Qp; R™). Furthermore, from the definition
of Uy, there exists a vector function v; € WL (Qr; R™) such that, for each ¢ €
C>=(Qr) and t € [0, T],

/vj(at,t) D(¢(x,t)dx = /u](x t)((z,t) dz,
(3.2) ¢

1
) lmon <30 [ [ 1= o(Dup)ldra < S,

Since v;(z,0) = v*(z,0) € WH*(Q;R"), from ||(vj)e]|reeo(r) < 1/2, it follows that
both sequences {v;} and {(v;);} are bounded in L*(Qr; R™) =~ L?((0,T); L*(Q; R™)).
We may assume v; — v and (v;); — v, weakly in L?((0,7); L*(Q; R")) for some
v € WH2((0,7); L*(2; R™)). Upon taking the limit as j — oo in (3.2) and noticing
v e C([0,T); L*(2; R™)), we obtain that

/Qv(x,t)-DC(x,t) dx = —/Qu(:z,t)C(x,t) dx (t€0,7]),
v(x,t) = o(Du(x,t)) a.e. (x,t) € Qr.

Consequently, by Lemma B u is a weak solution to (L.TI).

4. Finally, assume U contains a function that is not a weak solution to (LII); hence
G # U. Then G cannot be a finite set since otherwise the L®-closure X = G = U
would be a finite set, making U = G; therefore, in this case, (LI admits infinitely
many weak solutions. This completes the proof. 0

The rest of the paper is devoted to the construction of a suitable admissible class
U C WHe(Qr) fulfilling the density property:

(3.3) U, is dense in Y under the L>*-norm for each € > 0.
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4. GEOMETRIC CONSIDERATIONS: RELAXATION OF Vw(z) € K(0)

Let K(s) be the matrix set defined by (L3 above. Since K(s) is a translation of
set K(0), we focus on the set Ky = K(0); that is,

_ p C n nxn _
KO_{<B 0(p)) [PER" cER, BeM ,trB—O},
where o(p) = %W is the Perona-Malik function.

4.1. Rank-one lamination of K,. We first compute certain rank-one structures of
the set K.

Let L(Kp) be the set of all matrices ¢ € MUI+>*(+1) that are not in K, but are
representable by £ = A + (1 — A\)& for some A € (0,1) and &, & € Ky with
rank(§; — &) = 1, or equivalently,

L(Ky) ={¢ ¢ Ko | §+tin € K for some t_ < 0 <t and rankn = 1}.

Suppose & = <£ ;) € L(Ky), with £ + t.n € Ky, where t_ < 0 < t; and 7 is a

rank-one matrix given by

_(a _( aq ab 2 2 2 2
1=(2) @@= (4, ;). @rla? 2084l Ao,

for. some a, b € R and «, ¢ € R"; here a ® ¢ denotes the rank-one or zero matrix
(a'qj) in M.
Condition & +tin € Ky with t_ < 0 < ¢, is equivalent to the following:

(4.1) trB=0, a-¢q=0, o(p+tiaq)=p+tiba.

If ag = 0, then o(p) = B + tba has two different solutions of ¢ only when ba = 0, but
then we would have o(p) = f and thus £ € Ky, a contradiction. Therefore, ag # 0.
By rescaling n and ¢, we assume a = 1 and |¢| = 1; namely,

_( a 0 _ o
U—(a@)q bOé)’ ‘Q|_17 « q_O

Case 1. Assume ba = 0. In this case, by (4.1]), the equation o(p + tq) = [ has two
solutions of t of opposite signs and thus we must have p = xq and f = ug, and
o(xq + tq) = uq becomes a quadratic equation x + ¢t = u + u(z? + 2zt + t?), which
has two solutions ¢t = t4 of opposite signs if and only if v # 0 and 2? — Z+1<0;
this condition can be written as

B2+ (p-B)?* —p-B=u®+ (vu)* — 2u < 0.

b -

(q) O)’ lgl =1, b€ R. This is
the case for the one-dimensional problems studied in [19] [32] [33], where the existence
results are primarily proved based on the structure of such 7n’s. However, if n > 2,
such 7n’s are not sufficient to characterize all the rank-one structures. Case 2 below

thus becomes pivotal.

Remark 4.1. In this case one can always select n =
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Case 2. Assume ba # 0; so b # 0 and « # 0. In this case, we write
Y ®q v

Since the equation o(p + tq) = 5 + ty has two solutions ¢t = t1 of opposite signs, we
must have p = xq+y7y and § = ug+v~, and the equation o(p+tq) = 5+t becomes
a system of two equations:

“2) {x+t:u(1+(x+t)2+|7|2y2),

y=(w+t) 1+ (x+1)*+ |[v[*?).

This system has two solutions t = ¢ of opposite signs, and thus u # 0 and y # 0. So
(4.2)) is equivalent to a system of two quadratic equations:

2+ 2e— Lt +a?+ |y +1-2=0
43) {+(x Dt 2?4 [yt 41— 2 =0,

4+ (v+ )t +av —yu=0.

The necessary and sufficient condition for (43]) to have two solutions ¢ = ti of
opposite signs is that the two quadratic equations of ¢t have the same coefficients and
the constant terms are negative, which yields that

1
r=—+u, x2+|7|2y2+1—£:xv—yu<0.
u u

Here, if v = 0, then = = 1, and taking this into the inequality, we have 1+ |y|*y* < 0,
a contradiction. So v # 0. Therefore

1-— 1
(4.4) w = zu— 1, \7\2:7m——2,
yv Yy
and
r Yy
45 . :(———) —1) <o0.
(4.5) 2 —yu= -~ (zu—1)

We now solve for z, y, u, v from (£4) in terms of p and 5. From p = zq+yv, =
uq + v, it follows that

1
4.6 e __ .
(4.6) q m_yu(vp yB), m_yu( up + z3)
By (&4)) and (£4), we have
v oz yllP-p-B
pﬁ:xu—i—v 2:1__7 _23—7
il y u ;P'ﬁ— |8[?
where p - 8 — |B]> # 0 by @F). Let k = z/u, | = y/v. Then
1 1—p-Bpf—p-B

(4.7) l

T 1-p-8 " (U—p-Pp-B- B

Moreover,

y _Ww*-tw-p , _ Ip—18P
v op- BB p-B=1UB*

h—1=2—
u
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From |¢| = 1, we have zv — yu = (k — [)uv = —|vp — lvf| and hence
lp— 1B p-B 1B

4.8 u = —sgn(v = —sgn(v)—————,

(4. e e et

where sgn(v) = v/|v] is the sign of v # 0. We then obtain z, v, y by
1 1 l

4.9 r=ku, v=x——=ku——, =lv=lku——.
( y
u u u

In this way, we have solved x, y, u, v in terms of p, 3, uniquely up to the sign change.
We can check that both conditions in ([4.4]) are satisfied.

Let us consider inequality (5] for these solutions. Equation on |y|? in (4.4]) implies
Y(1 — xu) > 1 and hence the inequality (.3]) yields *(1 — 2u) > %(1 — zu) > 1. So
0 <zu <1 and thus z/u > y/v > 1, i.e., k> [ > 1. Then we deduce the inequality

(4.10) B]> +(p-B)* = p- B <0.

4.2. Exact formula of L(Kj). In fact, inequality (4I0) exactly characterizes the
set L(Ky). We have the following result.

Theorem 4.1.

(4.11) L(K0>:{<g g) B =0, |5|2+(p-5)2—p-6<0}.

Moreover, given any & € L(Ky), there exist a rank-one matriz

(1% )
"“\lyeq 4

with |qg| =1, v-q =10, b # 0 and two numbers t_ < 0 < t, such that
§+1in € Ko,
where |b| > 0 can be arbitrarily small.

Proof. Let S be the set defined on the right-hand side of (4.I1]). The previous cal-
culations show that L(Kjy) C S. To verify the reverse inclusion S C L(Kj), let

£ = (g ;) € S. Then B2+ (p-B8)?*—p-B8<0.50<p-B < 1and
(1—p-B)p-B—18]*> > 0, and hence we can define I, k by [{T), so that [ > 0,
k > 0. To fix the sign, we define u by (48] with + sign:

P B=UBE _ (A —p-Blp-5-|B)
lp — 18] [(L—p-B)p— 2
We now define z,v,y by ([@9). Then z > 0, v < 0, and y < 0. After deducing that

xv — yu < 0, we finally define ¢, by (&6]). It is then straightforward to check the
following;:

> 0.

p=xq+yy, B=uqg+vy, l¢g=1~v-¢q=0,
1
r=—+0, I2+|7|2y2+1—£::m)—yu<0.
u u

In particular, equation o(p +tq) = B + t7y has two solutions ¢t = ¢t with t_ < 0 < t,.

) q
Y ®4q
¢ € L(Kp). The proof is now complete. O

Now let n = z), where b # 0 is arbitrary. Then & + t1n € Ky, and so
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Remark 4.2. The quantities ¢ € S"!, v € R" and t. defined in the proof depend
continuously on (p, 3) € R™™ with |82+ (p- B8)? —p- 8 < 0. We may also take b > 0
(or b < 0) to be a continuous function of all such (p, 3).

4.3. The approximating sets Ss and Ss. Given any 0 < § < 1/2, let
(412)  Ss={(p,B) e R"*" [ 8|(1L—p-B)p— Bl + B+ (p- B)* —p- 5 < 0},

&;:{(é g) ‘ trB =0, (p,ﬁ)ESg}.

Then Sy = L(Ky). Immediate properties of the open sets S; are that
852CS51 for0§51<52§1/2, 81/2:@’

Ss#0 for0<s<1/2, S= |J S
0<d<1/2

In what follows we always assume 0 < § < 1/2 unless otherwise stated.

Proposition 4.2. Let £ € S5 and {1 € Ky with rank(§, — &) = 1 satisfy that £ lies
in the open line segment ({_,&.). Then (£_,&,) C S.

Proof. Consider functions
PO = 11=p- B Bl. G =197+ (57 =5, V= (B 5).

Then both F' and G vanish on set Ky. For the given ¢ and &4, let f(7) = F(£7) and
g(1) = G(£7), where £ = 76, + (1 — 7)&_. The rank-one condition implies that the
corresponding term p” - 57 is linear in 7; hence g(7) is a quadratic polynomial of 7
and f(7) is the length of a vector quadratic in 7. Since both f(7) and g(7) vanish
when 7 =0 and 1, we must have g(7) = Ci7(1 — 7) and f(7) = Cy7(1 — 7) for some
constants Oy, Cy. Since & = & € Sy for some 0 < A < 1, we have

This implies the constant 0Cy + C is negative. Hence 0 f(7) +¢g(7) = 7(1 — 7)(6Cy +
C1) < 0 for all 7 € (0,1), which proves exactly &7 € Ss for all 7 € (0,1). O

Remark 4.3. The lamination conver hull K' of a set K C M™*" is defined to be
the smallest set S C M™*" containing K with the property that if £&L € S with
rank(£, — &) = 1 then (£-,&4) C S (see [9]). As in the proof of Proposition [1.2] one
can see that KY¢ = Ky U L(Ky).

Lemma 4.3. Let my(9) be defined by [27) above. It follows that

sup [p| = m(0), inf |p| =m_(3).
(ILB)ES(S (p7ﬁ)68(5

Proof. Let (p,8) € S5. ThenO0<p-f<land f-((1—p-B)p— ) > 0. We write

p-B=1p||Blcost, B-((1—p-B)p—pB)=I8||[(1—p-B)p— B|cost
for some 0 < 0, § < 7/2. A simple geometry shows that § < ¢'. As |B]*> + (p- 3)? —
p- B <0, we have
1812 + |p|?|8]? cos® @ — [p||B| cos & < 0,
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and so,

1 1—+/1—43] 14+ /1 — 4|32
pl<s TR e o
2 2| cosb 2| cos O
Condition (p, 8) € Ss becomes § < || cosb'; so |B| > |5 cosf > § and

L= VT4 1- /T 4BP _1- /T 4[5

24 2|p| —  2|f|cosd
141812 1+ +V1—46?
< |p| < < :
2| cos b 20
This proves
1 —+/1— 462 1+ v1— 462
(4.13) ————— < inf |p|< sup |p| < +—
20 (P.B)ESs (»,B)€Ss 20

Next, fix any § € R™ with § < |3]| < 1/2. Let [,{’ be any numbers satisfying
1—+/1—4|8|? 1 1 — 4|82
(4.14) 151 <l<l< Ll :
2(B| 2|8
and p = ﬁﬂ, p = I%\ﬂ' Then (p, ), (p', 5) are both in S5 with [p| =1, |p'| =’; so

inf |p|<l<l'< sup |[p|.
(pﬁ)ESé‘ | (p,ﬁ)esa‘ |

As [, are arbitrary and satisfy (£I4]), we have

ol < L /T3P _ 1+ /T 4[8P

inf |p| < < sup [p|.
(pB)ESs 2|3] 2|5] (PB)ESs "
Finally, taking |3] — 6 and combining with (ZI3]) complete the proof. O

As an immediate consequence of the previous lemma, we have
Corollary 4.4. S5 C {(p,3) | m—(9) < |p| < m4(6), § < |B| < 1/2}.

4.4. A useful convex integration lemma. The following result is important for
convex integration with linear constraint. For a more general case, see [29, Lemma

2.1].
Lemma 4.5. Let Ai, Ao > 0 and 1y = —A\in, n2 = Ao with
q b
— y — 1’ . == 07 b 0
n <%7®q 7) [ v q #

Let G C R™! be a bounded domain. Then for each € > 0, there exists a function w =
(o, 1) € C(R™; RY™) with supp(w) CC G that satisfies the following properties:
(a) diveyy =0 in G,
(b) {2z € G| Vw(z) & {m, m}} <e
(c) dist(Vw(z),[m,n2]) <€ for all z € G,
(d) [[wllpoe@) <
() Jgn(z,t)dz =0 for each t € R.
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Proof. 1. The proof follows a simplified version of [29, Lemma 2.1]. Define a map
P: CH{R"1) — COR"YRY™) by setting P(h) = (u,v), where, for h(z,t) €
Cl(Rn+1),

%(fy ®q—q®y)Dh(x,t).

We easily see that P(h) = (u,v) € C(R™™; R"™™), supp(P(h)) C supp(h), dive =
0, and [g, u(z,t)de = 0 for all t € R, for all h € C(R"). Forh(a:t)—f(
x +bt) with f € C’°°( ), w = (u,v) = P(h) is given by u(z,t) = f'(q -« + bt) and
v(z,t) = f'(q¢-x+0bt)}, and hence Vw(z,t) = f"(q -z + bt)n. We also note that
P(gh) = gP(h) + hP(g ) and hence

w(z,t) = q- Dh(z,t), v(z,t) =

(4.15) VP(gh) = gVP(h) + hVP(g9) + B(Vg,Vh) Vg, h € C(R"),

where B(Vg, Vh) is a bilinear map of Vg and Vh; so |B(Vh,Vg)| < C|Vh||Vg| for
some constant C' > 0.

2. Let G CC G be a smooth sub-domain such that |G \ G.| < €/2, and let
pe € CP(G) be a cut-off function satisfying 0 < p. < 1in G, p. =1 on G.. As G is
bounded, G C {(z,t) | k < ¢-x+ bt < [} for some numbers k < I. For each 7 > 0, we
can find a function f, € C°(k, 1) satisfying

—M <SPS de, {s € (kD) [ f7(s) {0, M} <7 [felliee + (17l <.

3. Define w = (p,¢) = P(pe(z,t)h(z,t)), where h,(x,t) = f.(¢-x + bt). Then
|hller < Ol frller < Cry w € CX(RL RM™), supp(w) C supp(p) CC G, and (a)
and (e) are satisfied. Note that

(Wl < [pel[P(he)| + |he[[P(pe)| < Cer,

where C, > 0 is a constant depending on ||pc|/c1(e). So we can choose a 71 > 0 so
small that (d) is satisfied for all 0 < 7 < 71. Note also that

{z e G Vw(z) & {m,m}} C(G\G)U{z € G| [l(q-z+bt) & {=Ai, Ao}}.
Since [{z € Ge| f7(q-x+0t) & {=A1, Ao} < N|{s € (k1) | [](s) € {=A1, Aa}}] for

some constant N > 0 depending only on set GG, there exists a 7 > 0 such that
€
[{z € G Vw(z) & {m.pb} < 5 + N7 <e

for all 0 < 7 < 7. Therefore, (b) is satisfied. Finally, note that
pVP(he(z,t)) = pfl(q-x+bt)n € n1,m2] in G
and, by ([AI5), for all z = (z,t) € G,
Vw(2) = peVP(h-(x,1))| < |h-[[VP(pe)| + [B(Vhe, V)| < Ol <€

for all 0 < 7 < 73, where C? > 0 is a constant depending on ||pc||c2(c), and 73 > 0 is
another constant. Hence (c) is satisfied. Taking 0 < 7 < min{7, 72, 73}, the proof is
complete. O
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4.5. Relaxation of Vw(z) € K;. We now study the relaxation of homogeneous
inclusionVw(z) € Ky. We prove the following result in a form suitable for later use.

Theorem 4.6. Let K be a compact subset of Ss. Let Q x I be a boz in I}"H; Then,
giwven any € > 0, there exists a pg > 0 such that for each box Q) x I C @ x I, point
(p, B) € K, and number p > 0 sufficiently small, there ezists a function w = (p, ) €
C(Q x I; RY™) satisfying the following properties:

(a) divyp =01in Q x I,

(b) (¢ + Dp(2), B' + ¢u(2)) € Ss for all z € Q x I and |(p', B') — (p, B)| < po,

(©) llwllze@xr) < p;

(d) Jour 1B+ vu(z) = a(p+ Dp(2))|dz < €[Q x 1]/]Q x 1],

(e) Jop(z,t)dr =0 forallt €I,

(f)

£) [loll oo @xr) < p-

Proof. Let & = £(p, B) = (p 2) for (p,8) € K C S5, where O is the n x n zero

matrix. We omit the dependence on (p, 5) in the following whenever it is clear from
the context. Since £ € S5 C L(Ky) on K, it follows from Theorem [4.1] and its remark
that given any p > 0, there exist continuous functions q : K — S"7! ~: K — R™,
ty : K= R,and b: K — (0,00) with v-¢=0,1_ <0 < t, on K such that letting

q b
= on K, we have
! (%Wq 7)

E4+time Ky, 0<b< d on K.
t, —t_

Writing &+ = (ff Ci) = E+tampon K, we have £ = A6, + (1 —\)é_, A= —= ¢
+

By —
(0,1) on K.

Proposition@.2limplies that on I, both §7 = 7, +(1—-7)¢- and £ = (1—-7)§+76-
belong to S5 for each 7 € (0,1). Let 0 < 7 < mingmin{\, 1 — A} < 1 be a small
number to be selected later. Let X' = 2= on K. Then X' € (0,1), £ = N&+(1-N)E™
on K. Moreover, on IC, {7 —&7 = (1-27) (£, —&-) isrank-one, [£7,&7] C (§-,&4) C Sy,
and

o7 S| =&l =L =& =78 — & [ =7ty —t-)[n[ < O,
where C' = maxy(ty — t-)|n| > ming(ty —t-)|n| = ¢ > 0. By continuity, H, =
Uppeclé (p, B), &5 (p, B)] is a compact subset of S5, where Sj is open in

o= ) oo}

So d, = dist(H,, d|x,Ss) > 0, where J|y, is the relative boundary in the space ¥.
Let m = —Ap = =N(1 = 27)(t+ —t_)n, 2 = Ao = (1 = N)(1 = 27)(t4 — ¢-)n
on KC, where \y = 7(—ty )+ (1 —7)(—t_) >0, Ay = (1 = 7)t. + 7t_ > 0 on K with
7 > 0 sufficiently small. Applying Lemma to matrices 1y, 7 and set G = Q x I,
we obtain that for each p > 0, there exists a function w = (p,v) € C(Q x I; R'")
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and an open set G, CC @) x [ satisfying the following conditions:

(

(1) divyy =0in Q x I,

(2) [ @xI)\G,| <p; £+ Vw(z) e{eT, {1} forall z € G,
(4.16) (3) £+ Vw(z) e[l ], forall z€ @ x I,
(4)
(5)
(6)

6

[wllzeo@xry < P,
Joe(@,t)de=0forallt €I,

el @xry < 2p,

\

where [£7,£7], denotes the p-neighborhood of closed line segment [£7,¢7]. From

({163), ([4166) follows as
o] <ley —c|+p=(ts =t )| +p<2p InQxI.
By @I613), |8+ ¥u(2)| < C 4+ pfor z € Q x I; hence

/ |8+ —o(p+ Dy)|dz
QxI

< [ 1Bt —olp+ DR)dz+(C+p+ 1)

(4.17) G >
1
< |@ > I|max{|fL — o(p})[} + (T +p+5)p
1
SC’|Q><]|7'+\Q><I\ma:x;{\a(pi)—a(pl)|}+(C'_|_p+§)p7
where £ = gji ;ji :

Note (a), (c), (e), and (f) follow from (Z.I6), where 2p in ([A.1616) can be adjusted to
p asin (f). By the uniform continuity of o on the set J = {p’ € R"| |p'| < m(0)+1},
we can find a p/ > 0 such that |o(p’) — o(p”)| < 3@5@ whenever p/, p” € J and
Ip = p"| < p/, where m,(5) > 0 is the number defined in Lemma [£3. We then
choose a 7 > 0 so small that C7 < p' and C|Q x I|T < 5. Since pi, p} € J and
lp+ —pL| < C1 < p, it follows from (4.I7) that (d) holds for any choice of p > 0 with
(CH+p+3)p< ;giﬂ Next, we choose a py > 0 such that py < £. If 0 < p < py,

then by (AI6.1) and (£I613), for all z € @ x I and |(p/, 5") — (p, B)| < po,
£, B) + Vuw(z) € 2o, dist(&(p', 8) + Vw(2), Hy) < d-,

and so &(p', B') + Vw(z) € Sy, that is, (p + De(2), 5 + ¢¥(z)) € Ss. Thus (b) holds.
The proof is now complete. O

5. CONSTRUCTION OF ADMISSIBLE CLASS U

In this section, we define a suitable admissible class U as required in Section 3.
Assume 2 and ug are as given in Theorem [[L1] with (4] fulfilled in addition. Let
M = H.DUOHLOO(Q) > 0.
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5.1. The modified uniformly parabolic problem. We first apply Lemma 2.2] to
construct the function f € C3([0,00)) with a suitable choice of § € (0,1/2) and
1 < A <m4(6) according to the value of M as follows (see Figure 1).
(i) f0 < M <1, we select 0 < 0 < 1+M2 and arbitrary 1 < A < m(9).
(ii)) If M > 1 and A > 0, we select § = —=15+5 and arbitrary A € (M, M + \);
in this case, m4(6) = M + A.

Note that in both cases we have M < A. Once f € C3(]|0,00)) is constructed, we
define

M+)\

Alp) = f(Ipl)p (peR").

By Lemma 2.2 equation u; = div A(Du) is uniformly parabolic. We have the follow-
ing result.

Lemma 5.1. With § selected above and Sy defined by (A12), one has
(p, A(p)) € S5 Vm_(6) <[p| <M.
Proof. From the definition of set S;, it follows that (p, A(p)) € Ss if and only if
)
— < f(Ip]*) < ————=: namely, p(m_(8)) =6 < p*(|p|) < p(|p]).
7 (Ip[*) ENPE p(m-(9)) p*(Ipl) < p(lpl)
By Lemma 2.2] this condition is satisfied if m_(J) < |p| < A. O

5.2. The suitable boundary function ®. By Theorem 21|, the initial-Neumann
boundary value problem

= div(A(Du*)) in Qr,
(5.1) Ju*/On =0 on 09 x [0,T7,
u*(z,0) =up(x), z€l
admits a unique classical solution u* € C***5*(Qy) satisfying
|Du*(z,t)] < M, (x,t) € Qp.
From conditions (I.Z) and (L4), we can find a function h € C**%(Q) satisfying
Ah=ug in 2, 0Oh/On =0 on 9.
Now let vy = Dh € C'**(€2; R") and define, for (,t) € Qr,

(5.2) v*(x,t) = vo(x) +/0 A(Du*(z, s)) ds.

Define ® = (u*,v*) € C*(Qp; R™). Then it is easy to see that ® satisfies condition
(LG) above; i.e.,

u*(z,0) = up(x) (z € Q),

divo* =u* in Qp,

v*(,t) mlpgqo =0 Vit e[0,T].

Lemma 5.2. Let
Ks ={(p,a(p)) | Ip| <m_(5)}.
Then
(Du*(z,t), v/ (x,t) € SsUKs V (z,t) € Qr.
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Proof. Given (z,t) € Qr, let p = Du*(z,t); then |p| < M. By (52), v/ (z,t) = A(p).
If |p| < m_(6), then A(p) = o(p) and hence
(Du*(z,t), v/ (x,t)) = (p, A(p)) = (p,0(p)) € Ks.
If m_(9) < |p| £ M, then by Lemma [5.1]
(Du*(x, t)v ’U:(I, t)) = (pv A(p)> S 85-
Hence (Du*,v}) € Ss U Ks in Qr. O
5.3. The admissible class U. In what follows, we say that a function wu is piecewise
C' in Qp and write u € C;C(QT) provided that there exists a sequence of disjoint
open sets {G;}%2, in Qr with [0G;| = 0 such that
ueCYGy) VieN={1,2--}, Q7 \ U2, G| = 0.
(For our purpose it is also acceptable to allow only finitely many pieces in this defi-
nition.)
Definition 5.1. Let j = [|uf|| 1= (o,) + 1. We define the admissible class
U= {u € Co.NWiX(Qr) | [Juell e < p; Fv € Chy N W™ (Qr; R™)

(5.3)
such that dive = u and (Du,v;) € S5 U Ks a.e. in QT}.

For each € > 0, let U, be defined by
U = {u €U | 3v e CL N WL (2 R") such that dive = u and

(Du,vy) € S5 UKs a.e.in Qp, and fQT |vy — o(Du)|dzdt < e|QT|}.

Remark 5.2. Clearly u* € U; so U is nonempty. Also U is a bounded subset of
WL*(Qr) as Ss U Ks is bounded. Moreover, by Corollary 4] for each u € U,
its corresponding vector function v satisfies ||vi||L=(;) < 1/2. Finally, note that
m_(6) < |Du*| < M on some nonempty open subset of Qp and A(Du*) # o(Du*)
on this set; hence u* itself is not a weak solution to (L]).

6. DENSITY PROPERTY AND PROOF OF THEOREM [I.1]

In this final section, we prove the density property of the sets U, and then complete
the proof of Theorem [I11

6.1. The density property of U. Let U and U, be as defined in Section 5. We
establish the density property (3.3)).

Theorem 6.1. For each € > 0, U, 1s dense in U under the L*°-norm.

Proof. Let u € U, n > 0. The goal is to show that there exists a function @ € U, such
that || — ul|z(a,) < 1. For clarity, we divide the proof into several steps.

1. Note ||u¢|pe) < p — 7o for some 75 > 0 and there exists a function v €
C’;CHW,}*’OO(QT; R™) such that divv = v and (Du,v;) € SsUK;s a.e. in Qp. Since both
u and v are piecewise C' in ), there exists a sequence of disjoint open sets {Gj}jo-‘;l
in Qr with |0G,| = 0Vj > 1 such that

u € Cl(éj), v E 01(6_1]7].:{”) \V/] 2 ]., |QT \ U;‘;lG]| = 0.
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2. Let j € N be fixed. Note that (Du(z),v,(2)) € S UK; for all z € G; and
that H; = {z € G; | (Du(2),u(2)) € 0S5} is a (relatively) closed set in G with
measure zero. So G; = G, \ H; is an open subset of G; with |G| = |G|, and
(Du(z),v1(2)) € Ss UK; for all 2z € G

3. For each 7 > 0, let G, = {(p, B) € Ss | |B—oalp)| >, dist((p, 3),0Ss) > 7)};
then G, CC S;5. We can find a 7; > 0 such that

€
(6.1) lvi(2) — o(Du(2))| dz < ﬁKZT\,
F; :

where z = (z,t) and F; = {z € G, | (Du(z),v(2)) ¢ G-, }. To check this, note
By = = FL UF2, where F! = {z € G | |vi(2) — o(Du(2))| < 7} and F? = {z €

G, | dlst((Du( ),v(2)),08s) < 7}. Clearly, [., |y — o(Du)ldz < 7|Qp| — 0 as
7 — 0. Since F? is decreasing as 7 — 07 and v; = o(Du) on N,+oF?, it follows that
sz lvg — Du)|0l,z—>08us7'—>0Jr

4. Let O; = Gj \ F};. Furthermore, we may require that the number 7; be chosen
in such a way that either O; is empty or O; is a nonempty open set with [00,| = 0
(see [32]). Let J be the set of all j € N with O; # (. Then for j & J, F; = G,.

5. We now fix a j € J. Note that O; = {z € G | (Du(z),v,(z )) € QTJ} and
that K; := QT is a compact subset of S5. Let Q C R™ be an open box with Q C Q

and T = (0, T). Applying Theorem [.6] to box Qx 1, IC;, and € = 6'?;‘, we obtain a
constant p; > 0 that satisfies the conclusion of the theorem. By the uniform continuity
of ¢ on compact subsets of R", we can find a 6 = 96 5 > 0 such that

6.2 — < —
(62) o(p) — o) < 5

if |pl, [p'| < m4(d) and [p —p'| < 0. Also by the uniform continuity of u, v, and their
gradients on G, there exists a v; > 0 such that

u(z) — u(z')| + [Vu(z) — Vu(z )|+\U( ) — (2]
(6.3) +|Vo(z) — Vo(2')| < min{%, 5,0}

whenever z, 2’ € G and |z — 2| < v;. We now cover O; (up to measure zero) by a
sequence of disjoint open cubes {Q% x I:}°, in Qp whose sides are parallel to the

axes with center zj- and diameter l; < ;.

6. Fix i € N and write w = (u,v), { = (f_; ;) = Vu(z) = (gﬁgiﬁ Zﬁgj?) '

By the choice of p; > 0 in Step 5 via Theorem .6, since Q; X I; C Q x I and
(p, B) € K;j, for all sufficiently small p > 0, there exists a function w} = (@}, v}) €
C=(Q5 X I;»;iR1+")' satisfyinlg

(a) divy) = 0 in Q5 x I, | |

(b) (' + D¢i(2), B + (V%)i(2)) € Ss for all z € Qs x I}

a“nd all |(plvﬁl> - (pvﬁ)‘ S Pj;

© [t lzm@sarty < o

(@ Jgpurs 16+ (0(2) = olp-+ D (2)ld= < €13 x L/1Q x .

(e) fQ§ @’ (x,t)dr = 0 for all t € I,
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(f) ||(80§')t||L°o(Q;xI;) <p.
Here, we let 0 < p < min{ry, 25, 35,7}, where C, is the constant in Theorem
2.3 and C' is the product of C, and the sum of the lengths of all sides of ). By
(e), we can apply Theorem to ¢} on Q% x I} to obtain a function g} = R¢} €
CHQE x IER™) N W™ (QF x 15 R™) such that div gl = ¢ in Q% x I! and

i i Pj
(6.4) ||(9j)t||L°o(Q§.x1;i) < C||(90j)t||Loo(Q§.x1;) < 5]
7. As vy, |[o(Du)| <1/2 a.e. in Qp, we can select a finite index set Z C J x N so
that

(6.5) /U

We finally define

[v(=) = o(Du(2))|dz < 5[],

Grie(rxNnz QX T;

(ﬂ, f]) = (U,U) + Z XQg.xIJ’: (ﬁpz,iﬂ; + g;) in Q.
(41)eT
As a side remark, note here that only finitely many functions (¢}, 1i4g5) are disjointly
patched to the original (u,v) to obtain a new function (@, ?) towards the goal of the
proof. The reason for using only finitely many pieces of gluing is due to the lack of
control over the spatial gradients D(w;'- + g;'-), and overcoming this difficulty is at the
heart of this paper.

8. Let us now check that @ together with v indeed gives the desired result. By
construction, it is clear that @ € Cl, N W, ™(Qr), o € CL, N W (Qr; R"). By the
choice of p in (f) as p < 7, we have ||T||z(0,) < p. Next, let (j,7) € Z, and observe
that for z € Q% x I}, with (p, 8) = (Du(2}),v(2})) € Gy, since |z — 2| < I’ < vy, it
follows from (6.3) and (6.4]) that

|(Du(2), ve(2) + (95):(2)) — (0. B)| < py,
and so (Du(z),7(z)) € S5, by (b) above. From (a) and div g} = ¢}, for z € Q x I},
divo(z) = div(v + ¢ + g1)(2) = u(z) + 0+ ¢%(z) = u(z).

Therefore, u € U. Next, observe

/QT [0 = o (Di)ldz = / (o — o(Du)|d=

UjenFj

+/ |vy — o(Du)|dz + / |0y — o(Dau)|dz
U(j.i)e (7 xNN\z Q% % 1 UG,iez@5x1;

= Il + [2 + Ig.
From (6.I) and (6.5), we have I, + I, < %|Qp[. Note also that for (j,i) € T and
z € Q% x I, from (G.3), (€4), and (f),
|0:(2) — o(Da(2))] = vi(2) + (¥5)e(2) + (95)i(2) — o(Du(2) + Dy}(2))]
< Jue(2) = vi(25)] + [vi(2)) + (¥))e(2) — o(Dulz)) + Dj(2))]
+H(g5)(2)] + lo(Du(z;) + Dpi(2)) — o(Dulz) + Dgj(2))]
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€ i i i i
< 5 T luelz) + W))elz) — o(Dulz)) + Dyj(2))]
+|J(Du(z§) + Dgoé»(z)) —o(Du(z) + D(p;(z))|
Here, as (Du(z),7(z)) € S5, we have |Du(z) + Dyl(2)| = |Di(z)| < my (), and by
©3), |Du(2}) — Du(z)| < 6. From (6.2) we now have
i i i €
lo(Du(z;) + Dgj(2)) — o(Du(z) + Dj(2))] < L
Integrating the above inequality over Q% x I, we thus obtain from (d) that
€|Qp| |Q; X ]JZ‘
201

~ ~ €1 i i
|l — oDzl < §1Q; x 1 +
@,

€ i i
which yields that I3 < £|Qp|. Hence I) 4+ Ir + I3 < €|Qr|, and so @ € U,. Finally, from
(c) with p <7 and the definition of @, we have

@ = ul| Lo (0r) < 7.

This completes the proof. O

6.2. Completion of Proof of Theorem [I.1l. The existence of infinitely many weak
solutions to problem (1)) readily follows from a combination of Remark 5.2, Theorem
6.1, and Theorem

To prove the last statement of Theorem [T assume M = |[Dugl|z~@) > 1 and

A > 0. Recall that in this case 6 = % By the definition of &/ and Corollary [Z.4],

we have |Du| < m,(§) = M+ X a.e. in Qp for all u € Y. On the other hand, following
Step 3 in the proof of Theorem [B.3], every weak solution v € G is the L*-limit of some
sequence u; € U such that Du; — Du a.e. in (. So these weak solutions u € G
must satisfy || Dul|pe@) < M + A
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