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ERGODIC CONVERGENCE OF A STOCHASTIC
PROXIMAL POINT ALGORITHM*

PASCAL BIANCHI'

Abstract. The purpose of this paper is to establish the almost sure weak ergodic convergence
of a sequence of iterates (zn) given by

Tnr1 =T+ AnAlEnt1, ) Hzn)

where (A(s, .) : s € E) is a collection of maximal monotone operators on a separable Hilbert space,
(¢n) is an independent identically distributed sequence of random variables on E and (An) is a
positive sequence in £2\¢!. The weighted averaged sequence of iterates is shown to converge weakly
to a zero (assumed to exist) of the Aumann expectation E(A(£1, .)) under the assumption that the
latter is maximal. We consider applications to stochastic optimization problems of the form

min E(f(§1,x)) wrt. z € ﬂ X
i=1

where f is a normal convex integrand and (X;) is a collection of closed convex sets. In this case,
the iterations are closely related to a stochastic proximal algorithm recently proposed by Wang and
Bertsekas.
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1. Introduction. The proximal point algorithm is a method for finding a zero
of a maximal monotone operator A : H — 2% on some Hilbert space H i.e., a point
2 € H such that 0 € A(z). The approach dates back to [24] [40] [13] and has aroused
a vast literature. The algorithm consists in the iterations

Ynt1 = (I + AnA)ilyn

for n € N where )\, > 0 is a positive step size. When the sequence (A,) is bounded
away from zero, it was shown in [40] that (y,) converges weakly to some zero of A
(assumed to exist). The case of vanishing step size was investigated by several authors
including [13], [31], see also [1]. The condition ) A, = +occ is generally unsufficient
to ensure the weak convergence of the iterates (y,) unless additional assumptions
on A are made (typically, A must be demi-positive). A counterexample is obtained
when A is a 7/2-rotation in the 2D-plane and > A2 < co. However, the condition
> nAn = 400 is sufficient to ensure that y, converges weakly in average to a zero
of A. Here, by weak convergence in average, or weak ergodic convergence, we mean
that the weighted averaged sequence

7, = EZ:l ALYk
" ZZ:1 Ak

converges weakly to a zero of A.
This paper extends the above result to the case where the operator A is no longer
fixed but is replaced at each iteration n by one operator randomly chosen amongst a
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collection (A(s, .) : s € E) of maximal monotone operators. We study the random
sequence (z,) given by

(1.1) Tp1 = (I + M Ans1, ) n

where (&,) is an independent identically distributed sequence with probability dis-
tribution g on some probability space (2, F,P). We refer to the above iterations as
the stochastic proximal point algorithm. Under mild assumptions on the collection
of operators, the random sequence (x,) generated by the algorithm is shown to be
bounded with probability one. The main result is that almost surely, (z,) converges
weakly in average to some random point within the set of zeroes (assumed non-empty)
of the mean operator A defined by

Az /A(s,:z:)du(s)

where [ represents the Aumann integral [5, Chapter 8]. While the operator A is
always monotone, our key assumption is that it is also maximal. This condition is
satisfied in a number of particular cases. For instance when the random variable &;

belongs almost surely to a finite set, say {1,...,m},A(x) coincides with the Minkowski
sum
A(x) =Y P(& = i) A(i, )
i=1

for every x € H, and A is maximal under the sufficient condition that the interiors of
the domains of all operators A(4, .) (i = 1,...,m) have a non-empty intersection [38].

Related works and applications. In the literature, numerous works have been
devoted to iterative algorithms searching for zeroes of a sum of maximal operators.
One of the most celebrated approach is the Douglas-Rachford algorithm analyzed
by [23]. Though suited to a sum of two operators, the Douglas-Rachford algorithm
can be adapted to an arbitrary finite sum using the so-called product space trick. The
authors of [13] and [31] consider applying product of resolvents in a cyclic manner.
Numerically, the above deterministic approaches become difficult to implement when
the number of operators in the sum is large, or a fortiori infinite (i.e. the mean
operator is an integral). In parallel, stochastic approximation techniques have been
developped in the statistical literature to find a root of an integral functional h :
H — H of the form h(z) = [ H(s,z)du(s). The archetypal algorithm writes @, 41 =
Xy — A H (§n41,2,) as proposed in the seminal work of Robbins and Monro [32]. Tt
turns out that the iterates (1.1) have a similar form

Tn+l = Tn — )\nA)\n (§n+17$n)

where A (s, .) is the so-called Yosida approximation of the monotone operator A(s, .).
As a matter of fact, our analysis borrows some proof ideas from the stochastic ap-
proximation literature [2].

Applications of stochastic approximation include the minimization of integral
functionals of the form « — E(f(&1,x)) where (f(s, .) : s € E) is a collection of proper
lower-semicontinuous convex functions on H — (—o0, +00]. We refer to [28] or to [10]
for a survey. In particular, the benefits in terms of convergence rate of considering
average iterates Tp, = Y .., YkTk/ D <, Tk 1S established by [28] in the context of
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convex programming and in [21] in the context of variational inequalities. Averaging
of the iterates is introduced in these works (see also [3] for more recent results) where
improved complexity results is the main motivator. For instance, the stochastic sub-
gradient algorithm writes z,4+1 = x, — )\n@f@n“, X, ) where @f({nﬂ, Zp) represents
a subgradient of f(&,+1, .) at point z,, (assumed in this case to be everywhere well
defined). The algorithm is often analyzed under a uniform boundedness assumption
of the subgradients [28], [10]. In practice, a reprojection step is often introduced to
enforce the boundedness of the iterates.

Denoting by A(s, .) the subdifferential of f(s, .), the resolvent (I + AA(s, .))™!
coincides with the proximity operator associated with f(s, .) given by

1t — |2

1.2 : = i t
( ) PTOX) ¢ (s, )(I) argltlél,g )\f(sv ) + 92

for any « € ‘H. The iterations (1.1) can be equivalently written as

(1.3) Tp41 = PrOXy, (e, ;.. )(xn) .

A related algorithm is studied (among others) by Bertsekas in [11] under the assump-
tion that & has a finite range and f(s, .) is defined on RY — R. As functions are
supposed to have full domain, [11] introduces a projection step onto a closed convex
set in order to cover the case of constrained minimization. When there exists a con-
stant ¢ such that the functions f(s, .) are ¢-Lipschitz continuous for all s, and under
other technical assumptions, the algorithm of [11] is proved to converge to a sought
minimizer. In [45], the finite range assumption is dropped and random projections
are introduced. Extension to variational inequalities is considered in [46] (see also the
discussion below).

An important aspect is related to the analysis of the convergence rates of the
iterates (1.3). The working draft [41] was brought to our knowledge during the review
process of this paper. The authors analyze a related algorithm and provide asymptotic
convergence rates in the case where the monotone operators A(s, .) are gradients of
convex functions in R™ and assuming moreover that these functions have the same
domain, are all strongly convex and twice differentiable.

In order to illustrate (1.1), we provide some application examples without insisting
on the hypotheses for the moment.

The simplest application example correspond to the following feasibility problem:
given a collection of closed convex sets X1, ..., X,,, find a point z in their intersection
X = (N, X;. The interest lies in the case where X is not known but revealed
through random realizations of the X;’s, so that a straightforward projection onto
X is unaffordable [27], [7]. The algorithm (1.3) encompasses this case by letting
f(&n+1, .) coincide with the indicator function tx, = of the set Xe ., (equal to
zero on that set and to +oo elsewhere), where &,11 is randomly chosen in the set
E = {1,...,m} according to some distribution p = 221 «;0; where all the «o;’s
are positive and J; is the Dirac measure at ¢. In this case, the algorithm (1.3) boils
down to a special case of [27] and consists in successive projections onto randomly
selected sets. The algorithm is of particular interest when m is large (our framework
even encompasses the case of an infinite number of sets) or in the case of distributed
optimization methods: in that case, X; is the set of local constraints of an agent ¢ and
X is nowhere observed [10]. As pointed out in [27], examples of applications include
fair rate allocation problems in wireless networks where X; represent a set of channel
states [18], [20], [43] or image restoration and tomography [14], [17].



A generalization of the above feasibility problem is the programming problem

(1.4) min F(z) st. z€ ()X,
=1

x

where F is a closed proper convex function. Here we set f(0, .) = F and f(i, .) = vx,
for 1 < ¢ < m and choose randomly the variable &,4+1 on the set E = {0,1...m}
according to some discrete distribution Z?;o @;0; for some positive coefficients &;.
The use of algorithm (1.3) with f replaced by f leads to an algorithm where either
prox, r is applied to the current estimate or a projection onto one of the sets X; is
done, depending on the outcome of £,,+1. A refinement consists in assuming that the
function F is itself an expectation of the form F(z) = E(f(Z,x)) for some random
variable Z. In this case, the previous algorithm can be extended by substituting
prox, p with a random version prox, ¢z, ., .) where (Zn)n are iid copies of Z. This
example will be discussed in details in Section 6.

Apart from convex minimization problems, Algorithm (1.1) also finds applications
in minimax problems i.e., when the aim is to search for a saddle point of a given
function L [15], [37]. Suppose that H is a cartesian product of two Hilbert spaces
H1 x Ho and define ¢ : E X H — [—00, +00] such that ¢(s,z,y) is convex in z and
concave in y and £(s, .) is proper and closed in the sense of [37]. Consider the problem
of finding a saddle point (x,y) of function L = E(¢(&y, .)) i.e. (x,y) € arg minimax L.
For every s € F and z € H of the form z = (z,y), define A(s,z,y) as the set of points
(u,v) such that for every (2/,y’),

€(3,$I7y) - <U,JJ/> + <va> > f(s,;v,y) - <’U,,$> + <U7y> 2 E(vavyl) - <U,JJ> + <va/> :

In that case, the operator A(s, .) is maximal monotone for every s, and the stochastic
proximal point algorithm (1.1) reads

|z —znll® _ [ly — yn

I
2X, 22,

(Tps1,Ynt1) = arg miglirr;ax Uy, y) +
@y

As a further extension, Algorithm (1.1) can be used to solve variational inequali-
ties. Let X = N2, X; be defined as above and consider the problem of finding z* € X
such that

(1.5) Vee X, (F(x*),z—x*) >0

where F' : H — H is monotone and, for simplicity, single-valued (extension to set-
valued F is also possible in our framework). Applications of (1.5) are numerous. We
refer to [22] for an overview. Specific applications include game theory where typically,
a Nash equilibrium has to be found amongst users having individual constraints and
observing possibly stochastic rewards [42]. Other examples such as matrix minimax
problems are described in [21]. Similarly to the programming problem (1.4), the ap-
plication of the stochastic proximal point algorithm to the variational inequality (1.5)
yields the following algorithm. Depending on the outcome of a random variable
&nt1 € {0,...,m}, a projection onto one of the sets X, ..., X,, is performed, or the
resolvent (I + A\, F)~! is applied to the current estimate.

Also interesting is the case where the function F' in (1.5) is itself defined as an
expectation of the form F(x) = E(f(Z,z)) where f is H-valued and Z is a r.v. In
this case, the previous algorithm can be generalized by substituting the resolvent



(I + X\, F)~! with its stochastic counterpart (I + A\, f(Zny1, -)) "t where (Z,), are
iid copies of Z. The context of stochastic variational inequalities is investigated by
Juditsky et al., see [21] where a stochastic mirror-prox algorithm is provided. The
algorithm of [21] uses general prox-functions and allows for a possible bias in the
estimation of F. In [21], X is supposed to be a compact subset of RY, m is equal
to one, and ||F(x) — F(y)||« < L||lx — y|| + M (for some arbitrary norm || .|| and the
corresponding dual norm || . ||.) where L, M are constants that are known by the user.
Moreover, a variance bound of the form E(|| f(Z,z)— F(z)||?) < o2 is supposed to hold
uniformly in . Then, using a constant step size depending on L, M and the expected
number of iterations of the algorithm, the authors prove that the algorithm achieves
optimal convergence rate. Note that the black-bor model used in the present paper
is different from [21] in the sense that we are making an implicit use of f(Z,41, .)
instead of an explicit one as in [21]. In our work, this permits to prove the almost
sure convergence of the algorithm under weaker assumptions than [21]. On the other
side, the price to pay with our approach is the absence of convergence rate certificates.
Also related to our framework is the recent work [46]. An algorithm similar to ours
is proposed, F' being moreover assumed to be strongly monotone and to verify the
lipschitz-like property E(|| f(Z,z) — f(Z,y)||?) < C||lz — y||>. These assumptions are
not needed in our approach.

Organization and contributions. The paper is organized as follows. After
some preliminaries in Section 2, the main algorithm is introduced in Section 3. The
aim of Section 4 is to establish that the algorithm is stable in the sense that the
sequence (x,) is bounded almost surely. We actually prove a stronger result: for any
zero x* of A, the sequence ||z, — 2*|| converges almost surely. This point is the first
key element to prove the weak convergence in average of the algorithm. The second
element is provided in Section 5 where it is shown that any weak cluster point of the
weighted averaged sequence (T,,) is a zero of A. Putting together these two arguments
and using Opial’s lemma [31], we conclude that, almost surely, (Z,,) converges weakly
to a zero of A. The proofs of Section 5 rely on two major assumptions. First, the
operator A is assumed maximal, as discussed above. Second, the averaged sequence of
(random) Yosida approximations evaluated at the iterates is supposed to be uniformly
integrable with probability one. The latter assumption is easily verifiable when all
operators are supposed to have the same domain. The case where operators have
different domains is more involved. We introduce a linear regularity assumption of
the set of domains of the operators inspired by [7] (a similar assumption is also
used in [45]). We provide estimates of the distance between the iterate x,, and the
essential intersection of the domains. The latter estimates allow to verify the uniform
integrability condition, and yield the almost sure weak convergence in average of the
algorithm in the general case.

In Section 6, we study applications to convex programming. We use our results
to prove weak convergence in average of (z,) given by (1.3) to a minimizer of z —
E(f(&1,x)). As an illustration, we address the problem

min E(f(&,2)) wrt. o € ﬁ X
i=1

where X1,...,X,, are closed convex sets of R? and f(s, .) is a convex function on
H — R for each s € E. We propose a random algorithm quite similar to [45] and
whose convergence in average can be established under verifiable conditions.



2. Preliminaries.

Random closed sets. Let H be a separable Hilbert space (identified with its
dual) equipped with its Borel o-algebra B(#H). We denote by ||z|| the Euclidean norm
of any z € H and by d(z,Q) = inf{|ly — z|| : y € Q} the distance between a point
x € H and a set Q € 2% (equal to +o0 when @ = (). We denote by cl(Q) the closure
of Q. We note |Q| = sup{||z| : = € Q}.

Let (T,T) be a measurable space. Let I : T — 2% be a multifunction such that
I'(t) is a closed set for all t € T. The domain of T is denoted by dom(T') = {t € T":
I'(t) # 0}. The graph of I' is denoted by gr(I') = {(¢,z) : z € I'(¢)}.

We say that T' is T-measurable (or Effros-measurable) if {t € T : T(¢)NU # (0} €
T for each open set U C H. This is equivalent to say that for any x € H, the mapping
t — d(z,T'(t)) is a random variable [16], [26]. We say that I' is graph-measurable if
gr(l") € T ® B(#H). Effros-measurability implies graph measurability and the converse
is true if (7, T") is complete for some o-finite measure [16, Chapter 111}, [26, Theorem
2.3, pp.28].

Given a probability measure v on (T,7T), a function ¢ : T — H is called a
measurable selection of T if ¢ is T /B(#H)-measurable and if ¢(t) € I'(t) for all ¢ v-
a.e. We denote by S(T') the set of measurable selections of T'. If T is measurable,
the measurable selection theorem states that S(I') # 0 if and only if I'(¢) # 0 for
all t v-a.e. [26, Theorem 2.13, pp.32], [5, Theorem 8.1.3]. For any p > 1, we denote
by LP(T,H,v) the set of measurable functions ¢ : T — H such that [ ||¢[[Pdv < occ.
We set SP(I") = S(T') N LP(T,H,v). The Aumann integral of the measurable map I'

is the set
/I‘duz {/mw : ¢esl(r)}

where [ ¢ dv is the Bochner integral of ¢.

Monotone operators. An operator A : H — 2 is said monotone if V(z,y) €
gr(A), V(z',y') € gr(A), (y—y',x—a') > 0. It is said strongly monotone with modulus
« if the inequality (y — %', 2 —2’) > 0 can be replaced by (y —y',z — ') > oz —2/||2.
The operator A is maximal monotone if it is monotone and if for any other monotone
operator A’ : H — 2% gr(A) C gr(A’) implies A = A’. A maximal monotone operator
A has closed convex images and gr(A) is closed [9, pp. 300]. We denote the identity
by I :z + z. For some A > 0, the resolvent of A is the operator Jy = (I + AA)~! or
equivalently: y € Jy(x) if and only if (x—y)/A € A(y). The Yosida approximation of A
is the operator Ay = (I —J))/A. Assume from now on that A is a maximal monotone
operator. Then J, is a single valued map on ‘H — H and is firmly non-expansive in
the sense that (Jx(z) — Ja(y),x — y) > |[Ir(z) — Ia(y)||? for every (z,y) € H2. The
Yosida approximation Ay is 1/A-Lipschitz continuous and satisfies Ax(x) € A(Jxr(x))
for every x € H [25], [9, Corollary 23.10]. For any « € dom(A), we denote by Ag(z)
the element of least norm in A(z) i.e., Ag(x) = proja(,)(0) where projs represents
the projection operator onto a closed convex set C. When A is maximal monotone
and z € dom(A), then ||Ax(z)|| < [[Ao(x)|. In that case, Ax(x) and Jy(z) respectively
converge to Ag(x) and z as A | 0 [9, Section 23.5].

Random convex functions. A function f : F X H — (—o0,+00] is called a
normal convex integrand if it is £ ® B(H)-measurable and if f(s, .) is lower semi-
continuous proper and convex for each s € FE [39]. For such a function f, we define



(2.1) Fa) = [ s.0)dn(s)

where the above integral is defined as the sum

[ st ants) = [ £(s,0)duts)

where we use the notation a* = max(4a,0) and the convention (+00) — (+00) = +oc.
The subdifferential operator df : E x H — H is defined for all (s,2) € E x H by

Of (s,x) ={ueM Yy eH, f(s,y) = f(s,2) + (u,y —x)}.

3. Algorithm.

3.1. Description. Let (F,&, i) be a complete probability space and let H be a
separable Hilbert space equipped with its Borel o-algebra B(H). Consider a mapping
A: ExH — 2" and define for any A > 0, the resolvent and the Yosida approximation
of A as the mappings Jy and Ay respectively defined on E x H — 2" by

In(s,x) = (I + MA(s, .)) ()
Ax(s, ) = (z — Ix(s,x)) /A

for all (s,x) € E x H.

ASSUMPTION 1.

(i) For every s € E p-a.e., A(s, .) is mazimal monotone.

(it) For any A >0 and x € H, Jr(.,x) is E/B(H)-measurable.

By [4, Lemme 2.1], the second point is equivalent to the assumption that A is
& ® B(H)-Effros measurable. Also, by the same result, the statement “for any A > 0”
in Assumption 1(ii) can be equivalently replaced by “there exists A > 07. As A(s, .) is
maximal monotone, Jy(s, .) is a single-valued continuous map for each s € E. Thus,
Jy is a Carathéodory map. As such, Jy is € ® B(H)/B(H)-measurable by [5, Lemma
8.2.6].

Consider an other probability space (2, F,P) and let (&, : n € N*) be a sequence
of random variables on @ — E. For an arbitrary initial point xg € H (assumed fixed
throughout the paper), we consider the following iterations

(31) Tnt1 = J)\n (§n+la In) :

ASSUMPTION 2.
(i) The sequence (A, : n € N) is positive and belongs to £2\(*.
(i) The random sequence (&, : n € N*) is independent and identically distributed
with probability distribution .
Let F,, be the o-algebra generated by the r.v. &,...,&,. We denote by E the
expectation on (Q2, F,P) and by E,, = E(.|F,) the conditional expectation w.r.t. F,.



3.2. Mean operator. For any x € H, we define Sa(z) = S(A(.,z)) as the
set of measurable selections of A(.,z). We define similarly S%(z) = SP(A(.,z)).
For each s € E, we set Dy = dom(A(s, .)). Following [19], we define the essential
intersection (or continuous intersection) of the domains D, as

p-UJ N o

NEN seE\N

where .4 is the set of u-negligible subsets of E. Otherwise stated, a point x belongs
to D if x € Dy for every s outside a negligible set. We define

Az) = /A(s,ac)du(s).

For any s € E and any = € Dy, we define Ag(s,r) = projss . (0) as the element of
least norm in A(s, z).

LEMMA 3.1. Under Assumption 1, A is monotone and has convex values. More-
over, if [||Ao(s,z)||du(s) < oo for all € D, then

dom(A) =D.

Proof. The first point is clear. For any z € D, Ap(.,z) is well defined u-
a.e. and is measurable as the pointwise limit of measurable functions Ay(.,xz) for
A | 0. By the measurable selection theorem, D = dom(S4). On the other hand,
dom(A) = dom(S}) C D. For any z € D, Ay(.,x) is an integrable selection of A(.,x)
by the standing hypothesis. Thus, = € dom(A). As a consequence, D C dom(A4). O

ExaMpPLE 1. Consider the case where p is a finitely supported measure, say
supp(p) = {1,...,m} for some integer m > 1. Set w; = u({i}) for each i. Then
A=3" wiA(i, .) and its domain is equal to

Moreover, if the interiors of the respective sets D1, ..., Dy, have a non-empty inter-
section, then A is maximal by [38].

EXAMPLE 2. Set H = R Assume A is non-empty valued and for all x € H,
|A(.,2)| < g(.) for some g € L*(E,R, ). Then A is non-empty (convex) valued and
has a closed graph by [47]. Thus A is mazimal monotone by [6, pp. 45].

EXAMPLE 3. Let f : E x H — (—00,+00] be a normal convex integrand and
assume that its integral functional F given by (2.1) is proper. Then F is convex
and lower semicontinuous [44]. Let A(s,x) = 0f(s,xz). Assume that the interchange
between expectation and subdifferential operators holds i.e.,

[osts.oiduts) =0 [ fs.0)dn(s).

otherwise stated, A(x) = OF(x). Then, as F is proper convex and lower semicontin-
uous, it follows that A is mazimal monotone [9, Theorem 21.2]. Sufficient conditions
for the interchange can be found in [34]. Assume that F(x) < +oo for every x such
that x € domf(s, .) p-almost everywhere. Suppose that F is continuous at some point
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and that the set valued function s — cl(domf(s, .)) is constant almost everywhere.
Then the identity A(x) = OF(x) holds.

We denote by zer(A) = {x € H : 0 € A(z)} the set of zeroes of A. We define for
eachp > 1

Zalp)={zeH :3oe () : [ddu=0}.

For any p > 1, Z4(p) C Z4(1) and Z4(1) = zer(A).

3.3. Outline of the proofs. Before going into the details, we first provide an
informal overview of the proof structure without insisting on the hypotheses for the
moment.

We start by showing two separate results in Sections 4.1 and 4.2 respectively,
which we merge in Section 4.3. The first result (Proposition 1) states that almost
surely, lim,,_,o |2y, — 2*|| exists for every a* € Z4(2). In particular, sequence (x,,)
is bounded with probability one, whenever Z4(2) is non-empty. The second result
(Theorem 1) states the following: when A is maximal, all weak cluster points of the
averaged sequence (T,) are zeroes of A, almost surely on the event

W Zkgn [Ax (- g (W)l
' Ekgn/\

Assuming that zer(A) C Z4(2), the above results can be put together by straightfor-
ward application of Opial’s lemma (see Lemma 4.3). Almost surely on the event (3.2),
(ZTn) converges weakly to a point in zer(A). The latter result is stated in Theorem 2.
In order to complete the convergence proof, the aim is therefore to provide verifi-
able conditions under which the event (3.2) is realized almost surely. This point is
addressed in Section 5.

Checking that (3.2) holds w.p.1 is relatively easy in the special case where the
domains Dy are all equal to the same set D. Using the inequality [|Ax, (.,zx)]] <
[[Ao(.,zx)|| and assuming that for every bounded set K, the family of measurable
functions (||Ao(.,2)|)zexnp is uniformly integrable, the result follows (see Corol-
lary 1). On the other hand, when the domains Dy are not equal to the same set
D, more developments are needed to prove that the event (3.2) is indeed realized
w.p.1. This point is addressed in Section 5.2 and the main result of the paper is
eventually provided in Theorem 3. As opposed to the case of identical domains, the
difficulty comes from the fact that the inequality ||Ax, (., 2x)| < ||Ao(., k)| holds
only if xp € D, which has no reason to be satisfied in the case of different domains.
Instead, a solution is to pick some z; € D close enough to xj in the sense that
llzx — zx|| < 2d(zk, D). Using that Ax(s, .) is 1/A-lipschitz continuous for every s,
one has

(3.2)

is uniformly integrable} .

2d(:17k, D)

(3.3) [Ax (5 )| < 1 AN (s, 2i) | + "

As zj, € D, the inequality ||Ax, (-, 2x)| < [|Ao(., zx)|| can be used and the first term
in the righthand side of (3.3) can be handled similarly to the previous case where the
domains Dy were assumed identical. In order to establish that (3.2) is realized w.p.1,
the remaining task is therefore to provide an estimate of the second term d(zk D) The
latter estimate is provided in Proposition 2 which deeply relies on the mathematlcal
developments of Lemma 5.1.
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In Section 6, we particularize the algorithm to the case of convex programming.
The proofs of the section mainly consist in checking the conditions of application of
the results of Section 5.

4. Stability and cluster points. The following simple Lemma will be used

twice.
LEMMA 4.1. Let Assumption 1 hold true. Consider u € H, ¢ € Sh(u), z € H,
A>0, B>0. Then, for every s p-a.e.,

(4.1) mm&m—¢@xx—wzxu—BMAm&mW—;%w@m?

Proof. As (Ax(s,x) — ¢(s), Jx(s,z) —u) > 0 for all s p-a.e., we obtain

<A>\(Sv ‘T) - (;5(8), L= u> > <A>\(Sv ‘T) - ¢(S),KL‘ - JX(Sv $)>
= MAx(s,7) — ¢(s), Ax(s, 2))
= Al Ax(s,2)[1* = Mo(s), Ax (s, 2)) -
Use (a,b) < Blal|® + ﬁHbH2 with a = Ax(s,z) and b = ¢(s), the result is proved. O

4.1. Boundedness. The following proposition establishes that the stochastic
proximal point algorithm is stable whenever Z4(2) is non-empty.
PROPOSITION 1. Let Assumptions 1, 2 hold true. Suppose Z4(2) # (0 and let
() be defined by (5.1). Then,
(i) There exists an event B € F such that P(B) = 1 and for every w € B and
every ©* € Z4(2), the sequence (||xn(w) — x*||) converges as n — oo.

(ii) B3, A% [ 1N, (s, 2n)lPdu(s)) < oo,

(iii) For any p € N* such that Z4(2p) # 0, sup,, E(||z,[|?*") < oco.

Proof. Consider u € Z4(2), ¢ € S3(u) such that [ ¢du = 0. Choose 0 < 8 < 1.
Note that z,11 = &, — A A, (Ent1, n). We expand

[Zn+1 — u||2 = |lzn — u||2 + 22 (Tn 1 — T,y Tp — u) + )‘inn-i-l - xn”2
= [Jzn — ull® = 2A(Ax, (Ent1, Tn), T — u) + X2 A, (Engr, 20) |1

Using Lemma 4.1, for all s uy-a.e.,
An
(Ax, (8,2n), 20 — u) 2 An(1 = B)[[Ax, (s, 2)|I* — @Ilﬂé(S)ll2 + (o(s), on —u) .
Therefore,

(42) lznts = ull® < llzn —ul® = A2 (1 = 28) A, Ensr, 2)|1?
)\2
+ ﬁllqﬁ(énﬂ)ll2 = 22 (0(&nt1)s T —u) -

Take the conditional expectation of both sides of the inequality:

)\2
Enllznt1 — ull? < lzn — ull? = A7 (1 - 28) / | Ax, (s, )| du(s) + 2%6

where we set ¢ = [ ||¢|?dp and used [ ¢dp = 0. By the Robbins-Siegmund theorem
(see [33, Theorem 1]) and choosing 0 < 8 < 3, we deduce that:

S22 [ 4, (o) P < o
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(thus, point (ii) is proved), sup,, E(||z,]|?) < oo and finally, the sequence (||z, — u||?)
converges almost surely as n — co. Let @ be a dense countable subset of Z4(2). There
exists B € F such that P(B) = 1 and for all w € B, allu € @, (||z,(w)—ul|) converges.
Consider w € B and z* € Z4(2). For any ¢ > 0, choose u € @ such that ||z* —u|| <e
and define £, = lim, o ||zn(w) — u|. Note that ||z, (w) — u|| < ||zn(w) —2*|| + €
thus £, < liminf ||z, (w) — 2| + €. Similarly, ||z, (w) — 2*|| < ||zn(w) — ul| + € thus
limsup ||z, (w)—2*|| < €, +e€. Finally, limsup ||z, (w) —2*|| < liminf ||z, (w) —2*]] +2e.
As e is arbitrary, we conclude that (||z,(w) — 2*||) converges. Point (i) is proved.

We prove point (iii) by induction. Set u € Z4(2p). We have shown above that
sup,, E(||z,, —u||?) < oo. Consider an integer ¢ < p such that sup,, E(||z, —u[[??7?) <
oo. We will show that sup,, (||, — u||??) < co and the proof will be complete. Use
Equation (4.2) with 8 = 3,

Ell|#n1 — ull®] <E[(Jzn — ul® + X[ 6(Ens)[1? = 2An(0(Ent1), T — )]
(43) — Z <k17é7k3>T£k1,k2,k3)

k1+ka+ks=q

where for any k = (ky, ka, k) such that ki + ks + ks = ¢, we define

TF = (=2)8 AT B |z — ]2 | @(Ens1) |72 ($(En 1), 2 — 1))

Note that T1*% = E[||z,, — u||27]. We now prove that there exists a constant ¢’ such

that for any k # (¢,0,0), |T§| < ’X2. Consider a fixed value of k # (¢,0,0) such
that ki + k2 + k3 = ¢ and consider the following cases.
o If k3 =0, then ky < ¢—1 and ko > 1. In that case,

T | < NP2 E(lwn — ul®™) [ llo]**du
< @A E( + [lzn — ul?72) [ |97 du

where « is a constant chosen in such a way that A\2%2 < a)2 for any 1 < ky < ¢
and where we used the inequality aF <1+ a9 for any k1 < g — 1. The constant

d = asup, E(1 + ||z, — ul|??72) [ ||¢||*"dy is finite and we have ITF| < /A2,
o If k3 =1 and ko = 0, then T)¥ = 0 using that [ ¢dp = 0.
e In all remaining cases, k1 < ¢—2 and ka+ks > 2. By the Cauchy-Schwarz inequality,

[TE] < 25 N2t R [, — ]2 (0 ) |2

= 2PN — w0 f gl o
Now 2k + ks = ko +q— k1 <2pand 2k1 + ks = k1 +q—ks < ki1 +p < 2q—2.
sing agaln that su + ||xn —ul|”?7) < oo an < 00, we conclude
Using again that sup,, E(1 + || 12972 d [[loI*rdu lud

that there exists an other constant ¢’ > ¢ such that |T,’f | <c")\2.

We have shown that [T, "% | < ¢/ )2 whenever ki +ko+ks = qand (k1, ks, ks) #
(¢,0,0). Bounding the rhs of (4.3), we obtain

Ellznr — ull*] < Efllan — ul*] +¢"A7

which in turn implies that sup,, E[||z, — u[[??] < c0. O
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4.2. Weak cluster points. For an arbitrary sequence (a, : n € N), we use the
notation @, to represent the weighted averaged sequence @, = >, _; Aear/ > peq Ak -

Recall that a family (f; : ¢ € I') of measurable functions on F — R is uniformly
integrable if

lim sup/ fidu=0.
a——+o00 i {fi>¢l}

DEFINITION 4.2. We say that a sequence (up) € HN has the property UI if the
sequence

Doy Ml A, ()|
ZZ:1 Ak

(n € N*)

is uniformly integrable.

ASsSUMPTION 3. The monotone operator A is mazimal.

Note that Assumption 3 is satisfied in Examples 1, 2 and 3 above.

THEOREM 1. Let Assumptions 1-3 hold true and suppose that Z4(2) # (. Con-
sider the random sequence () given by (3.1) with weighted averaged sequence (Ty,).
Let G € F be an event such that for almost every w € G, (x,(w)) has the property
UI. Then, there exists B € F such that P(B) = 1 and such that for every w € BNG,
all weak cluster points of the sequence (T (w)) belong to zer(A).

Proof. Denote hy(z) = [ Ax(s,z)du(s) for any A > 0, z € H. We justify the fact
that hy(x) is well defined. As A is maximal, its domain contains at least one point u €
H. For such a point u, there exists ¢ € S} (u). As Ax(s, .) is +-Lipschitz continuous,
1Ax(s, D) < [ Ax(s, 0 + Ll — ull. Noreover [ 4x(s, ) < [Ao(s, )] < l6(s)]
and since ¢ € LY(E,H, i), we obtain that Ay(.,z) € L'(E,H, u). This implies that
ha(z) is well defined for all x € H, A > 0. We write

Tpn+1 = Tn — )\nh/)\n (xn) + )‘nnn-i-l

where n,+1 = —Ax, (§nt1,Tn) + hy, (2,) is a Fp-adapted martingale increment se-
quence i.e., E,(n,+1) = 0. Note that

Bl < [ 14s, (20) Pdi(s)

and by Proposition 1(ii), it holds that Y A2E,|n,+1[* < co almost surely. As a
consequence, the Fy,-adapted martingale >, - Armp41 converges almost surely to a
random variable which is finite P-a.e. Along with Proposition 1, this implies that
there exists an event B € £ of probability one such that for any w € BN G,
(i) (Zkgn AkTk+1(w)) converges,

(ii) (zn(w)) is bounded,

(iil) >, A2 [[|Ax, (., 2n(w))]|?dp is finite,

(iv) (x,(w)) has the property U1.
From now on to the end of this proof, we fix such an w. As it is fixed, we omit the
dependency w.r.t. w to keep notations simple. We write for instance z,, instead of
2n(w) and what we refer to as constants can depend on w.

Let (u,v) € gr(A) and consider ¢ € S} (u) such that v = [ ¢du. Denote by € > 0
an arbitrary positive constant.

We need some preliminaries. By (i), there exists an integer N = N (e) such that for
all n > N, |30 5 Memit1]l < €. Define Y,,(s) = [|Ax, (s,2z,)| and let (Y,,) represent



13

the corresponding weighted averaged sequence. As (Y,) is uniformly integrable, the
same holds for the sequence (Yle)) defined by

T _ Zk=n AV
! Ch=n Ak

In particular, there exists a constant ¢ such that

(4.4) sup/?ilN)du <c.

Moreover, by [29, Proposition 1I-5-2], there exists x. > 0 such that
VH e &, pH)< ke = /H?;N)dﬂ <e.

Since p({||¢|| > K}) — 0 as K — +o0, there exists K; (depending on €) such that
for all K > K1, p({||¢|| > K}) < k.. For any such K,

(4.5) / YNy <e.
TIES!

Denote v = f{|\¢|\>K} ¢dp. Note that vg — v by the dominated convergence theo-
rem. Thus, there exists Ky such that for all K > Ko, |jvg — v|| < e. From now on,
we set K > max(K7, K3).

Using an idea from [2], we define a sequence (y,, : n > N) such that yny = xn
and Yp41 = Yn — Anhy, (2,) for all n > N. By induction, y, = z,, — ZZ;}V A eMkt1-
In particular, ||y, — z,| < e. We expand

lyns1 = ull® = lyn — ull® = 220 (b, (T0), Yn — u) + [[Yns1 — yall®
< lyn — u||2 =22 (ha, (Tn), T — u) + 2N, [[hy,, (z0)]] + )\37,||h/)\n (xn)||2 .

Define dx »(z) = f{II¢II>K} Ax(s,z)du(s) and use Lemma 4.1 with 8 = 1:

A K2
4

(hx, (2n) = vics n = u) = =[x, (2n) [l 20 —u] =

n K
> —C/ Yodp — A
{llol>K}

where the constant c is selected in such a way that ¢ > sup,, ||z, — u||. Using that
ok —vll <e,

A K2
(hx, (Tn) —v,2n —u) > —ce — c/ Y,.du — .
{llll>K}
As a consequence,
(4.6) [Yn+1 —u||2 < ||yn_u||2_2)‘n<va$n —u)+ry

where we define
Tn = 2C€N, + )\isn + 2\ Cln, Kk + 2eAntn 0
sn = ||, (@) |” + K?/2

bra = / Yodu  (Ya € {0, K).
{lloll>a}
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For any a € {0, K}, denote

7V _ Dh=n Aktha
e D k=nN Ak
(N)

By inequality (4.4), t,, ¢ < c. By inequality (4.5), ffzj)vo) < e. By point (iii), Y., A2 || ha, (zn) % <
oo. Using Assumption 2(i), it follows that

dohen Tk
EZ:N Ak

where 0,(1) stands for a sequence which converges to zero as n — co. Summing the
inequalities (4.6) down to rank N, and dividing by 2>")'_ y Ak, we obtain

e k(v T — )
ZZ:N Ak

Let & be a weak cluster point of the weighted averaged sequence T,,. Then, Z is also
a weak cluster point of the sequence

Dok Ak Tk
ZZ:N Ak
We obtain 0 < —(v,Z — u) + 3ce. The inequality holds for any € > 0, thus 0 <

—(v,Z—u). As the inequality holds for any (u,v) € gr(4) and A is maximal monotone,
this means that (£,0) € gr(A4) [9, Theorem 20.21]. O

< 6ee + o (1)

0<

+ 3ce + on(1).

4.3. Weak ergodic convergence. The aim of Theorem 2 below is to merge
Proposition 1 and Theorem 1 into a weak ergodic convergence result. We need the
following condition to hold.

AsSUMPTION 4. zer(A) # () and zer(4) C Z4(2).

The condition zer(A) # () means that there exists * € H for which one can find
a selection ¢ of A(.,2*) such that [ ¢du = 0. The condition zer(A) C Z4(2) means
that moreover, such a ¢ can be chosen to be square integrable. For instance, this holds
under the stronger condition that for any zero «* of A, |A(.,z*)] is square integrable.

LEMMA 4.3 (Passty). Let (A,) be a non-summable sequence of positive reals, and
(an) any sequence in H with weighted averaged (@,). Assume there exists a non-empty
closed convex subset Q of H such that (i) weak subsequential limits of @y, lie in Q ;
and (i) lim, ||a, — b|| exists for all b € Q. Then (@y) converges weakly to an element
of Q.

Proof. See [31]. O

THEOREM 2. Let Assumptions 1—4 hold true. Consider the random sequence
(xn) given by (3.1) with weighted averaged sequence (T,). Let G € F be an event
such that for almost every w € G, (x,(w)) has the property UI. Then, almost surely
on G, (Ty) converges weakly to a point in zer(A).

Proof. Tt is a consequence of Proposition 1(i), Theorem 1 and Lemma 4.3. O

Theorem 2 establishes the almost sure weak ergodic convergence of the stochas-
tic proximal point algorithm under the abstract condition that w.p.1, (z,) has the
property UI. We must now provide verifiable conditions under this property indeed
holds w.p.1. This is the purpose of the next section.
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5. Main results.

5.1. Case of a common domain. We first address the case where the domains
D, of the operators A(s, .) (s € E) are equal (at least for all s outside a neglible set).
We also need an additional assumption.

ASSUMPTION 5. For any bounded set K C H, the family (]| Ao(., )| : € KND)
is uniformly integrable.

Assumption 5 is satisfied if the following stronger condition holds for any bounded
set K C H:

(5.1) drg >0, sup /HAO(S,:C)HHTK du(s) < 0.
reKND

COROLLARY 1. Let Assumptions 1-5 hold true. Assume that the domains Dy
coincide for all s outside a p-negligible set. Consider the random sequence (xy,) given
by (3.1) with weighted averaged sequence (Ty,). Then, almost surely, (T,) converges
weakly to a zero of A.

Proof. By Proposition 1 and the fact that Dy = D for all s p-a.e., there is a set of
probability one such that for any w in that set, there is a bounded set K = K, such
that z,(w) € KND for all n € N*. By Assumption 5, the sequence (||Ao( ., zn(w))] :
n € N*) is uniformly integrable. As [|Ax, (., zn(w))| < ||Ao(.,zn(w))]|, the same
holds for the sequence (||Ax, (., zn(w))|| : » € N*) and holds as well for the corre-
sponding weighted averaged sequence. The conclusion follows from Theorem 2. O

5.2. Case of distinct domains. We now address the case where the domains
D¢ may vary with s. The case is more involved, because the sole Assumption 5 is not
sufficient to ensure the convergence. The reason is that the inequality || Ax, (s, zy)] <
|[Ao(s, )|l used to prove Corollary 1 does no longer hold when z,, ¢ D,. Nonetheless,
using that Ay (s, .) is %-Lipschitz continuous, the argument can be adapted provided
that the iterates converge “quickly enough” to the essential domain D. The crux of
the paragraph is therefore to provide estimates of the distance between z, and the
set D. To this end, we shall need some regularity conditions on the collection of sets
D,. These conditions can be seen as an extension to possibly infinitely many sets of
the bounded linear regularity condition of Bauschke et al. [8].

We define the mapping I1: E x H — H by

(s,z) = Pfojcl(Ds)(fc) .

Note that II(s,z) = limyyo Ja(s,z) by [9, Theorem 23.47]. By Assumption 1, II is
& ® B(H)/B(H)-measurable as a pointwise limit of measurable maps. The distance
between a point « € H and D, coincides with d(z, D) = ||z — II(s, z)]|.

ASSUMPTION 6. For every M > 0, there exists kar > 0 such that for oll x € H
such that ||z|| < M,

/d(aj, D,)?du(s) > kar d(z,D)?.

The above assumption is quite mild, and is easier to illustrate in the case of finitely

many sets. Following [8], we say that a finite collection of closed convex subsets
(X1,...,Xm) over some Euclidean space is boundedly linearly regular if for every
M > 0, there exists x, > 0 such that for every ||z|| < M,

(5:2) max d(z,X;) > khyd(z, X) where X = ﬂ X;

i=1...m !
=1
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where implicitely X # (). Sufficient conditions for a collection of set can be found
in [8] and reference therein. For instance, the qualification condition N;ri(X;) # 0 is
sufficient to ensure that Xi,...,X,, are boundedly linearly regular, where ri stands
for the relative interior.

Now consider the special case of Example 1 i.e., u is finitely supported. As-
sume that H is a Euclidean space and that the domains Dy, ..., D,, of the operators
A1, .),...,A(m, .) are closed. It is routine to check that Assumption 6 holds if and
only if Dy,..., D,, are boundedly linearly regular.

LEMMA 5.1. Let Assumptions 1, 2 and 6 hold true. Assume that A /Ani1 — 1 as
n — +oo and D # (). For each n, consider a F,-measurable random variable 6,, on H.
Assume that the sequence (E,||0n+1]?) is bounded almost surely and in L*(Q,H,P).
Consider the sequence () given by

(53) LTn+1 = H(§n+17 xn) + )\n(sn—i-l .

Assume that, with probability one, (x,) is bounded. Then

Proof. Consider an arbitrary point v € D. By definition of D, u € Dy for all s
p-a.e. For any 8 > 0,

1
lzns1 = ull* < (14 BT (Enrr, @n) — ull® + A7 (1 + B)H(S”HHQ :

As TI(&,41, - ) is firmly non-expansive,

1
ont1 = ull® < (14 B) (llzn — ull® = e = W(&nrr, 2a)lI?) +X5(1 + §)||5n+1||2 :

The above inequality holds for any v € D and thus for any u € cl(D). It holds
in particular when substituting v with projcl(D)(xn). Remarking that d(z,4+1,D) <
[Zn+1 — Projapy(zn)ll, it follows that

d(@n+1,D)* < (14 B) (d(zn, D)* = [lzn — T(&ngr, zn)|?) + A2 (1 + %)H%HHQ :

Consider a fixed M > 0, and denote by B} the probability event Np<,{|zx| < M}.
Denote by xp the characteristic function of a set B, equal to 1 on B and to zero
outside. By Assumption 6,

En(|lzn — H(§n+laxn)||2XBﬁf) = / [|zn — H(Saxn)”2dﬂ(3)XBy
> KM d(xn,D)QXBgy

where ks is the constant defined in Assumption 6. Define t,, = ¢, s as the random
variable t, = d(x,, D)*xpum. Upon noting that Xpy | < Xpy, we obtain

1
2 <A+B8)1—rm)ts + A1+ E)||6n+1||2 .
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Taking the conditional expectation, Ent7 1 < (148)(1 =k )65 +A7 (14 5)En [ 601 ]|
Define A,, = ¢,/\,. Using that A\, /A,+1 — 1 and choosing 8 small enough, there
exists constants 0 < p < 1, ¢ > 0 and a deterministic integer ny depending on the
sequence (\,,) and the constants 3, ks such that for all n > ng,

(5-4) En(A% 1) < p A7 + cEnll0nia .

Taking the expectation of both sides and using that (E||d,+1]/?) is bounded, we obtain
that the sequence (A,,) is uniformly bounded in L?(2, R ,P). Now consider the sums

T, = i tr and o = i Ak -

k=ng+1 k=ng+1
Decompose Ty, = >, 1 Ex_1d(x, D) + R, where

n

Ry= > (tr—Ex1ty).

k=ng+1

Note that R,, is an F,-adapted martingale and E((t; — Ex_1t;)?) < E(t) < CA} for
some finite constant C' = sup,, E(A2). As Y, A2 < oo, we deduce that R, converges
a.s. to some r.v. R. which is finite P-a.e. As a consequence, R, /p, tends a.s. to
zero. On the other hand, by Jensen’s inequality,

n
1

T, < > (Bpat})® +|[Rall.
k=ng+1

By (5.4) again and the assumption that E,|/6,1[? is bounded a.s., there exists a
finite r.v. Z > 0 such that, almost surely, E, (A2 ;) < pA2 +cZ. Thus, there exists

other constants p < p1 < 1 and ¢; such that E,, (Ai+1)1/2 < p1 A, +c1 Z. Using that
An/Ant1 — 1, we obtain

E,(t2,1)"? < patuy1 + cidng1 Z

for some constants p; < p2 < 1. As a consequence,

T, wZ  |R)

on ~ L—p2  (1—p2)on

Therefore, for every M > 0, the exist a probability one event on which T,, /@, is
bounded. Hence, on a probability one set, for every integer M > 0, the sequence

Zkgn d(@k, 'D)XB,QJ
Ekgn Ak
is bounded. As () is bounded w.p.1., the conclusion follows. 0O

ASSUMPTION 7. There exist p € N* and C € L*(E,Ry,u) such that for any
re€H, A>0,

[7x (s, 2) = (s, )| < AC(s)(1 + [|=[|”)

and Z4(2p) # 0.
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We recall that Jy(s,z) converges to the best approximation II(s,z) of z in D,
when A | 0. Assumption 7 provides an additional condition on the rate. Loosely
speaking, the condition means that the resolvent value J (s, x) should be at distance
O()) from the projection II(s, z). A sufficient condition will be provided in Section 6
in the case of subdifferentials.

The second condition Z4(2p) # ) means that there exists a zero of A, say z*, for
which one can find a (2p)-integrable selection ¢ € A(.,z*) such that [ ¢du = 0. This
is for instance the case if |A(.,2*)|?? is integrable.

PROPOSITION 2. Let Assumptions 1, 2, 6 and 7 hold true. Suppose that A, /A1 —
1 as n — co. Then, the sequence (x,) given by (3.1) satisfies almost surely

b Zkgn d(zx, D)
n Zkgn Ak

Proof. The sequence (z,,) satisfies (5.3) if we set

Opy1 = (JAn (§n+17xn) - H(§n+1,xn))/)\n

By Assumption 7, E,, [|§,+1]|* < ¢(1 + ||z,]/?P) for some constant ¢ > 0. Therefore, by
Proposition 1(iii), Ey,||0,+1]|? is uniformly bounded almost surely and in L'(Q, H, P).
The conclusion of Lemma 5.1 applies. O

THEOREM 3. Let Assumptions 1-7 hold true and let A\ /Ap+1 — 1 as n — oo.
Consider the random sequence () given by (3.1) with weighted averaged sequence
(Tn). Then, almost surely, (T,) converges weakly to a zero of A.

Proof. For every n, choose any point z, € D such that ||z, — x| < 2d(z,, D).
As Ajx(s, .) is %—Lipschitz continuous,

2d(z,, D)

145, (s, 2n) | < (145, (5, 20) | + —

Using moreover that || Ax, (s, zn)|| < ||4o(s, zn )l

D1 Mkl Ax (s 2l 3oy Mkl Ao(s, 20 | n 222:1 d(zx, D)
22:1 Ak N ZZ:1 Ak ZZ:1 Ak

By Proposition 2,

k1 Mkl Ax (s @)l 3oy MellAo(s, 2e) |
D k1 Mk B D k=1 Mk

where C' is a r.v. independent of n and s and which is finite P-a.e. By Assumption 5,
the family [|Ag(.,zx(w))| is uniformly integrable for almost every w. Thus, the same
holds for the corresponding averaged sequence, which in turn implies that the func-
tions of s given by the lhs of (5.5) are uniformly integrable. The conclusion follows
from Theorem 1. O

+ '

(5.5)

5.3. Strong monotonicity and strong convergence. We prove the following.

THEOREM 4. Let Assumptions 1, 2 hold true. Assume that for every s € E,
A(s, .) is strongly monotone with modulus o(s) where a : E — Ry is a measurable
function such that P(a(&1) # 0) > 0. Then A is strongly monotone and, as such,
admits a unique zero x*. If x* € Z4(2) then, almost surely, the sequence (x,,) defined
by (3.1) converges strongly to x*.
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Proof. Set (z,y) and (2/,y') in gr(A4). Let ¢ and ¢’ be integrable selections of
A(.,z) and A(.,z') respectively such that y = [ ¢dp and y' = [ ¢’du. Then,

(@(s) = @/ (s),x —a') = afs)||z — 2'*.

Integrating over s and noting that [adu > 0 by hypothesis, we deduce that A is
strongly monotone. Let 2* be its unique zero and assume that z* € Z4(2). Note that
there is no restriction in assuming that a(.) < 1 (otherwise just replace «(.) with

min(a(.),1)).
By strong monotonicity, the inequality (4.1) of Lemma 4.1 can be replaced by

A
(Ax(s,2) = d(s), & —u) > als)[[Ia (s, 2) — ul® + A1 = B)||Ax(s,2)]|* — @IId)(S)II2 -
As a consequence, Equation (4.2) can be replaced by

(5.6) lantr — "1 < llwn — 2™ = X, (1 = 2B)[| A5, (ntr, )|

/\2
= 2X (&) [Tngr — 2*|* + ﬁllsb(ﬁnﬂ)ll2 = 22 (0 (Ent1), on — 27)

where ¢ is a measurable selection of A(.,z*) such that [ ¢dp = 0. In the sequel, we
shall simply set 5 = % On the other hand, by straightforward algebra,

s =2 = llen — 22 + 2@ — Tns 20 — )
=l — 2 = 2A0(An, (Ensr, 20), 20 — )

> ||on — x*HQ — Al Ax, (§n+17$n)”2 = Anlln — x*HQ
and by plugging the above inequality into (5.6), using a(.) < 1 and recalling 8 = 3,
lzn 41 =2 (1" < (L4220 |2 =" [1* = 2An0(&n i) lzn — 27 *+ 207 | A, (§n41, 20) |
+ )‘721||¢(§n+1)”2 - 2)\’ﬂ<¢(§’ﬂ+l)7 Tp — $*> .

Applying the conditional expectation E,, on both sides, and setting & = [ adp, and
Vi = 2En || A, (§ns+1, @) |2 + [ [|@]*dps, we obtain

En(lzn+1 — $*||2) <(1+ 2)‘121)”5571 - x*HQ =2\, @z, — x*HQ + )‘721‘/" .

By Proposition 1(ii) and the fact that (),,) € £2, one has > A2V, < cc a.s. Therefore,
by [33],

> Andllz, — ¥ < 0o as.
n

By the standing hypothesis, @ > 0, thus Y A, |z, — 2*||* < 0o a.s. Since ||z, — z*||
converges a.s. by Proposition 1(i) and since (\,,) ¢ ¢!, it follows that ||z, — z*| — 0.

O

6. Application to convex programming.
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6.1. Problem and Algorithm. Consider the context of Example 3. Let f : E'x
H — (—00, +00] be a normal convex integrand. Denote by F(z) = [ f(s,z)du(z) the
corresponding integral functional. Identifying df with the operator A of Section 3,
the resolvent J coincides with the proximity operator (s, x) — prox, £(s,.) (x) defined
n (1.2). The iterations (3.1) write

(6.1) Tpt1 = PIOXy, (e, .y, ) (Tn) -

The aim is to prove the almost sure weak convergence in average of (x,,) to a minimizer
of F (assumed to exist). We denote by 9fo(s,x) the element of df (s, z) with smallest
norm. We denote by D the essential intersection of the sets D, = dom(9f(s, .)) for
se k.

ASSUMPTION 8.

(i) f: ExH— (—o00,+00] is a normal convex integrand.

(i) F is proper and lower semicontinuous.

(iii) For all x € H, OF (z) = [ Of(s,z)du(s).

(v) The set of minimizers of F is non-empty and included in Z5(2).

Assumption 8(iii) has been discussed in Example 3.

6.2. Case of a common domain.

THEOREM 5. Let Assumptions 2 and 8 hold true. Assume that the domains Dy
coincide for all s outside a p-negligible set. Assume that for any bounded set K C H,
the family (||0fo(.,x)|| : © € K ND) is uniformly integrable. Consider the random
sequence (x,) given by (6.1) with weighted averaged sequence (Ty). Then, almost
surely, (T,,) converges weakly to a minimizer of F.

Proof. We prove that A = Of satisfies the conditions of Assumptions 1 and 3
and the conclusion follows from Corollary 1. Operator df (s, .) is maximal monotone
for any given s € E, see e.g. [9, Theorem 21.2]. For a fixed x € H, Of(.,x) is
measurable, see [36, Corollary 4.6] and [30, Theorem 3] in the infinite dimensional case.
The proximity operator Jy(.,x) is £/B(H) measurable, see [35, Lemma 4] (combined
with [39, Proposition 2] in the infinite dimensional case). Therefore, A = Jf satisfies
the conditions in Assumption 1.

Note that F is a convex function. By Assumption 8(ii) and [9, Theorem 21.2], OF
is maximal monotone. Using moreover Assumption 8(iii), the condition in Assump-
tion 3 is satisfied. Finally, Assumptions 1-5 are fulfilled and the conclusion follows
from Corollary 1. O

6.3. Case of distinct domains. When domains Dy are possibly distinct, the
convergence result will follow from Theorem 3. We should therefore verify the con-
ditions under which the latter holds. Checking Assumptions 1-5 follows the same
lines as in Section 6.2 and is relatively easy. Assumption 6 will be kept as a stand-
ing assumption. The goal is therefore to provide a verifiable condition under which
Assumption 7 holds. This condition is given as follows.

ASSUMPTION 9. There exists p € N* and C € L?(E,R,,u) such that for all
s € E p-a.e. and all x € dom(9f(s, .)),

10fo(s, )| < C(s)(1 + [[]|”)

and Z4(2p) # 0. Moreover, dom(9f (s, .)) is closed p-a.e.
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In order to verify that the above condition is indeed sufficient to ensure that
Assumption 7 holds, we need the following lemma.

LEMMA 6.1. Let g : H — (—o00,+0o0] be a proper lower semicontinuous convex
function. Consider x € H and X > 0. Let m be the projection of x onto dom(g).
Assume that 0g(m) # 0. Then, ||prox,,(z) — m|| < 2A[|dgo(m)]| -

Proof. When x = , the result is standard [9, Corollary 23.10] (and the factor 2
in the inequality can even be omitted). We assume in the sequel that = # 7. Define

J = prox,,(z), ¢ = dgo(m) and

2
— X
, ly—al

6.2 pu— 1 —
(6.2) q argg@g}g(ﬂ)4-<w,y ) N

where H is the half-space {y € H : (y — 7,z — m) < 0}. By the Karush-Kuhn-Tucker
conditions, there exists a > 0 such that Ap = —¢ + z — a(z — 7) along with the
complementary slackness condition a{g — 7,z — 7)) = 0. Now as ¢ € Jg(m) and
(x —7)/X € 9g(j), it follows by monotonicity of dg that

0< A —a+j,m—7)
={-¢m—j) +ale—mj-m).

As (x —m,j —7) <0, we have 0 < (j — ¢, 7 — j) which in turn implies that ||j —
7| < |l¢g— 7. As q € H, it is clear that ||z — 7| < |l¢ — z| and thus |q — 7|| <
lg — z|| + ||z = 7] < 2||]¢ — «||. Putting all pieces together, ||j — || < 2|l¢ — z|.
Recall the identity, ¢ —x = —Ap — a(z — 7). If « = 0, the ||¢g — z| = A|¢| and
the conclusion ||j — 7| < 2\||¢|| follows. If o > 0, the complementary slackness
condition yields (¢ — 7w,z — m) = 0. Replacing ¢ by its expression as a function of «,
this allows to write a = (\p, 7 — 2)/||z — 7||?. Hence, ¢ — x = —AP¢p where P is an
orthogonal projection matrix. Therefore, [[¢ — 2| < All¢|| and again, the conclusion
7 — 7|l < 2A||g| follows. O

THEOREM 6. Let Assumptions 2, 6, 8, and 9 hold true. Suppose that Ay, /Ap+1 —
1 asn — oco. Consider the random sequence (x,,) given by (6.1) with weighted averaged
sequence (T,). Then, almost surely, (T,,) converges weakly to a minimizer of F.

Proof. When letting A = 0f, the conditions in Assumptions 1-4 are fulfilled by
using the same arguments as in the proof of Theorem 5. Moreover, Assumption 9
implies that the uniform integrability condition of Assumption 5 holds. To apply
Theorem 3, it is sufficient to verify the condition of Assumption 7 replacing Jy (s, .)
with prox,;(,, ). By Lemma 6.1 and using II(s, x) € Dy, the following holds u-a.e.

Ipross s, (@) ~ s, )] < 2A[00(s. T1(s,2)) |
<220 (s)(1 4+ || TI(s, z)||7) -

Let z* be an arbitrary point in D. One has ||II(s, z)|| < ||z*|| + [|[TI(s, ) — II(s, z*)]|
where we used the fact that z* = II(s,z*) for all s p-a.e. By non-expansiveness of
I(s, .), |TI(s, z)|| < ||z*||+||z—=*||. Finally, there exists a constant « depending only
on p and x* such that [|prox, s, y(x) = (s, 2)|| < AaC(s)(1+[|z||”). The conclusion
follows from Theorem 3. O

6.4. A constrained programming problem. In this section, we provide an
application example to the case of constrained convex minimization over an finite
intersection of closed convex sets.
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Let (X1,...,X.) be a collection of non-empty closed convex subsets of H = R¢
where d € N*. We consider the problem

(6.3) min F(z) wr.t. z € X where X = ﬂ X
i=1
where F(z) = [ f(s,z)du(s) for all z € H. Consider a random sequence (I,,) on

{0,1,.. m} mdependent of (&), with distribution p; = P(I, = i) for every i €
{0,1,...,m}. Consider the iterations

] proxy peni, o (@n) i lny1 =0
(6.4) Tn41 { projx, " () otherwise.

Let us briefly discuss the algorithm. At each time n, the iteration either consists in
applying the proximity operator of f(&,41, .) or a projection. The choice is random,
the former being applied when the r.v. I, 11 is zero, the latter being applied otherwise.
The value py represents the probability that the proximity operator of f(&,41, .) is
applied. On the opposite, when I,,+1 > 0, a certain set is further picked at random,
and projection onto that set is applied.

REMARK 1. Instead of applying either the proximity operator of f(&n41,.) or a
projection, one could think of applying both successively, in the flavor of Passty’s al-
gorithm [31]. Although it is out of the scope of this paper, the corresponding algorithm
may be analyzed using similar principles.

AssumMPTION 10.

(i) The sets X1,...,Xm are boundedly linearly regular in the sense of (5.2) and

X =NX; is non-empty.

(i) f: ExH — R is a normal convex integrand and f(.,x) is integrable for
each r € H.

(iii) A solution to (6.3) exists and any solution x* satisfies |0f(.,2*)| € L?(E,R, p).

(iv) There exists p € N* and a solution a3 such that |0f(.,x})| € L**(E,R, ).

(v) There exists C € L*(E,Ry,u) such that for any x € H, ||0fo(s,z)|| <

C(s)(1 + |l2]l?) p-ae.

THEOREM 7. Let Assumptions 2 and 10 hold. Consider the iterates (z,,) given
by (6.4) with weighted averaged sequence (T,) where the random sequence (I,) is is
defined above. Assume that p; > 0 for all i € {0,1,...,m} and let \p,/Any1 — 1 as
n — oo. Then, almost surely, (T,) converges in average to a solution to (6.3).

Proof. We introduce the random sequence én = (&, I,) on the set E = E x
{0,1,...,m} equipped with the corresponding product o-algebra. We denote by v =
pR(>°" o pid;) the probability distribution of én where §; stands for the Dirac measure
at i. For all 5 = (s,4) in £ and z € H, define

F3,2) = f(s,2)x(0) (1) + Y ex, (@) x (53 (0)
j=1

where x¢ is the characteristic function of a set C' (equal to 1 on that set and zero
outside) and t¢ is the indicator function of a set C' (equal to 0 on that set and 400
outside). We use the convention 0 X (+00) = 0. The iterations (6.4) also write

Lo+l = PIOXy g, .q,. )(x") '
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The rest of the proof consists once again in checking the conditions of application of
Theorem 3, when FE, £, A are respectively replaced by E, &, 0f.

Checking Assumptions 1, 3 and 4. We first make the following observations.
(i) f is a normal convex integrand on E x H — R.

(ii) As f(.,) is integrable for any z, it follows that F' = [ f(.,z) is proper, convex
and continuous. Since p; > 0 for all 4, the integral functional F =/ f x)dv is
equal to

F(z) = po F(2) + x ()

where X = (", X;. As X is a non-empty closed convex set and dom(F) = H, it

follows that F is proper and lower semicontinuous.
(iii) Let Ne(x) denotes the normal cone of a closed convex set C' at point z. By the
same argument,

OF (x) = podF (z) + Nx (x).

Moreover, for any § = (s, i),

(6.5) 0f(5,x) = 0f (s, x)xq0} (i) + ZNX z) X (53 (4)
and it follows that

/af du—po/af du+ZNX

By Assumption 10(i), the sets Xi,...,X,, are linearly regular. By [8, Theorem
3.6, this implies that >.." | Nx,(z) = Nx(z). Moreover, as F' is everywhere finite,
JOf(.,x)du = 0F(x) by [34]. We conclude that for every z € H,

(6.6) /af 2)dv = O (x).

(iv) The minimizers of F are the solutions to (6.3) and vice-versa. In particular,
F' admits minimizers. Let us prove that each minimizer x* belongs to Zaf(2)' By
Fermat’s rule, 0 € OF(z*). Using successively (6.6) and (6.5), there exists ¢ € Spf(z*)
and (u1,...,um) € Nx, (z%) x --- x Nx, (z*) such that 0 = po [ ¢dp + >" | piw;.
Dgﬁne for any (s,i) € E, ¢(s,1) = ¢(s)x0y (i) + ZJ LU X5} (@), Clearly, ¢(s,i) €
df((s,i),2*) and [¢dv = 0. By Assumption 10(iii), [||@]|?dv < +oo. Therefore,
Tt € Zy5(2 )

We have checked that the four conditions in Assumption 8 are fulfilled when f
and F' are respectively replaced by f and F. Now set A = 0f. Using the same
arguments as in the proof of Theorem 5, the operator A satisfies the conditions in
Assumptions 1, 3 and 4.

Assumption 2 being granted, it remains to check that A = df fulfills Assump-
tions 5, 6 and 7.

Checking Assumptions 5 and 6. By Equation (6.5), 0fo(s, x)x {0y (i) € of (3, ).
Therefore, ||0fo(s,z)|| < [|8fo(s,z)||. By Assumption 10(v), the uniform integra-
bility condition in Assumption 5 is fulfilled. Using the linear regularity of the sets
X1, .., Xm, Assumption 6 is satisfied when substituting Ds with dom(9f (s, .)).
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Checking Assumption 7. We finally check that A = 0 f fulfills Assumption 7.
Let p € N* and x; be defined as in Assumption 10(iv). Following the exact same

line as above, one can construct ¢ such that ¢(s,i) € Bf((s,i),x;), [ ¢dv = 0 and
[||¢]|??dv < 4-o00. Therefore Z,7(2p) # 0. Denote by In(5,2) = prox, f; (z) and
lil(s,x) the projection of x onto the domain of df(5,.). For any § = (s,1), one has
Ja(8,2) —1(5,2) = 0if i > 1. When i =0, Jx(3,z) = prox, s, (=) and I(3,z) = z.
Thus, +[Jx(3,2) — II(3,2)|| < [|0fo(s, )| which is no larger that C(s)(1+ ||z||). As
C is square-integrable, we conclude that the operator A = df fulfills Assumption 7.

By Theorem 3, the iterates (6.4) almost surely converge weakly in average to a
zero of OF. As zeroes of OF coincide with solutions to (6.3), the proof is complete. O

7. Conclusion. In this paper, we introduced a stochastic proximal point al-
gorithm for random maximal monotone operators and proved the almost sure weak
ergodic convergence of the algorithm toward a zero of the Aumann expectation of the
latter random operators. The paper suggests that, by using the concept of random
monotone operators, it is possible to easily derive stochastic versions of different fixed
point algorithms and to prove their almost sure convergence. This idea can be ex-
tended to provide stochastic counterparts of other algorithms: the forward-backward
algorithm which involves both implicit and explicit calls of the operators [9], Passty’s
algorithm [31] or the Douglas-Rachford algorithm [23]. Other important questions
include the derivation of convergence rates. Although a complexity analysis of the
stochastic proximal point algorithm (1.1) seems out of reach in the general setting,
it would be important to address such an analysis in the special case of convex pro-
gramming (1.3). The paper [28] follows such an approach, in the case where the
convex function are used explicitely. An interesting perspective would be to extend
the method to the case to the stochastic proximal point algorithm. An alternative
is to investigate asymptotic convergence rates, as in [41]. Finally, the relaxation of
the i.i.d. assumption over the random monotone operators would be an important
problem in future works.
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