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Abstract

Aksenov proved that in a planar graph G with at most one trian-
gle, every precoloring of a 4-cycle can be extended to a 3-coloring of G.
We give an exact characterization of planar graphs with two triangles in
which some precoloring of a 4-cycle does not extend. We apply this char-
acterization to solve the precoloring extension problem from two 4-cycles
in a triangle-free planar graph in the case that the precolored 4-cycles
are separated by many disjoint 4-cycles. The latter result is used in fol-
lowup papers to give detailed information about the structure of 4-critical
triangle-free graphs embedded in a fixed surface.

1 Introduction

The interest in the 3-coloring properties of planar graphs was started by a
celebrated theorem of Grétzsch [I1], who proved that every planar triangle-
free graph is 3-colorable. While in general, deciding 3-colorablity of a planar
graph is an NP-complete problem [9], there are many other sufficient conditions
guaranteeing 3-colorability, see e.g. the survey of Montassier [15].

For a long time, the question of the complexity of deciding whether a triangle-
free graph embedded in a fixed surface (other than the sphere) is 3-colorable was
open. The question was resolved for the projective plane by the result of Gimbel
and Thomassen [10], and in a far reaching generalization, Dvoidk, Kral’ and
Thomas [6] proved that there exists a linear-time algorithm for this problem for
any fixed surface, even if a bounded number of vertices have prescribed colors.
In order to design their algorithm, they show in [5] that every triangle-free
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graph embedded in a fixed surface exhibits a special structure that determines
its 3-coloring properties.

Before we describe their structural result, let us recall some definitions. A
surface is a two-dimensional manifold, possibly with boundary. By the surface
classification theorem, each surface can be (up to homeomorphism) obtained
from the sphere by adding a finite number of handles and crosscaps, and in
the case of surfaces with boundary, by drilling a finite number of holes. The
disk is the sphere with a hole and the cylinder is the sphere with two holes.
An embedding of a graph G in a surface ¥ is a function o that maps vertices
of GG to distinct points in ¥ and edges of G to simple curves in ¥ intersecting
only in their endpoints, such that for each uv € E(G), a(u) and a(v) are the
endpoints of the curve a(uv) and no other vertices are mapped to points in
this curve. Throughout the paper, graphs will generally be embedded in some
surface; we usually keep the embedding implicit and we use terms such as vertex
and edge to refer to both the elements of the graph and the points or curves
in the surface that represent them. A face of a graph G embedded in ¥ is a
connected component of the surface after removing the points and curves of the
embedding of G; in particular, if ¥ is a surface with boundary and a cycle C
in G traces a component of the boundary, then C' does not necessarily bound a
face. A closed walk in G is contractible if the closed curve tracing this walk in
the surface is null-homotopic. A contractible cycle bounds a disk in X, unique
unless ¥ is the sphere; the cycle is facial if the interior of such a disk is a face
of G.

We are now ready to state the structural result of Dvoidk et al. [6]. Let G
be a graph embedded in a surface ¥ so that every contractible 4-cycle is facial,
and suppose G intersects the boundary of ¥ in a set X of k vertices (which we
view as precolored). Then ¥ can be cut in to a bounded number of pieces along
curves tracing closed walks in G, so that

e the total number of vertices contained in the boundaries of the pieces is
bounded by a constant depending only on ¥ and k,

e cach piece IT and the subgraph H of G drawn in II satisfies one of the
following:

1. every 3-coloring of the vertices of H contained in the boundary of II
extends to a 3-coloring of H; or,

2. a 3-coloring of the vertices of H contained in the boundary of IT ex-
tends to a 3-coloring of H if and only if it satisfies a specific condition
(“the winding number constraint”); or,

3. II is homeomorphic to the cylinder (whose boundary consists of two
cycles in H of arbitrary length) and all faces of H have length 4; or,

4. IT is homeomorphic to the cylinder whose boundary consists of two
cycles in H of length 4.

Thus, to determine whether a precoloring of X extends to a 3-coloring G, we can
try all the (constantly many) extensions to 3-colorings of the boundary vertices



of the pieces, and then test whether one of them extends to all the pieces. In
the first two possibilities for the pieces of the structure we have a complete
information about which colorings of the boundaries of the pieces extend, and
the last part is thus trivial. However, in the last two cases the information is
much more limited. While this is sufficient for the purposes of the algorithm
of [6], it would be preferable to have a more detailed structural theorem where
the 3-coloring properties of all the pieces are known. This is the main aim of
this series of papers.

In this paper we focus on the last subcase of a graph embedded in the
cylinder with boundary cycles of length 4. Note that if such a graph contains
only a bounded number of separating 4-cycles, then we can further cut the
surface along them and by using the ideas of [5], we can subdivide the pieces to
a bounded number of subpieces satisfying the conditions of one of the first two
well-understood cases of the structure theorem. Hence, it is interesting to study
the graphs in cylinder with many separating 4-cycles, and this is the topic of
this paper.

Let us now give a few definitions enabling us to state the main result more
precisely. In this paper, we generally consider graphs embedded in the sphere,
the disk, or the cylinder. Suppose that G is a graph embedded in a surface
Y with boundary and consider a component © of the boundary (© is a simple
closed curve bounding a hole in the surface). Let 3¢ denote the surface obtained
from X by closing the hole, i.e., by identifying © with the boundary of an open
disk Ag disjoint from . We say that O is surrounded in G if the embedding of
G in Yg has a face homeomorphic to an open disk containing Ag and bounded
by a cycle R. Equivalently, the part of the surface ¥ between R and © intersects
the drawing of G exactly in R and all non-contractible simple curves contained
in this part are homotopically equivalent to the closed curve tracing R. In that
case, we say that R is the ring surrounding the hole.

From now on, we always assume that if a graph G is embedded in a surface
with boundary, then all the holes of the surface are surrounded. Note that
the ring may or may not trace the boundary of the hole it surrounds, and in
particular the rings surrounding different holes do not have to be disjoint (or
even distinct, in case that G is just a cycle). A face f of G is a non-ring face if
f is not contained in any of the parts of the surface between the holes and the
rings that surround them.

We construct a sequence of graphs T, Ts, ..., which we call Thomas-Walls
graphs (Thomas and Walls [16] proved that they are exactly the 4-critical graphs
that can be drawn in the Klein bottle without contractible cycles of length at
most 4). Let T} be equal to K4. For n > 1, let ujus be any edge of T,, that
belongs to two triangles and let T}, 1 be obtained from T,, — ujus by adding
vertices x, y and z and edges ujx, usy, usz, ry, vz, and yz. The first few graphs
of this sequence are drawn in Figure[l] For n > 2, note that 7, contains unique
4-cycles C1 = ujugugug and Cy = vivavsvy such that wjus,vivs € E(G). Let
T! =T, — {ujus,viv3}. We also define T} to be a 4-cycle Cy = Cy = ujviuzvs.
We call the graphs Ty, Ty, ...reduced Thomas-Walls graphs, and we say that
uyus and vyvs are their interface pairs. Note that T, has an embedding in the
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Figure 1: Some Thomas-Walls graphs (with two different drawings of Ty).

cylinder with rings C and Cs.

A patch is a graph F' drawn in the disk with ring C of length 6 that traces
the boundary of the disk, such that C' is an induced cycle in F, every face of
F has length 4, and every 4-cycle in F' is facial. Let G be a graph embedded
in the sphere, possibly with holes. Let G’ be any graph which can be obtained
from G as follows. Let S be an independent set in G such that every vertex of
S has degree 3. For each vertex v € S with neighbors x, y and z, remove v, add
new vertices a, b and ¢ and a 6-cycle C' = zaybzc (where a, b, and ¢ are drawn
very close to the original location of v and the edges of C are drawn very close
to the curves representing the edges vz, vy, and vz), and draw any patch with
ring C in the disk bounded by C. We say that any such graph G’ is obtained
from G by patching. This operation was introduced by Borodin et al. [3] in the
context of describing planar 4-critical graphs with exactly 4 triangles.

Consider a reduced Thomas-Walls graph G = T for some n > 1, with
interface pairs ujuz and vivs. A patched Thomas-Walls graph is any graph
obtained from such a graph G by patching, and uyus and viv3 are its interface
pairs (note that uq, us, v1, and v3 have degree two in G, and thus they are not
affected by patching).

Let G be a graph embedded in the sphere with n holes (n € {1,2}), with
rings C; = x;y;z;w; of length 4, for 1 < ¢ < n. Let y; be either a new vertex
or y;, and let w} be either a new vertex or w;. Let G’ be obtained from G by
adding 4-cycles z;y}z;w; forming the new rings. We say that G’ is obtained by
framing on pairs x1z1, ..., Tnin.

Let G be a graph embedded in the cylinder with rings C; and Cs of length
three, such that every non-ring face of G has length 4. We say that such a
graph G is a 3, 3-quadrangulation. Let G’ be obtained from G by subdividing
at most one edge in each of C; and Cy. We say that such a graph G’ is a near
3, 3-quadrangulation.

We say that a graph G embedded in the cylinder is tame if G contains no
contractible triangles, and all triangles of G are pairwise vertex-disjoint. Let
G be a tame graph embedded in the cylinder with rings of length at most 4.
We say that G is a chain of graphs G, ..., G,, if there exist non-contractible
(<4)-cycles Cy, ..., Cp, in G such that

e the cycles are pairwise vertex-disjoint except that for (¢, j) € {(0,1), (n,n—



1)}, C; can intersect C; if C; is a 4-cycle and Cj is a triangle,

o for 0 <i < j <k < n the cycle C; separates C; from Cj,

the cycles Cy and C), are the rings of G,
e cvery triangle of G is equal to one of Cy, ..., C,, and

e for 1 < i < n, the subgraph of G drawn between C;_; and C; is isomorphic
to Gl

We say that Cy, ..., C, are the cutting cycles of the chain. The main result of
this paper is the following.

Theorem 1.1. There exists an integer ¢ > 0 such that the following holds. Let
G be a tame graph embedded in the cylinder with rings C1 and Cs of length at
most 4. If G is a chain of at least ¢ graphs, then

e cvery precoloring of Cy U Cy extends to a 3-coloring of G, or

e (G contains a subgraph H obtained from a patched Thomas-Walls graph by
framing on its interface pairs, with rings C1 and Csy, or

o G contains a near 3, 3-quadrangulation H with rings C1 and Cy as a sub-
graph.

Aksenov [2] proved the following strengthening of Grotzsch’s theorem (fixing
a previous flawed proof of this fact by Grinbaum [12]).

Theorem 1.2 (Aksenov [2]). Every planar graph with at most 3 triangles is
3-colorable.

In the course of the proof, Aksenov also established another interesting fact.

Theorem 1.3 (Aksenov [2]). Let G be a graph drawn in the cylinder with a
ring C of length at most 4. If every triangle in G is non-contractible, then every
precoloring of C' extends to a 3-coloring of G.

As a part of the proof of Theorem [I.I] we need to prove a strengthening of
Theorem and describe the 3-coloring properties of graphs embedded in the
disk with a ring C of size 4 and with exactly two triangles. To state this result
(Theorem below) of independent interest, it is convenient to introduce the
notion of a critical graph.

Let C be the union of the rings of a graph G embedded in a surface (C' is
empty when G is embedded in a surface without boundary). By a precoloring of
C, we mean any proper 3-coloring of C. We say that G is critical if G # C and
for every proper subgraph G’ of G such that C C G’, there exists a precoloring
of C' that extends to a 3-coloring of G’, but not to a 3-coloring of G; that is,
removing any edge or vertex not belonging to C' affects the set of precolorings
of C' that extend to a 3-coloring of the graph.



Uy V2

-
vy pRd U3
N

us (%

(a) (b) (c)

Figure 2: Graphs related to Theorem [T.4]

In particular, consider any graph H embedded in a surface, let C' be the
union of its rings, and let G be an inclusionwise-minimal subgraph of H such
that C' C G and every precoloring of C' that extends to a 3-coloring of G also
extends to a 3-coloring of H. Then either G = C' or G is critical, and G carries
all the information regarding which precolorings of C' extend to H; we say that
G is a critical skeleton of H. Consequently, it suffices to consider the properties
of critical graphs, and we will do so in Theorem as well as in many of the
further results.

We need another construction related to Thomas-Walls graphs. For n > 1,
let G = T, be a reduced Thomas-Walls graph with rings C; = wjugugus and
Cy = wvyvovgvy and interface pairs ujus and vivs. Consider the embedding
of T! in the disk, obtained by closing the hole in the face bounded by Cj.
Let G’ be a graph obtained from G by either adding the edge ujus, or the
subgraph depicted in Figure a) (this graph is often called Havel’s quasiedge,
since Havel [13] used it to disprove a conjecture by Griinbaum that every planar
graph without intersecting triangles is 3-colorable). A patched Havel-Thomas-
Walls graph is any graph obtained from such a graph G’ by patching, and v;vs
is its interface pair.

Let a tent be a graph embedded in the disk with the ring v;vov3v4, containing
vertices z; adjacent to v; and ve, and 29 adjacent to vz and wv4, such that all
faces other than vjvgz; and vsvize have length 4, and vivs, vovs € E(G), see

Figure 2{c).

Theorem 1.4. Let G be a graph embedded in the disk with at most two triangles
and with the ring of length 4. If G is critical, then G is either a tent, or obtained
from a patched Havel-Thomas-Walls graph by framing on its interface pair.

It is important to note that the precolorings of the rings which extend to
graphs appearing in the conclusions of Theorems [I.T]and [I.4] can be precisely de-
scribed, as we show in Section (Lemma for framed patched Thomas-Walls
graphs, Lemma [2.17] for near 3, 3-quadrangulations, Corollary for tents, and
Lemma for framed patched Havel-Thomas-Walls graphs). In particular,



in the structure theorem we aim for, it is satisfactory to have pieces that are
patched reduced Thomas-Walls graphs.

Furthermore, in Theorem all non-ring faces f of the graphs H are
bounded by contractible (< 5)-cycles, and the subgraph G[f] of G drawn in
the closure of f contains no triangles. Consequently, every precoloring of the
cycle bounding f extends to a 3-coloring of G[f] (see e.g. Lemma below).
We conclude that a precoloring of the rings of G extends to a 3-coloring of G if
and only if it extends to a 3-coloring of H.

The rest of the paper is structured as follows. In Section [2] we describe
possible colorings of the graphs appearing in Theorems and Section
is devoted to examining a chain G of graphs, many of which are not quad-
rangulations, showing that either all precolorings of the rings of G extend, or
that the rings of G have length 4 and all their precolorings which extend to
a 3-coloring of the reduced Thomas-Walls graph T also extend to G. This
allows us to prove Theorem [[.4]in Section[d] In Section[f] we continue by exam-
ining chains that contain a long subchain consisting only of quadrangulations
and show that either every precoloring of the rings extends or the chain is a
near 3, 3-quadrangulation. We combine these results and prove Theorem in
Section

2 Colorings of the special graphs

In this section we study which precolorings of rings extend in the special graphs
appearing in Theorems and We examine patched Thomas-Walls graphs
in Lemma [2.7 patched Havel-Thomas-Walls graphs in Lemma [2.8] and tame
almost 3, 3-quadrangulations in Lemma [2.11

We need the following result of Aksenov on the extendability of the precol-
oring of a 5-cycle.

Theorem 2.1 (Aksenov [2]). Let G be a graph embedded in the disk with a
ring C' = v1v203v4v5 tracing its boundary. Suppose that G contains exactly one
triangle T'. If G is critical, then all faces of G other than the one bounded by T
have length 4. Furthermore, if 1 is the 3-coloring of C given by ¥ (v1) = ¢ (v3) =
1, ¥(ve) = ¢¥(v4) = 2 and Y(vs) = 3 and ¢ does not extend to a 3-coloring of
G, then vy and vs are incident with T .

We also need the following result of Gimbel and Thomassen [I0] on the
extendability of the precoloring of a (<6)-cycle.

Theorem 2.2 (Gimbel and Thomassen [I0]). Let G be a triangle-free graph
drawn in the disk with a ring C' of length at most 6 tracing its boundary. If G
is critical, then |C| = 6 and every face of G has length 4.

Furthermore, suppose G' is a graph drawn in the disk with a ring C' =
v1...vg of length 6 tracing its boundary, such that all faces of G’ have length 4.
Then a precoloring v of C' does not extend to a 3-coloring of G’ if and only if
one of the following conditions holds.



o There exists i € {1,2,3} such that vivirs € E(G') and ¥(v;) = ¥ (vits),
or

o (v1) = Y(va) # Y(v2) = P(vs) # P(v3) = P(vg) # P(v1).
Theorem has an important consequence for patches.

Corollary 2.3. Let G be a patch with ring xaybzc, and let H be the graph with
vertex set {x,y,z,v} and edges xv, yv and zv. Then a 3-coloring of {z,y,z}
extends to a 3-coloring of G if and only if it extends to a 3-coloring of H.

Proof. Let ¢ be a 3-coloring of {z,y, 2z} and let C' = zaybzc be the ring of G.
If 4 assigns three different colors to the vertices x, ¥, and z, so that 1) does not
extend to a 3-coloring of H, then v extends uniquely to a 3-coloring )’ of C,
and 1)’ does not extend to a 3-coloring of the patch G by the second part of
Theorem [2.2] Hence, ¥ does not extend to a 3-coloring of G.

Suppose now that 1 extends to a 3-coloring of H, and thus by symmetry we
can assume that ¢ (z) = ¥(y). There exists a 3-coloring ¢’ of C' extending v
such that ¢’(a) # ¢'(z). Since x and y have the same color and one of them is
incident to each of b and ¢, we have ¢/ (x) # ¢/(b) and ¢’(y) # ¢¥'(c). Again by
the second part of Theorem 1" (and thus also 1) extends to a 3-coloring of
G. O

That is, replacing a vertex of degree three by a patch does not affect the
3-colorability of the graph. We also often use the following mild strenthening of
Theorem 2.2

Lemma 2.4. Let G be a graph drawn in a surface ¥. Let K be a closed walk
of length at most 6 in G forming the boundary of an open disk A C 3, such
that no contractible triangle of G is contained in the closure of A. Let G’ be the
subgraph of G drawn in the closure of A. If a 3-coloring v of K does not extend
to a 3-coloring of G', then |K| = 6, G' has a subgraph containing K whose faces
in A all have length 4, K = v1...vg, and either there exists i € {1,2,3} such
that viviys € E(G') and ¥ (v;) = ¥(vits), or (vr) = ¥(vs) # P(v2) = ¥(vs) #
(vs) = ¥(ve) £ ¥(v1).

Proof. Let A be a closed disk and let y be a homeomorphism from the interior
of A to A that extends to a continuous function 6 from A to the closure of
A. Let Gy = 071(G") and K’ = §71(K). Note that G is embeded in A and
K’ is its ring of length |K| tracing the boundary of A. Furthermore, if K is a
cycle, then Gy is isomorphic to G’, and if K is not a cycle (|K| = 6 and K is
a union of two intersecting triangles), then G, is obtained from G’ by splitting
the vertices appearing multiple times in K in the natural way.

Observe that 1)’ = 1) 0 6 is a 3-coloring of K’ that extends to a 3-coloring of
G, if and only if ¢ extends to a 3-coloring of G. Let Gy be a critical skeleton of
Gp. If G, = K’, then 1)/ extends to a 3-coloring of G. Otherwise, Theorem
implies that |K’| = 6 and all faces of G, have length 4, and thus 6(G)) is a
subgraph of G’ whose faces in A all have length 4. Furthermore, if ¢’ does



not extend to a 3-coloring of G, (and equivalently, 1 does not extend to a 3-
coloring of G'), then ¢ must satisfy one of the conditions from the statement of
Lemma [2:4] by the second part of Theorem [2.2] O

Let us give an observation about critical graphs that is often useful.
Lemma 2.5. Let G be a critical graph drawn in the sphere with holes.

o FEvery vertex v € V(G) that does not belong to the rings has degree at least
three.

o If K is a (<5)-cycle in G forming the boundary of an open disk A, and
the closure of A does not contain any contractible triangle of G, then A is

a face of G.

o If K is a closed walk of length 6 in G forming the boundary of an open
disk A, and the closure of A does not contain any contractible triangle of
G, then either A is a face of G, or all faces of G contained in A have
length 4.

Proof. Let C be the union of the rings of GG, and consider any vertex v €
V(G)\ V(C). Suppose for a contradiction that v has degree at most 2. Let 1)
be any 3-coloring of C' that extends to a 3-coloring ¢ of G — v. Then 9 also
extends to a 3-coloring of G, by giving the vertices of V(G) \ {v} the same color
as in the coloring ¢ and by choosing a color of v distinct from the colors of its
neighbors. This contradicts the assumption that G is critical.

The second and third claim follow similarly using Lemma [2.4] O

Furthermore, colorings of tents can be described using Theorem 2.2] Con-
sider a 4-cycle C' = ujusuzuy and its 3-coloring ¢». We say that v is u;-diagonal
if ¢(u1) # ¥(us), and that it is bichromatic if 1 (u1) = ¥ (us) and ¥ (u2) = ¥ (uq).
Note that every 3-coloring of C' is u;-diagonal, us-diagonal, or bichromatic. The
following claim is proved analogously to Corollary

Corollary 2.6. If G is a tent with the ring C = wvivsvsvys, then exactly the
v1-diagonal and ve-diagonal colorings of C' extend to 3-colorings of G.

Let Gy be either a reduced Thomas-Walls graph, or a Havel-Thomas-Walls
graph. Let S be an independent set of vertices of G of degree three. Let Cy =
v1V2v3V4 be a ring of Gy, with the interface pair viv3. Let G; be obtained from
Gy by replacing the vertices of S by patches, and let G be obtained from G; by
framing on its interface pairs. Let C' = v1vhv3v) be the ring of G corresponding
to Cp. We say that the ring C' is strong if G # C, va,vq € S, v) = vg, and
v} = vy, that is, vo and vy are not affected by patching or created by framing.
Otherwise, we say that C is weak. A 3-coloring 1 of C' is dangerous if either 1
is v1-diagonal, or C' is strong and 1) is bichromatic.

Let us first deal with Thomas-Walls graphs.



Lemma 2.7. Let n > 1 be an integer, let H be a patched Thomas-Walls graph
obtained from T, by patching, and let G be a graph obtained by framing on
interface pairs uius and vivs of H. Let C; = ujugusuy and Cy = v1v9v3v4 be
the rings of G and let 1 be a precoloring of C1UCs. If 1 extends to a 3-coloring
of G, then it is dangerous on at most one of Cy and Co. Furthermore, if n > 4
and 1 is not dangerous on both Cy and Cy, then i extends to a 3-coloring of G.

Proof. Firstly, suppose that G is the reduced Thomas-Walls graph 7). We
proceed by induction on n. The claims obviously hold when n = 1. Hence,
assume that n > 2, and thus both C; and Cy are strong. Let G be obtained
from a copy G’ of T, _, with rings C7 and C} = vjvivivs (with interface pairs
uyuz and vhvy) by adding the ring Cy and the edge vov). Let ¢ be a 3-coloring
of C71 U (.

Suppose for a contradiction that 1 is dangerous on both C; and C3 and
extends to a 3-coloring ¢ of G; then 1 (v2) = 1¥(v4), and because of the edge vov5,
¢ is vh-diagonal on C%, and thus it is dangerous on C%. This is a contradiction
by the induction hypothesis for G’. Therefore, if ¢ extends to a 3-coloring of
G, then it is dangerous on at most one of C; and Cj.

Suppose now that v is dangerous on at most one of C; and C5, and n > 4.
We need to show that i extends to a 3-coloring of G. By a straightforward case
analysis, this is true when n = 4, and thus assume that n > 5. By symmetry,
we can assume that ¢ is not dangerous on Cq, and thus ¥(vs) # ¥ (vs). Color
vh by ¥(vs) and give v} and vj distinet colors; the obtained coloring of CY is
vj-diagonal, and thus it is not dangerous on C%. By the induction hypothesis,
we can extend the coloring to G’. This gives a 3-coloring of G extending 1.

Therefore, the claim holds for reduced Thomas-Walls graphs. Suppose that
G is obtained from Gy = T}, by patching on an independent set S and framing
on the interface pairs. Let S; be the subset of S consisting of vertices not
incident with the rings. Let G; be the graph such that G is obtained from G
by patching on S; and G is obtained from G by patching on S\ S; and framing
on the interface pairs. By Corollary and the previous analysis of T/, the
graph (G satisfies the conclusions of Lemma |2.7]

Since the vertices of the interface pairs of Go have degree two, they do not
belong to S. We define a coloring v’ of the rings of G as follows. Suppose that
C1 = wyubusu) is a ring of Gy, where ufy has degree three. Let ¢/ (u1) = ¥(uq1)
and ¥'(uz) = ¥(uz). If ¥ is uj-diagonal on Cy, or if uh € S, uy = uh, and
ug = uly, then let ' (uh) = ¢ (u2) and ¥’ (ujy) = 1p(us). Otherwise, choose ¢’ (uj)
and ¢'(u}) so that ¢} is ub-diagonal on Cf and so that ¢’ (u}) = ¢ (u;) for all
i € {2,4} such that u; = u}. Define ¥’ on the other ring C% of G; analogously.
Note that for i € {1,2}, C/ is strong in Gy, and if C} # C;, then C; is weak in
G; hence, 9 is dangerous on C; if and only if ¢’ is dangerous on CY.

Suppose first for a contradiction that v is dangerous both on C; and Cs,
and that it extends to a 3-coloring ¢ of G.

o If C; is weak, then 9 is uj-diagonal on C1, and ¢/ (u}) = ¢(u}) = ¥(u;)
for ¢ € {2,4}. Let z be the neighbor of u) distinct from w; and us. If
uy € S, then uhz is an edge of G, and ¢(z) # o' (ujy). If u)y € S, then
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©(z) # ¢’ (uh) by the second part of Theorem applied to the patch P
replacing u} and the 3-coloring of P given by .

e If O is strong, then u) = ug, u) = uy, and uhz is an edge of G.

Together with a similar argument applied at C3, we conclude that ¥’ U (¢ |
V(G1)) is a 3-coloring of G extending v’, which is a contradiction since ¢’ is
dangerous both on C7 and C% and the conclusions of Lemma are satisfied
by G, as we argued before.

Next, suppose that 1 is not dangerous on one of the rings, say on C4, and
that n > 4. Then 1’ is not dangerous on C7, and thus it extends to a 3-coloring
@ of Gi. If uy ¢ S, then let p; be an empty coloring. If u, € S, then by
Theorem there exists a 3-coloring ¢ of the patch replacing u} such that
v1(z) = YP(x) for x € {uy,us,us} and p1(z) = ¢'(z), where z is the neighbor of
uh distinet from uy and ug. Let @9 be defined analogously at Cy. Observe that
Y Up Upa U (¢ [ V(G)) is a 3-coloring of G extending . O

Using this lemma, we can easily handle Havel-Thomas-Walls graphs as well.

Lemma 2.8. Let G be a graph obtained by framing on the interface pair vivs
of a patched Havel-Thomas-Walls graph, with ring C' = vivavzvy. A 3-coloring
¥ of C extends to a 3-coloring of G if and only if ¢ is not dangerous on C.

Proof. Consider first the case that G is a Havel-Thomas-Walls graph, obtained
from the reduced Thomas-Walls graph T, with rings C' and C’ = ujusugus and
interface pairs viv3 and ujus by either adding the edge ujus, or the graph in
Figure (a). Consider any 3-coloring ¢ of G. Note that both the edge ujug
and the graph from Figure 2f(a) ensure that ¢(u;) # ¢(u3), and thus ¢ is us-
diagonal on C’. Consequently, ¢ is dangerous on C’, and by Lemma [2.7} it is
not dangerous on C. Therefore, if 1 extends to a 3-coloring of G, then 9 is not
dangerous on C.

Conversely, if ¢ is not dangerous on C, then we can extend it to a 3-coloring
of T} that is uj-diagonal on C” (for n > 4, this follows by Lemma for
1 <n <3, it is easy to construct the desired colorings), and further extend the
coloring to the graph from Figure a) if present in G.

The case that G is obtained from a Havel-Thomas-Walls graph by patching
and framing is handled in the same way as in the proof of Lemma O

Next, we consider the colorability of near 3,3-quadrangulations. We need
some additional definitions. Given a 3-coloring ¢ : V(G) — {0,1,2} of a graph
G, let us define an orientation Gy of G by orienting every edge uv € E(G)
towards v if and only if ¢(v) — ¥ (u) € {1,—-2}. Let W = vjva... v be a walk
in a graph G. We define w(W, 1) to be the difference between the number of
forward and backward edges of W in Gy, i.e.,

wW, ) ={i: 1 <i<k—1,vv41 € E(Gy)}—|{i:1<i<k-1,v,11v; € E(Gy)}|

Suppose that G is embedded in the cylinder, and let C' be a non-contractible
cycle in G. We fix one orientation around the cylinder as positive. Let W (with
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v1 = vg) be a closed walk tracing C' in the positive direction. We define the
winding number of ¥ on C' as w(W,1)/3. Observe that the winding number is
an integer of the same parity as the length of C. We need the following result
concerning the colorability of quadrangulations, see e.g. the Propositions 4.1
and 4.2 in [4].

Lemma 2.9. Let G be a graph embedded in the cylinder with rings C1 and Cs,
such that all non-ring faces of G have length 4. For any 3-coloring ¢ of G, the
winding number of ¢ on C1 is equal to the winding number of ¢ on Cs.

We also need a strengthening of Lemma for quadrangulations of the
cylinder with rings of length at most 4.

Lemma 2.10. Let G be a tame graph embedded in the cylinder with rings Ch
and Cy of length at most 4. If all faces of G have length 4, the distance between
C1 and Cy is at least |C1|, and ¢ is a precoloring of C1UCs that does not extend
to a 3-coloring of G, then |C1| = |Ca| = 3 and ¥ has opposite winding numbers
on Cy and Cs, i.e. ¥ has winding number +1 on one of them and —1 on the
other one.

Proof. Note that Cy and Cy have the same parity, and thus |Cy| = |Cs|. Suppose
first that |C1| = 4. In this case, G is bipartite. Let C; = vjvov3vy, with the
labels chosen so that ¢ (v1) = 9(vs). For 0 < i < 3, let S; denote the set of
vertices of G at distance exactly i from {ve,v4}. Let G’ be the graph obtained
from G —(SpUS1US2) by identifying all vertices in S3 to a single vertex x. Note
that G’ is also bipartite, and in particular it has no loops and it is triangle-free.
Furthermore, since the distance between Cy and Cj is at least four, Cs is a cycle
in G’. By Lemma the graph G’ has a 3-coloring ¢’ that matches 1 on Cs.
Then, we can obtain a 3-coloring of GG that extends 1 by coloring every vertex
v € V(G') \ {2} by the color ¢'(v), all vertices in S5 by the color ¢'(z), all
vertices in Ss by a color distinct from ¢'(z) and v (vy), all vertices in S; by the
color 9 (v1), and ve by ¥ (v2) and vy by 9 (vy).

Suppose now that |Cy| = 3. Note that the winding number of ¢ on each of
C; and Cy is either +1 or —1. By Lemma [2.9] if the winding numbers of ¢ on
C1 and Cy are opposite, then 1 does not extend to a 3-coloring of G. Hence,
we can assume that the winding numbers of ¥ on C; and C5 are the same. For
i € {1,2}, let C; = v;,10;,2v; 3, with the labels chosen so that ¥(v; ;) = j for
j€{1,2,3}. For j € {1,2,3}, let S; ; denote the set of vertices of G adjacent
to v; ; that do not belong to V(C;). Since G is tame and the distance between
C1 and Cs is at least three, these sets are pairwise disjoint. Let G’ be the graph
obtained from G by, for ¢ € {1,2} and j € {1,2,3}, identifying all vertices in
S;; to a single vertex z; j, and suppressing the resulting faces of length two.
Note that K; = z; 12,27, 3 is a non-contractible triangle in G’. If ¢ extends to
a 3-coloring of G’ then it also extends to a 3-coloring of G, obtained by giving
each vertex in S; ; the color of x; ;.

Let G be the subgraph of G’ drawn between K; and K,. By Theorem
there exists a 3-coloring ¢1 of Gy such that ¢1(x1 ;) = (j mod 3) +1 for j €
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{1,2,3}. By permuting the colors in ¢, we obtain a 3-coloring @2 of Gy such
that @o(z1;) = ((j+1) mod 3) +1 for j € {1,2,3} and ¢1(v) # p2(v) for every
v € V(Gp). Suppose that o1 U is not a 3-coloring of G’. By Lemma the
winding numbers of ¢ on K; and Ky are the same, and thus ¢1(x2 ;) = ¥ (v ;)
for j € {1,2,3}. Then, it follows that ¢ U ¢y is a 3-coloring of G'. We conclude
that G’, and thus also G, has a 3-coloring which extends . O

Let G be a near 3, 3-quadrangulation, let C' be one of the rings of G and let
1 be a 3-coloring of C'. Let us discuss several cases:

e If C shares an edge with a triangle T in G (where possibly T = C if C
is a triangle), then v uniquely extends to a 3-coloring ¢ of T. Let w be
the winding number of ¢ on 7. In this case, we say that ¢ on C causes
winding number w.

e If C does not share an edge with a triangle and we can label the vertices
of C' as vivavsvy so that the path vivsvs is a part of the boundary of a
5-face f and 9(v1) # ¥(v3), then draw an edge between v; and vs in f,
and let w be the winding number of 1 on the triangle vyvzvy. In this case,
we also say that ¢ on C' causes winding number w.

e Otherwise, we say that ¥ on C does not cause fized winding number.

If C; and C5 are the rings of G and v is their precoloring, we say that v is
inconsistent if 1) causes winding numbers on both C; and C5 and these winding
numbers are opposite. Otherwise, i is consistent.

Lemma 2.11. Let G be a tame near 3, 3-quadrangulation embedded in the cylin-
der with rings C1 and Cy. If a precoloring ¢ of C1 U Cy extends to a 3-coloring
of G, then it is consistent. Furthermore, if the distance between Cy and Cy is
at least 9, then every consistent precoloring of C1 U Csy extends to a 3-coloring

of G.

Proof. Let Gy be a graph and 1y a 3-coloring of its rings obtained from G and
¥ as follows. For ¢ = 1,2, if C; shares an edge with a triangle 7', then remove all
vertices between C; and T' (excluding 7', but including V' (C;)\V(T)), and let ¢y
restricted to T be the unique 3-coloring of T' that matches 1 on V(T)NV(C;). If
C; = v1v2U3vy, V10203 I8 a part of the boundary of a 5-face f, and ¥(v1) # ¥(v3),
then remove vo and add the edge vivs drawn inside f, and let ¢ restricted to
v1v3v4 match ¢. Finally, if ¥ (vy) = ¥(v3), then do not alter G at C; and let 1
restricted to C; match ¢. Let C] and C} be the rings of G obtained from C;
and Cy, respectively.

Using Theorem observe that 1 extends to a 3-coloring of G if and only
if 4y extends to a 3-coloring of Gy. Note that if ¢ is inconsistent, then Gy is a
3, 3-quadrangulation and the winding numbers of ¢y on C] and C} are opposite,
and thus by Lemma 1y does not extend to a 3-coloring of Gy.

Therefore, it suffices to consider the case that 1) is consistent and the distance
between C7 and Cs in G is at least 9, and to show that in this case, ¥y extends
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to a 3-coloring of Gy. If ¢y on C; or Cs causes winding number, then let w be
this winding number. Otherwise, let w = 1.

We now modify G and 1)y into another auxiliary graph G; with a precoloring
1 of its rings. For each ¢ = 1,2 such that |C!| = 4, we modify the graph as
follows. Let C] = vivauszvy, where v1vavgugus is a 5-face and ¥o(v1) = o (vs).
Let ¢ be the unique 3-coloring of the 5-cycle K = vjusuqv3v4 matching g on vy,
vs, and vy, such that ¢ has winding number w on K. If necessary, exchange the
labels of v; with vz and of ugq with us so that p(vg) = @(us). If vy is contained
in a triangle T', then remove from G; all vertices between C and T' (excluding
T, but including V(Ci) \ V(T')), and let 1 restricted to T' be the 3-coloring
with winding number w such that 1g(v1) = 91 (v1) (since T does not share an
edge with CJ, ¢(v1) = ¢(vs), and ¢(v4) = p(us), the coloring ¢ extends to
a 3-coloring of the subgraph of Gy drawn between K and T by Theorem
and the restriction of this 3-coloring to 7" matches ¢»; by Lemma . If vy is
not contained in any triangle, then remove v; and vo and identify all remaining
neighbors of v; to a single vertex z, and let v restricted to zugvs be the 3-
coloring such that ¥ (vs) = ¢(vs), P1(us) = ©(ug) and ¥y (z) = ©(v4) = @(us).
For each ¢ = 1,2 such that |C]| = 3, we do not modify the graph and we let v,
restricted to C} match .

Observe that G; is a 3, 3-quadrangulation and that if ¢; extends to a 3-
coloring of Gy, then we can obtain a 3-coloring of G that extends 1g. Let CY
and CY be the rings of G;. Let T7 and T, be non-contractible triangles in Gy
such that the subgraph G| drawn between T} and T is tame and G is as large
as possible, with labels chosen so that Tj separates Cf' from T5. Since G is tame
and the distance between C; and C5 in G is at least 9, the construction of Gy
and G; ensures that the distance between 77 and T5 in G is at least three.

By Theorem[1.3] 1 extends to a 3-coloring ¢; of the subgraphs of G; drawn
between C{ and T}, and between C{ and T, and by Lemmal[2.9] ¢; has winding
number w both on T} and T5. By Lemma [2.10] the restriction of ¢; to T} U T
extends to a 3-coloring @9 of G'. Hence, 11 extends to a 3-coloring 1 U pa of
G1. This also gives a 3-coloring of G extending ). O

3 Basic cylinders

We now make the first step towards the proof of Theorem by studying the
coloring properties of chains of graphs. Let G and G’ be graphs embedded in
a surface with the same rings, and let C' be the union of the rings. We say
that G dominates G’ if every precoloring of C' that extends to a 3-coloring of G
also extends to a 3-coloring of G’. We aim to show that for any chain G with
sufficiently many graphs that are not quadrangulations, either all precolorings
of the rings of G extend, or G is dominated by the reduced Thomas-Walls graph
T,. To do so, we contract 4-faces in the graphs of the chain as long as possible,
ending up with easily enumerated and analyzed “basic” graphs.

Let us give a few more definitions. We say that a graph H embedded in the
cylinder with rings K7 and K5 is a quadrangulation if all its non-ring faces have
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length 4. We say that H is quadrangulated if it contains a quadrangulation with
rings K; and K> as a subgraph.

Let H be a graph embedded in the cylinder without contractible triangles,
and let T}, = xy1y2 and T, = 2122 be triangles in H with the vertices listed
in the positive direction around the cylinder. By collapsing T, and T, we
mean removing the vertices and edges of H that are separated from the rings
by T,, UT., and identifying y; with z; for i = 1,2. Let H' be obtained from H
by collapsing T}, and T,. By Lemma (applied to the subgraph of H drawn
between T, and T), every 3-coloring of H’ extends to a 3-coloring of H, and
thus H' dominates H.

Let G be a tame chain of graphs Gi,...,G, with the sequence of cutting
cycles C = Cy, ..., C,. We say that the vertices of the cutting cycles are special.
Let f = zjxaxzxy be a 4-face in G; for some ¢ € {1,...,n}. We call the
identification of x1 and z3 to a new vertex z= legal if

e at most one of x; and z3 is special, and

e G; does not contain (not necessarily distinct) paths x121 2023 and a1 2] 223
such that {z1, 21,29,23} NV (Ci_1) # 0 and {z1, 21, 25, 23} NV (C;) # 0.

If a graph H is obtained from a graph G by a legal identification, then H
dominates G since every 3-coloring of H extends to a 3-coloring of G. Note that
if the indentification of x; with x3 creates parallel edges, we suppress them,
i.e., keep only one (arbitrary) of them. Since G is tame, z; and x3 are not
adjacent, and thus the identification does not create loops. Also, by the second
condition of the legality, we can collapse the triangles possibly created by the
identification while keeping the rings of G; disjoint.

Let G be a tame graph embedded in the cylinder with rings of length at
most 4. We say that G is basic if either G contains no contractible 4-cycle, or it
is one of the graphs depicted in Figure [3| (the rings of each depicted basic graph
are the cycle bounding its outer face and the cycle bounding its central face of
length 3 or 4). We aim to show that it suffices to consider the chains of basic
graphs.

We need the following result concerning extension of a precoloring of a (<9)-
cycle.

Theorem 3.1 (Thomassen [I7]). Let G be a graph of girth at least 5 drawn in
the disk with the ring C of length at most 8. If G is critical, then |C| = 8 and
G = C + e for an edge e with both ends in C.

Borodin et al. [I] investigated precolorings of 7-faces in planar triangle-free
graphs, and their result has the following corollary.

Theorem 3.2 (Borodin et al. [1]). Let G be a triangle-free graph embedded in
the disk with the ring C' of length 7 tracing its boundary. If G is critical, then
it has exactly one 5-face f, all faces other than f have length 4, and the cycle
bounding f intersects C' in a path of length at least two. Furthermore, if ¥ is a
precoloring of C that does not extend to a 3-coloring of G and xyz is a subpath

of C such that ¢¥(x) =¥ (2), then y is incident with f.
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Figure 3: Basic graphs with contractible 4-cycles.

to identify vertices in quadrangulations.
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We now turn our attention to legal identifications. Let G be a chain of
critical graphs Gy, ..., G, with the sequence of cutting cycles C = Cy,...,C,.
Let 7(G,C) denote the number of the graphs among G, ..., G, that are not
quadrangulations.

Lemma 3.3. Let G be a tame graph embedded in the cylinder with rings of
length at most 4. Suppose that G is chain of critical graphs G1,...,G, with
cutting cycles C = Cy,...,Cy. If there exists i € {1,...,n} such that G; con-
tains a 4-face allowing a legal identification, then there exists a tame graph H
embedded in the cylinder with the same rings, such that

o |[V(H)| < |V(G)| and H dominates G, and

e H is a chain of at least n critical graphs with cutting cycles C' satisfying
r(H,C") > r(G,C).

Proof. Let f = x1xow374 be a 4-face allowing a legal identification of x; and
x3 in G;. Let a chain H with cutting cycles C’ be obtained from G as follows.
First, identify z; with x5 to a new vertex z, obtaining a graph H’. Collapse
all intersecting non-contractible triangles in H’ to a single triangle, obtaining
a graph H”. Note that H” contains at most one triangle T not belonging to
C. Furthermore, by the legality of the identification, the cycles C;_; and C; in
H" are vertex-disjoint and at most one of them (of length 4) intersects T'. If T
does not exist, then let C' = C. Otherwise, let C' = Cy, ..., C}, be the sequence
of cutting cycles in H” obtained from C by adding 7" and removing the 4-cycle
distinct from Cp and C,, that intersects 7', if any. For j = 1,...,n/, let H
denote the subgraph of H” drawn between C}_; and Cj. Finally, replace H}
by its maximal critical subgraph H; for j =1,...,n’, obtaining the graph H.

Suppose for a contradiction that H’ contains a contractible triangle xzq2s.
Then x1 22232122 is a contractible 5-cycle in G;, and by Lemma this 5-cycle
bounds a face of G;. Hence, x5 has degree two in GG;, and by Lemma [2.5] x5 is
special. But then also both neighbors of x5 would be special, which contradicts
the assumption that the identification of x1; and x3 is legal. Therefore, H' con-
tains no contractible triangles, and consequently, H” and H are tame. Clearly,
H dominates G and |V (H)| < |[V(G)|. Note that C’ contains all the triangles
of H, and that |C’'| > |C|. Hence, if r(H,C") > r(G,C), then H satisfies all the
conditions of Lemma Let us argue that we can choose the face f and its
labelling so that the identification of x; and x3 is legal and r(H,C’) > r(G,C).
We distinguish several cases.

Suppose first that f = x1x2x324 is a face of G; such that at most one of
x1 and z3 is special and G; contains no path x72z;20x3 of length three disjoint
with {x2,24}. Note that this implies that the identification of x; with z3 is
legal. Consider the procedure described at the beginning of the proof. In this
case H” = H' and C' = C, and H is obtained from G by replacing G; with
H;. Suppose that H; is a quadrangulation. For every 4-face h of H;, either
h corresponds to a 4-face of G;, or h corresponds to a contractible 6-cycle K
in GG; containing the path x1xox3. In the latter case, note that K does not
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bound a face, since then x5 would have degree two and Lemma [2.5 would imply
that x1, xo and x3 are special vertices, contrary to the assumption that the
identification of z; and z3 is legal. Hence, Lemma implies that all faces of
G, inside K have length 4. We conclude that if H; is a quadrangulation, then
G; is a quadrangulation as well, and thus r(H,C’) > r(G,C).

Let us remark that if the identification of 1 with z3 does not create a new
triangle, then the legality only requires that not both x; and z3 are special.
Therefore, it remains to consider the case that the following holds.

For every 4-face y1y2y3ys in G; such that not both yy and ys are special, there
exists a path in G; of length three joining y1 with y3 and disjoint with {y2,y4}.
1

Next, suppose that f = zixoz324 is a face in G; such that x3 and x4 are
not special. By , G contains paths of length three between x; and x3, and
between x5 and x4, and the two paths must intersect, forming a triangle. Since
all triangles are contained in C, this triangle is equal to say C; and contains x
and zo. Hence, G contains paths z1zyiz3 and zozysxy, where C; = x1x22. At
least one of the 4-cycles zzaxsy; and zxix4ys (say the former) is contractible.
By Lemma|ﬁ]7 zxoxsyy is a face. Note that since G is tame and x3 and x4 are
not special, y; is not adjacent to ys or x4. Consequently, G contains no path
of length three between y; and x disjoint with {z,z3}, and by (1)), it follows
that y; € V(C;_1). Therefore, the 4-cycle zz1x4y2 is also contractible, and by
symmetry, yo € V(C;_1). However, then G; is isomorphic to the graph EV; (if
Y1 # y2) or Qs (if y1 = y2) from Figure 3] and contains no 4-face allowing a
legal identification. This contradicts the assumptions of Lemma (3.3

By symmetry, it follows that every edge of a 4-face is incident with a special
vertex. In particular, the following holds.

For every 4-face y1yaysya in G;, there exists k € {1,2} such that both yy, and
Yk+2 are special.
(2)

Consider now a 4-face f = xi1xox3x14 in G; such that xq is not special. By
(2), z2 and x4 are special. If 29, x4 € V(C;) for some j € {i —1,:}, then 2; and
x3 are in different components of G; — {z2, x4}, which contradicts ((1)). Hence,
we have a strengthening of :

For every 4-face y1y2y3ys in G;, there exists k € {1,2} such that one of y and
Yk+2 belongs to C;—1 and the other one to C;.
(3)

Let us now consider any 4-face f = zizoz3z4 in G; such that the identifica-
tion of x; with x3 is legal. By symmetry, we can assume that x; is not special,
and by , we can assume that o € V(C;_1) and x4 € V(C;). Since z; is not
contained in a triangle, (3)) implies that x5 and x4 are the only special neighbors
of ZT1.

Let us now distinguish two subcases depending on whether x3 is special or
not. Let us first consider the subcase that xs is not special. By symmetry, xo
and x4 are the only special neighbors of x3. In this case, we claim that the
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graph H constructed at the beginning of the proof satisfies r(H,C’) > r(G,C),
and thus Lemma holds. By , the identification creates a new triangle 7T'.
Since x; and x3 have no special neighbors other than x5 and x4, even after the
collapse of the triangles during the construction of H” | T is vertex-disjoint with
C;_1 and C;. Hence, H is obtained from G by replacing G; with two subgraphs
H; and Hj, for some j € {1,...,n' —1} such that H; and H,; intersect in 7.
Clearly, 7(H,C') > r(G,C), unless both H; and Hj; are quadrangulations and
G; is not a quadrangulation. As we argued before, every 4-face of H; U Hj41
corresponds to either a 4-face in G, or to a contractible walk of length 6 bounding
a quadrangulated disk in G. Hence, all the (> 5)-faces of G are destroyed by
collapsing the triangles, that is, G; contains two paths z1y1y223 and z1yjybzs
such that the open disk A bounded by the closed walk z1y1y2z3y5y] contains a
face of G; of length greater than 4, and all faces of G; not contained in A have
length 4. But then the edge y1y2 is contained in a 4-face in G;. Since y; and ys
are neighbors of x; and x3, respectively, they are not special. This contradicts
.

Finally, we consider the subcase that x3 is special. By symmetry, we can
assume that x5 € V(C;). If C; is a triangle, then since the identification of
and x3 is legal, we conclude that no path z1yy2x3 intersects C;_1, and by the
same argument as in the previous paragraph, we show that r(H,C') > r(G,C).
Therefore, suppose that |C;| = 4.

By , G; contains a path z1y,y223 disjoint from {xs,z4}. Since the iden-
tification of x; with x5 is legal, we have yo & V(C;_1). If yo € V(C;), then let
W be the contractible closed walk of length 7 consisting of z4z1y1y223 and the
path of length three between x3 and x4 in C;. If yo € V(C}), then let W be the
contractible closed walk of length 5 consisting of z4x1y1y2 and a path of length
two between y5 and z4 in C;. In both cases, let A be the open disk bounded by
W. Since yo & V(Ci_1), implies that A does not contain any 4-face of G;,
and by Theorem we conclude that A is a face. Since this holds for every
path of length three between x1 and x3, it follows that x1y; Y223 is the only such
path, and thus H' contains only one new triangle T' = zy1y>. Let H; be the
subgraph of H between C;_; and T. Note that H; is not a quadrangulation,
since otherwise G; would contain a 4-cycle incident with z; and y;, contrary
to . Consider the other subgraph Hj;;; in the chain that contains 7. Since
A is a face, it follows that y; has degree two in H;41, and since H is tame,
the face of H;4, incident with y; has length greater than 4 and H;; is not a
quadrangulation. Therefore, r(H,C’) > r(G,C) as required. O

Now, let us show that legal identification is always possible in a non-basic
graph.

Lemma 3.4. Let G be a tame critical graph embedded in the cylinder with rings
Cy and Cs of length at most 4, such that every triangle of G is equal to one of
the rings. Assume furthermore that the rings of G are either vertez-disjoint, or
one of them has length 3 and the other one length 4. If G has no 4-face admiting
a legal identification (with respect to the sequence Cy,Cy of cutting cycles), then
G is basic.
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Proof. Since no 4-face of G admits a legal identification,

for any 4-face r1xox324 of G such that x1 & V(C1 U Cy), there exists a path of
length three between x1 and x5 disjoint with {xo, x4}
(4)

Suppose that G contains a 4-face x1xox3x4 such that zs, x4 & V(C1 U Cy).
By , G contains paths of length three between x; and x3, and between x5 and
x4, and the two paths must intersect, forming a triangle. This triangle is equal to
say C7 and contains x; and zo. Hence, G contains paths x1zyi1z3 and xozysxy,
where C1 = z1x22. At least one of the 4-cycles zzoxsy; and zzixays (say the
former) is contractible. By Lemma zxoxsyy is a face. Note that since G is
tame and z3,24 € V(Cy U Cs), y1 is not adjacent to yo or z4. Consequently,
G contains no path of length three between y; and x5 disjoint with {z,z3},
and by , it follows that y; € V(Cy). Therefore, the 4-cycle zxyx4ys is also
contractible, bounds a face, and by symmetry, yo € V(C3). However, then G is
isomorphic to the basic graph Q5 or EV;.

Hence, we can assume that each edge of a 4-face of G is incident with a
vertex of Cy U Cy, or equivalently

for every 4-face y1yaysys in G, there exists k € {1,2} such that both y, and
Y2 belong to V(Cy U Cy).

(5)
Suppose that zjzexszy is a 4-face in G such that z; € V(C; U Cs). By ,
zo, x4 € V(C1 UCY). If zo, 24 € V(C;) for some j € {1,2}, then z; and z3 are
in different components of G — {2, x4}, which contradicts (). Hence, we have
a strengthening of ()

For every 4-face y1y2y3ys in G;, there exists k € {1,2} such that one of y and
Yk+2 belongs to C1 and the other one to Csy.
(6)

Suppose that 1292314 is a 4-face such that x; € V(C1UC3). By symmetry,
we can assume that zo € V(Cy) and x4 € V(Cs3). Since z; is not contained in a
triangle, (@ implies that 22 and x4 are the only neighbors of z; in V(C; U Cy).

If x5 is not special, then by symmetry, xo and x, are the only neighbors of
x3 in V(C; U Cy). However, then no path x;z129x3 intersects C; or Co, and
thus the identification of x1 and x3 is legal, which is a contradiction.

Hence,

every 4-face of G intersects C1 U Cy in at least three vertices.

(7)
Suppose that C; and Cy are not disjoint, and thus say |Cy| = 3 and |Cy| = 4.
If C; and C5 share an edge, then Lemma [2.5|implies that G = C7 U Cs has no
4-face, and thus it is basic. Let us consider the case that C; and C5 share only
one vertex. If G contains an edge e ¢ F(C; UCy) with both ends in V(Cy UCs),
then since G is tame, we conclude that G is the basic graph J;. If G contains
no such edge and contains a 4-face, then by , such a 4-face shares two edges
with C7 U Cy. However, then Theorem gives a contradiction with @ or @
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Therefore, we can assume that C'; and Cs are vertex-disjoint. Suppose that
1222324 is a 4-face such that x; ¢ V(C1UCy). By @ and , we can assume
that 2o € V(C1) and x3,24 € V(C3). Recall that o and x4 are the only
neighbors of z1 in V(C; UCs). Since the identification of 1 and z3 is not legal,
there exists a path z1y1y223 disjoint with {z2, 24} such that yo € V(Cy). Since
x9 € O, z3 € V(Cq), Cy and Cs are vertex-disjoint, and G contains no non-ring
triangles, it follows that zox3 is not contained in a triangle. It follows that ys
is not adjacent to x9, and thus |C;| = 4. Let C; = x321y222, with the labels
chosen so that zox3y221 is a contractible 4-cycle. By Lemma [2.5] zox3y221 and
Tozoyoy1 w1 are faces. Also by Lemma y1 has degree at least three. By @,
the edge x1y; is not incident with a 4-face, and thus by Theorems and
applied to the cycle consisting of x421y1y223 and the path of length |Cy| — 1 in
Cy between z3 and x4 implies that |C2| = 4 and the edge 1y is incident with
a 4-face. By , y1 has a neighbor in Cy, and thus G is isomorphic to the basic
graph EVo.

It follows that every 4-face in G has all vertices contained in V(Cy U Cy).
Note that since G is tame, C; and Cs are induced cycles. If G has no 4-face,
then by Lemma [2.5] it contains no contractible 4-cycle, and thus it is basic.
Hence, it suffices to consider the case that G contains a 4-face f = zizow3Ty.
By symmetry, we can assume that z1,25 € V(C4) and x4 € V(Cs). Let h be
the face of C; U Cy U {xoxs, 2324, 421} distinet from f and the rings. Note
that |h| = |C1| + |C2| < 8. If G has no face of length 4 other than f, then by
Theorem [3.1] applied to the subgraph of h drawn in the closure of h, we conclude
that either h is a face of G and G is one of the basic graphs Tr}, Try, Xqs, Xqg,
or Xqq; or |Cq]| = |C2] = 4 and one edge of G is drawn in h, and G is a basic
graph S; or Ss.

Let us consider the case that G has a face f’ of length 4 distinct from f;
hence, an edge of G splits h into a 4-face f’ and a (|Cy| + |Ca| — 2)-face h'. If
G contains no 4-face other than f and f’, then by Theorem h' is a face of
G, and thus G is one of the basic graphs Xq;, Xq,, Xqs, Xq4, Qs, Try, or Trs.
Finally, G might also have four 4-faces, and then G is one of the basic graphs

Qla Q27 QBa or Q4' O
By combining Lemmas and Lemma [3.4] we obtain the following.

Lemma 3.5. Let G be a tame graph embedded in the cylinder with rings of
length at most 4. Suppose that G is a chain of n > 1 critical graphs with the
sequence C of cutting cycles. Then there exists a tame graph G’ embedded in the
cylinder with the same rings, such that G' dominates G and G’ is a chain of at
least n basic graphs with cutting cycles C', with r(G',C") > r(G,C).

Proof. We prove the claim by induction on |V(G)|. Let G be a chain of critical
graphs G, ..., G, with cutting cycles C = {Cy,...,C,}. Ifall of Gy, ..., G,
are basic, then the claim is trivialy true with G’ = G. Otherwise, by Lemma 3.4}
there exists ¢ € {1,...,n} such that a 4-face in G; admits a legal identification.
Then, the claim follows by the induction hypothesis applied to the graph H
obtained by Lemma [3.3] O
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Dvordk and Lidicky [8] gave an exact description of critical graphs embedded
in the cylinder with rings of length at most 4 and without contractible (< 4)-
cycles—in addition to the infinite family of reduced Thomas-Walls graphs, there
are only 95 such critical graphs. In particular, their examination gives the
following.

Theorem 3.6 (Dvoidk and Lidicky [8]). Let G be a graph embedded in the
cylinder with rings of length at most 4, such that G contains no contractible
(<4)-cycles. If G is critical and the distance between its rings is at least 6, then
G is a reduced Thomas-Walls graph.

We need the following observation about basic graphs.

Lemma 3.7. Let G be a tame chain of basic graphs, such that each of them
either contains no contractible 4-cycles, or is isomorphic to EVy, EVy, Try, Trs,
S1, or Ss, with pairwise vertex-disjoint cutting cycles Co, ..., Cp. If n > 5,
then G is dominated by a graph G’ with the same vertex-disjoint rings Cy and
Cp and without contractible (< 4)-cycles. Furthermore, if |Co| = 4 and eq is
any edge of Cy, then G’ can be chosen so that e is not contained in a triangle
in G'.

Proof. Let Cy, ..., C,, be the cutting cycles of the chain, and for i = 1,...,n,
let G; denote the subgraph of G drawn between C;_; and C;.

We start with several observations about graphs dominating EV,, EVy, Trq,
Tro, S1, or So. Let H be one of these graphs, with rings ujus ... and vivs . ..
labelled as in Figure |3| In all the identifications described below, we suppress
arising parallel edges.

o If H=EV; or H=EV,, then

— let H’ be the graph isomorphic to one of the graphs I; or Iy depicted
in Figure EL obtained from H by identifying us with vy and w; with
v1 and by removing the vertices that do not belong to the rings, and

— let H” be the graph isomorphic to one of the graphs I; or I, obtained
from H by identifying us with vs and ug with vz and by removing
the vertices that do not belong to the rings.

Let R(H) ={H',H"} and D(H) = {ug,va}.
o If H =Try, then

— let H' be the graph isomorphic to the graph I; depicted in Figure |4}
obtained from H by identifying us with v and w; with vy, and

— let H” be the graph isomorphic to the graph Iy, obtained from H by
identifying uo with vy and ug with v;.

Let R(H) ={H',H"} and D(H) = {u2,v1}.
o If H = Try, then
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— let H' be the graph isomorphic to the graph I; depicted in Figure
obtained from H by identifying w; with vy and us with ve, and

— let H” be the graph isomorphic to the graph I, depicted in Figure
obtained from H by identifying u; with vs.

Let R(H) ={H',H"} and D(H) = {u1}.

e If H =Sy, then let H' be the graph isomorphic to the graph I3 depicted
in Figure[d] obtained from H by identifying uy with vi. Let R(H) = {H'}
and D(H) = {ul,vl}.

e If H =S, then let H' be the graph isomorphic to the graph I3 depicted
in Figure[4] obtained from H by identifying us with vs. Let R(H) = {H'}
and D(H) = {ug4,v4}.

Observe that every graph in R(H) dominates H and contains no contractible
(< 4)-cycle. For every edge e of a ring of H, there exists at least one graph
H, € R(H) such that the corresponding edge in H, is not shared by both rings.
Furthermore, if a vertex v of a ring of H does not belong to D(H), then there
exists at least one graph H, € R(H) such that the corresponding vertex in H,
is not shared by both rings.

Al

Figure 4: Results of identifications in Lemma [3.7]

Fori=1,...,n, let G be the graph obtained as follows. Let v; be a vertex
of C;_1 not belonging to D(G;), chosen so that

e if 4 =1, then v; is incident with e,

e if i > 2 and the intersection Z; of Cy and C;_; in G{U...UG,_; is not a
subset of D(G;), then v; € Z; \ D(G;), and

e if i > 2, |C;_1] = 4 and the intersection Y; of C;_5 and C;_; in G}_; is
not a subset of D(G;), then v; € Y; \ D(G;).

If G; does not contain any contractible 4-cycle, then let G; = G;. Otherwise,
let G} be an element of R(G;), chosen so that the vertex of G} corresponding
to v; is not shared by both rings of Gi.
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Note that this ensures that no two triangles of G’ = G} U ... UG, share an
edge, and thus G’ contains no contractible (<4)-cycles. Furthermore, the edge
corresponding to eq is not contained in a triangle of G.

The graph G’ dominates G. Note that |Z3] < 2 and |Z;] < 1 for ¢ > 3, and
thus the rings of G’ share at most one vertex. If the rings of G’ are vertex-
disjoint, then G’ satisfies the conclusion of the lemma. Hence, suppose the rings
of G’ share a unique vertex z. This is only possible if each of Gy, ..., G, is
isomorphic to EVy, EVy, Try, Tro, Sy, or So. For i =0,...,n, let z; denote the
vertex of C; corresponding to z.

Consider the graph Fy = G} UG, UGY, whose rings Cy and C intersect only
in z. Observe that every edge of Iy with both ends in V(Cy U Cs) is contained
in E(CyuUCs). Since |Cy|+|Cs| < 8 and Fy contains no contractible (< 4)-cycle,
Theorem shows that every precoloring of Cy UC'5 that assigns the same color
to zp and z3 extends to a 3-coloring of Fj. Since z is contained in both rings
of G', the choice of G/ implies that z3 belongs to D(G4). Hence, Fy U Gy is
dominated by a graph obtained from G4 by adding the cycle Cy and identifying
2o with z3. By inspecting all choices of G4 € {EV;,EVy, Try, Tra, S1,S2} and
z3 € D(G4), we conclude that the following holds.

e if |Cy| = 3, then F} UGy is dominated by the graph F5 obtained from the
disjoint union of Cy and Cy by adding an edge between zy and a vertex of
04, and

e if |Cy4| = 4, then either

— F1 UGy is dominated by the graph Fj isomorphic to Xqg or Trjy ob-
tained from the disjoint union of Cy and Cy by adding edges between
zo and two non-adjacent vertices of Cy4 distinct from z4, or

— (4 is isomorphic to Try.

If |Cy4] = 3, then F, UGL U ... UG, satisfies the conclusions of the lemma.
Let us consider the case that |Cy| = 4. If G4 is isomorphic to Tr; (and thus
|C5| = 3), note that none of the conditions for specifying v, applies, and thus we
can choose G so that z does not correspond to any vertex of D(G5). However,
then the choice of vs ensures that Cy and Cs are vertex-disjoint in G, which is
a contradiction.

Hence, we can assume that F; U G4 is dominated by the graph Fj. By
inspection of all choices of G5 € {EV1,EVy, Tr1, Tra, S1,S2} and z4 € D(Gy),
we conclude that F UG5 is dominated by a graph F3 obtained from the vertex-
disjoint union of cycles Cy and C5 by adding an edge between them, and thus
F; UG U...UG, satisfies the conclusions of the lemma. O

Let us now prove a variation on Theorem

Lemma 3.8. Let G be a tame chain of n basic graphs, such that each of them
either contains no contractible 4-cycles, or is isomorphic to Jy, EVy, EVs, Try,
Try, S1, or Sa. If n > 32, then either every precoloring of the rings of G extends
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to a 3-coloring of G, or both rings of G have length 4 and G is dominated by
the reduced Thomas-Walls graph Tj.

Proof. Let Cy, ..., C, be the cutting cycles of the chain. Let so = 0 if Cjy and
C, are vertex-disjoint, and sy = 1 otherwise. Let s; = n if C,,_1 and C), are
vertex-disjoint, and s; = n —1 otherwise. Let F' be the union of subgraphs of G
drawn between Cy and C,, and between Cs, and C,,. Note that if a component
of F' contains a contractible 4-cycle, then it is isomporphic to J;. Identify two
opposite vertices in each 4-face of F', obtaining a graph F”.

For i =1,...,5, let G; denote the subgraph of G’ drawn between Cs,45i—5
and Cjs,y5,. Let G¢ denote the subgraph of G; drawn between Cy 195 and C, .
By the definition of a chain, J; does not appear in the subchain bounded by Cj,
and Cy,. Fori=1,...,6, Lemma implies that G; is dominated by a graph
G’ with the same vertex-disjoint rings, such that the graph G’ = F'UG]U. . UG
contains no contractible (< 4)-cycles—this is ensured by choosing ey to be an
edge of Cs,45,—5 contained in a triangle in G%_; (if any) for i = 2,...,6.

Note that the distance between Cy and C,, in G’ is at least 6. Suppose
that not every precoloring of Cy U C,, extends to a 3-coloring of G. Then G’ is
dominated by its maximal critical subgraph G”, and by Theorem G" is a
reduced Thomas-Walls graph in that the distance between Cy and C), is at least
6. By Lemma G is dominated by the reduced Thomas-Walls graph 7;. O

We call graphs Xqy, ..., Xq; almost quadrangulations. We need the following
claim.

Lemma 3.9. Let G be a tame chain of n basic graphs, such that each of them
is an almost quadrangulation. If n > 4, then every precoloring of the rings of G
extends to a 3-coloring of G.

Proof. Let Cy, ..., C, be the cutting cycles of the chain, and let ¢) be a 3-
coloring of Cy U C),. The graph G is dominated by a quadrangulation of the
cylinder with rings at distance at least 4 from each other. Hence, if |Cy| = 4,
then 1) extends to a 3-coloring of G' by Lemma If |Co| = 3, then G is
a chain of the copies of Xq;. Observe that ¢ extends to a 3-coloring ¢ of the
subgraph of G drawn between Cy and C; such that the winding number of ¢ on
C1 is the same as the winding number of ¢ on C,,. By Lemma it follows
that 1 extends to a 3-coloring of G. O

By combining these results, we obtain the following.

Lemma 3.10. Let G be a tame graph embedded in the cylinder with rings of
length at most 4. If G is a chain of graphs, at least 131 of which are not
quadrangulated, then either every precoloring of the rings of G extends to a
3-coloring of G, or both rings of G have length 4 and G is dominated by the
reduced Thomas-Walls graph T).

Proof. Let C = Cy, C1,...,C, be the sequence of cutting cycles of the chain G,
and for i = 1,...,n, let G; be the subgraph of G drawn between G;_; and G;.
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Without loss of generality, G; is critical, as otherwise we can replace G; by its
maximal critical subgraph. Furthermore, by Lemma we can assume that

G; is basic. If G; is a quadrangulation, then G; is one of @1, ..., @5; in this
case, we identify the vertices of the rings of G; as indicated by dotted lines in
Figure [3]

Hence, assume that none of Gy, ..., G, is a quadrangulation. By the as-
sumptions of the lemma, we have n > 131.

Suppose that there exists ¢ € {1,...,n — 3} such that G;, ..., Gi;3 are

almost quadrangulations. By Theorem [I.3] any 3-coloring ¢ of Cp UC), extends
to a 3-coloring of G1U...UG;_1 UG, 14 U... UG, and by Lemma 1) extends
to a 3-coloring of G. Therefore, we can assume that no four consecutive graphs
in the chain G’ are almost quadrangulations.

Extend all almost quadrangulations in G to quadrangulations Qq, ..., Qs
and identify the vertices of their rings as indicated by dotted lines in Figure [3]
The resulting graph G’ is a chain of at least 32 basic graphs dominating G, such
that none of the graphs in the chain is a quadrangulation or almost quadran-
gulation. Also, if J; appears in the chain (necessarily as the first or the last
element), identify the opposite vertices of its 4-face not contained in the ring of
G’, thus turning it into Iy. Similarly, we turn each of the graphs in the chain
that is isomorphic to Tr} or Tr, into Tr; or Trp by adding an edge. The claim
of Lemma, then follows by Lemma, O

Actually, we only need the following consequence of Lemmas and

Corollary 3.11. Let G be a tame graph embedded in the cylinder with rings C1
and Co of length at most 4. Suppose that G is a chain of graphs, at least 131 of
which are not quadrangulated. If |C1| = 3 or |C2| = 3, then every precoloring of
C1UC, extends to a 3-coloring of G. If |C1| = |Cs| = 4, then for every 3-coloring
1 of C1, there exists v € V(Cy) such that for every v-diagonal 3-coloring v of
Cy, the precoloring ¥ Uy extends to a 3-coloring of G.

Let us remark that using computer, we can signficantly improve the bound

of Corollary as follows.

Lemma 3.12. Let G be a tame graph embedded in the cylinder with rings Cy
and Cs of length at most 4. Suppose that G is a chain of n > 7 graphs, at
least 3 of which are not quadrangulated. If |C1| = 3 or |Cs| = 3, then every
precoloring of C1 U Cy extends to a 3-coloring of G. If |C1| = |Ca| = 4, then for
every 3-coloring ¥y of Cy, there exists v € V(C3) such that for every v-diagonal
3-coloring 19 of Cs, the precoloring ¥ U Yy extends to a 3-coloring of G.

Proof. By Lemma[3.5] we can assume that all the graphs in the chain are basic.
Furthermore, without loss of generality, they are critical. We consider the chains
consisting of copies of the graphs depicted in Figure |3 the graph 14, and the
graphs from [8] whose rings are disjoint and not separated by another triangle
or disjoint 4-cycle. By computer enumeration, we verify that the claim holds
forn=717.
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For longer chains, we prove the claim by induction on n. By symmetry, we
can assume that if |C}]| = 3, then |Co| = 3. If any of the graphs in the chain
is isomorphic to a quadrangulation Qq, ..., or Qs, then identify the vertices
of their rings as indicated by dotted lines in Figure [3] and apply induction to
the resulting graph. Otherwise, let K be the first cutting cycle of the chain
distinct from C;. We extend the 3-coloring of C; to the subgraph of G drawn
between C7 and K by Theorem and then the claim follows by the induction
hypothesis for the subgraph of G drawn between K and Cs. O

Let us mention that Lemma [3.12] is not true if we demand just two non-
quadrangulations or if the chain has length at most 6.

4 Disk with two triangles

In this section, we consider the case of the graphs embedded in the disk with a

ring of length 4 and with exactly two triangles, and we aim to prove Theorem[I.4]
Borodin et al. [3] described all non-3-colorable planar graphs with exactly 4

triangles. The following is a special case of their main result relevant to us.

Theorem 4.1 (Borodin et al. [3]). If G is a 4-critical planar graph with exactly
four triangles and there exists an edge e € E(G) intersecting two of them, then
G — e is a patched Havel-Thomas-Walls graph with the interface pair e.

As a corollary, we have the following special case of Theorem

Corollary 4.2. Let G be a graph embedded in the disk with at most two triangles
and with ring C = vivavzvy. If G is critical and has no 3-coloring that is vy -
diagonal on C, then G 1is obtained from a patched Havel-Thomas-Walls graph
by framing on its interface pair vivs.

Proof. Since G is critical, Theorem implies that any non-facial 4-cycle in G
separates the hole of the disk from both triangles of G.

Let C’ be a non-facial 4-cycle in G containing v; and vs, such that the
subgraph of G drawn between C’ and C' is maximal. Let G' = G — (V(C) \
V(C")). Since the 4-cycles in C'U C” distinct from C' and C’ do not separate
the hole from the triangles, they bound faces, and thus G is obtained from G’
by framing on vivs.

Let G” = G’ + vivs. Note that G” is not 3-colorable, and by the choice of
(', it contains exactly four triangles. By Theorem G" contains a 4-critical
subgraph H with all four triangles. By Theorem [£I} H — vivs is a patched
Havel-Thomas-Walls graph with the interface pair vivs. Since G is critical,
Lemma implies that every non-facial (<5)-cycle of G separates the hole of
the disk from at least one triangle of G. However, all faces H — v1v3 have length
at most 5, and thus G” = H.

It follows that G is obtained from the patched Havel-Thomas-Walls graph
G’ by framing on its interface pair vivs. O

27



Finally, we need a result on the density of 4-critical graphs by Kostochka
and Yancey [14].

Theorem 4.3. For every n > 4, every 4-critical graph with n vertices has at

least 5”?:2 edges.

We can now prove the main theorem of this section.

Proof of Theorem[I4} We prove the claim by the induction on the number of
vertices of G; hence, we assume that the claim holds for all graphs with less
than |V (G)| vertices.

Let C = vyvavzvy be the ring of G. Let ¥, ¥ and 13 be a vi-diagonal, a
vg-diagonal, and a bichromatic 3-coloring of C, respectively. If either ¥; or ¥s
does not extend to a 3-coloring of G, then the claim follows from Corollary
Hence, we can assume that t¢; and ¥y extend to 3-colorings ¢1 and @9 of G,
respectively. Since G is critical, 3 does not extend to a 3-coloring of G.

Note that if say v; had degree 2, then we could recolor v; in the coloring
1 and obtain a 3-coloring of G whose restriction to C' is bichromatic, which
is a contradiction. Similarly, we conclude that every vertex of C' has degree
at least three. Also, since pj(va) = ¢1(v4), the graph G% obtained from G
by identifying ve with vy is 3-colorable. Symmetrically, the graph G7 obtained
from G by identifying v; with vz is 3-colorable.

Suppose for a contradiction that G has no non-ring 4-faces. Let n, m and s
denote the number of vertices, edges and faces of G, respectively. Then 2m >
5(s —3)+4+2-3="5s—5. By Euler’s formula, we have s = m + 2 —n, and
thus

5(m+2—-n)—5=5m—5n+5

3m

2m >
on—»5 >
and m < 2225 Let G’ be the graph (not embedded in the disk) obtained from
G by identifying v; with v3 to a vertex z; and vo with v4 to a vertex z5 and by
suppressing parallel edges. Note that G’ is not 3-colorable, since 13 does not
extend to a 3-coloring of G. Let G” be a 4-critical subgraph of G’. Since G}
and G5 are 3-colorable, we have 21,2, € V(G"). For every v € V(G') \ {21, 22},
note that 3 extends to a 3-coloring of G — v by the criticality of G, and
thus v € V(G"”). Thus, V(G"”) = V(G'). Note that |[E(G')] = m — 3 and
|[V(G")] = n — 2 since C is replaced by the edge z122. Thus

5n—14  5|V(G")|—4
3 3 '

[E(G")| < |E(G)]=m -3 <

This contradicts Theorem

It follows that G contains a 4-face xixox3x4. Since all vertices of C' have
degree at least 3, we can assume that x1,z2 € V(C). If z3,24 € V(C), say
x3 = vs and x4 = vy, and x7 is adjacent to v; and x9 is adjacent to vy, then
G is a tent. Hence, by symmetry, we can assume that either z3 ¢ V(C), or
x3 = v; for some ¢ € {3,4} and x; is not adjacent to v;_s. Let G be the graph
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obtained from G by identifying x; with x3 to a new vertex x. Note that C is
the ring of Gy and C is an induced cycle. Observe that every 3-coloring of G
corresponds to a 3-coloring of GG, obtained by giving z; and x3 the color of z.
Consequently, 13 does not extend to a 3-coloring of Gj.

Consider any triangle zyz in Gy created by the identification; i.e., K =
r1x2x3yz is a b-cycle in G. Since G is critical, x5 has degree at least three, and
thus K does not bound a face. By Lemma[2.5] K separates a triangle of G from
the hole of the disk. If K separated both triangles, then Theorems and
would imply that 3 extends to a 3-coloring of Gy, which is a contradiction.
Consequently, K separates exactly one of the triangles of G from the hole. Let
(G1 be a maximal critical subgraph of Gg, and note that by Theorem G1
contains exactly two triangles.

By the induction hypothesis, G is either a tent or obtained from a patched
Havel-Thomas-Walls graph by framing on its interface pair.

Let us first discuss the case that G is a tent. Then GG; contains two vertex-
disjoint triangles, each of them sharing an edge with C. At least one of the
triangles does not contain x, say a triangle viv221. Hence, v1v221 is a triangle
in G as well. By Theorem applied to the disk bounded by the 5-cycle
K = v1z1v9v3v4 and the 3-coloring of K that extends 13, we conclude that G
also contains a triangle containing the edge vsvs and all other faces of G have
length 4. Therefore, G is a tent.

Hence, it remains to consider the case that G is obtained from a patched
Havel-Thomas-Walls graph by framing on its interface pair, say vivs. Since 3
does not extend to a 3-coloring of G1, Lemma [2.8] implies that C is strong in
G1, and thus G, is a patched Havel-Thomas-Walls graph.

As the next case, suppose that G is not obtained by patching from the
graph depicted in Figure b). Then, since C is a strong ring G; and since C
is an induced cycle in Gy, it follows that G; contains vertices wi, ws, y; and
yo and facial 5-cycles K1 = vovivqwiyr and Ko = vov3v4ways, where possibly
w1 = wsy. Furthermore, if w; # ws, then G also contains a 6-cycle yy w1 v waysz
with quadrangulated interior. If w; = ws, let us define z = wy. Let K = zyv2y2
and let G1 k be the subgraph of G; drawn in the closed disk bounded by K; note
that G g is obtained from a patched Havel-Thomas-Walls graph by framing on
its interface pair voz. See Figure

Both v and v3 have degree two in GG;. Since v, and v3 have degree at least
three in G and every non-facial (<5)-cycle in G separates the hole from at least
one of the triangles of G, it follows that neither K; nor K5 is a cycle in G. In
particular, x is one of vy4, vy or w; (in the case that w; = ws). Furthermore,
K corresponds to a 4-cycle K’ in G, and the subgraph Gk of G drawn in
the closed disk bounded by K’ is isomorphic to G1,x. By Lemma any -
diagonal 3-coloring of K’ extends to a 3-coloring of G. Let us distinguish two
subcases.

o If x = wy, then G contains cycles K| = vovivguryiz1ze and Kj =
VU3V WaY2x1 2o (recall that xo & V(C), and that v1,vs have degree at
least three in C' and non-facial (< 5)-cycles in G separate the hole from
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Figure 5: Graph G in proof of Theorem [I.4]

at least one of the triangles, and thus zs & {v1,v3,y1,92}). Let G and
G i, denote the subgraphs of G drawn in the closed disks bounded by K7
and K}, respectively.

Since xo has degree at least three in G and every non-facial (<5)-cycle in
G separates a triangle from the hole, either v1y; or vsys is not an edge.
By symmetry, we can assume the former. Let ¢ be a 3-coloring defined
by p(v1) = p(vs) = p(z2) = @(y1) = 1, p(v2) = p(va) = p(y2) = 2
and ¢(z1) = p(w1) = p(wa) = p(z) = 3. Since @ is y;-diagonal on K’, it
extends to a 3-coloring of Gk+. If wy # we, then by Lemma[2.4] ¢ extends
to the subgraph of G drawn in the closed disk bounded by v4w;y1 zy2ws.

Suppose that ¢ does not extend to a 3-coloring of Gk;. By Theorem
Gk contains a 5-face whose intersection with K ! is a path containing vy,
v9, 1, and y;. However, this is not possible, since y; is not adjacent to
v1. Hence, ¢ extends to a 3-coloring of Gk;.

Suppose that ¢ does not extend to a 3-coloring of Gg;. By Theorem
Gk, contains a 5-face whose intersection with K. } is a path containing ws,
Y2, V2, and vz. However, this is not possible, since vz has degree at least
three in GG. Hence, ¢ extends to a 3-coloring of G;.

We conclude that ¢ extends to a 3-coloring of G. This is a contradiction,
since ¢ is bichromatic on C.

o If z # vq, then G contains cycles K] = vavivgabwiyr and Kb = vavgviabways,
with {a,b} = {x1,22}. Let G and G gy denote the subgraphs of G' drawn
in the closed disks bounded by K/ and K}, respectively.

Let ¢ be a 3-coloring defined by ¢(v1) = ¢(vs) = p(a) = p(y1) = 1,
P(v2) = p(vs) = p(w1) = p(wz) = ¢(2) = 2 and p(y2) = ¢(b) = 3. Since
 is yp-diagonal on K, it extends to a 3-coloring of Gg-. If wy # wa, then
by Lemma @ extends to the subgraph of G drawn in the closed disk
bounded by bw;y; zysws.
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Suppose that ¢ does not extend to a 3-coloring of Gg;. By Theorem
Gk, contains a 5-face whose intersection with K | is a path containing vy,
va, vyg, and y;. However, this is not possible, since v; has degree at least
three in G.

Suppose that ¢ does not extend to a 3-coloring of Gg;. By Theorem
Gk, contains a 5-face whose intersection with K is a path containing v3,
v4, wo and ys. However, this is not possible, since v3 has degree at least
three in G.

We conclude that ¢ extends to a 3-coloring of G. This is a contradiction,
since ¢ is bichromatic on C.

Finally, let us consider the case that G is obtained by patching from the
graph depicted in Figure b). Since C'is strong, G; contains 5-faces vovyv4w1 Y1
and vovsvawoys. Let H denote the subgraph of G; drawn in the closed disk
bounded by the 6-cycle K = vy wiv4ways, and observe that a precoloring ¢ of
K extends to a 3-coloring of H, unless {¢(y1), p(w1)} = {¢(y2), p(w2)}. Since
both v; and vz have degree at least three in G, we conclude that x € {ve,v4},
say T = x3 = vg, and G contains a 6-cycle K’ = x1y1wivsways such that the
subgraph drawn in the closed disk bounded by K’ is isomorphic to H.

Because x5 has degree at least three in G and non-facial (< 5)-cycles in G
separate the hole from at least one of the triangles, either vyy; or vwsys is not
an edge; assume the latter. Let ¢ be a 3-coloring defined by ¢p(v2) = p(v4) =
e(y1) =1, p(v1) = p(vs) = (y2) = p(z2) = 2 and p(z1) = p(w1) = p(wz) =
3. Note that ¢ extends to a 3-coloring of H. We consider the subgraphs G
and GKé of G drawn inside the 7-cycles voxox1yiwivavy and voxoxiYawov4vs3,
respectively.

Suppose that ¢ does not extend to a 3-coloring of Gr;. By Theorem
G K/ contains a 5-face whose intersection with K7 is a path containing vy, vs,
y1, and wy. However, this is not possible, since v; has degree at least three in
G.

Suppose that ¢ does not extend to a 3-coloring of Gr;. By Theorem
G, contains a 5-face whose intersection with K/ is a path containing vs, vg,
21 and yo. However, this is not possible, since y- is not adjacent to vs.

Therefore, ¢ extends to a 3-coloring of G. This is a contradiction, since the
restriction of ¢ to C' is bichromatic. O

Theorem [1.4] enables us to give some information about critical graphs em-
bedded in the cylinder with rings of length 4.

Corollary 4.4. Let G be a critical tame graph embedded in the cylinder with
rings C7 = ujugusuy and Cy = viv9v3vy. Let Y be a 3-coloring of Cy. If no
3-coloring of G that extends v is vi-diagonal on Cs, then G is obtained from a
patched Thomas-Walls graph by framing on its interface pairs, one of which is
V1Vs3.

Proof. Let C4 be a non-contractible 4-cycle in G containing v; and v3 such that
the subgraph Gy of G drawn between C} and Cs is maximal. Let G7 be the
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subgraph of G drawn between C; and C4. Note that all faces of C4 U Cy have
length 4. Since G is critical, Lemmaimplies that G3 = C4 Uy, and thus G
is obtained from G; by framing on vjvs.

Let G| = G1 + vivs. Note that ¢ does not extend to a 3-coloring of G.
By the choice of C%, the edge vvs belongs to exactly two triangles vyvhvs and
vivyvs in GY. If G| contains a triangle T distinct from vy vhvs and vvjvs, then
T separates the hole bounded by C from vivhvs and vivjvs, and ¢ extends
to a 3-coloring of G} by Theorems and This is a contradiction, and
thus G contains exactly two triangles. Since the two triangles of G share an
edge, the examination of the outcomes of Theorem shows that G| contains
a subgraph H' that is obtained from a patched Thomas-Walls graph by framing
on its interface pair in C7, viv3 is an interface pair of H’, and the rings of H’
are Cq and CY.

Let H = H' UCs. To prove Corollary it suffices to show that G = H.
This is the case, since H C G, every face of H has length at most 5, and every
contractible (< 5)-cycle in G bounds a face by Lemma [2.5] O

We can now strengthen the conclusions of Lemma [3.10]

Lemma 4.5. Let G be a tame graph embedded in the cylinder with rings of
length at most 4. If G is a chain of graphs, at least 264 of which are not
quadrangulated, then either every precoloring of the rings of G extends to a 3-
coloring of G, or G contains a subgraph obtained from a patched Thomas-Walls
graph by framing on its interface pairs, with the same rings as G.

Proof. Let Cy and Cy be the rings of G. There exists a non-contractible (<
4)-cycle K such that for ¢ € {1,2}, if G; denotes the subgraph of G drawn
between C; and K, then G; is a chain of graphs, at least 132 of which are not
quadrangulated.

Suppose that there exists a 3-coloring ¥ of C; UC5 that does not extend to a
3-coloring of G. By Corollary [3.11] for i € {1,2} there exists a vertex v; € V(K)
such that for any v;-diagonal 3-coloring ¢’ of K, the coloring (v [ V(C;)) U/
extends to a 3-coloring of G;. If v is either equal or non-adjacent to ve, then
we can choose a 3-coloring ¢’ of K that is both vi-diagonal and wvo-diagonal,
and extend 1 U’ to both to G; and Ga, which is a contradiction.

Therefore, assume that v; and v are adjacent, K = vjvovzvy. Consider any
3-coloring v’ of C; U Cy U K that extends 1), such that v’ is ve-diagonal on K.
It follows that 1’ extends to a 3-coloring of Gz, and thus it does not extend
to a 3-coloring of G;. By Corollary (G contains a subgraph H; obtained
from a patched Thomas-Walls graph by framing on its interface pairs, vovy is
an interface pair of Hy, and the rings of H; are C; and K. By symmetry,
G2 contains a subgraph Ha obtained from a patched Thomas-Walls graph by
framing on its interface pairs, viv3 is an interface pair of Hy, and the rings of
Hy are Cy and K.

Note that all faces of H; U Hy have length at most 5, and since ¥ does not
extend to a 3-coloring of G, Lemma [2.4] implies that ¢ does not extend to a 3-
coloring of Hy U Hs. If K is weak in both H; and Hs, then we can extend % to a
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3-coloring 9’ of C; UCy U K that is bichromatic on K, and further extend v’ to
a 3-coloring of H; and Hs by Lemma[2.7] which is a contradiction. Hence, K is
weak in at most one of H; and Hy. Let H be the subgraph of H; U Hy obtained
by removing all vertices of degree two not belonging to Cy U Cy. Observe that
H is obtained from a patched Thomas-Walls graph by framing on its interface
pairs, as required by the conclusion of the lemma. O

Let us remark that by using Lemma [3.12] instead of Corollary the
assumption of Lemma could be relaxed to “If G is a chain of at least 14
graphs, at least 10 of which are not quadrangulated”.

5 Colorings of quadrangulations

Next, we explore the graphs containing a long chain of quadrangulations, which
complements Lemma We need the following fact, which follows from Lem-
mas 4 and 5 of [7].

Lemma 5.1. Let G be a graph embedded in the cylinder with a ring C =
v1v2v3v4 and a ring T of length 3, such that T s the only triangle in G, G has
exactly one face f of length 5, and all non-ring faces of G other than f have
length 4. Let ¢ be a 3-coloring of C, and let w € {—1,1}. If 1) does not extend
to a 3-coloring of G with winding number w on T, then either T shares an edge
with C, or there exists a path v;xyv,1o in G for some i € {1,2} such that f is
drawn inside the contractible 5-cycle of C + v;xyvi1a, and ¥(v;) # ¥(viya).

Let G be a graph embedded in the cylinder with rings C' and T such that
|T'| = 3. Let ¢ be a 3-coloring of C'. We say that ¢ forces the winding number of
T if there exists w € {—1, 1} such that for every 3-coloring ¢ of G that extends
1, the winding number of ¢ on T is w.

Lemma 5.2. Let G be a critical graph embedded in the cylinder with rings C
of length at most 4 and T of length 3, such that all triangles in G are non-
contractible. If there exists a 3-coloring ¥ of C that forces the winding number
of T, then G is a near 3,3-quadrangulation and for some w € {—1,1}, ¥ on C
causes winding number w.

Proof. We proceed by induction, assuming that the claim holds for all graphs
with less than |V(G)| vertices. If C and T share at least two vertices, or if
|C| =3 and [V(C)NV(T)| = 1, then the claim follows from Lemma[2.4] Hence,
assume that C intersects T' in at most one vertex, and if |C| = 3, then C and T
are vertex-disjoint.

If G contains a triangle T’ distinct from C and T, then let G be the subgraph
of G drawn between C' and T”, and let G be the subgraph of G drawn between T’
and T. By Theorem [1.3] ¢ extends to a 3-coloring ¢ of G1. Note that ¢ | V/(1")
must force the winding number of T in G3. By the induction hypothesis, G5 is
a 3,3-quadrangulation. By Lemma 2.9 the winding number of any 3-coloring
of G4 on T is equal to its winding number on 7”7, and we conclude that ¢ forces

33



the winding number of 77 in G;. The claims of Lemma then follow by the
induction hypothesis applied to G;. Therefore, we can assume that G contains
no triangle distinct from the rings, and in particular G is tame.

Suppose that G contains at most one non-ring face f of length other than 4,
and if G has such a face f, that |f| = 5. Since G has even number of odd faces,
note that f exists if and only if |C| = 4. If |C| = 3, then it follows that G is a
3, 3-quadrangulation, and v automatically causes winding number. If |C| = 4,
then G satisfies the assumptions of Lemmal[5.1] Since 7' does not share an edge
with C, it follows that say C' = v1v9v3v4 and G contains a path v;xyvs such
that f is contained inside the contractible 5-cycle vsvqvizy, and ¥(vy) # ¥ (vs).
Since G is critical, Lemma [2.5] implies that f = vsvsvi2y, and thus G is a near
3, 3-quadrangulation and ¢ on C' causes winding number w.

Hence, assume that

G contains either at least two faces of length at least 5, or a face of length at
least 6.
(8)

If G contains no 4-face, then G is one of the critical graphs determined in [g].
We depict those without separating triangles in Figure [6] A straightforward
case analysis shows that ¢ does not force the the winding number of 7" in any
of these graphs.

Therefore, we can assume that G contains a 4-face f = ujususuy. Suppose
first that three vertices of f, say wi, uz, and wug, either all belong to C, or
all belong to T. Since G is tame, this is only possible if u1,u9,uz € V(C)
and |C| = 4. Let C = wujugusvy. Let G' = G — ugy, and let ¢’ be the 3-
coloring of €' = wujugusvy given by ¥'(z) = ¢¥(x) for x € {uy,us,v4} and
' (ug) = ¥ (v4). Note that 1)’ forces the winding number of 7' in G’, and by the
induction hypothesis, G’ is a near 3, 3-quadrangulation. Since f is the only face
of G that does not belong to G’, this contradicts (8]). It follows that we can
assume that [V(f)NV(C)| <2 and |V(f) NV (T)| < 2 for every 4-face f of G.

In particular, we can by symmetry assume that |[{uq,usz} NV (C)| < 1 and
{u1,us}NV(T)| < 1; hence, u; and us are not both contained in the same trian-
gle, and thus they are non-adjacent. Let G; be obtained from G by identifying
uy with ug, and let G be a maximal critical subgraph of G;.

Suppose for a contradiction that G contains a contractible triangle, and
thus G contains a contractible 5-cycle K with ujusus C K. By Lemma K
bounds a face in G, and thus us has degree two. Since G is critical, we conclude
that wus is incident with C or T. However, then us and its neighbors u; and us
all belong to C' or all belong to T, which is a contradiction.

Hence, every triangle in G is non-contractible. Note that 1) forces the
winding number of T" in G, since every precoloring of C'UT that extends to a
3-coloring of G also extends to a 3-coloring of G. By the induction hypothesis,
G4 is a near 3, 3-quadrangulation. Each (<5)-face K in G5 corresponds either
to a |K|-face in G, or to a contractible (| K|+ 2)-cycle K’ in G containing either
the path ujusus or the path ujusuz. Since neither us nor uy has degree 2 in G,
in the latter case K’ does not bound a face, and by Theorems and all
the faces contained in the disk bounded by K’ have length 4 except for one of

34



<

< <zl-<]

P > o o o °
W W
X2 X3
Xs- -Xs’
W
Z4A\

Figure 6: Tame critical graphs with rings of length 3 and at most 4, no con-
tractible 4-cycles, and no non-ring triangles.
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length |K|. We conclude that all faces of G distinct from C and T have length
four, except possibly for one of length 5. This contradicts (8]). O

As a corollary, we obtain the following.

Lemma 5.3. Let G be a tame graph embedded in the cylinder with rings C1 and
Cy of length at most 4. Suppose that G contains non-contractible (< 4)-cycles
K and K at distance at least 4 from each other, such that all faces of G drawn
between Ky and K5 have length 4. Then either every precoloring of Cq U Cy
extends to a 3-coloring of G, or G contains a near 3,3-quadrangulation with
rings C1 and Cy as a subgraph.

Proof. Without loss of generality, K separates Cy from K. For i € {1,2}, let
G; be the subgraph of G drawn between C; and K;. Let Gy be the subgraph of
G drawn between K7 and K.

Suppose that there exists a precoloring ¥ of Cy U Cy that does not extend
to a 3-coloring of G. By Theorem 1) extends to a 3-coloring ¢ of G; U Ga.
Since 1 does not extend to a 3-coloring of G, ¢ | V(K7 UK5) does not extend to
a 3-coloring of Gy. By Lemma it follows that |K;| = |K3| = 3 and ¢ has
opposite winding numbers on K; and Kjy. Furthermore, v forces the winding
number of K7 and Ks, and thus by Lemma for i € {1,2}, G; contains a near
3, 3-quadrangulation H; with rings C; and K; as a subgraph. Then, H; UGoUH
is a near 3, 3-quadrangulation with rings C; U Cs. O

6 Chains in cylinder

We can now prove the main result of the paper.

Proof of Theorem[I.1 Let ¢; = 264 be the constant of Lemma Let ¢ =
4c; = 1056. If at least ¢; of the graphs forming the chain G are not quadran-
gulations, then by Lemma either every precoloring of C; U Cs extends to a
3-coloring of G, or G contains a subgraph H obtained from a patched Thomas-
Walls graph by framing on its interface pairs, and the rings of H are C; and
Cs.

On the other hand, if all but at most ¢; — 1 graphs in the chain forming
G are quadrangulations, then there exist four consecutive graphs in the chain
that are quadrangulations, and thus by Lemma [5.3] either every precoloring of
C1 U5 extends to a 3-coloring of G, or G contains a near 3, 3-quadrangulation
with rings C; and Cs as a subgraph. O

Using the bound from Lemma [3:12] the constant ¢ of Theorem [I.I] can be
improved to 40. However, even this improved bound is still likely to be far from
the best possible.
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