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IMPROVED AUTOMATIC COMPUTATION
OF HESSIAN MATRIX SPECTRAL BOUNDS

MORITZ SCHULZE DARUP AND MARTIN MONNIGMANN

Abstract. This paper presents a fast and powerful method for the computation of eigenvalue
bounds for Hessian matrices V2p(x) of nonlinear functions ¢ : & C R™ — R on hyperrectangles
B C U. The method is based on a recently proposed procedure for an efficient computation
of spectral bounds using extended codelists. Both the approach from [J] and the one presented
here substantially differ from established methods in that they do deliberately not use any interval
matrices and thus result in a favorable numerical complexity of order O(n) N(¢), where N(p) denotes
the number of operations needed to evaluate ¢ at a point in its domain.

We improve the method presented in [9] by exploiting sparsity, which naturally arises in the
underlying codelists. The new method provides bounds that are as good as, or better than those
from the most accurate existing method in about 82 % of the test cases.

1. Introduction. We present important improvements for a recently proposed
method (see [9]) for the efficient calculation of spectral bounds for Hessian matrices
on hyperrectangles. The improvements build on a systematic treatment of sparsity of
the involved matrices, which will be shown to result in significantly tighter eigenvalue
bounds. The problem can concisely be summarized as follows. Let ¢ : U4 C R® — R
be a twice continuously differentiable function on an open set Y C R™ and let B =
[z1,%1] X -+ X [z,,,Ts] be a closed hyperrectangle in /. We seek bounds A\, A € R
such that the relations A < A < X hold for all eigenvalues A of all matrices H €
{V?p(z) |z € B}. More precisely, we solve the following problem:

Find A\, X € R such that )\ < melg Amin(VZp(z)) and max Amax (V3o (2)) <X, (1.1)

where A\pin(H) and Amax(H) denote the smallest and largest eigenvalue, respectively,
of the symmetric matrix H € R™*"™. A bound )\ (resp. \) is called tight if there exists
at least one x € B such that A = A\pnin(VZ0(2)) (resp. A = Amax(VZp(z))). Note that
the problem statement (L)) does not necessarily imply that A and ) are tight.

Eigenvalue bounds ), A are used, for example, in numerical optimization methods
to detect convexity, or to construct convex underestimators of nonconvex functions [Il
2l B]. If (1) yields A > 0 then ¢ is convex on the interior of the hyperrectangle B.
While no conclusion on the convexity can be drawn if ([II)) results in A < 0, the bound
A can still be used to construct a convex underestimator for ¢ on B. Specifically,

Po) = o) = 52"

is convex, coincides with ¢ at the vertices of B, and bounds ¢ from below everywhere
else in B. Since a large fraction of the total computation time is spent on the calcu-
lation of convex underestimators in global optimization methods [1], fast methods for
solving (1)) are of interest. We briefly note that (II]) must also be solved in certain
problems in automatic control and systems theory. An illustrative example is given
in [§].

Existing approaches to solving (ILT) proceed in two steps: First, a symmetric
interval matrix (also called interval Hessian) that contains all Hessians VZp(z) on B
is calculated:

n

(; — ) (Ti — ) (1.2)
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Find H=H", H=H' €R"™" such that H,; < (V2p(2)),, < Hy
for every 4,5 € {1,...,n} and every = € B.
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This task can efficiently be carried out by combining interval arithmetics (IA, see
[10], for example) and automatic differentiation (AD, see [4] [11], for example). In the
second step, spectral bounds can be found by solving the following problem, which is
similar to, but different from (TI)):

Find A\, A € R such that A < min Apin(H) and max Apax(H) < A\, (1.4)
HcH HcH

where % = {H € R""|H;; € [H,;,Hi;], H= H"} is the set of all symmetric
matrices that respect the bounds H and H. Various approaches exist to solving (4]
(see, e.g., [2, Bl [6) 12]). However, since {V2p(z)|z € B} C H, problem (4 is
conservative compared to the original problem (LI). In fact it is the very point of the
method introduced in [9] and refined in the present paper to avoid computing interval
matrices of the form (L3]) when solving (1)) in order to avoid this conservatism.

We briefly summarize the computational complexity of the existing methods. The
computation of the matrices H and H in (L3)) requires O(n?) N(y) (resp. O(n) N(p))
operations if the forward (resp. backward) mode of AD is used, where N(¢) denotes
the number of operations needed to evaluate ¢ at a point in its domain [4]. After the
interval Hessian has been calculated, solving (4] requires between O(n?) operations
for the interval variant of Gershgorin’s circle criterion [2 [5] and O(2" n®) operations
for Hertz and Rohn’s method [0, 12]. The latter method is an important benchmark
in that it yields tight spectral bounds for the matrix set H. Albeit the conservatism
in ([3)), Hertz and Rohn’s method therefore provides the best possible option to
solve (LI) via (I3) and (TA4).

The total numerical effort of any approach that uses (L3]) and (I4]) corresponds to
the sum of the efforts for calculating H, H and solving (I4). Thus, the numerical effort
for the established methods varies between O(n) N(¢) + O(n?) (backward mode AD
combined with Gershgorin’s circle criterion) and O(n?) N(¢) + O(2" n3) operations
(forward mode AD combined with Hertz and Rohn’s method). The major advantage
of the direct method presented in [9] is its low computational complexity, which was
shown to be of order O(n) N(¢).

It is the purpose of this paper to improve the method introduced in [9] such that
sparsity can exploited to find tighter eigenvalue bounds. The improvements do not
increase the numerical effort compared to the original method in [9]. In fact, sparsity
needs to be investigated once during the automatic generation of the extended codelist.
The computations required to evaluate the codelist to obtain eigenvalue bounds on
a specific hyperrectangle B are no more expensive than those for the non-sparse case
treated in [9]. While the computational effort remains the same, the improved method
results in significantly tighter eigenvalue bounds than the original procedure from [9].
To show this, we investigate 1522 examples (taken from the COCONUT collection [14],
see [I3] for details) and compare the eigenvalue bounds resulting from the improved
procedure to those obtained with the original one [9] and to bounds obtained with the
interval Hessian (I.3)) and Gershgorin’s circle criterion and Hertz and Rohn’s method.

We summarize the major aspects of the direct method for the computation of
eigenvalue bounds from [9] in Sect. Bl Our main result, the exploitation of sparsity
for the improvement of the eigenvalue bounds from [9], is stated in Sect.[dl We analyze
1522 numerical examples from [14] T3] in Sect. M. Conclusions are given in Sect.

1Results were obtained with Jcodegen, a code generator available from the authors on request, or
to be used online on www.rus.rub.de/software/jcodegen. Jcodegen generates ANSI-C code for the al-
gorithm described in Prop.[ZI7for a given function ¢. In particular sparsity is treated automatically.
The specific hyperrectangle B is passed to the resulting code as a runtime parameter.
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2. Notation and Preliminaries. We frequently use index sets J C A, where
N =Ny, and where N, ,, := {i € N|m < i < n}. The complement of an index set
J is defined as J¢:= N\ J. The cardinality of an index set J is denoted by |7|.

It is convenient to state eigenvalue bounds as intervals (e.g. A € [A, A]). Intervals
[a,@] C R with @ < @ are further abbreviated by [a] := [a, @] whenever appropriate.
Interval equality [a, @] = [b, b], is understood to mean a = b and @ = b. We frequently
carry out calculations on intervals with standard interval arithmetics (IA) rules. The

required rules are summarized in Lem. 2.1l and Tab. 211

Lemma 2.1 (basic interval operations [10]). Let [a] = [a,a] and [b] = [b,b] be
intervals in R. Let a € [a,a), b € [b,b], and ¢ € R be arbitrary real numbers. Then,
the relations in the second column of Tab. [21] hold under the additional restrictions
stated in the last column.

TABLE 2.1
Basic interval arithmetic.

no. | operation / bounds | definition | restriction
1 | a+b €la]+) =[a+ba+0b
2 ab € [a] [b] := [min{ab,ad,ab,ab}, max{ab,ab,ab,ab}]
3 | 1/a € 1/[a] = [1/a,1/q] 0 ¢ [a]
4 a™ € [a]™ = [a™,a™] if a >0 or m odd
=[am,a" if @ < 0 and m even
:= [0, max{a™,@™}] otherwise
5 | va €Vl = [/, V| a>0
6 | expa € exp([a]) := [exp(a), exp(a)]
7 | In(a) € In([a]) = [In(a), In(a@)] a>0
8 |a+c €la+c =la+ca+
9 | ca € cld] = [ca, cal ife>0
= [cT,cga] otherwise

A lower case letter surrounded by brackets may refer to a real interval [z] =
[z,7] C R (as introduced above) or a hyperrectangle [z] = [z,,T1] X -+ X [z,,,Tn] C
R™ (with n > 2). In the latter case, the interval operations listed in Tab. [Z1] are
understood to apply to every component. For a hyperrectangle [x] C R"™ and a
nonempty index set J C N with the m elements j; < -+ < j,, the term [z 7] refers
to the hyperrectangle [x7] = [z;,] X -+ X [2;,.]-

It is furthermore convenient to use null matrices in R™*", which we denote by
Op,r, when dealing with sparsity. For the special cases m = 0 or r = 0 we obtain an
empty matriz. Formally, the empty square matrix Op o has no eigenvalues. It proves
useful to assign the eigenvalue bounds [A] = [0,0] to it. Finally, the Cartesian unit
vector along the k-th direction is denoted by e; € R™.

3. Direct computation of eigenvalue bounds for Hessian matrices on
hyperrectangles. We summarize the method introduced in [9] for the direct solution
of ([LI)) as needed in the present paper. We assume the function ¢ can be evaluated
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at an arbitrary point z € U by carrying out a finite sequence of operations of the form

Yy = I1
Yn = Tn
Yn4+1 = (I)n-i-l (yh ce 7yn) (31)
Yn+2 = (I)n+2 (2/17 <o Yn, yn+1)
yn-‘rt = (I)n+t(y17-'-7yn7yn+lu'-'7y’n+t—l)
Y = Yntt
where each ®,,r, k = 1,...,t, represents one of the elementary operations listed

in the first column of Tab. Bl We treat the same operations as in [9] for ease of
comparison. Note that additional unary operations can be added according to the
rules given in [9]. We refer to (B]) as the codelist of the function .

The codelist (B]) can be used to evaluate the function value p(z) at a specific
point z in its domain. Using automatic differentiation (AD) [I1] the codelist (Bl
can be extended in such a way that the gradient V() or the Hessian VZ¢(z) at the
point z are calculated. Moreover, using AD and interval arithmetic (IA), B1) can
be modified such that interval extensions, interval gradients or interval Hessians of ¢
on hyperrectangles B C U are computed. In fact, extended codelists are commonly
used to solve problem (3] as part of the established procedures for the computation
of eigenvalue bounds (see, e.g., [2]). In contrast, the method introduced in [9] only
requires the interval gradient, but not the interval Hessian. Essentially, the codelist
is extended by arithmetic operations that compute the eigenvalue bounds for the
Hessian of the intermediate function in every codelist line. Formally, this leads to the
extended codelist which we introduce in the following theorem.

Theorem 3.1 (algorithm for direct eigenvalue bound computation [9, Prop.
4.2]). Assume ¢ is twice continuously differentiable on U and can be written as a
codelist B1). Let B = [x1] x -+ X [xn] C U be arbitrary. Then, for all x € B, we
have o(z) € ¢, V(@) € [Vep], and Donin(V20(2)), Amax(V20(@))] € [\, where [ig],
V], and [A,] are calculated by the following algorithm.

1. Fork=1,...,n, set [yx] = (24, Tk], [Vyr] = ek, ex), and [Ax] = [0,0].
2. Fork=n+1,...,n+t, calculate [yx], [Vyi] and [\] according to the third,
fourth, and fifth column of Tab. [3 1l

3. Set [¢] = [ynti], [Vl = [Viynadl, and Ao] = [Anpe].
In Tab. Bl we use the interval operators [ [a])] and [Ai([a], [b])], which are
defined according to
[As((a])] _{ {8]}: o max{a?,a?}] i)ftl:r;islé, (3.2)
2 [a] [b] if m=1,
and  [A¢([a], [b])] :{ [—8,8) + > it [a;, i) [b;, b;]  otherwise (8:3)

for hyperrectangles [a], [b] C R™, where 8 = \/(Zl | max{a?, @ }) (3", max{b?,b; })
We refer to [9, Lems. 2.2 and 2.3] for details on [A4([a])] and [A+([a], [b])]-

4. Improved computation of eigenvalue bounds using sparsity. If spar-
sity is exploited, tighter eigenvalue bounds can be obtained than those that result from
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TABLE 3.1
Rules for the calculation of yi, [yk], [Vyk] and [Ag] in the k-th line of the codelist ). [Vyx]
refers to the interval gradient of line k with respect to x. The interval operators [As([a])] and

[At([a], [b])] are defined in B2) and B3).

op P | wk | [yx] | [Vys] | [

var Tr Tk] €k, €] 0, 0]

add yi +y5 | il + sl | [Vl + [Vy,] A+ [Aj]

mul Yi Y vil [y;] (i1 [Vyil + [vil [Vys] | [ys][Na] + [ysl D] + [Ae(Vyil, [Vys])]
powNat | y;" il m [y [V my]™ 2 (m—1)[As ([Vya)]+[wil[A])
oneOver | 1/y; | 1/[yi] —[yx]® Vil i) (2 [ye] [As (V)] = M)

sqrt Vi (v 1wil] 1/(2 [yx]) [Vyi] 1/(2 [ye]) (M) +1/(=2 [y [As ([Vyi))])
exp exp(yi)| [exp([wiD)]| [yx] [V k] ([As([Vy)] + [Ni])

1n In(y:) | m(fw:))] | 1/[yi] [Vyi] 1/[ys] (N = 1/ [yl [As([Vya))])

addC yi+c | liltled| [Vyi] [Ai]

mulByC | cy; ¢ [ys] c[Vy;) c[Ai]

the method summarized in Section [3l This is evident from the following motivating
example.

Example 1 (method from [9] applied to ¢(x) = 2% +x3). Consider the function
0 : R? = R with p(z) = 23 + 23. Theorem [31] results in the following extended
codelist. Note that the expressions for yi listed in [&I)) do not result from Thm.[3]],
but are only given for illustration of the codelist BI) of .

k| yx | [l | [Vl | [Ak]
1| x1 [x1] le1, e1] [0,0]
2 T2 [:C2] [627 62] [07 0]
3| i [1]° 2[y1] [V 2([As([VyiD)] + [y1] [M]) (4.1)
4| v [y2]? 2 [y2] [Vye] 2([As([Vy2])] + [y2] [A2])
5 | yst+ya | [ys] + [ya] | [Vys] +[Vya] | [As] + [Ad]
e=ys | [p]=1[ys] | [Vl =[Vys] | [Ne] = [As]

FEvaluating the extended codelist [@1) for the hyperrectangle B = [0,1] x [0,1] by
computing [yr], [Vyr], and [Ag] and storing the results line by line yields

[y1] = [0,1], [Vyi] = ([1,1], [070])T7 [A1] = [0,0],

[y2] = [0,1], [Vy=] = ([0,0], [1, 1])Tf [A2] = [0,0],

lys] = [0,1], [Vys] = ([0,2], [0, O])T7 [As] = [0,2], (4.2)

[ya] = [0,1], [Vya] = ([0,0], [0, 2])T¢ [A4] =[0,2],

[ys] = [0,2], [Vys] = ([0,2], [0, 2])T¢ [As] = [0,4],
where [As([Vy1])] = [0,1] and [As([Vyz2])] = [0,1] according to Eq. B3). Thus, we
obtain the eigenvalue bounds [N\y] = [Xs] = [0,4] for V*(p(z)) on B. Now, consider
the functions g,h : R? — R with g(z) = 2% and h(z) = 3. From

V2g(:v)=(§ 8) and V2h(x)=<8 g)

we infer that both V2g(x) and V2h(z) have the eigenvalues 0 and 2 for every x € B.
Hence, the eigenvalue bounds [Ag] = [As3] = [0,2] and [An] = [MA] = [0,2] that result
in line 3 and 4 of extended codelist [@I)) are tight. The eigenvalue bounds [As] =
[As] +[Aa] = [0, 4] that result in the subsequent line are conservative, however. In fact,
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the Hessian of ¢ reads
2 2 2 2 0
Vgo(:v)ng(x)—i—Vh(;v):(O 2)

for all x € B and the tight eigenvalue bounds obviously read [\] = [2,2].

The Hessian matrices V2g(x) and V2h(z) in Exmp. [l have zero eigenvalues which
disappear when adding the two functions to f(r) = g(z) + h(x). The situation
illustrated in Example [0 arises naturally in the codelists introduced in Section [Bl
because codelists build up functions of many variables from functions of very few of
these variables. In order to mitigate eigenvalue bound overestimation in these cases,
we need to consider functions like g(z) and h(z) in Exmp. [ as functions of only
those variables that they actually depend on nonlinearly. To this end, some simple
terminology and intermediate results are introduced in Sect. 4.1l Subsequently, sparse
sums, products, and compositions are treated in Sects. [£2] [£3] and 4.4 respectively.
Section summarizes how to compute the improved eigenvalue bounds based on
the rules introduced in Sects.

4.1. Sparsity handling using reduced Hessians and reduced gradients.
As pointed out in Exmp. [[l sparsity occurs if functions depend at most linearly on
some variables x;, where at most linear dependence is defined as follows.

Definition 4.1 (at most linear dependence). Let f : U — R be a continuously
differentiable function on an open set Y C R™. Let i € N'. The function f is said to
depend at most linearly on x; if there exists a ¢ € R such that

of
8171'

The function f obviously is independent of x; if (&) holds with ¢ = 0.

Assume a function f is known to depend at most linearly on x; for all j € Ly,
where £y C N is a given index set. Then, only the eigenvalues of the reduced Hessian
(see Def. [£.2)) associated with the index set J = L% are nontrivial, i.e., not necessarily
equal to zero.

Definition 4.2 (reduced Hessian V% f(z)). Let f : U — R be a twice con-
tinuously differentiable function on an open set U C R™. Let J C N be an index
set and let m = |J|. If m = 0 set V% f(x) = 00,0, otherwise denote the m ele-
ments of J by j1 < -+ < Jn—m n ascending order and define the reduced Hessian
V% f(z) € Rv=m)x(m=m) by jts elements

(x) =c for all z € U. (4.3)

2 > f(x)
(ij(x))zk - 8$ji 6=Tjk )
where i,k € Ny .

We also need to consider reduced gradient vectors.

Definition 4.3 (reduced gradient V7 f(z)). Let f: U — R be a continuously
differentiable function on an open set U C R™. Let J C N be a nonempty index set
and let m = |J|. Denote the m elements of J by j1 < -+ < jn—m in ascending order
and define the reduced gradient V 7 f(x) € R"™™ by its elements

O

where © € Ny .



Note that 7 may be empty in Def. 2] while there must exist at least one element
in J in Def. 4.3l This difference arises since codelist lines may depend at most linearly
on all variables x; but they are never independent of all x;.

We can easily evaluate eigenvalue bounds for the Hessian of a function from
eigenvalue bounds for its reduced Hessian. This is stated precisely in Lem. [£.4

Lemma 4.4 (spectral bounds for Hessian from reduced Hessian). Let f denote a
twice continuously differentiable function f :U — R on an open set U. Let the index
set Ly C N be such that f depends at most linearly on x; for alli € Ly. Let BC U
and let the interval [A}] C R be such that

f < min A (V2 2 N
Ay < miy Amin (V ;f(a:)) and max Amax (V ;f(:z:)) <Ap (4.4)

Then, the eigenvalues of the Hessian V2 f(z) on B lie in the interval

] if Ly =0,
Al=14 10,0] ifLy=N, (4.5)
[min{A}, 0}, max{x];, 0}] otherwise.

Proof. We consider the cases in (L5]) separately. £; = () implies £$ = N and
consequently V2 f(x) = V2 ;f(:E)’ which proves the first case. In the second case, i.e.,
L; =N, we have V2f(z) = V%ff(;v). Since f depends at most linearly on z; for
all i € Ly, we find V%ff(:z:) = Op,n. Thus, the eigenvalue bounds [A¢] = [0,0] hold.
Regarding the third case, we note that § C £y C N implies § C £$ C N. Thus,

m = |Ly| satisfies 0 < m < n. Without loss of generality we assume LG = Nim.
Then

2 = VQ?f(x) Omn—m 1\ _ VQ;f(x) Om,n—m

On—m,m On—m,n—m
Now consider an arbitrary but fixed € B. We obtain

)\min(V2f(:E)) = min{)\min(v2 ;f(:t)), 0} and (4.6)
Amax (V2 f () = max{Anax(VZe f(2)), 0} (4.7)

based on the block-diagonal structure of V%? f(z). Bounding (.6) below and bound-
ing (£7) above for all x € B yields

[gcnellrgl Amin (V2f($))7 Iileaéi )‘max(vzf(x))] - [min{A}7 0}7 max{x];, 0}]

according to Eqs. ([@.6) and (£1) and condition (44]). O

4.2. Improved eigenvalue bounds for the sum of two functions. We col-
lect some recurring conditions first.

Conditions 4.5. Let g and h denote twice continuously differentiable functions
g:U—Randh:U — R on an open set U C R™. Let the index sets Lo C N and
Ly, C N be such that g (resp. h) depends at most linearly on x; for alli € L, (resp. all
i € Ly,). Moreover, let the index sets T, C L, and Iy, C Ly, with Ty C N and I, C N
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be such that g (resp. h) is independent of z; for all i € I, (resp. all i € I},). Let
B C U and assume there exist intervals [\]] C R and [)\L] C R such that

i ~ T

AI; < s /\min(v%gg(x)) and r;lgé( )‘maX(v%gg(x)) < Ags (4.8)
i ~ T

A< min Awin(VZe h(@))  and max Amax (Ve b(x)) < Xy, (4.9)

Now assume Conds. hold and we intend to calculate eigenvalue bounds for
V2 f(z) on a hyperrectangle B for f(z) = g(z)+ h(z). We could determine eigenvalue
bounds for the full Hessians V2g(x) and V2h(x) with Lem. 4 and apply the rule for
the eigenvalue bounds of the sum of full Hessians (line add in Tab. Bl reproduced
from [9]). However, we show in Lem. L8 below that it is advantageous to, roughly
speaking, carry out calculations with the sparse Hessians as long as possible and to
apply Lem. [L.4] as late as possible. We first state the rules for determining £¢, Ty and
the eigenvalues of the reduced Hessian of f in Lems. and 7 respectively. The
trivial proof of Lemma is omitted for brevity.

Lemma 4.6 (index sets for sums). Assume Conds. [{-3] hold and consider the
function f: U — R with f(zx) = g(z) + h(z). Let Ly = Ly N Ly and Ty = Ly NI,
Then, f depends at most linearly on x; for alli € Ly and f is independent of x; for
all i € Ty.

Lemma 4.7 (spectral bounds for reduced Hessian of sums). Assume Conds. [{.9]
hold and consider the function f : U — R, f(z) = g(z) + h(x). Let L; = L4 N L.
Then,

. ~
Ap Smindwin(VE, f(2))  and  max Amax(V2, f(2) < A, (4.10)

where [/\];] is computed according to the rules listed in Tab. [{.1]

TABLE 4.1
Rules for the computation of eigenvalue bounds [)\}] for the reduced Hessian V2. f(z) of a sum

f(z) = g(z) + h(z). Let Ly be short for Ly := Lg U Ly. See the end of Sect. 4.2 for a discussion
of the eight cases.

case | [)\J}] | condition
T [[0,0] Lo=NANLh=N
2 [)\;] CQCNAﬁhZN
3 [)\L] ,Cg:./\/‘/\ﬁhCN
4| [min{Al, ALY, max{X), 3}] Ly CNALLCNALG=N
5| T+ )] LUCNALy =Ly
6 | [Al] + [min{A],0}, max{X},0}] LLCNNALyC Ly
7 | [min{Al, 0}, max{X},0}] + [AL] LLCNALLC L,
8 | [min{Al,0}, max{X},0}] + [min{)}, 0}, max{X,,0}] | Lo CN ALy & Li ALy & Ly

Proof. We prove the fourth case in Tab. 1] since it will be instrumental for
Exmp.[2l All other cases in Tab. 1] can be proven analogously. The reduced Hessian
of f reads V2;f(:1:) = szcg(x) + VQ?h(x). From £, C N, L, C N, and Ly =
Ly ULy =N, weinfer ) C L, C N and ) C L, C N and consequently § C L; C N
and ) C L, C N. Thus, the cardinalities r = |£5] and s = |Lf;| satisfy 0 <7 < n
and 0 < s < n. Moreover, £, U L}, = N implies LoNLE = (). Hence, there does not
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exist any index 7 € N such that both i € L5 and i € L5. We assume Ly = Nj ;. and
L = Ny 41 -4+ without loss of generality. Note that E? = /:guﬁg implies E}% =Nirts
and m = |£‘]i| = r + s under this assumption. Thus, V%?f(x) equals

v%‘,cg(fﬂ) Or,s 07‘)7« 07«75 V%Cg(x) OT)S
( Ogsm 046 >+<os,r Vth(‘T)>_ O“’&T V2 () | (4.11)

The block-diagonal structure implies
Amin(vi; f(2)) = min{ Apin (V% -9(x)), Amin(VZ h(z))}  and (4.12)
)‘maX(V%;f(x)) = max{Amax(V7 gg(x)), Amax (V7 2h(x))} (4.13)

for an arbitrary but fixed z € B. Bounding ([{I2) below and bounding [@I3) above
for all x € B yields

[t Ao (V2 (), mix Ao (V2 (2))] € [min{Af, A] . max{X, 3 }]

where we used Eqs. (12) and (@I3) and Conds. Thus, the eigenvalues of
V2;f(:1c) on B lie in the interval [A}] = [min{A;,AL},max{X;,XL}] as claimed in
Tab. A1l O

We anticipated the bounds from Lem. [£7] can be shown to be as tight as or
tighter than those from the original method proposed in [9] that does not account for
sparsity. This can now be shown in Lemma [L.8 below. Recall the bounds in [9] result
in [Ar] = [Ag] + [M] for f(z) = g(z) + h(x) according to [9 Prop 3.2.(iii)].

Lemma 4.8 (improved bounds for sums). Assume Conds. [{.3 hold and let f,
[/\];], and Ly be as in Lem. [{.7} Let [Af], [Ag], and [An] be the eigenvalue bounds for
the Hessians V2 f(x), VZg(z), and V?h(z) on B, calculated according to Eq. ({&3H).
Then,

[Ar] € [Agl + [An]. (4.14)

Proof. We prove the relation for the fourth case in Tab. [l The remaining
cases can be proven analogously. As pointed out in the proof of Lem. 7] we have
0 c Ly, CNand @ C L, CN. Thus, the r.h.s. in [@I4) yields

g + ] = [min{Al, 0}, max{X, 0}] + [min{Af, 0}, max{X,, 0}]
= [min{A}}, 0} + min{AL, 0}, max{xz;, 0} + maX{XTh, 0},

— [min{A} + A5, AL AL 03, max{X] + A, A X5, 03], (4.15)

where the equations hold according to the third case in (£3)), by definition of the sum
of two intervals (see Tab. [21]), and by definition of min{-} and max{-}, respectively.
To evaluate the Lh.s. in (I4), we have to analyze the index set L;. We obviously
have Ly = L,N L}, C N. Thus, the second case in Eq. (4.5)) does not apply. However,
from the conditions characterizing the fourth case in Tab.[£]] it is not clear whether
Ly =0or L; D Y. Thus, according to ([@I), the Lh.s. in (@I4) results in

AT if £; =0,
Ar] = o ~t .
[min{A}, 0}, max{\,,0}] if)C Ly CN.

9



However, since [a] C [min{a, 0}, max{@, 0}, the relation [A;] C [min{A%, 0}, max{x;», 0}]

holds in both cases. Since [)\Tf] = [mm{/\T )\T} max{X;,XL}] according to Lem. .7
(resp. Tab.[d1]), we obtain

[Afs] C [min{min{Az,)\T} 0}, max{max{)\g,)\h} 0},
= [min{Af, A}, 0}, max{X, A, 0}]. (4.16)

Comparing Eqs. (£18) and (£I6) yields

min{ AL, AL, 03, max{X, &, 0] € [min{Al + AL, AL AL 0}, max{X] + X, 3 X}, 03],

[AY REAT REAY
which proves (£14). O

TABLE 4.2
Fundamental cases underlying Tab. [{_1}
case | reduced Hessian V%;f(m) | contribution | condition
(i) 00,0 none Lo=0NL=10
(ii) Vﬁc (z) first Hessian LSDONL; =0
(iii) Vzc h(zx) second Hessian | L; =0 AL}, D0
$ g
(iv) Vﬁ;g(m) + V%;h(:c) both Hessians | L5 DOAL; D0

Lemmas (.7 and are based on the eight cases listed in Tab. [£1l Since they
are not, obvious at first sight, it is instructive to see how these eight cases arise from
the four simpler ones listed in Tab. The first case in Tab. applies if both
V%C (x) and V%C (z) vanish because of L = L = (). Since these two conditions,

ie. EC = 0 A L; =0, are equivalent to L, = N A L, = N, case (i) in Tab. E2 is
equ1valent to case 1 in Tab. 1] Anaulogously7 cases (ii) and (iii) in Tab. 2] where
either V2? g(z) or V= jch( x) contribute to Vﬁ?f( x), are equivalent to cases 2 and 3 in
Tab.[dT] respectively. It remains to relate case (iv) in Tab.[L.2to cases 4-8 in Tab. 411
In fact, the conditions of the cases 4-8 in Tab. [L1lall imply £f D ¢ and £§ O 0, which
are the defining conditions for case (iv) in Tab. Figure 1] illustrates that every

instance of case (iv) from Tab. actually uniquely belongs to one of the cases 4-8
from Tab. E1]

" AN "EY

case 4 ‘ case 5 ‘ case 6 ‘ case 7 ‘ case 8

FIG. 4.1. Illustration of the sparsity patterns of the reduced Hessians V2. g(z) and Vzﬁ;h(m)

for the cases 4-8 in Tab.[{_1] and Lem. [{.7} White areas correspond to zero blocks in the Hessians,
black areas to non-trivial blocks. The black areas in case 4 correspond to the non-trivial submatrices
V%gg(x) and Vzﬁzh(x) on the l.h.s. of Eq. (A11).

4.3. Improved eigenvalue bounds for the composition of two functions.

We collect some recurring conditions again first.
Conditions 4.9. Assume Conds.[{.5 hold. Letr :V — R be a twice differentiable
function on an open set ¥V C R and assume g(x) € V for every x € U. Moreover,

10



assume there exist intervals [r'] C R and [r"] C R and a hyperrectangle [Vg] C R"
such that

r'<r'(g(x) <7, " <1"(g(x)) <77, and Vg, < (Vg(2))i < Vg, (417

for every © € B and every i € N, where v'(2) and v"(z) refer to the first and the
second derivative of r(z), respectively.
The following lemma, which we state without proof, provides rules for the iden-
tification of at most linear dependencies and independencies of compositions.
Lemma 4.10 (index sets for compositions). Assume Conds. [[-9 hold and con-
sider the function f:U — R, f(z) =r(g(x)). Let

Ly if ris an affine function,

1, otherwise. (4.18)

If = Ig and Ef = {
Then, f depends at most linearly on x; for alli € Ly and f is independent of x; for
all i € If.

Bounds for compositions can now be calculated as follows.

Lemma 4.11 (spectral bounds for reduced Hessian of compositions). Assume
Conds. [{.9 hold and consider the function f : U — R, f(z) = r(g(z)). Let Ly be
defined as in Lem. [{.10, Then the bounds [@I0) hold for [/\];] computed according to
the rules listed in Tab.[{.3

TABLE 4.3
Rules for the computation of eigenvalue bounds [)\}] for the reduced Hessian V> ;f(x) of com-

positions f(z) = r(g(z)).

case | [)\J}] | condition
Lo [P"As([Vegg))] Ly=N
2| [P A([VesgD] + [T M) Ly CNALp=Ly
3| [)[As([Vesg)] + '] min{Ad, 0}, max{Xy,0}] | Lo CN ALy C L,

Proof. We prove the last case in Tab. The remaining cases can be proven
analogously. The reduced Hessian of f reads V2 jcf(:z:) =1"(g(x)) Ve g(x) VT;g(a:) +

(g(x)) VZ ;g(x). Combining the two conditions of case 3 in Tab.A3yields £L; C L, C
N, which implies £ D £§ D 0. Thus, m = [L$| and r = [Lg] satisfy m > r > 0. We
assume L? =Ny, and L; = Ny, without loss of generality. Under these assumptions,
we obtain

V%gg(x) Or,s

Vg S (@) =" (9(2)) Ve 9(2) Vg g(x) + 1 (9()) ( Our  Ous

) . (4.19)

where s =m — r > 0. Since Vg(z) € [Vyg] for every = € B, we find
As([vﬁﬁg]) < )‘min(vﬁﬁg(x) Vz;g(w)) and )‘maX(v£§g($) Vz;g(w)) < KS([V£§9])=

for every x € B according to [0, Lem. 2.2]. Combining this intermediate result with
the bounds on 7/(g(x)) and r”(g(x)) from Conds. yields the eigenvalue bounds

] = ] [As([V25 D) + ] [min{AF, 0}, max{X}, 0}]
11



on B. O
LemmalLT2 below shows that the bounds from Lem.[£.I1]are as tight as or tighter
than those from the original method proposed in [9]. Recall the bounds in [9] result
in A7) = [""][As([Vg])] + [r'] [Ag] for f(z) = r(g(z)) according to [9, Prop 3.4].
Lemma 4.12 (improved bounds for compositions). Assume Conds. [{.9 hold and
let f, [/\}], and Ly be as in Lem.[{.11] Let [A\f] and [Ag] be the eigenvalue bounds for
the Hessians V2 f(z) and V2g(z) on B, calculated according to Eq. (&H). Then,

sl € 7T A(VD] + [] [Ag)-

Since the proof is very similar to the proof of Lem. [£.8] we omit it.

4.4. Improved eigenvalue bounds for the product of two functions. We
begin by collecting recurring conditions again.

Conditions 4.13. Assume Conds. [{.0] hold and assume there exist intervals
[9] CR and [h] C R and hyperrectangles [Vg] C R™ and [Vh] C R™ such that

9<g(x) <7, h<h(z)<h, Vg, <(Vg(x));<Vg; and Yh; < (Vh(z)); <Vh;

for every x € B and every i € N.

The following lemma provides rules for the identification of at most linear depen-
dencies and independences of products.

Lemma 4.14 (index sets for products). Assume Conds. [{.13 hold and consider
the function f :U = R, f(z) = g(x)h(x). Let Ty =Z,NZy and Ly =ZLyNTIy,. Then,
f depends at most linearly on x; for all i € Ly and f is independent of x; for all
xS If.

Based on Conds. and Lem. 4.14] we are able to compute bounds on the
spectrum of V%; f(z) according to the rules summarized in Lem. and Tab. A4

As a preparation, we introduce the interval operators

[A,([a], [6])] := [min{a, b}, max{a, b}] and (4.20)

=
*
—~
2,
=
o
=

I

1 _ -
B a+b—+/(a—b?+da+b+ (a—b)%td} (4.21)

for real intervals [a], [b], [c] C R, where d = 4 max{c?,¢*}. Definition [@20) is only
introduced for the sake of a compact notation. Whenever it is more instructive, we
use the notation on the r.h.s. of (Z20).

Lemma 4.15 (spectral bounds for reduced Hessian of products). Assume Conds.[{.13
hold and consider the function f :U — R with f(x) = g(x) h(z). Let Ly be defined as
in Lem.[{.1]] Then the bounds (LI0) hold for [/\];] computed according to the rules
listed in Tab. [{.4)

Proof. We prove case 10 from Tab. L4l Cases 4 and 7 can be shown analogously.
The remaining cases can be proven in the same fashion as those treated in the proofs
of Lems. @7 and LTIl The reduced Hessian of f, which reads

V%?f(x) = Vﬁﬁg(x)vg?h(x) + Vg;h(x)vgg(x) + h(x) VQL;Q(UC) (4.22)

in all cases, is a two-by-two matrix with a particularly simple block structure in

case 10. To see this, first note that g and h are independent of all but one variable

each (the conditions |Zy| = n — 1 and |Z,| = n — 1 imply |Z{| = 1 and |Z}| = 1).
12



TABLE 4.4
Rules for the computation of eigenvalue bounds [)\ | for the reduced Hessian V2. f(z) of a

product f(xz) = g(x)h(x). The expressions [At], [Ag,0], [Mn,0], Lu, and Ln are short for [A] =
AV 25 ), [V 25 BD], Phgo] = [min{A], 0}, max{X), 01}, [0l = [min{a}, 0}, max{X}, 03], Lu =
Ly ULy and Lo = Lg N Ly. Condition Cyx reads (Zg ULy = N)A (|Zg]l =n— 1) A(|Zp] =n —1).

case [)\}] condition

L[] Lo=NANL,=N

2 [Ae]+ [ [N]) LoCNNLL=NNLf =L,

3 [/\t]+[h][go] Lo CNALL=NAL;C LyA-C,y

4 [A([P][A]], (0,00, [Vze 9] [Vzg h])] Ly CNNLL,=NNC,

5 [\l +[g] [\ Lo=NALLCNALy=L

6 [Ad + [g] [An,o] Lo=NANLL, CNAL;CLyNC,

7 [A([0,0], [9] ML, [Vze 9] [Vzg h])] Ly=NNL, CNNC,

8 [N+ [Ar([Ar([B) M), [g) DL, [0,0)] £y CN ALy CNALL=NAL; C L
9 [A]+IA ([][A][Q][/\L])l LoCNANLLCNANLG=NAL;=LrNC,
10 [A((r] A1, [9] L), [Vze gl [Vzg A])] Ly CNNLL CNAC,

11 [\ + [ [N] + [9] (M) LOCNNANLy=Ly=Ly

12 (A + (A [A]] + [9] Aol LOCNALy=LyC Ly

13 (A + [h] [Ag.0] + [9] [M])] LoCNALy=LyCL

14 A+ [Ar([B) M) + [9] (M) [0, 0))) LoCNNANLCLy=Ln

15 (A + [A([A] [N]] + [g] [An,o], [0, 0])] LoCNNANLFC Ly C Ly

16 [Ad] + [Ar ([B] Ag,0] + [g] [, [0, 0])] LoCNNLy CLLC Ly

17 el + [B] [Ag,0] + [g] [Mn,0] LOCNNANLy T L ALy T Ly

Moreover, Z, UZ, = N implies ;NI = (), which implies g and h depend on two
different variables. Without loss of generality we assume g depends on x1, and h
depends on zg, i.e., Z§ = {1} and Zj = {2}. As a further preparation note that
Ly = T,N7I, Wthh holds accordlng to Lem. £I4] implies LS = Ig U I;, which
evaluates to £¢ = {1,2}. Since £ = {1,2} and g only depends on (resp h only
depends on z3), we have

v,;;gm_(%gm)_(%g@), v2;g<x>—<88_5%9@ 0) (4.23)

72;9(2) 0 0

respectively

9_p(x) 0
Veeh(z) = [ %% )—< ), V2. h(x
Lf () <6%2h(:1:) Bz2h() % ()
Substituting (@.23]) and (@.24) into [@.22) yields
h(z) s g(x g(x h(x
) (1O E)  dalogonta)
! 5.:9() 525 h(w) g( ) 5z @)
where all entries are scalars. Now, consider the matrix set

M ={H € R”?| Hyy € [ [\]], Ha € [g][\}], H12 € [Vz:g[Vz:h], H=H"}

Il
VR
o o

0 4.24

and observe {szcf(x) € R¥?2 |z € B} C H. To see this, note that {VZ.g(z) €
g
R|lz € B} C [)\g] and {VQ}Ch(x) € Rlz € B} C [)\L], since the eigenvalue of a
13



matrix M € R is A = My ;. According to Lem. [A]] stated in the appendix,
eigenvalue bounds for the matrix set # and consequently for VQ? f(x) on B read

[A([h] [AT], [9] [A}:], [Vzeg][Vzgh])] as claimed in Tab. 24l O

Lemma [£.T6] shows that the bounds from Lem. are as tight as or tighter than
those from the original method proposed in [9]. Recall the bounds in [9] result in
D] = [Ae([Val, [VAD] + [1] ] + ] ] for F(z) = g(x) h(z) according to [ Prop
3.2.(iv)]. We omit the proof of Lem. LT6 since it is similar to its counterparts in
Sect.

Lemma 4.16 (improved bounds for products). Assume Conds. [[-9 hold and let
1, [)\}], and Ly be as in Lem. [{-11 Let [\s], [Ag], and [Ar] be the eigenvalue bounds
for the Hessians V2 f(x), V?g(x), and V*h(z) on B, calculated according to Eq. ({&5).
Then,

[As] € [A([Vy], [VAD] + [R] [Ag] + 9] [An].

4.5. Numerical computation of improved eigenvalue bounds. In this sec-
tion, we combine the results from Sects. 1] through [£4] in order to compute improved
eigenvalue bounds using a codelist. Formally, this leads to the extended codelist in
Prop. E17

Proposition 4.17 (algorithm for the computation of eigenvalue bounds using
sparsity). Assume ¢ is twice continuously differentiable on U and can be written as
a codelist (B]) with t € N operations. Let B = [x1]x---X[z,] C U be arbitrary. Then,
for allz € B, we have o(z) € [p], Vo(x) € [V, and [Amin(VZ0(2)), Amax (V20 (z))] C
[Ao], where [¢], [V¢l, and [A,] are calculated by the following algorithm.

1. Fork=1,...,n, set T, = N\ {k}, L =N, [yx] = [z1, Tk], [Vyr] = [ex, ex],
and [A}] = [0,0].

2. Fork=n+1,...,n+t, evaluate Iy, and Ly, according to the third and fourth
column of Tab. [{.0] respectively. Calculate [yi] and [Vyi] according to the
third and fourth column of Tab.[3 1], respectively. Compute [)\L] depending on
Li, Lj, and Ly, according to the second column of Tab.[Ad) in the appendix.

3. Compute [Aptt] from [/\Ihtt] and L4t according to Eq. [@3) and set [p] =
[nrels Vool = [Vynial, and [Ag] = [Anie].

TABLE 4.5
Rules for the computation of the sets I, and Ly, in the k-th line of the codelist (3.1)) for variables
and binary operations (left) and compositions (right). Rules for yy, are repeated here for convenience.

op CI)k | Yk | Ik | Ek op CI)k | Yk | Ik | Ek
var Tk N\{k} | N powNat | y" | L
add Yi =+ Yj IZ n Ij El N [,j onelver l/yl Iz Iz
mul Yi Y ;N Ij ;N Ij sqrt \/E Z; L
exp exp(ys) | i | Ts
1n ln(yi) T i
addC yi+c¢ i | Ls
mulByC cyi L | Li

Proof. The claims ¢(z) € [p] and Vp(z) € [Vy] for all z € B are covered
by Thm. Bl It remains to prove that [Amin(VZ0(2)), Amax(VZ0(x))] C [N, for
all z € B. Since yg(z) = zp for k = 1,...,n, the functions yi(z), k € N, are
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independent of z; for every j € Z, = N\ {k} and at most linearly dependent on x;
for every j € L, = N. Thus, the reduced Hessian reads V%z ye(z) = Viyr(z) = 00,0

and [)\L] = [0,0] for every k € V. Now assume eigenvalue bounds [A],. .., [)\Zr] for
the reduced Hessians V%iyl (x),... ,V%fyl () and index sets Ty, ...,Z; and Ly, ..., L;
have been calculated for some [ € Ny, ,,1¢—1, and let k =1+ 1. Since Py (y1,...,Yr—1)

is one of the unary or binary functions listed in Tab.[31] (and therefore Tabs. and
[A7), it depends on either one (say y;) or two (say y; and y;) of the intermediate
variables y1,...,yx—1. The remainder of the proof must be carried out for each type
of operation ®; separately. We state the proof for one of the mul cases and claim
the remaining cases can be shown accordingly. Let g(z) = y;(z), h(z) = y;(x), and
f(z) = yr(x), which implies f(z) = g(x)h(x), since the operation in the k-th line
is of type mul. In order to compute eigenvalue bounds [)\}] for the reduced Hessian
Vz?f(a:), we first evaluate the index sets Zy and L. According to Lem. 14 we

obtain
IfZIgﬂIhZIiﬂIj and ACf:.'ZgﬁIhZIiﬁIj,

where we used Z, = Z; and Z;, = Z;, which hold by construction. Assuming we have
L,UL, CN and Lf = L, C Ly, applying Lem. (specifically, rule 12 in Tab. [L.4)
results in

AF) = [A(Ves0). [VeghD)] (B N] -+ [o] [min{), 0} max{X], 0], o

= [Au([Vgyls Vg yiD] + [ys] N] + [yl [min{A], 0}, max{af, 0},
where the second equation results from substituting the codelist notation [g] = [yi],
[h] = [y;], [Vg] = [V, [Vh] = [Vy,], [\]] =[], and [A]] = [A]]. Finally, since
Ly = Lf and consequently V%Zyk(x) = V%%f(x), the eigenvalues of V%Eyk(x) are

confined to [)\L] = [/\];] for all € B. Since the second equation in ([{25]) is equal to
the rule in Tab. [A]for the case mul and £; UL; C N and L, = £; C L;, this proves
the claim for the selected case. O

Proposition A1 is illustrated with two examples. First, we revisit the motivating
Exmp. [l Recall that we evaluated the conservative eigenvalue bounds [A,] = [0, 4]
using the original method from [9].

Example 2 (improved method applied to ¢(z) = 2% + 23 from Exmp. [l). Con-
sider the function ¢ from Exmp. Ol again. Proposition [{.17] results in the following
extended codelist. Note that we do not list the expressions for [yx] and [Vyg] in ([E26)
since they are identical to the corresponding expressions in ([L1)). Further note that
T and Ly are independent of B.

k| In L AL]
1 | M\{1} ={2} N ={1,2} [0,0]
2 | M\{2}={1} WV ={1,2} 0,0
3T =2y o ={2) 2 (Vesm))] =2A(Vywm))]  (4.26)
4| I ={1} o ={1}  2[A([Veswa))] = 2[As([Vizyu2))]
5| TnTs =0 L3NLa=0 [min{A}, AL}, max{}}, X1 }]
Dol = A

The expressions for [AL] in lines 3 and 4 of the extended codelist in (L26) refer to
the first rule associated with the powNat-operation in Tab. [A1l since L1 = N and

15



Lo = N, respectively. Since L3 = {2} C N, Ly = {1} C N, and L3 ULy = N,
we obtain the bounds [A] = [min{Ag,Al},max{X;,Xl}] according to the last rule for
the add-operation in Tab. A1 Finally, since Ls = 0, we have [A,] = [As] = [A]
according to Eq. (A5).

FEvaluating the extended codelist [@26) for the hyperrectangle B = [0,1] x [0, 1]
(as in Exmp. [) by computing [yx] and [Vyg] according to @I)) and [A] according
to @20) yields [\]] = [A}] = [0,0] and [\}] = [\]] = [\] = [2,2], where we used
(V)] = (AL 1D] = [1,1] and [A(Viyud)] = (Aa((L1)] = [1,1] (sec
Eq. @2) for numerical results on [yx] and [Vyx]). Thus, using the improved method,
we obtain the tight eigenvalue bounds [A,] = A = o] = [2,2].

We analyze another example to demonstrate that the new method results in
considerable improvements for all functions that involve multiplications. In fact, we
know from [9, Rem. 4.3] that 0 € [A\,] for the original method if the mul-operation is
required in the codelist of any ¢ with n > 2. This is a severe drawback of the original
method, since it implies that any convex (resp. concave) function ¢ : R® — R
involving mul-operations will never be identified to be convex (resp. concave) using
the method from [9]. The following example shows that this restriction does not apply
for the improved method.

Example 3 (comparison of [9] and improved method for ¢(z) = 22 +z2 exp(z2)).
Consider the function ¢ : R? — R with p(z) = 23 + z9exp(z2) on a B C R2.
Theorem [31] (i.e., the original method from [9]) results in the following extended
codelist, where the expressions for yi are only listed for illustration of the codelist ([B.1])
of p. We skip the first three lines, since they are identical to those in ([@.1]).

k| uk | [vx] | [V | ]
41 exp(y2) | [lexp([y2)] | [ya] [Vye] [ya] ([As([Vy2])] + [A2])
5| Y214 [y2] [ya] [l [Vya]+[y2][Vyal | [yal[Xe]+[y2][Na]+ [Ae ([Vya], [Vya])] (4:27)
6] ys+us | [ys] + [ys] | [Vys] + [Vys] [As] + [As]
o=ys | [l =[ys] | [Vl = [Vys] Ae] = [Ne]

FEvaluating this codelist for B =0,1] x [0, 1] yields
[Ao] = [X¢] = [—exp(1) + 1,3 exp(l) + 2] =~ [-1.7183,10.1548].

Proposition [{.17 (i.e., the improved method) results in the following extended
codelist. The first three lines are identical to those in ([@26]) in this case. Further
note that the expressions for [yx] and [Vyg] can be found in Eq. (A1) (lines 1-3) and

Eq. @210) (lines 4-6).
k| Zi Ly | A
4| I, ={1} I ={1}| [ya] [As([Vgy2])] = [ya] [As([V{2392])]
5| nZy ={1} ZonZy ={1}| [Ae([Vegyzl, [Vegyal)]+[ya] AJ)+ [y2] [A]
= [Me([Viv2], [V 2y va)]+ [ya] N+ [w2] [A]
6| TnTs =0 LsnLs =0 | [min{A], AL}, max{X},Al}]
Dol = N
Evaluating [@28) for B =[0,1] x [0, 1] yields

(4.28)

o] = M = [2,3exp(1)] ~ [2,8.1548],

Just as in Exmp. [3, the improved method results in tight spectral bounds while the
original method from [9] provides loose outer approximations. In particular, 0 €
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[—1.7183,10.1548] for the original method as predicted by [9, Rem. 4.3] but 0 ¢
[2,8.1548] for the improved method presented here. Convezity of ¢ on B can therefore
be established with the improved but not with the original method.

More generally, the improved method results in eigenvalue bounds that are always
as tight as, or tighter than, the original method from [9], as stated in the following
proposition.

Proposition 4.18 (accuracy of the improved method). Assume ¢ is twice
continuously differentiable on U and can be written as a codelist BI). Let B =
[1] X - -+ X [z,] CU be arbitrary and denote the eigenvalue bounds for V2p(x) on B
computed according to Thm. [{-17 and Prop. [{-17 by [)\&Thm'm] and [)\gaprol)'m],
respectively. Then,

[/\EpProp. M)] C [A&Thm. Eﬂ])]

Proof. The proof immediately follows from Lems. .8 [TT] and d

In [9 Prop. 4.4] it was shown that the numerical complexity for evaluating
the extended codelist resulting from Thm. Bl is of order O(n) N(y), where N(y)
denotes the number of operations needed to evaluate ¢ at a point in its domain. It is
remarkable that this order of complexity can be maintained for the improved method.
This is summarized in the following proposition.

Proposition 4.19 (numerical complexity of the improved method). Assume ¢
is twice continuously differentiable on U and can be written as a codelist B1)) with
t = N(yp) operations. Let N([p], [V, [Ay]) denote the number of operations that are
necessary to calculate the bounds [p] C R, [Ve] C R™, and [A\,] C R for a given
hyperrectangle B C U using the extended codelist from Prop. [[.17 Then,

N([#l: [V, [Ao]) = O(n) N(p).

Since the proof of Prop.[£1I9lis very similar to that of [9, Prop. 4.4], we only sketch
it. The extended codelist that results from Prop. [£.I7 involves the index sets Z; and
Ly, which were not required in the original method. These index sets do not depend
on the particular hyperrectangle B as pointed out in Exmp. 2l but they are uniquely
determined by the function ¢ itself. Consequently, all index sets need to be determined
only once. This step can be carried out at the time of construction of the extended
codelist. In particular, it need not be repeated at the time of evaluating the codelist
for a particular B. Once Z; and L; have been determined, each line of the extended
codelist is specified by the rules in Tab.[A ] (and Tab.[3]). It is easy to show that the
evaluation of every expression in the second column of Tab.[Adlrequires at most O(n)
basic operations (like additions, multiplications, or comparisons of two real numbers;
see [9, Sect. 4.1] for further details). Thus, under the assumption that [¢] and [Vy]
are known, we need O(n) N(yp) basic operations for the computation of [A,]. Since
the calculation of [¢] and [V] require O(1) and O(n) basic operations according
to standard results in AD and IA (see, e.g., [, [7]), we obtain N([¢], [V¢], [A]) =
O(1) N(¢) + O(n) N(¢) + O(n) () = O(n) N(¢).

5. Numerical experiments for a large number of examples. In this sec-
tion, we analyze 1522 numerical examples taken from the COCONUT collection of

optimization problems [I4]. We consider all COCONUT problems with 1 < n < 10
variables and extract those cost and constraint functions that can be decomposed into
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the operations listed in Tabs. Bl and [A-1l For each function ¢ : R” — R, we consider
100 (randomly generated) hyperrectangles B C D in the domain D of ¢ specified in
the respective COCONUT problem. For ease of comparison, the set of examples as
well as the associated hyperrectangles are identical to the examples considered in [T3].

For each of the resulting 1522 - 100 sample problems, we solve problem (I.TI)
using the improved algorithm (A for short) in Prop. EI7l We compare the resulting
eigenvalue bounds with those obtained from two established methods using interval
Hessians (see problem ([3))) and either Gershgorin’s circle criterion (G for short)
or Hertz and Rohn’s method (H for short) for the computation of spectral bounds of
interval matrices (see problem (I4])). We choose G and H as reference procedures due
to the favorable computational complexity of G and since H provides tight eigenvalue
bounds for problem (I4) (cf. Sect. D). We refer to the original papers [2] [5, [6, [12] or
the summaries in [9] [I3] for a detailed description of methods G and H.

TABLE 5.1
Classes used to aggregate results in Tab.[E2 Symbols [ 4] = A, Aat], [Na] = [Ag, Aal, and
] = Ay Xu| denote eigenvalue bounds calculated by the improved algorithm AT (see Prop. 1),
Gershgorin’s circle criterion and Hertz and Rohn’s method, respectively.

class | verbal definition formal definition
lower bound A | upper bound X
1 AT worse than G (and H) Aar <2Ag <Ay | Am <A <A
2 | Al equal to G but worse than H Ac A <Ay | A < At & Ac
3 A" better than G but worse than H Ac <At < A A < A < Aa
4 Al equal to H (and equal to or better than G) Aa < Ag = Ay At = A < g
5 | A" better than H (and G) Ac <Ag <At | Aar < Am < e

For each sample problem, we analyze whether Al performs better than, equally
good as, or worse than G and H. We independently compare the lower and upper
eigenvalue bounds of the particular methods and categorize the results according to
the five classes in Tab. Bl Note that G never performs better than H (since H
provides tight bounds for (I4)). Consequently, the relations Ao < Ay and Ay < A\g
always hold. Hence, the list of classes in Tab.[5.]is complete in the sense that every
example can be uniquely classified into one of the five classes. It remains to comment
on the precise meaning of @ > b and a =~ b as used for the classification in Tab. Bl
To this end, we introduce the function

a—>b
dev(a,b) = —
V(@) = T 05t

which evaluates a weighted difference of a,b € R. Based on dev(a,b), we define
a>b <= dev(a,b)>e¢ and amxb <= |dev(a,b)| <k, (5.1)

where € € R, represents an error bound. Note that |dev(a,b)| is approximately equal
to the relative error for two large but almost equal numbers a,b € R and almost equal
to the absolute error for two small but almost equal numbers a,b € R. This behavior
is useful since the absolute values of the computed eigenvalue bounds range across
multiple magnitudes.

We summarize numerical results for the analyzed examples in Tab. (with
€ = 107%). We list the percentage of samples that fall into the classes 1 to 5 from
Tab. B.1] separated by dimension n of the underlying example. In order to compare
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TABLE 5.2
Numerical results for 1522100 sample problems. The classification of the results is carried out
according to Tab.[5dl and Eq. (B1) with e = 10~6. For each class, the left respectively right column
refers to eigenvalue bounds obtained by the original algorithm A from [J] and the improved variant
Af taking sparsity into account.

examples 1 2 3 4
n # A Af A Af A Af A Af A A
2 62 | 56.37 29.06 | 1.07 1.08 | 12.24 16.06 | 18.89 41.27 | 11.43 12.54
3 1078 | 298 095 | 7753 031 | 085 1.01 | 17.70 96.72 | 0.95 1.01
4 67 | 60.75 35.28 | 4.84 4.63 | 8.45 16.76 | 15.04 32.14 | 10.92 11.19
5 88 | 56.80 35.34 | 3.32 0.21 | 10.16 14.90 | 14.91 3447 | 14.81 15.09
6 95 | 35.06 25.65 | 5.31 4.13 | 31.91 34.25 | 13.87 21.38 | 13.86 14.58
7 27 | 65.80 27.07 | 11.93 850 | 0.02 19.44 | 22.26 44.98 | 0.00  0.00
8 15 1 94.23 63.83 | 3.20 4.23 | 127 2980 | 1.30 153 | 0.00 0.60
9 24 | 57.27 25.02 | 829 0.02 | 18.71 3494 | 4.25 2258 | 11.48 17.44
10 66 | 51.17 12.24 | 1.00 0.22 | 22.12 34.11 | 15.86 41.54 | 9.86 11.89

all 1522 | 1777  9.09 | 56.11 0.94 | 532 7.78 | 16.86 77.90 | 3.95 4.30

the improved algorithm in Prop. 17 to the original method from [9] (see Thm. BT,
we also list the classification results using the original algorithm (A for short). The
numerical results confirm that the consideration of sparsity significantly improves the
tightness of the computed eigenvalue bounds. To see this, note that for each dimension
n, the percentages in class 1 (where the established approaches outperform the direct
computation of eigenvalue bounds) decrease while the percentages in classes 4 and
5 (where the direct computation of eigenvalue bounds performs as good as or better
than Hertz and Rohn’s method) increases using the improved algorithm Al instead of
the original A. In particular, it is remarkable that the improved algorithm Af results
in worse eigenvalue bounds than G in only 9.09 % of all cases in contrast to 17.77 %
for the original method A. Moreover, Al provides equally good or better eigenvalue
bounds than H in 82.20% = 77.90 % + 4.30 % of all cases while the corresponding
percentage only reads 20.83 % = 16.86 % + 3.95 % for A.

Another observation is that the ratios in the particular classes seem to be indepen-
dent of the dimension n (i.e., there is no trend). This is important since the numerical
complexities of the established approaches G and H vary between O(n) N(¢)+ O(n?)
and O(n?) N () + O(2" n3) operations (see Sect. [l and the benchmark in [13]), while
the direct eigenvalue bound computation requires O(n) N(¢). Thus, methods A and
A" become numerically very attractive for high dimensions n.

TABLE 5.3
The last line of Tab. [5.2 for different choices of the error bound € in (5.1J).

1 2 3 4 5
€ A Af A Af A Af A Af A Af
107° | 17.16 8.78 | 54.11 0.91 | 429 6.57 | 20.78 79.74 | 3.66 4.01
1076 | 17.77 9.09 | 56.11 0.94 | 5.32 7.78 | 16.86 77.90 | 3.95 4.30
1077 | 18.04 9.28 | 57.62 0.66 | 5.61 824 | 14.67 77.41 | 4.06 4.41

According to (B1I), the classification in Tab. depends on the choice of the
error bound e. We repeated all calculations for various choices of € and present the
results reported in the last line of Tab. for e = 107® and € = 10~7 in Tab. B3l
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As expected, the ratios in classes 1 and 5 increase for decreasing e, since we detect
Aar < A (as well as A\g < Aar, Ay < Aar, and Ay < Ag) for a larger number of
examples (cf. (5.I)). However, beside this observation, the results are robust w.r.t.
the value of e.

6. Conclusion. We significantly improved a method recently introduced in [9]
for the efficient computation of spectral bounds for Hessian matrices of twice contin-
uously differentiable functions on hyperrectangles. The improvements build on the
identification and utilization of sparsity that naturally arises in the first lines of every
codelist for a function ¢ : R” — R.

The improved method was applied to a set of 1522 examples previously analyzed
in [13]. The numerical results show that the consideration of sparsity results in signifi-
cantly tighter eigenvalue bounds. In fact, the improved method provided equally good
or better eigenvalue bounds than Hertz and Rohn’s method in 82.20 % of the examples
while the corresponding percentage only reads 20.83 % for the original procedure.

In addition to illustrating the practical usefulness of the proposed improvements,
we provided an important theoretic result. In fact, it is well-known that the original
method from [J] results in spectral bounds with 0 € [, ] for any function that involves
the multiplications of two or more variables (see [9, Rem. 4.3]). Consequently, convex
functions that involve such a multiplication cannot be detected to be convex with the
original method. We showed that this restrictions does not apply for the improved
method.
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Appendix A. Supplementary results.
Lemma A.1. Let [a],[b], [c] C R be real intervals, let [A.([a], [b],[c])] be defined
as in [@21), and consider the matriz set

H = {H S R2X2|H11 S [CL], Hy € [b], His € [C], H = HT}.
Then,

A, ([a], ), [e]) = min Amin () and - max Amax (H) = As([a], ], [e]). (A1)

Proof. The eigenvalue bounds of a symmetric matrix H = (&) € H read

Mol ) = 5 (40— @ 0P 42) M) = 1 (a b4 y/la 07 +12).

2

We therefore have to show that

a+b—+(a—b?+d= min a+b—+/(a—0b)2+4c? and (A.2)
a€lal,beb],c€c]

a+b+y\/(@—b2+d= max  a+b++/(a—b)%+4c2, (A.3)
a€la],beb],c€c]
where the Lh.s. results from ([@21)) and where d = 4 max{c? &*}. We show that (A.2)
holds and claim (A.3)) can be proven analogously. First note that the r.h.s. in (A.2)
can be simplified to

min a+b—+/(a—b)2+4c?= min a+b—+/(a—b)2+d (A4
a€la],beb],ce(c] a€lal,be[b]

since ¢ only occurs in the radicand. Consider the function f : R? — R, f(a,b) = a +
b—+/(a —b)? + d, which occurs on the r.h.s. of (A4]) and note that f(a,b) is concave
(since g(a,b) = /(a —b)? +d is convex). Since the hyperrectangle B = [a] x [b] is
convex, the minimum on the r.h.s. of (A4) is attained at one of the vertices of B.
Among the candidate tuples (a,b), (a,b), (@,b), and (a,b), it is easy to show that
(a,b) results in the smallest function value, i.e., f(a,b) < min{f(a,b), f(@,b), f(@,b)}.
Thus, (A2) holds. O
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TABLE A.1

Rules for the calculation of the eigenvalue bounds [)\L} in the k-th line of the codelist (B.1)

according to Prop. [{.177
AV eyl [VeeysDI [iol

The intervals [At], [Aio] and [Ajo
(min{A!, 0}, max{X},0}], and [X; 0] =

| are shorthand motations for (At]
[mln{)\Jr 0}, max{)\J,O}} The

index sets Ly and Ln are shorthand notations for Lu = L; U L; and Ln = L', N Lj. Condition Cy

reads (Z; UZ; = N)AN(|Zi| =n — 1) A(|Zj] =n —1).
op P | [)\L] | condition
add [0,0] Li=NANLj =N
] LiCNALj =N
(] Li=NANL;CN
[A ([)\T] [)\T])] L; C./\//\Cj C./\/‘/\ﬁu =N
[AT]+[AT] LoCNNANL =L,
AT+ ool LuCNANL; CLy
o] + [AT] Lo CNAL; CL;
[)\i,o] + [)\j,O] Ly C N A L; ,¢_ Lj A ,Cj ,¢_ L;
mul [Ae] Li=NANLj =N
] + [wi] IM] LiCNAL;=NAL,=L;
[)\t] + [yj] [)\i,O] L; C N A ,Cj =NA Ly C L; N—=Cy
(A (ys] AT, 10, 01, [Vze i [V ze ys))] LiCNANLj=NNC.
Ae] + ] [A]] Li=NANL;CNALL=L,
[)\t] + [yl] [)\j,O] L; = N A ,Cj CNA Ly C ,Cj A —Cy
(A4 ([0, 0], [y:] N1, [Vzewi] [Vzeys])] Li=NANL; CNAC,
[Ae] + [Ar([A ([Z/y] P\T] [ya] [A 1‘,7])]7 [0, 0])] LiCNANLjCNANLE=NALL CLn
[Ae] + [A ([yj] [)\ 1, [y [)\T])] LiCNAL;CNALG=NALL=LAN-C,
(A (i) N, ) N, [Vzewil [V ze ;)] LiCNAL; CNAC
] + [y ][)\T]—&—[yl][)ﬁ] LOCNANLLy=Li=L;
el + lys] T+ [l Mol Lo CNANLe=LiCL;
[Ae] + [ys] [A zo]+[yz][>\T] LUCNANLy=L; CL;
[Ae] + [Ar([ys] P\T] + [yi] P\T] [0,0])] Lo CNANLL C L =L
el + [Ar (3] ] + [w:] 0], [0, 00)] Lo CNANLeCLiCL;
[Ae] + [Ar ([ys] o] + [a] [AT], [0, 0])] Lo CNANLeCL; CL
[Ae] + [y5] [Niso] + [wi] [Mi.o] LoCNNL ELiNL & Li
powNat | m (m—1)[y:]™ 7 [As([Veewil)] Li=N
m [y ™ (m—=1D)[A(Veew)+ il M) | Li CN ALk =L
m [yi]™ 2 (m=DA([Veeys)|+[yi] Piol) | £i CN ALy C Li
oneOver | 2[yx]° [A S([VLC yi])] Li=N
[ur]® (2 [ya] [As (Ve wil)] — A m Li CN ALy =L;
[r)® (2 ] [As (Ve wi))] = [Nio)) Li CN ALy C L
sqrt /(=4 [yel®) [As (Vg wil)] Li=N
1/ (L (=2 DA (Vee D]+ | Li CN ALy =L
1/(2 [yk])(l/( 2 [yi)[As ([Vegyil)]+[Nio]) | £i CN AL, C Li
exp [yi] [As([Vegyi))] Li=N
[yx] ([As ([V%y@-])] + A Li CN ALy =L;
[ye] ([As([Veewil)] + [Nio]) Li CN ALy CLi
in —1/Tys* [As([Vegwi])] Li=N
/[y (] = 1/[wa] [As ([V 25 w:])]) Li CN ALy =L
L/lys] (Nio] = 1/[ya] [As([Vee wi])]) Li CN AL, CL;
addC [0,0] Li=N
A Li CN
mulByC | [0,0] Li=N
e\ Li CN
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