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Abstract

In this paper we present a general framework in which to rigorously study
the effect of spatio-temporal noise on traveling waves and stationary patterns.
In particular the framework can incorporate versions of the stochastic neural
field equation that may exhibit traveling fronts, pulses or stationary patterns.
To do this, we first formulate a local SDE that describes the position of the
stochastic wave up until a discontinuity time, at which point the position of
the wave may jump. We then study the local stability of this stochastic front,
obtaining a result that recovers a well-known deterministic result in the small-
noise limit. We finish with a study of the long-time behavior of the stochastic
wave.

1 Introduction

Deterministic traveling waves have been widely used to model phenomena in a huge
range of scientific areas, including chemical kinetics, population dynamics, combus-
tion, transport in porous media, electroconvection and neuroscience. More gener-
ally, equations that exhibit spatial patterns are ubiquitous in the biomedical sciences
and are a key lens through which emergent phenomena are studied (see for example
[25, 26, 30] and [31]). However, the effect of noise on these equations is much less
well-developed, and works in this direction have in the past tended to focus either
on specific situations (see for example |1, 17] for the case of the Ginzburg-Landau
equation or [10, 18] for the FKPP equation), or numerical approximations (see for
example [24]).

*This work was partially supported by the European Union Seventh Framework Programme
(FP7) under grant agreement no. 269921 (BrainScaleS), no. 318723 (Mathemacs) and the Human
Brain Project (HBP).



The goal of this paper is to introduce a framework in which it is possible to study
stochastic perturbations of traveling wave solutions to a general class of evolution
equations (which may include PDEs and integral equations). Our specific motivation
is the recent interest in stochastic versions of the neural field equation (|3, 4, 14, 23]).
The (deterministic) neural field equation and its variants are used in the neuroscience
literature to model the spatio-temporal dynamics of macroscopic cortical activity
(see [2| for a review). In particular, as outlined in more detail in Section 3 below,
one reason these equations are interesting is that they exhibit a traveling wave
solution of the form u(t,x) = po(z — ct) for all t > 0, = € R and some speed ¢ € R,
where the wave form ¢, satisfies the stationary equation

0 = Ago + f(0). (L.1)

and A and f are explicit linear and nonlinear operators respectively. Due to trans-
lation invariance, it follows that . := (- + «) is also a solution for any « € R, so
that we in fact have a family (¢4 )acr Of solutions to (1.1). The stochastic evolution
equation of interest is then given by

duy = [Aug + f(up)]dt + eB(t)dWE, t >0, (1.2)

whose solution (u;);>o is a functional-valued process i.e. u; : R — R for all ¢ > 0.
Here £ > 0, (W);>0 is a Hilbert space-valued noise and B(t) is an operator-valued
diffusion coefficient made precise below. However, instead of working in the specific
case of these neural field equations, we instead formulate general conditions on A,
f and (4)acr that allow us to study the effect of noise on a general class of wave
and pattern forms. The conditions are broad enough to include the important cases
of traveling fronts and pulses.

One of the main ideas used in our work (developing those presented in [4] and
[23]), is to compare the solution (u;);>¢ of (1.2) to the family of deterministic fronts
(Ya)acr- It is clear that if e = 0 and uy = g then u, = ¢q for all ¢ > 0. However,
when € > 0 the ‘stochastic front” will move in time i.e. the noise will influence the
speed of the wave. To describe this movement, it is natural to consider the dynamics
of the global minimum of the map

o= Hut - 9001H27 t 2 07 (13)

where || - || is the norm on an appropriate Hilbert space. Indeed, if o attains this
minimum, then ¢, is the front closest to u;, and we say that the stochastic front is
at position a € R. However, a key point our analysis highlights is that the dynamics
of a global minimum of (1.3) may be quite complicated. In particular the global
minimum may not be uniquely defined, may be discontinuous as a function of time,
and there may exist many local minima (meaning that a gradient-descent method
to approximate the minimum of (1.3) may only converge towards one of many local
minimum).



Despite these complications, in Section 5 below, we show that we can locally
describe the behavior of any local minimum of (1.3) with an SDE. This goes further
than the work of [4] and [23], since our description is exact rather than a first order
g-expansion or an approximation. We can also see that the solution of the SDE
exists exactly up until the point at which the local minimum may become a saddle
point.

The second part of this work (Sections 6 and 7) focuses on the local stability for
small ¢ and long-time behavior of the stochastic wave fronts. An important result
from the deterministic literature on traveling waves is that under some conditions
(in particular on the spectrum of A) and in the case when ¢ = 0, if the initial
condition ||ug — ol is small enough, then there exists an « € R such that

Jug — ol < Me™™, >0,

for some constants M > 0 and b > 0 i.e. the solution to (1.2) converges exponentially
fast to one of the deterministic fronts. A natural question is therefore to ask if there
exist related results in the stochastic setting, where one can recover the deterministic
result in the limit as € — 0. One of our main results (Corollary 6.4) does exactly
this. It is worth highlighting that our techniques do not involve any order expansions
in . The drawback of this result is that it is local in nature, since it guarantees
convergence only up until the first time that the noise becomes too big (although
of course this becomes infinite in the limit as ¢ — 0). The aim of the final section
(Section 7) is thus to try and study the long-time behavior of [lu; — @g;||?, where
B is any global minimum of the map (1.3) for all ¢ > 0. As mentioned above,
this analysis is complicated by the fact that the process f; is highly discontinuous.
However, we can still derive a description of [lu; — @g||* for all ¢ > 0 under some
conditions (see Theorem 7.3).

The organization of the paper is as follows. In Section 2 we describe the general
deterministic setting we consider, and state our assumptions. Section 3 then goes
on to describe three motivating examples that fit into the general setting. Section 4
introduces the stochastic version of the general traveling wave equation, and shows
that such equations are well-posed, while in Section 5 we describe what we mean by
the position of the stochastic front. Finally, as mentioned, Sections 6 and 7 deal with
the local stability and long-time behavior of the stochastic wave fronts respectively.

Notation: As usual, C(R?) and C*(R?) will denote the spaces of real-valued functions
on R? that are continuous and smooth respectively. Moreover LP(R%) (p > 1), will
be the space of p-integrable functions with respect to the Lebesgue measure on R¢.
Finally, for general Banach spaces Fy, Fy, we will denote by L(E;, E;) the space of
bounded linear operators : E; — FEs.



2 General setting

Let Ey be a Banach space of R¥-valued functions over R?, for N,d > 1. Let A and
f be linear and nonlinear operators respectively acting in Ey. Suppose that there
exists a family (¢,)aecr C Eo such that

Apa + f(va) =0, Ya € R. (2.1)

Let H := [L*(RY)]Y, equipped with the standard inner product denoted by (-, -) and
norm | - ||. Let E := ¢y + H (i.e. uw € E if and only if u = ¢y + v for some v in H),
endowed with the topology inherited from H.

We make use of the following assumptions on (¢4 )acr, f and A, which are similar
to those imposed in [30, Chapter 5].

Assumption 2.1. Assume that the family (pq)acr Satisfies the following conditions.

(i) The derivatives [d*/da¥|p, (the derivatives being taken in the norm of the
space H ) exist for k € {1,2,3} and are all in the space H. We will denote

these derivatives by ., ¢, and ¢ respectively.

" "

(1) o @, @0 o are all globally Lipschitz, || ||, |92, [|€2] are all independent
of a, and integration by parts holds i.e. (©}, ph) = —(Lh, o)-

(iii) ¢!, € D(A*) for all a € R, a — A*¢l, is globally Lipschitz and ||A*¢L || is
independent of a.

(1) (s Phara) — 0 as [B] = oo, uniformly in o € R, limjo) o0 [(#0, Pa — ¢0)| > 0
and either of the following hold:

(a) ||pa — @o|| = o0 as |a] — oo; or
(b) wo € H and ||u — u| — ||oll + |||l as || — oo, for allu € E (= H).
It is worth noting that we do not assume that ¢y € H necessarily. However,

under these assumptions we have that ¢, — ¢y € H for any o € R and therefore
Yot+v € FEforallve Hand a € R.

Assumption 2.2. Assume that the nonlinear function f acting in E is such that:

(i) f is defined on all of E, and for all u € E there exists f'(u) € L(H, H) such
that for allv € H,

flu+hv) — f(u)
h

lim
h—0

— ['(u)v]| = 0;

(i) supyep || f'(w)||Lamy < 0o (so that H > v — f(pq + v) is globally Lipschitz
Va € R);



(11i) the map H > v f'(v+ pa) is globally Lipschitz Vo € R.
Assumption 2.3. Assume that the operator A is such that:

(i) The restriction of A to H (also denoted by A) is the generator of a Cy-
semigroup on H. Therefore (under Assumption 2.2 (i)) Lo = A+ f'(pa) :
H — H is also the generator of Cy-semigroup on H for all a € R.

(ii) The spectrum o(Ly) of Ly is such that
0(La) C{A € C: Re(N) + a|Tm(N)| < —b} U {0},

for some positive constants a and b, independent of a. Note that by differentiat-
ing (2.1) with respect to o, 0 is always a simple eigenvalue of L, corresponding
to eigenvector ¢, .

In what follows we will make precise at the start of each section which of these
assumptions are needed. In particular, we only use Assumption 2.3 (ii) in Section
6.

3 Examples

We will have two specific examples in mind that fit into this general setting: trav-
eling fronts and pulses. These are outlined in greater detail further below. However
our framework should be applicable to many other spatially-extended patterns, in-
cluding Turing-type instabilities of reaction-diffusion systems, mechanical buckling
or wrinkling, patterns in bacterial chemotaxis and a huge range of phenomena in
neuroscience (as typically modeled using neural field equations). See [26] for a survey
of all of the above, and [2, 6, 9, 12, 20] for a survey of applications in neuroscience.

3.1 Traveling fronts

One important example of a traveling front, that has motivated this work (and
should be kept in mind throughout), is the classical neural field equation in one
dimension. This equation has the following form:

Oyug () = —uy() + / w(x —y)F(u(y))dy, t>0, z€R, (3.1)
R
where w € C(R) N L'(R) is the connectivity function, and F : R — R is a smooth
and bounded sigmoid function (known as the nonlinear gain function). It is known
(see [13] for example) that under some conditions on the functions w and F' (in
particular that there exist precisely three solutions to the equation z = F'(z) at 0,a
and 1 with 0 < a < 1), then there exists a unique (up to translations) function



t € C*(R) and speed ¢ € R such that u;(x) = a(x — ct) is a solution to (3.1), where
4 is such that
lim a(z) =0, lim a(x) =1,
T——00 T—00

so that 4 is indeed a wave front. Note that in this case @ itself is not in L*(R), but
it can be shown that all derivatives of @ are bounded and in L?(R).

Substituting @ (z — ct) into (3.1), we see that u is such that 0 = Au+ f(a), where
Au = cu' —u and f(u) = w * F(u), and * denotes convolution as usual. Moreover,
due to translation invariance, we have that 4, := @(- + «) is also such that

0= Atiq + f(ila), @€R. (3.2)

We are thus in a specific situation of the general setup described in the previous
section, with H = L?(R) and ¢, := i,. Indeed, it is straightforward to check that
Assumptions 2.1, 2.2 and 2.3 (i) are satisfied (in particular Assumption 2.1 (iv) (a))
since all derivatives of @ are bounded and in L?(R). Assumption 2.3 (ii) is more
difficult to check and is the subject of recent and ongoing research (we are aware
for example of a forthcoming article by E. Lang and W. Stannat in this direction).
It is at least satisfied in the case where the function F' is replaced by the Heaviside
function (see [7, 28, 29, 32|). It should however be noted that one should be careful
when comparing results for Heaviside functions with results for smooth sigmoid
functions. Other recent works that have studied the stability of traveling waves for
smooth nonlinear gain functions F' include [15].

3.2 Traveling pulses

One can modify the classical neural field equation (3.1) to produce traveling pulse
solutions in the following way. Indeed consider the system

{atut = —u+ [w(- —y)F(u(y)dy —v, t>0

(3.3)
Oy = Ouy — ﬁvta

where as above F': R — R is a smooth and bounded sigmoid function, w € C(R) N
L'(R) and 6 > 0,8 > 0 are some constants with § << 3 . This is called the neural
field equation with adaptation (see for example [2, Section 3.3| for a review). This
time we look for a solution to (3.3) of the form (u;,v) = (a(- — ct),0(- — ct)) for
some ¢ € R, such that u(x) and 0(z) decay to zero as © — £oo. Substituting this
into (3.3), we are thus looking for a solution to the equation

U (x) = < o :; ) U(x) + f(U)(z), z€R, (3.4)

where U(z) = (a(z),0(z)), and f(U)(z) := (w* F(a)(z),0)T, for all z € R.
It can be shown (see [27, Section 3.1] or [16]) that there exists (again under

some conditions on the parameters) a smooth function U := (4,9) € [L*(R)]* and
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speed ¢ € R such that U is a solution to (3.4). Moreover @& and ¢ are both smooth
functions whose derivatives are all bounded and in L?(R). Thus, again by translation
invariance we have that U, := U(- + «) € [L*(R)]? is a solution to

AUa + f(Ua) =0
for all a € R, where

-1 -1
0 -5

Once again we are thus in a specific situation of the general setup described in Section
2, this time with H = [L*(R)]? and ¢, := U,. Indeed, it is again straightforward to
check that Assumptions 2.1, 2.2 and 2.3 (i) are satisfied (this time ¢y € H, so that
FE = H and we can show that Assumption 2.1 (iv) (b) holds). Since @(z) — 0 as
x — £o00o, we say that the solution is a traveling pulse.

Assumption 2.3 (ii) is again more difficult to check but it is still satisfied in

the case where the function F' is replaced by the Heaviside function (see again
[7, 28, 29, 32]).

AU = U’ — < ) U, VU € [L*(R)].

4 Generalized stochastic traveling wave equation

Suppose that (¢, )acr, [ and A satisfy Assumptions 2.1, 2.2 and 2.3 (i) respectively.
Consider the following stochastic evolution equation

duy = [Au, + f(u)|dt + eB(£)dWE, (4.1)

where e > 0 and (WtQ)tZO is an H-valued ()-Wiener process on the filtered probability
space (2, F, {F:}i>0,P) with @ a bounded, symmetric, non-negative definite linear
operator on H such that Tr(Q) < oco. We work with the following assumptions on
the noise:

Assumption 4.1. Assume that:

(i) B : [0,00) — L(H,H) is continuous, and there exists a constant C with

(i1) B(t) is a unitary operator on H for allt > 0 i.e. B(t)*B(t) =1d for allt > 0.

We will work in the general setting, but we will keep the three examples of
Section 3 in mind.

Proposition 4.2. Suppose that the (deterministic) initial condition ug is such that
vy = ug — po € H for some a € R. Then stochastic evolution equation (4.1) has



a unique solution, which can be decomposed (in a non-unique way) as u; = @q + vV
where (v§)>o is the unique weak (and mild) H-valued solution to

dvf = [A0] + f(pa +07) = flpa))dt +eB(HAWS, >0,

with initial condition vy i.e.

t t
o = Phg + / PA L [f(0a +0%) — flpa)]ds + ¢ / PAB(s)AWS, 1> 0.

where (P> is the semigroup generated by A.

Proof. The proof of this result is a straightforward application of [8, Theorem 7.4|
using the globally Lipschitz assumption on f (Assumption 2.2 (ii)), the fact that
A generates a Cop-semigroup on H (Assumption 2.3 (i)) and the assumptions on B
above. This is also a generalization of |21, Theorem 3.1], though the proof is the
same. O

Remark 4.3. We remark that for traveling waves, (4.1) is in the the moving coordi-
nate frame. To illustrate what we mean by this, suppose again we are in the concrete
situation of the standard neural field equation described in Section 3.1, so that there
is a solution u(x — ct) to (3.1) for some speed c. The stochastic version of this
equation with purely additive noise would then be du, = [—uy +w  F (ug)]dt + dW2.
In the moving frame (i.e. under the change of variable x — x — ct), the equation
becomes
duy, = [Auy + w * F(u,)]dt + B(t)dWE,

where as above Au = cu’ —u, u € D(A) and now B(t)v :=v(-+ct) forve H. It is
clear that such a B clearly satisfies Assumption j.1.

5 Tracking the wave front

Suppose that (¢, )acr, [ and A satisfy Assumptions 2.1, 2.2 and 2.3 (i) respectively.
Consider the solution (u;):>o to (4.1) with initial condition ug such that ug—py € H
according to Proposition 4.2.

If e = 0 and uy = g, we would have that u; = g for all £ > 0. However, in
the case when ¢ > 0, the solution (u;);>o started from ¢q will resemble a stochastic
wave front, and its “position” will move. In order to be able to keep track of this
movement, we first have to give a precise definition of the position of the stochastic
front at any time ¢ > 0.

To this end, we look for another decomposition of the solution (u:):>o to (4.1) as

uy = 2z + g, 20, (5.1)

for some general R-valued stochastic process (;)¢>o of bounded quadratic variation.
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Ideally, for each time ¢ > 0 we would like to choose (; in order to minimize the
function
oo mlt, @) 1= [ — pal? (5.2)

over o € R, so that ¢g, is then the closest of the family {p, : @ € R} of stationary
solutions to the stochastic front u; in the H-norm. We would then be able to say
that ; is the position of the stochastic wave front u; at time t.

If ug = o, it is clear that there is a unique global minimizer of m(0,-), which is
obtained at 0. However, for times ¢t > 0 things are more complicated. The following
observation at least guarantees the existence of a global minimizer of the function
under our conditions.

Lemma 5.1. At everyt > 0 there exists at least one global minimum of the function
a = m(t,a) = [lu = pal*.

Proof. Suppose we are in case of Assumption 2.1 (iv) (a). We have that for any
t>0and o € R

e = @all = [0} + po — ¢all

where (v);>0 is the H-valued process as defined in Proposition 4.2. Thus |Ju;— @ | >
0 — @al| — [|0?]| — oo as a — oo, so the result holds by continuity.

On the other hand, suppose we are in case of Assumption 2.1 (iv) (b). Suppose
(for a contradiction) that ||u; — wa| > ||woll + [|ue]] = ||@all + ||ue|| for some o € R.
Then by the triangle inequality ||pa |l + |Juel] < [Jur — @all < ||@all + [|uel|, which is
a contradiction. Together with the fact that ||u; — ol = |00l + |Jue]| as o = +oo
by assumption, we again have the result. O]

It is important to make two remarks at this point, both of which are illustrated in
the concrete case of the traveling front solution to the neural field equation below.
Firstly, in general we do not expect there to exist a unique global minimizer of
m(t,-) at every time ¢ > 0. The point is that we can have certain noises W¢(t, x)
or initial conditions such that the solution (u¢):>o to the equation (4.1) is at some
time equally close in the H-norm to ¢,, and ¢,, with ay # as.

The second important remark is that if ug = g and we continuously track the
position of the initial global minimum of m(¢, -), as we do in the next section, then the
noise might be such that this global minimum first becomes a local minimum, and
then might even cease to be a minimum at all (it becomes a saddle point). Therefore
any process (f;)i>0 attempting to keep track of a global minimum of m(t,-) given
by (5.2) (and hence to keep track of the position of the stochastic front) must be
allowed to be discontinuous.

In view of these two remarks we cannot simply define ; to be the global minimum
of m(t,-) for all ¢. Instead, in the next section we study the behavior of any local
minimum of m(t, -) up until the point at which it may become a saddle point.



Illustration: The neural field equation

Consider again the neural field equation (3.1) discussed in Section 3, but with an
added continuous deterministic forcing term ¢t — g, € C(R) i.e.

X / w(- — y)F(ue(y))dy + gi (5.3)

for ¢ > 0. We can simulate solutions to this equation, both in the case when g;(z) = 0
and g,(x) = 0.5cos(t)e 1% starting from the same initial condition. The results

are shown in Figure 1.

[
=1 —— =l

=
- .

05 0 05

Figure 1: Simulations of the solution to (5.3) with w(z) = 10e=2%#l and F(z) = 0.5[1 +
tanh(10(z — 0.25))]. On the left g; = 0, while on the right g (z) = 0.5 cos(t)e~10%*,

We can now plot the function a — m(t, ) given by (5.2) i.e. a = [[ps — uq?
where ()50 is a solution to (5.3) and g,(z) = 0.5 cos(t)e %" (see Figure 2).

02 04 0.6 08 1

04 02 0

Figure 2: Plots of the function o — ||¢@q — u¢|| for different times ¢, where (u¢)i>0 is a

solution to (5.3) and g;(z) = 0.5 cos(t)e~ 10,
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Figure 2 illustrates nicely the fact that the global minimum around a = 0.5 at
t = 0 becomes a local minimum in between ¢t = 0.95 and ¢ = 1.0, and therefore that
the position of the global minimum has jumped in between these times. Moreover,
at t = 1.1 we see that the initial minimum has become a saddle point.

5.1 The dynamics of local minima of « — m(¢, )

The aim of this section is to derive an R-valued SDE that describes the behavior of
any local minimum of the function a — m(t, ) given by (5.2), up until the point
where it is no longer necessarily a local minimum.

In order to obtain this equation, first suppose that y is a local minimum of
m(0, ). The basic idea is then to look for a solution §; € R to

d
g e lI* = —2(ur — 03,,95,) =0, (5.4)

up until the first time ¢ when the solution is no longer necessarily a local minimum.
Such a time t can be characterized by the first time that the second derivative

d? 9

d_ﬁtzHut — gl = —2(u, )
becomes 0. Although w; is not necessarily in H (in particular in the traveling front
case — see Section 3.1), (uy, ) is well-defined since thanks to Proposition 4.2, we
may write u; = v + g, where (vP);>¢ is a well-defined H-valued stochastic process.
Thus (after an integration by parts)

— (ur, 0,) = (0, ) — (00, ) = V(Be, v)), (5.5)

which is clearly well-defined. Our solution to (5.4) will therefore only be up until
the first time that v(3,vY) = 0.
The SDE describing the solution to (5.4) up until this time is the following:

dBy = p(t, By, v))dt + o (t, B, v0)dWE, >0, (5.6)
where (v))¢>0 is the H-valued process defined in Proposition 4.2,

b(t, z)
V(w,v)’
where 7 is defined by (5.5) and b : Rt x R — L(H,R) is given by b(¢t, x)(v) =
e, B(t)v) for all v € H;

o(t,x,v) = Ve e R,v e H, (5.7)

w

ak<t7 z, U)

M(taﬁhvg) = Zﬂk(t7ﬁtav?>7 where ,uk(tax7v) = ’)/(QZ,U)k

k=1

?
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forx € R, v € H and k € {1,2,3}, where a; : R" x R x H — R are functions
given by

a1(t7w7v) (v, A% + (f (v + w0) = f(0), 5)
€ < (HQB™ ()¢, i) (5.8)

(v + 00 — o, PN BEQB" (1), L)

Formally, the SDE (5.6) can be obtained by It6’s formula and a comparison of
coefficients: if one assumes that (53;);>0 satisfies an SDE driven by (W),>¢ with
drift and diffusion coefficients to be determined, then by formally applying Ito’s
formula, one can write down an SDE for ((u; — ¢g,, ¢%,))g>0. Setting the result to
zero (since we want a solution to (5.4)) and comparing coefficients leads to (5.6).

However, since we cannot find any (infinite-dimensional) It6-type lemma that
directly applies to our situation, we take care in Proposition 5.3 below to rigorously
prove the result. In any case, we start with the following existence and uniqueness
result.

Proposition 5.2. Let 7 be a stopping time with respect to the filtration {F;}i>o. For
any F,-measurable random variable B, such that v(3,,v%) > 0 almost surely (where
v is defined in (5.5)) and E(8%) < oo, there exists a unique continuous solution
(Bt)teirra) to the SDE (5.6), with initial condition B; at T, up until the stopping
time Too = lim,,_soo 7, > T, where

=inf{t > 7:9(8;,)) = 1/n}.

In other words

Binr, = Br + Z /

Proof. The proof follows the fairly standard proof of existence and uniqueness of
solutions to SDEs with locally Lipschitz coefficients up until an explosion time (see
for example [19, Theorem 1.18]). We however recall the key arguments here, since
we are in a slightly non-standard set-up. We also suppose that 7 = 0 (the general
case is the same).

Step 1: Existence. Define for t > 0, z € R, v € H such that ||v|| < R and n > 1,

b(t,x) > 1
o7t 2,0) = 4 7 if riss.ty(z,v) >+
nb(t, z) otherwise

tATh

tATh
s, Bs, s)ds+/ o(s, B, 0)dWEe, t>71, n>1.

and similarly
ag (t x v

pi(t, o) = { e

n*ay, (t, x,v) otherwise

if zis st y(z,v) > 1
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for k € {1,...,3}. Then define, for n > 1, ()0 to be the solution to the SDE

3
By =3 it A7, of)dt + o (t, B o)) AW, >0, (5.9)

k=1

with initial condition 53§ = fy. This is a stochastic differential equation driven by a
Hilbert space-valued process that fits into the standard framework of Da Prato and
Zabczyk described in [8]. In particular it has a unique continuous (strong) solution
that does not explode up until time

pr = inf{t > 0: |[v}|| > R}, (5.10)

for all R > 0 (note that pg is independent of 8" for all n). This follows from standard
methods since it can be checked that o™(t, -, v) and ui(t,-,v), k = 1,2, 3 are globally
Lipschitz for v € H such that ||v]| < R (independently of ¢), using Assumptions 2.1
and 2.2. For example if 2,y € R are such that vy(z,v) > 1/n, y(y,v) > 1/n for
v € H such that ||v]] < R then

b(t, z)y(y,v) = b(t,y)y(z,v)
Yz, v)v(y,v) L(H,R)

< n?||b(t, @) — bt y) ||l Lmm) |y (v, v)| + n216(E )| L [y (Y, v) — (2, v)]
< n2gC(1 + R)|x — y|

o™ (t,x,0) = a"(t, y,0) | Limy = H

where C' depends on the Lipschitz constants of x — ¢! and = — ¢, as well as
ool lleoll and supysq | B(t)||L(m,z)- The last inequality follows from the facts that
Ib(t, 2)-bit, )|z < NBON e~ 160l < el BE mn b
v (z,v) =y, )| < llgollller = eyll +1vllllez — oyl and [y(y, v)] < flopll*+ ol el
The same holds if z,y € R are such that y(z,v) > 1/n and y(y,v) < 1/n, or
vice-versa, and trivially holds if v(x,v) < 1/n and v(y,v) < 1/n.

Finally, we have that limg_,. pr = 00 almost surely thanks to Theorem 4.2.
Thus there exists a unique continuous solution (5}*);>o to (5.9) for all ¢ > 0.

Now, with (/}"):>0 uniquely defined by (5.9), we set

=inf{t > 0: (8, v)) =n"t, or y(BF 1 0)) =n"t}.

This makes sense because t — (8, 1Y) is almost surely continuous and by the
conditions on By, y(BF,v)) > n~! almost surely for some n large enough. We then
have that 87 = B! for all t < 7, since by definition o™ (¢, z,v?) = o"*'(t,z,v?)
for all z such that Y(z,v?) > n~'. In other words, (B}4. )e>o and (B2F!)>o are
solutions to the same equation. Moreover, 7, is the first time that (87, ,v)) =
Y(Brit,v?) < 1/n. In particular 7, < 7,,11.

Let 7o = lim, oo 7. Define g, := pj*, V¥t € [0,7,). Then 7, is the first time

(B, v?) < 1/n. Finally since

t
5t - 0+Z/:uk 37 sds+/ (S s’ s)dWQ
0
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together with the facts that Bin, = 87, o"(s, 87,0 = b(s,Bs)/7(Bs,v?), and

s778

(s, B 00) = ag(s, Bs, v0)/v(Bs,00)F for all s < 7, and k € {1,...,3} we have

that
Bunes = o+ Z /

for all t > 0,n > 1. In other words (3;):>0 is a solution to (5.6) up until time 7.

tATn

/837 s)d8+/ " ( ﬁsa s)dWQ
0

Step 2: Uniqueness. Suppose that (Et)tzo is another continuous solution to (5.6) with
initial condition By up until time 7. Let p, be the first time that either v(;, v?)
or v(B, v?) is equal to 1/n (again for n large enough so that (5, v)) > n~'). Then
(Benpy )t=0 and (Bt/\pn)tzo are solutions to the equation (5.9), so that by uniqueness
of solutions to this equation, §; = Et for all ¢ < p,, and p,, is the first time that
7(5t/\pn7U?) = 'y(gt/\pn,v?) < 1/n. Hence Ty, = Too = lim,, o p, and B} = f3; for all
t€0,7x). O

Proposition 5.3. Let 7 be a stopping time with respect to the filtration {F;}i>o.
Let B; be an F,-measurable random variable such that ~v(3,,v%) > 0 almost surely,
E(5?) < oo and

(ur — 5., 0,) = 0.
Then the solution (B¢)icjr.r..) to the SDE (5.6), as defined in Proposition 5.2 is such
that

(ur — @, p3,) =0, Vte|[r, 1)

Proof. The proof is a rather standard adaptation of [8, Theorem 4.17], and therefore
we have not included every detail.

Without loss of generality we may assume that 7 = 0. Let 7, be as in Proposition
5.2, so that 7, T Too. Define

&, = inf {t € [0,7,] :

/tB(s)dWSQH >n or |B] > n} :
0

with &, = 7, if the set is empty. It may be seen that (,),>1 is nondecreasing,
and that lim, &, = 7 a.s. Define for any ¢ > 0 87 = B¢, and UE’" = U?Agn
where as above (v);>¢ is the H-valued solution to the SDE in Proposition 4.2
(with @ = 0). Let A(v,a) : HxR = R := —(v+ ¢y — @q, ¢,) and 11 = (t,)M,
be a partition of [0,¢] for some ¢ > 0. For some family {0}, ;' C [0,1] to be
specified below, set w;, = ka?’" +(1— Qk)vgﬁl and (. = 0,7 + (1 — Qk)ﬂtiﬂ. Let
Xp = (0" vtk , B, — Bi,). We note that the double Fréchet derivative of A,

vtk+1
evaluated at (wy, (x), and in the direction Xy is

— (Wi + @0 — g, 24 (B, — Br)? (5.11)

14



By Taylor’s theorem,

g

-1

A(U?,n7 B{?) - A(UE))? 60) V(ﬁtka )(/BtkH - Btk) <vtk+1 U?kn’ (Pﬁtk>

—1
D*A(wy, G) - Xy - Xi, (5.12)

1

M

+
DN | —
il =

for some {0} ;" C [0,1]. As the partition IT — 0, we find thanks to Proposition
4.2 that

S

0 0
<,Utk7_7_1 ’Utkn7 SO,Bt >

1

ant Ent
S / (A", %) + (00 + 00) — F(o0), ) ]ds + / (@l B(s)dW).

b
Il

Similarly, thanks to (5.6),

i

-1

tAEn tAfn
V(B Y (B — L) %5/0 (., B(s)dW) +Z/ 5 5,00 S)d&

b
Il

1

as II — 0. We then have to deal with the second order terms in the Taylor expansion
(5.12). According to (5.11), there remain two terms on the right-hand side of (5.12)
to handle:

M-1 M-1

n TL n 1 n n
- Z<Ug;+1 Utk 7gpck></6tk+1 /Btk) and - 5 Z <wk + Yo — SOCIC? @ZL)(ﬁthrl - /Btk)2‘

k=1 k=1

For the first of these terms, by again using Proposition 4.2 and (5.6) it is standard
to show that

M-1
: 0,n 0,n n n
llllg%) p </Utk+1 Utk ) ¢Ck>(/3tk+l - /Btk)
M-1 oty AEn ter1/N\én " B(s)dW®
=% lim / (@lgn ,B(s)dWSQ>/ (2., B >0 - =: &% lim J(I).
11=0 k=1 7 teAn * tpAn ’Y(Bm Us) 1I—=0

almost surely. In order to find this limit, following the standard method to prove
It6’s lemma (see [8, Theorem 4.17] or [21, Theorem 3.3.3]) and using the infinite
dimensional Itd isometry (see [8, Theorem 4.12])we have

<J(H) _/0“5” (05, B(s)QB" (s )@fm)dS)Q] 0

E 7(/657 s)

15



as II — 0. We establish through an analogous argument that

M-1
] n n \2
rlllg%) — (Wi + 00 = g 90,(/;><5tk+1 - ﬁtk)
tAEn <U0 + o — 08 ()0///>
2 s s F Bs " , ,
— € (B(s)QB"(s)p3, 5, )ds,
/0> 7(557 ’(]2)2 Bs Bs

almost surely. Finally, by taking the size of the partition IT to 0 in (5.12), and
using the definitions of the functions a;, ay and a3 given in (5.8), we see that for any
t <&, A(Y, B) = A(vl, Bo) so that (since u; = v? + )

(ue — @8, ¥5,) = (v + 0o — s, ¥,) = (V) + o — Py ¥,) =0, t€0,&],
by assumption. Since this holds for any n and &, 1 7., we have the result. O]

Corollary 5.4. Suppose that we are in the situation of Proposition 5.5, and (B¢)icfr )
is again the solution to the SDE (5.6) up until time T, as defined in Proposition
5.2. Then limsup,_,, |8 < co. Moreover, suppose that the probability that

(Ury = Cartpn) =0, VYael, (5.13)

for any interval I C R with nonempty interior is zero. Then lim;_,,  [B; exists almost
surely.

Remark 5.5. The assumption (5.13) in the above Corollary ensures that, with prob-
ability 1, the function o — m(Too, @) = |[tr, — ©u|* is not ‘flat’ over a nonempty
interval. If this function did become flat at T, it is natural that lim,_,,  B; would
be undefined.

We expect that in most applications, it is impossible that there exists an interval
I C R with nonempty interior such that

<u_90047gp/a>207 VOKE[,

whenever uw € E. For example, by differentiating with respect to a an arbitrary num-
ber of times and assuming smoothness, this would be impossible if

u € Sp{@a, L, oh, ..., €I},

Proof of Corollary 5.4. Without loss of generality, suppose 7 = 0. We firstly prove
that almost surely limsup, . [3;] < co. Assume for a contradiction that for a set
of paths of nonzero measure, limsup,_,. |8 = co. Then, thanks to Assumption 2.1
(iv), and the continuity of ¢ — w; for all ¢ > 0, for any € > 0 we can find a sequence
of times (£¥)y>; such that

o F 17 as k — oo,

o [[vp, — vl <5 forall k> 1,

16



© (ool S glorallje (Lo k=1h k21,
© (¢ #a — o) 2 r for all k > T and some 1> 0.

Now define (e), to be part of an orthogonal basis for H for some M > 1 to
be chosen later, defined through the Gram-Schmidt procedure and based on the
functions (goﬁ )M . That is, e; = 90[551 and

/ § : ek 0
5 . >
" s j=1 ||6j||2 90 that H — ||€k||2

Now

<Ugoov 61€> - <U2007 €k — Qolﬁgk> + <U200 - ng7 @2351€> <U k 90551@ + Soﬂgk’ 9023 k)

= <U2007 €L — 90235,9> + <U?OO - Ug’“’ ¢%§k>

= <U2007 €k — 90,55,) + <U‘(r]oo - Ug’“ ¢/ﬁ§k> + <(‘Oﬁsk — ¥0; wﬁg’)

+
+ (ugr = 00 = P + P )

since (ugr — 906§k790}3§k> = 0. Therefore

(o e 2 (@, 08 — w0l = lon lllex — @, | = 105, —veelllloll. (5.14)
Now, by definition of e, for k € {1,..., M},
, k-1 k— k—1
e = Fa|| = D_(Fha &)’ Z (¢, la,)° + 2l eull? Z le; — s, I
~ k—1 - ) k—1
< 2¢* Z 3 + 2llwoll” > lles = el 1P = €2C+ 201> D lles — i, 117
Jj=1 j=1
where we have used our choice of £*, and C' = 2 Z % By the discrete Gronwall

inequality, this yields

k-1 k-1
e — @%g H <20 + 22520||g00||2exp ( Z 2||¢6||2> < 20MeM,

i=j+1

for a new constant C' depending on ||¢f|| but independent of ¢ and M. Returning
now to (5.14), we see that agin thanks to our choice of &,

9
(vrsen) 2 k= [lon_leCM e = ligh]| > r/2

for ¢ small enough so that (|[v?_[[CMe“™ + ¢ ¢y|l) < x/2. Thus

NS LS S,
T el T 4 P



This is clearly a contradiction if we take M large enough since ||ex| — |@oll as
k — oo (which implies that S0 [lex| = — 0o as M — o0).
We now prove that lim;_,, 5 exists almost surely under assumption (5.13). Fix
a < @. Define
¢V = inf{t € [0,7) : B; > a},

and
EML = inf{t € (6%F,70) : By < a}, T =inf{t € (& 1) B > al,

for all & > 0, with inf{(})} = 7., by convention. Suppose for a contradiction that
" < Ty for all n.
Let

sn = sup (|(uen — o, 2p)l)
o€la,al

and let 0% € [a, @] be such that this supremum is attained (this exists by continuity).

Suppose for contradiction that s, # 0 as n — oo i.e. that there exists a
subsequence (s, )2, such that for some § > 0, s, > 0 for all » > 1. We know that
for all » > 1 there exists some ¢ € [¢", "], such that (u; — gpg;r,gpg;) = 0. This
is because at time £", & (or @) is a local minimum of the function « — [Jugn, — 4 ||?
while at time £™*! o (or @) is. Therefore, by continuity, since 6}, € [a, @], there
must exist ¢ € [£", "] such that 6 is a local minimum of this function. In this
case

sup  |Juy — wgl|? > flug — uenr || > — (e — Ugnv-,gplg;«”ﬂ>2
rselgnr £nrt] ol

1

= W<Ut — Pox T+ Por  — Ugnr, %;;r)z
0
1 s2 52

= {ugn — o 0, )P = s > :

lepll” S [ (=1

This is a contradiction since we are assuming that £" < 7, for all n. Indeed it
implies infinite oscillations (of a nontrivial magnitude) of ||us| over a compact time
interval. We can therefore conclude that s, — 0 as n — oo.

By the continuity of u;, we thus see that for all « € [, @],

<U/£oo — Pas Spla> = 07

where £ = lim,,_,», £". In fact it is easy to see that £ = 7, (the process (5;)icpo,r.0)
cannot oscillate infinitely often before 7., by continuity). Therefore we have that

<u7'oo — Pa; ()0;) = 07

for all @ € [a,@]. This event occurs with probability zero by assumption (5.13),
which implies that the event {{" < 7, Vn} also occurs with probability zero,
proving the result. [l
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5.2 Comparison with previous work

We include this section to make the explicit comparison between the dynamics of the
local minimum of (5.2) we describe in Section 5.1 and the work of [4] and [23]. Both
of these articles work in the specific case of the stochastic version of the classical
neural field equation (see Section 3.1).

In [4] a formal expansion in ¢ is used to try and deduce the dynamics of the
position of the stochastic wave front, and the conclusion is that it is essentially
Brownian to first order in ¢ (see [4, Equation (2.25) and (2.26)]). With our approach
and definition of the position of the stochastic wave front, we allow for the fact that
the position may jump. Moreover, before the time of the first jump we can also
formally expand j3; with respect to e, where ¢ < 7., and (5;):cp,r.) is the solution
to (5.6) according to Proposition 5.2 (assume that uy = ¢g so that Sy = 0). Indeed,
by (5.6)

[ A )+ (f (0] o) — Flo), ©5,) t{gh,, B(s)dWE)
Pe= / (e e?) dot / (o D)

Now, by Proposition 4.2 we see that formally v¥ = O(e) and by the definition of v
in (5.5), this implies that v(8;,v?) ™! = 1/||¢L||> + O(e) for t < 7. Thus

O(e?).

t t
b= | O Ligds + s [ e B + O)
l6l1? Jo 6l Jo

where Ly := A+ f'(po). In our setup this formula would replace [4, Equation
(2.26)]. The reason for the difference is the choice of Hilbert space H. Indeed, as
pointed out to us by E. Lang, if we instead defined f; to minimize the function
a = |ug — gpaH%Q(pa) with the weight p, = ¥,/¢l, where U, is a vector in the
null space of L, then we would (to a first order approximation in ¢) arrive at [4,
Equation (2.26)]. For further details, as well as other reasons why this weight seems
to be a natural one, we refer to the forthcoming PhD thesis of E. Lang.

In [23], the idea of minimizing a — [Ju; — 4| is used as we do to keep track of
the position of the stochastic front. However, rather than describing the dynamics
of the minima of a + ||u; — p,||? explicitly, a gradient-descent adaptation procedure
is proposed, whereby (5;):>0 in (5.1) is defined via an ODE to converge dynamically
towards the nearest local minimum with a certain speed. As such, our solution to
the SDE (5.6) should be recovered by this adaptation procedure with infinite speed.

6 Local stability

Once again suppose that (¢4 )acr, f and A satisfy Assumptions 2.1, 2.2 and 2.3 (i)
respectively, but now suppose also that Assumption 2.3 (ii) is satisfied. Again let
()0 = (V) + o)¢>0 be the solution to (4.1) with (deterministic) initial condition
ug such that uy — pg € H according to Proposition 4.2.
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Suppose that (53;):cp,r.) is the solution to the SDE (5.6) with initial condition
Bo such that (ug — ©g,,¢4,) = 0 and (B, vy) > 0 (i.e. fo is a local minimum of
m(0, -) given by (5.2)), where 7., = inf{t > 0 : v(5;,v)) = 0} (see Proposition 5.2).
Recall from (5.1) that z; is defined by

2 =u — g, t€[0,7Tx0). (6.1)
Then it is easy to see that (2;)icpo,-.) satisfies the stochastic evolution equation
dz = [Laz + Gz, By, )]dt + eB(H)dWE — dipg, (6.2)
for any o € R, where
Gz, 8,0) i= f(z + p3) — Flps) — Flpa)z, Ve H,a,BeR,  (63)
and L, is the operator defined by
Loz :=Az+ f'(¢a)z, Vze€ D(A)=D(L,). (6.4)

Let (Uy(t))i>0 be the Cy-semigroup generated by L,. Note that £, does indeed
generate a Cp-semigroup, since by Assumption 2.3 (i) A generates a Cy-semigroup
and f'(pn) : H — H is bounded (see [11, Theorem 1.3, Chapter III]). Moreover
thanks to Assumption 2.3 (ii) on the operator A, we have the following result found
in [30, Lemma 1.2, Chapter 5].

Lemma 6.1. For anyt >0 and a € R, U,(t) can be decomposed as
Ua(t) = Py + Vu(t),

where P, is the projection operator onto the subspace of H spanned by ¢l and
(Va(t))i>0 is a semigroup on H such that for some b > 0 it holds that

[Va(®)]] < exp(=bt),
foranyt >0 and a € R.

The first result of the section is the following, which helps us understand the
dynamics of the process (||2¢||*)i>0-

Theorem 6.2. For any t € [0, 7), it holds that
d|z]]* < =bl|z|* dt + 2e(z, B{t)dAW?) + 2 (2, Gz, By, By)) di

+ &2

1Q7 ¢, |1

where b > 0 1is the constant appearing in Lemma 6.1.
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Remark 6.3. (i) It is worth remarking that the final term in (6.5) is in fact
stabilizing as t — T. Indeed, by our assumption on the initial condition,
we have that (B, vY) > 0 for any t < 7. Therefore thanks to the sign of
that final term, as t 1T 7o this term converges to —oo. This is consistent with
the fact that ||z]]* = ||us — @p,||* does not explode as t 1 7o, even though

(B, v?) L O (see Corollary 5.4).

(i) We can also see in the first term in (6.5) the effect of the exponential decay of
the semigroup (Vo (t))i>o0 in the decomposition of (Uy(t))i>0 (see Lemma 6.1).
This occurs precisely because we have chosen the process (B;)i>o0 to be such that
2y = Uy — pp, 1s orthogonal to the space spanned by pj, (see Proposition 5.3).
The effect of the projection part of Ug,(t) on z is thus zero for all t > 0.

Before we prove the theorem, we state a corollary which exploits the exponential
decay term in (6.5), yielding exponential decay in the limit as ¢ — 0.

Corollary 6.4. Suppose that the initial condition ||z|| and € > 0 are small enough
so that o 2
Ihl? ¥
2llgpll - 32¢

where b is the same as in Lemma 6.1 and c is the Lipschitz constant of f'. Define

20> + €2 + 267 1E2Tr(Q) <

(6.6)

t
pe = inf {t >0: 2/ "2z, B(r)dW@?) > €_§} :
0
Then 7o > p- and
lzel|* < €54 ([lz0]|* + €7) + 26712 TH(Q)(1 — €72 (6.7)

for allt € [0, p:]. In particular, since p. — oo almost surely as e — 0, in the limit
as € — 0 we recover the inequality

_b
lzl® < e 72|z, t>0. (6.8)

Remark 6.5. The inequality (6.8) should be compared to the classical results about
the stability of traveling waves in the deterministic setting such as [30, Theorem
1.1, Chapter 5]. Indeed (6.8) agrees exactly with this result, since it says that if the
initial condition ug is such that ||ug — @ga,|| is small enough, then the solution to the
deterministic equation (i.e (4.1) with e = 0) will converge exponentially fast towards
Yo where a = limy_, o By

Note that the point of the decomposition in (6.2) is that the operator £, given
by (6.4) is linear (it is in fact the linearization of D(A) 3 v — Av + f(ps + v)).
However, we can also consider (2):cjo,..) as a solution to the stochastic evolution
equation given by

dzy = [Az + f(g, + 2) — [(pp,)]dt + eB(t) AW — dipg,. (6.9)
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From this point of view, we can obtain a similar inequality to that of Theorem 6.2
where we preserve the nonlinearity. This theorem is useful for the long-time results
in the following section. We remark that the following result holds without the
Assumption 2.3 (ii).

Theorem 6.6. Suppose there ezists wy € R such that HPtAH < exp(twy) for all
t>0. Forve H, let

— . 1
E(v) == limsup — (| PMo]” = [Jo])?) - (6.10)
no R
Then for any t in [0, T), it holds that

dlz)* < [E(z) +2(f(ps, + ) = flps)s z0)] dt + 22 (2, B(H)dW)

QLI
Q) wmwﬂd‘

6.1 Proofs

In order to prove the results of Section 6, we will need the following lemmas.

Lemma 6.7. There exists a constant K such that for all ay,an € R and h > 0,
||Ua1+oé2 (h) - U012 (h)H < Kalh?

(recall that (Uy(t))i>o is the semigroup generated by L, given by (6.4)).

Proof. Note that ||Ua,+as(h) — Uay (R)]] < ||Uay (h) — Uo(h)]], since ||Ua(t)]] < 1 for
all @ € R. The operator (Lo, — Lo) = f'(¢a,) — ' (¢0) is bounded over its domain
E by assumption. We may therefore use the variation of parameters formula |11,
Page 161] to write for any v € H

h
(Uas (h) = Uo(h))v = /0 Uo(h = 1) (f'(0ar) = f'(0)) Ua, (r)vdr.

The result now follows from the Lipschitz property of f’ and a — ., as well as the
fact that ||U,(t)|| < 1 for all a € R. O

Lemma 6.8. For G defined by (6.3), it holds that
c
|GG 5B < Slel?, VeeHpeR,

where ¢ is the Lipschitz constant of f' (which is independent of z and [3).
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Proof. We first note (by Assumption 2.2 (ii) on f) that we may write

f(z+ 05) — f(s) = / F(0z + p3)=db.

Therefore )
G(z.5.8) = / (0% + 05) — /(s03)] 40,

so that

1 1
IG (=8, 8)] < / 1762 + o5) — F(0a)1dB)12]] < ¢ / 662,

where c¢ is the Lipschitz constant of f’. ]
We can now prove Theorem 6.2.

Proof of Theorem 6.2. Suppose that s < t < T < 7. We have that the mild
solution to (6.2) is given by

t

2 = Ua(t—s)zs—i-/t Ua(t—7)G (2, By, )dr+e /t Ua(t—r)B(r)dWS—/ Uy (t—r)depg, .

(6.11)
Applying U, (T — t) on both sides of (6.11) and using the SDE (5.6) governing the
behavior of (5)icjo,r..), We see that

t
UaT — t)zy = Un (T — 5) 24 +/ Un(T — 1)k (7, By, 00)dW @
t
—|—/ U (T — T)HQ(ZT,US,BT,O&)dT’,

where for notational purposes we have set s (r, B, v)) := eB(r) — ¢} o(r, B, v)) and

9/ /
0 / 0 € <906T7Q30,8r> "

T s M1y = G Ty M) - s M1y TS A 0\ ) € 07 00 )

K’Q(Z Uy 6 a) (Z 6 a) gpﬁrﬂ’(r /6 U’I‘) ) 7(57“,’079)2 Soﬂr r [ T )

where we recall that o(r, 8,,v°) is defined in (5.7). Let Y, = Uy(T — r)z, for any
r € [0,T]. Then it follows from Ito’s Lemma (see [8, Theorem 4.17]) that

t
IV = )12 + 2 / (Yo, Un(T = 1)1 (1 By, o0)dTV)
t
1 / (Yo, Un(T = 1)1z (20, 02, By, )

+ /t Tr (Ua(T = r)51 (7, Br, ) Q1 (7, By, v2) UL(T — 7)) dr-
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Now taking T' = t, and choosing o = f3; this yields
t
2:]1* = U, (¢ = 5)z|* + 2/ (U, (t = )20, U, (t — )81 (1, B, 0) AW,?)
t
2/ (Ug, (t — 1) 2y, Ug, (t — 1) k2(20, 0, By, Br) )

+ /t Tr (Ug, (t — r)ka(r, By, v))QE (7, B, vS)*UEt (t—r))dr. (6.12)

Now take a partition (¢;)2, of points between [s,t], with t;, — t;_; = h for some
h > 0. Applying the above formula repeatedly, we find that

2
||Zt|| - HZSH - Z ||Uﬁtk Ztk 1 ‘ - Hztk—IH

+2Z/ <U/Bt Z7"7U5t ( k _T)KQ(ZTaUSaﬁraﬁtk)>dr

M

+Z/tk Tr (Uﬂtk(h)ﬁl(r,ﬁr,vg)Qﬁ;l( Br,v ) Uﬁtk<h)> dr

k=1 " tk—1

—1—22/1c (Ugtk(tk—r)zT,Ugtk(tk—r)/ﬁ(r,ﬂw,vg)dWQ). (6.13)

Note that the potential unboundedness of the generator of U, makes things a little
more difficult. The aim is to deduce from (6.13) that

t t
2ell” < flsl” — b IIZerdT+2/ (20, R (1, By, 0 ) AW,2)

+ / |:2 <Z7’7 /{2(27‘7 U?) /87‘7 ﬂr)> + Tr (Hl(ry /87‘7 UE)QHI (T’, 6Ta U?)*) ]dT, (614)

where b > 0 is as in Lemma 6.1. In order to prove this claim we treat each term in
(6.13) separately.

First term: We firstly claim that (noting the dependence of M on h)

M ) M 9
I (nvﬁtkmmmu Sl ):o. (619
k=1 k=1

Indeed, using the reverse triangle inequality, the fact that ||U,(t)|| < 1 and Lemma
6.7, by setting K = sup, ¢, [|2-|| We see that

‘U,Btk (h)ztkfl HQ - HUﬁtk,l (h)ztkfl

M
| <23 |0 s 0
k=1

S Q(t — S)ICIC sup |/BT2 - 57"1|a

ri1,m2€[s,t]:|r1—r2|<h
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which converges to 0 as h — 0 by the continuity of (3,),c[o,r.). Therefore

M M )
limsupz |:HU6tk (h)ztkﬂH? _ ||Ztk—1||2i| = limsupz {HUgtkl(h)ztkl _
k=1 h=0 k=

h—0

||zt,“||2}

M

t
< Jim S [ = 1] ol < b [ [P
k=1 8

where the second line follows from Lemma 6.1 and the fact that by Proposition 5.3
(zr,08,) = 0 for all r € [0, 7).

Second term: We have that
22/ <U6i ZT?UIBt (tk _T)KQ(Z'N ra@'f’)ﬁtk >d7”

= 2/8 <U,8k(r>(]f( ) — 1)z, ng(r)(k’(r) — T)%Q(Zﬁvgﬁmﬂk(m)> dr

where k(r) := ty if r € (ty-1,t;] for k € {1,..., M}. Since it holds that ||Ug, ., (k(r)—
rjv—uv|| — 0as h— 0 for any v € H and r € (74_1, 7x] by Lemma 6.7), we see that
by the dominated convergence theorem

t
22/ <Uﬁt ZT‘7U,Bt (tk_'r)/f2<zravraﬁr7ﬁtk >d7ﬁ_> 2/ <Zr7’§2(zryvgaﬁraﬁr>>dru

as h — 0.

Third term: Similarly to the second term, we have

M t
Z/ Tr (Ugtk (R)k1(r, By, 00)Qk (1, Br, vg)*Ugtk(h)> dr
k=17 tk-1

-/ T (kB o) (1 By 0)')

as h — 0.
Fourth term: For the final term in (6.13), observe that

2 Z / (Use (tx — )20s Usy (11— P)ra(r, Bt W)
th—1

:2/ (zr,m(r,ﬁr,vg)dwv%%—?/ <J(k:(r),r)zmml(r,ﬂr,vg)dW§>,
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where k(r) is defined as in the bound for the second term above, and for notational
purposes we have set J(k(r),r) := ng(r)(k:(r) —1)Up,,, (k(r) —r) — I. Now

(/ (T, )20 s D)W >>1

= /St <J(k(r), )2y, k1 (1, B, 00 QR (1, BT,vg)J(k(r),r)zT>dr. (6.16)

E

This goes to zero as h — 0 through the dominated convergence theorem, so that we
conclude that

M the t
22/ (Up,, (tk — 1)z, Ug, (tx — 1)R1 (1, B, 00) AW @) — 2/ (2, ko1 (7, By, 00)dW ),
k=1 tk-1 s

almost surely as h — 0.

Conclusion: Using the above calculations, we can thus see that by taking the limit
as h — 0 in (6.13), (6.14) holds almost surely. It remains to deduce the required
inequality from (6.14).

Firstly we can note that since (2, ¢j; ) = 0 for all 7 € [0, 7) we have by definition
of k1 and ko that

(2, k1 (r, B, 0))AW) = (2, B(r)dW,2), (6.17)
and

2 /A /
<ZT7K‘2(ZT7U197BT'7/BT)> = <ZraG(ZT76T7ﬁT')> - %%(Zmdér)- (618)

Moreover, we can calculate (using the assumption that B*(r)B(r) = Id)

Q. ©5,)

Tr (ma(r, B, 02)Qria(r B )) - = €TH(Q) + *

(loll* = 2v(Br, v7)) -
(6.19)
Substituting these three observations into (6.14) then yields the result. ]

Proof of Corollary 6.4. By a simple application of Itd’s formula to ?/?||z||?, thanks
to Theorem 6.2 for any ¢ < 7., we have

b t t
Jall? < et ol = 5 [ e HO s P 26 [ e BN, Braw)
0 0

t
+ 2/ e 3(t=) (20, G (20, By, Br)) dr + 20712 Tr(Q) (1 — e’gt),
0
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Thus by Lemma 6.8, and by the definition of p., it follows that for t < 7., A p-

b t
ol < e flzol* ~ 5 / e 20z Pdr + 373
0
t
! C/ e 20|z, Pdr + 2071 TH(Q) (1 — e 3). (6.20)
0

Define p := inf{t > 0 : ||z]| > b/4c}, so that p > 0 a.s. by our assumption (6.6).
Then for t < 7, A p- A p it holds that

1
lzell” < €73 lz0ll* 4 £ 4 5 sup |z, *(1 — e72) + 27 TH(Q)(1 — 7).
r<t

This implies that
b2

—_— 21
< 16¢2 (6.21)

sup 12,2 < 2 (||l + £ + 207 '*T¥(Q))
r<t
for all t < 7., A p: A p by the assumption (6.6). Then we must have that 7., A p. < p,
so that (6.21) holds for all ¢ < 7o, A p.. Returning to (6.20), we thus see that

b t
lz]” < 73 ||| — Z/o ™2 | |2 dr + e2e 3t + 2671 TH(Q) (1 — 7 2)

< e 2 (||z0|® + £2) + 2612 Tr(Q) (1 — e~ 3%),

for all t < 75 A pe.

Finally, again by the assumption (6.6), it follows that ||z]|* < ||} |2/2]|¢t]| for
all t < 7o A pe. The point is then that on [0, 7o A p.) we have by definition of v (see
(5.5)) that
[

1%
Y(Be,v) = —(ur, ©3,) = loll” — (2o, ©3,) = loll® = lzelllltll > 20 ,

so that 7., > p., recalling that by definition 7, is the first time that (8, v?) = 0.
In conclusion, we have that under the assumption (6.6) it holds that 7, > p.
and

lzel® < e 5 (o ]* +€2) + 271 TH(Q) (1 — €2
for all ¢ € [0, p.]. O
We can finally prove Theorem 6.6.
Proof of Theorem 6.6. The proof is very similar to that of Theorem 6.2 but this

time we consider (2;)¢cpo,r) for T < 7 as a mild solution to (6.9) i.e.

t t t
0= PA ot / PA, (f(or + 05.) — flpp,)) drte / PA, B(r)dWwe - / P dps,,
) ) T (6.22)
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for all s <t < T. In a very similar way to the derivation of (6.12) in the proof of
Theorem 6.2, we see that

t
2
2 = |BA =) 4 2 / (PA 2 PA (Far 4 95,) — flps,)) dr
t ° t
+2/ <PA Z,,‘,Pté ( 6"‘? r)dWQ>+2/ <Pt rvaPt r’i3(z’r"’ r?ﬁr»

¢
+ / Tr (Ptér"il(ra ﬁr; v?)@’%l(ra 57‘7 US)*(Ptér‘)*) dr.
where k1(r, 3,,v)) == eB(r) — ¢ o(r, B;,v]) as in the proof of Theorem 6.2 and

e2 (¥, QS%>¢
2 7(67'7 ) b

Again take a partition (¢)2, of points between [s,t], with ¢, — t;_, = h for some
h > 0. Applying the above formula repeatedly, we find that

’i3(zr7 71197 ﬁr) = _:U/(Tv Brv Uf})goiﬁ

lell” = 1217
al 2 2

zz(upfzt“u Mol [ (PRt r(f(zrﬂ%)—f(s%r)»d?")
k=1

Mg,
—1—2/ (2 <Pt‘: TZT,P{: oK (zr,vf?,&» +Tr (Ph ka(r, By, 0))Qra(r, B, v))* (P ))d

—1—22/ tk .z P, tk K (T,ﬁr,vg)dwr%. (6.23)

Once again the aim is to take the limsup as h — 0 in the above. The second, third
and fourth terms are dealt with in exactly the same way as in the proof of Theorem
6.2, so it suffices to concentrate on the first term.

To this end note that

M
Z (HP{‘Z%1” Hztk 1H +2/ < t— rzf” t— r(f(ZT+§0Br>_f(905r))>dT>
k=1
M 5 9 t
= <HP};42751¢—1 H - ||Ztk—1 H ) + 2/ <P'I;4(7”)—Tz7’7 P];‘4(T)—7” (f(ZT + @Br) - f(@ﬁv)» dr
k=1 s

where k(r) := t if r € (41,8 for kK € {1,...,M}. By the assumption in the
theorem that there exists wy € R such that HPtAH < exp(twp) for all ¢ > 0, it follows
that [Pz, 1> — llzt,,1I* < [exp(2woh) — 1]]|2,_,||*. Combining this observation
with the reverse Fatou lemma, we see that

T
hmsupZ(‘PAztk AP =l ) < / =(z)dr.
0

h—0
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The dominated convergence theorem also implies that as h — 0,

/ <P];‘4(T‘)—T‘Z""? P]:,‘4(T‘)—T‘ (f(Zr + (pﬁr) - f((pﬁr))> dr — / <ZT7 f(ZT‘ + Qpﬁr) - f<90/5r)> dr.

With this in hand, together with the limits calculated for the second, third and
fourth terms of (6.23) in the proof Theorem 6.2, we see that taking the lim sup as
h — 0 in (6.23) yields

t t
lal? < 2l + / = (2 )dr + 2 / (s b (B, 0 ) V)
t
1 / o f oot 08,) — Flop)) dr

+ /S [2 (2, 53(2,0), Br)) + T (Ka(r, Br, 00 QR (7, By, vy)) ]dr. (6.24)

Moreover, we can then use (6.17), (6.19) and the definition of k3 to conclude. [

7 Long-time behavior

Again suppose that (¢, )acr, f and A satisfy Assumptions 2.1, 2.2 and 2.3 (i) respec-
tively, and that (u¢)i>0 = (v? + ©0)i>0 is the solution to (4.1) with (deterministic)
initial condition uy such that ug — ¢y € H according to Proposition 4.2.

Let t — (; be any function on [0,00) such that for all ¢ > 0, 5/ is a global
minimum of the map R 3 o — m(t,a) = |lu; — ¢a||>. Note that §; exists for all
t > 0 by Lemma 5.1 but it may not be unique. Define

zp =u — gy, t>0.

The main result of this section is Theorem 7.3, which generalizes the inequality
of Theorem 6.6 to arbitrary time. This theorem is a first step in the long-time
analysis of the system. The global stability results of |5] lends one hope that, for
some traveling wave systems, we might be able to get some sort of long-time bound
on ||zf||*>. In particular, one may infer from [5, Theorem 3.1] that, under some
technical assumptions, if e = 0 (i.e. there is no stochastic term), ug € E and ug is
continuous, then Hut —gr|l, — 0 (in supremum norm) as ¢ — oo. Coming back
to our stochastic setting with £ > 0, this motivates us to wonder if the stabilizing
effect of the internal dynamics of the deterministic system could balance the disorder
coming from the noise. In such a case then a long-time bound on ||zf|* might be
possible. Unfortunately [5] uses the method of comparison of ODE’s, and the bounds
are not easy to adapt to our semigroup formalism. Nevertheless, the development,
in future work, of some bounds on the drift term in Theorem 7.3 could facilitate for
example a long-time bound on the growth of E [szHﬂ (see also Remark 7.6).
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Assumption 7.1. Fort >0, let Q, := [, B(s)*(P2,)*QP,B(s)ds. Assume that
for allt >0 and for all o, 5 € R, o« # 3,

(0o — 08, Qi(a — p)) # 0. (7.1)
Note that a sufficient condition for this to hold is that () is strictly positive.

Assumption 7.2. Fora € R and t > 0, define

"

(0n, Qripn) (P Quipn)  (pu, Qupn)
K@(a7 t) = <90a7 thoo) <90a7 tho > <90a7 Qt%om>
(o, Qupl) {0, Qupl) (@, Qupl)

Let O%(a, t) be an orthonormal matriz and A¥(a,t) a diagonal matriz with diagonal
entries (A7 (), Ay (v, t), A5 (o, t)) such that

K?(a,t) = O%(a, t)"A?(a, 1) O%(a, ). (7.2)

We choose O%?(a,t) and A¥(a,t) to be continuous in v (for eacht > 0). Assume that
for each o € R and t > 0, no more than one of (X (a,t))i=123 is zero. Assume also

that 2" € H (the derivative w.r.t. o) exists everywhere and its norm is uniformly
bounded

We recall the definition of =Z(v) for v € H in Theorem 6.6 as the map =(v) :=
lim supy, o (1550l = []]?).

Theorem 7.3. Suppose Assumptions 7.1 and 7.2 are satisfied, and that there exists
wo € R such that HPtAH < exp(twp) for allt > 0. Then for all t > 0, 5 is almost
surely unique. Furthermore for any 0 < s <t < oo it holds almost surely that

I21% < ||Z;H2+/: (E(Z:)+2<f(906: +27) = feg), ) + ¢ [T (@) - —'f?éfﬁ;g;})dr

+25/t( , B(r)dW®).

Remark 7.4. The inequality in Theorem 7.3 holds despite the fact that z; and Bf
may not be continuous in time. If zf € D(A), then Z(z}) = 2(zF, Az}). If this holds
for all t > 0, the inequality in Theorem 7.3 becomes an equality.

Remark 7.5. Assumptions 7.1 and 7.2 are used to ensure that |Dsr| — 0 asd — 0
for any T > 0, where Dsr is defined in the course of the proof. This proof is given in
Lemma 7.12, and demonstrates that if the noise is uncorrelated at any two distinct
points in space, then through the Girsanov theorem (ut)i>o will also be uncorrelated.
We think that this is by no means necessary for |Dsr| — 0 as 6 — 0. In fact, it is
possible that even if the noise is quite degenerate, the dynamics of A and f might
ensure that (u¢)i>o is not.
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Remark 7.6. Suppose that there were to exist constants b, C' > 0 such that, for all
u€ekFl,

E(u - 9004) + 2<f<u) - f(u - QOQ),U - Qooz> < —b ||’LL - SOaHZ + O’

where « is a global minimizer of a — ||u — @qu|°. Then a consequence of Theorem
7.3 would be that

E ||z;‘||2 <(1-— e_bt)C' + e MR ||za‘||2 + 52Tr(Q)(1 — e_bt), Vvt > 0.

That is, we would obtain a bound on E|z||* which holds uniformly for all t >
0. Unfortunately, at the moment we do not have any examples where the above
wnequality holds. However, we believe that it might be possible for some traveling
waves, particularly if we work in a Hilbert space with weighted inner product, and
plan to investigate this in the future.

7.1 Proof of Theorem 7.3 and Lemma 7.12

In order to prove Theorem 7.3, we introduce the following definitions.

The set Es: For 0 € (0,1) define Es C E by u € Es < i) u € E, ii) 3 a unique
global minimum I'(u) of o — ||u — @,||*, and iii) for all a € [['(u) — &, T'(u) + 4],
v(a,u) > &, where we recall that (-, u) is the ‘curvature’ of the map a — |ju — @q ||
given by (5.5).

The set E¥: For M > 0 and ¢ € (0,1), let EM C FEj; be such that uw € EM & i)
u € Es, ii) ||lu— pol| < M, and iii) for all @ € R\[T'(u) — 6, '(u) + 4],

lu = @all > |Ju— e || + 8@ ol +200)7"

The stopping time pS: For T > 0, we define p := inf {t <T: | > 5_1}, with
P} = T if the set is empty.

The process (nf)te[O,T] : For T > 0, we now introduce the process (n? )eefo,), for any
§ € (0,7(B,uo — o)) in the following recursive way. Let 70 = inf{t > 0 : u; €
ES'} A ph., and for any k > 0, let

2L — inf {t > 7y, ¢ Eg/_;} A iy,

7242 — inf {t > 2, € Egil} A péT.

Note that we are hiding the dependence of 7" on § and T for notational sake (to
avoid too many subscripts). For t € [72 72%+1] define n? = ;7 (where (37 )i>0 is as
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in the theorem). On the other hand for ¢ € (72**1, 72%%2) define 1) = 7’,,,, and
for t € [0,7°) define n? = 0. If t € [p3, T, then define n? = 7725 . Let
T

Dsr = U(T2k+1772k+2). (7.3)
k=0

The following lemma shows that the process (1?)cpo,r] is well-defined for any 7' > 0.

Lemma 7.7. Let T,0 > 0. Then there exists n > 1 such that ™" = p% almost
surely. In particular the process (T]?)te[o,T] described above 1s well-defined for any
T>0,0>0.

Proof. Suppose for a contradiction that 7" < p} for all n > 1.

Step 1: We first claim that for all kK > 0, there exists kg > 1 such that for all £ > kg
T'(ur2e) — I'(urensn)| <k almost surely.

To see this, suppose otherwise. Then for some x > 0 there exists a subsequence
(ky)r>1 such that |I'(user,) — I(user+1)| > K for all » > 1. Now it is clear by
continuity of (u¢)¢>p and Lemma 7.9 below that u,» € ngg_ "for all n > 1. Thus
by Lemma 7.10, there exists v > 0 such that for all r, ||u, 2k, — wsor+1|| > v, which
contradicts the continuity of (u;):>o.

By the claim we thus have that for k sufficiently large

[F(u72k+1) - 5/2, F(U72k+1) + 5/2] - [P(UT%) -0, F(uTzk) + 5] . (74)

Step 2: The second step is to establish that there exists a constant * > 0

lim sup [|u,2r41 — w2k || > K" (7.5)
k—o0
This implies that there are infinitely many nontrivial oscillations over the interval
[0, p%], which is clearly a contradiction and thus proves the lemma.

The rest of the proof is thus devoted to showing (7.5). There are two (non
exclusive) possible reasons why w,ori1 & Eg/_;. The first possibility is that there
exists an « € [I'(uyort1) — /2, T'(ur2e+1) + /2] such that y(a, uszre1) < 6/2. In this
case, since u,2x € E{ ' by definition, thanks to (7.4) it must be that (o, u,2) > 6.
This means that

|<Ug2k+1 - Unga §0g¢>|
sl
(e, upen) — (@, Upzkir) - J
ol ~ 2]l

||u72k+1 — u7.2k|| = ||U22k+1 - US%H

so that (7.5) holds in this case.
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The other possible reason why w or1 ¢ Eg/; is that there exists an « such that
la — T(tup2ns1)] > 2 and

|

Now by Taylor’s theorem, for some A € [0, 1],

‘ ‘ )+H(1=NT(u_o) T (wpont1) — T(upor)|
= [l |F(U ant1) — D(ugze)| < |l@pll &

for any x > 0 by taking k large enough by Step 1. From Lemma 7.8 and the
definition of Ej,

Thus by the reverse triangle inequality, we find using the above three equations that

1 N
2 fJuri = @all = S8 @ llppll /242677

U 2k+1 — SOF(“T%H)

SOF(UT%H) Pr(u ~2k)

J

U2k — 0ol — min (0%, (o — T(u,2r))?) x TRV ATE=—
H | = min (8% (0 = D)) X s

Ur2k = P (u_o)

Uz2k+1 — PP(u_gp 1) Ur2k = PT(u_gp) || — HQOF(U%H) — (,Dp(uzk)H

Jotgones = ] 2 |

)
Z ||u7_2k+1 — QOQH — HUTZk — QOO[H + min ((527 (O{ — F<U72k>>2) X W
. ol (7.6)
— k, (7.

8@ Tehll /2+2571) ~ 17

for any x > 0 by taking k large enough. Moreover, for such &

|Cl/ — F(u.,.zk)| Z |a — F(u72k+1)| — |F(u72k+1) — F(UT2k)|
> o — T(upzer)| — k > 5~k
Therefore, for k € (0,d/2) and k large enough
min (6%, (& — T'(u,2t))?) x g — > — llgpll &

’ ’ O llull +26=1  8(3[[wpll /2 +2071) ’

>(é"‘“)2x - o bl &
“\2 STl + 251 a8 [gh) v 451 e

52 < 2 ) 52
, — k| > — R,
ol \sTarezt 1l ) 2 iEiar sy

by choosing k small enough, and then k large enough. Applying this to (7.6), we
then have that for & large enough, ||u,2e+1 — wper|| > R4{|ur2err — @al| = ||tr2e — @all.
Since ||u7.2k+1 - QOQH—HUT% - (paH > — ||u72k+1 — U2k ||7 we find that ||u72k+1 — uTzkH >
%Es, for k large enough. This shows that (7.5) holds in this second case too, which
proves the result. O
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We can now turn to the proof of Theorem 7.3.

Proof of Theorem 7.5. We first prove the theorem for the case s =0 and t =T. We
also assume for now that there exists a ¢ such that ug € Es, and so 7° = 0. Assume
that ¢ is small enough so that sup,.cp 7 [[0f]] < 67, so that pj = T'. Define

yf = Ur — Pps, re [OaT]a (77)

where (12),¢jo.7] is defined above. The process (n?),c[o,7] has been constructed piece-
wise on each interval [r%¢ 72¥%2) for k > 0 (with 7° := 0), with 7 satisfying the
SDE (5.6) on [72*, 72**1] and being constant on the interval [72*1 72¥+2) (and equal
to 32i41). Then

(A e Sg(\%w\ — [l |I” +HyTzk+zHQ—H?ﬁwdf)-

By definition, on Df§; := [0,T]\Dsr, the process n® follows the solution of the
SDE (5.6). We may therefore apply Theorem 6.6 to see that

A / 5(?/f)+2<f(90n;§+yf)—f(90n§.)7yf>d7”+2€/C (y2, B(r)dw?)
||Q’90 5||2 > 9 5
+82/g,T o= (g, 00) kZ(HyiMH = [l | )

Moreover, for r € D5, 7% = 37 by defintion. Therefore

0 = 1l < [ 2D+ 2o +20) = Hloa)2)dr

Dé,T

% 12
+25/ <z:,B(r>dwﬁ>+s2/ &2 2%, 1%
o

@) =T )

dr + R(9)

c

where

RO) =3 (ool = obnl)

k=0
Thanks to Lemma 7.12, it can thus be seen that the following claim is sufficient to
establish the theorem.

Claim: We claim that R(0) — 0 almost surely as § — 0.

Proof of claim: By definition of the process (¢ )icjo,r] we have that for any k& > 0,

lygaesall® < llypara_ .
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Therefore

7(0) £ 3 (W | = ).

k=0

Now since 7° is constant on [r2¢*1 72%+2) "and using the fact that y° = v0 + ¢y —
Py, forallr e [P2RHL 7 2Rt2)

2 2
Hy(j%“—” _ Hyi%ﬂ || = vazm—z H2 _ HU?%H H2 4 2<?}22k+2 — USzIH—l, Yo — 80’762k+1>'
T

Moreover, by It6’s lemma and Proposition 4.2 we can see that for any 0 < s < r

[0 = | PA22° + 2 / (PAgu3, PAo(f(0 +v9) — f(y0)))do

w22 [ (L PABOE) + 2 [ T (B0)(PL,) QP BO) db.
For r € Dsy, write ¥ = inf{7?* : k > 0, 72 > r} and r = sup{7?**! : k >
0, 72+ < r}. We thus see that

o0
RO < S [lo8aweal = o%awea P + 2(08ake0 = 00, 00— s, )
;
k=0

< S| 1P s F = e 1]
k=0
2 / (P22, P [F (o +00) = (o)) |dr+22] / (Pt P BT )|
Ds,1 Ds,r
e / Te (B*(r)(PL,)' QP B(r) dr
Ds,T

o0
A 0 0
+2 g )<Pr%+2—72k+1 U 2k+1 — U 2k+1, L0 @ni%ﬂ >’
k=0

42 /
Ds, T

By Lemma 7.12, we have that [Dsr| — 0 almost surely as 6 — 0. Therefore

T2+2 _ 2+ 5 () almost surely, for every k > 0. Since (P4),>¢ is a strongly

(PA et ol o) ars2e] [ (oo P, BaWE)|
' (7.8)

continuous semigroup (see Assumption 2.3 (i)), we thus have that first term on the
right-hand side of (7.8) converges to 0 almost surely. Moreover, so does the fifth term
thanks to the dominated convergence theorem. All the other non-stochastic integral
terms are similarly easy to handle thanks the dominated convergence theorem. The
stochastic integral term can be also shown to converge to 0 almost surely as § — 0
by taking expectations. We note also that the other claim in the theorem — i.e. the
almost sure uniqueness of 3; for each ¢ — is proved in the course of Lemma 7.12.
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We assumed at the start of the proof that s = 0, t = T and uy € Ej for some
sufficiently small 6. We now treat the more general case when these assumptions do
not hold. First, if s # 0, then almost surely there exists a 6 > 0 such that u, € Fs
(this is noted in the proof of Lemma 7.12). The proof of this case now proceeds
exactly as above, with 70 redefined to be s. Second, suppose that s = 0 but uy ¢ Fjs
for any § > 0. Since |Ds7| — 0, it follows that 70 — 0 as § — 0, and the result still
holds. O]

7.2 Auxiliary Lemmas

Lemma 7.8. Suppose that u € E}. Then for all « € [['(u) —6,T(u)+ 0], a # T'(u),

§(a —T(u))?

e = eall = llu = erell > Sy aaz

Proof. By Taylor’s theorem, for all a € [I'(u) — 0,I'(u) + 0], a # I'(u), for some @
between a and T'(u)

= eall” = [[u = eral|” + (@ w)a = TW) > [lu = pre|” +d(a = Tw)?,
the last inequality following from the definition of EM. Hence
(Il = @all = [lu = erw DUl = @all + [Ju = erw|]) > 6(a = T(w))?
so that

0(a —T(u))? < 6(a —T(u))?
lu = @all + [Ju = era|| = |lere — eal +2]ju = erw|

lu = ¢all = lu = ral| >

Now again by Taylor’s theorem, for some A € [0, 1], it holds that v, — ¢r@) =
(1 =Ny + Ak (@ = T'(u)). Thus
e = el < o= Tl
Therefore, making use of the definition of £,
d(or — T'(u))
oo = T(w)| lopl + 2 [Ju = erw |

§(a —T(u))? - §(a —T(u))?
Tl =Tl llpll +2M — 6 flepll +2M°

lu — @all = |Ju — ere| >

Lemma 7.9. If §; < 0, then E} C Ej'.
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Proof. For u € Ej', to show that u € E;' the only thing that is slightly difficult
to check is that for all a € R\[['(u) — &, T(w) + &1, |lu — @all > |Ju— érwl| +
83 (01 ||l +2M) L. For @ € R\[['(u) — do, ['(u) + 82 this follows from the fact that
ue B} and 0; < 0y. If a € [T'(u) — 02, () 4 8] but & [['(u) — 01, T'(u) + 61] then
by Lemma 7.8

lu = @all = [Ju = Grewl| > 9267 (82 ol +2M) ™" > 67(d1 [loll +2M) 7"
O

Lemma 7.10. For all § € (0,6), there exists ¢ > 0 such that for all u,w € EM if
|lu —w| < ¢ then |T'(u) — T'(w)]| < 0.

Proof. Let 6 € (0,6) and define ¢ = £6%6(6 ||pp||[+2M) . Assume that [ju — w]|| < C.
Now
lw = eral < [lu = erwl| + llw —ull < [Ju—erw| +¢.

Thus the Lemma will follow if we can establish the following claim.
Claim: infa¢[p(u),9,p(u)+g] H’LU - SOaH > ||u — ©r) H +C.

Indeed, if this claim is true we then have that

Hw B (’OF(“)H < ag[r(u)gf,r(u)+e} Il = o

so that T'(w) is certainly within a distance 6 of I'(u). To prove the claim, from the
reverse triangle inequality,

inf W — Pal| > inf u—@all = |lw—ul.
a%[F(u)f&F(u)w}H Pl a¢[L(u)—6,I (u)+6] | Pall = | I

Suppose that infagpw)—o,rw+o |4 — @all = [|[u — @al|. Then o € R\(I'(u) =6, (u)+
0). We claim that [lu — ¢a| > ||u— @ru|| + 026(6 |¢h]| +2M)~". To see this, if
a & [[(u) — 6,0 (u) + 4], then by the definition of £,

lu = @all > [[u = erl| + 80 ool +2M) 7" > |lu = orw || +6%5(8 llp|l +2M) 7

On the other hand if & € [I'(u) — 0, '(u) + 9] (recall that & € R\(I'(u) —6,T'(u)+0)),
by Lemma 7.8 we have that

lu — pall > ||u — ora || + 60268 Il + 2M) .
Il

Lemma 7.11. Let £ := Uée(O,l) ES". Then E is the set of all u € E such that
a = ||[u — || has a unique global minimum I'(u) such that y(I'(w),u) > 0.
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Proof. Suppose that u € E is such that a — ||u — ¢, has a unique global minimum
['(u) and v(I'(u),u) > 0. We prove that there exists a § such that u € E‘S LIt
follows from the continuity of v that if v(I'(u), w) > 0, then there exists some 5 >0
such that v(a,u) > ¢ for all a in some neighborhood [I'(u) — §,I'(u) + d] of T'(u).

Suppose for a contradiction that there is a sequence of points «; ¢ [['(u) —
5, T'(u) + &] such that Hu—gpajH — Hu—gpp(u)H as j — oo. By Lemma 5.1,
there must exist a compact set K such that a; € K for all j. Therefore there
must exist a { € K such that for a subsequence p;, o, — £ By continuity,
lu — el = ||u— @rew)l|- This contradicts the uniqueness of the global minimum
of u. Therefore there must exist a x such that for all a ¢ [['(u) — 0, (u) + 9],
[u = @all > [|u = @r|| + £ Let 6 be such (6*)3/(|lghl| 6% +2M) < k.

Let 6 < min (,6%). It may be seen that u € Eg__l, if 071 > |lu — wol|- O

Lemma 7.12. Under Assumptions 7.1 and 7.2, |Dsr| tends to 0 as § — 0 almost
surely.

Proof. It suffices for us to prove that [, [, L(ur & ES )dtdP — 0 as & — 0. By
Fubini’s theorem,

/ / 1(u, ¢ B2 )dtdP = / / 1(u, ¢ B2 )dPdt.
Q J[0,1] [0,T] JQ

It thus suffices for us to show that for Lebesgue almost every ¢ € [0,7], P(u, ¢
Egil) — 0, as 0 — 0. Thanks to the inclusion relation of Lemma 7.9, this will
follow if we can show that P(u; ¢ E) = 0 for almost every t € [0,T], where E :=
Useq.n) EZ" is as in Lemma 7.11. Since u, = v + o, this is equivalent to showing
that, for almost all ¢ € [0, T7,

P(f ¢ E — o) = 0. (7.9)

We establish (7.9) using the Girsanov theorem. We recall the definition of the process
0% = (v);50 as the solution to dv) = (Av) + f(po + v)) — f(po)) dt + B(t)dW;, and
introduce the process X = (X;);>0 C H as the solution to

dXt :AXtdt -+ B(t)th,

with v = X,. Note that by the Lipschitz assumption on f

sup B [exp (|| Q3B (Flpo + X)) = fe0))|) | < sup Elexp (€ 1Xa)),

te[0,T] te[0,T]

for some constant C, using also Assumption 4.1 (ii). Since (X¢)¢>o is a Gaussian pro-
cess the right-hand side is finite. Thus the Girsanov theorem |8, Theorem 10.18] ap-
plies. This means that the law of v* (which is a probability measure on C([0,T], H))
is absolutely continuous with respect to the law of X. Thus (7.9) will be satisfied if

P(X; + o ¢ E) = 0. (7.10)
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To show (7.10), by Lemma 7.11 it suffices to show that i) o = || X, + ¢ — @al|?
has a unique global minimum @ almost surely, and ii) (&, X; + o) > 0.
To show i), let

Yor :=2(Xe, 00 — o), and Zy;:=Ye;— |lpa— gpo||2 ) (7.11)

Observe that infaep || X; + 0o — @al|” = infacr (||Xt||2 — Zay) = || Xi||*—suPacr Zas-
It may thus be seen that @ is the unique global minimum of o — || X, + ¢ — @a ||
if and only Z5,; > Z,, for all a # a.

Since X; is Gaussian, (Z,t)aer 18 a continuous R-indexed Gaussian process, for
fixed t € [0, T]. We have that

E [(Zavt - Zﬁ7t - E[Za,t - Z/&t])Q] = 4(@0( — ¥8, Qt(gpa - 906)>7 \V/Oé,/B € R7

where (); is defined as in Assumption 7.1. By this assumption, the above variance
is nonzero for all a # § and ¢ > 0. Then by [22, Lemma 2.6|, a — Z,; has a unique
supremum almost surely.

It remains for us to show ii). It can be seen that this will hold if Z7 , # 0 (the
derivative with respect to ), almost surely. Since @& is the unique maximum and by
assumption (Z), ,, 201 ;, Zoy, Zo) all exist, if ZJ, = 0 then it must also be the case
that Z, = Z7;, = 0 (this may be seen by Taylor expanding Z,; about &). The
result thus follows from Lemma 7.13 below. ]

Lemma 7.13. Under Assumption 7.2, for anyt > 0, the probability that there exists
an o € R such that
Z:y,t = Zg,t = ngt =0 (7.12)

is zero, where Zyy is defined in (7.11).

Proof. Fix M > 0. We will show that the probability that (7.12) holds for any

a € [—=M, M| is zero. The lemma then follows directly from a covering argument.
Forn > 0and j € {1,...,n}, let o} = =M +2M(j —1/2)/n. Let B} be the

interval [af — M/n,aj + M/n]. Fix m > 0. Using the result Lemma 7.14 below, we

find that

P(Z,, =2, = Z, =0, for some « € [—~M, M])

at — “at T

< P(|X], > m) + ZP (Z&,t =7" =7" =0 for some a € B”

at T “ait T 70

and || X;] < m)
j=1
<P(| X, > m) + Car(m +1)*n"".

We obtain the result by taking m,n — oo, such that P(||X]||, > m) — 0 and
OM(WL + 1)27171 — 0. ]

The following lemma uses variables defined in the proof of Lemma 7.13.
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Lemma 7.14. Under Assumption 7.2, for each t > 0 there exists a positive constant
Chy independent of m and n such that

P(Z,, =2y, =2Z,=0 for some a € B}, and || X,|| <m) < Cy(m+1)*n">

Proof. Let G(a) := — ||go — @al|” for o € R. Let a € B}. By Taylor’s theorem, for
some o € BY,

2ty = 2l (0 = )28 = VI 4+ G7(0) + (o — o) (VY + G (@)

where Y, ; is defined in (7.11). Now by the Cauchy-Schwarz inequality, ‘Yé”t’ H <
2{|2"| | X¢||. By assumption, ‘g””(a?)} possesses a uniform upper bound. We thus

find that if Z), = 0 for some o € B} and || X;|| < m, then since |a — off| <n7',

< K(m+1)n™t, (7.13)

Y+ 6" (@)

for some constant I which is independent of n, j and m. We find similarly (read-

justing the constant ) that if Z],, = Z , = 0, then
Yoy +G'(af)] < K(m + Dn™t, (7.14)
Yoo, +G"(af)| < K(m + n~t. (7.15)

By construction, we can see that 4K¥(a},t) (as defined in Assumption 7.2) is the
covariance matrix of the R3-valued Gaussian random variable (Y., , Y/, Y/ ).
37 J’ J’

Moreover, recall the definition of O?(a,t) in (7.2) and define R* 3Y := O%(a},t) -
(Yo’é?’t,Ya”?’t,Yé’;’Li) and R* 5 G := O%(af, 1) - (G'(a}),G"(a}),G"(a})) (these are
matrix-vector multiplications). It may be observed from (7.13)-(7.15) that there
exists a constant Xy (independent of n, j and m) such that if 7, , = Z] , = Z/, = 0
for some a € B}, then

1Y + Gl < Kolm +1n".

Here |[-]| , is the supremum norm over R?. It thus suffices for us to show that there
exists a constant C}; such that

P([Y+ G|, <Ko(m+1)n") < Cy(m+1)*n"> (7.16)

Now the covariance matrix of Y is 4A%(a7,t) (defined in Assumption 7.2), which
means that the three elements of Y are mutually independent Gaussian variables,
with variances (4)\;(a},1))ic(1,2,3)-

We claim that there must exist a constant x > 0 such that for all a € [-M, M],
no more than one of (A (a,t));cq1,2,3 are less than x. To see this, assume for a
contradiction that there exists a sequence (a").eny C [—M, M] such that at least
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two of (A7(",t))ieq1,2,3 are less than r~'. From this we must be able to obtain a
subsequence (&%), such that for some (k,1) € {1,2,3}, A (a®,t), \[(a?,t) < p~t.
By the compactness of [—M, M], there must exist a point & such that a subsequence
of (a?),en converges to a. By continuity, A7 (a,t) = A\ (@,t) = 0. This contradicts
Assumption 7.2.

Now the probability of a 1-dimensional Gaussian variable of variance ¥ being in
some interval of width § is upper-bounded by §(27%)~'/2. Since the variances of at
least two of the (\(af,t))ic1,2,3) are lower-bounded by 4k, we have that

2
P(|Y +Gll,, < Ko(m+1)n") < (mm . 1) (87k) ™"

n

This gives us (7.16). O
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