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ON VISCOSITY SOLUTION OF HJB EQUATIONS WITH STATE
CONSTRAINTS AND REFLECTION CONTROL

ANUP BISWAS, HITOSHI ISHII, SUBHAMAY SAHA, AND LIN WANG

ABSTRACT. Motivated by a control problem of a certain queueing network we consider a
control problem where the dynamics is constrained in the nonnegative orthant Ri of the
d-dimensional Euclidean space and controlled by the reflections at the faces/boundaries.
We define a discounted value function associated to this problem and show that the value
function is a viscosity solution to a certain HJB equation in RY with nonlinear Neumann
type boundary condition. Under certain conditions, we also characterize this value function
as the unique solution to this HJB equation.
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1. INTRODUCTION

The chief goal of this article is to characterize the value function for discounted control
problem associated to certain constrained dynamics (see (2.I)) as a viscosity solution of
certain Hamilton-Jacobi-Bellman (HJB) equation with nonlinear Neumann type boundary
condition. The controlled diffusion takes values in Rﬂlr, non-negative orthant of the Euclidean
space R?. The control process is matrix valued and represents the reflection vectors at
certain time. This problem is motived by queueing network problem where there are d
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classes of customers in the queueing system with d number of servers, for every server there
is a priority class of customers, and customers from a non-priority class may access the
server provided its priority class is empty at that instant (see Section 2] for more details).
One of the interesting features of this model is its control process which acts through
reflection. To the authors knowledge such model has not been studied before. For existence
and uniqueness results for such dynamics we follow [I4]. The constrained dynamics in [14]
does not have any control component and in fact, the author assumes certain regularity
properties on the reflection matrix in the time variable. We show in Theorem [A.1] that such
regularity is not needed to establish existence of a unique adapted solution.

The value function is defined to be the infimum of a certain discounted cost function
(see ([24])) where the infimum is taken over all admissible controls. Admissible controls are
processes that do not predict the future. Discounted cost functions are quite common in
queueing theory (see [I] and references therein). The discounted cost considered here has
two components (see (Z3), the running cost £ € Cpo(R%) and the cost h; € C(R? @ RY),
with ¢ € Z := {1,...,d}, associated to the reflections . We show that the value function is
in Cpol(R%) and is a viscosity solution to the following HJB equation (see (2))

LV —BV +0=0 in (Ri)O,

1.1
H;(DV(x))=0 forzx e 8Ri, i€I(x), Y

7il = min - M € 4 M ) AS 17
(p) M lM{p h ( )} ?

M is a certain subset of R? @ R% and I(z) denotes the collection of indices i € T for
which z; = 0. We refer [6] for more details on viscosity solutions. We note that the
boundary condition here is of nonlinear Neumann type. The major hurdles in obtaining
the uniqueness of viscosity solution are the non-smooth property of the boundary and
the nonlinear nature of the boundary condition. The authors of [2L[7,[] study viscosity
solution in a non-smooth domain but with linear Neumann type boundary condition. In [5]
viscosity solution framework is used to characterize the value function of an ergodic control
problem with dynamics given by controlled constrained diffusions in a polyhedral domain.
Nonlinear Neumann boundary condition is studied in [3l[9] (see also the references therein)
for domains with regular boundary (at least C'). The key idea in proving uniqueness of
viscosity solution is to construct a suitable test function. We could establish the uniqueness
under some assumptions on h; (see Theorem [2ZTI(b)). The construction of test function also
uses the structure of nonlinear boundary condition.

The organization of this article is as follows. Section 2] introduces the control problem
settings and the main results. Then in Section [B we establish regularity properties of the
value function and prove that the value function is a viscosity solution to (L.I), while the
uniqueness of a viscosity solution to (I.I) is established in Section @] under the assumption
of the existence of a right test function. Section [l is devoted to establishing the existence
of a test function. Finally, some auxiliary results are proved in the Appendix.

Notations: By R? we denote the d-dimensional Euclidean space equipped with the
Euclidean norm |-|. By {ey,...,es} we denote the standard orthonormal basis in R%. We
write Z for the set {1,...,d} and set R = {z = (21,...,2,) € R?: 2; > 0 for all i € Z}.
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We denote 1 = (1,...,1) € Ri. We denote by RI®R? the set of all dx d real matrices and we
endow this space with the usual metric. For a,b € R we denote the maximum (minimum) of
a and b as aVb (aAb, respectively). We define a™ = aV0 and a~ = —aA0. Trace of a matrix
A € RT@R? is denoted by Tr A. For x € RY we define B, (z) = {y € RY : |y — 2| <r} for
r > 0. Given a topological space X and B C X, the interior, complement and boundary of B
in X is denoted by B°, B¢ and 0B, respectively. By B(X) we denote the Borel o-field of X.
Let C([0,00) : &) be the set of all continuous functions from [0, c0) to X'. By Cg([O, o0) : R%)
we denote the set of all continuous paths that are non-decreasing (component-wise) with
initial value 0. We define C2(R?) as the set of all real valued twice continuously differentiable
functions on R%. Cpol(RSlr) denotes the set of all real valued continuous functions f with at
most polynomial growth i.e.,

T
lim sup (@)l =0 for some k > 0.
|| —0 ||
Infimum over empty set is regarded as +oo. C, k1, k2, ..., are deterministic positive con-

stants whose values might change from line to line.

2. SETTING AND MAIN RESULT

We consider the problem in the domain le_. Let (2, F,P) be a complete probability
space on which a filtration {F;};>0 satisfying the usual hypothesis is given. Let (W, F)
be a d-dimensional standard Wiener process (Brownian motion) on the above probability
space, i.e., the Wiener process W; is adapted to F;, t > 0, and for every ¢t,s > 0, Wy s — W,
is independent of F;. Let b : R‘fr — R? be a mapping and ¥ be a d x d matrix satisfying
the following condition.

Condition 2.1. There exists a K € (0,00) such that
b(z) —b(y)| < K|z —y| and |b(z)] < K forall z,ye RZ.
Also the matrix A = %7 is non-singular.

We note that Condition Il in particular, implies that 3 is non-singular. Let o € [0,1]%.
We define
M(a) = {M =[I-P]eR*®@R? : P; =0,P; >0and ) _Pj <o},
J#
where I denotes the d x d identity matrix. We endow that set M(«) with the metric of
R? @ R? and therefore M(a) forms a compact metric space. We assume that

Condition 2.2.
max «; < 1.
(]

In what follows, « is assumed to be fixed and now onwards we write M(a) as M. Given
T € ]Ri we consider the following reflected stochastic differential equation

X(t):l‘—l—/tb(X(S))dS—l—EW(t)+/tv(8)dY(S), t>0,
. 0 0 (2.1)
/Xi(s)in(s)zo forieZ, X>0,Y>0,t>0,
0
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where the process v takes values in the compact metric space M, and v(s,w) is jointly
measurable in (s,w). We also assume that the control process v is {F;} adapted. It
is easy to see that v is mon-anticipative : For s < t, W(t) — W (s) is independent of
o{W(r),v(r) : r < s} as W(t) — W(s) is independent of F,. We call the control v

an admissible control and the set of all admissible controls is denoted by 9t. We show in
Theorem[AJlin Appendix that if Conditions2]and 22 hold then for every v € 9, ([Z1]) has
a unique adapted strong solution (X,Y) taking values in C([0,00) : R) x Cg ([0,00) : RY).
It is well known that for every non-decreasing continuous function ¢ : R, — R, we can
define a o-finite measure d¢ on ([0, 00), B(]0,0))) where d¢((a,b]) = ¢(b) —p(a) for 0 < a <
b < oo. For any f € L([0,00), B([0,0)),d¢) we denote f[O,t] f(s)do(s) = fgf(s)dqb(s). Let
{ be a non-negative continuous function with polynomial growth, i.e., there exists m, ¢, €
[0,00) such that
0 < () < co(1+z[™), zeRL (2.2)
Let h; : M — R,7 € Z, be continuous. Since M is compact, h;,7 € Z, are bounded. Note
that h; can as well be negative. Then for any initial data = € Rﬂlr and control v € M, our
cost function is given by

Tav) = | / e (UX () ds + 3 ha(w(s) d¥i(s) . (2.3)
0 i€T
where 8 > 0, and (X,Y) is the unique adapted solution to (2I)). We define the value
function as

V(z) := inf J(z,v). (2.4)

veM
It is shown in Lemma Bl below that V (z) is finite for all # € R%. The goal of this article is
to characterize the value function V as a viscosity solution of a suitable Hamilton-Jacobi-
Bellman (HJB) equation. To define the HJB equation let us first introduce the following
notations,

£::%Tr(AD2)+b-D,

where A = %7 and D and D? are the gradient and Hessian operators, respectively. Define
for p € RY,
Hi(p) = J‘I/[neill\ﬂ/[{l? “Me; + hi(M)}, i€T.

For x € R we define I(z) := {i € Z : x; = 0}. Therefore I(x) denotes the indices of
faces F; := {z € RY : ; = 0} where z lies. Note that I(z) can also be empty. Indeed, for

S ]Ri,
=0 if ze (RL)",
1(x) { foel i;)
#0 if e JRY.
The HJB equation we are interested in is given as follows
LV —pv+e=0 in (RY)
H;(DV(z)) =0 forz € ORL, i€ I(x),
The solution of ([23]) is defined in the viscosity sense ([6H8]) as follows:
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Definition 2.1 (Viscosity solution). Let V : RZ — R be a continuous function. Then V
is said to be a sub (super) solution of (Z.3]), whenever ¢ € C?>(R%) and V — ¢ has a local
maximum (minimum) at z € }Ri, the following hold:

(Lo(x) — BV (z) + L(z)) V max Hi(Dyp(x)) >0,

((ﬁcp(a:) — BV (z) + (x)) A 2161}1(1;) Hi(Dp(z)) <0, respectively).

We will impose the following condition on h;.

Condition 2.3. For any p € R? and z € E?]Ri if we have max;cy(,) Hi(p) < n for some
n € (—o00,0) then

Nict@{M € M 1 p- Me; + hy(M) < n/2} # 0.

Remark 2.1. Condition is assumed purely for technical reasons. This condition will be
used to show that V' in (2 is a subsolution to (ZX]). It is easy to see that Condition
is satisfied if h;(M) = hi(My4,. .., Mg;).

Our main result characterizes the value function V given by (2.4]) as the viscosity solution
of (). Recall that Cpo(R%) denotes the set of all continuous functions, defined on R,
with polynomial growth. Our main result is the following.

Theorem 2.1. Let Conditions 21, [2.3 and [2.3 hold. Then the following holds.

(a) The value function V' given by (2.4) is a viscosity solution to the HJB given by (2.3]);
(b) Assume that hi(M) = ¢ - Me; for some constant vector ¢ = (c1,...,¢q). Then'V is
the unique viscosity solution to (ZX) in the class of Cpol(RL).

Proof of Theorem 2.I(a) is done in Lemma [B.J, Lemma and Theorem [B.I1 These
results are proved in Section Bl Let us mention again that the uniqueness of viscosity
solution does not follow from existing literature. We construct an appropriate test function,
as stated in Theorem [4.2] in Section Bl which leads us to the uniqueness result.

2.1. Motivation from queueing network. The motivation of the above mentioned prob-
lem comes from a control problem in multi-class queueing network. Consider a queueing
system with d customer classes where the arrivals of the customers are given by d inde-
pendent Poisson processes {E', ..., E4}. There are d servers and every customer class has
service priority in one of the servers. Therefore we can label the servers from 1 to d so that
customer of class ¢ has priority for service in server i for ¢ € Z. A customer of class j, j # i,
may access the server 7 if there are no customers of class 7 present in the system. We assume
that the network is working under a preemptive scheduling, i.e., service of a non-priority
class customer is preempted by a priority class customer. Such queueing systems might be
referred to as queueing networks with help. Similar type queueing network is studied in [4]
for a M/M/N+M queueing network with ergodic type costs. The service time distributions
of the customers at different servers are assumed to be exponential. If we denote by X},
the number of class ¢ customers in the system at time ¢, then we have the following balance
equation

t t
X; = Xé—i—Ef—SZ(/ﬂ/ B! ds) — E S“(,u”/ B¢ dIl), ie€l. (2.6)
0 . 0
Jiy#
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In 28), {S?,SY,i,j € I} are independent standard Poisson process, p*/ (1) denotes the
service rate of the class i (class i) customers at the server j, j # i (i, respectively). BY (B?)
is an adapted process which denotes the status of service of class i customers at server j
( 4, respectively) at time s. B% = 0 implies that class i customer is not receiving service
from server j whereas BY € (0,1] implies that the class i customer is being served at server
j with fraction of effort BY. Therefore we have

0< > BY <1
Qi
Due to priority it is easy to see that B € {0,1}. I’ denote the cumulative time when there
were no customers of class ¢ present in the system, i.e.,

t
I = /(1_Bg)ds, ieT.
0

Therefore I" is an increasing process and integrations in (2.6]) make sense. We assume that
every class is in heavy traffic in the sense that the arrival rate of class i customers is equal

to u'. Then we would have If;t — 0 asn — oo, and t > 0. We define the diffusion scaling
as follows.
Bi = (B, —pint), §i(t) = ——(Si(nt)—nt), SI(t) = ——(SU(nt) —nt),
. 1 . . 1 . _ 1 .
Xi = Tn ntr 1 = 7n ntr 1 = - nt-

Hence using (2.0]) and a simple calculation we obtain

t ¢
Xj= X+ B - S [ Blds) - Y 890 [ Blan)
0 G 0
A .. t .. A .
el = 30 [ By, (2.7)
Jiii 0
for i € Z. We also have
t
/ Xedl; = 0 forallieZ, t>0.
0
Now formally letting n — oo, in Z7) we have: (X,1) — (Z,Z) and
- . A . .. t A .
Ztl f— Z(Z) + th,l o WZ,Q +,UZZZ _ Z #7«] / Uij(S) ng,
jiji 0 9
— (2.8)
/ ZidZi =0, Yt>0,
0

where {WH1 W2 i > 1} are collection of independent Brownian motion with suitable
variance. The relation between (Z7) and (2.8) is quite formal, in fact, the convergence
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might not hold for any choice of control BY. However, this relation can be justified for a
reasonable class of controls. Now if we redefine Z* as p'Z" then from (Z8]) we get

) ) ) . t g .
Zi=Zi+ Wit 7 - Z/ K= ij(s)dZi,
jgril0 (2.9)
/Z;’dZ;'zo, V>0,
0

for some Brownian motion (W1, ..., W9) with suitable covariance matrix and v takes values
in M(1). Assume that £ < 1 for all i,j. Then it is easy to see that (Z3) is a particular

J
case of (Z]) and Condition 22 is also satisfied.
We can associate the following cost structure to the above queueing system.

[e.9]
V(Xp) := inf E[/ e 7 (0(Xs) ds + Zcz' df;)],

0 i€T
for some non-negative constants c¢;,¢ € Z, where the infimum is taken over all adapted
process B. We note that if we let n — oo formally then the above cost structure is a
particular form of (2.4]). Cost structure of above type has been used to find optimal control
for various queueing networks (see for example [I] and references therein). The importance
of such control problems comes from well studied Generalized Processor Sharing (GPS)
networks [I2\13]. In a single server network working under GPS scheduling in heavy-traffic,
the server spends a positive fraction of effort (corresponding to their traffic intensities)
to serve each customer class when all classes have backlog of work, otherwise the service
capacity is split among the existing classes in a certain proportion. It is easy to see that
our model considers a full-fledged optimal control version of the GPS models.

Remark 2.2. The above relation between the queuing control problem and the value function
defined in (24)) is bit formal. We neither study the convergence of the value functions
corresponding to the queuing model, nor try to find any asymptotic optimality result. These
are topics of further study. The main goal of this article is to characterize the value function
24) in terms of the solution of HIB (2.X). However, in the many server settings above
questions are addressed in [4]. The limiting HJB in [4] has a classical solution which is used
to obtain an optimal control for the limiting problem. This optimal control is then used
to obtain convergence result of the value functions for the queuing model and asymptotic
optimality. It should be noted that the solution of (2.5) is obtained in viscosity sense which
gives additional difficulty in establishing convergence results of value functions.

3. PROOF OoF THEOREM 2.T](A)

Conditions 2] and will be in full effect in the remaining part of the article. We start
by proving the growth estimate of V' given by (2.4)).

Lemma 3.1. Let V be given by [24]). Then there exist ¢y € (0,00) such that

V@) < al+lam), erl.
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Proof. Fix z € RY and v € M. Let (X,Y) be the solution of (1)) given the control v and
initial data z. Then we have

t d t d
t)::EH—/O bi(X(s))ds—i—ZEijo(t)—i—/o ;vij(s)dyj(s), 1>0. (31)

Jj=1
Therefore summing over ¢ we have from (BI]) that

Soxit) = i+ /Zb ds+Z<ZEU> +Zd:[/ > wij(s) ]

i€ i€L i€ = i€ 7j=1 €L
(3.2)

Since v takes values in M we have ) v;; < 1, thus using Condition 2T and ([B2) we get a
constant ko > 0 such that

STXi(t) < 3w+ [+ S (W) + Vi) .
€L €L 1€L
Now use ([A.3) to obtain
ZX- <Z$Z+/{3(t+z sup |W;(s > (3.3)
i€T i€T Oss<t
for some constant k3. Recall that for any a; > 0,i =1,...,d+ 2, and m € [0,00) we have
d+2 d+2

(Zal> d+2(m n* Za

i=1
Since X > 0 we have from (2.2]) and (3.3]) that

(X (1)) <cz+c@[\/_\x]+/£3 t+z sup |W;(s )D]m

ieT 0<s<t
< g+ co(d + 2)MVT @2 g 4 cy(d+ 2) D g (tm +3 sup \Wi(s)\m)
o7 0<s<t
< co(d+2)™ DT A2 (14 [a™) + eold + 2) DT /{3<tm—|—z sup [Wi(s)[™).
0<s<t

(3.4)

Now we can find constants x;,7 = 4,5, 6, depending only on m, so that

Ew[/o e P tm+z sup |W;(s)|™ )dt} §/14<1+/Oooe_6tE[sup |W1(s)|m]>d8

7 0<s<t 0<s<t

< Ks (1 + /000 e_ﬁttm/2>d8

< K6,

where in the second inequality we use Burkholder-Davis-Gundy inequality [10]. Therefore
combining the above display with ([3.4]) we obtain

E| /0 - X (D)dt] < wr(1+ fal™), (3.5)
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for some positive constant x7. Let |h;|o := supyren |hi(M)] and by = ), SUPepd |b;(z)].
Then for each i € {1,...,d},

[ e honavi]| < i [ e avico]|

= |Rilso ‘Ex /oo ﬁe‘ﬁtYi(t)dt} ‘
il / Be P! ’bhHZOSgP Wis)at] |

1 — max; o p—
K]

< Ky, (36)

< KRg——mmm

for some constants kg, kg9, where the second equality is obtained by a use of a integration-
by-parts formula (this is justified by (A.3)) and Law of Iterated Logarithm which confirms
that maximum of a standard Brownian motion has polynomial growth almost surely), in the
third inequality we use ([A.3]), and last inequality can be obtained following similar estimate
as above (display above ([B.5])). We also note that the constants above do not depend on 4
and v € M. Therefore we complete the proof combining ([B.5]) and (B.4]). O

Next lemma establishes continuity of the value function V.

Lemma 3.2. The value function V given by 24 is continuous in Ri. In particular,
Ve Cpol(R(—il—)'

Proof. To show the continuity we prove the following: for any sequence {v"} € 9 and
xn%xeRi, as n — 0o, we have

|J (2, v") — J(x,0")| = 0, as n — oo, (3.7)

where J is given by (Z3]). From the proof of Lemma Bl it is clear that

limsupsupIE:,;[/TOo ds+Zh )} =0.

T—oo vEM

Therefore to prove (37 it is enough to show that for any 7' > 0,

Ex{/oTe_ﬁs( (s))ds + > hi(v"(s))dY;" (s )]

i€l

_E, [/OT e 05 (UK (5))ds + 3 hi(v" ()Y} (s )] 0, (3.8)

i€l

as n — oo where (X", Y"), (X", Y™) are the solutions of (I} with the control v and the
initial data z,,, z, respectively. It should be noted that both the solutions (X", Y™), (X", Y™)
are governed by the control v" for all n. Also from ([B.4]) and the calculations in ([B.6]) we
see that dominated convergence theorem can be applied to establish ([B.8]) if we can show
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the following hold,

‘/T e‘ﬁS(E(Xn(S))ds_/Te_ﬁs(ﬁ()z"(s))ds‘ —0 a.s.,
‘/ —552h dY" / Ze—ﬁsh dY"( )‘ 50 as

€L 1€T
We recall the maps (7,S) from Theorem [A.Jl We have

V() = Ti(X" Y7)(t) = Sup max{0, —U; (X", Y")(s)},

XP(8) = Si(X™, Y™ () = Uy(X", Y™)(8) + (X", Y™)(0),

where U;( X", Y"™)(t) = (zp)i + /0 bi(X"(s))ds + (W );( —i—Z/ vii(8)dY [ (s).
J#i

The above relation also holds if we replace (X", Y"), z, by (X ",Y”) and x, respectively.
Let [-]s¢ denote the bounded variation norm on the interval [s,¢]. Then using the result
from [16, pp. 171] we have for all i € Z,

[Yi" = Vs < |Y7(8) = V' (s)| + |U( X", Y™)(s) — Us (X", Y™)(s)]
+ [U(X™, Y = U(X™, Y ™) ]t
Now one can follow similar calculation as in (A4]) to obtain

[Y" = V"l <D [V7(s) = Yi"(s)| + s Kd|| X" = X"||s + Kd(t — 5) SI[lp}HX”(T) - X"(r)|
i€L rels,t

+ maxo; [Y" — f/”]]st,
(3

(3.9)

which gives

n n 1 n ) n__yn - n _yn
V"7 < m(;m ()T ) A XX o (1) sup X))
(3.10)
Similarly, we get
Sl[lpt]HX"(?“) = X" < 1X"(s) = X" (s)]| + Kd(t — 5) Sl[lpﬂHX"(?“) - X"
rels, rE|s
(14 maxa) [Y" = V"o + ) [¥(s) = Yi'(s)]
‘ €L
and using (B.10) we have
- 2V (2Kds)
S IX°0) = X0 < (14 BN X 6) = K0l + P (5))

1€l

2 ~
Kd(t —s)(1 + ———— X"(r) - X"l (311
+Kd(t = s)(1+ ——— az),«sel[lspt]” (r) = X"l (3.11)

Now we choose 6 > 0 so that Kdf(1+ m) < 1. Since z,, — x, we obtain from (310
and BII) that | X™ — X"||s, [Y"™ — Y"]y tends to 0 as n — co. Similar convergence can
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be extended on interval [0, k6], k is a positive integer, by an iterative procedure and using
(BI0) and BII). This proves (9. O

Now we prove the dynamic programming principle for V. Recall that B, (z) denotes the
ball of radius r around x in R%. Let (X,Y) be a solution of (ZI)) with initial data z. Denote

or:=1inf{t >0 : X(¢t) ¢ B,(x)}. (3.12)
That is, o, denotes the exit time of X from the ball B, (x).

Proposition 3.1 (Dynamic programming principle). Let o = o, be as above. Then for any
t > 0 we have

oAt
V(z) = inf E, [/ e P (0(X (s))ds + > bl (5)) + e PV (X (o At))|. (3.13)
Y 0 i€l

Proof. Using the Markov property of Brownian motion one gets that for any v € 91,
[e.9]

Em[/ E_BS ds+2h
oAt

See for example [17, Lemma 3.2]. For e > 0, we have v € 9 such that
V(z) > J(z,v) —¢

_E [/OJ P UX ())ds + 3 ha(v)dYi)+

Y)|Fon| 2 e MV(X @A), (314)

€L
E, / e_ﬁs ))ds + hi( Fortl| —€
" )
oAt
> E, [/ UK (9)ds + 3 hi(0)aYs) +e P V(X (0 A1) — e
0 i€l
where in the last inequality we use ([BI4]). Since ¢ is arbitrary, we get
oAt
V(z) > inf E, [/ eI (UX (s))ds + 3 hi(v)dY) +e—5MtV(X(aAt))}. (3.15)
vem 0 i€l

To prove the other direction we use Lemma [AJ] from Appendix which says that for given
e >0, v € M, there exist control v € M such that

Ex[/gie—ﬁs $))ds + > hi(©)

€L

m] < e BONY(X (0 At)) + 3,

and
v(s) =0(s) forall s<oAt.
Then

V(z) <E, [ / i e (X (s))ds + ) hi(v)dY,

0 i€l

Ex[/; (X (s))ds + > ha(D)

€L

)
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oAt
<E, [/ e P ds—i—Zh )dY;) + e PINV(X (o At))| + 3e.
0 1€l

Now we take the infimum over v to get the other side inequality. Hence (B13]) follows using
(BI3) and the above display. O

Lemma 3.3. Given r,e € (0,1) there exists t € (0,1) such that

sup Py(o, <t) <e for all z € R%,
veM

where o, is given by ([(3.12).

Proof. Fix x € R% and v € M. Let (X,Y) be the solution of (ZI]) given the control v and
initial data . Then for i € 7 we have

) =z + /b ))ds 4 (SW (¢ +Z/ vij(s)dYj(s), t>0. (3.16)

Then summing over i we get from (B.I6]) that

Z\X,( — 2 <tz sup\b \+Z‘ SW ()| + ( 1+max04Z ZY

i€T ieT v€RE i€l icT
< K1 <t sup |b(x)| + Zsup|W ) (3.17)
:(:E]R

for some constant x1, depending on X, a, where in the last inequality we use ([A.3)). Now if
|X(t) — x| > r and t Ky supxeRi|b(:E)| < r/2 then using (3I7) we obtain

r/2 < K1 Zsup]W s)|.

EI—

Thus we have for the above choice ¢ that

sup P, <sup|X( ) — x| 27") < <Zsup|W >
veM s<t 7 < <t
4d2 K3
E|sup |W
L Efsup W1 5) )
2,2
< 16d2/£1 ‘)
r

where in the last line we use Doob’s martingale inequality. Thus we can further restrict ¢,
depending on ¢, so that the rhs of above display is smaller that . This completes the proof
observing that P, (o, <t) < Py(sups<;|X(s) — x| > 7). O

Now we are ready to show that the value function V', given by (24]), is a viscosity solution.
This clearly concludes the proof of Theorem 21 (a).

Theorem 3.1. Assume that Conditions [2.IH2.3 hold. The value function V is a viscosity
solution of the HJB given by (2.3]).
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Proof. First we show that V' is a super-solution. Let ¢ € C2(Ri) be such that V — ¢ attends
its local minimum at z € }Ri. We can also assume that V' (z) = p(x), otherwise we have to
translate ¢. Therefore we need to show that

(£p(a) = Bola) + £a)) A main WD) < 0. (3.18)
Let us assume that ([3.18]) does not hold and we have a § > 0 such that
(Lo(w) = Bilz) + @) A min Hi(Dp(x)) = 20.

Using the continuity property we can find r > 0 such that the following holds
Lo(y) — Be(y) +y) 20 forall y € B,(z), V —p=0o0n B, (2),

3.19
H;(Dp(y)) >0 for ye€ B, (x), and I(y) C I(z) for y € B,(z). (3.19)

From (BI9) we get
Do(y) - Me; + h;(M) >0 foral MeM, icl(y), ye B, (x). (3.20)

Let v € M and (X,Y) be the corresponding solution to (2] with initial data x. Define
o=o0, =inf{t >0 : X(¢t) ¢ B,(x)}. Apply It6 formula [I0] to obtain

V(z) = ¢(z) = Eole 77 p(X (0 A )]
—E, [/0 e Bs (&p(X(S))dS — Bp(X(s))ds + Deg(s) - v(s)dY(s))]
< Eo[e 7MYV (X (0 At))]

+E. | / e~ (U(X (5))ds — Bds — Dep(s) - v(s)dY (s)) |

where in the last line we use ([3.19). Again using (B:Z(II) we see that

[ e patxen v () = 3 [ e Dex() u(s)e v
0 €L
>Z/ 0% (6 — hi(o(s)))dYi(s),
€T

where we use the fact that f J/\t

we obtain that for any v € 91,

V(z) <E, [e‘B”AtV(X(U AL)) + /OU eI (X (s))ds + 3 hi(v(s))in(s))]

1€L
_E, [/OJM e % (0ds + Hde(s))].

1€

Zél(x(s)) dY;(s) = 0. Thus combining above two displays

Since v € M is arbitrary we have from above that

V() < inf E, [e—ﬁ NV (X (o A L)) + /0 P (0(X (s))ds + ; hi(v(s))dm(s))} —a(t),
(3.21)
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where
oAt
a(t) = inf E, [ / e (0ds+ 0> in(s))} .
0 ieT
In view Lemma B3] we can find ¢ so that «(t) > 0 which will give us from (B3:2))

Via) < inf Boe P VK@ A + [ e (X )s + 3 hi(ol)aYi(s)|
i€l

but this is contradicting to Proposition Bl This establishes (3.I8]).

Now we show that V' is also a subsolution. Let ¢ € C2(R?) be such that V — ¢ attends
a local maximum at the point € RY. Also assume that V(z) = ¢(z). We have to show
that

(Lo(z) — Bep(z) + () V max Hi(Dep(z)) = 0. (3.22)

If not, then we can find # > 0 such that

(Lo(x) = Bo(z) +L(z)) Vv max Hi(Dp(x)) < —20. (3.23)

By Condition there exists M € M such that

mlz(m){Dgp(x) -Me; + hi(M)} < —6.
rel(x

Therefore using ([3.23]) we can find r > 0 such that V(y) — ¢(y) <0 for y € B, (x) and the
following hold:

Lo(y) — Bely) +y) < —0/2 for y € B, (z),

{Dp(y) - Me; + hy(M)} < —0/2 fori € I(y), I(y) C I(z), and y € B,(x). (3.24)

Now we take the control v = M and follow the same calculations as above, and using (3:24]),
to arrive at

Vi) 2 Boe PV n) + [ e (X )ds + 3 hi(o()aYi(o)]
€L
oAt e—ﬁs . ”
+Ew[/0 (6/2d +9/2§dYZ( ))].

Now using Lemma [3.3] we know that the last term on rhs of above display is strictly positive
for a suitably chosen t and therefore we obtain

Vi) > B[t Vo a) + [ (X )ds + 3 ilol)aYi(s)|
€L

but this is contradicting to Proposition Bl This proves ([8.:22]). Hence V is a viscosity
solution to (2.3]). O
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4. PROOF OoF THEOREM [2.T](B)

In this section we show the uniqueness property of the viscosity solutions of (2.1]). Indeed,
we prove the following theorem.

Theorem 4.1. Let Conditions (2] and [2.2 hold. Assume that there exists a vector ¢ =
(..., cq) € R such that hi(M) = c- Me; for alli € I. If u € Cpoi(RL) and v € Cpoi(RL)
are, respectively, a viscosity subsolution and a viscosity supersolution to ([ZH]), then u < v
on Ri.

Theorem 2.1] (b) follows immediately from the theorem above.

Proof of Theorem[21] (b). According to Theorem 2] (a) (or Theorem B1]) and Lemma 3]
assure that the value function V' given by (2.4)) is a viscosity solution to (2.3]) in the class
Cpol(R‘i). Theorem [A.] then guarantees that V' is the unique viscosity solution to (23] in

Cpol (Ri )- O

To establish the comparison theorem above, it is crucial to find a test function having a
few of properties, stated in the next theorem.

Theorem 4.2. Assume that hiy(M) = 0 for all i € . Then there exists a globally C'!
function ¢ on R? having the properties:

o(y) >0 forall ye R\ {0},

o(\y) = N2o(y) for all ye R and X >0,

and for each i € T,

<0 if x; <0.

Hi(De(x)) {

We note that if d > 1 and h; = 0 for some i € Z, then
Hi(p) = i “Me; =p; — oy I
)= B e =i
while if d = 1 and hy; = 0, then
Hi(p) = p.

The proof of the theorem above is given in the next section.

Proof of Theorem [} Let u € Cpoi(R%) and v € Cpoi(RL) be, respectively, a viscosity
subsolution and a viscosity supersolution to ([2.35l).

First of all, we note that it can be assumed that ¢ = 0 and § = 1. Indeed, setting
ui(x) = u(x) + ¢+ z and vi(x) = v(z) + ¢ - x, observing that w := u; (resp., w := v;) is a
viscosity subsolution (resp., supersolution) to the HJB

Lw— pw+(x)+c- (=blz)+Bz) =0 in (RL)°,

min Dw-Me; =0 for z € 8Ri, i€ I(x).
MeM(a)
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This boundary value problem can be rewritten as
B7Lw—w+ B (l(z) —c-b(x)) +c-z=0 in (RL)°,

min Dw-Me; =0 for z € 9RYL, i € I(z).
MeM(a)

Thus, replacing u, v, A, b and £ by uy, v1, 8714, B7'band 371 (£ —c-b) +c- x, if necessary,
we may assume that ¢ =0 and g = 1.

Henceforth we assume that ¢ = 0 and § = 1. In particular, we have h; = 0 for all 1 € 7.
Since u,v € Cpol(]Ri), there are constants m € N and x > 0 such that

lu(x)| V |v(x)| < k(1 4+ |z))™ forall z e Ri.
Let € > 0 and set for x € ]Ri,
Y(a) = (m+ )@+ 2 + 1,
ue(z) = u(z) —e(C +¢(z)) and v.(x) =v(x)+e(C+ (),

where C' is a constant to be fixed soon.
Note that ¢ € C*(RY),

lim we(z) =—0c0 and lim v (x) = oo, (4.1)

and observe that for some constants C; > 0, with ¢ = 1,2, 3, and for all x € Ri,
[Dip(z)| < Chlz]™,  [Lp(z)] < Co(l+[z))™  and  [Ly(x)] < T3+ (),

where we have used the fact that b is bounded on R%.
Now, we fix C = C5. Let x € RY and (p, X) € J?>Vu(z). See [6] for the definition of
semi-jets J2*F. Setting (¢,Y) := (p, X) + e(Dv(x), D*¢(z)) € J>Fu(x), we compute that
Tr AX 4 b(x) - p — ue(z) + £(x)
>Tr AY +b(z) - ¢ —u(z) + £(z) —e|LY(x)| + e(C + ¥(z)) (4.2)
> Tr AY 4 b(z) - ¢ — u(z) + ().
Recalling that

Hi(p) =pi — oy m;mx p for all i € Z,
j#t

and noting that for any i € Z,
Diy(x) =z* —1 forall z € Ri,
where D; = 0/0z;, we see that if z; = 0, then
Hi(p) =qi +¢— oy 1%%}( (qj + e(—z" + 1))+
>qi+e(l—a;)—a 1(1'17%xq;r =Hi(q) +e(1 —ay).
JF
We thus deduce that w := u,. is a viscosity subsolution to
Lw—w+L=0 in (RL)°,
H; (Dw(z)) =0 if z€ IR, i€ I(z),
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where H; (p) :== Hi(p) — (1 — o).
Similarly, we see that w := v, is a viscosity supersolution to
Lw—w+L=0 in (RL)°,
H(Dw(x)) =0 if z€ IR, ieI(x),

where ;" (p) :== Hi(p) + (1 — o).

It is enough to show that for any € > 0, we have u. < v. on }Ri.

To do this, we fix ¢ > 0 and suppose to the contrary that sup (u. —v.) > 0. Let
¢ € CHY(R?) be the test function given by Theorem For any k € N, consider the
function

B(e,y) = uele) — ve(y) — kelz —y) on (w9) € (RY),

and let (x,yx) be a maximum point of this function ®. Note that the existence of such a
maximum point is ensured by (@.I]).

Since ¢ > 0 is globally C*! on R?, we find that for all (x,y) € (R‘fr)2 and some constant
C >0,

o(x—y) < el — yr) + Do(xr —yi) - (x —y — (xe — yr)) + Clz — y — (zx — yi)|>.

It is standard to see (see [6] for instance) that

Jim k(@ —yr) =0 (4.5)
and that there are symmetric matrices Xj, Y; € R¢ ® R% such that
<)ék —%) < 6Ck <_HH _HH> (4.6)
and
(Phs Xi) € T Fuc(zy) and  (pg, Yi) € T ve(yn), (4.7)

where p, = kDo(zr — yi) and J>T denotes the “closure” (see [6]) of the semi-jets J>*.
The inequality above implies that X, < Y.

Let x = (xk1, .-, 2kq) and yx = (Yk1, - - -, Yka). If 2k = 0 for some i € Z, then xg; —yg; <
0 and hence

H; (o) = kHi(Do(zr —yi)) —e(l — ;) < —e(1 — o) <0.
Thus, by the viscosity property of u., we see that
Tr AXy + b(xg) - pr — ue(zg) + £(zg) >0

Similarly, we obtain
Tr AYy, + b(yk) - prx — ve(yr) + L(yx) < 0.
Combining these two, we get
ue () — ve(yr) < Tr A(Xg — Vi) + (b(w) — b(yk)) - pr + L) — L(yk)

4.8
< Klax — yullpr] + £ax) — ), (48)
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where K is a Lipschitz bound of the function b. Furthermore, observe that {x,yx} C (}Rif
is a bounded sequence by (@I and in view of the homogeneity of ¢ that for all z € R? and
for some constant Cy > 0,

|2]|De(2)] < Cap(2),
and, consequently,

[z — yrllpe| < Cako(ar — yr).
Thus, from (@8] and ([@35]), we infer that

0< Sltp(us —ve) < ug(wg) — ve(yr) — ko(Tr — yr)
RY

< Klzg — ykllpe| + €(xg) — L(yx) = 0 as k — oo,
which is a contradiction, and conclude that u. < v. on Ri. ]

Remark 4.1. The above proof also works if we replace the operator LV — SV +/ by a general
nonlinear operator satisfying some standard condition. One may look at [6, Conditions
(0.1)-(0.3)], [, Condition (1.3)], [8l Condition (1.4)] for general form of such operators.

5. CONSTRUCTION OF A TEST FUNCTION

We now give the proof of Theorem That is, we construct a test function in the class
CH1(R?), which is a main step in establishing the comparison principle.

When d = 1, the function op(x) = 22 obviously has the properties of test function stated
in Theorem We may thus assume in this section that d > 1.

5.1. A convex body. We set
2= {¢=(&,...,6q) : & =1or o forall i €I}
For £ = (£1,...,&;) € 24, we set
F=#{iel: &=1}
where # A indicates the cardinality of the set A, and, for k € {0,1,...,d},
2= {cezd. ¢ = k).

We set
=d =d _ —d
=¢ = U = =2\ {(a1,...,0q)},
kel
and note g
—d —d d
=y = , = =29—-1.
#Zj <l<:>
Let

1=0, < <0y

and assume that
d—1+ maXx;e7z o

0
1> p

Note that using Condition 2.2l we have
d—1+ maX;e7 &y
d

0,. (5.1)

d max;e7z o
d

0, > 0, > 0y = Dz[leaIX o; 04 (52)
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For ¢ € Eg, we define
H(E) = {z eR!: £ w < 6},
and, for 0 > 0, set
Hy ={x €R":2; > ¢ forall 1 <i<d},

S:= () H(),
¢esd

and
Ss:=8nN H(S_
Note that
QH(E)={zeR?: ¢ -z =0,} for&eaf
Lemma 5.1. The set S5 is a compact convex subset of R? and is a neighborhood of the
origin.
Proof. Tt is clear that Ss is a closed convex subset of R?. Observe that
Ss CHy NH(1),
and H; N H(1) is bounded in RY. Hence, Sy is a compact subset of RY.
The distance from the origin to the hyperplane
OH(E) ={x eR?: ¢z =0},
with € € Eg, is given by
Or/1€]-

Hence, setting
p =06 Amin{f/|¢| : € €EL ke T} (L0),

we find that
BP(O) C Ss.
Thus, S; is a neighborhood of the origin. O
Let z € 0S5 and let N(z,Ss) denote the normal cone of S5 at z, that is,

N(2,85)={peR?:p-(z—2) <0 forall z € Ss}. (5.3)

Set
J,={i€l: z=-0},

and

2. :={¢cEl: 2 c9H(¢)}).
According to [15, Corollary 23.8.1], we have

Lemma 5.2. We have

N(z,8s) = conical hull (Z, U{—e; : j € J.}) = Z Ri(—e;) + Ry co=s,
Jj€J:

where co =, denotes the convex hull of =,.
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For the time being we examine the normal cone N(z,8) at z for z € 9§ N ORi. Note

that
oRY = F,
1€
where F; := {z € R : ; = 0}, and therefore
N(z,8) =R4 co=,.
Lemma 5.3. Assume that z € F; N0S. For any £ € co=,, we have

& =a; and %qg%gj =1.
Proof. For notational convenience, we treat only the case when i = d. Let £ € coZ,. In
order to show that {; = g4, we suppose to the contrary that {g # ag. This implies that
there exists £ € =, such that £ = 1. We select k € Z so that £ € Eg. Set

é: (glv s 7£_d—17ad)'

First we consider the case when k > 1. Note that f € Ei_l and that
é'zgﬁk_l and ¢z =0y

The last two relations are contradicting, since #_1 < 03 and

é-z:f-(zl,...,zn_l,O):g"(zl,...,zn_l,O):f-z.
Next consider the case when & = 1. Note that

52(041,...,04[1)

and

91 :g'zzé'ZSmaxail-zSmaxaied,
€L 1€
which contradicts (5.2)).
Next we show that

max§&; = 1.
i€l &

We argue by contradiction, and suppose that

max§; < 1.
1€L

Since & € coZ,, there exist &1,..., 6N € 2, and \; > 0, with

N N
Z Ai =1 such that &= Z NE
i=1 1=1

where we may assume that N > d.
Writing
& =(&,...,&) forie{l,... N},
by the supposition that

max§; < 1,
1€L
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we find that for each i € Z, there exists j; € {1,..., N} such that
fil = Q.

We can rearrange (£, \1),..., ({N,')\N) in such a way that N > d and j; < d for all 1 € Z.
For i € Z, let k; € Z be such that &' € Egi. Observe that for any i € Z,

gz =0y,
and hence
1 : 1
2D Ea=2) 0 >0
ieT ieT

Since z € SN F; C H(1) N Fy, we have

1 . d—1) + max q d—1) +maxa;
ngZ'Zé( )d Zl-ZS( )d “ 0.
i€l
Thus combining above two displays, we get
6, < (d—1)+ maxq 0.
d
This contradicts (G5.1]). O

Lemma 5.4. The multi-valued map z — Z, is upper semicontinuous on 0S. That is, for
each z € S there exists € > 0 such that

Ey, CE, forallz e B(z)NdS.
Proof. Take z € 0S and put

Since
z ¢ OH(&) for any £ € =5

and #Zf < oo, there is ¢ > 0 such that

dist(z,0H(§)) > e for all € € .
That is, we have

B.(z)NOH(E) =0 forall €€ ES,
and, consequently,

=, CZ, forall z € B.(2)NdS.

Lemma 5.5. There exists § > 0 such that for each i € T,

&= and maz><£j =1 forall £c€coZ, and z € 0SNFs,
j€

where Fy 5 = {zx € R : x; > —¢ for all j€I, |z;| <5}
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Proof. Let z € 0§ N F;. By Lemma [5.4] there exists € := ¢, > 0 such that
E, CZ, forall x € B.(z)NaoS.

This yields
coZ, CcoZ, forall z€ B(z)NIS.

The family {B:(z)} is an open covering of the compact set S N F,;. Hence, there exists
dq > 0 such that for any x € S N Fy5,, there is 2 € S N Fy such that

coZ, CCcoZ,,
which implies that
£g=ag and ma:xzx& =1 forall £ €coZ,.
(1S
Similarly, we may choose d; > 0 for each 7 € Z such that for any x € S N Fjs,,
& =oa; and max§; =1 forall {€coZ,.
JEL
Thus, setting ¢ := min;ez d;, we conclude that for any i € Z and x € 95 N Fj 5,
& =o; and max§; =1 forall {€coZ;.
JET
5.2. Sign of H,;. Let us recall that for i € Z,
Hi(p) = pi — i Ig_lchj.
Set
Eis={rcR: |z <6} for iecT.

Lemma 5.6. Let § > 0 be the constant from Lemmal5d Let i € T and x € dS; N E; .
Then

Hi(y) <0 for ally € N(z,Ss),
where N(x,Ss) is given by ([B.3)).

Proof. We set J :={j € Z: x; = —0}. Note that J or =, may be empty set. We note that
N(z,85) =) —Rie; + Ry coE,.

jeJ
Let v € N(z,Ss5). We choose Aj >0, A >0, and £ = (&1,...,&q) € coZ, so that
v = Z —Ajej + AS.
jeJ

By Lemma 5.5 we have
§ =a; forall jeJ,
and

i =qa; and maxé&; =1.
é’l A ]615‘]
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In particular, we have & = 1 for some k ¢ J U {i}. Thus, we have
v=Y _aj—Nej+der+ > Ager
jEJ 1€T\(JU{k})
Now, if ¢ € J, then
Hi(y) = Aa; — A — aid = =)\ <0,
and, if ¢ € J, then
Hi(y) = Aa; — aA = 0.

O
Set
Gi={zeR%: z; > —6}.
Lemma 5.7. Let § > 0 be as before. Let i € T and x € 0S5 N G;. Then
Hi(y) >0 forall ~€ N(x,Ss).
Proof. Set J := {j € T:x; = —6}. Note that J may be an empty set and that, since
x € G;, we have i ¢ J. Let v € N(z,Ss), and recall that
N(z,Ss5) = ZR+(—€]') + R coE,.
JjeJ
Choose A\j > 0, A > 0, and £ € coZE, so that
v=_=Xej + AL,
jeJ
and observe that
Y=Y = Mg+ D e
jeJ keT\J
and that
ap <& <1 forall kel
Hence,
. — N — v TS\ o > s > 0.
Hi(y) =i — o max g > A& — i n}ggkék > Aoy — i\ r}gl;lzifk >0

O

Remark 5.1. Combining Lemmas and 5.7, we see that for any z € 0Sy, if |z;| < § for
some %, then

Hi(y) =0 forall v € N(z,Ss).
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5.3. Construction of ¢(z). For 0 < e < 9, let
S5 = {x e R? : dist (x,85) < z—:} ,

where § is the constant from Lemma It is clear that S§ satisfies the uniform interior
sphere condition. Thus we have the following lemma.

Lemma 5.8. The boundary 0S5 is locally represented as the graph of a CHY function.

Proof. Fix any z € 0S5. We show that 0S5 can be represented as the graph of a cht
function in a neighborhood of z. Making an orthogonal change of variables, we assume that
z=|zleq = (0,...,0,|z]).

Let B(2') denote the open ball in R?~1 of radius R > 0 and center at 2’ € R?!
and let Bf, := Bj(0). We choose r > 0 so that B}, x {0} C (S§)° Recall that S5 is a
convex, compact, neighborhood of the origin of R%, note that, if 2/ € Bl , then the set
{xq : (2, 2q4) € S5} is a closed, finite interval containing the origin of R, and set

g(2') = max{zy : (', 24) € S5}.
Note that 0 < g(2’) < M for all 2/ € B, and some constant M > 0.

We show that g € CY1(BL). Since S5 is convex, g is concave on BY . This together with
the boundedness of g implies that g is Lipschitz continuous on B . Let L > 0 be a Lipschitz
bound of g on B, .

Fix any 2’ € B,. By the definition of S§ and the convexity of S;, there exists a unique
y € S5 such that

B.(a',9(2")) NS5 = {y}-
On the other hand, since y € Ss, we have

B.(y) C 8. (5.4)
Now, using a simple geometry and the Lipschitz property of g, we deduce that

1=yl
9(&') —ya ~
Indeed, the second estimate above can be obtained as follows: due to the continuity of
¥ (2/,9(2')) — vy, it is enough to establish the above relation at point 2’ where Vg
exists. Convexity of S5 and S5 implies that (z' — v/, g(2') — yqa) € N((«/,g(2")),S5) and
N((z',g(2")),S5) = {\(—Vg(a'),1): X € Ry}. Thus for some A > 0 we have (z/ —¢/, g(2’) —
ya) = M(=Vg(a'),1). Now it is easy to see that the second estimate above holds. Further-
more, we get

g(z') >yy and

e =o' —y' P+ (9(2) —ya)* = L+ L)' — /.
Thus, setting 6 := L/v/1+ L2 € (0, 1), we have
2" = ¢/| < b, (5.5)
Note that V := B. N BL(y') is a neighborhood of z’. Let 2’ € V' and observe by (5.4]) that
(2, 9(2") =yl = e = [(a', 9(z")) — yl.
From this, noting that g(z’) > y4, we get

9(2") 2 g(z') + V2 = |/ —y'P — Vel — o' —y'*. (5.6)
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Next setting h(z') = \/e2 — |2/ — ¢/|? for 2 € V and using (5.3]), we calculate
1 . I
D2’y = (H,+<x Y)® (@ y>>,

e — |af —y'|? Ve — |z —y|?

where I’ denotes the (d — 1) x (d — 1) identity matrix, and moreover,

1 £0?
D*h(z)) > ———— 14+ — | I.
) < B ¢1—92>
This and (5.6) show that g is semi-convex on B, which together with the concavity of g
ensures that g € CH1(BY.). O

Let p: R — [0, 4+00) be the gauge function of S5, defined by
p(x) :=inf{\ > 0: 2z € \S§}, (5.7)
where
NS5 :={\ €€ S5
It is well known that p(-) is a positively homogeneous, of degree one, convex function. In
particular, we have p(0) = 0. It is clear to see that p(y) > 0 at y # 0.

Lemma 5.9. The function p is locally C'* on R\ {0} and for y € R%\ {0}, Dp(y) €
N(y/p(y),S5), where N(y/p(y),S5) denotes the normal cone at y/p(y) € 8S;.

Proof. Tt follows from the definition of p that for any y € R%\ {0} and A > 0, we have
A=p(y) if and only if y/A € 9S5. (5.8)

Fix any z € R?\ {0} and show that p is a CY'! function near z. Up to an orthogonal
change of variables, one can assume that z = |z|eg. It follows from Lemma that there
exists a neighborhood V' of the origin in R~! and a function g € C*!(V) such that for any
' €V and x4 > 0,

(2',24) € 0S5 if and only if x4 = g(z). (5.9)

Set A\, = p(z). By (6.8)) and (5.9]), we have
za/ A= = g('/22) = 9(0).
Set I = (\./2,2\;) and W = (A—i)V x (0, 00), and note that W x I is a neighborhood of
(z,\.) € RTL. For any y = (3/,yq) € W, in view of (5.8)), we intend to find X € I such that

y/A € 0S5.
Since y' /A € V, the above inclusion reads
ya/A =gy’ /).
We define the function F' : W x I — R by
note that f(z,\,) =0, and calculate that

of _
a(z, )\2) = —)\—g < 0.
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By the implicit function theorem, there are a neighborhood U C W of z and a C>! function
A : U — I such that f(y,A(y)) =0 for all y € U. In view of (5.8) and (59]), we see that
p(y) = A(y) for all y € U, which completes the proof.
Now, let y € R%\ {0} and p = Dp(y). Note that y/p(y) € 0S§ and p = Dp(y/p(y)) and
that for any z € S,
1> p(x) = ply/p(y) +p- (@ —y/p(y)) =1+p- (z —y/p(y)),

that is, we have
p-(x—y/ply)) <0 forall zeS;.

This shows that
Dp(y) =p € N(y/p(y),Ss)- O

Lemma 5.10. Let x € 0S5 and i € I. For any v € N(z,S5),
<0 if x;<d—e¢,
>0 ’if JZZ'>—((5—E).

Proof. Fix any x € 0S5.
Since p(x) =1, p(z) <1 for all z € S5, and p is convex, we have
1> p(z) > p(z) + Dp(z) - (2 —x) for all z € S,

which implies that Dp(x) € N(x,Sj5). Since p is differentiable at  and Dp(x) # 0, it is
easily seen that

N(z,85) = Ry Dp(z). (5.10)
Set y :=x —eDp(x)/|Dp(z)| and observe that
Be(z) N 0S5 = {y}, (5.11)
which implies that B.(x) N S; = {y}, and therefore
Dp(z) € N(y,Ss). (5.12)

Indeed, it is clear that
B.(z) N 0S5 # 0.
Note moreover that if z € B.(x) N 0S5, then B.(z) C S5 and, according to (5.10),
Dp(x) - (w—x) <0 forall we B.(2).
This last inequality readily yields
z—x = —eDp(x)/|Dp()],

that is, z = y, and we conclude that (G.I1]) holds.
Fix any v € N(z,S5) and ¢ € Z. By (510) and (5.12), we have

v = (Wl/IDp(x)[)Dp(x) € N(y, Ss).
Thus, noting that
<zitlr—y|l <o if x; <d—e,
2{2 i —|lx—yl>-6 if z;>—(6—¢),
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we may apply Lemmas and 5.7, to get
<0 if x; <d—¢,
Hi(v) .
>0 if x> —(0—¢),
which completes the proof. ]

Proof of Theorem [J-3 As noted before, we know that when d = 1, the function ¢(z) := 22
has all the required properties.
In what follows we assume that d > 1, and we define

o(z) == p?(z) for xeRY,

where p is the function given by (5.7). It is clear that ¢(z) > 0 for all € R?\ {0} and ¢
is positively homogeneous of degree two.

Next we show that ¢ is globally C*! on RY. Since p is locally ' on R%\ {0}, the function
¢ is also locally Cb' on R\ {0}. Let x,y € R%\ {0} and in view of the homogeneity property
of ¢ we obtain that

Do(x) = Do(y) = |z[De(x/|x]) — [ylDe(y/lyl)
= |2|(Dep(x/|2]) — De(y/lyl)) + (2] = [y De(y/|yl)-
We choose a constant C' > 0 so that
[Dp(p)l <€ and  [Dy(p) — Do(q)| < Clp—q| forall p,q € 0B;.
Combining these yields
|Dg(x) — Do(y)| < || [Dop(a/|x]) — Deo(y/lyl)] + [(lz] = ly[) De(y/[y])]
< Clal||z/lz| = y/lyl| + Clz — y|
<2C|z —y|+ Clz —y| = 3C|z — y|.
This shows that for any =,y € RY,
[Do(x) — De(y)| < 3C|x —yl.

Accordingly, the function ¢ is globally Cb! on RY.
Let x € R\ {0} and i € Z, and assume that x; > 0. By Lemma 5.9, we have

Do(z) = 2p(x)Dp(x) € N(z/p(z),S5).
Noting that /p(x) € 0S5, we see from Lemma [5.10] that
Hi(Dp(z)) = 0.

Thus, noting that Dy(0) = 0 and, hence, H;(Dy(0) = 0 for all i € Z, we may conclude that
for any x € R? and i € Z,

Hi(Dp(z)) =20 if z; >0.
An argument similar to the above shows that for any = € R? and i € Z,
Hi(Dp(z)) <0 if z; <0.
This completes the proof. O
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Remark 5.2. The CY! regularity of test functions is sufficient to achieve the comparison
theorem as is shown in the proof of Theorem [£.Il Alternatively, one can build smooth test
functions by using the mollification techniques.

APPENDIX A.
Let us first recall the Skorokhod problem which will be used in the analysis below.

Definition A.1 (Skorokhod Problem). Given ¢ € C([0,00) : R) with ¢(0) > 0, a pair
(¢,m) € (C([0,00) : R+))2 is said to solve the Skorokhod Problem (SP) for ¢ on the domain
0,00), if
(1) o(t) = (1) +n(t), t=0,
(2) ¢(0) =4(0), t=0,
(3) n is non-negative, non-decreasing and fot ¢(s)dn(s) =0, Vt>0.
In fact, there is always a unique pair (¢,n) solving the Skorokhod Problem for a given

1, given by
n(t) = sup (=(s)T,  (t) =) +n(t), t>0.

s€[0,t]
Recall that for o = (aq,...,aq) € Ri with max; o; < 1, we have
M(a) ={M =[I-PleR'@R?: P; =0,P; >0and Y  Pj < oy},
Jg#
In this section we show that for any v € 9 and given x € ]Ri, the following reflected
diffusion has a unique adapted strong solution (X,Y) € C([0,00) : RZ) x Cg([O, o0) : RY),

X(t) =2+ /0 DX (s))ds + S () + /[0 DAY (), 20, s (A1)

Xi(s)dYi(s) =0 forall ie€Z,
[0,00)
where W is a standard d-dimensional Brownian motion on a given filtered probability space

(Q, F,{F:},P). Here M denotes the set of all admissible controls v where v takes values in
M(«). Before we state the result let us define the following quantity,

Bi(t) = 0221& max{0, (=XW(s));}. (A.2)

The following result is a modified version of the results obtained in [14].

Theorem A.1. For any v € M, (AJ) has a unique adapted strong solution (X,Y) taking
values in C([0,00) : RY) x Cg([O,oo) :RY) and
1
. < - - ; > .S. .
;Y;(t) S — (!b[lt + Z;ﬁl(t)) for all t >0, a.s., (A.3)

where 3 is given by (A2) and |bly =7 SUPzeRi|bi(x)|'

We refer, for instance, to [I1] for general results for reflected diffusion processes on smooth
domains.
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Proof. The key ideas of this proof are borrowed from [I4]. Fix T > 0. To show the
existence of a unique adapted strong solution it enough to show the existence of a unique
adapted strong solution on the the interval [0,7]. Thus we consider the space C([0,T] :

RY) x ¢} ([0, 7] : RY). For (z,y) € C([0,T] : RL) x CJ([0,T] : RYL), we define

o]l =" up }m«s)\,

iez €Y,
[vlr = Z[[yi]lTy
1€l
where we recall that [-]s denotes the bounded variation norm on the interval [0,s]. For
positive 71,72, we endow the space C([0,7] : R%) x CT([O T] : R%) with the metric

d((l’,y), (.ﬁi’,@) = ’Yle - ‘THT + 72 Yy — g]lT7
where (z,y), (Z,7) € C([0,T] : R%) XCS([O, T]: RY). It is easy to check that for any positive
vi,i=1,2,C([0,7] : RL) x Cg ([0,7] : R%) forms a complete metric space with the metric d.
For (z,y) € C([0,T] : R%) ng([O,T] : RY) we define two maps 7 : C([0,7] : R%) XCS([O,T] :
R%) — €J([0,7] : RY) and S : €([0,7] : RL) x €J([0,T] : RL) — C([0,T] : R%) as follows:

Ti(x,y)(t) = S max{0, —U;(z,y)(s)},
Si(w,y)(t) = Ui(x,y)(t) + Ti(z,y) (1),

where Uj(z,y)(t) = x; + / bi(x(s))ds + (EW); —I-Z/ v;;(s)dy; (s
J#i

From the property of 1-dimensional Skorokhod problem we note that any fixed point of
(S, T) solves [(AJ]). The idea of the proof is choose suitable ~;, Ty so that the map (S,7T) :
C([0,Ty) : RL) x Cg([O,TO] : RL) — C([0,Tp] : RY) x Cg([O,To] : R%) becomes a contraction
almost surely. Once we have uniqueness on the interval [0,7p] one can extend the result
on [0,7] be standard time shifting argument. Now we fix a sample point in (2, F,P).
Then we view X, W as deterministic elements. Let K be the Lipschitz constant of b. Let
(z,y), (z,7) € C([0,T] : RY) x Cg([O,T] : RY). Using the lemma of Shashiasvili [I6] pp.
170-175] concerning variational distance between maximal functions, we get

[7i(z,y) = Ti(z,9)lr < [Ui(z,y) = Ui(Z,9)]r

/ e $)lds + 3 / i () Idy; — g |(s),

JF#i
where we have used the property that v;; < 0. We sum over ¢ to obtain

[T (x.) — T(z.9) T<KdTH:v—xHT+Z/ S (i (5)) dy; — dgi | (s)
i£j

< KdT |z — &, + maxa, Z/ dy; — d|(s)
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:KdTHZE—i‘HT—Fm?XOzZ’ ly —ylr. (A.4)
Similarly,
|S(z,y) — S8(z,7)|,, <2KdT||z—z|, +2 max a; ly —ylr. (A.5)
Therefore combining (A.4]) and ([A.5) we obtain
d((S(z, ), T(x,y)), (S(Z,9), T(%,9)))

2v1 + 27 +
< KdTM oz — 2|, +m?mi%w[y e
2 2
< max{ KdT(le,yﬂv max o G240 ) (7. )).
1 7

Now we first choose v1,72 to satisfy max; aiw < 1 (use the fact that max; a; < 1)

and the choose T" small enough to satisfy K dTW < 1. Hence we have

d((S(z,y), T(x,y)), (S(Z,9), T(Z,9))) < ed((z,y),(Z,7)) for some o < 1.
Therefore one can use contraction mapping theorem to get the unique fixed point in
([0, Tp] : RY) x ¢l ([0, Tp] : RY) that solves (A).

Now we prove ([A3). Let (X,Y) € C([0,00) : RY) x Cg([O,oo) : R?) be the solution of
(AI). Then

Yi(t) = sup max{0,—U;(X,Y)(s)} forall ieZ,
0<s<t

where
Uy (X,Y)(t) = 2 + /b(X )ds + (SW); +Z/ vij(s)dY;(s
J#i
Since z € R4 we have from (A2)
“U(X,Y)(E) <t sup [bi(@)] + Bilt) — 3 / 03 ()Y (s

mGRi jAi
Thus using the fact v;; < 0 for ¢ # j we obtain
Y;(t) <t sup [b;(x)| + Bi(t) Z/ vij(8)dY;(s
xERi G

Summing over ¢ and using the property that v(s) € M(«) we have

D Yilt) Stbl+ Y Bit) +maxa; Y Yi(t)

€T i i€
and this proves (A.3]). O
Recall J and V from (23)) and (24]). Also recall o from Proposition Bl
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Lemma A.1. Let ¢ > 0 and © € R%. Then for every v € M, there exists a control & € M
such that

E, [ /J TP X (5))ds + 3 ha(B)dYi)

AL icT

fm} < e PMY(X (0 AL) +e as.

Proof. Recall the o, is the exit time from the open ball B,(z). Now using the continuity
property of V' (Lemma [3.2) and (3.7 we can find § > 0 so that

sup|J(y,v) — J(7,0)| + [V(y) = V(g <e forall y,j € B, (), (A.6)
veEM

and |y—y| < 6. Now consider a finite Borel partition { Dy };>1 of B,.(x) such that diam(D;) <
8. Choose yj, € Dj. Then by definition we have v¥ € 9t satisfying
Iy, ") < V(yw) +e.
Combining with ([AG]) we see that for any y € Dy, we have
J(y, v%) < J(yg, vF) + & < V(yp) + 26 < V(y) + 3e. (A.7)

Since v* is adapted to {JF;} we have a progressively measurable map ¥; : [0, 00) x C([0, c0) :
RY) — M such that
oF(t) = Wh(t, W(- A L)), a.s. Yt>0.
Now for any v € 9t and the corresponding solution (X,Y") define
- v(s) if s<oAt,
os) = { Up(s—o AL,LW(-As)—W(aAt)) if s>ocAt, and X(o At) € Dy.

By strong uniqueness we see that o At does not change with the new control ©. Then
denoting Y =Y (o At+-) — Y (o At), we obtain

E, [/OO e (0(X (5))ds + D hi(T)dY;)
g i€l

At

Fon]

_ Bon [/Ow e P (U(X (0 Nt + 5))ds + ; hi(9(o At + s))dY;)

Font|

= e PN J(X (o At),5(0 At+))
< e PINYV(X (0 At)) + 36,
where in the last inequality we use (A). O
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