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Abstract

The Bresse system is a valid model for arched beams which reduces to the
classical Timoshenko system when the arch curvature £ = 0. Our first result shows
the Timoshenko system as a singular limit of the Bresse system as ¢ — 0. The
remaining results are concerned with the long-time dynamics of Bresse systems. In
a general framework, allowing nonlinear damping and forcing terms, we prove the
existence of a smooth global attractor with finite fractal dimension and exponential
attractors as well. We also compare the Bresse system with the Timoshenko system,
in the sense of the upper-semicontinuity of their attractors as ¢ — 0.

Keywords: Bresse system, Timoshenko system, singular limit, global attractor, expo-
nential attractor, upper-semicontinuity.
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1 Introduction

In this paper we study the long-time dynamics of solutions of a semilinear Bresse sys-
tem for vibrations of curved beams. The linear system is given by three motion equations,

108 — k(pz + U + lw), — kol(w, — Lp) =0 in (0, L) x R, (1.1)
paly — bbge 4+ k(@z + 10+ fw) =0 in (0, L) x RT, .
prwy — ko(wy — €p)y + kl(p, + ¢+ w) =0 in (0,L) x RT, (1.3)

where @, 1, w represent, respectively, vertical displacement, shear angle, and longitudinal
displacement. The coefficients py, po, b, k, kg are positive constants related to the material
and the parameter ¢ stands for the curvature of the beam. In the context of a circular
arch of radius R one has £ = R™!. A description of the model can be found in [I8, Chap.
3]. The original derivation of Bresse system was presented in [5].
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We observe that when the curvature / — 0 the Bresse system uncouples into the
well-known Timoshenko system,

prpw — k(s +10)e =0 in (0, L) x R, :
pothu — Dibye + k(s +10) =0 in (0, L) x RY, (1.5)

and an independent wave equation pywy — kow,, = 0. Therefore sometimes the Timo-
shenko system is called Bresse-Timoshenko system. The derivation of the Timoshenko
system is presented in [26].

There are several works dedicated to the mathematical analysis of the Bresse system.
They are mainly concerned with decay rates of solutions of the linear system. This is
done by adding suitable damping effects that can be of thermal, viscous or viscoelastic
nature. By analogy to the Timoshenko system, a remarkable stability criteria for the
Bresse system is the equal wave speeds assumption

% - p—; and & = ko. (1.6)
Roughly speaking, if damping terms are added only in one or two of the equations in
the Bresse system then exponential stability is only possible if the equal wave speeds
assumption (L.G) holds. Of course, if weak damping are added in all the equations of
the system then assumption (L.6]) is not needed for exponential stability. See for instance
[T, 2 (1T, (12, (13}, 20, 21, 23, 4], 27].

On the other hand, it is worthy mentioning that all above cited works on Bresse systems
were concerned with linear problems. With respect to nonlinear problems, the stability of
the Bresse system was studied in [7], with three locally defined nonlinear damping without
assuming the equal speeds assumption. An analogous result for Timoshenko systems was
presented in [6].

It turns out that long-time dynamics characterized by global attractors was not dis-
cussed for Bresse systems. Even for the Timoshenko system there are only a few works
in this direction. Here we consider the nonlinear model,

P1Wg — kO(wx - &p)x + kf(%: + ’QD + f'w) + 93(wt) + f3((pa ’QD, ’LU) = O> (19)

defined in (0,L) x RT, where g¢1(¢¢), g2(¢:), gs(w;) are nonlinear damping terms and
file, ¥, w), i = 1,2,3, are nonlinear forces. To this system we add Dirichlet boundary
condition

©0(0,t) = o(L,t) = (0,t) = (L, t) = w(0,t) =w(L,t) =0, teR", (1.10)
and initial condition
©(0) = wo, ©i(0) =1, ¥(0) =10, ¥:(0) =11, w(0)=wo, wi(0)=w;. (1.11)

Since our problem has damping terms in all of the equations (LT)-(L9) we shall not
assume the equal wave speeds assumption.



The main features of the paper are summarized as follows.

(1) We present a rigorous proof showing that solutions of the Bresse system converge
to that of the Timoshenko system as ¢ — 0. This is called singular limit because at £ =0
the Bresse system uncouples. See Theorem [B.11

(77) By considering a nonlinear damping, without growth restriction near zero, we
establish the existence of a global attractor. We also show that the system is gradient
and therefore the attractors are characterized as unstable manifold of the set of stationary
solutions. See Theorem [4.11

(7i7) By assuming further that damping terms are Lipschitz, we derive a stability
inequality and prove that the global attractor is regular and has finite fractal dimension.
The same hypotheses allow us to show the existence of generalized exponential attractors
as well. See Theorem [5.11

(1v) We also compare the attractors of the Bresse system with those of the Timoshenko
system. More precisely, we show the upper semicontinuity of attractors of (IL.7)-(L11) as
¢ — 0. In this case we shall assume that f;, fs are not depending on w. This is reasonable
since in the limit £ = 0 we obtain the Timoshenko system, where longitudinal displacement
w is neglected. That is, after limit, we get

P1Ptt — k(@m + ¢)x + gl((pt) + fl((pu ¢) =0 in (07 L) X R+7 (112)
P2t — Wuz + k(@a + 1) + g2(¥) + fo(p,¥) =0 in (0, L) x RT, (1.13)

subjected to Dirichlet boundary condition
©0(0,t) = o(L,t) =(0,t) = (L, t) =0, teR, (1.14)
and initial condition
©(0) = o, p1(0) =01, ¥(0) =10, ¥4(0)= 1. (1.15)
See Theorem

(v) Above, one of the difficulty is to obtain uniform estimates for global attractors of the
Bresse system with respect to the curvature ¢. This is done by showing the existence of
an absorbing set that is uniformly bounded with respect to ¢ (small). See Lemma [0

2 Preliminaries and well-posedness

We begin with some notations on the standard L?(0, L) and Sobolev H™ (0, L) spaces.
The L” norm is denoted by

[ull, if p#2 and |ul if p=2.



For the Sobolev space H}(0, L) we have
[ull < %HMH and  [ullmy = [usll
The phase space we consider is that of weak solutions
H = H;(0,L)* x L*(0, L), (2.1)
equipped with the standard norm
19115 = lpall® + l1wall® + lwall® + 1B + 1917 + @1,

where y = (p, 1, w, @, 1), w). For convenience, sometimes we use the (/-dependent) norm,

lyll5, = @I + p2ll 017 + prll@ )1 + bl el + Kllw + ¢ + w]l? + kollw, — Lo, (2.2)

which is equivalent to the standard norm. Indeed, clearly there exists v; > 0 such that
Iyll3, < mllyll3,. Then from the open mapping theorem, there exists v, > 0 such

19117 < 72llyll3, (2.3)

which shows the equivalence of the norms. In particular there exists v3 > 0 such that
lpall? + el + lwal® < va(bllall® + Ellos + ¢ + bw|]® + kollwe — Lol|?).  (2.4)

Remark 2.1. In the study of continuity of attractors as ¢ — 0, some energy estimates,
uniform with respect to ¢, are used. To this end we need 71, 2, 73 independent of ¢, for ¢
small. It is clear that we can choose such v, if £ < £y, for some ¢,. Here, we show a simple
argument to obtain 73 independently ¢ € [0, {o] with ¢y < 7/2L. Given ¢, ¢, w € H}(0, L),

loal® + el + e
< [[all? + 20ls + 0 + Cwll® + 2w, — Lol + 491 + 42 ] + 202 gl
AL?
< (1 50 )l + 2 + 8+ £l + 2l — 0]

A[? 2022
b Il

]+ =

Then, for ¢ € [0, (o],
lpall® + 1ol + llwz |

< (1= 205 (0 B 2l 0+ ol 20— t]?),
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Hence there exists a constant 3 > 0 such that (2.4) holds for all £ € [0, {y]. In this case,
we take v, = max{(min{p, p2}) 7!, 73} O



2.1 Assumptions

The assumptions we make on fi, fo, f3 are those of locally Lipschitz and gradient type.

Let us assume there exists a C? function F : R? — R such that

VF = (fla f2> f3)a
and satisfies the following conditions: There exist 3, mpr > 0 such that
F(u,v,w) > _5(|u|2+|v|2+|w|2) —mr, VU,U,MER,

where

7.‘.2

0<B8< 9752
and there exist p > 1 and Cy > 0 such that, for i = 1,2, 3,
IV fi(u,v,w)] < Cp(1+ Juf™ + [v]P~" + Jwff™), Vu,v,weR
In particular this implies that there exists C'z > 0 such that
Fu,v,w) < Cp(L+ [ul"™ + [0/ + [wP™), Vu,v,weR.

Furthermore, we assume that, for all u, v, w € R,

VF(u,v,w) - (u,v,w) — F(u,v,w) > —ﬁ(|u|2 + v* + |w\2) — mp.

Remark 2.2. A simple example of F satisfying all above assumptions is
F(u,v,w) = [u+v|* = Ju+v]* + arJuv]® + agw]?, ay,ay > 0.

In this case we have

1
F > min{z? — 22} = ——
(u,v,w) > IZHEIE&I{Z 2%} T
and
OF
fi(u,v,w) = i 4(u4v)> = 2(u +v) + 20 uv?,
oF 3 2
fo(u,v,w) = 5 = d(u+v)° = 2(u+v) + 20quv,
OF
fa(u,v,w) = e 3ag|w|w.

Then conditions (2.0])-(2.8) hold with mp = 1/4 and p = 3. In addition,

1
VE(u,v,w) - (u,v,w) — Fu,v,w) > 3lu+v|* = [ut+v]?®>——=>—mp,

16 —
which shows that (2.9]) also holds.

(2.5)

(2.9)



With respect to the damping functions g; € C1(R), i = 1,2, 3, we assume that
g; is increasing and ¢;(0) = 0, (2.10)
and there exist constants m;, M; > 0 such that
m;s* < gi(s)s < M;s*, V|s| > 1. (2.11)

To establish the regularity and finite dimension of the attractors we assume further that
(ZI1) holds for all s € R, that is

Remark 2.3. We observe that conditions (2.10) and (ZI1)) imply that for any given § > 0
there exists Cs > 0 such that

Cs(gi(u) — g;(v))(u —v) +0 > |u—v]*, Vu,veR, (2.13)

cf. [10, Proposition B.1.2]. On the other hand, assumption (ZI2) implies promptly the
usual monotonicity property

(g;(u) — g:(v))(uw — v) > mylu —v|?, Yu,veR. (2.14)

2.2 Energy identities

The linear energy of the system, along a solution (p, 1, w), is defined by

Ey(t) = %ll(@(t),w(t),W(t),wt(t),@bt(t),wt(t)ﬂlip (2.15)

where || - |3, is defined in (2.2). Adding forcing terms it becomes

Eu(t) = Ey(t) +/0 F(p, ¥, w)dx. (2.16)

Then, multiplying (L7)-(L9) by ¢, ¥, w respectively, we obtain (formally) by integration
over [0, L],

d

L
F60 == [ (aeoc+ w0 + galww) o, ¢20,

which holds for strong solutions. Integrating with respect to ¢ we obtain the energy
identity

t L
El(t) +/ /0 91(01)er + g2(V) Yy + g3(wy)wy dedr = Ep(s), 0<s <t (2.17)

Moreover, we have the following useful energy inequality.



Lemma 2.1. There exists a constant By > 0 such that
Eu(t) > PoE(t) — Lmp, Yt >0. (2.18)
In addition, if £ € (0,7/2L) then By is independent of {.
Proof. We know from (2.I6]) and (2.6)),
Eu(t) = E(t) = B(llell® + 1017 + [[w]|?) = Lmp

28I
> (1 - 672 )Eg(t) ~ Lmp.
m

Then from (27) we take Sy = 1 — (2893L*/7?). Finally, if £ € (0,7/2L), then from
Remark 2.1l we can take 3 independent of ¢, and then f; is independent of /. O

2.3 Well-posedness

The existence of global weak and strong solutions to the Bresse system will be estab-
lished through nonlinear semigroup theory. We shall write the system (L7)-(LI1]) as an
abstract Cauchy problem

%y(t) — (Ac+ B)y(t) = Fy(t),  y(0) = o, (2.19)

where

y(t) = (p(t), (1), w(t), p(t), ¥, w(t)) € H, ¢ =i, b =1, @ =w,

and
Yo = (9007 w(b Wy, L1, wlv wl)’
To this end we take A, : D(A;) CH — H,

SR SER N

AZ pﬁl((px“"lvb‘l'fw x_‘_%(wx_&o) ’

k_o(wx —lp)e — %(@x + 1) + lw) i

- = L P1

St 8 &6

with domain
D(Ag) = (H*(0, L) N HY(0, L))’ x HE(0, L),

and B:H — H,
C o] _ 0 -
P 0
w 0
b o1 | 9@/ |’
(0 —g2(¥)/ p2
| W L —gs(w)/p1 J



with domain

D(B)="H.
The forcing terms are represented by a nonlinear function F : H — H defined by
F o] _ 0 -
(0 0
w 0
F ~ pu—
(e _fl((pvwvw)/pl
W —fa(, ¥, w)/ pa
L w _ | _f3(90a¢>w)/pl |

Our existence theorem is given in terms of the equivalent problem (2.19).
Theorem 2.2 (Well-posedness). Assume that £ > 0 and the hypotheses (2.5)-2.11)) hold.
Then for any initial data yo € H and T > 0, problem [2.19) has a unique weak solution
y € C([0,TH), y(0) = wo,

given by
t
1) = OBy 4 [ IR E((s))ds, ¢ (0.7, (2:20)
0

and depends continuously on the initial data. In particular, if yo € D(A,) then the solution
18 strong.

Proof. Under the hypotheses (2.10)-(2.11]) it was proved in [7, Theorem 2.2| that A, + B
is maximal monotone in H. Then from standard theory the Cauchy problem

d
at?
has a unique solution. We will show that system (2.I9) is a locally Lipschitz perturbation

of (2.2I). Then from classical results in [4] (see a detailed proof in [8, Theorem 7.2]), we
obtain a local solution defined in an interval [0, ¢,,.x) Where, if ¢,,,, < 00, then

() = (Ae+ B)y(t) =0, y(0) =, (2.21)

Tim [|y ()l = +oo. (2.22)
—00

To show that operator F : H — H is locally Lipschitz, let G be a bounded set of H
and y',y? € G. We can write ' = (2, 2{), where 2/ = (¢*, 9", w?), i = 1,2. Then from
assumption (2.8) we obtain, for j = 1,2, 3,

1£i(21) = [P =V QA+ (1= )2 P = 22
SCHU+ [P+ [P+ [0 2P P )’
X (J9" = 2+ [0 — 2 + ' — w??).

Then we infer that, for some Cg > 0,
L
|16 = 5P < Calls = 2l < Call’ =71

8



Summing this estimate on j we obtain
IF (") = Fly)l5 < 3Cally" — I3

which shows that F is locally Lipschitz on H.

To see that the solution is global, that is, t,,.: = 00, let y(¢) be a mild solution with
initial data yo € D(Ay+ B). Then it is indeed a strong solution and so we can use energy
inequality (2.I8) to conclude that

2
Bo

By density, this inequality holds for mild solutions. Then clearly (2:22)) does not hold and
therefore t,,,, = 0.

Finally, using (2:20) we can check that for any initial data yg, y2 € H, the correspond-
ing solutions y', y? satisfy

ly()II3, < = (£(0) + Lmy), t>0.

ly' (1) = y* Ol < Cllvo —wolli, 0<t<T,

which shows the continuous dependence on initial data. O

Remark 2.4. (a) The existence of global solutions of (IL7)-(T.11]) could be extended to
the more general case involving damping terms with polynomial growth and no restric-
tion near zero, as in [19]. However, with respect to the existence of finite-dimensional
global attractors, the method we use requires Lipschitz condition for the damping terms.
Therefore, for brevity, we assumed conditions (ZI0)-(21I1) that were early considered in
[6, [7]. (b) The well-posedness of the Bresse system shows that its solution operator Sy(t)
is a C%-semigroup on H. Then we denote by (H, S(t)) the dynamical system generated

by the problem (L7)-(TII]). O

3 Singular limit

Here we establish the Timoshenko limit of Bresse systems. With respect to the linear
system (LI)-(L3), if £ = 0, it produces the Timoshenko system (L.4))-(L5) plus an inde-
pendent wave equation in w. Therefore, in order to study the singular limit £ — 0 for the
nonlinear model, we shall need some compatibility condition. More precisely, we assume
that f1, fo do not depend on w, that is,

fl(¢a¢>w) = fl(§0>w) and fz(%%w) = f2(%¢) (31)

Remark 3.1. If the assumption (3.I]) holds, then taking ¢ = 0, the same argument used
in the proof of Theorem [2.2] shows that Timoshenko system (LI2])-(LI5) is well-posed in
the phase space

Ho = Hy(0,L)* x L*(0, L)

Its solution operator Sp(t) generates a dynamical system denoted by (H, So(t)). O



Theorem 3.1. Assume that the hypotheses of Theorem [2.2 and [B1)) hold. Given any
sequence {{,} of positive numbers let (@™, 1™, w™) be the corresponding weak solution of the
Bresse system (L) -(LII), with £ = ¢, and fized initial data (g, 1o, wo, @1, 1, w1) € H.
Then if £, — 0 as n — 00, there exists (v, 1, w) such that, for any T > 0,

(" " w") = (o, ¢, w) in L¥(0,T; HY(0, L)%,
(90?7 wz?u U)ZL> = ((ptv ¢t7 wt) in LOO((], T7 L2(07 L)3)7
and (@, 1)) is a weak solution of the Timoshenko system (L12)-([LI5).

Proof. The proof is divided into three parts.

(7) A priori estimates: Since £, is uniformly bounded, there exists a positive constant Cj,
such that,

L
£,.(0) = Eq, (0) + / F(go, Yo, wo) dz < Co, ¥,
0

Then, because &, (t) is decreasing, we get from (2.18)),

Egn(t) S %(C@ + me), Vit Z 0,
0

From definition of Fy(t) in (2.15), we conclude that

{ory, {ury {wi'}, {er +¢" + b}, {wy — "},
are bounded in L>(0,T; L*(0, L)) and {¢"} is bounded in L>(0,T; H}(0,L)). Let us
show that {¢"}, {w"} are also bounded in L>(0,T; H}(0, L)). Indeed, from

t
oait) = [ et s)ds+ o),
0
we infer that {¢"} is bounded in L>(0,T; L*(0, L)). Now, using the relation
wy = (wy — lap") + la",

we find that {w"} is bounded in L*>(0,T; H}(0, L)). Similar arguments show that {,"}
is bounded in L>(0,T; H3(0, L)).

(77) Limits: Using a subsequence if necessary, there exist functions ¢, 1, w, v, 5 such
that

(" " w") = (g, w) in L(0,T; Hy(0, L)), (3.2)
(Qp?’,lvbtn>w?) i\ (tha'lvbtawt) in LOO(OaTa L2(O>L))> (33)
{o" 4+ " 4+ Luw™) 29, in L0, T; L*(0, L)), (3.4)
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{w?” — l,0"} 9 in L°(0,T; L*(0, L)). (3.5)
It follows from uniqueness of the weak limit,
=, +1¢ and ¥y = w,.
In addition, (32)-(33) imply that
(¢", ") = (p,¥) in L*(0,T3L*(0,L)). (3.6)

Now, from the definition of generalized solution for the Bresse system, we know that
(@™, ™, w") satisfies

d d B
P (91, 0) + pay (wt L)+ pr; (i, @) + k(97 + 0" + L"), (G + ¢ + )
+ b(¢y %) + kO((wm — L"), (W, — en@))
+ NI, +NE=0, V¢,d,0 € Hy0,L), (3.7)

where N7 . N denote nonlinear terms
L L ~ L L B
Nio= [ fenengdnt [Cpnenides [Caedos [ gnid
0 0 0 0
and
L L
fa(e™, " w™)w dx+/ g3(w)w dz.
0 0

Using (8.3) we infer that

L

/0 (61(27) — gu(p))@d — 0, / (6o(0) — g2(w))h dx — 0.

Analogously, from ([B3.6]) and (2.8)) we infer that

L L
| e on = fepde 0. [ Galen o) - Lo 0.
0 0
Then, taking test functions with @ = 0, we see that convergences (3.2))-(3.0) imply that
d - L
L
v / file)pda+ [ fulov)ida
0 0
L L B B
+ [ ategede s [ mgide=0, vaideH0.L. (39
0 0
This means that the limit (o, %) is a weak solution of the Timoshenko system (LI2)-(TT4).

11



(i) Initial conditions: From (B.2)-(B.3]) we obtain (cf. [22]),

(¢",4") = (@) in C([0,T],L*(0, L)?),

and therefore
((0),%(0)) = (0, Yo)- (3.9)

It remains to show that (¢:(0),%:(0)) = (p1,1). To this end, we multiply (3.7) by a test
function

0 c H(0,7), 0(0)=1, 6(T) =0,
and integrate over [0, 7. Taking also @ = 0, we find that
T : T . T 3
“prlend) = o1 [ (Pt = i D) = g [ (0Dt +b [ (oDt
0 0 0
T : T
(0 ) ot D)0~ [t o0t
0 ; 0 )
+ k:o/ (", p)0dt +/ N2, 0dt =0, V@, e Hy0,L).
0 0

Taking the limit n — oo, we obtain
T B T B T B
~pilend) =1 [ (ot = palvn 0 = o | e+ [ (0 D)o
0 0 0
T T
+ k/ ((%c + ), (P + @D))@dt + / Ngyptdt =0, Vo€ H3(0, L).
0 0

On the other hand, multiplying (B8] by 6 and integrating over [0, 7], we obtain
T B T B T B
~pr(20).2) = o1 [ (Dt = (0 5) — g2 | (D)0t b [ (o
0 0 0
T T
+ k/ ((pz + 1), (@ + 1)) 0dt +/ N2, 0dt =0, Vo0 € H(0,L).
0 0

The last two identities imply that

(2:(0), ¥4(0)) = (01, ¢n). (3.10)

Therefore (8.8)),([3.9) and (B.I0) show that the limit pair (¢, ) is a solution of the Timo-
shenko system (LI2)-(LI5). O

Remark 3.2. We observe that the singular limit holds, as well as, for the linear problem

with f; = 0, ¢ = 0, « = 1,2,3. In this case, the energy is conservative and then
Egn (t) = Egn (0) S C(], for all ¢ Z 0. ]

12



4 Global attractors 1

In this section we prove a first result on global attractors for Bresse systems. Some
definitions and abstract results for global attractors are presented in the Appendix.

Theorem 4.1. Under the hypotheses (2.5)-(2.11)), for each £ > 0, the dynamical system
(H, Se(t)) generated by the problem (LT)-(LIIl) has a global attractor A,. In addition, it
15 characterized by

Af = M-‘r (M)v
where M (Ny) is the unstable manifold emanating from Ny, the set of stationary points
Of Sg(t).

The proof of this theorem is based on Theorem [A.2l We first show that the system is
asymptotically compact.

Lemma 4.2. Under the hypotheses Theorem [{.1, given a bounded subset B of H, let
Se(t)y' = (p", ', wh, @b i, wi) be, with i = 1,2, two solutions of problem (L) -(LII)) with
initial data y*,y* € B. Then, for every 6 > 0, there exists a constant Csp > 0 such that
for T > 0 sufficiently large, one has

Cs r
BAT) <0+ S22 4 Co [ (elws + [l + )t (4.1)
0
where p = !t — 2, p =Pt — P2, w = w — w
Proof. For u = u; — us we use the following notation
Gi(u) = g;(u') — g;(v®) and Fi(u) = fi(u') — fi(v®), i=1,2,3.
Then (¢, ¥, w, @y, Yy, wy) is the solution of the problem

prow — k(s + ¢ + Lw), — kol(w, — o) = =Gi(pr) — Fi(p, ¥, w), (4.2)
Path — W + k(pu + 1 + Lw) = —Ga () — Fa(ip, 1, w), (4.3)
prwy — ko(wy — )y + kl(ps + ¢ + tw) = —Gs(w) — F3(p, ¥, w),
with Dirichlet boundary condition and initial condition,
(10(0), ¥(0),w(0), 91(0), 1 (0), w,(0)) = y" — y*.
Our objective is to obtain an estimate for F,(T"). We begin by multiplying the equations

H#2)-([E4) by ¢, ¢ and w, respectively, and integrate over [0, 7] x [0, L]. Then adding the
kinetic energy, we obtain

T 1 /b
/ Ey(t)dt = — 5 / (proe + paidy + prwwy) dfb”
0 0

T
T L 0
+/ / (pro} + patf + prwy ) dadt
0 0
T L
- % / / (G1()p + Ga(¥)¥ + Ga(wy)w)dxdt (4.5)
| OT OL
_ 5/(; /0 (Fl((pvwaw)(p‘i‘F2(<P,w,w)w+F3((p7w’w)w)dxdt

13



We shall estimate the right-hand side of (4.5).
(i) Boundary terms: Using Hoélder’s inequality and norm inequality (2.3) there exists a
constant C' > 0, independent of ¢, such that

L
/ (propr + pototy + prwwy)de < CEy(t), Vi > 0.
0

Then we obtain

L
| s+ potc+ prwwiaa ) < (B + E0). (4.6
0

(77) Kinetic energy: Applying (213), given 6 > 0, we have that there exists Cs > 0 such

that
T L T 4L
/ / @?drdt < TLGS + Cg/ / G1(pp)pedxdt.
o Jo o Jo

Same argument holds for [[ 7 and [[ w] and therefore, given 6 > 0, there exists C5 > 0
such that

T L
/ / (P19} + po} + prwy)ddt
0 0

T L
< TLo + C(;/ / <G1 (QOt)(,Ot + Gg(wt)iﬂt + Gg(wt)wt) dzdt. (47)
0 0

(73i) Damping terms: Let us consider the integral over |p;| < 1 and |p;| > 1. Then (2.11))
implies that

T /L S

//Gl(‘pt)“pdxdtﬁf/ (910D + lgr (1)) | dedt

o Jo OT OL .
S/o/o2Hgl||L°o(_1’1)|(p|dzdt+/0/0M1(|<Ptl|+|30f|)|g0|d:)sdt

T
<Ca [ lplpurdt.
0

The same argument holds for [[ Ga(¢1)y and [[ G3(wy)w. Therefore we obtain the
following estimate

- % /OT /OL (Gl(%)w + Ga(he )y + Gg(wt)w) dxdt

T
< CB/O (lellper + 19 llpa1 + llwllpsa) dt. (4.8)

(1v) Forcing terms: Using (2.8)), we have

T L T L
/ / Fi(¢, 4, w)pdadt < C / / COVI (el + ] + w])loldedt
0 0 0 0
T
< Cy / (I2s + I012n + leo]2, )t

T
< CB/O (Iellpst + 19 llpr + lwllpsa)dt,

14



where
C(VA) =CA+ [P+ [P+ [ P+ [P+ ! P+ Jw?P 7).
Analogous arguments with [[ Fytp and [[ Fyw imply that

1 T L
_5/0 /0 <F1(<P=1P,w)<ﬂ+F2(90,1/1,w)1/;+F3(<p7¢’w)w)dxdt

T
< Oy / lellpis + [lper + lwllper)dt.  (4.9)

(v) An energy inequality: We multiply the equations ([d.2])-(@.4]) by ¢y, 1, and wy, respec-
tively, and then integrate over [s,T] x [0, L]. Then we find that

E(T) = Ey(s) - / / (G ()t + Gl )t + Gy )wy) dede

T L
—/0 /0 (F1 (@, 0, w)pr + Fa( o, 9, w) ey + Fy (o, 40, w)w,) dadt. (4.10)

As before we see that
T L
/ / (Fl(gokuw)got +F2((p7w7w)wt +F3((P,1p,w)wt)d$dt
o Jo
T
<Co [ (Ielosa + 1ol + ol
Then identity (£I0) gives
T L
/ / (Ga(e)pu + Gl )y + G (wy)uwy) dvdt
o Jo
T
< E(T) + E,(0) + CB/ (ellper + 19 llpa1 + llwllpsa) dt. (4.11)
0
(vi) Summarizing: Inserting estimates (4.6)-(4.9) into (4.5) we have
T
/ Ey(t)dt <C(E(T) + Ex(0))+6 TL
’ T L
+ 05/ / (Gl((,Ot)(,Ot + G2 (wt>¢t + Gg(wt)wt)dxdt
o Jo
T
+Co [ (el + 191+ ).
Then using ([@.I1]), and since E(0) < Cp, we can write
T T
| Edtyde < 5TL+ CEAT) + Cant Cam [ (el + [0l + ). (412
0 0

15



Now integrating (£I0) over [0, 7] with respect to the variable s and tanking into account
that Gl(QOt)QOt + G2(¢t)¢t + Gg(wt)wt > 0, we have

T T
TE(T) S/ Ez(t)dt+CBT/ (Iellpst + 1% 1 + llwllpsr) dt. (4.13)
0 0
Combining (£.I12) and ([£I3) we have
T
TE(T) € 0TL+ CSEAT) + o+ Con(U+T) [ (lellss + [l + i)t
0
Given ¢ > 0, we see that for T sufficiently large (say 7' > max{1, 2Cs}) we can write

E,(T) < 26L + 2Cs5

T
+2Css [ (lelpes + [6ls + il
0

Then, renaming the constants we see that (41]) holds. O

Lemma 4.3. Under the hypotheses of Theorem[].]] the system (H, Se(t)) is asymptotically
compact.

Proof. Let B be a positively invariant bounded set of H,. Given ¢ > 0, we take ¢
sufficiently small and T sufficiently large, say,

g2 Csp €2
< — d —/— < —.
<3 an T <73
Then from (4.1)
IS(T)y" = S(T)y’[l < € + Py’ y?),
where

1
2

T
(I)e,B,T(ylayz) =2 Cé,B(/ (H‘Pl - 902||p+1 + ||¢1 - ¢2||p+1 + ||w1 - wsz—i—l)dt)
0

Let us show that condition (A.I]) holds. Given {y"} in B, by positive invariance, we see
that Sy(¢)y" = (o™, @, Y™, 7, w', w}) is uniformly bounded in H. Then

(¢",¢" w") is bounded in L*(0,T; Hy (0, L)%),

(i, ¥, wy') is bounded in L™ (0, T; L*(0, L)3),
and therefore ([22]),

(¢, ¢",w") is pre-compact in  C°([0, 7], L"*'(0, L)*).

It follows that condition (A.J]) holds. Then the asymptotic compactness follows from
Theorem [AJ] O

One of the assumptions of Theorem is that the set of stationary points is bounded.
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Lemma 4.4. Under the hypotheses of Theorem [[1], the set of equilibrium points Ny is
bounded in H.

Proof. If y € Ny we known that y = (¢, %, w,0,0,0) and satisfies

—k(p + ¥ + lw)y — kol(we — L) + fi(p, ¥, w) =0, (4.14)

Multiplying (4.14)),(Z15),[dI6) by ¢, 1, w, respectively, and integrating over [0, L], we
obtain

L
/ (b¢92c + k(@m + ¢ + €w)2 + ko(ww -+ 6@)2)d:€
0
L
- _/0 (f1(g0,¢,w)go + falp, ¥, w) + fz(%w,w)w)d:c.

Then, using (24), (29) and (Z0]), we get
2812

2

(Iall® + el + llwall?) + 2mpL,

1
— (ol + [[e2]® + flwe]?) <
73 ™

and consequently,

2B L2y
(1= =22 (el + 1 + e |12) < 2mp L.

Therefore the set Ay is bounded in H. O

Proof of Theorem [4.1] (completion). We already known that the system is asymp-
totically compact and the set of its stationary points N is bounded. To apply Theorem
[A.2] it remains to show that the dynamical system (H,Sy(t)) is gradient and satisfies
condition ([A.2)). Indeed, we can take the energy functional & as a Lyapunov function ®,
since t — ®(S,(t)y) is then strictly decreasing for any y € H. Moreover, from (2.16) and
) we see that &(t) < [ly(t)1%, + C(1+ ly()[5."). Then

®(y) — oo implies that ||y|z, — oco.
On the other hand, the inequality (ZI8) implies that Fy(t) < %(&(t) + Lmp), and then
llyll3, — oo implies that ®(y) — oo.

Therefore all the assumptions of Theorem [A.2] are fulfilled and consequently the system
(H, Se(t)) has a global attractor A, = M (Ny). This ends the proof of Theorem A1l O

Remark 4.1. The existence of a global attractor implies that the system has a bounded
absorbing set. But in principle it depends on £. We shall construct an absorbing set which
is uniformly bounded for ¢ € [0, {y], with ¢, small. This will be used in Theorem O
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Lemma 4.5. Under hypotheses of Theorem[].1], with ¢ € (0,7/2L), the system (H, S¢(t))
has a bounded absorbing set B independent of £.

Proof. Multiply the equations (LT)-(L9) by ¢, ¥ and w, respectively, and integrate over
[0, L] x [0, T]. We obtain

T T AL
[ (00l w0+ 07 + Bl = 1) e+ [ [P (o.0,0)- (0,0, widod
L s T L
- _ /0 (prowr + 2ty + prww) dx)o +/0 /0 (p1o} + potif + prwy)dadt  (4.17)
T L
- /0 /0 (91(00) @ + g2(0) ¥ + g3(we)w)dadt.
Inequality (29]) together with (24) and (Z7) implies that

//VFsow, w)-(, , w)dadt

// (0,0, w)dadt // B(gl? + [ ]2 + |w]?) dedt — TLmy

> [ [ G wanat =L [ O + K+ o+ P+ Rl — ol
0 0 0
—TLmF.

Inserting this inequality into (£17) and adding the kinetic energy, we infer that

T
/ E(t)dt < —/ (prppr + patbty + prwwy) dx / / p1o; + poty + prwy ) dadt
0 0

- /0 /0 (91(%)%0 + g2 () + gg(wt)w)d:rdt +TLmp. (4.18)

In the following we will estimate the terms on the right-hand side of (AIS]).
(1) Estimates for the boundary terms: Young’s inequality and (2.4]) imply that

L
— / (proe + paviby + prwwy)de < CEy(t)
0

for some constant C' > 0, independent of 7" and ¢. Using inequality (2.I8)) we obtain

L 2L
- / (pre + pavty + prwwy)de < —55( )4 =0F
0 Bo Bo

Noting that By does not depend on ¢, there exists C; > 0, independent of T" and ¢, such
that

L
_ / (pros + Pty + plwwt)dx‘jg C1(E(T) + £1(0))+Cn. (4.19)
0
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(7i) Estimates for the damping terms: Using Young’s inequality we have that

- / / (10000 + ot )b + gl ) dadt

< %/0 Ez(t)dt—l—C/O /0 (91(%)2+92(wt)2+gg(wt)2)da:dt.

From assumption (2.11]), for i = 1,2, 3, we get that

//u|<1 w)?dzdt < max{g(—1)% g(1)?}LT

// dxdt<M/ / gi(u)udzxdt.
\u|>1

Then there exists a constant Cy > 0, independent of T" and ¢, such that

and

- /0 /0 (91(00)p + g2 (V)Y + g3(we)w)dadt
< % /0 E(t)dt + O, /0 /0 (91(0e)pr + ga(the) by + go(wy)wy)daxdt + CoT.  (4.20)

(7i1) Estimates for the kinetic energy: Firstly we note that using (2.11]) we have

T
/ / dxdt < —/ / 91(p1)prdxdt
0 |§0t|>1

T L T T
/ / O?drdt = / / rdxdt + / / rdxdt
o Jo 0 Jlpel>1 0 Jlpel<1
1 T L
< — / / 91(pe)pedadt + TL.
mi Jo Jo

Similar estimate holds for [[¢? and [[w}. Therefore there exists a constant C3 > 0,
independent of T" and ¢, such that

3 T L
5 / / (P19} + P2} + prwi)dedt
0 0

and then

T L (4.21)
< Cs / / (91(0) @t + g2(1r) by + gs(w)w,) dwdt + CsT.
0 0

(tv) Inserting estimates (4.19), (4.20), (4.2I) into (LI8) we obtain
1 /T
: / Ei(t)dt < Cy(EAT) + £4(0))
0

T L
+ (G2 + C3) / / (91(00) e + g1 ()t + g (we)w,)dwdt
0 0
+C)+ (Cy+ C3)T.
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Using the energy identity (2.17) and noting that £(7") < £(t) in the left-hand side integral,

T
§5€(T) < (C1 = Cy = C3)E(T) + (C1 4 Co + C3)&(0) + Cy + (Co + C5)T.
Taking 7" sufficiently (7" > 2C) we can write
ElT) < yr&(0) + Kr, (4.22)

where

2(Cy + Cy+ Cy) 201 4+ 2(Cy + C3)T

=T (0 —Cy—Cy) ~ 7 T T T 2(C, — Cy — Cy)
From (£.22) and well-known argument shows that
—at KT
gg(t) < 75@(0)6 4+ —" Vt>0, (423)

I =97

for some «,y > 0. For completeness we sketch its proof here. Indeed, the same argument
can be repeated for any interval [mT’, (m + 1)T], m € N. Then

E(mT) < yr&((m —1)T) + Kr

+<’”z ) Kr

(since yr < 1)

Now given ¢t > 0, there exits m € N and r € [0,T") such that ¢t = mT + r. Then

Kr
1_7T.

5g(t) < Eg(mT) < ’}/:,mgg(()) +

It follows that

Ky
1_7T.

Eu(t) < v,T E(0) + < AP T E(0) +

T
L =77
Therefore choosing v = 7' and a = — In(y7)/T we obtain (L.23).

(v) Conclusion: We observe that combining (£23]) and (2.18)) yields

2’)/ _ 2LmFKT
S(t)yollz, < =EE(0)e ™ 4 —————
15(6)yoll3, 3, ¢(0) Bl — 77)
and then clearly any closed ball B#(0, Ry) with RZ > Zggbf fTT) is a bounded absorbing set,
not depending on /. O
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5 Global attractors 11

In this section we assume that damping terms satisfy condition (2.12)). Then we show
that the global attractor obtained in Theorem [4.1] has further properties.

Theorem 5.1. Under the hypotheses of Theorem [[.1], with (ZI1]) replaced by (2Z12I), one
has:
(1) The global attractor Ay has finite fractal dimension.

(13) Any full trajectory (o(t),(t), w(t), pi(t), ¥i(t), w(t)) inside the attractor Ay, has
further regularity

(e, b, w)ll 2y + 10 e wi) | agys + 1(Prns res wae) [ n2ys < Ch, (5.1)

for some Cy > 0.

(iii) The dynamical system (H,Se(t)) possesses a generalized exponential attractor A,
with finite fractal dimension in a extended space H_,, defined as interpolation of

Ho:=H and H_:=L*0,L)>x H'(0,L)?

for any n € (0,1].

Remark 5.1. As discussed in Remark [3.1] we can prove an analogous result for the Tim-
oshenko system, that is, the dynamical system (Ho, So(t)) generated by (LI2)-(LI5) has
a regular global attractor Ag in Ho = Hj (0, L)* x L*(0, L)?, with finite fractal dimen-
sion. 0

The proof of Theorem Bl relies on the properties of quasi-stable systems.

5.1 Quasistability

Lemma 5.2. In the context of Lemmal[4.3, with (ZI1)) replaced by [2.12)), given a bounded
invariant set B, there exist constants ag,vg,Cg > 0, such that

E(t) < vpE(0)e*" + Cp sup ([lo(o)ll3, + 1¥(0)ll2, + w(o)ll2,)- (5.2)

o€l0,t]

Proof. We begin as in the proof of Lemma [£.2] since (2.12) implies (2.11]). Then we only
need estimate the right-hand side of (4.5)). Here C' > 0 will represent several constants
independent of B or t.

(1) First remarks: We observe that estimate (£.0) holds unchanged. We also observe that
(#9) can be changed to

1 (Tt
_5/0 /0 (Fi(, 1, w)p + Fap, ¥, ) + F3(p, ¢, w)w)dzdt

T
< CB/O (lellz, + 1113, + llwll3,) dt. (5.3)
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(7i) Role of (Z12): Now since (2.14)) holds we see that estimate (A7) becomes

T pL T pL
/ /(m%ﬂwwﬁ+pwﬂdwt30/ /(GN%M%+GAMM%+GﬂwmmMﬂﬁ
0 0 0 0

In addition, (ZI2]) implies that |g;(u) — ¢:(v)| < M;|u — v| for all u,v € R. Then

T pL 1 T T
| [ Gitepdin<g [ edgars s [ el
0 0 6 0 0

Applying the same argument to [[ G2(¢¢)¢ and [[ G3(w;)w we infer that (L8) becomes

-5 | [ Gileie+ Galviw + Gatunyw) o

1 T T
<3 | B@ac [ (ol 1ol + lol)d. 64

(7ii) First energy inequality: Using the inequalities (5.2)-(5.4) into (.3]), we obtain that
T T L
/ Eg(t)dt S C[Eg(T) + Eg(O)} +CB / / (Gl (QOt)(,Ot + Gg(wt)iﬂt + Gg(wt)wt) dxdt
0 o Jo

T
+Co [ (el + 1018, + [l 55

(7v) Damping estimate: The energy identity (4.10) implies that
T oL
/ / (Gl(%ﬁ)%ﬁ + G (V)b + G3(wt)wt)dl'dt
o Jo

T L
[ [ Bleviwien+ Balpvw)un + B, b wpu)dedr
0o Jo
+ Ey(0) — E,(T). (5.6)
Let us estimate the forcing terms. Note that, for € > 0,
L
/ Fi(p, ¥, w)pde < C(V f1)([ellzp + [[¥]l2p + [[wll2p) lloe]]2
0
€
< gplledllz + T Cen(llellz, + 1912, + llwll,)-
where
C(Vf)=CA+1e"I5," + 15, + 1015, + 19215, + llw'll5, " + lw?[l5, ")
Similar estimate holds for [ Fy(¢, v, w)yy and [ F3(p, 9, w)w;. Then we obtain
L
/ (F1(907¢7w)90t +F2(9071/}7w)¢t +F3((p7w7w)wt)dx
0

€
< 5 (loellz + 1ells + llwell3) + T Cen(liels, + 1015, + lwliz,)
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and we can write

T T L
/0 / /0 (Fi(e. v, w)er + Fa(p, v, w)ihy + F3(p, ¥, w)w,) dadtds

T T
<c [ B+ Conr [ (6l + 10, + lol)a. 61)

This inequality together with (5.6]) results that

/0 /0 (Gl(%ﬁ)% + Go(Ve)h + Gg(’u]t)wt) dxdt
< EZ(O) — Eg(T) + e/T Eé(t)dt

T
+Cpr / (lellZ, + 112, + lwll2,) de. (5.8)
0

(v) Second energy inequality: Applying the damping estimate (5.8) in (5.5) we obtain,
for € small enough,

/0 Ee(t)dtg(C_CB>E£(T>+(C+CB>E£(O>+CB/0 (el + 1113, + lwllz,)de. (5.9)

(vi) Estimating E(T'): Integrating the energy identity (4.I0Q) it follows that

TE(T) :/TEg(t)dt—/OT /ST /OL(Gl(apt)got+G2(wt)¢t+G3(wt)wt)da:dtds

0

T T L
) /0 / /0 (Fu(g, 0, 0} + Folo, 0, w0}ty + Fy(ip, b, w)uwy) dudids.

Taking into account that Gy(¢¢)er + Ga(w)dy + Gs(wy)wy > 0 and using the estimate
(570 we obtain

T T
TE(T) < 2/0 Ez(t)dt—l—CB,T/O (lell3, + 12113, + lwll3,)dt. (5.10)

(vii) Concluding: Inserting (5.9) into (B.10) we obtain

T
TE(T) <2(C = Cp)E(T) +2(C + Cp) Ey(0) + CB,T/ (Iellz, + I3, + [lwll2,) dt.
0

Taking T' > 4C we can write

Ef(T) < yrE(0) + Cpr sup, (le(@)ll3, + (@), + lw(o)]l5,)
oe|0,

where
2(C+Cp)

=T (0= )

< 1.
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Then a standard argument, similar to the one employed in Lemma (.5 shows that there
exists vp 1, apr, Cpr > 0 such that

Eo(t) < vprEi(0)e BTt + Cp 1 sup, (@), + ()3, + lw(o)ll3,)-
oe|0,

Since T" > 0 is a fixed time-step which depends on B, we can simply write vg, ag, Cp,
and therefore (5.2]) holds. O

Proof of Theorem [5.1] (Fractal dimension). We begin by observing that from the
variation of parameters formula (2.20) we obtain inequality (A.5). On the other hand,
Lemma implies that for any bounded positively invariant set B, the condition (A.0)
is valid with X = H}(0, L)%, Y = L?(0, L), b(t) = yge B!, ¢(t) = Cp, and

(o) = /o1, + 1913, + lw]3,

which is a compact seminorm in X. Then, in particular, (H, S¢(t)) is quasi-stable on the
attractor A,. Therefore this attractor has finite fractal dimension from Theorem [A 4l O

Proof of Theorem [5.1] (Regularity). Since we know that the system is quasi-stable,
Theorem [A.0], implies that any full trajectory (¢(t),¥(t), w(t), oi(t), ¥ (t), w(t)) inside
the attractor has regularity

Dt 'th, Wy € LOO(R, H&(O, L)) N C(R, L2(O, L)) and Dtts wtta Wy € LOO(R, L2(O, L))
Now, by continuity of the nonlinear terms, we have
k‘%%x = P1¥Pt — k(,lvb + Ew)x - kof(wx - &0) + gl(SOt) + .fl(§0> % w) € LOO(R; L2(O> L))>

b¢xw = p2wtt + k((px + w + £U)) + g2(¢t) + f2(907 ¢7 U)) € LOO(Ru L2(07 L))v
kowx:c = P1Wyt + kOESOx + k’g(wx + ’QD + gw) + g3(wt) + f3(90’ ¢7 'LU) € LOO(Rv L2(0a L))

Then, elliptic regularity implies that ¢, ¥, w € L=(R, H*(0, L) N HZ(0, L)), and therefore
estimate (5.0)) is verified. O

Proof of Theorem [5.1] (Exponential attractors). Let B be the bounded absorbing
set of (H,Se(t)) given by Lemma L5 Then for 7" > 0 and y = (p, ¥, w, p, ¥, w) € B,
there exists Cz > 0 such that

1Se)ylln < Cp, 0<t<T.
Using this in (I7)-(L3) we obtain (@, ¥y, wy) € H-'(0,L)%. Taking a larger Cp if

necessary, we have

fasnl, <o vsrsT

Consequently we obtain

d
—Sg(t)yHﬁ dit < Cslty —to], 0<t <t <T. (5.11)
-1

to
1Sty — Seb)ylls < / -

t1
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That is, the map t — Sy(t)y is Holder continuous from [0, 7] to H_, (with exponent 1).
Therefore Theorem [A.5limplies the existence of a generalized exponential attractor A}
whose fractal dimension is finite in 7:2_1. B B

We can choose smaller extended spaces. Indeed, since Hy C H_; continuously, given
n € (0,1), the interpolation theorem implies that

lyllz, < Cllylly " Iyll% < Cs "yl -
In particular,

1Se(t1)y = Se(ta)yllz, < Cp " I1Se(t)y — Set2)yll7, -
Then, combining this with (5.11]) we find that

||Sg(t1)y — Sg(tg)’(lj”ﬁin S CB|t1 — t2|n, 0 S tl < t2 S T.

This shows that ¢ — S,(t)y is Holder continuous in the space ’;f[_n. Then the existence

of a generalized exponential attractor, with finite fractal dimension in H_,, follows from
Theorem [A5] O

6 Upper-semicontinuity

Our last result is concerned with the convergence of attractors of the Bresse system
(Ay) to that of the Timoshenko system (Ay). In a first understanding, we could consider
the solutions of the Timoshenko as

(S0>¢,0>S0t>wt,0) € H and AO CH.

Then we compare A, with Ay in H, as £ — 0. However, as mentioned early, in the
limit the Bresse system uncouples into the Timoshenko system and an independent wave
equation in the variable w. The model does not assert whether w = 0. Therefore, instead
extending the attractor A to H, we project the attractors A, onto Hy.

Theorem 6.1. Under the hypotheses of Theorem[2d], assume further that f; satisfy con-
dition (B1)). Then the attractor A, is upper-semicontinuous with respect to £ — 0, in the
sense that,

: Ho _
lim d (PA;, Ag)=0, (6.12)

where d’° denotes Hausdorff semi-distance, and P : H — Hg is the projection map defined
by P(‘ﬁ? w’ w7 ()57 w’ /IIJ) = (()07 w’ @7 w)'

Proof. The proof is based on the arguments in [16] and also in [14]. Suppose by contra-
diction that the statement (6.12) is false. Then there exists ¢ > 0 and a sequence £, — 0
such that

sup inf ||Py — z|u, > €, Vn.
yEAzn z€Ag
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Since Ay, and A are compact sets, there exist y{ € Ay, such that

1 o > . .
inf [[Py; = 2l 2 e, ¥ (6.13)

Let y™(t) the full trajectory in A, defined by

y"(t) = (" (1), " (1), w" (1), i’ (1), 7' (1), wi' (1)), y™(0) = yg.

We can assume £, € (0,7/2L), and then the absorbing ball B = B(0, Ry) given by Lemma
is independent of ¢,,. Then

1™ (#), 9™ (1), W™ () [ ye + 1107 (8), 07 (1), Wi (D) s < Ro, Vit (6.14)

In addition, since (2.4]) and (2.I8) are now independent of ¢,,, we see that coefficients in
(52)) do not depend on ¢,,. Then (A7) asserts that there is By > 0 such that

(7 (£), 27" (&), Wi (D) [ rye + 1123 (), Vi (1), wiy (8))[Fp2s < RY, V. (6.15)

As in the proof Theorem [B.1] (regularity), using elliptic regularity combined with (6.14])-
([6.15), we obtain Ry > 0 such that

1" (0,0 (1), 0 () oy < RS Wi,

Consequently,
{y"} is bounded in L*>(R, H*(0, L)* x H'(0, L)%),

{y;'} is bounded in L*(R,H),
and for every T' > 0, we have
{y"} is precompact in C([-T,T],H).

From this, there exists a subsequence {y™} and y € C([-T,T],H) such that

Jim sup [y (8) = y(8) |l = 0.
—00 te[-T,T]

In particular, denoting z = Py, we have

klim | Pys* — 2(0)||%, — O. (6.16)
—00

Let us show that 2(0) € Ag. Indeed, the same argument used in Theorem [B.I] proves that
Z = Py is a solution of the Timoshenko system ([L12)-(LI5) in [-7,7]. Since T > 0 is
arbitrary, it follows from (6.14]) that Z(¢) is a bounded full trajectory for the Timoshenko
system and thus Z(0) € Ay. Therefore, (6.10) contradicts (6.I3). This completes the
proof of the Theorem 6.1l O
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Appendix

In this appendix we have collected some useful results concerning attractors of non-
linear infinite dimensional dynamical systems. Most of results can be found in classical
references such as [3| [15] (17, 25]. We shall follow more closely [10, Chapter 7).

Definitions.

A dynamical system is a pair (H, S(t)) where H is a complete metric space and S(t) is
a strongly continuous semigroup of H. Then, a global attractor for (H, S(t)) is a compact
set A C H that is fully invariant and uniformly attracting, that is,

S() A=A and lim d?(S(t)B,A) =0,

for any bounded set B C H, where d denotes the Hausdorff semidistance

d" (A, B) = sup inf d(a, b).
(4, B) = sup inf d(a, b)
Roughly speaking, the existence of a global attractor relies on two properties, namely,
dissipativeness and compactness. A dynamical system is called dissipative if it has an
absorbing set, that is, a bounded set B C H that attracts any bounded set B in a finite
time T > 0. In other words,

S(t)BCB, t>1Tg.

As for compactness, a dynamical system (H, S(t)) is called asymptotically compact if for
any bounded set B C H, and sequence {z;} C B, the sequence {S(tx)x} has convergent
subsequence whenever t;, — oo. This condition is often hard to prove and some compact-

ness criteria are used instead. The fractal dimension of a compact set A C H is a number

defined by
In N.(A)
dimp A = limsup ————=,
4 20 n(1/e)
where N.(A) is the minimal quantity of closed balls of radius 2e necessary to cover A. A
compact set AP C H is called a generalized exponential attractor if:
(1) it is positively invariant,
(1) it attracts exponentially fast the trajectories from any bounded set of H,
(797) it has finite fractal dimension in an extended space H O H.
In what follows we present some abstract results that guarantee the existence of smooth
attractors with finite fractal dimension.

A compactness criterion.

The following criterion for asymptotic compactness is very useful for hyperbolic like
systems. It was presented in [9] [10] and involves a function ¥ : B x B — R such that

lim inf lim inf ¥ (y,,, ym) = 0, (A1)

m—0o0 n—oo

for every sequence {y,,} C B, where B is a bounded set of H.
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Theorem A.1l. [I0, Theorem 7.1.11] Let (H,S(t)) be a dynamical system where H is
a Banach space. Assume that for any bounded positively invariant set B C H and any
€ > 0, there exists a time T = T, g and a function V. g7 : B x B — R satisfying (A1)
such that

IS(T)y' = S(T) 9|l < e+ Venr(y',y?), Vy',y*€B.

Then (H,S(t)) is asymptotically compact.

Gradient systems.

Gradient systems have more specialized dissipativeness because they admit a strict
Lyapunov function. More precisely, a functional ® : H — R is a strict Lyapunov function
for a system (H, S(t)) if,

(1) the map ¢t — ®(S(¢)z) is non-increasing for any z € H,

(73) if ®(S(t)z) = ®(z) for all ¢, then z is a stationary point of S(t).

Attractors of gradient systems may have further geometric properties. Let N be the set
of stationary points of S(¢). Then the unstable manifold M, (N) is the family of y € H
such that there exists a full trajectory u(t) satisfying

u(0) =y and lim dist(u(t),N') = 0.

The following result is well-known. See for instance [I0, Corollary 7.5.7].

Theorem A.2. Let (H,S(t)) be an asymptotically compact gradient system with the cor-
responding Lyapunov functional denoted by ®. Suppose that

O(2) — oo if and only if ||z||g — oo, (A.2)
and that the set of stationary points N is bounded. Then (H,S(t)) has a compact global
attractor which coincides with the unstable manifold M, (N).

Quasi-stable systems.

Let X,Y be two reflexive Banach spaces with X compactly embedded into Y and put
H = X x Y. Consider the dynamical system (H, S(t)) given by

St)y = (u(t), w(t)),  y=(u(0),u(0)) € H, (A.3)
where the functions u have regularity
u € C([0,00); X) N CH[0, 00); Y). (A.4)

Then we say that it is quasi-stable on a set B C H, if there exist a compact semi-norm
[-]x on X and nonnegative scalar functions a(t) and c¢(¢), locally bounded in [0, o), and
b(t) € L*(0,00) with lim;_,o, b(t) = 0, such that,

ISt)y" = SOy H < a)lly' —y*[1%, (A.5)
and
ISty = SOy IH < o®)lly' — v* 17 + () Osigt[ul(S) —u’(s)]%, (A.6)

for any y',y* € B, where S(t)y" = (u'(t),ui(t)), i =1,2.
The first property of quasi-stable system is the asymptotic compactness.
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Theorem A.3. [10, Proposition 7.9.4] Let (H, S(t)) be a dynamical system given by (A.3))
and satisfying (A4). Suppose that the system is quasi-stable on every bounded positively
invariant set B of H. Then (H,S(t)) is asymptotically compact.

Fractal dimension and exponential attractors.

Quasistability also implies that global attractors have finite fractal-dimension.

Theorem A.4. [10, Theorem 7.9.6] Let (H,S(t)) be a dynamical system given by (A.3))
and satisfying (A4l). Suppose that it has a global attractor A and it is quasi-stable on it.
Then A has finite fractal dimension.

Theorem A.5. [10, Theorem 7.9.9] Let (H, S(t)) be a dissipative dynamical system satis-
fying (A3)-(A4) and quasi-stable on some bounded absorbing set B. In addition, suppose
there exists an extended space H O H such that, for each T > 0,

15(t)y = S(a)yllg < Corlts = o], 11,1 € [0, 7], y €5,

where Cpr > 0 andn € (0, 1] are constants. Then this system has a generalized exponential
attractor A®P C H with finite fractal dimension in H.
Regularity of attractors.

In many cases a quasi-stable system has global attractor more regular than its phase
space. The next result is about gain of regularity in the ¢ variable.

Theorem A.6. [10, Theorem 7.9.8] Let (H, S(t)) be a dynamical system satisfying (A.3)-
(A.8) with c(t) bounded. Suppose that it has a global attractor A and it is quasi-stable on
it. Then any full trajectory (u(t),w,(t)) in the attractor have additional regularity

u € LR, X)NC(R,Y) and uy € L=(R,Y).

In addition,
lue(OI% + lun @)y < B, teR, (A7)
where R > 0 depends on sup,~c(t), px, and on the embedding X — Y.

The corresponding gain of regularity in the x variable is usually obtained from elliptic
regularity.
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