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of Compressed Sensing and the Restricted Isometry Property and Nullspace
Property in Levels*
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Abstract. The purpose of this paper is twofold. The first is to point out that the property of uniform recovery,
meaning that all sparse vectors are recovered, does not hold in many applications where compressed
sensing is successfully used. This includes fields like magnetic resonance imaging (MRI), nuclear
magnetic resonance computerized tomography, electron tomography, radio interferometry, helium
atom scattering, and fluorescence microscopy. We demonstrate that for natural compressed sensing
matrices involving a level based reconstruction basis (e.g., wavelets), the number of measurements
required to recover all s-sparse signals for reasonable s is excessive. In particular, uniform recovery of
all s-sparse signals is quite unrealistic. This realization explains why the restricted isometry property
(RIP) is insufficient for explaining the success of compressed sensing in various practical applications.
The second purpose of the paper is to introduce a new framework based on a generalized RIP and
a generalized nullspace property that fit the applications where compressed sensing is used. We
demonstrate that the shortcomings previously used to prove that uniform recovery is unreasonable
no longer apply if we instead ask for structured recovery that is uniform only within each of the
levels. To examine this phenomenon, a new tool, termed the “restricted isometry property in levels”
(RIPL) is described and analyzed. Furthermore, we show that with certain conditions on the RIP,
a form of uniform recovery within each level is possible. Fortunately, recent theoretical advances
made by Li and Adcock demonstrate the existence of large classes of matrices that satisfy the RIP,.
Moreover, such matrices are used extensively in applications such as MRI. Finally, we conclude the
paper by providing examples that demonstrate the optimality of the results obtained.
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1. Introduction. Compressed sensing, introduced by Candes, Romberg, and Tao [18] and
Donoho [30], has been one of the important new developments in applied mathematics in
the last decade [9, 15, 24, 27, 31, 32, 33, 35, 42, 60]. By introducing a nonlinear recon-
struction method via convex optimization and randomization in the sampling procedure, one
can circumvent traditional sampling barriers when reconstructing vectors that are sparse or

*Received by the editors October 15, 2015; accepted for publication (in revised form) November 3, 2016; pub-
lished electronically March 15, 2017.

http://www.siam.org/journals/siims/10-1/M104397.html

Funding: The work of the first author was supported by RCUK/Engineering and Physical Science Research Coun-

cil (EPSRC) grant EP/H023348/1. The work of the second author was supported by EPSRC grant EP/L003457/1
and a Royal Society University research fellowship.

fCCA, Centre for Mathematical Sciences, University of Cambridge, Cambridge CB3 OWA, UK (A.Bastounis@
maths.cam.ac.uk).

IDAMTP, Centre for Mathematical Sciences, University of Cambridge, Cambridge CB3 OWA, UK, and Depart-
ment of Mathematics, University of Oslo, 0316 Oslo, Norway (A.Hansen@damtp.cam.ac.uk).

335

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


http://www.siam.org/journals/siims/10-1/M104397.html
mailto:A.Bastounis@maths.cam.ac.uk
mailto:A.Bastounis@maths.cam.ac.uk
mailto:A.Hansen@damtp.cam.ac.uk

Downloaded 04/19/17 to 131.111.184.102. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

336 ALEXANDER BASTOUNIS AND ANDERS C. HANSEN

compressible, meaning that they have few nonzero coefficients or can be approximated well
by vectors with few nonzero coefficients.

Under certain conditions on the matrix U, every “s-sparse” vector x (i.e., any vector x
with at most s nonzero entries) can be recovered by observing the values of Uz and employing
¢! minimization. Remarkably this can be achieved even if U is singular. If any s-sparse
vector can be perfectly recovered in this way, we say that uniform recovery of order s is
possible.

Given the recent substantial interest in uniform recovery it is natural to ask whether
this intriguing mathematical concept is actually observed in many of the applications where
compressed sensing is applied. Certain conditions on U, like the restricted isometry property
(RIP) (see Definition 1.2) and the nullspace property of order s (see Definition 1.3) imply
uniform recovery of order s. However, for general matrices U it is difficult to check that these
properties hold. Indeed, it is shown in [62] that verifying that the RIP holds (and thus order
s uniform recovery is possible) for general U is an NP hard problem. However, there is a
simple test that can be used to show that certain matrices cannot achieve uniform recovery
of order s for reasonable values of s. This is called the flip test. As this test reveals, there
are a significant number of practical applications where uniform recovery is not the correct
model for compressed sensing. This list of applications includes magnetic resonance imaging
(MRI) [37, 52], other areas of medical imaging such as computerized tomography (CT) [23, 39],
nuclear magnetic resonance (NMR) [43], electron tomography [36, 49], as well as other fields
such as fluorescence microscopy [59, 61], surface scattering such as helium atom scattering [44],
and radio interferometry [53].

We will thoroughly document the lack of uniform recovery of order s in this paper and
explain why it does not hold for reasonable s in many applications. It is then natural to
ask whether there might be an alternative to uniform recovery of order s that may be more
suitable for the actual real-world compressed sensing applications. With this in mind, we
shall generalize uniform recovery of order s to a level based uniform recovery, which we term
uniform recovery of order (s, M). Numerical experiments will suggest that uniform recovery
of order (s, M) is better suited to many of the applications where compressed sensing is used
than uniform recovery of order s. We will extend the concepts of the RIP and the nullspace
property to this setting with the introduction of the RIP in levels and the £2 robust nullspace
property of order (s, M).

1.1. Compressed sensing. We shall begin by discussing the general ideas of compressed
sensing as it is used in linear inverse problems. Consider the problem of recovering information
x € C" from a scanning device, represented by an invertible matrix M € C"*", given observed
measurements y := Mx. In general, we require knowledge of every element of y to be able
to accurately recover x without additional structure. Indeed, let Q = {a1,a9,...,any} with
1<oar <ay<asz <- -+ < an <n and define the projection map Py : C" — C™ so that
Po(z1,x9,...,20) = (Tays Tags - - - Loy, ). If m is strictly less than n then for a given y there
are at least two distinct vectors 1 € C" and xo € C™ with Poy = PoMx1 = PoMxo, so that
knowledge of Pqy will not allow us to distinguish between multiple candidates for x. Ideally
though we would like to be able to take m < n to reduce either the computational or financial
costs associated with using the scanning device M.
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So far, we have not assumed any additional structure on xz. However, let us consider
the case where the vector z consists mostly of zeros. More precisely, we make the following
definition.

Definition 1.1 (sparsity). A vector x € C" is said to be s-sparse for some natural number
s if |supp(z)| < s, where supp(x) denotes the support of x.

The key to compressed sensing is the fact that, under certain conditions, any minimizer
(P1) z € argmin||Z||; such that Ux = UZ

of the ¢! basis pursuit (BP) problem (where U := PoM is a matrix in C™*") gives a good
approximation to x. Indeed, one would like to be able to use minimizers of (P1) to recover x
whenever z is s-sparse, and more generally if x is close to an s-sparse vector then we might
expect solutions to (P1) to be close to x. We can encapsulate this statement mathematically
by making the following definition.

Definition 1.2 (uniform recovery of order s). Let s be a positive integer. We say that
uniform recovery of order s is possible for the matriz U if solutions & to (P1) satisfy

(L.1) lz = Z[[y < Cos(z)

for some constant C independent of x, where os(x)1:=min{||x—2Z2||1 such that Ty is s-sparse}.
Note that (1.1) implies that all s-sparse = are recovered exactly by solving (P1), since if x is
s-sparse then os(x); = 0.

Proving that uniform recovery of order s is possible for the matrix U is an inherently
complicated task. To simplify this task, the nullspace property and RIP have been introduced
(see [19] and [35] for more information). More specifically, the nullspace property is defined
as follows.

Definition 1.3 (£? RNSP of order 5). A matriz U € C™*" is said to satisfy the {* robust
nullspace property (¢2 RNSP) of order s if there is a p € (0,1) and a 7 > 0 such that
for all vectors v € C"™ and all S which are subsets of {1,2,3,...,n} with |S| < s, we have

lvsllz < pllvsell1/v/s + T||Uv]|2.

The RIP is defined in terms of the restricted isometry constant (RIC) ds. A matrix is said
to have the RIP if §; < 1.

Definition 1.4 (restricted isometry property). The RIC of order s for a matriz U € C™*™,
denoted by s, is the minimal § > 0 such that
(1.2) (1= 8)l2l3 < lUz]3 < (1+ )l

for all s-sparse vectors x € C™.

It is well known (e.g., [6] and [35]) that if U satisfies the £2 RNSP or the RIC of order s is
sufficiently small, then (1.1) is satisfied when finding minimizers  of the BP problem (P1).

Remark 1.5. In fact, the RIP and RNSP both imply a stronger result. Suppose that
instead of seeing Uz, we see a noisy version v := Ux + v for some noise vector v with
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lv]|2 < e. Instead of finding minimizers of (P1), we can try to recover x by finding minimizers
to the modified ¢! minimization problem (so that x itself is a feasible solution)

(P2) z € argmin ||Z||; such that ||[v — UZl||2 <e.
Then any minimizer Z to (P2) will satisfy both

(1.3) |z = Z|ly < Cos(a)1 + Dey/s,
Cas(a:)l
—F——+D

Vs
provided that U satisfies the /2 RNSP (e.g., [35, Theorem 4.22]) or d, is sufficiently small
(e.g., [12, 13, 16, 34] and [14, 28, 64] for optimal conditions). In later chapters we shall

introduce the 2 RNSP in levels and the RIP in levels which will also have a similar resilience
to noise.

(1.4) [l — |2 <

2. The absence of the uniform recovery and the flip test.

2.1. The flip test. Although uniform recovery seems convenient, it is in general very
difficult to verify that uniform recovery of order s is possible for a matrix U. In fact, showing
that the RIC of an arbitrary matrix is below a certain value is an NP hard problem [62].
However, some special cases for U do exhibit uniform recovery of order s (e.g., with high
probability, Gaussian and Bernoulli matrices can achieve uniform recovery [20]). Even though
it is hard to show that uniform recovery is possible for a general matrix U, there is a simple
test (the “flip test,” introduced in [2]) that shows that there are a variety of matrices used in
practical applications for which uniform recovery grossly underestimates the effectiveness of
compressed sensing.

Flip test (sparse vectors). Suppose we are given U € C"™*™, s; € N, and an s;-sparse
vector x! that is perfectly recovered by finding minimizers of the BP problem (P1) using U
and z = z'. We now want to test if this recovery is uniform.

1. Let @ be an operator that permutes the entries of 2! and let 22 = Qz'. Run the
BP problem (P1) with x = 22 to try to recover z? from Ux? and obtain a minimizer
#2. Compare z!' and Q~'#2. If 2! # Q~'42 then we do not have uniform recovery of
order s7.

2. If the test in the first step failed, we want to test how far we were from uniform recovery
of order s;. We want to see how many coefficients sy of 22 one could hope to recover
uniformly. Select a nonzero coefficient of x? and set it to zero and call this new vector
hl. If we recover h! by using BP with # = h! in (P1), then set sy = s; — 1. If not
set n nonzero coefficients of z? to zero to obtain A" and repeat until A" is recovered
exactly by using BP with x = A" in (P1). Let

S§9 = 81 —N.

3. If the first step succeeds, retry it with many different permutation matrices Q. If this
succeeds for a large variety of such @ then this is an indicator (but not a mathematical
proof) that we may have uniform recovery.

The particular choice of ) that was given in [2] was the permutation Qyeverse that reverses
order—namely, if x € C" then
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2 2 -1 2
reverse

Figure 1. A graphical demonstration of the flip test for matrices which exhibit the uniform recovery where
x! is a vector exactly recovered by minimizers of (P1). Darker colors denote larger values. If uniform recovery
of a sufficiently high order holds, then Qoo e = Z°.

Qreverse(ﬂfh L2y evvyTn—1, xn) = (xna Tn—1y---,T2, .’131).

A graphical demonstration and summary of the expected results of the flip test with a matrix
U that exhibits uniform recovery is given in Figure 1.

We have performed the flip test on Fourier and Hadamard matrices in combinations with
wavelet transforms. In particular, the U used in the test is of the form

U= PoDFT-DWTy' or U= PoHAD -DWT}!

for different successful sampling patterns 2. The notation DFT, HAD, and DWTy is used
throughout this article to represent the discrete Fourier transform, the Hadamard transform,
and the discrete wavelet transform (with Daubechies wavelets with N vanishing moments),
respectively. These different types of matrices are represented in a variety of applications
including (but not limited to) MRI [37, 52], radio interferometry [53], helium atom scattering
[44], electron tomography [36, 49], CT [23, 39], fluorescence microscopy [59, 61], and NMR  [43].

In Figure 2 and Table 1 we have displayed the results of the flip test. Note the failure of
uniform recovery displayed visually in Figure 2. More quantitatively, observe the substantial
differences between s; and sy in Table 1. It is worth noting that even with 97% sampling as
in the second row of Figure 2, there is still a vast difference between ! and Q~'x2. Although
this may seem surprising at first, this is a consequence of the near block diagonal structure
of the matrix DFT - DWT ™! (see Figure 3 and Remark 2.2). The high Fourier frequencies
(which, due to the block diagonality, correspond to the finer detail wavelet coefficients) are
heavily subsampled since the finer detail coefficients are highly sparse. However, when the
wavelet coefficients are flipped, we are now subsampling the Fourier frequencies corresponding
to the nonsparse coarse wavelet coefficients. Thus the recovery is poor and we get the results
of Figure 2. Note that the flip test will fail in a similar manner if we replace wavelets with
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CS recovery (z!) Flip recovery (Q~'#?) Subsampling pattern

College 1

12% samples
DFT-DWT; ' [
MRI, Surface

Scattering,
NMR

College 2
97% samples |
DFT-DWT, !
Radio inter-
ferometry,
Electron

tomography

College 3

16% samples
HAD-DWT;*
Fluorescence
microscopy,
Lensless

camera

Figure 2. Results of the flip test for different compressed sensing matrices frequently used in applications.

Table 1
A table displaying the number of nonzeros that are recovered exactly by various operators. s1 represents the
number of nonzeros that can be recovered from a standard image, whereas s2 represents the nonzeros recoverable

after flipping.

Image Operator S1 So
College 1 | DFT-DWT3' | 121,923 | 329
College 2 | DFT-DWT; ! | 1,850,917 | 143
College 3 | HAD-DWT;' | 167,772 4
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DFT - DWT,* DFT - DWT;* HAD - DWTj!

Haar

Figure 3. First row: an image and its wavelet coefficients, where a brighter color corresponds to a larger
value. Second row: absolute values of a variety of compressive sensing matrices. The block diagonal struc-
ture allows us to fully sample rows that correspond to the coarser wavelet levels and subsample the rows that
correspond to the finer wavelet levels.

other popular frames such as curvelets, contourlets, or shearlets [17, 29, 48]. We thus need
to consider more structure than just sparsity to explain the success of compressed sensing in
these applications.

Remark 2.1 (sparsity cannot be the right model). The flip test reveals that sparsity cannot
be the correct model for these examples in compressed sensing. When the values of s; and so
are (for example)

s1 = 121,923, s9 = 329,

it is hard to argue that one recovers s-sparse vectors for a representative s when the location
of the nonzero coefficients is arbitrary. On the contrary, as the flip test reveals, the location
of the nonzero coefficients is highly important. If sparsity is not the correct model one needs
to revise the model in order to find a more realistic description. Moreover, the concepts of
the nullspace property of order s and the RIP no longer apply if sparsity is not the correct
model for compressed sensing. Of course, it could be the case that the RIC of order 329 is
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sufficiently small to allow uniform recovery of order 329; however, that has nothing to do with
the successful recovery of the image with s = 121,923 nonzero wavelet coefficients.

Remark 2.2 (large coherence and almost block diagonality). One can understand the lack
of uniform recovery from simply looking at Figure 3. The blocks in the matrices correspond
to the different scales in the wavelet expansion that give a level structure. The wavelet
coefficients get relatively sparser in the finer levels and this corresponds to the blocks in the
matrices where the absolute values (coherence; see Definition 3.8) decrease. The coherence is
not uniformly small. In fact, it is very big in the upper left corner and then decreases with
the levels. As is well known [35], it is the uniform small coherence that is the key property
to prove uniform recovery. It should be noted that there have been attempts in applications
to change the measurements in, for example, MRI and radio interferometry, in order to make
the coherence smaller in the first levels. This is called the spread spectrum technique [55, 56].

2.2. Weighted sparsity. Consideration of a different explanation for the success of com-
pressed sensing that includes more structure than just plain sparsity is not a novel idea.
Indeed, weighted sparsity and the weighted RIP were described in [58] as a structured alter-
native to sparsity and the RIP. To describe this approach, we shall begin by defining weighted
sparsity. More specifically, given a collection of weights w = (w1,we,...,w,) € R™ with
wj > 1 for each j, a vector z € C" is said to be (w, s)-weighted sparse if the weighted ¢°
norm, [|z{lw,0 = 3 jesupp(a) w?, satisfies ||z]|w0 < s. We can similarly extend the ¢! norm to a

weighted ¢' norm by defining ||z ||, := > j—1wjx; and then examine weighted Y minimiza-
tion in the same way that we can discuss ¢! minimization. A preliminary idea to deal with
the difficulties raised in section 2.1 is to argue that instead of expecting uniform recovery of
order s as in equation (1.1) to hold whenever Z is a minimizer of (P1), we should hope for
uniform recovery of order (w, s) to hold. More specifically,

(2.1) |z — z||1 < Coys(2)1,

where o, s(x)1 = min{|lz — Z2||; such that Z5 is (w, s)-weighted sparse} and C is a fixed
constant. This is further motivated by the success of such an approach to the recovery
of smooth functions from undersampled measurements [58] and the improvements seen by
applying weighted ¢! techniques to random Gaussian matrices [46].

2.2.1. The insufficiency of uniform recovery of weighted sparse vectors through ¢!
minimization with wavelets. Unfortunately, there are issues with this method when applied
to problems involving a level based construction basis such as wavelets like in section 2.1.
These are more thoroughly documented in [1], but we shall provide a brief outline here. Just
as the flip test demonstrates that in many examples relevant to practical applications the class
of s-sparse vectors is too big and contains objects that cannot be recovered by ¢! minimization,
we have the same phenomenon for weighted sparsity. We find that for problems involving a
level based reconstruction basis, and for any choice of weights w, the class of (w, s)-sparse
vectors is too large and contains vectors that cannot be recovered by either weighted-¢! or ¢!
minimization.

In our specific setting above, this means that we have a “natural” image with wavelet
coefficients w that is recovered exactly and a vector w’ with [[w'[|(,0) < [lw|l(w0) which is
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not recovered. Therefore, either [wl|(, o) > s and w is not (w, s)-sparse (so a theory based on
weighted sparsity does not explain why w is recovered) or w' is (w, s)-sparse (but not recovered,
so that the class of (w, s)-sparse vectors is too large and inequality (2.1) does not hold).

We can show these results by expanding the “flip test” from section 2.1. The result is the
flip test for weighted sparse vectors.

Flip test (weighted sparse vectors). Suppose we are given U € C"™*"  a collection of

weights w € C", and a vector ' € C" that is perfectly recovered by finding a minimizer of the
BP problem (P1) using U and x = x!. Set s to be the minimal value so that z! is (w, s)-sparse.
We now want to test if this recovery is uniform across all (w, s)-weighted sparse vectors.
1. Let Q be an operator that permutes the entries of z! and let v = Qx!. Repeatedly
set individual coefficients of v to be 0 until v is also (w, s)-sparse. Call this new
vector 2.
2. Run the BP problem (P1) with 2 = 22 to try to recover x? from Ux? and obtain a
minimizer 2.
3. If #2 is not recovered exactly with this method, we do not have uniform recovery of
(w, s)-weighted sparse vectors.
4. Retry steps 1 to 3 with many different permutation matrices @. If this succeeds over
a large variety of such @ then this is an indicator (but not a mathematical proof) that
we may have uniform recovery. A single failure, however, demonstrates that we do not
have uniform recovery of (w, s)-weighted sparse vectors.

Figure 4 displays some examples where the flip test implies a lack of uniform recovery of
weighted sparse vectors (either because s is too small to explain the perfect recovery observed
or s is too large and there are too many vectors that are (w, s)-weighted sparse as in the pre-
vious discussion). Thus, weighted sparsity is insufficient to explain the success of compressed
sensing when using wavelets and other X-lets. In Figure 4 we have displayed only the result
of using ¢! recovery; however, the results are the same when using weighted ¢!. See [1] for
a thorough discussion of this phenomenon. We shall provide additional insight as to why
weighted sparsity is insufficient in section 3.1.4.

Remark 2.3. Tt must be emphasized that weighted sparsity and the weighted RIP were
developed in [58] for the purpose of recovering smooth functions with polynomials. Thus, one
should not expect the weighted RIP to hold for wavelets. Conversely, the RIP in levels may
not work for polynomials, as unlike wavelets there is no level structure present. Moreover,
in [46] the weighted approach is used in combination with random Gaussian measurements,
which is very different from the setup in this paper. These facts demonstrate the subtleties
of compressed sensing theory and that we are in need of a collection of much more specific
theorems using different sparsity models that depend on the problem.

Remark 2.4. The matrices discussed in sections 2.1 and 2.2.1 focused on matrices that can
be used to solve finite dimensional models of the real-world compressive sensing applications.
In some circumstances, it has been shown that this does not match the original infinite dimen-
sional problem and a different finite dimensional approximation is needed [3, 4, 10, 37, 38, 54].
It should be noted that the preceding flip tests could easily be adapted to this infinite dimen-
sional setting, and thus uniform recovery of either s-sparse vectors or (w, s)-weighted sparse
vectors will still be unattainable for descriptive values of s.
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Setup
The function f The sampling pattern 2 used
507 1107
0.0 1057+
50T 10.0
0 0.2 0.4 0.6 0.8 1 -500 0 500
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The vector z!' (non-zero Wavelet coeff. of f set to 1)  Perfect recovery of 2! using

PIIIIIIIII [l | l

600 800 1000 0 200 400 600 800 1000

Soo=
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CS after the generalised flip test
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.0
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0
5

oo

Soo -~
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-0.
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Figure 4. The figure displays the flip test for weighted sparse vectors with the function f(x) = sin(z)1Ljg,0.3—
10cos(x)L(0.3,0.8] + 9L(0.8,1] after its wavelet coefficients are thresholded so that perfect recovery is possible.
Recovery was done using a subsampled one-dimensional (1D) Fourier to wavelet matriz, with Daubechies 3
wavelets and £* minimization. The weights on the coefficients in level i were given by 2. Similar results follow
for other weights and also for recovery with weighted €% minimization.

3. An extended theory for compressed sensing. The current mathematical theory for
compressive sensing revolves around a few key ideas. These are the concepts of sparsity,
incoherence, uniform subsampling, and uniform recovery of order s. In [4] and [59], it was
shown that these concepts are absent for a large class of compressed sensing problems. To
solve this problem, the extended concepts of asymptotic sparsity, asymptotic incoherence, and
multilevel sampling were introduced. We now introduce the fourth extended concept in the
new theory of compressive sensing: uniform recovery of order (s,M). To accomplish this,
we shall extend the definitions of nullspace property and RIP of order s to a pair of new
concepts—the RIP in levels and the nullspace property of order (s, M).

3.1. A level based alternative to sparsity: (s, M)-sparsity. The examples given in
Figure 2 all involve reconstructing in a basis that is divided into various levels. It is this
level based structure that prevents us from observing uniform recovery of order s and necessi-
tates a new theory based on a different kind of sparsity. We shall demonstrate this new theory
with wavelets, which we give a brief description of in the following section. Despite our focus
on wavelets in the next few pages, it should be noted that our work applies equally to all level
based reconstruction bases.
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3.1.1. Wavelets. A multiresolution analysis (as defined in [25, 26, 51]) for L?(X) (where
X is an interval or a square) is formed by constructing increasing scaling spaces (Vy)?io and
wavelet spaces (W;)32 with V;, W; C L?(X) so that

1. if f(-) € Vj}, then f(2-) € Vj41, and vice versa;

2. U;iovj = L*(X) and ﬂ;iovj = {0};

3. W; is the orthogonal complement of V; in Vji4.
The wavelet expansion of a function f is an expansion in terms of basis elements of Vj (the
scaling level) and W; for j > 0 (the wavelet levels, said to be increasingly fine as j increases).
For natural images f, the largest coefficients in the wavelet expansion of f appear in the levels
corresponding to smaller j (the coarser levels). Closer examination of the relative sparsity in
each level also reveals a pattern: let w be the collection of wavelet coefficients of f and for a
given level k let S* be the indices of all wavelet coefficients of f in the kth level. Additionally,
let M,, be the largest (in absolute value) n wavelet coefficients of f. Given e € [0, 1], we define
the functions s(e) and si(€) (as in [4]) by

s(e) :=min{ n: fwag, o= [ D |Jwil2>e > Y w2 =eluwllap,
iEMy, keN jc Sk

s ( ) ’Ms(e mSk

More succinctly, si(€) represents the relative sparsity of the wavelet coefficients of f at the
kth scale. If an image is very well represented by wavelets, we would like s (€) to be as small
as possible for € close to 1. However, one can make the following observation: then the ratios
sp(€)/|S*| decay very rapidly for a fixed e. Numerical examples showing this phenomenon
with Haar wavelets are displayed in Figure 5. Summarizing, we observe that images taken

from the real world are sparse with a structure which the traditional RIP ignores.

3.1.2. (s, M)-sparsity and uniform recovery of order (s, M). Uniform recovery of order
s suggests that we are able to recover all s-sparse vectors exactly, independent of which levels
the s-sparse vectors are primarily supported on. Instead of such a stringent requirement, we
can take advantage of the structure of our problem, a concept that is already popular from
the recovery point of view [7, 40, 41, 63]. We have observed that, for wavelets, sj(¢)/|S¥|
decays rapidly as k — oo (see Figure 5). To further understand this phenomenon, in [4] the
concept of (s, M)-sparsity was introduced.

Definition 3.1 ((s, M)-sparsity). Let M = (Mg, My, ..., M;) € Nt with 1 < My < Mo <
- < M; and My = 0, where the natural number [ is called the number of levels. Additionally,
let s = (s1,52,...,5) € N with s; < M; — M;_1. We call (s, M) a sparsity pattern.

A set A of integers is said to be (s,M)-sparse if A C {Mo+1,My+2,...,M;} and for
each i € {1,2,...,1}, we have |[NN{M;—1 +1,M;—1+2,...,M;}| < s;. A vector is said to
be (s, M)-sparse if its support is an (s, M)-sparse set. The collection of (s, M)-sparse vectors
is denoted by Xsn. We can also define osm(z)1 as a natural extension of os(x)1. Namely,

osM(7)1 := minges, ; |z — 2|1
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Figure 5. The relative sparsity of Haar wavelet coefficients of two images. The leftmost column displays
the image in question. The middle and final columns display the values of s (€) for e € [0.5,1] and € € [0.85,1],
respectively, where k represents a wavelet level. Of particular importance is the rapid decay of si(€) as k grows
larger. “Scaling level” denotes the case where k corresponds to the scaling level.

Remark 3.2. If (s, M) is a sparsity pattern, we will sometimes refer to (as, M)-sparse sets
for some natural number a even though as; may be larger than M; — M;_;. To make sense of
such a statement, we define (in this context)

as := (min(as1, M1 — My), min(ase, My — M), ... ,min(as;, M; — M;_4)).

Let us now look at a specific case where (s, M) represent wavelet levels (again, we emphasize
that wavelets are simply one example of a level based system and that our work is more
general). Roughly speaking, we can choose s and M (we set M so that M;_; + 1 is the first
index for the ith wavelet level) such that z is (s, M)-sparse if it has fewer nonzero coefficients
in the finer wavelet levels. As with uniform recovery of order s, we ask for minimizers Z to
(P1). Instead of asking for (1.1), we might expect

(3.1) |z — 2|1 < Cosm(z)1

for some C' independent of x. If these conditions are satisfied then we say that uniform
recovery of order (s, M) is possible for the matriz U.

3.1.3. The flip test in levels. In section 2.1, we saw that there was a simple test that
uniform recovery of order s is not an accurate explanation for why compressed sensing is
effective with some matrices U. However, the argument in section 2.1 does not apply if we
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expect uniform recovery of order (s, M) instead of uniform recovery of order s (since (1.1) will
no longer hold for minimizers z of (P1)).

Flip test in levels ((s,M)-sparse vectors). Suppose we are given U € C™*™, a sparsity
pattern (s, M), and an (s, M)-sparse vector z' that is perfectly recovered by finding a mini-
mizer of the BP problem (P1) using U and z = z'. We now want to test if this recovery is
uniform.

1. Let @ be a randomly chosen permutation with Q(Xsm) = Ssm and let 22 = Qal.
Run the BP problem (P1) with 2 = 22 to try to recover x? from Ux? and obtain a
minimizer #2. Compare z! and Q~122. If 2! # Q~'Z2 then we do not have uniform
recovery of order (s, M) (since 22 is (s, M)-sparse).

2. If the first step succeeds, retry it with many different permutation matrices @) satisfying
Q(Xsm) = s m. If this succeeds for a large variety of such @ then this is an indicator
(but not a mathematical proof) that we may have uniform recovery.

The requirement that Q(3sm) = Xs v now requires us to consider different permutations
than a simple reverse permutation as in section 2.1. A natural adaptation of Qreverse to this
new “flip test in levels” is a permutation that just reverses coefficients within each wavelet level.
Figure 6 displays what happens when we attempt to do the flip test with this permutation.
In this case, we see that the performance of compressed sensing reconstruction under flipping
and the performance of standard compressed sensing reconstruction are very similar. This
suggests that uniform recovery within the class of (s, M)-sparse vectors (as in (3.1)) is possible
with a variety of practical compressive sensing matrices. Indeed, in Table 2 we also consider
a collection of randomly generated @ with Q(3swm) = Xsm. We see that perfect recovery of
Qz' is possible for a wide variety of permutation matrices Q.

Remark 3.3. Throughout this article we have used a variety of numerical tests to demon-
strate that in a collection of compressive imaging applications the concepts of uniform recovery
of sparse vectors or uniform recovery of weighted sparse vectors are not appropriate to explain
the success of compressed sensing. By contrast, there is evidence (like the flip test in levels)
to suggest that uniform recovery of (s, M)-sparse vectors is the right model to explain why
compressive imaging works with applications using matrices such as DFT-IWT or HAD - TWT.
Further detail on this claim is provided in [1].

Table 2
Flip test in levels with randomly generated permutations. The table displays the flip test in levels for vari-
ous images x' as in Figure 6 permuted using Q to form x?> = Qz*. Fach image was processed with a fized
subsampling pattern and 1000 randomly generated permutations as described in section 3.1.3.

Image Subsampling Matrix Permutations Permutations

percentage where z? was where z? was

was perfectly | was not perfectly

recovered recovered
College 1 12.48% DFT-DWT;! 1000 0
College 2 97.17% DFT-DWT, ! 1000 0
College 3 15.54% HAD -DWT; ! 1000 0
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CS recovery (1) Flip in levels recovery Subsampling pattern

College 1
12% samples
DFT-DWT; " [
MRI,
Spectroscopy,
Radio-

interferometry

College 2
97% samples |
DFT-DWT; "'
MRI,
Spectroscopy,
Radio-

interferometry|

Rocks

12% samples
HAD-DWT;!
Comp.

imag.,
Hadamard

spectroscopy,

Fluorescence

microscopy

Figure 6. Results of the flip test when the flipping preserves the sparsity within the levels.

3.1.4. Relating (s, M)-sparsity and weighted sparsity. The “flip test in levels” suggests
that for many compressed sensing problems, there are s and M such that all (s, M)-sparse
vectors are recovered equally well by ¢! minimization. With this in mind, we are now in a
position to provide additional details on why the same is not the case for weighted sparsity.
Indeed, one can easily state and prove the following theorem (see [1] for details).

Theorem 3.4 (the relationship between weighted sparsity and (s, M)-sparsity). Let (s, M)
have 1 levels (with | > 2) and fix r < . Suppose that the collection of (s, M)-sparse vectors
are all (w, X)-weighted sparse for some X. Then there is an ly with r < ly <l such that the
collection of (8, M)-sparse are also (w, X )-weighted sparse, where
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§:(51,82,...,ST,O,O,...,O,(Z—T)Slo,o,...,O).

lo—1—r

¥ 4

In particular, the set of (s, M)-sparse and (w, X )-weighted sparse vectors are not the same.

The use of this theorem becomes apparent if we consider Figure 4. As in the second row
of Figure 3, the Fourier to wavelet matrix in Figure 4 is well approximated by block diagonal
matrices. This block diagonality structure means that we can design our sampling pattern
so that information corresponding to coarser wavelet levels is more readily captured than
the information corresponding to the finer wavelet levels. Since the finer wavelet levels are
relatively more sparse (see the first row of Figure 3 and Figure 5) we can design a sampling
pattern to effectively capture images (note, however, that these variable density/multilevel
sampling schemes have been discussed in [4, 8, 22, 47, 52, 57, 68] and structured sampling
in [21, 67]). To utilize these ideas we choose a sampling pattern so that the first r levels will
be fully sampled, but after that subsampling occurs and this is where we run into difficulties
with weighted sparsity. If we suppose that recovering all vectors with s nonzero coefficients
in the indices corresponding to the kth wavelet level takes € measurements in that level, then
recovering all weighted sparse vectors requires (I — 7)Q; measurements for some k. Unfortu-
nately, this leads to weighted sparsity overestimating the number of measurements required
to recover all vectors of interest. Unless we substantially oversample the finer wavelet levels
then we are unable to see uniform recovery of weighted sparse vectors.

3.1.5. The £2 robust nullspace property of order (s, M) and the RIP in levels. Given
the success of the “flip test in levels,” let us now try to find a sufficient condition on a matrix
U € C™*™ that allows us to conclude that uniform recovery of order (s, M) is possible for U.
If the RIP implies uniform recovery of order s then the obvious idea is to extend the RIP to
a so-called RIP in levels, defined as follows.

Definition 3.5 (RIP in levels). For a given sparsity pattern (s, M) and matriz U € C™*",
the RIP in levels (RIPy) constant of order (s,M) (RICyr), denoted by 0swm, is the smallest
0 > 0 such that

(1=0)[lz]3 < lU2]3 < (14 6)]1=[13
for all x € g M-

We will see that the RIP in levels allows us to obtain error estimates on ||z — z||; and
|lx — z||]2 with Z set to be a minimizer of (P1). Similar error estimates can be obtained if
U satisfies the £2 robust nullspace property of order (s, M), a natural generalization of the
nullspace property of order s.

Definition 3.6 (the order (s,M) ¢?> RNSP). A matriz U € C™*" satisfies the {* robust
nullspace property of order (s, M) if there is a p € (0,1) and a 7 > 0 such that

(3:2) Iosl2 < = lloselly + U

for all (s,M)-sparse sets S and vectors v € C".
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3.2. Matrices with a small RIP constant. To see how matrices similar to the ones
in Figure 6 have a small RIC;, we will first explain how the sampling patterns in Figure 6
were obtained. Earlier work on compressive sensing suggested that sampling should be done
uniformly at random (see [35]). Because of the near block diagonality of the matrices DFT -
IWT and HAD - IWT for a variety of wavelets, instead of sampling uniformly at random, it is
better to sample using a multilevel structure, where the percentage subsampling of each block
depends on the relative importance of the corresponding wavelet coefficients (as done in [4],
among others). More precisely, we can make the following definition.

Definition 3.7 (multilevel sampling). Let N be the dimension of the ambient measurement
space. We set N := (No, N1,...,N;) and m := (my,ma,...,my) so that 0 = Ny < N; <
No--- < Ny = N and mp < N — Np_q for every k = 1,...,1. For each such k, set Q =
{tk1,.. tkm,}, where the tr; for j = 1,...my are selected independently and uniformly at
random from {Nx_1+1,...,Ni}. We call @ = Onm = Q1 U Q- --UQ; ¢ (N, m)-multilevel
subsampling scheme

We define the coherence of U to determine how effective recovery is with equation (P1)
for matrices U = PoM, where M is an isometry and where €2 is taken uniformly at random.

Definition 3.8 (coherence). The coherence of a matriz M € CN*N | denoted by u(M), is

the quantity
p(M) = max M.

2,J=1,...,

If u(M) is sufficiently small and Q is a sufficiently large set taken uniformly at random
from 1,2,..., N then with high probability PoM will satisfy the RIP (and therefore exhibit
uniform recovery). The related quantity with uniform multilevel subsampling is coherence in
levels.

Definition 3.9 (local coherence).  Given a sparsity pattern (s,M) and a uniform (m,N)-
multilevel subsampling scheme, we define the (j, k) coherence in levels of the matriz M with
respect to (s, M) and (m,IN) to be the value p; (N, M) where

(3.3) k(M) = max{|M;|?* such that s € {Nj_1 +1,...,Nj},t € {My_1+1,... My}}.

If the coherence in levels of a matrix is sufficiently small and € is a sufficiently dense
uniform multilevel subsampling scheme then we can show that PoM satisfies the RIP . Indeed
in [50] the following result was shown.

Theorem 3.10 (the existence of RIP; matrices). There exists a constant C' > 0 with the
following property: let M € CVN*N be an isometry, | € N, and €,6 real numbers such that
0 < €6 <1 Letly be a natural number with 0 < lg < 1 and QN m be an (N, m)-multilevel
subsampling scheme and (s,M) be a sparsity pattern. Suppose that my = Ny — Ni_1 for
k=1,2...,lyp and that

l
(34)  mp > OO 2Ny — Nyy) (Z uk> (1 og(2) log(2N) log? (2s) + log(e ™))
r=1

k > lo, where m = my 41 + ---m,. Then with probability at least 1 — €, the matriz U = PoM
satisfies the RIP [, of order (s,M) with constant dsm < 0.
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In particular, it is possible to use results from [5] to obtain a condition on the number
of measurements taken that guarantees that matrices of the form PoDFT - Haar™! satisfy
the RIP;, where € is a uniform multilevel subsampling scheme and DFT and Haar~! are the
1D discrete Fourier transform and 1D inverse Haar wavelet transform, respectively. More
precisely, Corollary 3.3 from [50] says the following.

Theorem 3.11 (the RIP;, of the DFT-Haar™ ! matrix). There exists a constant C' > 0 with
the following property: let N = 2! for some | € N, where | is the number of wavelet levels and
€,0 real numbers such that 0 < €,6 < 1. Set S* = 2max(b=L1) 45 pe the number of wavelet
coefficients in the kth level. Suppose that my, satisfies

l
(3.5) my > C672 | sp + Z 9 lk=rlg, (log(2m) log?(2N) log?(2s) + log(e_l))
r=lp+1

for k=1,2,...,1. Then if Q is a (N, m)-multilevel sampling scheme with N = (0,81, S* +
S2 ..., an:l S*) and m = (my1,ma, ..., my) then the matriz Pq DFT-Haar~! satisfies dsm <
d for M :=N and s := (s1, S2,...,5) with probability exceeding 1 — e.

It is possible to give further examples of matrices with a small RIP;, constant by examining
their coherence in levels and employing Theorem 3.10. Bounds on the coherence in levels
for a variety of matrices can be examined by using tools developed in papers such as [45].
Moreover, one can obtain a version of Theorem 3.11 for Hadamard matrices combined with
Haar wavelets as the resulting matrix U = HAD - DWTﬁ;ar is completely block diagonal (see
Figure 3); however, this is beyond the scope of this paper.

4. Main results. If a matrix U € C"™*" satisfies the RIP then (1 —d5) < [lu;]|3 < (1+ &)
for each column u; of U. To ensure that we have similar control over ||u;||2 with the RIP we
make the following two definitions.

Definition 4.1 (ratio constant). The ratio constant of a sparsity pattern (s, M), which we
denote by ns M, s given by ns M := Max; j S;/s;.

If the sparsity pattern (s, M) has | levels and there is a j € {1,2,...,1} for which s; =0
then we write ns v = oo.

Definition 4.2 (covering a matrix). A sparsity pattern (s, M) is said to cover a matriz
U e Cmx™ 4f

L. Nls,M < 00,

2. M; > n, where l is the number of levels for (s, M).

If a sparsity pattern does not cover U because it fails to satisfy either 1 or 2 from the
definition of a sparsity pattern covering a matrix U then we cannot guarantee recovery of
(s, M)-sparse vectors, even in the case that dsn = 0. We shall justify the necessity of both
conditions using two counterexamples. First, we shall provide a matrix U, a sparsity pattern
(s,M), and an (s, M)-sparse vector 1 € C" such that nsm = 00, dsm = 0 and z; is not
recovered by standard ¢! minimization. Indeed, consider the following:

U-(é g) s— (1,0, M=(0,1,2), :p1—<(1)>.
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By the definition of 75 nm, we have 1s v = 0o and it is obvious that ésn = 0. Furthermore,
even without noise, z; does not solve the minimization problem min ||Z||; such that Uz; = UZ.
This can easily be seen by observing that Uz = Uxzy with ||22||1 = 3, where 25 := (0,1/2)7.
It is therefore clear that Assumption 1 is necessary. We shall now provide an explanation for
why Assumption 2 is also a requirement if we wish for the RIPy to be a sufficient condition
for the recovery of (s, M)-sparse vectors. This time, consider the following combination of U,
(s,M), and z;:

U= ((1) (1) (2)) , s=(1), M=(0,1), z; =(1,0,0)7;
and again, even though ds v = 0, recovery is not possible because Uz1 = Uxy with ||z2][ =
1/2 where x5 := (0,0,1/2)7.

We shall therefore try to prove that uniform recovery of order (s, M) is possible with the
RIP;, under the assumption that (s, M) covers U. To do this, we need one further definition.
In (1.4) the bound on ||z — Z||2 involves y/s. This arises because s is the maximum number of
nonzero values that could be in an s-sparse vector. The equivalent for (s, M)-sparse vectors
is the following.

Definition 4.3 (number of elements of a sparsity pattern). The number of elements of a
sparsity pattern (s, M), which we denote by s, is given by §:= s1 + s2+ -+ + 5.

To prove that a sufficiently small RIP in levels constant implies uniform recovery of order
(s,M), it is natural to adapt the steps used in [6] to prove that the RIP implies uniform
recovery of order s. This adaptation yields a sufficient condition for recovery even in the noisy
case.

Theorem 4.4 (RIP, recovery theorem). Let (s, M) be a sparsity pattern with | levels and
ratio constant ns . Suppose that the matriz U € C™*™ is covered by (s, M) and has a RIPp,
constant d2s M satisfying

1
Vi(ymai+ 1) 1

(4.1) 52511\/[ <

Furthermore, suppose that x € C" and v = Uz + v where ||v||2 < e. Then any T € C™ which
are minimizers of the noisy {* minimization problem (P2) also satisfy

(4.2) |z —Z||1 < Ciosm(z)1 + DiVie and
(4.9 o= alle < P2 (64 €/ Tuna) + ¢ (De + D5 Tiuaa)

where Cy,Cy, Ch, D1, Dy, and Djy depend only on dos m. Note that for the noiseless case € = 0,
(4.2) reduces to uniform recovery of order (s, M) and (P2) reduces to (P1).

This result allows uniform recovery within the class of (s, M)-sparse vectors but the re-
quirement on dos v depends on [ and ns nv. We make the following observations:
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1. If we pick a sparsity pattern that uses lots of levels then we will require a smaller RIP;,
constant (note, however, that if we work with wavelets and M corresponds to wavelet
levels then the number of levels [ is approximately logs(N), so that the RIP, constant
only has to shrink like 1/4/logy(V)).

2. If we pick a sparsity pattern with fewer levels then to explain the excellent observed
recovery in applications we shall have choose s; so that s;/s; is correspondingly larger
for distinct ¢ and j.

3. If the RIP7, constant dos M is sufficiently small so that the conclusion of Theorem 4.4
holds, the bound on ||z — Z||2 is weaker than the bound (1.4) obtained using the RIP.

As a consequence of these observations, at first glance it may appear that the results we
have obtained with the RIP; are weaker than those given using the standard RIP. However,
Theorem 4.4 is stronger than any theorem based around uniform recovery in two senses. First,
if one considers a sparsity pattern with one level then the bounds (4.2) and (4.3) reduce to
(1.3) and (1.4), respectively. Second, neither (1.1) nor (1.3) applies at all if we do not have
uniform recovery. Therefore, for the examples given in Figure 2, (1.1) and (1.3) are not
applicable.

Ideally, it would be possible to find a constant C' such that if the RIP;, constant is smaller
than C' then recovery of all (s, M)-sparse vectors would be possible. Unfortunately, we shall
demonstrate that this is impossible in Theorems 4.5 and 4.6. Indeed, in some sense Theo-
rem 4.4 is optimal in [ and 7s M, as the following results confirm.

Theorem 4.5 (RIP dependence on the ratio constant). Fiza € N and f : R — R such

1
that f(nsm) = o(n2pg)- Then there are m,n € N, a matriz U' € C™*™ and a sparsity pattern
(s, M) with two levels that covers U’ such that the RIP, constant das M and ratio constant

Ns,M Satisfy

1

44 6(15 = T,/ N\
44 M = [ ren)]

but there is an (s, M)-sparse z' such that
2! ¢ argmin ||z||; such that U’z = U’z

Roughly speaking, Theorem 4.5 says that if we fix the number of levels and try to replace

the condition .

Vi(ymai+ 1) +1

with a condition of the form das M < (77571\/1)_0‘/2 /(CV/1) for some constant C' and some o < 1
then the conclusion of Theorem 4.4 ceases to hold. In particular, the requirement on dos m
cannot be independent of 75 v. The parameter a in the statement of Theorem 4.5 says that
we cannot simply fix the issue by changing dos v to d3s v or any further multiple of s.

Similarly, we can state and prove a similar theorem that shows that the dependence on
the number of levels, [, cannot be ignored.

52S,M <
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Theorem 4.6 (RIP; dependence on the number of levels). Fiza € N and f : R — R such
that f(l) = o(l%). Then there are m,n € N, a matriz U' € C™*", and a sparsity pattern
(s,M) that covers U" with ratio constant nsm = 1 and | levels such that the RIP[, constant
Sasm corresponding to U’ satisfies Sas i < 1/|f(1)| but there is an (s, M)-sparse z' such that

2! ¢ argmin ||z||; such that U’z = U’2!.

Furthermore, Theorem 4.7 shows that the £2 error estimate on ||z — Z||2 is optimal up to
constant terms.

Theorem 4.7 (RIP, ¢% error optimality). The £? result (4.3) in Theorem 4.4 is sharp in

the following sense:

1. For a fized a € N and any functions f,g : R — R such that f(n) = 0(77%) and
g(n) = O(yn), there are natural numbers m and n, a matric U' € C™*", and a
sparsity pattern (s, M) with two levels such that
e (s,M) covers U,

e the RIP, constant corresponding to the sparsity pattern (as, M), denoted by das M,
satisfies dqs v < 1/|9(ns M)l
e there exist vectors z and z' such that U'(z — 2%) = 0 and ||z||1 < ||2Y1 but

9 > f(:?;%\/I)O_&M(Zl)L

Iz — 2"

2. For a fired a € N and any functions f,g: R — R such that f(l) = o(li) and g(l) =
OW1), there are natural numbers m and n, a matric U’ € C™ ™, and a sparsity
pattern (s, M) with ns v = 1 such that
e (s,M) covers U’,

e the RIP, constant corresponding to the sparsity pattern (as, M), denoted by Sas M,

satisfies dqs v < 1/]g(1)],
o there exist vectors z and z' such that U'(z — z') = 0 and [|z]1 < [|2'||1 but

Uy > -%)asmzl)l.

|z — =

As with the RIP in levels, we can obtain results on recovery using the 2 robust nullspace
property of order (s, M)

Theorem 4.8 (¢? RNSP of order (s, M) recovery theorem). Suppose that a matriz U € C™*"
satisfies the €% robust nullspace property of order (s, M) with constants p € (0,1) and 7 > 0.
Let x € C" and y € C™ satisfy |[Ux — y||2 < e. Then any solutions T of the £ minimization
problem

min ||Z]|; subject to ||UZ —y|l2 < e
zeCn

satisfy
(4.5) |17 — zlly < Arospa(a)1 + CreVs,

(1.6 7 - ol < 2 (g -+ B Treaa) +2¢ (Co + D2 /T
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where
242 4 2p + 2p?
Al:: + p7 Cl:: T , A2::u7
1—p 1—p 1—p
2 +1)(1+ 4 3T —
Bg = ( \/ﬁ )( p), 02 = pT+T, and D2 = \/ET—’— T ,07"
1—p 1—p 2—-2p

This theorem explains where the dependence on nsn and [ in (4.3) emerges from. One
technique for showing that the RIP implies uniform recovery of order s is to prove that a
sufficiently small RIC implies the nullspace property (for example, this method is used in [35]).
In a similar way, we prove the 2 error estimate in Theorem 4.4 by showing that a sufficiently
small RIPy, constant implies the robust ¢? nullspace property of order (s, M). The ¢? error
estimate (4.6) follows and we are left with a dependence on {/Insn in the right-hand side of
(4.3). As before, we can show that this is optimal. We do this in Theorem 4.9.

Theorem 4.9 (¢2 RNSP of order (s, M) optimality). The result in Theorem 4.8 is sharp, in
the following sense:

1. For any f : R® — R satisfying f(p,T,n) = 0(77%) for fixed p € (0,1) and T > 0, there
are natural numbers m and n, a matriz U' € C™*"  and a sparsity pattern (s, M) with
ratio constant nsm and two levels such that
e (s,M) covers U’,

o U’ satisfies the (% robust nullspace property of order (s, M) with constants p € (0,1)
and T > 0,
e there exist vectors z and z' such that U'(z — z') = 0 and ||z||1 < ||2Y]1 but

1H2 > f(pa T, nS,M)
NE

2. For any f : R® — R satisfying f(p,7,1) = o(li) for fized p € (0,1) and T > 0, there
are natural numbers m and n, a matriz U" € C™*", and a sparsity pattern (s, M) with
ratio constant nsv = 1 and | levels such that
o (s,M) covers U’,

o U’ satisfies the {2 robust nullspace property of order (s, M) with constants p € (0,1)
and 7 > 0,
e there exist vectors z and z' such that U'(z — z') = 0 and ||z||1 < ||2Y]1 but

1”2 > f(/:/g Z)O'S7M(Zl)1.

The conclusions that we can draw from the above theorems are the following:

1. The RIP; will guarantee uniform recovery of order (s, M), provided that the RIPy,
constant is sufficiently small (Theorem 4.4).

2. The requirement on the RIP; constant to achieve uniform recovery of order (s, M)
is dependent on ,/Ns M and V1. This is optimal up to constants (Theorem 4.5 and
Theorem 4.6).

3. When compared to the error estimates obtained using the RIP, the £ error when using
the RIP;, has additional factors of the form v/ and Yns M. Again, these are optimal
up to constants (Theorem 4.7).

|z — 2 O’S,M<Zl)1.

|z — 2
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4. The same additional factors of the form v/I and YMsM on the ¢? error estimate
(Theorem 4.8) are also present with the robust £2 nullspace property of order (s, M).
5. These factors are optimal up to constants, so that even if we ignore the RIP; and
still try to prove results using the £2 robust nullspace property of order (s, M) then
we would be unable to improve the £2 error (Theorem 4.9).
With these results, we have demonstrated that the RIP in levels may be able to explain why
permutations within levels are possible and why more general permutations are impossible
with compressed sensing for the matrices in 2 (similar numerical arguments can be used when-
ever the matrix is nearly block diagonal). The results that we have obtained give a sufficient
condition on the RIP in levels constant that guarantees (s, M)-sparse recovery. Furthermore,
we have managed to demonstrate that this condition and the conclusions that follow from it
are optimal up to constants.

5. Conclusions and open problems. The flip test demonstrates that in many practical
applications the ability to recover sparse signals depends on the structure of the sparsity,
so that a tool that guarantees uniform recovery of all s-sparse signals does not apply. In
particular, this is the case when considering the broadly applicable problem of recovery from
samples of Fourier or Hadamard measurements. The flip test in levels suggests that reasonable
sampling schemes provide a different form of uniform recovery, namely, the recovery of (s, M)-
sparse signals. It is therefore natural to try to find theoretical tools that are able to analyze
and describe this phenomenon. To generalize the RIP, we proposed the RIPy. Using the
results from [50], in section 3.2 we were able to produce a collection of matrices which exhibit
the RIP;. However, we are now left with the following fundamental problems:

e Is it possible to expand the analysis done in [50] and section 3.2 to show that a wider
variety of randomly sampled matrices exhibit the RIP; with a high probability? As
in section 3.2, we believe this can be achieved using results from, for example, [45].

e Can one improve on the number of measurements required in Theorems 3.10 and 3.11
(perhaps by reducing log factors) or else show that the bounds in (3.4) and (3.5) are
optimal?

e In section 3.2 we considered the size of the RICy, constant ds p when the measurement
locations ) were selected at random using a mutlilevel subsampling scheme. Instead,
suppose that the measurements €2 and the matrix M are fixed. We can then ask the
important open question: for which (s, M) does the matrix PoM satisfy the RIP,
with sufficiently small constant ds v for Theorem 4.4 to apply?

Note that these problems are vast as the sampling patterns will depend not only on the
sparsity patterns but of course also on the sampling basis and recovery basis (or frame).
Thus, covering all interesting cases relevant to practical applications will yield an incredibly
rich mathematical theory.

6. Proofs. We shall present the proofs in an arrangement different from the order in which
their statements were presented. The first proof that we shall present is that of Theorem 4.8.

6.1. Proof of Theorem 4.8. We begin with the following lemma.

Lemma 6.1. Suppose that U € C™ " satisfies the {? robust nullspace property of order
(s, M) with constants p € (0,1) and 7 > 0. Fizv € C", and let S be an (s, M)-sparse set such
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that |S| = § and the property that if T is an (s, M)-sparse set, we have ||vs||1 > ||vr|1. Then

1 y lns,M
ot < P o (V4 5 ) Viaa| + rlole | 4

1
9 +
Proof. Fori=1,2,...,1, WedeﬁneSétobeSéfSﬁ{]WZ 1+1 M;_ 1+2 M}(ie

-----

|Si| = s; (otherwise |S| < 5), we can see that given any i =1,2,... ,l

fesla =[S a2 [3 feil 2 Voiminlos| 2 min v min o
nES jGS/L 9=y b e

so that |[vg|l2 > mming—; 2 ; /5. Furthermore, |v;| < m for each j € S¢ otherwise there
is an (s, M)-sparse T with |lvr|1 > |Jvs||1. Therefore ||vsc||3 = > jese lv;]? < > jese mvj| <
l[vsels HUSHz

min \/S

k=1,2,...,1

7||Uv||2||vse 1. Since va + b < v/a + Vb whenever a,b > 0,

(6.1) Hwhﬁmv<§wﬂﬁ¢wwmm0

Using the arithmetic-geometric mean inequality;,

—||Use Uvlav3E  |lvsellr
VTI0valvs ol vzlvsells 7l _
T[|Uv|[2lvse |1 \/TH v|[2V/3 7S 5 + 203

. By the £2 robust nullspace property of order (s, M), |lvse||1]|vs|l2 < %HUSCH% +

Therefore, (6.1) yields
”ch||2 1 \/>HU H + HUSCH1 + T”UUHQ%
= min ¥/s; \ /3 23 2
[vselly (\[Jr > T(|Uvll2v/Ins,m
~ /5min Vsi 2
< Insm. Once again, employing the £? nullspace property gives

Jose Aol §Tna
Vam %AW+> 2

because s S

1+ 7|lUv]2 +

[oll2 < [lvsllz + [[vse|

p
Vs

Jos: s i st
< —— U : 1
< f+ o= | vl | Y

vUgQgc ]. Y lT’ ,M
sﬁghp+(WHd)w%M}+wwm V;;%Jl 2

We shall see that the remaining error estimates will follow from the ¢! robust nullspace
property (see [35, Definition 4.17]). This definition and its generalization to (s, M)-sparse sets
are as follows:
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Definition 6.2. A matriz U € C™*™ satisfies the £* robust nullspace property relative to S
with constants p € (0,1) and 7 > 0 if

(6.2) losllt < pllvsells + 7' [Uv]l2

for any v € C*. We say that U satisfies the {} robust nullspace property of order (s, M) if
(6.2) holds for any (s, M)-sparse sets S.

It is easy to see that if U satisfies the £? robust nullspace property of order (s, M) with
constants p and 7 then, for any (s, M)-sparse set S, U also satisfies the ¢! robust nullspace
property relative to S with constants p and 7v/5. Indeed, assume that U satisfies the £2 robust
nullspace property of order (s,M) with constants p and 7. Then (by the Cauchy-Schwarz
inequality) [[vs|l < V3[vsll2 < pllvsellt + TV3][Uv]2.

An immediate conclusion of the robust nullspace property is the following, proven in [35]
as Theorem 4.20.

Lemma 6.3. Suppose that U € C™*™ satisfies the (' robust nullspace property with con-
stants p € (0,1) and 7' relative to a set S. Then for any complex vectors x,z € C", we

have

1+p 27!
_ < = — 2 c
(Rt p (12l = llzlls + 2fjzsell) + 1 —

We can use this lemma to show the following important result, which is similar both in
proof and statement to Theorem 4.19 in [35].

1U(z = z)|2-

Lemma 6.4. Suppose that a matriz U € C™*™ satisfies the £ robust nullspace property of
order (s, M) with constants p € (0,1) and 7" > 0. Furthermore, suppose that |Uz — y||2 < €.
Then any solutions T to the £' minimization problem

min ||Z]|; subject to ||UT —y|l2 < e
zeCn

satisfy

_ 2+ 2p 47'e
|z — [ < T osm ()1 + T,

Proof. By Lemma 6.3, for any (s, M)-sparse set S

- 1+p,,~ 27! -
-zl £ — (|x]|1 = [|=z]|1 + 2||zse||r) + ——||U(z — x)||2.
[ I 1_p(H Il — [l [2sell1) 1_pH ( |

Because both |[Ux — y||2 and ||{Uz — yl|2 are smaller than or equal to €, [|[Uz — Uz|| < 2e.
Furthermore, because 7 has minimal ¢! norm, ||Z||; — [|z|j; < 0.

Thus ||z—2Z|; < % lxse|l1+ ‘112,;. If we take S to be the (s, M)-sparse set which maximizes
|lzs]l1, then

24+2p 47'e

—7z|h <
e =~ F < T oamle + 1
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We can combine these results to complete the proof of Theorem 4.8. Indeed, (4.5) follows
immediately from Lemma 6.4 and the fact that U satisfies the ¢! robust nullspace property
with constants p and V3. To prove (4.6), we can simply set v = — ¥ in Lemma 6.1 to see
that

~ T —T)ge 1 ~ 4177
o - alle < =2 o4 (54 3) Wi + 710 0= 212 [\/?4—1

V3
L o 3 ][5

+1

and the result follows from (4.5).

6.2. Proof of Theorem 4.4. It will suffice to prove that the conditions on s v and (s, M)
in Theorem 4.4 imply the ¢ robust nullspace property. To show this, we begin by stating the
following inequality, proven in [11].

Lemma 6.5 (the norm inequality for ¢! and ¢2). Let v = (v1,v2,...,vs), where vi > vy >
v3 > - >0, Then

lolle < fnvmf( ).

We will now prove the following additional lemma, which is almost identical in statement
and proof to that of Lemma 6.1 in [6].

Lemma 6.6. Suppose that x,y € Xsm and that
(6.3) 1Uz[|3 = [|=[I3 = ¢]z]3-

Additionally, suppose that x and y are orthogonal. Then [(Uz,Uy)| < /62, v — t2||zll2llyll2,

where das M 15 the restricted isometry constant corresponding to the sparsity pattern (2s, M)
and the matriz U.

Proof. Without loss of generality, we can assume that ||z||2 = ||y|]l2 = 1. Note that for
o, € R and v € C, the vectors ax + vy and Sx — vy are contained in Yag p. Therefore,

(6.4) U (az +7y) 13 < (1+ dasm)llaz + vyl = (1 + dasm) (@” + 7).

where the last line follows because (z,y) = 0 (from the orthogonality of = and y). Similarly,

(6.5) —U(Bz = yy)ll5 < —(1 = das ) (87 + 7).

We will now add these two inequalities. On the one hand (by using the assumption in (6.3)
and the fact that o, are real), we have

U (az +yy)ll5 — |U(Bz — vy)l3 = ?||Ux[|5 + 2Re(ay (Uz, Uy)) + 71> |Uy|3
- (ﬁ2||Ua:H% — 2Re(B7 (Uz,Uy)) + [7*|Uy]3)
= (1+1) (a® = B?) +2(a + B)Re(F Uz, Uy)),
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and on the other hand (from (6.4) and (6.5))
U (az +79) (13 = [U(Bz = vw)ll3 < dasna (o + 57+ 2|7[*) + o — 52
Therefore,
(1+1) (a® = B2) +2(a+ B)Re(F (Uz,Uy)) < dasm (o + B+ 2]7%) +a? — 5%

After choosing v so that Re(y (Ux,Uy)) = | (Uz, Uy) | we obtain

(6.6) |(Uz, Uy) [(Sas. — t)a® + (Gas M + ) B* + 2025 M|

< 1

= 20+ 26
because |y| = 1. By the definition of the RIP in levels constant, das M > s M and so
(6.7) t] = [[IU23 — [lz]55] < s < d2sm-

If equality holds in (6.7), then we can set § = 0 and send @ — oo in (6.6) to obtain the
required result. Otherwise, (6.7) implies that 4/ 622 $+t € R and so we can set a = gzzxti
and 8 =1 in (6.6). With these values, we obtain

4(&"QS,MOZ (525,M - t)
4=52S,M

’ <U.%', Uy> ((52571\/[ +t+ 52571\/[ —t+ 2(52571\/[) S

|SL
2002 + 2

2 _ 42
03 n — 12 n

Proof of Theorem 4.4. Let x € C™ be an arbitrary m dimensional complex vector, and let
x' = LIM; 1 4+1,M;_1+2,...,M;}

denote the ith level of x. For an arbitrary vector v = (vi,ve,...,v,), we define |v| to be
the vector (|vyl, [val,...,|vn]). Let S§ denote the indexes of the s;th largest elements of |z¢|,
and Sy = Ui 1 S8. We then define S} to be the indexes of the s;th largest elements of |27
that are not contained in Sj (if there are fewer than s; elements remammg, we simply take
the indexes of any remaining elements of |z?| and define S; := UZ 1 SY). In general, we can
make a similar definition to form a collection of index sets labeled (SJ)Z‘:LQ__JJ:LQP__ and
corresponding (s, M)-sparse Sj.

These definitions and the fact that (s, M) covers U implies that if @ = [J;5(5; then
rq = x. By the definition of Sp, ||zallz < [|os,ll2 and [|zselli < [[zacly whenever A is
(s, M)—sparse It will suffice to verify that

(6.8) Vilasyllz < pllsgll +7V3Uzll2
holds for some p € (0,1) and 7 > 0. Indeed, if (6.8) holds then for (s, M)-sparse sets A,

Villzalls < V3llzs,ll2 < pllesglh + 7V3[U ]
< plleacll + V3| U]
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as required in Theorem 4.8. Set

(6.9) 1Uzs,[15 = (1+ )|, 13-

Clearly, |t| < dsm. Then

(6.10) [Uzsll5 = (Uxsy, Uzsy) = (Uzsy, Ux) = > (Uzg,, Uxs, ),
J>1

where we have used xg = x. Using the Cauchy—Schwarz inequality and (6.9) yields

(6.11) [ (Uzsy, Uz) | < [Uzsyll2|Ux]l2 < VI 4t |zs, [l2|Uz]2.
Furthermore, we can use Lemma 6.6 to see that
(6.12)
!
S Uy Urs, )| < 1/Bung — 23 lasyllallas, 12 < llzsyloy/EBong — 2303 7o
jz1 Jj=1 i=1 j>1

Combining (6.9), (6.10), (6.11), and (6.12) yields

l
(6.13) (L4 Ollsyllz < VI+tlas, l2lUzll2 + llos, 2y /G — 2D [t [2-

i=1 j>1
If |S;| = s; then let :U:f] (correspondingly z; ;) be the largest element of |z Sz‘ (correspondingly

the smallest element of |zg:|). If S’ is nonempty with fewer than s; elements then we set ¥
J

to be the largest element of ’335?| and z; ; = 0. Finally, when SZ 0, we let x; i =2;; =0Tt

is clear then that a: 1 S <z ij

Since xgi contalns at most s; nonzero elements, we can apply the norm inequality for ¢!
J

and ¢? (Lemma 6.5) to obtain

HQCS;ZHQ <

e
Vo
for any i =1,2,...,0 and j € N. Therefore

S gl < Z(

7>1 j>1
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where the last inequality follows because :Uf] +1—2;; < 0. Additionally, \/Ele = Vil zgilleo <
||z Si |l2 because each element of |z S¢| is larger than ac;rl We conclude that

ZZHxszH%ZZ—nxswwz ;| '2—mm\r22|%1|1+ Villas,

i=1 j>1 7j>1 =1 j>1 =1
Zuxs I+ Villzsll < =l s, +3ﬂuxs I,
- mln\f ons = \f S 4 0

where the second inequality follows from the Cauchy—Schwarz inequality applied to
(1,1,...,1)
N——
!

and ([lzgyll2, [lzgzll2, - - HxSl l2) and the third and fourth inequalities follow from the dis-
joint supports of the vectors Tgi and z g Whenever 1 # 1 or j # 5. By g = x and the

disjointedness of \S;, S; for i # j, U]>1 S = 5§ so

(6.14) ZZHﬂﬂszlb < fllxscllﬁr \/Ilﬂfso\lz-

i=1 j>1

Dividing (6.13) by ||zs,||2 and employing (6.14) yields

(615) (14 Oyl < VIT AUl + /Gy~ (o Tlesglh o+ 3V s, ).

2
g is diﬁerentlable Therefore g attains its maximum at tyax, where ¢'(tmax) = 0. A simple
calculation shows us that tmax = —02,  (note that by the assumption (4.1), (525 M < dasMm)-
52

Thus g(t) < g(—85, 1) = 1_?22;:’[1\4. Additionally, \/m < \/171625 —. Combining this with (6.15)

for [t| < d2sm. It is clear that g(des M) = g(—6d2s,m) = 0. Furthermore,

yields

\Uzlls + /50 ( el + \[||1’So||2>
fesglh + S Ha:sonz)

[zsoll2 < \ﬁ
g -
vV 1- 62S,M

A simple rearrangement gives

525 M

\/ 2sM <1’I11H\/7

U2 +

(6.16)
[zs0ll2 < VALY U2 + s M lzsglly
m d2s M\[/ min /s; <m - 525’Mﬂ/4)
provided
(6.17) 1— 63\ — 2saV1/4 > 0.
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Multiplying (6.16) by v/3 yields
1+ das
Villasy | < Vi
1-— 535’1\/[ - 525,M\ﬁ/4

62S,M

/1= 050 — GasmV1/4

d2s, M/ IMs M
- lzsgll1,
\ 1 - 52s,M - 5257M\ﬁ/4

where 7 = V1 +0sm . It is clear that (6.8) is satisfied if condition (6.17) holds and
V103, 025, V1/4

1) v/ 1
(6.18) 2s, M/ tT]s M

<1 or equivalently dosm <

1— 02 g — 2smV/1/4 \/l (Vm+ 32 +1

Sos M V'3 sl
min /5 (/1= 03, g — SasnVI/4)

Sk
— min s; Hl‘S(C)Hl

U2 +

< T\/§||Ux||2 +

< V3 ||Uzl|2 +

1
S

1 1

while (6.17) is equivalent to dos v < . Since

5 <
Viam+ 57 +1 s+
it will suffice for (6.18) to hold, completing the proof. [ ]
6.3. Proofs of Theorems 4.5 and 4.6.

Proof of Theorem 4.5. The ideas behind the counterexample in this proof are similar to
those in Theorem 3.2 in [13]. We prove this theorem in three stages. First we shall construct
the matrix U. Next we shall show that our construction does indeed have a RIP in levels
constant satisfying (4.4). Finally, we shall explain why 2! exists.

Step I. Set n = C + C?, where the nonnegative integer C is much greater than a (we shall
give a precise choice of C' later). Let 2! € C" be the vector

= NC,C,...,C,1,1,...,1).
—_——— ——
C C?
With this definition, the first C' elements of z! have value C\ and the next C? elements have
value \. Our (s, M) sparsity pattern is given by s = (1,C?) and M = (0, C, C + C?). Clearly,

by the definition of the ratio constant, nsv = C? (in particular, nsn is finite). Choose
1 . . .
A= Jeiror O that ||z!||s = 1. By using this fact, we can form an orthonormal basis of

CP+C? that includes . We can write this basis as (xz)ZC;lCQ Finally, for a vector v € CO+0%
we define the linear map U by

c+C? Cc+C?
Uv:= E v'2', where v = Z vt
=2 =1
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In particular, notice that the nullspace of U is precisely the space spanned by z!' and that
vt = (v, z").

Step I1. Let v be an (as, M) sparse vector. Our aim will be to estimate ’ NUA1% - 1713 ‘
Clearly, [|U~[|3 — ||7]13 = —|7!|?, where 4! is the coefficient of ! in the expansion of v in
the basis (z?). Therefore, to show that U satisfies the RIP; we will only need to bound
Iv!| = {7, 2')|. Let S be the support of . Then

(2" = s, )] = (v, 28] < Ilallablls < Alyllav/aC? + C2,

where we have used Cauchy—Schwarz in the first inequality and in the second inequality we
have used the fact that x}g has at most a elements of size A\C' and at most C? elements of size

A. From the definition of X we get |(v,z')| < gfl I7|l2- Therefore,

a+1

s 2
i3

HIUAIE = 113 = [(v,2")I? <

a+1
C+1

IN

By the assumption that f(x) = o(x%)’ we can find a C' € N sufficiently large so that
Wéa)\' Then das M < WIM)\ as claimed.
Step I11. Let

21 :=(C,0,0,...,0,0,1,1,...,1), 22:=(0,0,C,...,C,C,0,0,...,0).
N e’ N
C-1 C? c—-1 C?

It is clear that 2! is (s, M)-sparse. Additionally, ||z!||; = C?+C and || - 22||; = (C - 1)C =
C? — C. Because U(z! + 22) = U(z')/\ = 0, we have U(—2%) = U(z"). Since the kernel of

U is of dimension 1, the only vectors z which satisfy U(z) = U(z!) are z = 2! and z = —22.
Moreover, |z!||1 > || — 22||1. Consequently
2! ¢ argmin ||z||; such that Uz = Uz'. [ ]

Proof of Theorem 4.6. The proof of this theorem is almost identical to that of Theorem
4.5, so we shall omit details here. Again, we set z! so that

= \C,C,...,C,1,1,...,1),
C C?2

where C' > a. We choose A so that ||z!||2 = 1. In contrast to the proof of Theorem 4.5, we
take
s=(1,1,1,...,1), M= (0,C,C+1,...,C+C*—1,C+C?).
N———
C?+1
This time, there are C? + 1 levels and the ratio constant ns,M is equal to 1. Once again, we

produce an orthonormal basis of CE+C” that includes z!, which we label (xi)iC:ﬁCQ, and we

define the linear map U by

c+C? c+C?
Uv:= E v'2', where v = Z vt
1=2 =1
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The same argument as before proves that for any (as, M)-sparse 7,

a+1
C+1

U113 = 13| < 17113,

and again, taking C sufficiently large so that % < m yields dgsm < ﬁ The proof

of the existence of z! is identical to Step III in the proof of Theorem 4.5. [ |

6.4. Proof of Theorem 4.7.

Proof. Once again, we prove this theorem in three stages. First we shall construct the
matrix U’. Next, we shall show that the matrix U’ has a sufficiently small RIP;, constant.
Finally, we shall explain why both z! and z exist.

Step 1. Let z! be the vector

zt:=X(0,0,...,0,1,1,...,1),

c? w(p,C)+1

where w(p,C) = ceil(%) for a fixed p € (0,1) which we will specify later, ceil(a) denotes the
smallest integer greater than or equal to a, and C is an integer greater than 1. In other words,
the first C? elements of 2! have value 0 and the next w(p, C') + 1 elements have value A\. We
choose ) so that ||x!]|2 = 1 and C so that C? > w(p, C) and choose our (s, M) sparsity pattern
so that s = (C?,1) and M = (0,C?,C? 4+ w(p,C) +1). By the definition of the ratio constant,
nsm = C? (in particular, ns M is finite). Because ||z!]|2 = 1, we can form an orthonormal

. 2
basis of CO*T@(P:O+1 that includes z!, which we can write as (:v’)i(if_w(p’c)ﬂ
vector v € C02+w(p’o)+1, we define the linear map U’ by

. Finally, for a

C?%+w(p,C)+1
, V2w i 11
U'v:= ——, where w = g v'ztand v =vx +w.
T
i=2

In particular, notice that the nullspace of U’ is precisely the space spanned by 2! and that
vl = <v, ZEZ>
Step 11. Let v be an (as, M) sparse vector. For the purposes of proving Theorem 4.7, it
will suffice to take 7 = v/2. Then
2 2 12
1Tz = Ivllz = =1y I,
where ! is the coefficient corresponding to z! in the expansion of v in the basis (z°). As in
the proof of Theorem 4.5, |y!| = ]('y,x1>|. Let S be the support of v. Then

[(vs, 25 = [(v,29)] < Ill2llzsll2 < Mlvl2va,

where we have used Cauchy—Scharwz in the first inequality and in the second inequality we

have used the fact that xls has at most a elements of size \. It is easy to see that A = ﬁ
wip,

Therefore,
a pa

U2 — 21 = (2! < 2 - PO
W = 13| = 1 )P < gl < 4
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because w(p,C) > %. By the assumption that g(nsm) < %/ for slome A > 0 and

ns,m sufficiently large, and the fact that nsm = C?, we must have % < FICRw)

. If we take p
sufficiently small and C' sufficiently large, then
pa A 1

5(1 < oy S ~ S 9
SM™ 90 = C = g(nsm)

as claimed.

Step I11. Let z' := 2! and set z to be the 0 vector in CO*+w(PO)+1 Because x! is in the
kernel of U’, U'(z — 2') = 0. Furthermore, it is obvious that |z||; < ||z!||;. Additionally,
|zt]]2 = 1 and

US7M(21)1 _ w(p,C) < w(p,C) < 20 +1 <
V3 VCZ+1 7 (Jw(p,C)(C2+1) ~ | p(C?+1) ~ \ py/sm

1
since s = C? and w(p, C) <2C/p+1 < (2C + 1)/p. Because f(nsm) = o(Ng )

osm(z)1
NE

The desired result follows by taking ns m sufficiently large so that

f(ns,M) — 07 Ns,M — OO.

osm(z)1

V3

Proof of part 2. The proof of part 2 follows with a few alterations to the previous case.
We now use the sparsity pattern

Iz =22 = 1> f (s, m)- u

s=(1,1,1,...,1,1) and M=(0,1,2,...,02%,C? +w(p,C) + 1).
N —

02

In this case, nsm = 1 and [ = C?+1. The result follows by simply employing the same matrix
U’ with this new sparsity pattern. [ |

6.5. Proofs of Theorem 4.9. The counterexample for Theorem 4.9 is the same as the
one used in the proof of Theorem 4.7. In that case, the matrix depended on three parameters:
C,7, and p. We show that U’ satisfies the 2 robust nullspace property of order (s, M)
with parameters p and 7. The existence of z! and z is identical to Step III in the proof of
Theorem 4.7.

Proof of part 1. First, if T' C S then for any v € C02+w(p’c)+1, we have

lorlla < [[vsllz and L= ore|ly + 7 U"]l2 > “=|fvse[ls + 7 U]l2

E V3

so it will suffice to prove that U’ satisfies (3.2) for (s, M)-sparse sets S with |[S| = 3.
As before, we set U'v := \/2w/7, where w is defined as in the proof of Theorem 4.7.
Let us consider a set S such that |S| = 5. Because wg and wge have disjoint support,
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by the Cauchy—Schwarz inequality applied to the vectors (1,1) and (|jwg]|2, ||wse||2) we get
V2||wllz > ||lwsl|2 + |[wse||2. Therefore,

(6.19) 702 2 V2|wll2 > [[wsll2 + Jwsel2.

Furthermore, because |S| = 5 > |S¢| (recall that |S| = C? + 1 and that C was chosen so that
C? > w(p,C) = |5°]) and p € (0,1)

1 1 p
6.20 wgsel|2 Z —F—||Wgsc||1 Z —= ||Wsc |1 Z —||WSc||1-
(6.20) lwse | \/@H Ivz ZZllwsely 2 “zllwse|

Combining (6.19) and (6.20) gives
0l + Lofosell 2 fwslls + = fwsells + = Juselly = lwslz + L= llose — wsell
V3 f \f \f

(6.21) > ||wsll2 + L= [lotake 1.

V&
We shall now aim to bound [[vtz k|2 in terms of vtz k.||1. We have
(6.22) lv'zgll2 < Ao

since at most one element of zt 5 is nonzero and its Value Will be at most A. Additionally, since
each element of x} ge has value A\ and there are at least 2¢ of them

20C
plotesely = plot[llzgels > 7P|U1| > 2XCJ'|.

Therefore,
14 1.1 27\C 1 1
6.23 — v zeel|t > —|v| > Av|.

Using (6.22) and (6.23), we have |[vlzk]2 < %Hlegcﬂl. We can conclude the proof that U’
satisfies the £2 robust nullspace property by combining this result with (6.21) as follows:

p
sellt + [lwsll2 < 7|U"v[l2 + <=|vse]r- u

V3

lvsllz < [[v'z§]l2 + [lwsll2 <

)
V3

Proof of part 2. The proof of part 2 is identical. We simply adapt the sparsity pattern so
that

s=(1,1,1,...,1,1) and M = (0,1,2,...,C?, C? + w(p,C) + 1).
2
C

We can apply the proceeding argument with this new sparsity pattern to obtain the required
result. |
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