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Abstract

In this paper we derive robust super- and subhedging dualities for contingent claims that can depend
on several underlying assets. In addition to strict super- and subhedging, we also consider relaxed
versions which, instead of eliminating the shortfall risk completely, aim to reduce it to an acceptable
level. This yields robust price bounds with tighter spreads. As examples we study strict super-
and subhedging with general convex transaction costs and trading constraints as well as risk-based
hedging with respect to robust versions of the average value at risk and entropic risk measure. Our
approach is based on representation results for increasing convex functionals and allows for general
financial market structures. As a side result it yields a robust version of the fundamental theorem
of asset pricing.
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1 Introduction

Super- and subhedging dualities lie at the heart of no-arbitrage arguments in quantitative finance.
By relating prices to hedging, they provide bounds on arbitrage-free prices. But they also serve as a
stepping stone to the application of duality methods to portfolio optimization problems. In traditional
financial modeling, uncertainty is described by a single probability measure P, and the super- and
subhedging prices of a contingent claim with discounted payoff X are given by

¢(X) = inf {m € R : there exists a Y € G such that m — X +Y > 0 P-a.s.} (1.1)

and
— ¢(—X) =sup{m € R : there exists a Y € G such that X —m +Y >0 P-as.}, (1.2)
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where G is the set of all realizable discounted trading gains. Classical results assume that X depends
on a set of underlying assets which can be traded dynamically without transaction costs or constraints.
Then G is a linear space, and under a suitable no-arbitrage condition, one obtains dualities of the form

X)= sup E®X and —¢(—X)= inf EUX, 1.3
P(X) QEME)(]P’) P(—X) ot o) (1.3)

where M¢(P) is the set of all (local) martingale measures equivalent to P; see e.g. [29] or [20] for an
overview.

In this paper we do not assume that the probabilities of all future events are known. So instead
of starting with a predefined probability measure, we specify a collection of possible trajectories for
a set of basic assets. This includes a wide range of setups, from a single binomial tree model to the
model-free case, in which at any time, the prices of all assets can lie anywhere in Ry (or R). We replace
the P-almost sure inequalities in (II]) and (2] by a general set A of acceptable discounted positions
and consider super- and subhedging functionals of the form

HX)=inf{meR:m-—XecA-G} and —¢(—X)=sup{meR:X-meA-G}. (14)

If A is the cone of non-negative outcomes, this describes strict super- and subhedging, which requires
that the shortfall risk be eliminated completely. Alternatively, one can allow for a certain amount of
risk by enlarging the set A. This reduces the spread between super- and subhedging prices. Moreover,
the set of discounted trading gains GG does not have to be a linear space and can describe general market
structures with transaction costs and trading constraints.

Our main result, Theorem 1] provides dual representations for the quantities in (I4) in terms
of expected values of X. As a byproduct, it yields a robust fundamental theorem of asset pricing
(FTAP), which relates two different notions of no-arbitrage to the existence of generalized martingale
measures. In the case where the underlying assets are bounded, it holds for general sets A and G such
that G — A is convex. Otherwise, it needs that the set G — A is large enough. This can be guaranteed
by assuming that the financial market is sufficiently rich or, as shown in Proposition 2.2] that the
acceptability condition is not too strict. In Sections Bl and Ml we study different specifications of A and
G, for which the dual representations can be computed explicitly. Section [B]is devoted to the case where
A consists of all non-negative outcomes, corresponding to strict super- and subhedging. We consider
general semi-static trading strategies consisting of dynamic investments in the underlying assets and
static derivative positions. Proposition Bl covers general convex transaction costs and constraints on
the derivative holdings. Proposition deals with dynamic shortselling constraints. In Section [ we
relax the hedging requirement and control shortfall risk with a family of risk measures defined via
different probability measures. This allows to introduce risk-tolerance in a setup of model-uncertainty.
Our price bounds then become robust good deal bounds. Proposition gives an explicit duality
formula in the case where shortfall risk is assessed with a robust average value at risk. Proposition [4.4]
provides the same for a robust entropic risk measure.

Our approach is based on representation results for increasing convex functionals that we develop in
the appendix. It permits to combine robust methods with transaction costs, trading constraints, partial
hedging and good deal bounds. Robust hedging methods go back to [35] and were further investigated
in e.g. [17, 19, [42]. Various versions of robust FTAPs and superhedging dualities have been derived
in 10 B, 4, B, @ 10 11 12, 15, 22 23] 25] 30} 36l [43]. For FTAPs and superhedging dualities under
transaction costs we refer to [14] 21, B2 [38], [45] and the references therein. The literature on partial



hedging started with the quantile-hedging approach of [27] and subsequently developed more general
risk-based methods; see e.g. [13], 28] 44] and the closely related literature on good deals, such as e.g.
[7, 137, [40, 46].

The rest of the paper is organized as follows: Section 2] introduces the notation and states the
paper’s main results. In Section [3] we study strict super- and subhedging and give robust FTAPs with
corresponding superhedging dualities under convex transaction costs and trading constraints. As special
cases we obtain versions of Kantorovich’s transport duality [39] that include martingale or supermartin-
gale constraints. In Section Ml we use robust risk measures to weaken the acceptability condition. This
yields robust good deal bounds lying closer together than the strict super- and subhedging prices of
Section Bl All proofs are given in the appendix.

2 Main results

We consider a model with J + 1 financial assets S°,...,S”7 and finitely many trading periods t =
0,1,...,T. As sample space we take a non-empty subset  of (R,; x R7)T, where R, , denotes the
positive half-line (0,+4o00). The initial prices of the assets are assumed to be known and given by
58 = 1 together with numbers Sj € R, j = 1,...,J. Their future prices are uncertain and modeled
as Sg(w) = wg, t=1,...,7,j=0,...,J, w € Q. To state and prove the results in this paper, it
will be convenient to quote prices in units of S0 Discounted like this, the asset prices become SO = 1
and gg =57/89, j=1,...,J. However, derivatives on S°,..., S’ are usually specified in terms of the
nominal prices Sg and not the discounted prices S*g . So the discounted payoff of a general contingent
claim on S, ..., S7 with maturity 7 is given by a mapping X : Q — R.

We endow () with the Euclidean metric and denote the space of all Borel measurable functions
X : Q — R by B. All discounted trading gains that can be realized by investing in the financial market
from time 0 until 7" are given by a subset G C B containing 0. G might contain discounted payoffs of
derivatives maturing before time 7. Then the proceeds are invested in S° and held until time 7. All
acceptable discounted time-7T" positions are modeled with a subset A C B containing the positive cone
BT :={X € B: X >0} such that A+ BT C A and A — G is convex. The corresponding superhedging
functional is

H(X):=inf{fmeR:m—-X € A—-G}, where inf():=+o0.

It determines for every liability with discounted time-T payoff X € B, the minimal initial capital
needed such that m — X can be transformed into an acceptable position by investing in the financial
market. The case A = BT corresponds to strict superhedging, which requires that a contingent claim
be superreplicated in every possible scenario w € ). A larger acceptance set A relaxes the superhedging
requirement and lowers the hedging costs. The subhedging functional induced by G and A is given by

—¢p(—X)=sup{meR: X —me A—G}, where supl):= —cc.

We assume that there exists a continuous function Z : Q — [1,+00) with compact sublevel setd]
{weN:Z(w) <z} for all z € Ry. We will consider hedging dualities for discounted payoff functions
whose growth is controlled by Z. Let Bz C B be the subspace consisting of functions X € B such that

Tt follows from this assumption that § is o-compact. In particular, it is a Borel measurable subset of (Ry+ x ]RJ)T.
On the other hand, if Q is a non-empty subset of (R4 X R’ )T that is closed in R(JH)T, any continuous function
Z: Q — [1,400) with bounded sublevel sets has compact sublevel sets.



X/Z is bounded, Uz the set of all upper semicontinuous X € Bz and Cy the space of all continuous
X € Bz. By Pz we denote the set of all Borel probability measures on 2 satisfying the integrability
condition EFZ < 4-o00. Define the convex conjugate ¢* : Pz — R U {£o0} by

o'(P) = sup (E°X — ¢(X)).

XeCy
Then the following holds:
Theorem 2.1. Assume
1
for every n € N, there exists a z € Ry such that n(Z — 2)* — - € G- A (2.1)

Then the following three conditions are equivalent:

(i) there exist no X € G — A and € € Ry such that X > ¢

(ii) there exists a probability measure P € Py such that E¥X <0 for all X € Cz N (G — A)
(iil) ¢ is real-valued on Bz with ¢(0) = 0 and ¢(X) = maxpep, (EF X — ¢*(P)) for all X € Cy.
If in addition to (2.1), one has

o(X) = Yeci;ﬁ/zx oY) forall X € Uy, (2.2)

then (1)—(iil) are also equivalent to each of the following three:

(iv) there exists no X € G — A such that X (w) > 0 for all w € Q

(v) there exists a probability measure P € Py such that E¥FX <0 for all X € Uz N (G — A)
(vi) ¢ is real-valued on Bz with ¢(0) = 0 and ¢(X) = maxpep, (EXX — ¢*(P)) for all X € Uy.

(21) and (22]) are both conditions on the set G — A (the latter since ¢ is defined by G — A). (21
is trivially satisfied if © is compact since in this case, (Z — 2)* = 0 for z € R, large enough. On the
other hand, if Q is not compact, (2.1 holds if, for instance, for every n € N, there exists a z € Ry
such that there is an investment opportunity yielding a discounted outcome of at least n(Z — z)™ at an
initial cost of no more than 1/n, or alternatively, if 1/n —n(Z — z)* is considered to be an acceptable
discounted position. Proposition below provides a class of acceptance sets such that (ZII) holds
without additional assumptions on G, and Proposition 23] gives an equivalent condition for (2.2]). In
all our examples in Sections [ and @l below, both conditions, (2.1]) and (2.2)), are satisfied.

(i) and (iv) are no-arbitrage conditions, or in the case where the acceptance set A is larger than BT,
so called no-good deal conditions. (i) means that there exists no trading strategy starting with zero
initial capital generating an outcome that exceeds an acceptable position by a positive fraction of S%,
or equivalently, no trading strategy turning a negative initial wealth into an acceptable position. The
same condition was used by [31] and [41] in the classical framework. (iv) is slightly stronger. In the case
where A equals BY, it corresponds to absence of model-independent arbitrage as introduced by [18§]
and used e.g., in [I]. We point out that for A = BT, (i) and (iv) are both weaker than the traditional
no-arbitrage condition, which requires that there exist no trading strategies generating a non-negative
profit that is positive on a non-negligible part of the sample space (see e.g. [33| [34] 29| 23]).



(i) and (v) generalize the concept of a martingale measure. For instance, if A = BT and the
underlying assets are liquidly traded, they consist of proper martingale measures. But in the presence
of proportional transaction costs, they become e-approximate martingale measures, and under short-
selling constraints, supermartingale measures (see the examples in Section [3)).

(iii) and (vi) yield dual representations for the superhedging functional ¢. The max means that the
right sides of (iii) and (vi) are suprema which are attained. (iii) and (vi) directly translate into dual
representations for the subhedging functional —¢(—X). If condition (iii) holds, one has

—¢(—X) = min (E¥ X + ¢*(P)) for all X € Cy,
PePz

and the representation extends to all X € Uy if (vi) is satisfied. Moreover, note that as soon as ¢ is
real-valued on By with ¢(0) = 0, the same is true for the subhedging functional, and one obtains by
convexity, ¢(X) + ¢(—X) > 2¢(0) = 0, yielding the ordering

d(X) > —¢(—X) forall X € By.
A wide class of acceptance sets can be written as

A={XeBy:E"X +a(P) > 0 for all P € Py} + B* (2.3)

for a suitable mapping a : Pz — Ry U {+o00}. In the extreme case o = 0, A is the positive cone BT.
On the other hand, it can be shown that if a grows fast enough, assumption ([2I]) of Theorem 21 is
automatically satisfied:

Proposition 2.2. Condition (1)) holds if A is given by 23) for a mapping « : Pz — Ry U {400}
satisfying

(Al) inf]pgpz Oé(P) =0 and

(A2) a(P) > E¥B(Z) for all P € Py, where B : [1,4+00) — R is an increasing function with the
property lim,_, 1 o B(z)/x = +00.

The following result gives a dual condition for assumption (2.2]) which will be useful in Sections [3]

and [l

Proposition 2.3. Assume (2.10) holds. Then

o*(P) = sup EFX < sup (EFX — ¢(X)) = sup EYX  for all P € Py,
XeCzN(G—A) XeUy XeUzN(G—A)

and the inequality is an equality if and only if ¢ satisfies (2.2)).

2We call a function f from a subset I C R to R increasing if f(z) > f(y) for > y.



3 Strict superhedging

In this section we concentrate on the case where the acceptance set A is given by the positive cone
BT. Q is assumed to be a non-empty closed subset of Hle([at,bt] x RJ) for numbers 0 < a; < by,
and the price processes S, ..., S7 are given by SJ = 1, Sg eRy,j=1,...,J and Sg(w) = wg, t>1,
w € Q. They generate the filtration F; = U(Sg :j=0,...,J,8<t),t=0,...,T. As growth function
we choose Z =1+ Zj’t21(§g )P for a constant p > 1. It clearly is continuous, and the sublevel sets

{we N: Z(w) < z} are compact for all z € Ry. Moreover, S'Z belongs to Cz for all j and ¢. For any
set G C B of discounted trading gains containing 0 such that G — BY is convex, condition (2.1)) is
equivalent to
foreveryne N, j=1,...,J,and t =1,...,T, there exist
X € G and K € Ry such that X > n(($/)? — K)* —1/n.

For instance, in the case p = 1, condition (BI]) holds if the market offers call options on all assets
St ..., 87 with every maturity ¢t = 1,...,T at arbitrarily small prices.
Let us define

(3.1)

o5(P) == sup EFX, P e Py,
XeG

with the understanding that
P X EFX+ —EPX— ifEPX~ < 400
' —00 otherwise,

and introduce the corresponding set of generalized martingale measures

M i={P € Py: 6(P) = 0} = {P€ Pz : EFX <0 forall X € G}.

3.1 Semi-static hedging with convex transaction costs and constraints

Let us first assume that the assets S, ..., 87 can be traded dynamically, and in addition, it is possible
to form a static portfolio of derivatives depending on S°,...,S”. We describe the dynamic part of the
trading strategy by a J-dimensional predictable process (9;)_; modeling the holdings of the assets
S, 87 over time and suppose that buying or selling shares of SJ at time ¢ incurs transaction costs
of the form g} (w, A/, ;(w)S7 (w)) for a continuous function g; : @ x R — R such that g} (w,z) is Fi-
measurable in w and convex in z with g{ (w,0) = 0. In the case where  is an unbounded subset of
RUFDT  we also assume sup,cp g7 (w, )| /Z(w) to be bounded in w for every bounded subset E C R.
The static portfolio can be formed by investing in a given set of derivatives with discounted payoffs
H; € Cyz, i€ I. We make no assumptions on the index set I. In particular, (H;);c; can be an infinite
collection. However, it is only possible to invest in finitely many of them. More precisely, we denote
by Ré the set of vectors in R! with at most finitely many components different from 0 and suppose
that the static part of the strategy 6 is constrained to lie in a given convex subset © C ]Ré containing
0. Discounted transaction costs in the derivatives market are given by a convex mapping h: © — Cy
satisfying h(0) = 0. This means that they can depend on the underlying uncertainty. As usual, we
suppress the w-dependence of g{ in the notation. Then the resulting set of discounted trading gains G
consists of outcomes of the form
T J



where AS! =5/ — 57 | and AW = 9] — 97| with 9} = 0.
For this specification of our general model, the following can be deduced from Theorem 2.1] and
Proposition 2.3t

Proposition 3.1. If G satisfies condition [B1)), the following four conditions are equivalent:

¢ is real-valued on Bz with $(0) = 0 and ¢(X) = maxpep, (E¥X — ¢%(P)) for all X € Uy.

Moreover,
T-1 P L e [ EFISLIF-STY * :
+00 ifP ¢ R,
for
97" (y) = sup(zy — g} (x)), h*(P) :=supEF (ZH H; — h(9)> :
zeR 0cO icl
and

R::{PGPZ:P[ngo and5%>0]:0f0rallj:1,...,,]andtST—l}.

Proposition B] extends Theorem 2.2 of [3], which provides a duality result for general convex
transaction costs in a model with a compact sample space in which there are no derivatives available
for hedging.

3.1.1 Proportional transaction costs

As a special case, let us consider proportional transaction costs together with the constraint that
some of the derivatives in the market might only be available to buy or sell. More precisely, dynamic
transaction costs are given by functions of the form g7 (z) = €] |z| for Fi-measurable random coefficients
el € C’+ The static part of the hedging portfolio is given by a vector 6 € RI with associated cost
h(#) = zlel ht6 —h; 0 for bid and ask prices h; € RU{—oc} and b} € RU{+OO} where h;” = +o0
means that H; cannot be bought and h; = —o0 that it cannot be Sold The corresponding dlscounted

trading outcomes are of the form
T J . o . o
SN (HAS] — e 1AGSL ) + D (0 — 0 hF + 67k,
t=1 j=1 i€l
and

g =10 if ly| <&l = 0 if hy <EPH; <h] forallic I
¢ 400 otherwise, 400 otherwise.



By Proposition B.1] one has
e if Pe M
96(P) = { +o0o  otherwise,

where M is the set of all probability measures P € P satisfying the conditions
a) (1—¢)8 <EP[SI|A]<(+e)S/ forallj=1,...,J andt=0,...,T — 1
b) hy <EYH; <hf forallicl.
So if [B.1) and (i) of Proposition Bl hold, one obtains the duality
H(X) = &%EPX for all X € Uy. (3.3)

If E{ = 0, dynamic trading is frictionless, and a) reduces to the standard martingale condition. In this
case, ([3.3) is the superhedging duality given in Theorem 1.4 of [I] for S = 1. On the other hand,
in the case where the coefficients 5{ are constant and (H;);cs consists of European options depending
continuously on St, (B3) becomes the superhedging duality shown in Theorem 2.6 of [23] for SO = 1.

3.1.2 Superlinear transaction costs

For © = Ré and transaction costs corresponding to
j E'z P (52 ¢
gl (@) = L, h(0) = hib; + —|6:|"
Pj iel i

for positive JFi-measurable 5{ € Uz and constants 9; > 0, pj,q;j > 1, h; € R, one obtains from
Proposition B1]

T-1 J N1—p, | wP[ & & [P 1—q] /

* o p | (e1) " |ET[ST | ] — S 9; P K

G6() = YD E | = + B[
=0 j=1 tPj t ier i

where p;- =p;/(pj — 1), ¢} == qi/(¢: — 1), 0/0 := 0 and /0 := +oo for x > 0. Moreover, if (3] and
condition (i) of Proposition [3.1] hold, one has

$(X) = max (E¥ X — ¢%(P)) for all X € Uy.
PeP,

3.1.3 European call options and constraints on the marginal distributions

Let gg : 2 xR — R be as in the beginning of Subsection B] above and assume the family (H;);ecr
consists of all discounted European call option payoffs

(S —K)*, j=1,...J,t=1,....T, K €R,.

Moreover suppose that arbitrary quantities of options with discounted payoffs (S'Z — K)™ can be bought

or sold at prices pi; and p]’ ., respectively. If limg o0 pi; = 0 for all j and ¢, condition (B.I]) holds.

So if in addition, (i) of Proposition B.1]is satisfied, one obtains

T-1 J PraJ QJ
1 ., (EY[SS | F]— S
¢(X) — IIl]PE)iX E]P’X - § : 2 E]P’ @gg < [ T ’gjt] t) 1{§g>0}] s for all X e Uz, (34)
t=0 j=1 t t

where the maximum is over all P € Pz such that



a) ]P’[Sg:()ands%>0]:0forallj:1,...,Jandt:0,...,T—1
b) ple <EF(S) — K)t <plfforallj=1,...,J,t=1,...T and K € R;.

EF(S7 — K)* can be written as S ;OO P[S? > x]dx. So condition b) puts constraints on the distributions
of S/ under P, and in the limiting case p)s = pl'g, it fully determines the distributions of S7 under

P. In particular, if g{ =0 and pi;; = pi;( =p] € Ry for all j,¢, K, it follows from (B1]) and (i) of
Proposition BIlthat there exist unique marginal distributions th on R specified by [ ; o th (z,+o0)dx =
pi’K, K € R, such that

X) =maxE'X forall X €U 3.5
¢(X) = max or a 7z (3.5)
where M consists of all P € Py satisfying

a) St ..., S7 are martingales under P

b) the distribution of Sg under P is th forall j=1,...,Jand t=1,...,T.

B3] is a variant of Kantorovich’s transport duality [39] and has recently been studied in different
setups under the name martingale transport duality; see e.g., [4] [ [30].

3.2 Semi-static hedging with short-selling constraints

Now assume that dynamic trading does not incur transaction costs, but only non-negative quantities
of the assets S',...,S” can be held. As above, one can invest statically in derivatives with discounted
payoffs H; € Cy, i € I, according to a strategy 6 lying in a convex subset © C ]Ré containing 0. Let
h : ©® — Cyz be a convex mapping with h(0) = 0 and suppose that G consists of discounted outcomes
of the form .

>

t=1j

IAS] +Y " 0:H; — h(0),

J
=1 el

where (9;)]_; is a non-negative J-dimensional predictable strategy and # € ©. Then the following
variant of Proposition [3.1] holds:

Proposition 3.2. If B1) is satisfied, the conditions (i)—(iv) of Proposition [31] are equivalent, where

62(P) = supgeo EX (Xic; 0:H; — h(0))  if S*,....,S7 are supermartingales under P
¢ 400 otherwise,

and M = {P € Pz : ¢, (P) = 0}.

3.2.1 Dynamic and static short-selling constraints

If there are short-selling constraints on the dynamic as well as static part of the trading strategy, that
is, =R} NRL, and h(0) = Y, hib; for prices h; € R, it follows by Proposition from (3.1 and
condition (i) of Proposition B.I] that ¢(X) = maxper EFX for all X € Uz, where M is the set of all
measures P € Pz such that

a) St ..., 57 are supermartingales under P

b) EFH; < h; for all i € I.



3.2.2 Supermartingale transport duality

Suppose now that only the dynamic part of the trading strategy is subject to short-selling constraints
and (H;)ier consists of all discounted call options (5] -K)r,j=1,....J,t=1,....,T, K e Ry.. If
arbitrary quantities of (S/ — K)* can be bought and sold at prices p/'t < pl'z, respectively, condition
B is satisfied provided that limg 40 pi;; =0 for all j and t. So, if in addition, (i) of Proposition
311 holds, one obtains from Proposition that

H(X) =maxEFX for all X € Uy (3.6)
PeM

where M consists of the measures P € P satisfying
a) St ..., 57 are supermartingales under P

b) pig SEP(S] — K)t = [FP[S] > aldw <p[f forall j=1,...,J,t=1,...,T and K € Ry,

In the special case pg; = p{ K= p{ x € R, condition b) is satisfied if and only if for all j and ¢, the
distribution of S/ under P is equal to a measure v} satisfying J ;{'OO Vi (&, 400)dx = pi i forall K e Ry.
In this case, (3.6]) becomes a supermartingale version of Kantorovich’s transport duality [39].

4 Superhedging with respect to risk measures

In this section we relax the strict superhedging requirement and consider sets of acceptable discounted
outcomes of the form
A= () {X €Byz:pe(X) <0} + B, (4.1)
QeQ

where Q C Pz is a non-empty set of probability measures, and for every Q € Q, pg : Bz =+ Ris a
convex risk measure. More specifically, we concentrate on transformed loss risk measures:

pa(X) = min (E%q(s - X) — 5)

for loss functions lg : R — R. Up to a minus sign they coincide with the optimized certainty equivalents
of Ben-Tal and Teboulle [6]. For unbounded random variables, they were studied in Section 5 of [16].
We make the following assumptions:

(11) every lg is increasingﬁ and convex with lim,_,1 . (lg(z) — z) = 400

(12) supg EQg(p(Z)) < 400 for an increasing function ¢ : [1,4+00) — R satisfying
lim, 100 p(z)/2 = 400

(13) 15(1) =0 for all Q € Q, where lg(y) = sup,er(zy — lo(2)), y € R.

Then the following holds:

Sie., lo(x) > lg(y) for >y

10



Lemma 4.1. For every Q € Q, pg is a real-valued convex risk measure on Bz with pg(0) = 0 and

dual representation
dP
X) = EP[—X] —EQ (1} | — . 4.2
po(x) =, (B¥-x)- 521 (2)) (42)

Moreover, the acceptance set A given in (A1) is of the form (23] for a mapping a : Pz — Ry U{+o0}
satisfying (A1) and (A2).

4.1 Robust average value at risk

Now assume, as in Section 3] that € is a closed subset of Ht 1(Jaz, b] x RY) for numbers 0 < a; < by,
and consider the filtration F; := (5% : j = 0,...,J, s < t) generated by S]( ) = w{ We choose a
continuous function Z : Q — R such that Z > 1+zj >15i- Then the sublevel sets {w € Q: Z(w) < z},
z € R, are compact, and all Sj belong to C.

For a fixed level 0 < A < 1 and Q from a given non-empty subset Q C P, consider the average
value at risk

AVaR¥(X) : =3 / VaR%(X)du, X € By.
It is well-known (see e.g. [29]) that it can be written as
AVaRY(X) = min (M - s> , X € By,
and has a dual representation of the form
AVaRY(X) = max  EP[-X], X e By.

P<Q,dP/dQ<1/A

The corresponding robust acceptance set is

A= {X € By : AVaR%(X) < 0} +B*

QeQ
Let us assume the assets S°, ..., S” can be traded dynamically subject to proportional transaction
costs if positions in ST, ..., S” are rebalanced given by €1,...,e; > 0. Moreover, there exists a family

of derivatives with discounted payoffs (H;)ier € Cz that can be traded statically with bid and ask

prices h; ,h;r € R. The resulting set of discounted trading gains G consists of outcomes of the form
T J . U o
DD (WIAS] —|A0S] ) + D (0iH; — 0 b + 67 hy), (4.3)
t=1 j=1 il

where (1) is a J-dimensional (F;)-predictable strategy and 6 € Ré. Under these conditions, one has
the following:

Proposition 4.2. If Q is convex, o(Pz,Cyz)-closed and satisfies

sup EQp(Z) < 400 for an increasing function ¢ : [1,400) — R such that lim ¢lz) = +o0, (4.4)
QeQ r—+o00 I

the following are equivalent:
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(i

) there exist no X € G — A and ¢ € Ry such that X > ¢

(ii) there exists no X € G — A such that X(w) > 0 for allw € Q
)
)

(iii) M #0

(iv) ¢ is real-valued on Bz and $(X) = maxpep EFX for all X € Uy,

where M is the set of all probability measures P € Py satisfying
a) (1-¢;)8) <EP[SI | F)<(1+¢)S) forallj=1,...,J andt=0,...,T —1
b) hy <EYH; <h] foralliel
c) dP/dQ < 1/X for some Q € Q.

Examples 4.3. If Z =1+ Zt,jzl Sg , the integrability condition (4.4)) is satisfied by the following four
families of probability measures:

1. All Q € Pz such that CZ < IEQ(S’%)2 < ¢/ for given constants 0 < d<cl ‘ ‘

2. All Q € Pz such that ¢} <E?[(57/S] | —1)? | Fi_1] < CJ for given constants 0 < ¢} < CY.

3. All Q € Pz under which Y;j = log(Sg/gg_l), j=1,....J,t=1,...,T, forms a Gaussian family with
mean vector (E@Y;j ) in a bounded set M C R’T and covariance matrix COVQ(Y;j ,Y¥) in a bounded set
Y C RJTX JT‘

4. The o(Pz,Cz)-closed convex hull of any set Q C Py satisfying (4.4).

It can easily be checked that the first two families are convex and o(Pz,Cyz)-closed. But the third
one is in general not convex. So to satisfy the assumptions of Proposition (4.2 one has to pass to the
o(Pz,Cz)-closed convex hull.

4.2 Robust entropic risk measure

As in Subsection 1], suppose that €2 is a closed subset Hle([at, be] x RT)T for numbers 0 < a; < by,
consider the filtration (F;) generated by (Stj ),j=0,...,J,and let Z : Q — R be a continuous function
such that Z > 1437, S7.

For a fixed risk aversion parameter A > 0 and Q in a given non-empty set @ C P, consider the
entropic risk measure

1
Ent$(X) = X1og1tz@ exp(—A\X), X € By.
It admits the alternative representations
As —1—AX) 1 dP dP
Ent®(X) = min ( <P —s) = EF[—X] — ~EQ | log < X € By;
nty (X) ’2211?( By o) =max (ET-X] - 3BT |gglegg) |- X € Bz

see e.g. [16]. The resulting robust acceptance set is

A= {X € By : Ent3(X) < 0} + BT,
QeQ
If the set of discounted trading gains G is as in (4.3]), one obtains the following variant of Proposition

4.2
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Proposition 4.4. If Q is convex, o(Pz,Cyz)-closed and satisfies

sup E®exp(p(Z)) < 400 for an increasing function ¢ : [1,4+00) — R with lim #lz) = 400, (4.5)
QGQ T—+00 X

the following are equivalent:

(i) there exist no X € G — A and ¢ € Ry such that X > ¢
(ii

) there exists no X € G — A such that X (w) > 0 for all w € Q
(iii) there exists a P € Py such that EFX < 0 for all X € Uz N (G — A)
)

iv) ¢ is real-valued on By with ¢(0) =0 and ¢(X) = maxpep, (EFX —n(P)) for all X € Uy,
zZ

where 1 : Pz — Ry U {+o0} is given by

n(P) = infoeo, p<oEQ <§% log %) /A if P satisfies a)-b) and P < Q for some Q € Q
~+00 otherwise,

and a)-b) are the same conditions as in Proposition [J.2

Examples 4.5. For Z = 1+ ., S’g, the following are convex o(Pz,Cyz)-closed subsets of Py
satisfying (4.5): ' ‘ ' o ‘ ' '
1. All Q € Pz such that ¢] <E?(S})? < €} and EQexp(e](57)?) < D] for given constants 0 < ¢ < CY
ER R | R

2. All Q € Py such that ¢ < EQ[(S}/S)_, —1)? | Fi_1] < ¢ and EQ®exp(e](S57)?) < D] for given
constants 0 < CZ < C’tj and 5{, Dg > 0.

3. The 0(Pz,Cyz)-closed convex hull of any set Q C Py satisfying (L.5)).

Note that Example 4313 also satisfies condition (45]). Therefore, its o(Pz,Cz)-closed convex hull
fulfills the assumptions of Proposition (.4l

A  Proofs

A.1 Representation of increasing convex functionals

In preparation for the proof of Theorem [2.1] we first derive representation results for general increasing
convex functionals on Cyz and Uy. As in Section 2 © is a non-empty subset of (Ry; x R7)T and
Z : Q — [1,400) a continuous function such that {w € Q: Z(w) < z} is compact for all z € Ry. If
(X,) is a sequence of functions X,, : Q — R decreasing pointwise to a function X : Q — R, we write
X, | X. The space Cz of continuous functions X : @ — R such that X/Z is bounded forms a Stone
vector lattice; that is, it is a linear space with the property that for all X,Y € Cy, the point-wise
minima X AY and X A 1 also belong to Cz. Let caJZr be the set of all Borel measures pu satisfying
(Z,p) :== [ Zdp < +o00. We call a functional ¢ : Cz — R increasing if ¢(X) > ¢(Y) for X > Y and
define the convex conjugate ¢, ca} — RU {400} by

Ve, (1) = sup ((X, ) — ¥(X)).
XeCy
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Theorem A.1. Let ¢ : Cz; — R be an increasing convex functional with the property that for every
X € Cyz there exists a constant € > 0 such that

Jim_9(X +2(Z = 2)) = 9(X). (A1)
Then
$(X) = max (X, p) — 68, (1) for all X € Cy. (A:2)
peca,

Proof. Fix X € Cz. It is immediate from the definition of ¢¢,  that

P(X) = sup ((X, ) — ¥, (1)- (A-3)

+
Heca,

On the other hand, the Hahn—-Banach extension theorem (for example, in the form of Theorem 5.53
in [2]) applied to the trivial subspace {0} C Cy and the dominating function ¥y : Cz — R, given by
Yx (V) :=(X +Y) —¢(X), yields the existence of a linear functional (x : Cz — R that is dominated
by ©x. Since ©¥x is increasing, the same must be true for {x. So if we can show that for every sequence
(X,) in Cz satisfying X, | 0, there exists a constant > 0 such that ¢ x(nX,) | 0, then {x(X,) | 0,
and we obtain from the Daniell-Stone theorem (see e.g., Theorem 4.5.2 in [24]) that (x is of the form
(x(Y) = (Y, ux) for a measure puy € caj,. It follows that (X, ux) —¢(X) > (X + Y, ux) — (X +Y)
%l Y € Cz. In particular, ¢, (ux) = (X, px) — (X), and the representation (A.2) follows from

Now, choose an € > 0 such that (A holds and m > 0 so that X; < mZ. Set n = ¢/(4m) and
fix § > 0. There exists a z € Ry such that ¥ x(e(Z — 2)*) < 4, and by our assumptions on Z, the set
A ={Z <2z} is compact. Therefore, one obtains from Dini’s lemma that

Ty = glgg(Xn(w) 1 0.

Since x — Y x(x) is a convex function from R to R, it is continuous. In particular, there exists an ng
such that ¥ x(2nx,) < ¢ for all n > ng. Moreover, it follows from

X, < Xn].{ZSQZ} + X11{2>22} < xnl{Zggz} + le{Z>2z} <z,+ 2m(Z - Z)+
that X
2n "I (7 - )t
2m
and therefore,
X, — Tn
vx 2n(X, —xn)) = ¥x <z—:7> <¢§ for all n.
2m

This gives

2 n 2 Xn )

D (X, < LX@n2 )“/’*’;( NXn =) 5 for all n > .

Hence, 1 x(nX,) | 0, and the proof is complete. O

To extend the representation (A2]) beyond Cz, we need the following version of condition (AT):
Er}ra Y(n(Z —2)") =4(0) for every n € N. (A.4)

The subsequent lemma shows that it implies (A.T]).
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Lemma A.2. An increasing convex functional v : Cz — R with the property (A4) also satisfies (Ad).

Proof. If ([A.4)) holds, one has for any X € Cz, e € Ry and X € (0,1),

M)

(X +e(Z—2)F) <M (%) +(1= Ay <e-: Y

and

Y <a%> — (0) for z — 4o0.

Moreover, since z — 1(2X) is a real-valued convex function on R, it is continuous. In particular,
X
A <X> —¢P(X) and (1 —XAN)y(0) -0 for X — 1.

This shows that Y(X +e(Z — 2)7) = ¥(X) for z = +o0. O

Before giving conditions under which a representation of the form ([A.2]) holds on Uz, we note that
for a given X € Uy,

X(w/) . Ji
Xp(w):=sup | =% —n E lw! —w?| | Z(w)
w'eN Z(w/) I ! !

defines a sequence in C'; such that X,, | X. In addition to this fact, we need the following two auxiliary
results:

Lemma A.3. For every increasing convex functional v : Cz — R the following hold:

(i) There exists an increasing convex function ¢ : Ry — RU{400} satisfying limy_, 1 ¢(z)/x = 00
such that g, (1) > @((Z, ) for all p € cal.

(ii) If ¢ satisfies (), the sublevel sets {u € ca} : g, (1) < a}, a € R, are o(cay, Cyz)-compact.

Proof. For every u € caJZr, one has

Ve, (1) > yset%p (WZ,m) —v(2)) = p((Z, 1))

for the increasing convex function ¢ : Ry — R U {+o0} given by

p(x) = sup (ry — P(y2)).
yeR 4
It follows from the fact that v is real-valued that lim,_, 1 ¢(z)/x = +00. This shows (i).
As the supremum of o(ca},Cyz)-continuous functions, Ve, s o(ca},Cyz)-lower semicontinuous.
Therefore, the sets A, := {u € ca} : V&, (1) < a} are o(ca},Cz)-closed. Moreover, every u € A,

satisfies
m{(Z —2)",p) —p(m(Z —2)7) <5, (p) <a forall m,z € Ry.
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So if ([A.4)) holds, there exists for every m € Ry a z € R, such that

(Z - 2" ) < %

for all p € A,.

In particular,
lim sup ((Z—2)%, ) =0,

Z2=400 en,
and, as a result,
Jim sup (Z11z59:3, 1) < ZETOOSQAIZ (2(Z —2)",u) =0. (A.5)
From (i) we know that
(Z,p) < ¢ Ha) < 400 for all u € A, (A.6)

1

where 7" : R — R, is the right-continuous inverse of ¢, given by

o Ny) :=sup{z € Ry : p(z) <y} with sup@:= 0.

The mapping f : X — X/Z identifies Cz with the space of bounded continuous functions Cj, and
g : 1 — Zdy identifies ca}, with the set of all finite Borel measures ca™. It follows from (A.5]) and (A.G)
that g(A,) is tight. So one obtains from the direct half of Prokhorov’s theorem (see e.g., Theorem 8.6.7
in [§]) that g(A,) is o(ca™, Cp)-compact, which is equivalent to A, being o(ca}, Cz)-compact. O

Lemma A.4. Let a: ca); — RU{+o0} be a mapping such that infueca} a(p) € R and a(p) > o({(Z, uy)
for all p € ca} and a function ¢ : Ry — RU {+o0} satisfying lim, o0 p(x)/x = +o00. Then the
following hold:

(i) Y(X) := SUPMeca}“X’ w) — a(p)) defines an increasing convex functional 1 : By — R.

(ii) If all sublevel sets {p € ca}; : () < a}, a € R, are relatively o(ca;, Cz)-compact, then ¥(Xy) |
(X)) for every sequence (X,,) in Cz such that X,, | X for an X € Cjy.

(iii) If all sublevel sets {p € ca}; : a(p) < a}, a € R, are o(ca};,Cy)-compact, then ¥(X,) | (X) for
every sequence (Xy) in Cyz such that X,, | X for an X € Uz, and

P(X) = max ((X,p) —a(p)) forall X € Ug.

+
necay,

Proof. 1t is clear that v is increasing and convex. Moreover, for every X € By, there exists an m € Ry
such that | X| < mZ. Therefore,

P(X) = sup (=m(Z,p) — a(p)) > —o0

+
necay,

as well as
P(X) < sup (m(Z,p) —a(p) < sup (m(Z,u) —p((Z, 1)) < +oo.

,uGcaJZr ;LEthZL

This shows (i).
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Now, let (X,,) be a sequence in Cz such that X,, | X for some X € Uz. By replacing ¢ with

@(x) = inf (y) v inf a(w),
y2z ueca}

one can assume that ¢ is increasing. Then the right-continuous inverse ¢! : R — R, given by
¢ (y) =sup{z € Ry 1 p(z) <y} with supd:=0,
satisfies limy— 100 01 (y)/y = 0 and (Z, u) < 1 (a(p)) for all
p€doma = {v € ca} : a(v) < +oo}.
Choose m € R, such that X; < mZ. Then
(X, 1) —a(p) <m(Z,p) —a(p) <me (alp) —alp) for all n and p € dom a. (A.7)

If the sets {u € ca} : a(p) < a}, a € R, are o(ca};, Cz)-compact, then « is o(ca};, Cz)-lower semicon-
tinuous. Furthermore, it follows from (A.7)) that for a € R large enough, there exists a sequence (u,,)
in {p € ca} : a(p) < a} such that

1
¢(Xn) < <Xn7,un> - Oé(,un) + E for all n.

As shown in the proof of Lemmal[AZ3] the pair (ca};, Cz) can be identified with (ca™, Cy), and o(ca™, Cp)
is generated by the Kantorovich-Rubinstein norm (see e.g. Theorem 8.3.2 in [§]). So o(cat,Cy) is
metrizable. Therefore, after possibly passing to a subsequence, one can assume that (u,) converges to
a measure p1 € {p € ca} : a(p) < a} in o(ca}, Cz). Then

a(p) < liminf o(u,).

Moreover, for every € > 0, there is an n’ such that (X,/, u) < (X, u) +e. Now choose n > n/ such that
( Xy i) < (X, pt) + €. Then

<anun> < <Xn’wun> < <Xn’nu> +e< <X’ :u> + 2e,

showing that, limsup,, (X, un) < (X, 1), and therefore,
inf 4 (Xy,) < limsup ((X, pn) = (pn)) < (X, p) = a(p) < P(X).

In particular,
(Xn) L (X) = max (X, p) — a(p)),

pecay

which shows (iii).
It remains to prove (ii). To do that we note that if o satisfies the assumption of (ii), the o(ca};,Cz)-
lower semicontinuous hull o, has J(ca}, Cz)-compact sublevel sets and

() > o ((Z, ) vV inf+ a(p) for all u € ca},
pecay,
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where ¢, is the lower semicontinuous hull of . Since lim, ;1o @« (z)/2 = 400 and

P(X) = sup ((X,p) —ax(p)) forall X € Cy,

+
peca,

it follows from (iii) that ¥ (X,,) | ¥(X) for every sequence (X,,) in Cz such that X,, | X for an X € C.
This shows (ii). O

Now we are ready to give our representation result for increasing convex functionals on Uy. For
uE caJZr, we define

Vi, (1) == sup ((X, p) — ¢(X)).

Theorem A.5. Let ¢ : Uy — R be an increasing convex functional satisfying condition (A4). Then
the following are equivalent:

(1) P(X) =max, o+ (X, 1) = 95, (1)) for all X € Uy
(ii)
(iii)

)

(iv) ¥, (1) = iy, (1) for all ju € ca.

V(X)) L (X)) for all X € Uz and every sequence (X,,) in Cyz such that X, | X
W(X) = infyec,,y>x ¥(Y) for all X € Uy

Proof. Since, by Lemma [A2] (A4) implies (AJ]), we obtain from Theorem [AT] that

P(X) = max (X, 1) —¥¢,(w)  forall X € Cy.

pecay,

Moreover, by Lemma [A3] the sublevel sets {u € ca, : Ve, (1) < a}, a €R, are J(ca}, Cz)-compact,
and there exists a function ¢ : Ry — R U {400} such that lim; o0 p(z)/z = +oo and ¢g, (1) >
©((Z, ) for all u € cal.

(i) = (ii) is now a consequence of part (iii) of Lemma [A.4] and (ii) = (iii) follows since for every
X € Uy there exists a sequence (X,,) in Cz such that X,, | X.

(iii) = (iv): One obviously has ;> ¢ . On the other hand, if for every X € Uy, there is a
sequence (X)) in Cz such that X, > X and ¢(X,,) | ¥(X), then

Slrllp«X"’m —p(Xn)) = (X, ) — (X)),

from which one obtains ¢, > 97, .
(iv) = (i): For given X € Ugz, one obtains from the definition of ¢; that

P(X) = sup (X, p) — g, (1)) = sup ((X, ) — e, ().

cha} cha}

Conversely, since there exists a sequence (X,,) in Cz such that X,, | X, we can conclude by (iii) of
Lemma [A.4] that

(X)) < infyp(Xn) = max ((X, i) — e, (1))-

+
pecay,
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A.2 Proof of Theorem 2.7]

Having Theorems [A7] and in hand, we now can prove Theorem [ZIl The implications (iii) = (ii)
= (i) as well as (vi) = (v) = (iv) = (i) hold without assumption (2.]). Indeed, (iv) = (i) is obvious.
(iii) = (ii): It follows from (iii) that

foin ¢*(F) = — max —¢"(P) = —¢(0) = 0.

In particular, since ¢(X) < 0 for all X € G — A, there exists a P € Pz such that

0=¢"(P) = sup (E"X — (X)) > sup (E'X—-¢(X))> sup E'X,
Xelz XeCzN(G—A) XeCzN(G—A)

and therefore, EFX < 0 for all X € Cz N (G — A).

(ii) = (i): Assume there exists an X € G — A such that X > ¢ for some ¢ € Ry ;. By assumption,
A+ BT C A. So it follows that ¢ belongs to Cz N (G — A). But since EFe = ¢ > 0 for all P € Py, this
contradicts (ii).

(vi) = (v): If (vi) holds, then ¢*(P) > supycp, (E'X — ¢(X)) for all P € Pz. So (v) follows from
(vi) like (ii) from (iii).

(v) = (iv): Assume there exists an X € G — A such that X (w) > 0 for all w € Q and fix a P € Py.
Since P is a Borel measure on a measurable subset of RZTDT it is regular. So there exist an € > 0
and a closed set F' C {X > ¢} such that P[F] > 0, or equivalently, E¥1z > 0. But since 1z belongs to
Uz N (G — A), this contradicts (v).

Now, we assume (2.I)) and show (i) = (iii). Since A+ BT C A and A — G is convex, the mapping
¢ : By - RU{+o0} is increasing and convex. Moreover, it follows from (i) that ¢(m) = m for all
m € R, implying that ¢(X) € R for every bounded X € B. By condition (21I), there exists for every
n € Na z € Ry such that ¢(n(Z — 2)*) < 1/n, and therefore,

n d(nz)+o(n(Z—2)") _nz 1
7)< < Z 4 -
¢ (2 ) - 2 -2 * 2n
Now, one obtains from monotonicity and convexity that ¢ is real-valued on Byz. In addition, it follows
from (2.1) that ¢ satisfies (A4]), and so by Lemma [A.2] also (AJ]). Therefore, Theorem [AT] yields
o(X) = maxMeCaJZr«X, 1) — ¢¢, (1)) for all X € Cz. Since ¢p(m) =m for all m € R, ¢, (1) is +oo for

all p € cal \ Pz, and one obtains ¢(X) = maxpep, (EF X — ¢*(P)) for all X € C.

Finally, if conditions (2I)-(2.2]) and (iii) of Theorem 2] hold, ¢ is a real-valued increasing convex
functional on By fulfilling (A.4]) as well as condition (iii) of Theorem [A.5l So Theorem [A.5lyields that
¢ also satisfies condition (i) of Theorem [AH, and therefore, (vi) of Theorem 211 which completes the
proof. O

A.3 Proofs of Propositions and 2.3

Proof of Proposition
If the acceptance set A is of the form (23] for a mapping a : Pz — Ry U {400} satisfying (A1)—(A2),
it can be written as

A={X€Bz:p(X)<0}+B" for p(X):= 1P>Seu7£) (EP(—X) - oz(]P’)) .
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By passing to the lower convex hull, one can assume that 3 is convex. Then, Jensen’s inequality yields
a(P) > EFB(Z) > B(E¥Z) for all P € Py.

By identifying (Cy, ca}) with (Cp, ca™) like in the proof of Lemma [A.3] one deduces from Prokhorov’s
theorem that the sets {P € Py : E¥3(Z) < a}, a € R, are o(Pgz,Cz)-compact. As a consequence, the
sets {P € Pz : a(P) < a}, a € R, are relatively o(Pz,Cyz)-compact, and one obtains from part (ii) of
Lemma [A4] that for every n € N,

p <% —n(Z — z)+> = —% +p(-n(Z-2)%) 1 —% for z — +o0.

In particular, 1/n—n(Z —z)" € A C A— G for z large enough, showing that condition (ZI) holds. O

Proof of Proposition [2.3]

By our assumptions on G and A, one has ¢(0) < 0. Moreover, if ¢(0) = —oo, G — A contains R,
which by (2.1, implies G — A = Bz. Then ¢ = —o0 on By, ¢* = 400, and all the statements of
Proposition 2.3] become obvious. On the other hand, if ¢(0) > —oo, it follows from (21), like in the
proof of Theorem 211 that ¢ is real-valued on By. Then

¢*(P) < sup (EFX — ¢(X)) for all P € Py,
XeUy

and since it follows from (2I)) that ¢ satisfies (A.4]), Theorem [A.F] yields that the inequality is an
equality if and only if ¢ satisfies condition (2.2)). Next, note that since

X—-¢(X)—eecCznN(G—-A) forall X € Cz and € >0,

one has
¢*(P) = sup E"(X —¢(X)) = sup E'X,
XeCy XeCzN(G-A)
and analogously,
sup (EP X — ¢(X)) = sup EFX.
XeUy XeUzn(G—A)
This completes the proof of Proposition 2.3l O

A.4 Proofs of Propositions [3.1] and

Proof of Proposition [3.1]
We start by showing the implications (iv) = (iii) = (ii) = (i). If (iv) holds, one has 0 = ¢(0) =
maxpep, — o5 (P), yielding (iii). Moreover, since E¥X < 0 for every X € G and P € M, (iii) implies
(ii). That (ii) implies (i) is obvious.

To prove (i) = (iv), we first note that (3.I]) implies (2.I) and (i) is a reformulation of condition (i)
of Theorem 2] in the case A = B*. So, by Theorem 2] it follows from (i) that ¢ is real-valued on
Bz with ¢(0) = 0. Moreover, we know from Proposition 23] that

¢*(P) < sup  EF < sup EPX = ¢5(P), PePy.
XeUzN(G—-Bt) Xea@
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So if we can show that
¢*(P) > ¢c:(P) for all P € Py, (A.8)

we obtain ¢* = ¢, and by Proposition 23] condition (2.2 holds. Then it follows from Theorem 2.]
that (i) implies (iv). To prove (A.8]), we observe that

e G (A0S
sup EF X = supEP[ Z V]AS] — %
XeG 9 5= -1

} + Sl;p <Z 0.E H; — h(@)),

and since g{_l(O) = 0, the first supremum can be taken over strategies ¥ such that

_ J J QJ
C o gl (AYS )
EP E ﬁgASg_tlsottl]ZO
tj>1 -1

Therefore,

EF Z ﬁ{AS‘f - 9{—1(A§g5g—1)/5t0—1

t,j=1

can be approximated by

E* | Y 9IAS] - gl (A%]S]_y)/S0

t,j=>1

for continuous F;_i-measurable functions 75{ :  — R with compact support. But since

55 i gf_l(A@iSZ_l)
> (0{AS§ B + Z 0;H; — h()

t,j=1

is in Cz NG, it follows that ¢*(P) > supxcc,ng EFX > o5 (P) for all P € Py.
It remains to show that ¢f; is of the form ([B.2). To do this we note that

T T T

T t T
S IAS =Y N T AGIAS =N T AWAS = A9 (5] - 57_y).
t=1 t=1

t=1 s=1 s=1 t=s

Hence,

o I (A9 ST
sup EF X = supEP Z Aﬁi(s% - Sg—l) — M

P
sup pE| > o +s191p(§i:m H; = h(9)),

where the first supremum can be taken over strategies ¥ such that

gf_l(Aﬁfstj_l)} -0

B[ 30 A -5 - S
t—1

t,j>1
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Now EF D> Aﬁ{(g% -5 - gg_l(AﬁgSg_l)/S?_l] can be approximated by

[ o I (AT
B | Y (s - 5y - SO
= t—1
r J 97 Qi
. - - gi_1 (AP, Sy _
= E' | Y A(EPIS) | Fioa] - S,) - M
_t,jZl St—l

for bounded F;_i-measurable mappings A@g with compact support. On {S{_l > 0}, one has

N
97 (RP[S7 & gl_ (A S)
sup (Aﬁi(EP[S]T () T - M)

A 51
o EFISI | Fi] - &Y i
= ; sup | AYS] 57| i ) L — g1 (A91S]_4)
Si1 AG] S
1 (EFS Aol - S
St Sy ,

and on {5} | = 0},
swéww%umr%m——
AW

= sup AWEF[S), | Fi1] = +ool

et {EP[S).| Fi—1]>0}"
AG

Since P[Sg_l =0 and EP[S% > 0| Fi—1] > 0] > 0 if and only if P[Sg_l =0 and Sfjp > 0] > 0, this proves
B.2). O

Proof of Proposition
It follows as in the proof of Proposition B.I] that

¢*(P) = sup (EPX - ¢(X)) — ¢5(P) for all P € Py,
XeUyz

and (i)—(iv) are equivalent. Moreover,

¢6(P) = supEF | Y~ /AS! | + supE* (Z 0,H; — h,-) ,

920 ti>1 0€0 iel
and since the first supremum can be taken over non-negative predictable strategies (¥;) such that
P N
EY | > 9JAS]| >0,
t,j>1
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it can equivalently be taken over bounded non-negative predictable strategies. Now, it is easy to see
that

supy BEX (3,;c; 0:H; — h(9)) if S'....,S7 are supermartingales under P
+00 otherwise.

o) = {

A.5 Proofs of Lemma [4.7] and Propositions and (4.4

Proof of Lemma [4.1]
It follows from (11)-(12) that for all X € Bz, s — EQlg(s — X) is a real-valued increasing convex
function on R such that

lim E%g(s — X) — s = +oc.

s—+oo

In particular, there exists a minimizing s, and it is easy to see that pg is a real-valued decreasing
convex functional on By with the translation property po(X + m) = po(X) — m, m € R. Moreover,
EQg(cZ) < +oo for all ¢ € Ry. So By is contained in the Orlicz heart M@ corresponding to Q and
the Young function lg(.) — lg(0). By Theorem 4.6 and the computation in Section 5.4 of [16],

po(X) = max (EP[—X] —EQ [l;@ (%)D , X € By,

where the maximum is over all P < Q such that dP/dQ is in the norm-dual of M. For all these P,
one has EFZ = EQ[ZdP/dQ)] < 400, showing that P € Pz. On the other hand, since lg(z) > vy — 1Y)
for all x,y € R, one has for every X € Bz, s € R and P <« Q,

E%g(s — X) — s > EQ [(s — X)%] —~EQ {z@ <%>} — s =EF[-X] - E© {z@ <%>} .

This proves the duality (4.2]). By Jensen’s inequality and (13),
E (dP/dQ) > I5ER[dP/dQ] = I5(1) =0,

and therefore, minpep, EQZ(B(CZ]P’/CZQ) = EQZ(’@(dQ/dQ) = 0, showing that pgy(0) = 0. Moreover, since

(M {X € Bz : pg(X) <0} = {X € Bz : sup pg(X) < 0},
QeQ QeQ

the acceptance set A can be written as
A={XeBs:E'X +a(P) > 0 forall P& Py} + BY,
where a(P) := infgeg ag(P) with
ag(P) = { E@l{é(d]P’/dQ) iftP<Q

+00 otherwise.
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It follows from minpep, ag(P) = 0 for all Q € Q that minpep, (P) = 0. Hence (A1) holds. Moreover,
since I)(y) > zy — lg(z) for all z,y € R, one has for every P € Pz for which there exists a Q € Q such
that P < Q,

dP dP
P)= inf EU5(—)> inf EQ|p2Z)—= —Ilg(p(2))| >Ee(Z) — sup EQg(p(Z
oP) = oo @<d@> 2 gedf QB [78) g ~he(@2)] 2 ENp(Z) - sup EVlg(¢(2)),
which implies (A2) for 8 = ¢ — supgeg E®g(p(2)). O

Proof of Proposition
Since AVaR? is a transformed loss risk measure with loss function lg(z) = 7/, it follows from
the integrability condition (£4) that the assumptions of Lemma ] are satisfied. So one obtains from
Proposition that condition (2.I]) holds. Moreover, G— A is a convex cone. Therefore, by Proposition
2.3

0 ifEFX <Oforal X € Cyzn(G— A)
+o0o  otherwise.

*(P) = sup EPXZ{ (A.9)

XeCzN(G—A)
Let us denote M := {P € Py : ¢*(P) = 0} and write M = Mg N My, where Mg is the set of all
P € Pz satisfying conditions a)-b) of Proposition and M 4 the set of all P € Py fulfilling condition
c). Since for X € A, the negative part X~ belongs to Bz, one obtains from (A.9),

o*(P)<  sup EFX < sup EFX — inf EFX for all P € Py. (A.10)
XeUzn(G-A) XeG, EPX>—00 XeA
It follows as in the proof of Proposition 3] that the second supremum in ([(A0) is zero for all P € Mg,
while it can be seen from the dual representation

AVaR(g(X) = sup EF[-X]
PePy, dP/dQ<1/A

that the infimum is zero for all P € M 4. In particular, M O M = Mg N Ma.

On the other hand, it can be shown as in the proof of Proposition B.1] that M C Mg. Moreover, it
follows from our assumptions on Q that M4 is convex and o(Pz,Cyz)-closed. Indeed, for Py,Py € My
and 0 < p < 1, there exist Q1,Qq € Q together with Y7,Y; € BT bounded by 1/ such that P; = ¥7-Qq
and Py = Y5 - Qy. Therefore,

(WP + (1 = )P2)[E] < ~(nQ1 + (1 — p)Q2) [E]

>| =

for all measurable sets E. It follows that

d(pPr + (1 —p)Py) _ 1

d(pQi + (1 — p)Q2) = N
showing that M4 is convex. Furthermore, if (P,,) is a sequence in M4 converging to a P € Pz in
o0(Pz,Cyz), there exist Q, € Q and Y,, € B* bounded by 1/) such that P, = Y,, - Q,. Condition
(4.4)) implies that supgpeg EQZ < 400 and SUPgeg EQ[ZI{Z>Z}] — 0 for z — +00. So it follows like in

the proof of Lemma [A3] that Q is o(Pyz, Cz)-compact. Hence, by passing to a subsequence, one can
assume that Q,, converges to a Q in Q with respect to o(Pz,Cyz). Then

1 1
EFX =limEf"X <  lim E% X = XE‘@X for all X € C}. (A.11)
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As probability measures on RZ+DT P and Q are regular. Therefore, it follows from (A.IL) that
dP/dQ < 1/, showing that M4 is o(Pz,Cz)-closed. By a separating hyperplane argument, one
obtains for every P € Py \ M4, an X € Cyz such that EPX < infper, EF X = 0, implying X € A and
¢*(P) = SUD X0y (G—A) EPX = +00. So M C My, and as a consequence M = M. This shows that

0 ifPe M

* _ Py _
¢*(P) = sup E°X = { +oo otherwise,

XeUzN(G-A)
and it follows from Proposition 23] that (2:2]) holds. As a result, all conditions (i)—(vi) of Theorem 2]
are equivalent, which implies that the conditions (i)—(iv) of Proposition are equivalent. O

Proof of Proposition [4.4]

Entg is a transformed loss risk measure corresponding to the loss function lg(z) = exp(Ax — 1)/A.
Therefore, it follows from condition (A3H) that Lemma 1] applies. So we know that condition (21)
holds. As in the proof of Proposition 4.2}, one has

¢*(P) < sup EF X < sup EFX — inf EFX for all P € Py, (A.12)
XeUzn(G-A) XeG, EPX>—00 XeA

and Supy e EPX>—oo EFX = 0 for P in the set Mg of all measures in Py satisfying conditions a)-b).
Furthermore, since

Entg(X) = sup (E¥[-X] —no(P)) for all X € By,
PePy
where
B (£log &) /A #P<Q
+00 otherwise,

no(P) = {

one obtains

inf ng(P) > sup | EF[-X] — sup Ent(g(X) > sup EF[-X] > ¢*(P) for P € Mg.
QeQ XeBy QeQ XeA

It follows from the assumptions that there exists a continuous function ¢ : [1,+00) — R such that

lim ) = +oo and lim @ = 400.
rx—+oo I r——+00 (p($)

Denote Z = exp(3(Z)). Then, it follows from condition (&X) that SupQGQEQZ < +oo and
SUPQeo E@[21{2>Z}] — 0 for z — +o0o0. So one obtains as in the proof of Lemma [A3] that Q is

relatively compact in the topology o(P,C). But since Q was assumed to be o(Pz,Cz)-closed, and
o(P;,C5) is stronger than o(Pz,Cz), Q is 0(P;,C5)-compact. Moreover, for all X € Cz, exp(X)
belongs to C'; and

1
Ent?(X) =3 log EQ exp(—\X)
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is concave as well as o(P;,C)-continuous in Q. Therefore, one obtains from a minimax result, such
as e.g. the one of Ky Fan [26], that for all P € Py,

inf no(P) = inf EF[—-X] — Ent3(Xx
Jnf no(P) érég)f;l&( [~ X] — Ent3( ))

= sup [EF[-X]— sup Ent(/\@(X) = sup EF[-X] < ¢*(P).
XeCyz QeQ XeCznA

Since ¢*(P) = 400 for P € Pz \ Mg, this shows that

+00 otherwise

U(P) _ { ianEQ?]Q(]P’) ifPe Mg } _ ¢*(P),

which, by (A.I2)), implies ¢*(P) = supxey,n(G—a) EFX. So Proposition 23 gives us that condition

(22) holds. Now Proposition 44l is a consequence of Theorem 211 O
References
[1] B. Acciaio, M. Beiglbock, F. Penkner and W. Schachermayer (2016). A model-free version of the

fundamental theorem of asset pricing and the super-replication theorem. Mathematical Finance
26(2), 233-251.

C.D. Aliprantis and K.C. Border (2006). Infinite Dimensional Analysis: a Hitchhiker’s Guide. 3rd
Edition. Springer Berlin, Heidelberg, New York.

P. Bank, Y. Dolinsky and S. Gokay (2016). Super-replication with nonlinear transaction costs and
volatility uncertainty. Annals of Applied Probability 26(3), 1698-1726.

D. Bartl, P. Cheridito, M. Kupper and L. Tangpi (2017). Duality for increasing convex functionals
with countably many marginal constraints. Banach Journal of Mathematical Analysis 11(1), 72-89.

M. Beiglbock, P. Henry-Labordere and F. Penkner (2011). Model-independent bounds for option
prices — a mass transport approach. Finance and Stochastics, 17(3), 477-501.

A. Ben-Tal and M. Teboulle (2007). An old-new concept of convex risk measures: the optimized
certainty equivalent. Mathematical Finance, 17(3), 449-476.

J. Bion-Nadal and G.D. Nunno (2013). Dynamic no-good-deal pricing measures and extension
theorems for linear operators on L. Finance and Stochastics 17(3), 587-613.

V.I. Bogachev (2007). Measure Theory. Vol. II. Springer-Verlag Berlin Heidelberg.

B. Bouchard and M. Nutz (2015). Arbitrage and duality in nondominated discrete-time models.
Annals of Applied Probability 25(2), 823-859.

M. Burzoni (2016). Arbitrage and hedging in model independent markets with frictions. STAM
Journal of Financial Mathematics 7(1), 812-844.

26



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]
[27]
28]

M. Burzoni, M. Frittelli and M. Maggis (2016). Universal arbitrage aggregator in discrete time
markets under uncertainty. Finance & Stochastics, Volume 20(1), 1-50.

M. Burzoni, M. Frittelli and M. Maggis. (2015). Model-free superhedging duality. Preprint.

P. Carr, H. Geman and D.B. Madan (2001). Pricing and hedging in incomplete markets. Journal
of Financial Economics 62(1), 131-167.

U. Cetin, R. Jarrow and P. Protter (2004). Liquidity risk and arbitrage pricing theory. Finance
and Stochastics 8(3), 311-341.

S. Cerreia-Vioglio, F. Maccheroni and M. Marinacci (2015). Put-call parity and market frictions.
Journal of Economic Theory 157, 730-762.

P. Cheridito and T. Li (2009). Risk measures on Orlicz hearts. Mathematical Finance 19(2),
189-214.

AM.G. Cox and J. Wang (2013). Root’s barrier: construction, optimality and applications to
variance options. Annals of Applied Probability 23(3), 859-894.

M. Davis and D. Hobson (2007). The range of traded option prices. Mathematical Finance 17(1),
1-14.

M. Davis, J. Obtéj and V. Raval (2014). Arbitrage bounds for prices of weighted variance swaps.
Mathematical Finance 24(4), 821-854.

F. Delbaen and W. Schachermayer (2006). The Mathematics of Arbitrage. Springer Finance.
Springer-Verlag, Berlin.

Y. Dolinsky and H.M. Soner (2013). Duality and convergence for binomial markets with friction.
Finance and Stochastics 17(3), 447-475.

Y. Dolinsky and H.M. Soner (2014). Martingale optimal transport and robust hedging in continuous
time. Probability Theory and Related Fields 160(1), 391-427.

Y. Dolinsky and H.M. Soner (2014). Robust hedging with proportional transaction costs. Finance
and Stochastics 18(2), 327-347.

R.M. Dudley (2002). Real Analysis and Probability. Vol. 74 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge.

A. Fahim and Y.J. Huang (2015). Model-independent superhedging under portfolio constraints.
Finance and Stochastics 20(1), 51-81.

K. Fan (1953). Minimaz theorems. Proc. Nat. Acad. Sci. U. S. A. 39(1), 42-47.
H. Follmer and P. Leukert (1999). Quantile hedging. Finance and Stochastics 3(3), 251-273.

H. Follmer and P. Leukert (2000). Efficient hedging: cost versus shortfall risk. Finance and
Stochastics 4(2), 117-146.

27



[29]

[30]

[31]

32]

[33]

[34]

[35]
[36]
[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

H. Follmer and A. Schied (2011). Stochastic Finance: An Introduction in Discrete Time. Walter
de Gruyter, 3rd edition.

A. Galichon, P. Henry-Labordeére and N. Touzi (2014). A stochastic control approach to no-arbitrage
bounds given marginals, with an application to lookback options. Annals of Applied Probability
24(1), 312-336.

M.B. Garman (1985). Towards a semigroup pricing theory. The Journal of Finance 40(3), 847-861.

P. Guasoni, M. Rasonyi and W. Schachermayer (2010). The fundamental theorem of asset pricing
for continuous processes under small transaction costs. Annals of Finance 6(2), 157-191.

J. Harrison and D. Kreps (1979). Martingales and arbitrage in multiperiod securities markets.
Journal of Economic Theory 3(20), 381-408.

J. Harrison and S. Pliska (1981). Martingales and stochastic integrals in the theory of continuous
trading. Stochastic Processes and their Applications 3(11), 215-260.

D. Hobson (1998). Robust hedging of the lookback option. Finance and Stochastics 2(4), 329-347.
Z. Hou and J. Obldj (2015). On robust pricing-hedging duality in continuous time. Arxiv Preprint.

S. Jaschke and U. Kiichler (2001). Coherent risk measures and good-deal bounds. Finance and
Stochastics 5(2), 181-200.

E. Jouini and H. Kallal (1995). Martingales and arbitrage in securities markets with transaction
costs. Journal of Economic Theory 66(1), 178-197.

L.V. Kantorovich (1942). On the translocation of masses. Dokl. Akad. Nauk., 199-201. English
Translation in J. Math. Sci. 133(4), 1381-1382, 2006.

S. Kloppel and M. Schweizer (2007). Dynamic utility-based good-deal bounds. Statistics and Deci-
sions 25(4), 311-332.

K.A. Lewis (2010). The fundamental theorem of asset pricing: discrete time. Mathematics in
Finance Working Paper Series. Courant Institute of Mathematical Sciences.

J. Obl6j (2010). Skorokhod embedding. In R. Cont, Editor, Encyclopedia of Quantitative Finance
1653-1657. Wiley.

F. Riedel (2015). Financial economics without probabilistic prior assumptions. Decisions in Eco-
nomics and Finance 38(1), 75-91.

B. Rudloff (2007). Convex hedging in incomplete markets. Applied Mathematical Finance 14(5),
437-452.

W. Schachermayer (2004). The fundamental theorem of asset pricing under proportional transac-
tion costs in finite discrete time. Mathematical Finance 14(1), 19-48.

J. Staum (2004). Fundamental theorems of asset pricing for good deal bounds. Mathematical
Finance 14(2), 141-161.

28



	1 Introduction
	2 Main results
	3 Strict superhedging
	3.1 Semi-static hedging with convex transaction costs and constraints
	3.1.1 Proportional transaction costs
	3.1.2 Superlinear transaction costs
	3.1.3 European call options and constraints on the marginal distributions

	3.2 Semi-static hedging with short-selling constraints
	3.2.1 Dynamic and static short-selling constraints
	3.2.2 Supermartingale transport duality


	4 Superhedging with respect to risk measures
	4.1 Robust average value at risk
	4.2 Robust entropic risk measure

	A Proofs
	A.1 Representation of increasing convex functionals
	A.2 Proof of Theorem ??
	A.3 Proofs of Propositions ?? and ??
	A.4 Proofs of Propositions ?? and ??
	A.5 Proofs of Lemma ?? and Propositions ?? and ??


