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SPARSE SPANNING k-CONNECTED SUBGRAPHS IN TOURNAMENTS

DONG YEAP KANG, JAEHOON KIM, YOUNJIN KIM, AND GEEWON SUH

ABSTRACT. In 2009, Bang-Jensen asked whether there exists a function g(k) such that every
strongly k-connected n-vertex tournament contains a strongly k-connected spanning subgraph
with at most kn + g(k) arcs. In this paper, we answer the question by showing that every
strongly k-connected n-vertex tournament contains a strongly k-connected spanning subgraph
with at most kn + 750k log, (k + 1) arcs, and there is a polynomial-time algorithm to find the
spanning subgraph.

1. INTRODUCTION

Search of certain subgraphs which inherit the properties of the original graph has a long
history. For example, Hajnal [7] and Thomassen [15] proved that a graph G with high enough
connectivity has two vertex disjoint k-connected subgraphs which together cover all vertices.
Thomassen [I4] also made a conjecture that a graph G with high enough connectivity has a
k-connected spanning bipartite subgraph.

For directed graphs, such problems become more difficult. One of most important problems
in this direction is the following MSSS;, problem, where MSSS;, stands for Minimum Spanning
Strongly k-connected Subgraph: for a given strongly k-connected digraph D, find a spanning
strongly k-connected subgraph of D with as few arcs as possible. For k = 1, we call it MSSS
problem by omitting k. It is known that the Hamilton cycle problem can be solved if one can
solve the MSSS problem. Thus MSSS problem is a generalization of Hamilton cycle problem, so
it has been studied extensively (see e.g [2 3] for a survey). Since the Hamilton cycle problem is
NP-hard for general directed graphs, MSSS problem is also NP-hard for general directed graphs.
Thus it makes sense to consider subclasses of directed graphs for this problem, and this problem
is solvable in polynomial-time for several classes of graphs (see [4, 5]). In particular, MSSS
problem for tournaments is trivial as any strongly-connected tournament contains a Hamilton
cycle (see [3, Corollary 1.5.2]). However, it is not known whether MSSS;, problem is solvable in
polynomial-time for tournaments for k > 2.

Naturally, one can ask about the size (the number of arcs) of minimum spanning strongly
k-connected subgraphs for strongly k-connected tournaments. If we consider the same question
for arc-connectivity, the following theorem was proved by Bang-Jensen, Huang and Yeo in 2004.

Theorem 1.1. [6] For k > 1, every strongly k-arc-connected n-vertex tournament contains a
strongly k-arc-connected spanning subgraph D with |E(D)| < nk + 136k>.

This gives us an upper bound of the number of arcs in minimum spanning strongly k-arc-
connected subgraphs for strongly k-arc-connected tournaments. However, for vertex-connectivity,
no good upper bound was known. Indeed, Bang-Jensen [2] asked the following question in 2009.
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Question 1.2. [2] For k > 1, does there exist a function g = g(k) such that every strongly
k-connected n-vertex tournament has a strongly k-connected spanning subgraph with at most
kn + g(k) arcs?

In this paper, we answer this question by proving the following theorem.

Theorem 1.3. For k > 1, every strongly k-connected tournament T with n vertices has a
strongly k-connected spanning subgraph D with at most kn + 750k%logy(k + 1) arcs.

Thus g(k) = 750k? log, (k + 1) is sufficient for answering Question [[L2] and this is asymptoti-
cally best possible up to logarithmic factor. Indeed, Bang-Jensen, Huang and Yeo [6] introduced
an n-vertex tournament 7, , for n > k such that every strongly k-arc-connected spanning sub-
graph of 7, contains at least nk + @ arcs. Since every strongly k-connected digraphs
are also strongly k-arc-connected, this example shows that Theorem [[.3] is asymptotically best

possible up to logarithmic factor. We conjecture that we can reduce g(k) to O(k?).

Conjecture 1.4. There is C > 0 such that for any positive integer k, every strongly k-connected
n-vertex tournament T contains a strongly k-connected spanning subgraph D with at most kn +
Ck? arcs.

One of two main ingredients for the proof of Theorem [[3] is Lemma [B.4] which is, roughly
speaking, a tool guaranteeing a sparse linkage structure from/to certain vertex-sets for any
tournament. The other main ingredient is “robust linkage structures” introduced by Kiihn,
Lapinskas, Osthus and Patel in [9] to prove a conjecture of Thomassen on edge-disjoint Hamilton
cycles in highly connected tournaments. Robust linkage structure is a very powerful tool for
studying highly connected tournament. Further results were obtained by this method [8], 10,
12, 13]. The novelty of the proof of Theorem [[3]is that it produces a highly connected ‘sparse’
subgraph in the tournament, whereas previous applications of the method only produced highly
connected relatively dense subgraphs.

2. BASIC TERMINOLOGY AND TOOLS

For any positive integer N > 1, [N] denotes the set {1,..., N}. Let log := log,, where we omit
the base 2. A graph or simple graph is an undirected graph without multiple edges between two
vertices and loops. A directed graph or digraph D = (V, E) is a pair of a vertex set V(D) =V
and an arc set E(D) = E, where E is a collection of ordered pairs in V' x V. We let u¢ denote
(u,v) € V x V an arc from u to v. An oriented graph is a digraph obtained by orienting each
edge e € E(G) for a simple graph G. An n-vertex tournament is an oriented graph obtained by
orienting each edge e € E(K,,), where K, is a simple complete graph of order n. For a set S of
vertices, D — S denotes the induced digraph D[V (D) \ S]. For a set E’ of arcs, D — E’ denotes
the digraph (V(D), E(D) \ E'). We say a digraph D" = (V' E') is a subgraph of D = (V, E) if
V' CV and E' C E. We denote D' C D if D’ is a subgraph of D.

For a collection of arcs E, we let V(E) := {u : 3 v such that w0 € E or vt € E}. A path
always denotes a directed path. A path P = (vy,ve,...,v,) is called a path from vy to vy, and
we say v; is the ith verter of P. Sometimes, we consider the path P as a collection of arcs and
V(P) denotes {vy,...,v,}. A directed graph D = (V, E) is strongly connected if for any u,v € V,
there is a path from u to v. We say that digraph D is strongly k-connected, if |V| > k + 1 and
for S C V with |S| < k — 1, the digraph D — S remains strongly connected. Similarly, D is
strongly k-arc-connected, if for W C E with |W| < k — 1, the digraph D — W remains strongly
connected. It is easy to see that every strongly k-connected digraph is strongly k-arc-connected.
For a directed graph D = (V, E) and v € V, let

N} (v) :={u € V(D) : vt € E(D)} and Np,(v) := {u € V(D) : wb € E(D)}.
We call u an out-neighbor of v if vt € E(D) and u an in-neighbor of v if b € E(D). We define
dj(v) = [Nj ()], dp(v) :=[Np)l, dp(v):=dp(v) +dp(v),

-+ _ . + — _ . — _ .
) (D)—vér‘l/l&)dl)(v), ) (D)_ueII\l/la))dD(v) and 5(D)—v£‘1/1&))dp(v).
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For a digraph D, B C V(D) out/in-dominates C C V(D) if every vertex in C is an out/in-
neighbor of a vertex in B, respectively. A tournament 7 is transitive if V(T) can be ordered into

v1,...,U, such that ’LTU; € E(T) if and only if i < j. We say that T is a transitive tournament
with respect to the ordering o = (v1,...,v,) with the source vertex vy and the sink vertex vy,.
We say a directed path P = (v1,...,vp) in T is backwards-transitive if ’LTUJ) € E(T) whenever

i > j+ 2. For a vertex v and a vertex-set U = {uq,...,u}, a collection {P,..., P} of k paths
is a k-fan from v to U if P; is a path from v to u; € U, UNV(P;) = {u;} for each i € [k], and
V(P) NV (P;) = {v} for distinct ¢, j € [k]. Similarly, a collection {Py,..., P} of k paths is a
k-fan from U to v if P; is a path from u; € U to v, U NV(F;) = {u;} for each i € [k], and
V(P;) NV (P;) = {v} for distinct i, j € [k].

We will use the following well-known fact deduced from Menger’s theorem later. We omit the
proof.

Fact 1. For any strongly k-connected digraph D, a vertex v € V(D) and U C V(D) with
|U| > k, there exists a k-fan from v to U and a k-fan from U to v.

Note that if v € U, then one of the paths in the k-fan is a trivial path from v to v.

Lemma 2.1. For positive integers n,k with n > 2 and k < n, an n-vertex tournament T has
at least k vertices of out-degree at least (n — k)/2 and k vertices of in-degree at least (n — k) /2.
Moreover, T has a verter v with n/4 < df(v) < 3n/4 and a vertezr u with n/4 < dp(u) < 3n/4.

Proof. Note that any n-vertex tournament contains a vertex with out-degree at least (n —1)/2.
Let v1,...,v, be an ordering of V(T)) such that df.(vi) > --+ > df(v,). Then T[{vg,...,v,}]
contains a vertex with out-degree at least (n —k)/2, thus dt(vg) > (n—k)/2. Hence T contains
k vertices of out-degree at least (n — k)/2. It follows that T also contains k vertices of in-degree
at least (n — k)/2 by reversing every arc of T and applying the same argument.

This also gives us at least [n/2] vertices with out-degree at least % > n/4, and at least

[n/2] 4+ 1 vertices with in-degree at least % > % — 1. Hence there exists a vertex v with
n/4 < dj(v) < (n—1) — (n/4 —1) = 3n/4. By reversing every arc of T and applying the same
argument, it follows that there is a vertex u with n/4 < d(u) < 3n/4. O

We introduce the following useful lemmas regarding in-dominating sets and out-dominating
sets of tournaments.

Lemma 2.2. Let v be a vertex in an n-vertex tournament T with dj.(v) = d. Then there eist
A CV(T) and a vertex a € A such that the following properties hold:

(al) We have $log(d+1)+1 < s < 3log(d + 1) +2 where s = |A].

(a2) T[A] is a transitive tournament with respect to the ordering (vi,...,vs) with source v
and sink a.

(a3) A in-dominates V(T) \ A.

(ad) For1<1i<s/5—13, we have

[N (o) \ Al N7 (v3) \ A| > 8dMT — 1.
(ab) For any positive integers i,k with 1 <1i < s — 5log(k) — 30, we have
[N (00) \ AL N7 (0)\ A] > 100082,

Proof. Let Ly = V(T'). If d = 0, then let L1 = ) and A := {v1}. Then it is obvious that A
with an ordering (v;) satisfies all (al)—(a5). Now suppose d > 1. Let vy := v, A1 := {v1} and
Ly := Nj (v1). Suppose Ly, ..., L; has already been defined with |L;| > 1. If L, contains only one
vertex u, let v;41 := wand A;4q := A; U{vip1}. If |L;| > 2, Lemma 2.1l implies that there exists
a vertex u € L; with |L;|/4 < dr}r[Li](u) < 3|Li|/4. Let viy1 := w and Liyq := L; N N (vi41).
This procedure gives vertices vy, ...,vs and sets Lq,...,Ls with Ly = 0. We let A := A, with
ordering (vy,...,vs) and let a := vs. From the construction, (a2) and (a3) are obvious.



4 DONG YEAP KANG, JAEHOON KIM, YOUNJIN KIM, AND GEEWON SUH

The construction also implies that

L; 3|L;
% < |Lit1] < % forie[s—2] and |Ls_1|=1. (2.1)
Note that we have s > 2 because d > 1. This implies
4 ‘
(g)s*%1 <|Lij| <4 fori e [s—1]. (2.2)
In particular, (2.2)) with ¢ = 1 and the fact that d = |L1| together imply
1 log(d) 5
“log(d) +2<s< —=>2—_ 4+2< ~log(d) + 2.
gloeld) F2=s< g oy T2 glosld

Thus we get (al).
Note that L; \ (Li+1 U {vit1}) € N (v;) \ A and L;—1 \ (L; U {v;}) € Ny (v;). Thus, for
1<i<s/5—13 we have

()
INF (i) \Al > |Li\Lipa| -1 >

1 22 1
4| l| fe 4

)%log(d+1)+64/5 1> 847 _ 1

(é)s—i—l —-1>

4 4s/5+12
— -1

o |

(al) 1 4

> (3

4°3

Similarly we also get | N7 (v;) \ A| > |Li—1 \ L;| — 1 > 8d*/7 — 1. Thus (a4) holds.
For ¢ < s — 5log(k) — 30, (22]) implies that

4 s—i—1 4 5log(k)+29
|Li| > <§> > <§> > 4100k,

Therefore, (ab) follows from

€D
>

INF(v;) \ A] > |Li \ Liy1]| — 1 |L;| — 1 >1000k%, |NF(v;)\ A| > |Li—1 \ Li| — 1 > 1000k>.

1
4
g

By reversing arcs of a tournament 7" in Lemma [Z.2] we have the following analogue.

Lemma 2.3. Let v be a vertex in an n-vertex tournament T with d = d.(v). Then there exist
B CV(T) and a vertex b € B such that the following properties hold:
(b1) We have 3log(d+ 1) +1 < s < 5log(d + 1) + 2 where s = |B]
(b2) T[B] is a transitive tournament with respect to the ordering (vi,...,vs) with source b
and sink v.
(b3) B out-dominates V(T') \ B.
(b4) For i > 4s/5+ 14, we have

N (vi) \ Bl, [Ny () \ B| > 847 — 1.
(b5) For any positive integers i,k with 5log(k) + 31 < i < s, we have
INF () \ BI, N7 () \ B| = 1000k2.

3. SPARSE LINKAGE STRUCTURE

In this section, we will prove Lemma B4l For an ordering o = (vq,--- ,v,) of vertices, we
say that an arc 1717]) is o-forward if i < j, and o-backward if j < i. For two integers a, b, we let
o(a,b) :={vg : a < € < bl € [n]}. For positive integers n, k,t, an n-vertex digraph D and an
ordering o of V(D), we say an D is (o, k,t)-good if it satisfies the following.

(D1) Every arc in D is a o-forward arc.

(D2) Every vertex in o(1,n — t) has out-degree at least k in D.

(D3) Every vertex in o(t + 1,n) has in-degree at least k in D.
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Note that if n < ¢, then o(1,n —t) = o(t + 1,n) = 0, so (D2) and (D3) are vacuous. Also note
that (D2) or (D3) never holds together with (D1) if ¢ < k. In Lemma [B4] we will show that
every almost complete oriented graph has a spanning subgraph D’ and an ordering o such that
D’ is a sparse (o, k, t)-good digraph for appropriate k,t. The following shows that (o, k, t)-good
digraph D’ provides a sparse linkage structure from/to certain vertex sets.

Claim 3.1. Let k,t be two positive integers with t > k. Let D’ be a (o, k,t)-good digraph for an
ordering o of V(D'). Then for a set S C V(D') of k— 1 vertices and v € V(D')\ S, there exists
a path P in D' — S from v to o(n —t+ 1,n) and a path P' in D' — S from o(1,t) to v.

Proof. If n < t, then the claim is trivial as o(n —t+1,n) = o(1,t) = V(D'). Assume n >t + 1.
Let 0 = (v1,...,v,). Take a path P starting at v and ending at v; with the largest possible
j. If j < n—t, then (D1) and (D2) imply that v; has at least k out-neighbors with larger
indices. Thus Nj,(v;) \ S contains a vertex v with j' > j. However, P U {t;0;/} contradicts

the maximality of j. Thus we have j > n — t. Therefore there exists a path P in T'— S from v
tov; € o(n —t+1,n). We can find P’ in a similar way. O

The following two claims are useful to prove Lemma [3.4]

Claim 3.2. For an integer s > 0, let G be a bipartite graph with bipartition AU B with A =
{a1,...,an}, B={by ..., by} satisfying the following.

(P1,) For alli,j € [n] with i < j, we have |[Ng(a;) N {bit1,...,b;}| > #,

(P2,) for alli,j € [n] with i < j, we have [Ng(bj) N{ai,...,a;-1}] > L=5=.

Then G contains a matching of size at least n — s — 1.

Proof. We may assume that n —s —1 > 0, otherwise the claim is obvious. By Ko6nig’s theorem,
it is enough to show that minimum vertex cover has size at least n — s — 1. Assume we have a
minimum vertex cover W of G. If AC W or B C W, then |W| >n>n—s—1. So we may
assume that each of A\ W and B\ W contains an element. Consider the smallest index i such
that a; € A\ W, and the largest index j such that b; € B\ W. We have i < j, otherwise W
contains at least n — 1 vertices. Then we have

{al, .. ,ai,l} U {bj+1, .. ,bn} U (Ng(b]) N {ai, - ,aj,l}) U (Ng(al) N {bfZ +1,... ,bj}) CcWw.
By (P1s) and (P2;), we have

Jmicsizices oy
as desired. O

W|>i—14(n—j)+

Claim 3.3. For s > 0, let D be an n-vertex oriented graph with §(D) > n — s — 1. Then there
exists an ordering o = (v1,...,v,) of V(D) that satisfies the following.
(Qls) For anyi,j € [n] with i < j, v; has at least % out-neighbours in {vi41,...,v;},
Jj—i—s

(Q25) For anyi,j € [n] with i < j, v; has at least 7=~ in-neighbours in {v;,...,vj_1}.

Moreover, we can find such an ordering in polynomial-time on n.

Proof. We start with an arbitrary ordering o1 = (v1,...,v,) of V(D). Assume we have an
ordering oy of V(D) for some ¢ > 1. If oy satisfies (Q1;) and (Q2), then we are done. Otherwise
consider 1 <14 < j < n that does not satisfy (Q1ls) or (Q2s). Let us define

Oy = (?}1,. < Vi1, Vigdy - -+ 5 U5 Uiy Ujip1y - - ,Un) if 4 < j does not satisfy (le),
+ (?}1, ey Vi—1, U5, Vg e v U1, V41, - - - ,Un) if 4 < j does not satisfy (QQS)

Note that gy has at least one more o-forward arc than oy. The number of o-forward arcs in

D is at most (g), so the procedure must end before we have () Thus we obtain a desired
2

ordering in polynomial-time in 7. O
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Now we prove Lemma B4l It will be frequently used in the proof of Theorem [L3]

Lemma 3.4. For integers s > 0 and k > 1, let D be an n-vertex oriented graph with §(D) >
n—1—s. Then there exist an ordering o of V(D) and a (o, k,2k+ s —1)-good spanning subgraph
D’ of D with |[E(D")| < kn — k + sk.

Proof. If n < 2k + s, then an arbitrary ordering o of V(D) with a digraph D’ with no arcs
is (0,k,2k + s — 1)-good. Thus we may assume that n > 2k + s. By Claim B3] we can
find an ordering o = (v1,...,v,) which satisfies condition (Qls) and (Q2s) in Claim B3l We
consider an auxiliary bipartite graph Hy with a bipartition AU B, where A = {v1,...,v,} and
B = {v},...,v}, such that vw; € Hy if and only if QTU; is a o-forward arc of D. (i.e. ¢ < j and
viv; € B(D).)

Note that the conditions (Q1ls) and (Q2,) imply that the graph Hj satisfies the condition
(P1y) and (P2;). Assume we have a graph Hj satisfying the condition (Plgy9,) and (P24y9¢).
By Claim B2, Hy contains a matching M of size at least n — s — 2¢ — 1. Let Hyyq := Hy \ M,.
Then for any i,j € [n], we have |Ng,(a;) \ Ng,,,(a;)| < 1 and |Ng,(b;) \ Ng,,, ()] < 1.
Thus the graph Hy,q satisfies the condition (Plsiori2) and (P2549¢42). Repeating this for
0 < ¢ < k — 1 provides arc-disjoint matchings My, M1, ..., M;_1 of Hy where the size of M,
is at least n —s —2¢ — 1 for 0 < ¢ < k — 1. By deleting some arcs, we may assume that for
0</?¢<k—1we have

|[E(My)|=n—s—20—1. (3.1)
Let M be a subgraph of Hy such that E(M) := ?;01 E(My) and let Dy be a subgraph of D
such that
V(Dy) :=V(D), E(Dy) = {v;0; : vv; € E(M)}.
Then by construction of Hy, every arc of Dy is a o-forward arc and

k—1
AM) <k and [B(M)| =S 1EM)] = kn— 1 — sk (3.2)
=0

Also this implies that

AY(Dy) <k, A™(Dy) <k, |E(D1)| =kn—k*— sk,

dp, (vi) <min{k,i —1} and dj{)l (v;) < min{k,n — i}. (3.3)
qu each vertex 2k + s < i < n, the number of o-forward arcs towards v; in D is at least
[=1=s] > [2kEsn1o8] > by (Q2,). Thus for each 2k + s < i < n, we can choose a set N, of
o-forward arcs towards v; such that N;” C E(D)\ E(D;) and |N; | = k — dp (v;). Similarly,

for each 1 < i <n— 2k — s+ 1, we can choose a set N;r of o-forward arcs from v; such that
NYNE(MD;)=0and [N| =k — dBl (v;). Define a digraph D' C D with

n n—2k—s+1
V(D) :=V(D), E(D"):=EMDyu |J N u [J N
i=2k+s i=1
Then D’ satisfies (D1) by construction, and satisfies (D2) since |d},, (v;)| > df, (v;) + [N;"| > k
for i € [n — 2k — s+ 1]. Similarly, D’ also satisfies (D3), thus D’ is (o, k, 2k + s — 1)-good. Note
that
n n 2k+s—1

Y (k—dp, () = k(n—2k—s+1) =Y dp )+ Y dp (v)
=1 =1

i=2k+s

LnJ N

1=2k+s

IN

B3) 2k+s—1
< kn-2k-s+1) - [BO)+ Y minfki-1} 2 (’;>+sk.

i=1
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Here, we get the second inequality because E(D;) = > i dp (v;). Similarly, we also have
(U2 NG| < (B) + sk. Thus we have

n—2k—s+1

U ~
=1

E3) 9 k
< kn—k°—sk-+2 5 + 28k = kn — k + sk.

[E(D)| < |[E(D)]+

UN

i=2k+s

4. SMALL TOURNAMENTS

In this section, we show that Theorem [[.3] holds for any strongly k-connected tournament T
with at most 100k log(k + 1) vertices. Note that Theorem is sufficient for our purpose. To
prove Theorem [£.2] we use the following lemma, which is a modification of Lemma 2.1 in [12],
and the proof is almost identical except a few changes.

Lemma 4.1. [12] Let k > 1 and n > 5k be integers. Every n-vertex tournament T contains
two disjoint sets of vertices X and Y of size k such that for any set S of k — 1 vertices and any
re X\ S,yeY\S thereis a path P in T — S from x to y.

—
Proof. Let Ky be a bipartite digraph with partition A, B such that |A] = |B| = k and for

every u € A,v € B, we have b € E(m) If T contains K}, with bipartition A and B as
a subgraph, then &}: A,Y := B are sufficient for our purpose. Thus we may assume that T
does not contain K}, j as a subgraph.

Let X = {z1,...,x} be aset of k vertices in T of largest out-degree and {y1,...,yr} be a set
of k vertices in T of largest in-degree. Since n > 5k, we may assume XNY = (). From Lemma[2ZT]
we have df(z;) > (n —k)/2 > 2k and dy(y;) > (n — k)/2 > 2k for all i € [k]. Consider a set
S CV(T) of size k—1. For each i,j € [k] let X; ; := N (z;) \ N~ (y;), Yij := N~ (y;) \ N (z),
I = N*(z;)N N~ (y;j). Let M;; be a maximum matching between X; ; and Y; ; such that every
arc is directed from X;; to Y;;. For each z € I;;, T contains a path (x;,2,y;) and for each

w € M, j, T contains a path (z;,w,w’,y;). Moreover, those paths are all pairwise internally
vertex disjoint. Thus if |M; ;| 4 |I; ;| > k for all 4,5 € [k], then for any x; and y;, there are at
least k internally vertex disjoint paths from x; to y;. So we are done since for each i,j € [k]
at least one path from z; to y; does not intersect with S. If there exist i,j € [k] such that
|M; ;| + |1; j| < k, then we have

| Xij \V(Mi )| > INf (25) = Lij = V(M) > dip (i) =k > k.
Similarly we get |Y; ;\ V(M; ;)| > k. Since M, ; is a maximal matching from X ; to Y; ;, for any

—

' € X;;\V(M,;) and 3y € Y;; \ V(M; ;) we have y'z’ € E(T). This contradicts the fact that
—

T does not contain Ky j. ]

Now we prove the theorem, which has worse upper bound than the upper bound in Theo-
rem [[3] for sufficiently large n. However, if n is small enough, for example, n < 100k log(k + 1),
then the following theorem implies Theorem [[.3]

Theorem 4.2. For any integer k > 1, every strongly k-connected tournament T contains a
strongly k-connected spanning subgraph D with |E(D)| < (5k — 2)n + (52k).

Proof. If T has less than 5k vertices, then T itself is sufficient to be D. Otherwise, let V' C V be a
set of 5k vertices. By applying Lemma [£1] we can find two disjoint sets X = {x1,...,2%},Y =
{y1,-..,yx} of size k such that for any set S C V' of size k — 1 and vertices z € X,y € Y,
there exists a path from z to y in T[V'] — S. We apply Lemma B4l to T with parameters 0, k
corresponding to s, k, and we obtain an ordering o = (vy,...,v,) of V(T) and a (o, k,2k — 1)-
good spanning subgraph D’ C T with |E(D’)| < kn — k.
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Ficure 1. Two paths from u to v in the outline of the idea when k£ = 2.

For each n —2k+2 <i <n,let {P(v;,7) : j € [k]} be a k-fan from v; to X (which exists since
T is strongly k-connected) such that P(v;, j) is a path from v; to x;. Note that if v; = x;, then
P(v;,7) is a path of one vertex. Similarly, for each 1 < i < 2k — 1, let {Q(vi,7) : j € [k]} be a
k-fan from Y to v; such that Q(v;,j) is a path from y; to v;. Note that if v; = y;, then Q(v;, j)
is a path of one vertex.

For each n — 2k +2 <i<mand 1 <7# <2k—1, it follows that

Z|E (vi, J))| <n—1, Z|E (v, i) <n—1,

because no vertex other than v; is covered by two distinct paths in a k-fan from v; to X or by
two distinct paths in a k-fan from Y to v;. Let D be the subgraph of T" such that

2k—1 k n k
V(D) :=V(T), E(D):=ETV)uED)U ] JRuwi,Hu | U Pwi).
i=1 j=1 i=n—2k-+2 j=1

|E(D)| < [E(T(V)| + [ED] + 2k - 1)(n = 1) + (2k = 1)(n — 1)

< <52k> +kn—k+ (4k —2)n < (bk — 2)n + (52k>.

Moreover, for any set S C V(D) of k — 1 vertices and any vertices u,v € V(T) \ S, there is
a path P from v to v; and a path P’ from vy to w in D' — S for some ¢ > n — 2k + 2 and
i' <2k + 1, by Claim Bl Since {P(v;,7) : j € [k]} and {Q(vi,j) : j € [k]} are k-fans, there
are s, s’ € [k] such that both P(v;,s) and Q(vys,s") do not intersect S. Let 2} € X and y% € Y
be the endpoints of P(v;,s) and Q(vy,s’), respectively. (note that if v; € X (vy € Y), then
xh = v; (y5 = vy).) By Claim ET] there is a path P” in T[V'] — S from z} to y%. Hence
E(P)UE(P(vi,s))UE(P")UE(Q(vyr,s")) U E(P") contains a path in D — S from u to v. Thus
D is strongly k-connected. O]

5. PROOF OF THEOREM [1.3]

Outline of the idea. For a strongly k-connected tournament 7', we construct a set A which is
the union of many in-dominating sets, a set B which is the union of many out-dominating sets
and k pairwise vertex disjoint paths P,..., P; from A to B such that the path P, is from a;, to
bj, for each t € [k]. We choose the size of in-dominating sets and out-dominating sets in A and
B to be sufficiently small (Lemmas and 2.3) so that there are few vertices in both A and B.

To find a sparse subgraph D, we divide the vertex set V(T) into Vi, VY, Va, V3, V4 and apply
Lemma [3.4] to each set and find two small sets W+ and W~ such that D contains k internally
vertex-disjoint paths from any vertex v to W7 and k internally vertex-disjoint paths from W~
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to any vertex v. We also add some arcs to the subgraph D so that there are k arcs in D from
each vertex in W™ to A, and k arcs in D from B to each vertex in W ~. Note that this is possible
since A is a union of many in-dominating sets and B is a union of many out-dominating sets. By
adding some arcs inside A and B, we can also ensure that there are k internally vertex-disjoint
paths from any vertex in A to the vertices a;,, ..., a;, and k internally vertex-disjoint paths from
bj,,...bj, to any vertex in B. Then for each distinct vertices u,v € V(T'), the paths from u to
W, the arcs from W to A, the paths inside A to a;,,...,a;,, the paths Py,..., Py, the paths
inside B from bj,,...,bj,, the arcs from B to W™, and the paths from W™ to v all together
form k internally vertex-disjoint paths from w to v as in Figure 1. Since u and v are arbitrarily
chosen, D is strongly k-connected while D is sparse enough.

Proof of Theorem [I.3l Let T be a strongly k-connected n-vertex tournament with a vertex-
set V. Note that Theorem [[3] is trivial for k¥ = 1 since every strongly connected n-vertex
tournament contains a Hamilton cycle (see [3, Theorem 1.5.1]). There is an algorithm that
finds a Hamilton cycle in an n-vertex tournament and runs in O(n?) (see [I1]). If k& > 2 and
n < 100k log(k + 1), then Theorem implies Theorem [[L3l Thus we may assume that

k>2, n>100klog(k +1).

Now we construct an appropriate in-dominating set A and out-dominating set B as we sketched
before. Let X and Y be two disjoint sets such that X is a set of 3k —1 vertices with smallest out-

degrees, and let Y is a set of 3k — 1 vertices with smallest in-degrees. Let §~ := maxyecy d . (y)
and 07 := max,ex d; (z). Without loss of generality, we assume
5~ > ot (5.1)

Choose z1 € X having the largest number of out-neighbors in V'\ (X UY') among all vertices in
X, and let

dF = |(V\ (X UY)) 1 N ).
We apply Lemma with T — ((X — {x1}) UY), x1,d] corresponding to T, v,d to find a set
A; and a sink vertex a; € A; satisfying (al)—(a5). Note that (al) implies that A; is nonempty

and a1 = x1 could happen when df = 0. For given z1,...,z; and Aq,...,A;, let us Achoose
zi+1 € X \ {z1,...,7;} having the largest number of out-neighbours in V'\ (X UY UUj_; 4;)
among all the vertices in X \ {x1,...,2;} and let

i
diy = (VAN (X UY U 4)) NN i)l
j=1

We apply Lemma with T — (X — {z;41}))UY U U§:1 Aj), i, d;;l corresponding to T, v, d
to find a set A;11 and a sink vertex a;11 € A;1 satisfying (al)—(ab). By repeating this 3k — 1

times, we get Aq1,..., Asx_1 and ay,...,a3p_1. We let A := Uf’ifl A;.
Next, we choose y; € Y having the largest number of in-neighbours in V' \ (X UY U A). Let

dy = [(V\(XUY UA) NNz (y1)l-

Then we apply Lemma 23 with T — (X U (Y — {y1}) U A),y1,d] corresponding to T,v,d
to find a set By and a source vertex b; € Bj satisfying (b1l)—(b5). Note that (bl) implies
that B; is nonempty and b; = y; could happen when d; = 0. For given A,y,...,y; and

By, ..., B, let us choose y;11 € Y \ {y1,...,%;} having the largest number of in-neighbours in
VA (X UY UAUUJ;_, B;j) among all the vertices in Y\ {y1,...,y;} and let

i
f = (VA (X uY uAu Y B)) 0Ny (gir)].
j=1
We apply Lemma 23] with 7' — (X U (Y — {y;11}) UAU U;':1 Bj),yit1,d;,, corresponding to
T,v,d to find a set B;;1 and a source vertex b;+1 € Bj;1 satisfying (b1)—(b5). By repeating
this 3k — 1 times, we get Bq,...,Bs;_1 and bq,...,b3,_1. We let B = Ufﬁ;l B;. Note that
T[B;] is a transitive tournament for each ¢ € [3k — 1]. For each i, we let B/ be the set of the
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last max([|B;|/5 — 13],0) vertices, and let B! be the set of the first min([5log(k) + 301, |B;|)
vertices in the transitive ordering of T'[B;], respectively. Note that B} and B}’ are not necessarily
disjoint.
We define
3k—1 3k—1
Agink = {a1,...,a3p_1}, Bsource := {b1,...,b3p_1}, B’ := U B!, and B" := U Bl

From this construction, we get numbers df, .. d;k Ay dgy satisfying
s gt s gt + Y
0" >df >dy >--->dy, |, and 0 >dy >dy > >dy g, (5.2)
and sets A1,...,Asp_1, B1,...,Bsy_1, By,..., B}, BY,...,BY._, and vertices ay, ..., agr_1,

bi,...,bsx_1 satisfying the following (A1)—(A3) and (B1)—(B6) for all i € [3k — 1].
Tlog(df + 1) +1 < |A;| < Slog(df +1) +2,

T[Ai] is a transitive tournament with source x; and sink a;,

A; in-dominates V' \ (AU B),
%1(d<+n+1<LB|<5bgd<+U+2

T'[B;] is a transitive tournament with sink y; and source b;,

B; out-dominates V' \ (AU B),

|Bi| > |B;|/5 — 13 and for v € B} we have

INSE(0) \ ( AUUB ) > 8(d)YT =1, |Ng(v)\ AUUB )| > 8(d)YT —1.
J=1 J=1
(B5) |BY| < 5log(k) + 31 and for v € B; \ B! we have

INF () \ (AU | Bj)l > 1000k, [Nz (v)\ (AU | ] Bj)| > 1000k°.
j=1 j=1

or any vertex v € we have -
B6) F B; \ B}, we have B/ C N (v

By Lemma 2] each of T[Agnk| and T[Bsource] contains k vertices of in-degree at least k
and k vertices of out-degree at least k. Let a;,,...,a;, € Agnk be k distinct vertices having
in-degree at least k in T[Agnk] and let bj,,...,bj, € Bsource be distinct k vertices having out-
degree at least k in T'[Bsource]- By (Al), (B1) and the fact that 6~ <n — 1, we have |[AU B| <
(6k — 2)(3 log(n) + 2) < n — k since n > 100k log(k + 1) and k > 2. Thus we have

IV \ (AUB)| > k. (5.3)

Our aim is to find collections of arcs Ey, E1, Eo, F3, E4 and E5 which together form a desired
digraph D. Since the tournament 7' is strongly k-connected, by Menger’s theorem, let P, ..., Py
be k vertex-disjoint paths from {a;,,...,a; } to {b;,,...,b; }. We choose those k vertex-disjoint
paths with the minimum length Zf 1 |E(F;)|, and thus each path P; is backwards-transitive for
1 <i < k. Note that V(F;) is not necessarily disjoint from AU B\ {a;,,...,a;,b1,...,b; }. By
permuting indices, we may assume that P is a backwards-transitive path from a;, to bj,. See

Figure 2 for the picture which we currently have. Let V™ (P,) be the set of internal vertices of
P,. We define

k
Vi:=(AUB)\ U vint(p = (AUB)N U VP(R)) and Eo:=|J E(P.). (5.4)
s=1
Before starting the construction of Ey, Es, E3, E4 and Es5, we prove Claim [5.1] and Claim [5.3]
showing that for any v € AU B there exists a k-fan from v to V' \ (AU B) and a k-fan from
V' \ (AU B) to v consisting of short paths.

Claim 5.1. For any vertex v € AU B, we can find a k-fan {P~(v,1),..., P~ (v,k)} from
V\ (AU B) to v such that ¥ | |E(P~(v,1))| < 70k log(k + 1).
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FIGURE 2. A picture when k= 1,41 =1 and j; = 2.

Proof of Claim[2l Note that (&), (5.2]), (A1) and (B1) together imply that
5
|AUB| < (6k—2)(§log(5_ +1)+2). (5.5)
We consider the following two cases.

Case 1. §~ < 60k2.

In this case, consider {P~ (v,1),..., P~ (v,k)}, a k-fan from V' \ (AU B) to v. Such a k-fan
exists because of Fact [l and (5.3). By (B.5), we have |AU B| < (6k — 2)(3 log(60k? + 1) +2) <
69k log(k + 1). Since every vertex in each P~ (v,7) is in AU B except for one vertex, we have

Sk IE(P (v,1)] < |AU B|+ k < T0klog(k 4 1).

Case 2. 6~ > 60k2.
Since k > 2, we have

~ 5 G3)
67 2 (6k —2)(5log(6” +1) +2) +2k > |AUB|+2k.

Thus for any vertex u ¢ Y, we have d~(u) > 0~ > |AU B| + 2k.

If v ¢ Y, take k distinct paths of length 1 from V'\ (AUB) to v, and let P~ (v,1),..., P~ (v,k)
be those paths of length 1. Then we have Zle |[E(P~(v,i))| < k < T70klog(k+1). If veY,
then take {Q1,...,Qk}, a k-fan from V' \ 'Y to v given by Fact [[land (5.3)). Let v; be the starting
vertex of ; for 1 < i < k. Then we have

k
S IE@) Y| +k <4k —1.
i=1
Consider i € [k] with v; € AU B. Since each v; is not in Y, d.(v;) > 6~ > |AU B| + 2k and
v; has at least 2k in-neighbors outside AU B. For each i € [k] with v; € AU B, we choose v} in
Ny (vi) \ (AU BU{v1,...,v}) in the way that v}s are all distinct. Let

—
P (v,4) =4 @iV{vui} ifvie AUB,
N it ¢ AUB.
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Then the paths P~ (v,1),..., P~ (v, k) form a k-fan from V' \ (AU B) to v such that
> IE(P (v, i)l <k+Z|E Q)| < Y|+ 2k =5k — 1 < 70k log(k + 1).

This proves Claim B.11 O

Claim 5.2. For each v € AU B”, there exists a k-fan {P}(v,1),...,PF(v,k)} from v to
V\ (AU B") such that S>F_ |E(PJ (v,4))] < 98klog(k + 1).

Proof of Claim[5.2 Note that we have

" (A1) = 5 + "
|AU B”| < Z(ilog(di—l—l)—i—Q)—i—\B]
=1

B 3k 1) 108(0" 1) +2) + (k- )Glog(k) +31) (56

To prove Claim [5.2] we consider the following two cases.

Case 1. 0" < 100k?.

Since T is strongly k-connected, there exists {P}(v,1),..., P/ (v,k)}, a k-fan from v to
V\ (AU B”) by Fact [l and (5.3). Since P (v,1),...,P}(v,k) contains at most k vertices
outside AU B” and 61 < 100k?, we have

3k—1 ED)
> |E(PF(v,1)] < JAUB"|+k < 98klog(k+1).
=1

Case 2. §t > 100k2.
In this case, we have

|[AU B"| + 2k @ (3k — 1)(2 log(67 +1)4+2) + (3k — 1)(5log(k) +31) +2k <6

Ifv ¢ X, then df(v) > 6% > |AUB"|+2k. So we can find k paths @1, ..., Q}, of length 1 from v
to V\(AUB"). Let P (v,1),..., Pf (v, k) be those paths of length 1. Then Zle |E(P (v,1))| <
k < 98k log(k + 1).

If v € X, then we find a k-fan {Q},...,Q}} from v to V' \ X by Fact [l and (&3)). Then

because all vertices of @} except the last vertex belong to X, we have Zle |E(Q)] < |X|+ k.
Let u} be the end vertex of @}, for 1 <14 < k. Consider i € [k] with v, € AU B”. Since u} ¢ X
and d+( 1) >0t > |AUB"|+ 2k, u} has at least 2k out-neighbors in V\(AUB”) we can choose
ul € N+( O\ (AUB"U{u,.. uk}) such that /s are distinct. We let

Pt(v i) — QU {uu} ifu, e AUB",
C )= it ¢ AUB.

Then we have a k-fan {P; (v,1),..., P (v,k)} from v to V' \ (AU B”) such that

k

Z\ E(Pf(v,i))

i=1

This proves Claim O

Q)|+ k < |X|+ 2k =5k — 1 < 98k log(k + 1).

||M»
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Now we prove Claim [£.3] by using Claim

Claim 5.3. For any vertex v € AU B, there exists a k-fan {P*(v,1),...,PT(v,k)} from v to
V\ (AU B) with S | |E(P*(v,4))| < 100k log(k + 1).

Proof of Claim[53. We first use Claim to find a k-fan from v to V'\ (A U B”) such that
Zle |E(Pt(v,4))| < 98klog(k+1). Let u; be the last vertex in P (v,i) and let U := {uy, ..., uy}.
Then for each i € [k] all vertices in P/ (v,i) except u; belong to AU B”, and w; is either in
V\(AUB) orin B\ B". For each i with u; € B\ B”, let ¢; be the index such that u; € By,.
Then we can partition [k] into four sets Iy, I, Is and I4 as follows.

For i € Iy, we have |By,| > 18k + 80,u; € B\ B” and u; ¢ By,
for i € I, we have |By,| > 18k +80,u; € B\ B” and u; € By,
for i € I3, we have |By,| < 18k + 80 and u; € B\ B”,

for i € I, we have u; ¢ AU B.

First, consider i € I) U I5. Since |By,| > 18k + 80, (B1) implies that

dy > 250Bnl=2) _ 1 > 97h+30, (5.7)
For any u € By we have
4 3k—1
INF )\ (AUB)| > Ni\AuBy)|-| U B
p=1 p={;+1
(B4) 3k—1
> 8d)"-1-| |J By
p={;+1
@D 5 3k—1
> (3k—1)(5 log(dy, +1) +2) + 3k — U B
p=L;+1
(B1),E2)
> 3k. (5.8)

Here, we get the third inequality since 82'/7 — 1 > (3k — 1)(5 log(x + 1) + 2) + 3k holds for
x> 2730 and k > 2. Thus any vertex u € B, has at least 3k out-neighbors in V'\ (AU B).

For i € Iy, (B4) implies that |Bj | > |By,|/5 — 13 > 3k and (B6) implies that B) C Nj (u;).
From this we obtain |(N (u;) N B))\U| = |B), \U| > 3k — k > 2k. Thus we can choose a
set W = {w; : i € I1} of |I1| distinct vertices such that w; € N (u;) N (B, \U). Again, (5.5)
implies that

INf (w;)) \ (AUBUUUW)| >k,

so we can further choose a set W' = {w} : i € I} of |I;| distinct vertices such that w] €
NS (wi) \(AUBUUUW).
Now we consider i € I5. In this case u; € By, and (5.8) imply that

INF (u)) \ (AUBUU UW UW')| > 2k —2|I1| > | I3,

so we can further choose a set W* = {w} : i € I} of |I3| distinct vertices such that w} €
NS (ui)) \(AUBUUUW UW’).
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Now we consider i € I3. In this case, u; belongs to By, \BZ . Thus

4 3k—1
INF () \(AUB)| > NaulUs) - U B
p=1 p=~;+1
(B1),(B5) = B
> 1000K% — ) (5 log(d, +1) +2)
p={;i+1
E2) 5 _
> 1000k* — (3k — 1)(5 log(dg, +1) +2)
(B1)
> 1000k* — 5(3k — 1)| By, |
> 1000k? — 5(3k — 1)(18k + 80) > 5k > |I3| + 4k.
Thus we can choose a set W** := {w}* : i € I3} of |I3| distinct vertices such that w!* €

N (u;) \ (AUBUUUW UW’'UW*). Note that U, W, W', W* , W** are pairwise disjoint sets
by construction. For i € [k], let P (v,4) be a path from v to V\ (AU B) as follows.

—
E(Pj(val)) U {uzwz,wzw }oifie I,
B(P*(v,0)) = BB (0,1) U{uiw; if i€ I,
E(P}(v,1)) U {uw;*} if i € I,
E(P(v,1)) if i € Iy.

We claim that {P+(v,z’)}f:1 is a k-fan from v to V' \ (AU B), and the sum of lengths is
small. Indeed, for any i € [k], P*(v,i) is a path from v to V \ (A U B). Note that paths
{V(P* (v, z))}f:1 form a k-fan since the paths {V (P (v,4)) \ {v}}f:1 are pairwise-disjoint, and
U, W, W' W* W** are pairwise disjoint. Moreover,

k k
S IE(PT(v,4)| = > |E(PS(v,4))| + 21| + || + [Is| < 98k log(k + 1) + 2k < 100k log(k + 1).
i=1 =1

This proves Claim [5.3] O

Recall that Vi, V{ and Ey are defined in (5.4) and note that we have {a;,, ..., a;,,bj,,..., b, } C
V1. Now we will find a set of arcs £ as in the following claim.

Claim 5.4. There ezist a set of arcs Ey C E(T) and a set of vertices Vo C V' \ (AU B) satisfying
the following.

(E1); |E1| < k|Vi| + (k — 1)|V{| + 680k?log(k + 1) and |V2| < 8k2.

(El)s For any set S C V(T) of size k — 1 and a vertex v € (Vi UV{)\ S, we can find a path P
inT — S fromv to Va such that E(P) C EygU Ej.

(El)s For any set S C V(T) of size k— 1 and a vertex v € (Vi UV{)\ S, we can find a path P
inT — S from Va to v such that E(P) C EgU Ej.

Proof of Claim [5.7] We apply Lemma [3.4] to T'[V}] with parameters 0, k corresponding to s, k,
respectively. Then we obtain an ordering oy of V; with a (o1, k, 2k — 1)-good digraph Dy C T'[V4]
such that |E(D1)| < k|Vi| — k. We also consider a digraph T'[V{] — Ey. Since 6(T[V{] — Ey) >
|[V{| — 3, we can apply Lemma B4l to T[V]] — Ep with parameters 2, (k — 1) corresponding to
s, k, respectively. Then we obtain an ordering o} of V{ and a (¢}, k — 1,2k — 1)-good digraph
D} C T[V{]—Ey with |[E(D})| < (k—1)|V{|+(k—1). Here, it is important to take (¢}, k—1,2k—1)-
good subgraph of T'[V]]— Ey instead of (o}, k, 2k—1)-good subgraph of T'[V{], otherwise we would
get |[E(D})| < k|V{| + k which is too much for our purpose.
Now we define W, and W;" as follows.

Wi =01(1,2k — 1) Uoi(1,2k — 1) and Wy == o1 (|Va] — 2k + 1, |[VA|) U ol (|V]| — 2k + 1, |V]])



SPARSE SPANNING k-CONNECTED SUBGRAPHS IN TOURNAMENTS 15

This gives
W |, |W| <4k —2. (5.9)
For each vertex u € W, we use Claim [5.] to obtain a k-fan {P~(u,1),..., P~ (u,k)} in T from
V\ (AU B) to u with
k
> |B(P~ (u,i))| < 70klog(k + 1). (5.10)
i=1
For each vertex u € W;", we use Claim 5.3/ to obtain a k-fan {P*(u,1),..., P (u,k)} in T from
uto V'\ (AU B) with

k
> IE(PT (u, )| < 100k log(k + 1). (5.11)
=1
Let
Ey:=ED)UEDHU | EE (wipu |J E@P(ui), (5.12)

u€W; i€lk] ueW; k]

Vo :=V(E)\ (1 UW)).

Since V; UV] = AU B, every vertex in V3 is either one of the last vertices of P*(u,) for some
i € [k] and u € W, or one of the first vertex of P~ (u,4) for some i € [k] and u € W . Thus we

+ W ED s
have |Va| < k(JW{ |+ |W;|) < 8k*. Moreover,

|| |E(D1)| + |E(Ds)| + 70k log(k + 1)|W, | + 100k log(k + 1)|W;|

<
(%s)
< k|Vi| + (k — 1)|V{| + 680k* log(k + 1).

This proves (E1);. To prove (E1)g, let S be a set of k — 1 vertices in V' and let v be a vertex
with v € (V; UV{)\ S. We consider the following two cases.

Case 1. v € V.

By Claim Bl and the fact that Dy is (o1, k, 2k — 1)-good, we can find a path P’ from v to a
vertex u € Wi~ in T — S such that E(P’) C Ey. Also P*(u,1),...,P*(u,k) are disjoint paths
except the common starting vertex u ¢ S, thus there exists j € [k] such that P*(u,j) does
not intersect with S. Then E(P’) U E(P*(u,j)) contains a path P in T'— S from v to V with
E(P) C E.

Case 2. v e V.
Assume o] = (v],... ,va/‘). We consider the maximum index 4 such that there is a path P’
1

from v to v} in D} — S. If i > |V{| — 2k + 2, then we have v, € W;" and we can choose j € [K]
such that PT(v},j) does not intersect with S. Then E(P’) U E(P*(v},j)) contains a path P
in T — S from v to V with E(P) C Ey. If i < |V{/| — 2k 4 2, then the maximality of ¢ implies
Ng/l (vf) € S by (D1) and the fact that D] is (¢}, k — 1,2k — 1)-good. Since

(D2) T
F—1 < NG () < IS = k-1,
1
we have
S = Ng,l (v}). (5.13)

By (5.4) and the fact that v} € V{, there exists s € [k] such that v} € VI"(P;). We let P” be
the sub-path of Py from v} to b;,. Since P; is backwards-transitive, every vertex in V (P") belongs

to N7 (v}) except the first vertex v} and the second vertex, say ', of P”. Since vju’ € E(Ps) C Ey
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—
and Dy C T[V{] — Ey, we obtain vju' ¢ E(D}). Thus u' ¢ N;,l (vf). This with the fact that
V(P") C Ny (vf) U{v},u'} implies that

= (

V(P") NS C (Np (vy) U {vi,u'}) NS Ny (v5) U {vi,u'}) NN, (v7) = 0.

Thus P” does not intersect with S. Since b;, € V1, Case 1 implies that there exists a path P*
from b, to Vo in T[V'\ S| with E(P*) C E;. Then E(P’) U E(P") U E(P*) contains a path P
in T — S from v to Vo with E(P) C Ey U E;. Thus we have (E1);. We can prove (E1)3 in a
similar way. This proves Claim [5.4] U

Claim 5.5. There ezist a set of arcs FEo C E(T) and two sets W;,W{ C Va satisfying the
following.
(E2)1 |Ea| < k|Va| — k and W[, W, | <2k —1.
(E2)g For a set S CV(T) of size k—1 and a vertex v € Vo \ S, there exists a path P in T — S
from v to W& with E(P) C Es.
(E2)3 For a set S CV(T) of size k —1 and a vertex v € Vo \ S, there exists a path P in T — S
from W5 to v with E(P) C Ex.

Proof of Claim[523. We apply Lemma [B.4] to T[V2] with parameters 0,k corresponding to s, k,
respectively. Then we obtain an ordering o9 of Vo and a (o9, k, 2k — 1)-good digraph Dy C T'[V5]
such that |E(D2)| < k|Va| — k. Let

By := E(Dy), Wy :=01(1,2k — 1) and W5 = o1(|Va] — 2k + 2,|V4|),

then we have |Ey| = |E(D2)| < k|Va| —k and |Wy |, |W,"| < 2k — 1. Hence we have (E2);. Since
Dy is (09, k, 2k — 1)-good, Claim [BJlimplies that for any set S of k— 1 vertices in V and a vertex
v € Vo \ S, we can find a path P in T'— S from v to W2+ and a path P’ in T — S from W to v

such that E(P), E(P') C E,, proving (E2)s and (E2)3. O
Now we define V3, V, as follows.
k
V= JV™(P)\ (V/UV,) and V=V \(ViUV UTUTR). (5.14)

i=1

Claim 5.6. There ezist a set of arcs FE3 C E(T) and two sets W;,Wg C V3 satisfying the
following.
(E3)1 |Es| < (k—1)|V3| + (k — 1) and W5, |[W5 | <2k — 1.
(E3)2 For a set S C V(T) of size k —1 and a vertex v € V3 \ S, there exists a path P in T — S
from v to W3 UV with E(P) C EyU Es.
(E3)3 For a set S C V(T) of size k —1 and a vertex v € V3 \ S, there exists a path P in T — S
from Wy UV; to v with E(P) C EqU Es.

Proof of Claim[5.06. Consider a digraph T'[V3] — Ey. Note that §(T'[Vs] — Ep) > |V3| — 3. Apply
Lemma B4 to T'[V3] — Ey with parameters 2,k — 1 corresponding to s, k, respectively. Then we
obtain an ordering o3 = (v1,...,v)y;|) and a (03,k — 1,2k — 1)-good digraph D3 C T'[V3] — Ejy
with |E(D3)| < (k—1)|Vs| + (kK — 1). Here, it is important to take (o3,k — 1,2k — 1)-good
subgraph of T[V3] — Ey instead of (o3, k, 2k — 1)-good subgraph of T[V3], otherwise we would
get |E(Ds)| < k|V3| — k instead of (E3);.

Let

Es:= E(Ds), Wy :=03(1,2k —1) and W5 = o3(|Va| — 2k + 2,|V3]).

This verifies (E3);. To verify (E3)2, we consider a set S C V(T') with k£ — 1 vertices and a vertex
v € V3\ S. Then we consider a path P’ in D3 — S with E(P") C E(D3) from v to v; which
maximizes i. If i > |V3] — 2k + 2, then v; € W5 and we are done. If i < |V3| — 2k + 2, the
maximality of ¢ implies NES (v;) € S by (D1) and the fact that D3 is (o,k — 1,2k — 1)-good.
Since

(D2)
k=1 < NS ()] <|S|=k—1,
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we have S = N[;B (v;). Because v; € V3, by (5.14]) there exists s € [3k— 1] such that v; € VIn*(P).
We let P” be the sub-path of Py from v; to b;,. Since P is backwards-transitive, every vertex

s
in V(P") should be in N (v;) except v; and the second vertex, say «’, of P”. Since v;u' € Ey
and E(D3) C T[V3] — Eo, v’ ¢ N, (v;). Thus

V(P")NS C (N7 (v;) U{v,u'}) N N;g(vi) = (.

Thus P” does not intersect with S. So E(P’') U E(P") contains a path P in T'— S from v to
Vi with E(P) C Eg U E3. This proves (E3)2. We can prove (E3)s3 in a similar way. This proves
Claim m

Claim 5.7. There ezist a set of arcs Ey C A(T) and two sets WI,W[ C Vy satisfying the
following.
(E4)1 |Es| < k|Va| — k and W}, |W, | < 2k — 1.
(E4)y For a set S CV(T) of size k —1 and a vertex v € V4 \ S, there exists a path P in T — S
from v to W5 with E(P) C Ej.
(E4)s For a set S CV(T) of size k —1 and a vertex v € V4 \ S, there exists a path P inT — S
from W, to v with E(P) C Ejy.

Proof of Claim [5.77. We apply Lemma [3.4] to T'[V,] with parameters 0, k corresponding to s, k,
respectively. Then we obtain an ordering o4 and a (o4, k, 2k — 1)-good digraph Dy C T'[V}] with
|E(Dy)| < k|Vy| — k. Let

Ey = B(Dy), Wi = ou(|Va| - 2k + 2, |Va]) and W, = oy(L, 2k — 1),

then we have |Ey| = |E(D4)| < k|V4| — k, W, | < 2k —1 and |W, | < 2k — 1. Hence (E4);
holds. By Claim B] for any S C V(T') of k — 1 vertices and v € V; \ S, we can find a path P in
T[Vy]\ S from v to W, and a path P" in T[V4]\ S from W, to v. This proves (E4)y and (E4)s.
This proves Claim B.7] O

We define W1 and W as follows.
WH=Wuw;fuw, and W™ =W, UW; UW,.

Note that W, W~ C V' \ (AU B). Thus A in-dominates W+ and B out-dominates W~. Now
we take Es as follows to make connections from W+ to {a;,,...,a; } and from {b;,,...,b; } to
w-—.
Claim 5.8. There exists a set of arcs E5 C E(T) satisfying the following.
(E5)1 |E5| < 81k2
(E5)y Fort € [k], a vertexv € W+ and a set S C V(T)\ {a;,,v} of at most k — 1 vertices, there
exists a path P(v,t) in T — S from v to a;, such that E(P(v,t)) C Es.
(E5)s Fort e [k], a vertexv e W™ and a set S C V(T)\ {bj,,v} of at most k — 1 vertices, there
ezists a path Q(v,t) in T — S from b;, to v such that E(Q(v,t)) C Es.

Proof of Claim[5.8 By (A2) and (A3), for each u € W and s € [3k — 1] there exists ¢, s €
N;f(u) N Ag such that ¢, s = a5 or as € N:,Jf(cu,s). Let

P(u,s) := { (U, cus,as)  if ey s # as,

(u,as) otherwise.
Similarly, for uw € W~ and s € [3k — 1], there is a path Q(u,s) from bs to u with length at most
2 lying entirely in Bs U {u}. Let

3k—1 3k—1

B := E(T[Asini)) U E(T[Baowee ) U | | EPw,9)U | | EQ(us)).

ueWw+ s=1 ueW— s=1
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Then we have

3k—1 3k—1
|B5| < [E(T[Agu)| + |[E(TBsowee )l + D> Y [E(Pw, )|+ > D [EQ(u,s))]
ucW+ s=1 weEW— s=1
< <3k2_ 1> + (3k2_ 1> + (6k — 2)|W | + (6k — 2)|W ™| < 81k

We get the final inequality from (E2);, (E3); and (E4);. To verify (E5)2, consider a set S
of k — 1 vertices and an index ¢ € [k] such that a;, ¢ S and a vertex v € W\ S. Recall that
a;, has at least k in-neighbors in A,y as defined before Claim [5.J1 This together with the fact
that Aq,..., Asp_1 are pairwise disjoint implies that there exists an index s € [3k — 1] such that
as € Ny (a;,) and A;NS = 0. Then P(v,s) Uasa;, contains a path P from v to a;,, where P
does not intersect with S because P is contained in As U {v} U {a;,}. Also E(P) C Ej5, this
proves (E5)s. We can also prove (E5)s similarly. This proves Claim (.8 O

Now we define the desired spanning strongly k-connected digraph D C T'. Let
V(D) = V(T) and E(D) =FEyUFE UFEy;UE3UFE4UE5.

Because Ul;:l Vit (P) C V] UVa U V3, we have |Eg| < |V{| + [Va| + |V3] — k. By (E1)y, (E2),
(E3)1, (E4); and (E5); we have

|[E(D)| < |Eo|+ |E1|+ |E2| + |Es| + |Es| + | Es|
< (V] + Va| + V5| = ) + (k|Vi| + (k — 1)|V{| + 680k log(k 4 1)) + (k|Va| — k)
+((k = 1)|V5] + (k — 1)) + (k|V4| — k) + 81k
< k(A + V]| + [Va| + | V] + [Va]) + |Va| + 740k2 log(k + 1)
(E1)
< K|V|+ 750k log(k + 1)

since 680k? log(k + 1) + 81k? < 740k* log(k + 1) for k > 2.

Now it suffices to show that D is strongly k-connected. For any set S C V(T') of k—1 vertices
and any two distinct vertices u,v € V(T')\ S, we claim that there is a path from u to v in D —S.
First of all, since Py, ..., Py are vertex-disjoint there exists ¢ € [k] such that V(P;) NS = 0. We
find a path P in D — S from u to w/ € W as follows.

Case 1. u e Vo UV,
There exists a path P in D — S from u to v’ € W+ by (E2)y and (E4)s.

Case 2. ue V3 UV].

By (E1)a, there is a path @ in D — S from u to a vertex ug € V. Also (E2)9 implies that there
is a path @' in D — S from g to ' € WT. Thus E(Q) U E(Q') contains a path P in D — S
from u to u’ € W.

Case 3. u € V3.

By (E3)s, there is a path R in D — S from u to a vertex ug € Wt UV;. If up € W, then let
uw' = ug and P := R. Otherwise, there is a path R’ in D — S from ug to v’ € W+ by Case 2.
Thus E(R) U E(R’) contains a path P in D — S from u to v’ € WT.

Similarly, there is a path Q in D — S from a vertex v/ € W~ to v. By Claim (.8 there
is a path P(v/,t) in D — S from v to a;,, and a path Q(v,t) in D — S from b;, to v. Thus
E(P)UE(P(u,t))UE(P)UE(Q(,t) UFE(Q) contains a path in D — S from u to v. This
proves that D is strongly k-connected. [
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Algorithmic aspect of Theorem [M.3l The proof of Theorem [[3 is trivially algorithmic
up to the following three optimization problems: finding a k-fan from a fixed vertex to a set
with minimum total length, finding a maximum matching in a bipartite graph, and finding &
vertex-disjoint paths between two sets with minimum total length. These optimization problems
can be solved in polynomial-time on n = |V (T')| by standard application of algorithms finding
maximum-flows and minimum cost flows of digraphs (see [I, Chapter 7,8 and 9]). Note that when
we apply Lemma [B.4] we use Claim B3] to find the ordering ¢ and a subgraph D in polynomial
time on n. With these tools, the proof itself immediately gives a polynomial-time algorithm to
find the desired digraph D as in Theorem [[.3
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