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Abstract

Recent research in both the experimental and mathematical communities has focused on bio-
chemical interaction systems that satisfy an “absolute concentration robustness” (ACR) property.
The ACR property was first discovered experimentally when, in a number of different systems, the
concentrations of key system components at equilibrium were observed to be robust to the total
concentration levels of the system. Followup mathematical work focused on deterministic models of
biochemical systems and demonstrated how chemical reaction network theory can be utilized to ex-
plain this robustness. Later mathematical work focused on the behavior of this same class of reaction
networks, though under the assumption that the dynamics were stochastic. Under the stochastic
assumption, it was proven that the system will undergo an extinction event with a probability of
one so long as the system is conservative, showing starkly different long-time behavior than in the
deterministic setting. Here we consider a general class of stochastic models that intersects with the
class of ACR systems studied previously. We consider a specific system scaling over compact time
intervals and prove that in a limit of this scaling the distribution of the abundances of the ACR
species converges to a certain product-form Poisson distribution whose mean is the ACR value of the
deterministic model. This result is in agreement with recent conjectures pertaining to the behavior
of ACR networks endowed with stochastic kinetics, and helps to resolve the conflicting theoretical
results pertaining to deterministic and stochastic models in this setting.

1 Introduction

Biochemical reaction networks are often quite complex and computationally intractable. It is there-
fore important to develop mathematical techniques that relate simple graphical features of the reaction
network, which are easy to check, to the qualitative dynamics of the underlying mathematical model.
This approach dates back to at least [13, 14, 16], where certain graphical characteristics of networks
were shown to ensure uniqueness and local asymptotic stability of the steady states for deterministically
modeled complex-balanced systems.

In this context of relating graphical and dynamical features of models, Shinar and Feinberg provided
graphical conditions that imply certain species satisfy an absolute concentration robustness (ACR) prop-
erty for the associated deterministically modeled system [25]. A species is said to possess ACR if for a
fixed choice of system parameters its concentration is the same at any positive equilibrium point of the
deterministically modeled system. Such a feature has been observed experimentally in several impor-
tant biochemical reaction networks, including signal transduction cascades and gene regulatory networks
[1, 8,6 10, 15, 24, 25]. The ACR property provides useful information on the system dynamics since
it indicates a predictable fixed response regardless of changes in the environment. Followup research
pertaining to deterministically modeled systems with ACR species can be found in [19)].

Stochastically modeled systems satisfying essentially the same graphical conditions as those detailed
in [25] were considered by Anderson, Enciso, and Johnston in [4]. There it was shown that ACR systems
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in a particular family, if stochastically modeled, undergo an extinction event with a probability of one, so
long as the system is conservative (i.e. there is a positive linear combination of the species that is invariant
to occurrences of reactions). Such a result can be considered an example of a discrepancy between the
limiting behaviour of a deterministic system and the limiting behaviour of the corresponding stochastic
system, with one modeling choice predicting a form of long-term stability and the other predicting long-
term instability. However, in [4] it is pointed out that the extinction event is typically a rare event on
reasonable timeframes and that useful information pertaining to the behaviour of stochastically modeled
ACR systems could be had by better understanding the dynamics of the system on compact time intervals
or via the quasi-stationary distribution. It is conjectured in [4] that the distribution of the ACR species
will be approximately Poisson in either case. Both a simple example pertaining to a model of protein
interactions and a numerical analysis of the two-component EnvZ/OmpR signaling system in Escherichia
coli provide evidence in favor of the conjecture [4].

In this paper we provide an asymptotic result for the stochastic models of a class of reaction systems
that overlaps with ACR reaction systems. In particular, we consider a multiscale setting in which the
abundances of a subset of the ACR species are of order O(1), while the abundances of other species are
of order O(N). We then scale the rate constants in a particular way and let N go to infinity. Under
this limit, we prove that on compact time intervals the ACR species whose abundance is of order O(1)
behave in the way conjectured in [4]. Namely, the distribution of their abundances is well approximated
by a product-form Poisson distribution whose parameter is given by the ACR equilibrium value of
the associated deterministically modeled system. Thus, the results presented here link the qualitative
behaviours of the deterministic and stochastic models. Furthermore, the result fully explains the outcome
of the numerical analysis of the EnvZ/OmpR signaling system performed in [4].

One key observation we utilize in our proofs, and the basis of our Assumption 2, is that a certain
sub-reaction network consisting of only the O(1) species is often weakly reversible and deficiency zero.
This fact, together with the results of [3], allows us to characterize the marginal distribution of the ACR
species as approximately Poisson. We then show that the approximation becomes precise in the limit as
N — o0.

We end this section with two instructive examples that demonstrate our main results.

Ezample 1.1. Consider the deterministically modeled system with reaction network
A+ B ™ 2B, B A (1)

and mass action kinetics (see (7) and (8)). The species A exhibits ACR since at each positive equilibrium
the concentration of A is ko/k1, regardless of the concentration of the species B [4, 25].

Now consider a sequence { XV} yey of continuous time Markov chain models for (1), in which the
counts of species A and B at time t are given by X{¥(t) and X2V (t), respectively. We suppose the
initial conditions are such that X7 (0) is a bounded sequence and N ~!X2¥(0) converges to a positive real
number, as N — oco. This choice of initial conditions corresponds to an experiment where the abundance
of the molecules of B is increased, while the magnitude of the count of A is maintened. Our goal will be
to understand the limiting behaviour of XV for N going to infinity.

For the sake of intuition, note that a sub-reaction network for A is
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which views X2V as simply modulating the speed of the two reactions. Since it is well known that in the
case of the above reaction network with X' fixed, X{V will have a stationary distribution that is Poisson
with parameter ko /k1 [3], it is intuitively clear that for finite ¢, X{¥(¢) should be approximately Poisson
if X3 is large and fluctuates little.

The above argument will be made precise. Let J be a random variable having a Poisson distribution
with parameter ko/r1. Corollary 4.1 will allow us to conclude that for any function ¢ : N — R with at
most polynomial growth rate, the distribution of g(X{¥(t)) converges on average to the distribution of
g(J) for N going to infinity. Specifically, for any real positive T, we have
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in probability. Further, if ¢ is bounded, then for any § > 0

S ‘E[Q(va(t))] — E[g(J)]‘ ——0. (2)

An immediate consequence of (2) is that XiV(¢) converges in distribution to J, which has a Poisson
distribution with mean given by the ACR value k2/k;. This consequence follows from choosing as g an
indicator function. See Example 4.1 for more details. O

Ezample 1.2. Our results are also applicable to models that do not utilize mass action kinetics. Consider
the stochastic reaction system

A+2B—3B, B=—=0C%% A4, (3)

where the rate of the reaction A 4+ 2B — 3B is given by

$1$2($2 — 1)

AMz) =k T

(4)
and where kg € Rsg. The rate (4) corresponds to an inhibitory effect of the molecules of B on the
production of B itself. If we consider a sequence of such models in which the counts of B and C go to
infinity, then the limiting behaviour of the model (3)-(4) coincides with the limiting behaviour of the
process associated with the reaction network

A+BE% 2B, B0 A4, (5)
endowed with mass-action kinetics. Due to [25], the reaction system (5) exhibits ACR in the species A,
when deterministically modeled. Let ¢ € R~ be the ACR value for species A. Due to the connection
between the models (3)-(4) and (5), we anticipate the value ¢ will play a role in the limiting behaviour
of species A of (3)-(4).

We therefore denote by { X"} yen a sequence of stochastic processes modeled according to (3)-(4),
with XN (¢), X2V(t), and X2V () being the counts at time ¢ for the species A, B, and C, respectively.
We suppose that X{¥(0) is a bounded sequence and N~(X3'(0), X4¥(0)) converges to a point in RZ,,,
as N — oo. Our aim is to understand the limiting behaviour of X{¥ as N goes to infinity.

Let J be a Poisson distribution with parameter ¢, the ACR value for species A when (5) is modeled
deterministically. By Corollary 4.2, there exits a function g* : Ryg — Ry with ¢*(s) — E[g(J)], as
s — 00, such that for any positive real T’

[ (o) - 570 as

—— 0

su
P N —oc0

t€[0,T]

in probability. Moreover, and as in Example 1.1, we have that X{¥(¢) converges in distribution to a
Poisson random variable whose mean is related to the ACR value. See Example 4.2 for more details. [

2 Necessary Background and Notation

We denote the natural numbers including 0 by N, that is N = {0,1,2,...}. For any real vector v, we
denote its ith entry by v;. We will write v > 0 if every entry of v is strictly positive. We denote by [v]
the vector of the floor functions of the entries of v; that is, [v]; = |v;]. For any real vector « of the same
size as v, and for N > 0, we denote by N%v the vector satisfying

(N%v), = N%u;.

We will denote by ||v|| the euclidean norm of the vector, by ||v||1 its L*-norm and by ||v||« its L -norm,

that is
Hv||=1lzvf, lvofly =) |vil, and [[v]loc = max[vi].
i i



For two vectors v and w of the same dimension, we write v < w, v < w, v > w or v > w if the inequality
holds component-wise. Furthermore, for any set A we will indicate by |A| its cardinality and by 1,4 its
indicator function. Finally, for a,b € R, we denote a A b = min{a, b} and a V b = max{a, b}.

We say that a function g: R™ — R has at most polynomial growth rate if there exists a multivariate
polynomial p: R™ — R such that

T
lim sup & =0
||lz|| =00 p(x)
Here we give some basic definitions from chemical reaction network theory, see for example [11, 13]

for a more detailed introduction.

A reaction network is a triple G = (X,C, R). X is a finite non-empty ordered set of symbols, referred
to as species, and C is a finite non-empty ordered set of linear combinations of species with non-negative
integer coefficients, referred to as compleres. Any species S; € X can be identified with the vector
e; € RI¥l, whose ith entry is 1 and whose other entries are zero. Therefore, any complex y € C will be
identified with a vector in R that is linear combination of the vectors e;. Finally, R is a non-empty
ordered subset of C xC, whose elements are called reactions, such that for any y € C, (y,y) ¢ R. Following
the common notation, we will denote any element (y,,y.) € R by y, — y.. € R, in which case we then
call y, the source complex and y.. the product complex of that reaction. It is possible that a complex
y € C is the source (product) complex of different reactions, and that it is both the source complex of one
reaction and the product complex of another reaction. It is commonly required that every species S € X
appears in at least one complex, and that every complex y € C appears as an element in at least one
reaction. It is possible to associate a directed graph to G, where the set of nodes is the set of complexes
C and the arrows are given by the reactions y, — y.. € R. If the graph is such that for any directed path
from y to 3y’ there exists a directed path from y’ to y, then G is weakly reversible. For the rth reaction,
yr — Yy, we denote by & = y. — y, the corresponding reaction vector. We write S; € & (S; € y,) if
&ri # 0 (yr #0). For any species S € X, let

Rs={yr =y, €R : Se&l, (6)

the set of reactions that change the amount of species S.

To each reaction y, — y,. € R, we can associate a function A, : R‘;%l — R>¢. The set consisting
of these function K = {\.}, Ly er is referred to as the kinetics, and the functions X, are called rate
functions, or intensity functions, or propensity functions. The pair ¥ = (G,K) is a reaction system,
which can be stochastically or deterministically modeled, as explained below.

In a stochastically modeled reaction system . = (G,K), the counts of molecules of the different
chemical species are considered, and the counts at time ¢ form a vector X (t) € NI*¥I. The evolution
in time of the vector X (t) follows a continuous time Markov chain, where in each state = € NI*! the
obtainable states are {x + &} and transition rates are given by {\.(z)}, with y, — y,. varying in R. If
at time ¢* the reaction y, — y.. occurs, then we have

X(t7) = X(t"=) + &,

where X (t*—) denotes the previous state. To stick with the physical meaning of the reactions, we require
that the kinetics is such that for any reaction y,. — ;. € R we have A\, .,/ () > 0 only if 2 > y,.. This
condition prevents the number of molecules present from becoming negative. Moreover, in this setting,
we are only interested in the values of A, ./ (x), when = € NI*I therefore the domain of the rate
function can be restricted to NI¥I. Following the terminology utilized in [5, 6, 12, 20], we can write

X0=x0+ ¥ (/ t M (X (9)ds) 6.

where the Y, are i.i.d. unit rate Poisson processes. For any two states z, z € NI¥l| we say that a state z

is obtainable from x if there exists a sequence of reactions (y,, — y,. )i, such that

m 1—1
z=x+Y &, with Ay, | 7+ > &, | >0,
i=1 j=1



for all i € {1,...,m}. We further say that (G,K) is irreducible if for any two states x,z € NIl 2 is
obtainable from 2 and «x is obtainable from z. See [22] for more on irreducible reaction networks and for
sufficient conditions implying irreducibility. A popular choice of kinetics for stochastic reaction systems
is given by stochastic mass action kinetics, defined by

|
A () = Ky r

=gl Hezud
where k, € Ry are called rate constants and for any vector v € N™, v! is defined by v! = [, v;!,
with the convention 0! = 1. This kinetics is related to the assumption that the system is well-stirred,
so the propensity of each reaction is proportional to the number of possible sets of molecules that can
give rise to an occurrence of the reaction. A stochastic reaction system endowed with stochastic mass
action kinetics is referred to as stochastic mass action system, and will be denoted . = (G, k). Note
that the property of irreducibility of a mass action system does not depend on the particular choice of
rate constants: indeed, in mass action systems a rate A,.(x) is strictly positive if and only if x > y,..

In a deterministically modeled reaction system . = (G, K), the concentrations of the different chem-
ical species are considered, and the concentrations at time ¢ form a vector z(t) € R‘;%'. The evolution in
time of the vector z(t) obeys the ordinary differential equation (ODE) N

dt)= > &A(z(). (7)

Yr—ylLER

As in the stochastic case, we put a restriction on the kinetics and require that for any y, — y. € R we
have A, ./ () > 0 only if 2; > 0 whenever S; € y,. This condition means that a reaction cannot take
place if some necessary chemical species is missing, and it guarantees that the vector z(¢) will remain
non-negative. Deterministic mass action kinetics is given by

Ar(z) = KpaVr, (8)
where k, € Rsg are called rate constants and for any two vectors v,w € N™, v* is defined by
v = [[i%, v, with the convention 0° = 1. Thus, the rate of each reaction is proportional to the

products of the concentrations of the species appearing in the source complex, according to multiplicity.
As in the stochastic case, this kinetics is chosen for well-stirred systems. A deterministic reaction system
with deterministic mass action kinetics is termed a deterministic mass action system, and will be denoted
by . = (G, k).

A fruitful notion in chemical reaction network theory, and one that will play a role in the present
work, is that of a complex balanced equilibrium, which is a positive equilibrium point ¢ of a deterministic
mass action system satisfying

Z Kpcdm = Z krc’"  for each y € C,

Yr—YLER yr—yLER
yr=y Y=y

where the sum on the left, respectively right, is over those reactions for which y is the source, respectively
product, complex. We say that a deterministic mass action system is complex balanced if there exists
at least one positive equilibrium point, and if every positive equilibrium point is a complex balanced
equilibrium.

We extend the definition of complex balanced to the stochastic setting by saying that a stochastic
mass action system (G, k) is complex balanced if the deterministic mass action system (G, k) is complex
balanced. We may therefore refer to complex balanced mass action systems without specifying whether
they are stochastically or deterministically modeled. In the same fashion, whenever we refer to an equilib-
rium point of a reaction system, we implicitly assume it is an equilibrium point for the deterministically
modeled system. It is interesting to point out that complex balanced stochastic mass action systems can
be fully characterised by properties of their stationary distributions [9].

It is worth noting that under the assumptions detailed above for both deterministic and stochastic
reaction systems, the evolution of the amounts of species present is restricted to

X(t) € (X(0) +span{& }y, yrer) NNFand  2(t) € (2(0) + span{&, }y, yrer) NRLY,



regardless of the choice of kinetics K. The sets (v + span{fr}yrﬁyxren) with v € RI¥l are called the
stoichiometric compatibility classes of G, and the sets

x X
(U + Span{gr}yray’reR) n Rlzo‘ and (U + Span{gT}yrHyLGR) n RL()l

are called the non-negative stoichiometric compatibility classes and positive stoichiometric compatibility
classes of G. Any vector T' € RI¥! that is orthogonal to the stoichiometric compatibility classes of G is a
conservation law for G, and if there exists a positive conservation law for G, then G is called conservative.

Let s = dim (span{fr}yrﬁyien) . We define the deficiency of G as 6 = |C| — ¢ — s, where { is the
number of connected components of the directed graph associated with G. We end this section by stating
some classical results that can be found in [13, 14, 16], which connect graphical and dynamical features
of the deterministic mass action systems and will be of use to us.

Theorem 2.1. If a deterministic mass action system . = (G, k) possesses a complex balanced equilib-
rium, then . is complex balanced and G is weakly reversible. Moreover, there exists exactly one complex
balanced equilibrium in every positive stoichiometric compatibility class, and it is locally asymptotically
stable relative to its positive stoichiometric compatibility class.

Theorem 2.2. If G is weakly reversible and has deficiency 0, then for any choice of rate constants the
deterministic mass action system . = (G, k) is complex balanced.

3 The multiscale setting, assumptions and main results

We begin by motivating the scaling presented below. Our goal is to study the behavior of the distribution
of ACR species in the limit as total abundances go to infinity. As the equilibrium value of the ACR
species is independent of total abundances, we will assume a partition in the set of species: some of them
will be allowed to take arbitrarily large abundances in their initial conditions, while the initial conditions
for the others (i.e. the ACR species) will be bounded.

Formally, denote by KV a sequence of stochastic kinetics for G, with N € N, and let X~ (¢) be the
sequence of stochastic processes associated with the system (G, ). Assume that there exists a vector
a € {0,1}*! such that

lim N=*X™(0) = Xo > 0. (9)
N —oc0
The condition (9) implies a partition of the set of species X’ in two sets, the discrete species (denoted by
X,) and the continuous species (denoted by A.),
e S; € X;if a; = 0, in which case X (0) = O(1);
e S; € X, if a; = 1, in which case X¥(0) = O(N).

Let

mq: R¥ 5 RI% and  7.: RIFI - RIe]

be the projections onto the discrete and continuous species, respectively, and define
Xise(®) = ma(XN (1)) and X5, (t) = me(X TV (1)).

For convenience, we will sometimes consider the rate functions as functions from NIl x NI¥el and write
Ar(v,w), where v and w denote the amounts of the discrete and continuous species, respectively. For
any reaction y, — y. € R, define

B = max ay.
Si€yr

Note that 8, € {0,1}. We assume that
lim N2\ (v, [Nw]) = \ (v, w) (10)
N—00

uniformly on the compact sets of NI¥al x IR';%', where the functions A, are non-zero and locally Lipschitz,

with domain NI¥el x RLXOC |, We denote by KC the kinetics given by the limiting functions A,. The above
setting is a particular case of the one studied in [7, 17, 23].



Remark 3.1. If the kinetics KV are stochastic mass action kinetics for all N € N+, then by (10) the
sequence

B \N (. INwl) = N—Br Y v! [Nw]!
N )‘r ( ;[N ]) N 7" (’U _ﬂd(yr))! ([N’LU] _ﬂ-c(yr))!

. X, .
converges to a positive number for some (v, w) € NI¥al x RLOC‘. Since the sequence

[Nw]!

—|me(yr)lla VIR
N (Nl —7e(5))!

converges to w¥r, for any r we have

lim Nfﬁﬂrllﬂc(yr)”lniv:””vrv "

N—o0

for some positive constant k..

3.1 Assumptions

While the assumptions we detail in this section are technical in nature, they essentially ensure three
very natural conditions. Assumption 1 ensures that each discrete species is produced and consumed
at high rate. Assumptions 3 and 4 ensure that the processes do not explode in finite time. Finally,
Assumption 2 requires that the reduced system obtained by the deletion of the high abundance species
is complex-balanced.

Assumption 1. For any S € X, there exists at least one reaction y, — y. € Rg such that 5, =1 (i.e.
the species S is fast consumed or produced, recall Rg defined in (6)).

In order to motivate and explain the above assumption we consider sequences of processes satisfying
the network structures of Examples 1.1 and 1.2.

Consider first the network of Example 1.1 with rate constants k1 and k2, and suppose that the total
initial abundance of the system (i.e. the sum of the abundances of species A and B) is large, and that
the system is near the known ACR equilibrium, in which case X1(0) ~ ¢ = ka/k1. Specifically, we
suppose that XV (0) + X2V (0) = N for some large N € N and that X{¥(0) = O(1) in N, in which case
XN(0) =N - X](0) = O(N). We will be interested in letting N — oco. In this setting, A is a discrete
species, a1 = 0, and B is a continuous one, oy = 1. Moreover, for each reaction y, — y.. we have 8, = 1,
and Assumption 1 is fulfilled. Furthermore, the limiting rate functions defined in (10) are given by

Aa+p—zp(r) = lim N=NY poap([N®2]) = Jim N7l [Nao | = mizw

Aposa(z) = A}i_r}nooN_l)\gﬁ A([Nz]) = ]\}ErlooN_lﬁgtng | = Kaxa.

Turning to Example 1.2 we suppose the conserved quantity satisfies
X{7(0) + X57(0) + X5'(0) = N,
where N is large, and that XV(0) is not far from the equilibrium ¢”, which satisfies

N

N _ Kokikg @y +1 N k1 N N, N, N
= : = and ¢ + ¢ +¢) = N.

a3 Kot hs g — 1 a3 ry o+ F3 a3 @ T4 T3

Therefore, for N large X{V(0) will be near the value q = foetes while XN(0) and X2V (0) go to infinity
as N — oo. In this context, A is a discrete species, @1 = 0, and B and C are continuous species,
as = ag = 1. Furthermore, 8, = 1 for each r, and Assumption 1 holds. In this case, the limiting rate

functions defined in (10) are given by

. _ 1 Nzo(Nag — 1

= RoT1x2,
and similarly,

Ao (x) = K1z, Aocop() = kexs, and Aoa(x) = Ksws.



Returning to the general setting, let R be the set of reactions whose source complex contain a
continuous species, i.e.

R={y—y €R : m(y) #0}. (12)

Due to (10), the reactions in R have much higher rates than the other reactions, when N is large.
Therefore, they give the major contribution to the dynamics of the stochastic system, and we focus on
them.

We define two reduced systems, one being a projection onto the discrete species space and the other
being the projection onto the continuous species space of the dynamics induced by the reactions in R.
We begin by considering the projection onto the discrete species. Define

ma(C) = {ma(y) : y €C},
Ra = {ma(y) = ma(y’) : y =y € R and ma(y) # ma(y')},

and let Gy = (Xy,74(C), Rq) be the reaction network associated with the discrete species. For example,
for both Example 1.1 and Example 1.2, the network associated with the discrete species is

A=0,

which has a Poisson stationary distribution. Let z, — 2}, € ﬁd. For any vector w € RI;%I we define the
function AY, : RI¥al — R> via

)= Y Avw), (13)

yrﬁy; eﬁd’k

where RYF = {y, — y. € R : ma(y,) = 21, and ma(yl) = z;.}. Let KY be the kinetics defined by (13),
and define .%}" = (G4, KY). Note that the functions A, in (13) are the limit rate functions in (10). The
sum in (13) is needed, as the cardinality of REF is not necessarily 1. Consider for example the following
modification of Example 1.1:

A+B 2B 5 A4+2B, B A

R4

The reactions 2B — A + 2B and B — A collapse to the same reaction in ﬁd, and the same happens
to A+ 2B — 2B and A+ B — 2B. In this case, if w denotes the concentration of the species B, the
system .7}" is given by

A n1w+n4w2 0
Kow+kKzw?
We make a key structural assumption on our models.
Assumption 2. For any y, — y.. € R,
v!
Ar(v, w) = Fip(w) ————,
" " (v — ma(yr))!

for some functions k, such that x,(w) > 0 whenever w > 0. It follows that for any w > 0 the system
i’ is endowed with stochastic mass action kinetics. Further, we assume that for any w > 0 the system
is complex balanced. We also require that G; endowed with mass action kinetics is irreducible.

For the systems in Examples 1.1 and 1.2, .%}" is given, respectively, by the stochastic mass action
systems

AZ20 and A%O, (14)
Kow K3ws2

where in the first system w represents the amount of species B and in the second system w; and ws
represent the amounts of species B and C, respectively. In both cases, Assumption 2 holds, due to
Theorem 2.2.



Thanks to Assumption 2 and Theorem 2.1, we know that for any positive w there is precisely one
complex balanced equilibrium of the system .%;”, which we denote by ¢/. For example, for the first
system in (14) associated with Example 1.1 we have ¢ = ka/k1, whereas for the second system in (14)
associated with Example 1.2 we have ¢4 = kswa/kows.

Assumption 2 is the last structural assumption we require for our main results. Now we impose some
conditions ensuring that the systems are “well-behaved.” Specifically, we want that the magnitude of
the counts of each species is maintened constant in a compact interval of time. In particular, we want
to rule out the possibility of a blow up or of a zeroing of the concentrations of the continuous species,
and we want the counts of the discrete species to be bounded, in some sense.

We start by considering the projection onto the continuous species. Let

m(C) = {mc(y) : y € C},
Re = {me(y) = me(y)) : y =y € R and 7.(y) # 7(y')},

and define G. = (X, 7.(C), ﬁc) We now define the kinetics for the network G.. For any vy, — y.. € 75,
define

Ar(v,w) = £y (w)o™ ), (15)

where the r,(w) are as in Assumption 2. Note we are assuming that the intensities A, (v, w) take the

form of deterministic mass action kinetics and not stochastic mass action. For any z;, — z, € R., we
then define the function A, : RIXal R>q via

)‘CJC(w) = Z 1{w>0}}"7“(qz1ua ’LU), (16)

yray;eﬁ&k‘

where R = {y, — ¢/ € R : me(yr) = 2z and 7.(y.) = z}.}. Let K. denote the kinetics defined by the

above rate functions, and define .7, = (G, K.). Finally, fix a finite time 7" > 0 and a point X, € R';%‘.

Assumption 3. Assume that the deterministic solution z(¢) of the system .7, with initial condition
7e(Xo), exists for any ¢ € [0, T]. Moreover, assume that for all ¢ € [0,T] we have z(t) > 0.

Remark 3.2. A slightly more general scenario than that given by Assumption 3 could be considered.
Specifically, we could allow z(t) to be equal to zero for some ¢t € [0,T]. In fact, for our purposes it is
enough that (i) the deterministic solution z(t) exists and (ii) that the reaction rates A, are of the form
described in Assumption 2 and (iii) .,}” is complex balanced for any w in a neighborhood of {z(t) }+e0, 1)
(relative to the non-negative orthant). For Corollary 3.2 to hold, we will further need to assume that for
w varying in such a neighborhood, the quantities k.(w) introduced in Assumption 2 are bounded from
below by a positive constant.

Consider Example 1.1. In this case, for any w € Ry we have ¢ = ka/k1, and the system .7, is
given by
0<% B ™ 2B. (17)
Hence, in this case the deterministic solution z(t) is constantly equal to m.(Xo).

Consider now Example 1.2. Here, for any w € R2 , ¢4 is given by k3w /kow;. Therefore, the system
L 18

9B — 3B, B<=(C %0,

R2

with Aop_3p(w) = k3ws. When deterministically modeled, the dynamics of the system is equivalent to
that of the deterministic mass action system

K1

B C (18)

K2+K3

and it can be easily shown that Assumption 3 holds, since m.(Xg) > 0.



Assumption 4. There exists a locally bounded function : ng%il — R>; satisfying

(i) lim t(v)=occ and (i) sup sup E [¢(XJ(s))] < oo,

lof| =00 NeNsq te[0,T]
such that for any reaction y, — y.. € R and any compact set I" C IR';%'
(v, w
(iil) sup sup Ar (v, w) < 00.

wEFUE]R\:f’d\ 7/’(”)

Remark 3.3. For any reaction y, — y. € R and any N € N assume that A, has at most polynomial
growth rate in v. Let p: RI*l — R be a polynomial satisfying

| Xel

A
max _limsup M =0 forany we RI;,

yr—yr€R [|v]|—o0 p(’U)

and let d be the degree of p. Then, a candidate for v is

With this choice, 1 automatically satisfies (i) and (iii).

We now state and prove the theorem which provides the backbone for our results in the setting of
absolute concentration robustness.

Theorem 3.1. If Assumptions 1 to 4 hold, then

sup ‘NﬁlXc]Xm(t) —z(t)) ——0
te[0,T) N —o00

in probability, where z is defined as in Assumption 3.
Moreover, if Pois(q) denotes a product-form Poisson distribution with parameter q, then for any

continuous function g: RLXO(” — R satisfying

lg(v)|

timsup "y = )
we have .
| [ (o0kton — Bla(m ) )as| 0
in probability and for each 6 € (0,T)
sup | Blg(X2o(t))] — Elg(7* ]| —— 0. (20)

tels,T]

where J*(5) ~ Pois(q;(s)).

Remark 3.4. If Assumption 2 is not satisfied, but we know that for any w € R‘:(Ocl

7’ possesses a unique stationary distribution p* with

the stochastic system

Ew[Ar(v,w)] = Z Ar (v, w)p® (v) < oo for every y, — yl. € R,
veEN¥d

then Theorem 3.1 still holds, provided that every occurrence of A,(¢Y,w) is replaced by E,uw[A.(v, w)].
The proof of Theorem 3.1, with small changes, also covers this generalization. In regard to this broader
setting, see also the results in [17, 23].
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Proof. For the sake of simplicity, throughout the proof we will write ¢ instead of t A T, but it is always
implicitly assumed that ¢ € [0,7].

We follow the arguments of [17, 23], which rely on the techniques developed in [21]. We will first
prove the theorem under the assumption that

sup P < sup N 7H|I X5 ()]l oo > M) =0, (21)
N t€[0,T]

for a certain constant M satisfying
sup [[z(t)]|eo < M.
te[0,T
The above assumption holds when a positive linear combination of the species is conserved, or if we study
the process up to the time when the concentration of a continuous species exceeds a given threshold. We
will then drop the assumption (21).
Define the occupation measures T'N on Rl x [0, T] by

b
DD ¢ a,b) = [ oK),

Note that
dTN (v, 8) = dyN (v)ds, (22)

where 7 = 5X§f, (s)» With &, denoting the usual Dirac measure on RI¥4l, By part (ii) in Assumption 4,
we have that for any € > 0 there exists a constant M. > 0 such that

sup  sup P(1/J(Xé\{sc(s)) <M)>1-—e.
NEN~ s€[0,T]

It follows that
E TN (~([0,M.]) x [0,T])] > (1 —¢&)T.

By part (i) in Assumption 4, we have that ¢»~1([0, M.]) is compact, and Lemma 1.3 in [21] implies that
the sequence of random measures I'"V is relatively compact (see also Lemma 2.9 in [18]). Let I' be a weak
limit point.

Consider the generator LV for the process N=*X(t), defined by

V) = > AV(N°a) (f (z+ N~y —y)) — f(:z:)), for Noz € NI¥I,

Yr—yYLER

From the generator LY we can obtain two generators, one related to the limiting behaviour of the
concentrations of the continuous species (whose changes take place at the time scale ¢) and the other
one related to the discrete species (whose changes take place at the time scale N~1¢). For any function
h € C2(RI*el) and 2 € NI¥al x RI*el define

Leh(w) = lim LY (hom,)(N~Y[N“z])

= Y gim AVl (h(re(N U ING]) + Ny — y)) = h(re(N 0[N a)) ) )
Yyr—Y,.€ER

= Z )‘T(‘T)ﬂ-c(y/ - y) : Vh(ﬂ'c(l')),

yr—>y;e7€

where we made use of Assumption 1 to compute the limit, and - denotes the scalar product. Note that
L.h € CHRI* and that LY (hon.)(N~%[N“z]) converges uniformly to L.h(x) on = (which follows from
the fact that h has compact support). L. can be interpreted as the generator of the limiting behaviour
of the concentrations of the continuous species.

11



On the other hand, for any function g € C.(NI¥¢l) and 2 € NI¥al x RI¥l define

Lag(z) = lim_ NN (g omg)(N~¥[N“z])

— Z ngnoo N_lAiv([N“x])(g(ﬁd(z) +ma(y’ — y)) — g(ﬂd(x)))
Yr—YLER

= > ~)\r(ﬂc) (g(ﬂd(iﬂ) +ma(y — y)) - g(ﬂd(iﬂ)))-
yr—y €R

The convergence is uniform in z. L4 can be interpreted as the generator of the limiting behavior of the

discrete species on the timescale N~1¢. For any w € R‘EXOC | we can define the operator LY by

LYg(v) = Lag(v,w) Yo e Nl%al,

which corresponds to the generator of the system .7}".
For any h € C2(R!¥l), the process

M (t) = h(N T X5 (1) = (N T X5,,(0)) —/O LY (hom)(N~X™(s))ds (23)

is a martingale. Let

S (t) = /0 (Leh — LN (hom.)) (N~*XN(s))ds.

By the uniform convergence of L (h o 7.)(N~*[N®x]) to L.h(x) with respect to x, we have that

lim F

N —oc0

sup |37 <t>|] =0. (24)
te[0,T]

Moreover, (ii) and (iii) in Assumption 4, together with (21), imply that

sup F /T|Lch(N“XN(s))|ds] < oo. (25)
N 0

Since (23) is a martingale, tightness of the processes XX . stopped at T follows from (21), (24) and (25),
and by Theorems 3.9.1 and 3.9.4 in [12].*

Let (W,T') be a weak limit of (XX (- AT),T'V). By the same arguments as in the proof of Theorem
2.1 in [21], we have that

MaE) = V) RV O) [ L, W,

is a martingale. On the other hand, for any g € C2(RI%al), the process
t
My (t)=N"" {Q(Xé\fsc(t)) — 9(Xdie(0)) — /O LY(goma)(N~* X" (s))ds

is also a martingale. Since the function g is bounded and by using uniform convergence of N =1L (gom,)
to Lg4g, we have that a weak limit point for M, ;V is given by

M, () = — / Lag(v, W (8))dT (v, 5),
RI*alx[0,]

*To be specific, the processes to which we apply Theorem 3.9.4 in [12] are,
t
Zn(t) = Lh(NT2XN (1)), and Yi(t) =MP (t) + / Zn(s)ds,
0

where Z,, Y, is the notation utilized in [12]. This notation is now dropped throughout the remainder of this paper.

12



which is therefore a martingale. By (22) we have
A (v, 5) = dos(v)ds, (26)

for a family of measures 5. Therefore, J/M\g(t) is continuous and for any t; < to

/ |Lag(0, W (s)) dT(v,8) < (t2 — ) sup |Lag(x)],
RIXal x [t ,ta]

zERX

which implies that J/W\g(t) has finite variation paths. This in turn implies that M\g(t) is constantly equal
to My(0) = 0 for any ¢ € [0, 7] with probability one. Therefore, almost surely, for almost every s € [0, 7]

[, B Oawrto) =0,
d

where 7, is as in (26). Since C2(RI¥1) is separable, we have that, for almost every s € [0, T,

/R\X | LZV(S)Q(U)d%(U) =0, Vge CCQ(Rlxdl)-
d

Thus, for almost every s such that W(s) > 0 with probability one, the measure 7, is equal to the

unique stationary distribution of the system ydw(s). Due to Assumption 2 and by Theorem 4.1 in [3], it

corresponds to the product form Poisson distribution Pois(q}i/v(s)). Therefore we can write

s = Liwesy»opPois(ay ) + (1 = Lws)»0))s-

The weak limit process W (t) is a solution to the martingale problem
t
Ma(t) =h(W(£)) — h(W(0)) - / /‘X Leh(v, W(s)dys(0)ds
0 JRIa

=h(W(t)) = h(W(0) — / Liw (5030 (a) &, W(s))me(y’ — y) - V(W (s))ds

yr%yLGﬁ
t
- / (1 - Tawsop) / Leh(v, W (s))da(v)ds,
0 RIXal

where in the last equality we used that if V' is a product form Poisson random variable with mean ¢,
then for any non-negative integer vector y of the same dimension of V'

This in turn implies that E [A.(V,w)] = A.(q,w), where A, are as defined in (15). By Assumption 3,
W (t) is uniquely determined by the solution to

W(O) :WC(XO)

W =wo)+ 3 / 1wy e (@ W (8))me (o — y)ds+

yray;eﬁ
t
—|—/ (1—]1{W(S)>0})/ Leid(v, W(s))dys(v)ds
0 RIXaql
=WO)+ Y. | Mgy W(s)mely — y)ds,
yray;eﬁ 0

which is given by z(t). The first part of the theorem is therefore proved. The second part follows from
Lemma 2.9 in [18].
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To prove that the first two parts of the theorem hold without assuming (21), fix two positive constants
M and § with the property
sup ||z2(t)]|oc < M — 6,
te[0,T]
and consider the stopping time
™ =inf{t € [0,7] : N"Y XY .(t)]oo > M}.

cont

Note that N~ X one(77) is also uniformly bounded in N, as

N7 X Gt (T oo < M + max{(|&r[loc} = M.

Therefore, (21) holds up to time 7V with the constant M’, which means that for any e there exists N,
such that for any N > N,

P < sup [|[NTIXN (1) - z(t)| > 5) <e.

te[0,7N]

Since {7V < T} Cc {|N71XX . (t) — z(t)|| > ¢}, it follows
that for N large enough P(7Y < T') < e. We conclude our argument by the arbitrariness of ¢, since for

N large enough

cont

(V) = 2(rM)|| > 8} C {supeo, v [N TIXE

P ( sup [[NTIXZE () — 2()] > 77) <P < sup [N TIX (1) — 2(t)] > n) +e,
t€[0,T] te[0,7N]

P < s, /Ot (g(XéYsc(S)) - E[g(JZ(S))])dS > 77) <P < sup /Ot (Q(Xﬁsc(S)) - E[g(JZ(S))])dS > 77) +e.

te[0,T te[0,7N]

To show the last part of the theorem, namely (20), consider a converging sequence {ty} in [d, T'] with
limit ¢. Fix a positive real number rg and for any r < ro and any N > rq/d define

T —To
V) = X (o + ).

By Assumption 4 (ii), the sequence YT]: (0) is relatively compact. Let Y;,(r) be a process with generator

Lfl(t) and such that Y, (0) is the weak limit point of a subsequence Y, (0). By using again Assumption
4 (ii) and the weak convergence of N1 XX ' (s) to z(s), for any function g : N*¢ s R that satisfies
(19) we have

B [9 (Xczl\i];z (tNm))} = lim F [g (YN (ro))]
= lim E [g (Y, (0))]

m— o0
T0 J—
+ lim N, 'E [LN’"(gowd) (Kjgm(r),XC]m <tNm +2 7’0)>} dr

Bl (O + [ B[00, )] dr

Note that the left-hand side of the above equation does not depend on rg. Moreover, Assumption 4(ii)
implies that the limit F[g(Y;,(0))] is bounded from above, independently of ro. Therefore, we can
consider a weakly convergent sequence g (Yrg (0)) with r{l — 0o as n — oo. Letting g(Y(0)) denote the
weak limit, we have

i £ [ (X3 (,))] = Bl + [~ B[109006))] ar

m—o0

Since L*®) is the generator of a stochastic process with stationary distribution Pois(q;(t)), we must have

lim E g (X3 (tn,)] = B [9(7:0)]

m— 00

14



Moreover, since the limit does not depend either on the particular subsequence V,, or on the converging
sequence tp, we conclude

sup |Blg(X3e(6))] - Elg(J*")]| —— 0.
te[s,T) —00

which is (20). O

In some cases Assumption 4 can be difficult to check, even if it seems natural for the analysed
system. For this reason, we state here a corollary of Theorem 3.1 concerning a particular case for which
Assumption 4 is automatically satisfied.

Corollary 3.2. Assume Assumptions 1 to 3 hold. Assume also that
NN (0, [Nw]) < hp(w)o™ @) for any y, — v, € R, (27)
for some continuous positive functions ET: RI*l 5 R, and that
NN (v, [Nw]) > hy(w)w™ @)™ W) for any y, — . € R, (28)

for some continuous positive functions h,: RI¥l — R. Furthermore, assume that in the support of any

complex y € C at most one discrete species appears, and its stoichiometric coefficient is 1. Then, for any

continuous function g: R‘;{l‘ — R with at most polynomial growth rate we have

— 0

sup
N —o00

te[0,T)

/t (g(Xcll\ifsc(S)) - E[g(JZ(s))])ds

0

in probability, where J* ~ Pois(¢y) and z(t) is as in Assumption 3. Moreover, for any continuous

bounded function o: Rg{l‘ — R and any 6 € (0,T), we have

sup | Blp(Xae ()] — Ele(J* )] —— 0.
te[s,T) —00

Remark 3.5. Assume that CVV is mass action kinetics and at most one discrete species appear in the
support of any complex y € C. If the rate constants are rescaled according to (11), then(27) and (28)
are automatically satisfied. Indeed,

NN (v, [N) = (5p + ) (™) + (w0,
for some sequence €} converging to zero, and some function €% (w) converging to zero uniformly on w.
In this regard, see Remark 3.1.

Proof. By Assumption 3, we can choose two positive constants m < M such that

inf zi(t) >m and sup zi(t) < M. 29
Si€Xe,t€(0,T] ) Si€X.,t€[0,T] () (29)

For any N € N+, consider the function 7V : RI*! — RI*! defined by

(e (2)), = {(Nm\/:z:i) ANM if S; € X,

T; otherwise.

Consider the modified family of kinetics " defined by

XN

T

(z) =AY (7N(x)) forz e NI¥I,

We have N _
lim N=%N ([N°z]) = N\ (x) = A\, (7' (),

N—o0
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where the limit is uniform on compact sets. Furthermore, A, is locally Lipschitz. Let K be the kinetics
defined by the functions A,. Our first aim is to prove that for a suitable choice of 1, Assumption 4

holds for the modified kinetics. We then apply Theorem 3.1 to the reaction systems (g, EN). Let xV (t)

—N
denote the stochastic process associated with (G, ). Define

Ny= S X' 0= Y xN1) and A=Y &

Si€Xy Si€Xy Si€Xy

Since the complexes y are non-negative vectors, we have

Ar= Y (yri = yri) = Imalyr)lh = Imaye) -
SieXq

By hypothesis, for any complex y € C we have ||74(y)|[1 < 1, which implies that —1 < A, <1 for any
yr — Y. € R. Moreover, we have

Ar=1 = |lma(yr)1 =0

30
Av=-1 = |maly)li=1 (30)
Furthermore,
t
Ny=aVO0)+ > AY < / P (7%)) ds>
yT%y;ER 0
t t
=N+ Y v, </ P (YN(S)) ds> 3 Y(/ P (YN(S)) ds) (31)
Yr =yl ER 0 yr—YLER 0
r=1 r=—
Define N
M* = max max  h,(w) and m* = min min hT(w)w”C(yT),
Yr—=ylER m<w<M Yr—=yLER m<w<M

which are both positive constants. By (30) and (27), whenever A, = 1 we have

~N

A, (v, Nw) < NM*.

(a

On the other hand, by (28), if y, — y.. € R and A, = —1 then

)\N(v,Nw) > NP m*y; for some S; € X.

T

By Assumption 1, all the species in Xy are either produced or consumed by a reaction in Ra. Moreover,
by Assumption 2 the system .7" is complex balanced, which implies that it is weakly reversible by
Theorem 2.1. Therefore, all the species in Xy are both produced and consumed by some reaction in R,.

In particular, for any S; € Xy we can choose a reaction y,.;) — y;(i) € R such that &r(iyi = —1. We have
that . .
Z Y. (/ Xiv (YN(S)) ds) > Z Yo (/ Nm*yz{v(s)ds) .
yr =y, ER 0 Si€Xy 0
=1

Then, from (31) it follows that

Ney<oaNo+ Y v, (/Ot NM*ds) - Y Y (/Ot Nm*YjV(s)ds),

yr—ylER SieXq

which implies that o” (t) is stochastically bounded by

B(t) = o™ (0) +Y’ (|R| - M*t) —y” (/Ot m*B(s)ds) ,
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where Y’ and Y are two i.i.d. unit-rate Poisson processes. That is, for all u > 0
P sup UN(t)Zu <P| sup B(Nt)>u].
te[0,T] te[0,T]

It follows that
sup E[o™(t)"] < sup E[B(Nt)"].

te[0,7] t€[0,7)
Then, for any n € N
sup E[o™(t)"] < sup E[B(t)"] < oo. (32)
te[0,7] t€[0,00)
NeNs o

The last inequality is due to ergodic properties of the birth-death process B(t). For any n > 1, we define
P R 5 RSy via

Due to (27), AY has at most polynomial growth rate in v, for any reaction g, — y. € R and any N € N.
By (10), the condition (27) also implies that the rate functions A, have at most polynomial growth rate.
By Remark 3.3, if n is large enough, v, satisfies (i) and (iii) in Assumption 4. Moreover,

E [0 (Rgie(s))ds| < B [0% (5)"ds]

hence, due to (32), part (ii) in Assumption 4 is verified, as well. Assumptions 1 to 3 also hold for the
systems with modified rates. Moreover, due to (29), the solution of the deterministic system (G., K.)
coincide with z, the solution of the deterministic system .#,. Therefore, Assumption 3 is satisfied as well

and we can apply Theorem 3.1 to the modified reaction systems (QC,KN). We have

sup |NTIXN(#) — 2(t)] —— 0 (33)
te[0,T) N —o00

in probability. Since by definition any function g: Rt%” — R with at most polynomial growth rate

satisfies
l9(v)|

lim sup =0

[vol|—o0 ¥n(V)

for n large enough, we have

—0

su
P N —oc0

te[0,T]

[ (ot — Bl )i

in probability. Moreover, for any continuous bounded function ¢: R'Z)%dl — Rand any ¢ € (0,7) we have

—N -
sup | Elip(Rgie()] = Elp(J* ]| —— 0,
te[s,T) —+o0

The proof is completed by noting that if the path of Yé\gsc is different from the path of X} . then we
have N o
inf N7'X, (t)<m or sup  N7'XG(t) > M.
S—;GXC,tG[O,T] SiEXC,tG{O,T]

However, by (29) and (33), we have

P inf Nflyﬁv(t) <m or sup N 'X;(t)>M | ——0.
SiEXC,tE[O,T] SiEXC,tE[O,T]
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4 ACR setting

We turn to the ACR setting and start with the formal definition of absolute concentration robustness
(ACR).

Definition 4.1. Let ¥ = (G,K) be a reaction system. We say that a species S; possesses absolute
concentration robustness (ACR) in . if for any two positive equilibria ¢,q of the deterministically
modeled system ., we have ¢; = ¢;. In this case, the species S; is called an ACR species and, if a
positive equilibrium ¢ exists, g; is called an ACR value. If a system . possesses a non empty set of ACR
species, we call it an ACR system.

Consider a reaction system .# that has no equilibria or a unique equilibrium. According to Definition
4.1, all the species of . are ACR species, however in these cases the ACR property is not particularly
meaningful.

Definition 4.2. We say that a system .7 is a non-degenerate ACR system if it is an ACR system and
possesses at least two positive equilibria. If an ACR system exhibits less than two positive equilibria, we
call it a degenerate ACR system.

We will focus on non-degenerate ACR systems. Note that in such systems not all species can be ACR
species.

In non-degenerate ACR systems, the ACR species maintain their steady-state concentration regardless
of the total amount of molecules present in the system. Our goal is to study the behaviour of the system
when the abundances of species that do not exhibit ACR tend to infinity. It is therefore natural to use
the setting developed in the Section 3 and let the ACR species, or at least a chosen subset of them, be
discrete species. We further assume that the rate functions are rescaled consistently with the hypotheses
of Section 3, such that (10) holds uniformly on compact sets.

In order to study the limiting behaviour of ACR systems, we first introduce the system S = (Xx,C, ﬁ, E),
where the set of reaction R is as defined in (12), namely

R={y—vy €R : m(y) #0}.

Furthermore, the kinetics K is given by the functions Xr defined in (15). For convenience, we repeat here
the definition: for any y, — y. € R

)\r(va w) = Hr(w)vﬂ-d(yr)v

where the k,(w) are as in Assumption 2. We now state some corollaries of Theorem 3.1, assuming the
next assumption is satisfied.

Assumption 5. We assume that Sisa non-degenerate ACR system, and that at least one of the ACR
species is a discrete species.

Consider Example 1.1. The system 7 coincides with the system introduced in the example itself,
namely (1), and it is a non-degenerate ACR system. On the other hand, in Example 1.2 the system .
is given by

A+2B—33B, B==(C% 4,

K2

with Aat2p—3p5(x) = kor122. Therefore, the dynamics of 97, if deterministically modeled, coincide with
that of the mass action system

A+B % 2B, BS54, (34)

K2
which is a non-degenerate ACR system with equilibria determined by the equations

K1K3 Ko + K3
and o = —x3.

r1 = —F—<
Ho(lig + Hg) K1
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When Assumption 5 is fulfilled, denote by Xacr the set of discrete ACR species. Let macr : RI%el — RI¥acrl
be the projection onto the species of Xacr, and let Xacr(t) = macr (Xa(t)). Finally, let ¢ be the vector
of the ACR values for the species in Xacr, and let

J ~ Pois(q). (35)

Corollary 4.1. Suppose that Assumptions 1, to 3 and 5 hold. Moreover, assume that (27) and (28)
hold, and that in the support of any complex y € C at most one discrete species appears, and appears
with stoichiometric coefficient 1. Let m.(Xg) be a positive equilibrium point for 7., and let J be as in

(35). Then, for any continuous function g: R%ACR‘ — R with at most polynomial growth rate we have

[ (@0x2en (o) - B

sup
t€[0,T]

— 0 (36)
N —oc0

in probability. Moreover, for any continuous bounded function @: RL)%ACR‘ — R and any § € (0,T), we

have
sup | E[3(XAcr ()] = EI@(J)]| —— 0.
te[s,T) N—oo
The corollary is expressed in standard probabilistic terms, however its meaning might be more intu-
itively clear with a particular choice of functions g and @. For example, if g is taken to be the translated
projection x; — ¢;, we obtain
t
sup / (XAVCR(S) - q)ds —0
tefo,7]Jo N—oo
in probability, where the integral is to be interpreted component-wise. The latter means that on average
the counts of the discrete ACR species are well approximated by their ACR value. Moreover, if we let @
be the indicator function 14 for a set A C N‘XACR‘, we have

sup |P (XAcgr(t) € A) — P (J € A)| —— 0.
te[s,T] N —o0

Proof. Since m.(Xo) is an equilibrium point for ., we have z(t) = 7.(Xo) for any ¢ € [0,T]. Moreover,
by definition ¢ is the complex balancing equilibrium point of the system .;”. By the definition of I,

7e(Xo)
(qd (Xo

from Corollary 3.2, applied to the functions g = go macr and ¢ = @ o TACR.- O

,me(X0)) is a positive equilibrium point for . Hence, macr (qgc(Xo)) = ¢ and the result follows

Ezample 4.1. Consider the reaction network in (1). .7 is given by (17), for which any non-negative real
point is an equilibrium point. We choose a sequence of starting points such that X{¥(0) is bounded and
N~=1XN(0) tends to a positive real number. Therefore, the hypotheses of Corollary 4.1 are fulfilled for
any positive T". In this case there is only one ACR species, namely A, and it is the only discrete species.
Hence, as N — oo the distribution of the counts of species A tends to a Poisson distribution with mean
given by the ACR value ¢ = k2/k1. The convergence is both on average and at fixed time points, in the
sense of Corollary 4.1. O

Corollary 4.2. Suppose that Assumptions 1, to 3 and 5 hold. Moreover, assume that (27) and (28)
hold, and that in the support of any compler y € C at most one discrete species appears, and appears with
stoichiometric coefficient 1. Assume that w.(Xo) is in the basin of attraction of an equilibrium point of
S.. Then, for any continuous function g: RLXOACR‘ — R with at most polynomial growth rate, E[g(J**))]
tends to E[g(J)] for s — oo, where J is as in (35). Moreover,

[ (@centsn - B )i

sup
te[0,7)

— 0 (37)
N—o0

in probability, where J* ~ Pois(qy) and z(t) is as in Assumption 3. Finally, for any continuous bounded
function @: R‘;%ACRl — R and any § € (0,T), we have

3w |ERORen®)] - BB o
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The result implies that E [J*(9)] = qZ(S) tends to ¢ for s — oo, where J is as in (35). Moreover,

/t (XAVCR(S) - qz(s))ds

0

———0 (38)

sup
N—o00

te[0,T)

in probability. That is, the discrete ACR species are well approximated on average by their ACR value,
after a certain time. Finally, for a set A C Nl¥acrl

P(XN .t)yeA) —P(JF®DecA) ——0
t:[l;%]‘ ( ACR() ) ( ) N—oco

(

and the parameter of J*(*), which is qé t), tends to q.

Proof. For the sake of simplicity, throughout this proof w will denote a vector varying in IR';%Cl, even if
not explicitly stated.

First, recall that, regardless of the value w > 0, the complex balanced equilibrium ¢ is the unique
solution of a system of multivariate polynomial equations, and as such, it is continuous in the coefficients
of the polynomials [27, Chapter 8]. In particular, it is a continuous function of w > 0.

Consider a sequence of vectors (wy)nen C R‘focl converging to w* > 0. Therefore, the sequence
(g™ )nen converges to q}i"* and by Lebesgue’s Dominated Convergence Theorem we have that

E[g(racr(J""))] —— E[g(racr(J"))];

n— o0

where J* ~ Pois(qy). This implies that E[g(macr(J"))] is a continuous function of w.
Let w* be the equilibrium point of .7, whose basin of attraction contains 7.(Xp). Since (g% ,w™*)

is an equilibrium point of the system 7 considered in Assumption 5, we have that FACR(quU*) =gq. In
particular, macr(J® ) ~ J and E[G(J*®*))] tends to E[g(.J)] for s — oco.
The conclusion of the proof follows directly from Corollary 3.2. O

Ezample 4.2. Consider Example 1.2. Let X{V(0) be a bounded sequence, and let N~1(X2(0), X2¥(0))
tend to a positive real vector. The continuous system .7, when deterministically modeled, is equivalent
to (18). Therefore the hypotheses of Corollary 4.2 are fulfilled, since any (b,c) € R% is in the basin of

attraction of
o — ((HzﬂL'fs)(bﬂLC) r1(b +c) )
ki+hKe+kKs Ki+ket+hrs)

Let ¢ be the ACR value for A in the system (34). Therefore, after some time the counts of A are
approximately distributed, both on average and at any fixed time point, as a Poisson random variable
with mean ¢, in the sense of Corollary 4.2. (]

We conclude this section with two examples that do not fit in our theory. However, the examples are
still tractable with the techniques we presented.

Example 4.3. Consider the stochastic mass action system
2A+ B =% 3B, B A

Due to [25], we know that A possesses ACR and the system is a non-degenerate ACR system. The
discrete system .7} is given by
24 50 25 A

Therefore, the discrete system is not weakly reversible and by Theorem 2.1 it cannot be complex balanced.
It follows that Assumption 2 does not hold, and by [9] we know that the .7}", stochastically modeled,
cannot exhibit a Poisson stationary distribution. However, a stationary distribution p* can be shown to
exist by standard methods. By following the proofs of the results in this paper, we can still argue that,
if XN (0) = (a,bN) and J* ~ p%, for any continuous function g: R>o — R with at most polynomial
growth rate we have

sup
te[0,7)

/0 (X () - Elg(77))ds

— 0 (39)
N —oc0
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in probability. Moreover, for any continuous bounded function ¢: R>g — R and any § € (0,7"), we have

sup |E[p(X{ ()] = Elp(J*D)]| —— 0.
te[s,T) N—oo
In this regard, see also Remark 3.4, where this situation is discussed.

Unfortunately, there are not many methods available that explicitly calculate stationary distributions
for non-complex balanced systems. Thus, most examples not fulfilling Assumption 2 are analytically
intractable. However, for some calculations of stationary distributions for non-complex balanced systems,
see [2]. O
Ezxample 4.4. The results in this section rely on Corollary 3.2, whose assumptions are easy to check.
However, here we show how the same conclusions can be derived directly from Theorem 3.1, provided
that Assumption 4 can be checked for the process or for a convenient modification thereof. Consider the
deterministic mass action system given by

A+BES 244+ 02 A+ DEBEL A+ C

K5 Ks5 (40)
B+—D—=C

with the constraint that k1/k2 = k3/k4. The species A is the only ACR species, and its ACR value is

R3R4 R4
q= =
Ri1k2 K2

where the last equality derives from k1/k2 = k3/k4. If we let A be the discrete species and B, C' and

D be the continuous species, then Assumption 1 is fulfilled. In this case, the system 7 coincides with
the above mass action system (40), and Assumption 5 is also satisfied. Let w = (w1, we,w3) denote the
concentrations of the species B, C' and D respectively. Then, the system .}” is given by the stochastic
mass action system
0 == 4 204,
K4aws KoWs

which is complex balanced for any positive w due to the assumption ki1/k2 = k3/k4. The system .7} is
also irreducible. Therefore, Assumption 2 is fulfilled and the complex balanced equilibrium is given by

w K1W1

dq =

KRoWsg '
The system .7, is given by

B=—C =D = B,

K5 K3
where
H2w2 KR1R4W1
Apoo(w) = Aesp(w) = 22 and Aoop(w) = ——.
R2W2 K2

For simplicity, we choose our initial condition equal to an equilibrium of (40)

XN(0) = (E N, 2N, @N> .
K2 Kq R5
In this case, we have that z(t) is constantly equal to z(0) = (1, k1/K4, K3/K5) and Assumption 3 is clearly
satisfied.
Following the proof of Corollary 3.2, we can modify the kinetics of the original system by

Xiv(:c) =AY (7V(z)) forze NI¥,

We can derive the same conclusions as in Corollary 3.2 by noting that .#;" defines a birth-death process
whose moments are all uniformly bounded in time, and a uniform bound can be found also by letting w
vary in a compact set. Therefore, the counts of the ACR species A are well approximated by a Poisson
random variable with mean the ACR value k4/k2. The approximation is both on average and at finite
time intervals, in the sense of Corollary 4.1. If, on the other hand, m.(X™(0)) does not converge to an
equilibrium point of .%,, then we can still control the behaviour of the species A in the sense of Corollary

4.2.
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5 EnvZ/OmpR signaling system

As another application of our results, we consider the two-component EnvZ/OmpR osmoregulatory
signaling system in FEscherichia coli, using the model proposed in [26] and considered in [4, 25]. The
model corresponds to the following mass action system, where [D] and [T'] are constants describing the
concentration of some slowly interacting chemical species:

r3[T] K

XD—— X —=— XT 5 X,
KQ[D] %

Xp+Y::jXpY”—8>X+Yp

XD+Y, == XDY, ™ XD +V,
K10

where X = EnvZ,Y = OmpR, X, = EnvZ-P,Y, = OmpR-P, D = ADP, and 7' = ATP. The abundances
of both ADP and ATP are assumed to be large enough so that their consumption in the first chain of
reactions only negligibly changes their concentration. The first chain of reactions describes the phospho-
rylization of EnvZ, the second chain corresponds to the transfer of the phosphate group from EnvZ to
OmpR, and finally the third chain describes the dephosphorylization of OmpR.

Due to [4, 25], it is known that the species Y, exhibits ACR. Moreover, Y, is the only ACR species.
For simplicity, instead of ordering the species, here we will denote by zg the concentration of the species
S. At equilibrium

kiksks (k1o + k11) [T

Ry, — =q
P HQ(FL4 + H5)/€9/€11[D]
k3T K1 K K11
RXT =~ *AX = ——— _*XD = ——2X,Y = —__RXDY,
K4 + K5 K4 + K5 K5 K5
R7 K11
ZX,2Y = —ZX,Y T —2XDY,-
K6 at§]

There are two quantities that are conserved at any time point, namely

c1 = 2y (t) + 2y, (t) + 2x,v(t) + 2x Dy, (1)
c2 = zx,(t) + zx1(t) + 2x(t) + 2xp(t) + 2x,v (t) + 2x Dy, (),

for some positive constants c1,co depending on the initial conditions. If the amounts ¢; and co are
increased, then the equilibrium concentrations of all the species not exhibiting ACR are increased as
well, except for X, and Y, the equilibrium concentration of one of which could remain small.

Consider now the above reaction system in the stochastic setting. We want to know what happens if
we increase the initial counts of the species such that the conserved amounts are equally increased and
the initial condition is in a neighbourhood of an equilibrium point of the system. Therefore, we uniformly
increase the counts of the species not exhibiting ACR, and we choose to keep X, or Y small. We consider
a sequence of processes X% indexed by N € N, which are associated with the above reaction system.
We assume that X~ (0) is such that the entries relative to Y, and Y, denoted by X{)i (0) and X¥(0)
respectively, are bounded by a constant B, and that all the other entries, if rescaled by N, converge to
some positive number. In this setting, the discrete species are Y and Y, we have 3, = 1 for any reaction
yr — y. of the system and Assumption 1 is fulfilled. For any positive vector w of continuous species
concentrations, the system .7" is given by

RTWX,y TR11WX DY, K8WX Yy TR10WX DY,

Y,, (41)

KeWX,, KOWX D

and Assumption 2 holds thanks to Theorem 2.2. Tt is not difficult to check that the mass action system
(41) is irreducible, since every state of possible counts of Y and Y}, is accessible from any other state.
The complex balanced equilibrium ¢ is given by

)

w (Hﬂvxpy + K11Wx DY, K8WX,Y + K10WX DY, )
qq = ]
KeWX,, KoWXx D
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where the first entry refers to Y and the second one to Y},. The system .7 is given by

K3 [T]

XD = X —=— XT ™ X,
KQ[D] Ra

X,,TXPYLSX

XD == XDY, ™% XD,

K10

with

Ax,x,Y (W) = krwx,y + K11WX DY,

AXD-XDY, (W) = KsWx,y + K10WX DY,
The equilibria of the system are the positive vectors w* that satisfy

K1 R8 R11

K3 T
] wy = wxp = —Wx,y = ——Wxpy,-
K4 + K5 K4 + K5 K5 P K5 P

*

XT —

If 7.(X™(0)) is such a vector w*, or belongs to its basin of attraction, then Assumption 3 holds. As-

sumption 5 also holds, since the system .# corresponds to the original EnvZ/OmpR signaling system,
and the unique ACR species Y, is discrete. By making use of the fact that the original system is mass
action kinetics and by Remark 3.5, it is easy to see that the remaining assumptions of Corollary 4.1 (if
7.(XN(0)) is an equilibrium w*) or of Corollary 4.2 (if 7.(X%(0)) is in the basin of attraction of an
equilibrium w*) are fulfilled, and the results can be applied. Therefore, X{}i (t) can be approximated by
a Poisson random variable J with mean ¢, both on average and at any fixed time point, in the sense of
Corollary 4.1 or Corollary 4.2. The results are in accordance with the simulations in [4].

Alternatively, we could have applied the results of this paper to the signaling network by considering
Y, as the only discrete species, therefore increasing the initial counts of all other species, and by letting
XN Dbe the process associated with

K1 3T K
k2 [D)] Kq

ke /N 5
X, +Y &= XY 5 x4y,

K7

XD+Y, == XDY, ™ XD +V,

K10

where kg has been rescaled. With this choice of rescaling, due to Remark 3.1, we have that £, = 1 for
any reaction y, — y.. of the system. Our results can be used to draw the same conclusion as before in
this different setting.
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