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TEMPLATES FOR BINARY MATROIDS
KEVIN GRACE AND STEFAN H. M. VAN ZWAM

ABSTRACT. A binary frame template is a device for creating bi-
nary matroids from graphic or cographic matroids. Such matroids
are said to conform or coconform to the template. We introduce a
preorder on these templates and determine the nontrivial templates
that are minimal with respect to this order. As an application of
our main result, we determine the eventual growth rates of certain
minor-closed classes of binary matroids, including the class of bi-
nary matroids with no minor isomorphic to PG(3,2). Our main
result applies to all highly-connected matroids in a class, not just
those of maximum size. As a second application, we characterize
the highly-connected 1-flowing matroids.

1. INTRODUCTION

Geelen, Gerards, and Whittle [I] recently announced a structure
theorem describing the highly connected members of any proper minor-
closed class of matroids representable over a given finite field. In this
paper we study some consequences of their result. To state a first,
rough version of their result, we need the following definitions.

A matroid M is vertically k-connected if, for each partition (X,Y)
of the ground set of M with »(X)+r(Y) —r(M) < k — 1, either X or
Y is spanning. We denote the unique prime subfield of F by Fpime. We
say that a matroid M, is a rank-(< t) perturbation of a matroid My if
there exist matrices A; and Ay over F such that r(M(A; — Ag)) <t
and such that M; = M(A;) and My = M(As).

We now restate [I, Theorem 3.3]. Its proof is forthcoming in a future
paper by Geelen, Gerards, and Whittle.

Theorem 1.1. Let F be a finite field and let mg be a positive integer.
Then there exist k,n,t € Z, such that, if M is a matroid representable
over F such that M or M* is vertically k-connected and such that M
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has an M(K,)-minor but no PG(my — 1, Fpime)-minor, then M is a
rank-(< t) perturbation of a frame matroid representable over IF.

Let us consider a very simple example of a rank-1 perturbation. Let
Aj be the binary matrix

o O o
o o= O
O = OO
_— o O O
S O = =
O, O
_ o O =
O = = O
_ O = O
— =0 O

and let As be the binary matrix
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1
10
0 0
0 0

Note that A, is the result of adding the rank-1 matrix

11 110000O0O0O0
11 11000¢O0O0O0
0000O0OO0OOO0OO 0O
0000O0OO0OO0OO0OO0OO

to Aj. Therefore, the vector matroid M (Aj) is a rank-1 perturbation

of M(Al)

Theorem [L.T] is essentially a simplified version of a much more com-
plex structure theorem [I, Theorem 4.2]. Geelen, Gerards, and Whittle
introduced the concept of a template as a tool to capture much of this
complexity:.

Our focus in this paper is on the binary case. Roughly speaking, a
binary frame template can be thought of as a recipe for constructing a
representable matroid from a graphic or cographic matroid. A matroid
constructed in this way is said to conform or coconform to the template.

In the example above, we may think of M(As) as the matroid ob-
tained from the vector matroid of the following matrix by contracting
the element indexing the final column. Note that the large submatrix
on the bottom left is Aj:

111100000 0|1
100011100 0]|1
01001001101
001001010 1[0
000100101 1[0
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In fact, for any matrix A of the following form, where v and w are
arbitrary binary vectors, the matroid M (A)/c conforms to the template
Oy, which we will define in Section [3t

) 1

incidence matrix of a graph | w

Let M(®) denote the set of matroids representable over a field F
that conform to a frame template ®. Theorem [[.2] below is a slight
modification of [I, Theorem 4.2]. The modification is explained in
Section

Theorem 1.2. Let F be a finite field, let m be a positive integer, and
let M be a minor-closed class of matroids representable over F. Then
there exist k,l € Z, and frame templates @y, ..., P, Uy, ..., VU, such
that

e M contains each of the classes M(®Py), ..., M(Dy),

e M contains the duals of the matroids in each of the classes
M(¥y), ..., M(Yy), and

o if M is a simple vertically k-connected member of M with at
least | elements and with no PG(m — 1, Fpuime) minor, then ei-

ther M is a member of at least one of the classes M(®1), ..., M(D,),
or M* is a member of at least one of the classes M (1), ..., M(W;).

Our contribution is to shed some light on how these templates are
related to each other. We define a preorder on the set of frame tem-
plates. Our main result, Theorem [B.19] is a list of nontrivial binary
frame templates that are minimal with respect to this preorder.

One application of this result involves growth rates of minor-closed
classes of binary matroids. The growth rate function of a minor-closed
class M is the function whose value at an integer r > 0 is given by
the maximum number of elements in a simple matroid in M of rank
at most r. We prove that a minor-closed class of binary matroids has
a growth rate that is eventually equal to the growth rate of the class
of graphic matroids if and only if it contains all graphic matroids but
does not contain the class of matroids conforming to a certain template.
The class of matroids conforming to this template is exactly the class
of matroids having an even-cycle representation with a blocking pair.
Geelen and Nelson also proved this result in [5]. We also prove the
following theorem. Here, EX(F') denotes the class of binary matroids
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with no F-minor. If f and ¢ are functions, we write f(r) = g(r) if
f(r) = g(r) for all but finitely many r.

Theorem 1.3. The growth rate function for EX(PG(3,2)) is
hex(pa(z) = 1> —1r+ 1.

Note that 72 — r + 1 is the growth rate of the class of even-cycle
matroids.

Our main result goes beyond growth rates because it gives informa-
tion about all highly-connected matroids in a minor-closed class, not
just the maximum-sized matroids. This is illustrated by our second
application, involving 1-flowing matroids. The 1-flowing property is a
generalization of the max-flow min-cut property of graphs. We prove
the following.

Theorem 1.4. There exist k,l € Z, such that every simple, vertically
k-connected, 1-flowing matroid with at least | elements is either graphic
or cographic.

We use templates to study a minor-closed class M by describing the
highly-connected matroids in the class. This analysis follows a certain
pattern:

(1) Find a matroid N not in M.

(2) Find all templates such that N is not a minor of any matroid
conforming to that template.

(3) If all matroids conforming to these templates are in M, then
the analysis is complete.

(4) Otherwise, repeat Step (1).

From the definition of conforming to a template, which we will give
in Section 2] it will not be difficult to see that for each binary frame
template @, there are integers ¢; and t, such that every matroid con-
forming to ® is a rank-(< ¢;) perturbation of a graphic matroid and
every matroid coconforming to @ is a rank-(< ¢5) perturbation of a co-
graphic matroid. Thus, by Theorem [[.2] the highly connected matroids
in a minor-closed class of binary matroids are “close” to being graphic
or cographic. In this regard, the work regarding templates resembles
work done by Robertson and Seymour concerning minor-closed classes
of graphs. In Theorem 1.3 of [9], Robertson and Seymour showed
that highly-connected graphs in a minor-closed class are in some sense
“close” to being embeddable in some surface.

Section 2] of this paper repeats the necessary definitions found in [1J.
In Section B, we prove our main result, as well as giving some ma-
chinery leading up to it. Section Ml applies our result to growth rates
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of minor-closed classes of binary matroids, and in Section [B, we prove
Theorem [L.4]

2. PRELIMINARIES

We repeat here several definitions concerning highly connected ma-
troids which can be found in Geelen, Gerards, and Whittle [I]. Al-
though the results found in [I] are technically about matrices rather
than matroids, it suffices for our purposes to state the results in terms
of their immediate matroid consequences.

Let A be a matrix over a field F. Then A is a frame matriz if each
column of A has at most two nonzero entries. We let F* denote the
multiplicative group of F. Let I' be a subgroup of F*. A I'-frame
matrix is a frame matrix A such that:

e Each column of A with a nonzero entry contains a 1.
e If a column of A has a second nonzero entry, then that entry is
—~ for some y € I'.

In the case where I is the multiplicative group of one element, a matrix
is a I'-frame matrix if and only if it is the signed incidence matrix of a
graph, with possibly a row removed. In particular, a binary matroid is
graphic if and only if it can be represented by a matrix over GF(2) in
which no column has more than two nonzero entries.

To facilitate the description of their structure theorem, Geelen, Ger-
ards, and Whittle capture capture much of the complexity with the
concept of a “template.” Let F be a finite field. A frame template
oveSEIF is a tuple ® = (I', C, X, Yy, Y1, A1, A, A) such that the following
hol

(i) T is a subgroup of F*.
(ii) C, X, Y, and Y] are disjoint finite sets.
(111) Al c ]FXX CUYOUY1)
(iv) A is a subgroup of the additive group of F*X and is closed under
scaling by elements of T'.
(v) A is a subgroup of the additive group of FCYoY¥1 and is closed
under scaling by elements of I'.

Let & = (I',C, X, Yy, Y1, A1, A, A) be a frame template. Let B and
E be finite sets, and let A’ € FP*F. We say that A’ respects ® if the
following hold:

(i) X € Band C,Y, Y, C E.
(i) A[X,CUYyUY;] = A;.

IThe authors of [1] divided our set X into two separate sets which they called
X and D. Their set X can be absorbed into Yj, therefore we omit it.
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Z Yo i C

X | columns from A 0 Ay

Trows

from A

I-frame matrix | unit columns

FIGURE 1.

(iii) There exists a set Z C E—(CUY,UY)) such that A'[X, Z] = 0,
each column of A'[B— X, Z] is a unit vector, and A'[B— X, F —
(CUYyUY;UZ) is a I'-frame matrix.

(iv) Each column of A'[X, E — (CUY,UY; U Z)] is contained in A.

(v) Each row of A'[B — X,C UY,UY]|is contained in A.

Figure [I] shows the structure of A’.
Suppose that A’ respects ® and that Z satisfies (iii) above. Now
suppose that A € FB*F satisfies the following conditions:

(i) A[B,E —Z]|=A|B,E — Z]
(ii) For each i € Z there exists j € Y} such that the i-th column of
A is the sum of the i-th and the j-th columns of A’.

We say that any such matrix conforms to ®.

Let M be a matroid representable over F. We say that M conforms
to ® if there is a matrix A that conforms to ® such that M is isomorphic
to M(A)/C\Y;.

Let M(®) denote the set of matroids representable over [F that con-
form to ®. Recall that a matroid M is vertically k-connected if, for each
partition (X, Y") of the ground set of M with 7(X)+r(Y)—r(M) < k—1,
either X or Y is spanning. We denote the unique prime subfield of F
by Fpime. Geelen, Gerards, and Whittle will prove Theorem [[.2 in
a future paper. This theorem is actually a slight modification of the
theorem found in [I]. In that paper, there is no mention of the require-
ment that a matroid have size at least [. However, Geelen (personal
communication) has stated that this is necessary to ensure that adding
a finite number of matroids to the class M does not add any templates
to the list ®1,..., P, Uy,..., V,.

Although the term coconform does not appear in [I], we define it in
the following obvious way.
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Definition 2.1. A matroid M coconforms to a template @ if its dual
M* conforms to ®.

To simplify the proofs in this paper, it will be helpful to expand the
concept of conforming slightly.

Definition 2.2. Let A’ be a matrix that respects @, as defined above,
except that we allow columns of A'[B— X, Z] to be either unit columns
or zero columns. Let A be a matrix that is constructed from A’ as
described above. Thus, A[B, E—Z| = A'|B, E—Z], and for each i € Z
there exists j € Y7 such that the i-th column of A is the sum of the i-th
and the j-th columns of A’. Let M be isomorphic to M(A)/C\Y;. We
say that A and M wvirtually conform to ® and that A" virtually respects
®. If M* virtually conforms to ®, we say that M wirtually coconforms
to ®.

We will denote the set of matroids representable over I that virtually
conform to ® by M,(®) and the set of matroids representable over F
that virtually coconform to ® by M*(®).

The following notation will be used throughout this paper. We de-
note an empty matrix by [#]. We denote a group of one element by {0}
or {1}, if it is an additive or multiplicative group, respectively. If S’ is
a subset of a set S and G is a subgroup of the additive group F?, we
denote by G/|S’ the projection of G into F*'. Similarly, if z € G, we
denote the projection of Z into F¥' by z|.S’.

Unexplained notation and terminology will generally follow Oxley [8].

One exception is that we denote the vector matroid of a matrix A by
M (A), rather than M[A].

3. REDUCING A TEMPLATE

In this section, we will introduce reductions and show that every
template reduces to one of several basic templates.

Since templates are used to study minor-closed classes of matroids, a
natural question to ask is whether the set of matroids conforming to a
particular template is minor-closed. The answer is no, in general. For
example, if |Yp| = 1, then a matroid conforms to the following binary
frame template if and only if it is a graphic matroid with a loop:

({1},0,0,Y5,0,[0), {0}, {0}).

Clearly, this is not a minor-closed class.

Another question to ask is whether there might be some sort of
minor relationship between a pair of templates, where every matroid
conforming to one template is a minor of a matroid conforming to the
other. These questions motivate the following discussion.
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Definition 3.1. A reduction is an operation on a frame template ®
that produces a frame template &' such that M(®") C M(P).

Proposition 3.2. The following operations are reductions on a frame
template ®:

(1) Replace I' with a proper subgroup.

(2) Replace A with a proper subgroup closed under multiplication by
elements from T".

(3) Replace A with a proper subgroup closed under multiplication
by elements from T.

(4) Remove an element y from Yy. (More precisely, replace Ay with
A [ X, YoU(Y1 —y)UC| and replace A with A|(YoU (Y1 —y)UC).

(5) For all matrices A’ respecting ®, perform an elementary row
operation on A'[X, E]. (Note that this alters the matriz Ay and
performs a change of basis on A.)

(6) If there is some element x € X such that, for every matriz
A" respecting ®, we have that A’'[{x}, E] is a zero row vector,
remove x from X. (This simply has the effect of removing a
zero row from every matriz conforming to ®.)

(7) Let ¢ € C be such that Ai[X,{c}]| is a unit column whose
nonzero entry s in the row indexed by x € X, and let either
Ae = 0 for each A € A or 6, =0 for each 6 € A. Let A’ be the
result of adding —6.A;[{x}, YoUY,UC] to each element 6 € A.
Replace A with A', and then remove ¢ from C and d from D.
(More precisely, replace Ay with Ay[X —x,YoUY,U(C —c)], re-
place A with A|(X —z), and replace A with A'|(YoUY,U(C'—c)).)

(8) Let ¢ € C be such that Ai[X,{c}] is a zero column and 6, =
0 for all 6 € A. Then remove ¢ from C. (More precisely,
replace Ay with A1[X, Yo UY1 U (C — ¢)], and replace A with
Al(YoUY, U(C — 0)).)

Proof. Let ® be the template that results from performing one of op-
erations (1)-(8) on .

For (1)-(3), every matrix A’ respecting " also respects ®.

For (4), let A’ be a matrix respecting ®’, and let M be the matroid
M(A)/C\Y7, where A is a matrix conforming to ¢’ that has been con-
structed from A’ respecting ®" as described in Section 2l Since Y; is
deleted to produce M, the only effect of Y; on M is that for each i € Z
there exists j € Y; such that the i-th column of A is the sum of the
i-th and the j-th columns of A’. But each j € Y] in the template ®’ is
also contained in Y; in the template ®. Therefore, A conforms to P,
as does M.
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For (5) and (6), elementary row operations and removing zero rows
produce isomorphic matroids.

Operations (7) and (8) have the effect of contracting ¢ from M(A)\Y)
for every matrix A conforming to ®. Since all of C' is contracted to
produce a matroid M conforming to ®, the matroids we produce by
performing either of these operations still conform to ®. O

For i € {1,...,8}, we call operation (i) above a reduction of type i.

The operations listed in the definition below are not reductions as
defined above, but we continue the numbering from Proposition 3.2] for
ease of reference.

Definition 3.3. A template ®' is a template minor of ® if &’ is ob-
tained from ® by repeatedly performing the following operations:

(9) Performing a reduction of type 1-8 on ®.

(10) Removing an element y from Yy, replacing A; with A [X, (Y, —
y)UY; UC], and replacing A with A|((Yp —y)UY, UC). (This
has the effect of deleting y from every matroid conforming to
D)

(11) Let x € X with A, = 0 for every A € A, and let y € Yj
be such that (A4;),, # 0. Then contract y from every ma-
troid conforming to ®. (More precisely, perform row opera-
tions on A; so that A;[X, {y}] is a unit column with (4;),, =
1. Then replace every element § € A with the row vector
—0,A1[{z},Yo UY; UC] + 6. This induces a group homomor-
phism A — A’, where A’ is also a subgroup of the additive
group of FEVYoUY1 and is closed under scaling by elements of T
Finally, replace A; with A;[X — z, (Yy — y) U Y1 U (], project
A into FX~*, and project A’ into FO0=9WIYC  The resulting
groups play the roles of A and A, respectively in ®'.)

(12) Let y € Y, with 6, = 0 for every 6 € A. Then contract y from
every matroid conforming to ®. (More precisely, if A;[X, {y}]
is a zero vector, this is the same as simply removing y from Y.
Otherwise, choose some z € X such that (A;),, # 0. Then
for every matrix A’ that respects ®, perform row operations so
that A;[X, {y}] is a unit column with (A4,),, = 1. This induces
a group isomorphism A — A’ where A’ is also a subgroup of the
additive group of FX and is closed under scaling by elements of
['. Finally, replace A; with A;[X —z, (Yo —y) UY; UC], project
A into F¥=% and project A into FX-#WUC  The resulting
groups play the roles of A and A, respectively in ®'.)
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Let @' be a template minor of ®, and let A’ be a matrix that virtually
respects ®’. Let A be a matrix that virtually conforms to ', and let
M be a matroid that virtually conforms to ®'. We say that A" weakly
respects ® and that A and M weakly conform to ®. Let M,,(®) denote
the set of matroids representable over F that weakly conform to @,
and let M (®) denote the set of matroids representable over F whose
duals weakly conform to ®. If M € M (®), we say that M weakly
coconforms to ®.

Lemma 3.4. If a matroid M weakly conforms to a template ®, then
M is a minor of a matroid that conforms to ®.

Proof. Let ®' be a template minor of ®. As we can see from Defi-
nition B3] every matroid M weakly conforming to ®’ is a minor of
a matroid virtually conforming to ®. It remains to analyze the case
where M virtually conforms to ®; so M is isomorphic to M (K)/C\Y7,
where K is built from a matrix K’ that virtually respects ®. Consider
the following matrix A’ obtained from K’ by adding a row r and a
column c.

c Z Yo Y7 C
X | 0 columns from A 0 Ay
0 | I'-frame matrix 0 unit columns rows
from A
r|1 0 1---1 0 0

From A’, we can obtain a matrix A conforming to ® such that M is
isomorphic to M(A)/C\Y1/c. So M is a minor of a matroid conforming
to P. U

An easy consequence of Lemma [3.4]is that Theorem [1.2] which deals
with minor-closed classes, can be restated in terms of weak conforming.

Corollary 3.5. Let ' be a finite field, let m be a positive integer, and
let M be a minor-closed class of matroids representable over F. Then
there exist k,l € Z, and frame templates @y, ..., P, Uy, ..., VU, such
that

e M contains each of the classes My, (®1), ..., My (),
e M contains the duals of the matroids in each of the classes

My(Vq),... My (), and
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o if M is a simple vertically k-connected member of M with at
least | elements and with no PG(m — 1, Fpime) minor, then ei-
ther M is a member of at least one of the classes
My (D), ..., My(Ps) or M* is a member of at least one of the
classes My, (1), ..., My,(¥y).

Proof. Let ®1,...,®,, ¥y, ..., U, be the templates whose existence is
implied by Theorem[[.2l For ® € {®4,..., d,}, Lemma3.4limplies that
any matroid M € M, (®) is a minor of a matroid N € M(®). Since
M contains M(®) and is minor-closed, M contains M, (P) as well.
Similarly, M contains the duals of the matroids in each of the classes
My(Uy), ..., My(Wy). The third condition above holds since every
matroid conforming to a template also virtually conforms to it. 0

If My(P) = My (P'), we say that ® is equivalent to " and write
® ~ @', It is clear that ~ is indeed an equivalence relation.

Definition 3.6. Let Ty be the set of all frame templates over F. We de-
fine a preorder < on T as follows. We say ® < @ if M,,(®) C M, ().
This is indeed a preorder since reflexivity and transitivity follow from
the subset relation. We may obtain a partial order by considering
equivalence classes of templates, with equivalence as defined above.
However, the templates themselves, rather than equivalence classes,
are the objects we work with in this paper.

Let &y be the frame template with all groups trivial and all sets
empty. We call this template the trivial template. In general, we say
that a template @ is trivial if ® < ®(. It is easy to see that for any
template ®, we have &, < ®. Therefore, if & < Py, then actually
O ~ .

Our desire is to find a collection of minimal nontrivial templates. For
the remainder of this paper, we restrict our attention to binary frame
templates: those frame templates where F = GF(2) and I is the group
of one element.

Definition 3.7.

o Let ¢ be the template with all groups trivial and all sets empty
except that |C| =1 and A = Z/27Z.

e Let ®x be the template with all groups trivial and all sets empty
except that | X| =1 and A =2 Z/2Z.

o Let @y, be the template with all groups trivial and all sets
empty except that |Yp| =1 and A = Z/27Z.

e Let Py be the template with Yo = Yy = 0, with |C| = | X]| =1,
with A = A =2 Z /27, with I trivial, and with 4; = [1].
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e Let &y, be the template with all groups trivial, with C =Y, =

(0, with |Y3| = 3 and |X| = 2, and with A, = [(1) (1) ﬂ

It is not too difficult to see that the Fano matroid F% virtually con-
forms to each of ®¢, ®x, Pox, Py,, and Py,. Therefore, these tem-
plates are nontrivial. In fact, one can see that M(®y,) is the set of
graft matroids, that M (®¢) is the class of matroids obtained by closing
the set of graft matroids under minors, and that M(®x) is the class of
even-cycle matroids. In Lemma [.5 we will show that M, (®y,) is the
class of matroids having an even-cycle representation with a blocking
pair.

Our goal in defining reductions and weak conforming was essentially
to perform operations on matrices while leaving the I'-frame submatrix
intact. The following lemma does not contribute to that goal; so we
will only make occasional use of it.

Lemma 3.8. The following relations hold:
(1) &y, =X Py
(2) &y, X D¢
(3) Py, <X P
(4) @c = Pox
(5) ox = Pex
Proof. For (1), note that any simple matroid M of rank r virtually
conforming to Py, is a restriction of the vector matroid of a matrix A
of the following form:

1
0 1

10
01
0

I-frame matrix

If we label the sets of rows and columns of A as B and F respectively,
and the first row as x, then we see that A[B—z, E] is a I'-frame matrix.
If we let X = {x}, then we see that M conforms to ®x.

For (2), consider the matrix A above. Note that it is obtained by
contracting ¢ in the following matrix:

0---0]0--01---1

1---110---0]0---0

0---0/1---110---0
1 1 1

0

OO =

O = O
Ol O O
Ol — =0

I-frame matrix

Removing ¢ from this matrix, we obtain a I'-frame matrix. Therefore,
M conforms to ®c.
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For (3), any matroid M conforming to ®y, is the vector matroid of
a matrix of the following form, where v is an arbitrary column vector:

I-frame matrix | v

Let A be the matrix below. Label its sets of rows and columns as B
and E respectively, and let ¢ be the last column, with C' = {c}.

0 111

I-frame matrix | 0 | v

Note that M is isomorphic to M(A)/C. Since A[B,E — (] is a
[-frame matrix, we see that M conforms to ®¢.

For (4), let A be a matrix conforming to ®¢ and let M = M(A)/C
be the corresponding matroid conforming to ®o. If the column of
A indexed by C'is a zero column, then construct the matrix A by
adding a unit row, indexed by X, whose nonzero entry is in the column
indexed by C. One readily sees that A conforms to ®cx and that
the corresponding matroid M(A)/C is equal to M. Otherwise, if the
column of A indexed by C has a nonzero entry, then one readily sees
that A conforms to ®¢yx by considering the row containing the nonzero
entry to be indexed by X.

For (5), any matroid M conforming to ®p is the vector matroid of
a matrix of the following form, where v is an arbitrary row vector:

(%

I-frame matrix

Consider the following matrix A, whose last column is indexed by

{c} =C:

I-frame matrix | 0

The matroid M is isomorphic to M(A) /e, which conforms to ®cx. O
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Z Yo i Cy ¢4
Xo | columns from A|X, 0 . I ] x
X | columns from A|X; 0 0
I-frame matrix unit or zero columns rows
from A

FIGURE 2. Standard form

Lemma 3.9. Let ® be a template with y € Y;. Let ® be the template
obtained from ® by removing y from Yy and placing it in Yy. Then
o' < P.

Proof. Any matrix respecting ®’ virtually respects ® by adding column
y only to the zero Z column. Thus, any matroid conforming to ¢’
weakly conforms to ®. O

We call the operation described in Lemma a y-shift.

Definition 3.10. Let ® = (I',C, X, Yy, Y1, A1, A, A) be a frame tem-
plate over a finite field F. We say that ® is in standard form if there
are disjoint sets Cy, C, Xo, and X; such that C' = Cy U (4, such that
X = XoUXj, such that A;[Xj, Cy] is an identity matrix, and such that
Ay[X1, C] is a zero matrix.

Figure 2 with the stars representing arbitrary matrices, shows a
matrix that virtually respects a template in standard form. Note that
if ® is in standard form, |Cy| = | Xo|. Also note that any of Cy, Cy, Xo,
or X; may be empty. Finally, note that we have defined standard
form for frame templates over any finite field, not just binary frame
templates.

Lemma 3.11. Fvery frame template ® = (I', C, X, Yy, Y1, A1, A, A) s
equivalent to a frame template in standard form.

Proof. Choose a basis Cy for M (A;[X,C]), and let C; = C — Cp. Re-
peatedly perform operation (5) to obtain a template & where A;[X, Cy|
consists of an identity matrix on top of a zero matrix. Each use of op-
eration (5) results in an equivalent template; therefore, ® ~ ®’. Let
Xo € X index the rows of the identity matrix, and let X; C X index
the rows of the zero matrix. Since Cj is a basis for M(A,[X, C]), the
matrix A;[X, C1] must be a zero matrix as well. Thus, ¢’ is in standard
form. O
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Throughout the rest of this paper, we will implicitly use Lemma B.11]
to assume that all templates are in standard form. Also, the opera-
tions (1)-(12) to which we will refer throughout the rest of this paper
are the operations (1)-(8) from Proposition B2l and (9)-(12) from Def-
inition 3.3

Lemma 3.12. If & = ({1},C, X, Y, Y1, A1, AL A) is a binary frame
template with A| X, nontrivial, then ®x < ®.

Proof. Perform operations (2) and (3) on ® to obtain the following
template, where X is an element of A with A, # 0 for some x € X;:

({1}7 07 Xa va YL A1> {O}a {0’ )‘})

On this template, repeatedly perform operation (7), then (8), then (4),
and then (10) until the following template is obtained:

({1},0,X1,0,0, 0], {0}, {0, A}).

On this template, repeatedly perform operation (5) to obtain a tem-
plate that is identical to the previous one except that the support of A
contains only one element of X;. On this template, repeatedly perform
operation (6) to obtain the following template, where x € Xj:

({1},0.{=},0,0,[0], {0}, Z/2Z).
This template is . U

Lemma 3.13. If & = ({1},C, XY, Y1, A1, A A) is a binary frame
template, then either ®c <X ® or ® is equivalent to a template with

Cy=0.

Proof. Suppose there is an element § € A|C' that is not in the row
space of A;[X,C]. Repeatedly perform operations (4) and (10) on &
until the following template is obtained:

({1}, C, X, 0,0, A1 [X, C], A|C, A).

On this template, perform operations (2) and (3) to obtain the following
template:
({1},C, X, 0,0, A[X, C],{0,6},{0}).

Every matrix virtually respecting this template is row equivalent to a
matrix virtually respecting a template that is identical to the previous
template except that there is the additional condition that §|Cy is a
zero vector. Note that 0|C} is nonzero since, in the previous template,
d was not in the row space of A;[X, C]. Now, on the current template,
repeatedly perform operation (7) and then operation (6) to obtain the
following template:

' = ({1}7 Cl> @, @, @, [®]> {07 5|Cl}a {O})
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Now, any matroid M conforming to ®’ is obtained by contracting C
from M(A), where A is a matrix conforming to ®’. By contracting any
single element ¢ € (4, where 6. = 1, we turn the rest of the elements
of (' into loops. So C; — ¢ is deleted to obtain M. Thus, M conforms
to the template

({1}, {c},0,0,0,0], 2/2Z,{0}),

which is ®¢. Similarly, the converse is true that any matroid conform-
ing to ®¢ conforms to ®'. Thus, &¢ ~ P’ < .

Now suppose that every element of A|C' is in the row space of
Ay[X, C]. Thus, contraction of Cj turns the elements of C; into loops,
and contraction of (] is the same as deletion of C';. By deleting C; from
every matrix virtually conforming to ®, we see that ® is equivalent to
a template with C; = 0. O

Lemma 3.14. If & = ({1},C, X, Y, Y1, A1, A A) is a binary frame
template, then one of the following is true:

[ ] (I)C j (I)
O is equivalent to a template with A| Xy nontrivial and ®x < &
® is equivalent to a template with A| Xy nontrivial and ®cx < &
® is equivalent to a template with A trivial and C' = (.

Proof. By Lemmas and BI3] we may assume that A|X] is trivial
and that C} = (.

First, suppose there exist elements § € A|Cy and A € A| X such that
there are an odd number of natural numbers ¢ with §; = A\; = 1. Thus,
A| X, is nontrivial. Repeatedly perform operations (4) and (10) on &
until the following template is obtained:

({1}, Co, X, 0,0, A1 [X, Col, A|Co, A).

On this template, repeatedly perform operation (6) to obtain the fol-
lowing template:

q), = ({1}7 COa X07 @7 @7 AI[X07 00]7 A‘CO, A|X0)
Perform operations (2) and (3) on @’ to obtain the following template:
({1}7 C(]a X07 (2)7 (2)7 AI[X(]v 00]7 {07 5}7 {07 >\})

Any matroid conforming to this template is obtained by contracting
Cp. If 0 is in the row labeled by r and A is in the column labeled by
¢, then when Cj is contracted, 1 is added to the entry of the I'-frame
matrix in row  and column ¢. Otherwise, the entry remains unchanged
when C'is contracted. We see then that this template is equivalent to
®cx, where 1s are used to replace § and .
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Thus, we may assume that for every element § € A|Cy and A € A| X,
there are an even number of natural numbers ¢ such that §; = \; = 1.
This implies that contraction of C' has no effect on the I'-frame matrix.
So ® is equivalent to a template with A|Xj trivial. Therefore, since
A| X, is trivial, we see that A is trivial. Note that operation (7) is
a reduction that produces an equivalent template, since C' must be
contracted to produce a matroid that conforms to a template. By

repeatedly performing operation (7), we obtain a template equivalent
to ® with C' = 0. O

Lemma 3.15. If & = ({1},C, X, Y, Y1, A1, AV A) is a binary frame
template with A trivial and with C' = 0, then either ®y, < ® or ® is
equivalent to a template with A trivial.

Proof. First, suppose there is an element § € A that is not in the row
space of Ay = A;[X1, (Yo UY1)]. Recall that a y-shift is the operation
described in Lemma [B.9I Repeatedly perform y-shifts to obtain the
following template, where Yy = Yy U Y3:

({1}7 (Z)uXvYE)/v@vAlvA? {O}>

On this template, perform operation (3) to obtain the following tem-
plate:
({1}7 @7 X7 }/blv @7 A17 {07 5}7 {0})

Choose a basis B’ for M(A;). By performing elementary row op-
erations on every matrix virtually respecting ®, we may assume that
Ay[X, B'| consists of an identity matrix with zero rows below it and
that §|B’ is the zero vector. By assumption, there is some element
y € (Yy — B’) such that J, is nonzero. Thus, we can repeatedly per-
form operation (10) to obtain the following template:

({1}.0, X, B'Uy, 0, A [X, B'Uy].{0,6](B"Uy)},{0}).

Now, we can repeatedly perform operation (6) and then operation (12)
to obtain the following template:

({1},0.0,{y},0, (0], 2/2Z,{0}),

which is Py, .

Now suppose that every element 6 € A is in the row space of A; =
A[X, (Yo UYy)]. Since A is trivial, by performing elementary row
operations on every matrix virtually respecting ®, we obtain a template
equivalent to ® with A trivial. O

Lemma 3.16. Let & = ({1},C, X, Yy, Y1, A1, A, A) be a binary frame
template with A and A trivial. If M(A,[ Xy, (YoUY1)]) has a circuit Y’
with |Y' NYy| > 3, then Oy, < O.
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Proof. Any matroid conforming to ® is obtained by contracting C.
Since A and A are trivial, we may assume that C' = X, = () and
therefore that X = X;. Repeatedly perform operation (4) and then
operation (10) on ® to obtain the following template:

({110, X, Y, N Y, Y, N Y, A,[X, Y], {0}, {0}).

Choose any 3-element subset of Y/ N Y; and call it Y”. Repeatedly
perform y-shifts to obtain the following template:

({1,0, X,Y' — Y, Y", A[X, Y], {0}, {0}).

On this template, repeatedly perform operation (11) to obtain the fol-
lowing template:

({1}> ®> X,’ ®a Y”’ Al [X,> Y”]> {O}a {O})>

where X’ is the subset of X that remains after Y’ — Y” is contracted.
On this template, repeatedly perform operations (5) and (6) to obtain
the following template, where X" is a 2-element subset of X

(0.x707 g ] ] o op,

This template is ®y;,. O

Lemma 3.17. If ® is a frame template with A trivial, then ® is equiv-
alent to a template ® where A1[X,Y1] is a matriz with every column
nonzero and where no column is a copy of another. Moreover, if ® is
a binary frame template, then M(A;[X,Y1]) is simple.

Proof. Let A be a matrix that virtually conforms to ®. Since A is
trivial, the columns of A indexed by elements of Z are formed by placing
a column of A;[X,Y;] on top of a unit column or a zero column. These
columns can be made using any copy of the same column of A;[X, Y;];
so only one copy is needed. If any column of A;[X, Y]] is a zero column,
then any column indexed by an element of Z that is made with this
zero column can also be made as a column indexed by an element of
E—(ZUYyUY,UC) and choosing for the element of A the zero vector.
Thus, no zero columns of A;[X, Y]] are needed.

In the binary case, M(A;[X,Y1]) has no parallel elements because
any such elements index copies of the same column. Also, M (A;[X,Y1])
has no loops because every column of A;[X, Y]] is nonzero. Therefore,
M(A:[X,Y1]) is simple. O

Lemma 3.18. Let ® be a binary frame template. Then at least one of
the following s true:

(i) B ~ P
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(ii)) " X P for some ' € {Px, P, Pox, Pyy, Py, }

(iii) @ is equivalent to a template where C' = (), where A and A are
trivial, and where Ay is of the following form, with Yo = VoUVY,
with L an arbitrary binary matriz, and with each column of H
containing at most two nonzero entries:

i Vo i
I 0|H
0|1|L

Proof. Suppose neither (i) nor (ii) holds. By Lemma [B.I4] we may
assume that A is trivial and C' = (). By Lemma B.15] we may assume
that A is trivial. By Lemma [B.16] every dependent set of M(A) =
M(A1[X1, (Yo UY7)]) has an intersection with Y; with size at most 2.
So by elementary row operations, we may assume that A; is of the
following form, where Yy = VU Vi, where L is an arbitrary binary
matrix, where K consists of unit and zero columns, and where each
column of H contains at most two nonzero entries:

i W W
I K|0|H
010 I]L

However, by Lemma 317, we may assume that K is an empty matrix.
Thus, (iii) holds. O

Theorem 3.19. Let ® be a binary frame template. Then at least one
of the following s true:

(ii)) " X P for some ' € {Px, P, Pox, Pyy, Py, }

(iii) There exist k,l € Z, such that no simple, vertically k-connected
matroid with at least | elements either virtually conforms or
virtually coconforms to ®.

Proof. Suppose for contradiction that none of outcomes (i)-(iii) hold for
®. By Lemma [B.I8, outcome (iii) of that lemma holds. Note that any
simple matroid N virtually conforming to ® is a restriction of a matroid
M represented by a matrix of the following form, where Z = Zy U 74,
where Yy = Vo U Vi, and where the I'-frame matrix has n rows and has
a vector matroid isomorphic to the cycle matroid of the graph K, :
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Zy Zr Vo i
1---1
1..-1
D% 0 I |0 |H
1..-1
0 0| 1]|L
I'-frame matrix I I I 01010

Also recall from the definition of conforming to a template that Y, C
E(N).
We see that

A (Yo U (Zin E(N))) < Au(YoU Z1)
=ry(YoUZy) +ru(E— (YoU Zy)) —r(M)
= [Vo| + V1| + [Ya] +n — (V4] + |[Vo| + n)
= [i].

Note that each column of the above matrix, except possibly those
columns indexed by Vi, has at most two nonzero entries. Thus, M
is graphic and ® is trivial if V5 = (. Since (i) does not hold, ® is
nontrivial. Therefore, Vy # (), and E(N) — (Yy U Z;) is not spanning.
Thus, if £ > |Yi| + 1, then N is not vertically k-connected unless
YoU(Z1NE(N)) is spanning in N. This implies that n = 0; in that case,
N is only simple if the I'-frame matrix is a 0 x 0 matrix. This implies
that |[E(N)| < |Yo U Yi|. Soif I > |Yy U Y], then no simple, vertically
k-connected matroid with at least [ elements virtually conforms to .

Now, consider a simple matroid N* which virtually coconforms to
®. Then N is a restriction of M with Yy C E(N). Since a matroid and
its dual have the same connectivity function, we have Ay« (Yo U (Z; N
E(N)) <|Yi|. Soif k > |Yi|+ 1, then N* is not vertically k-connected
unless either Yo U (Z; N E(N)) or E(N) — (Z, UY)) is spanning in N*,
implying that either E'(N)—(Z;UYp) or YoU(Z1NE(N)) is independent
in N. If E(N) — (Z, UY)) is independent in NV, then

|E(N) — (Z1UYp)| = rn(E(N) — (Z1 U Yp))
<ru(E(M) - (Z1UY))
= |Yi| + n.
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By the formula for corank, we have
’/’N*(E(N) - <Z1 U YE))) S TM*(E(N) - (Zl U YE)))
=[E(N) = (Z1UYo)| + ru(Z1 UYy) — r(M)
< [V +n+ Y] + [Vol = (1] + [Vol +n)
= 1.

Since N* is simple and binary, we have |E(N) — (Z; UYp)| < 2l — 1.
This implies that | E(N)| < 2Y11—1+|Y;|+|Y,|. Thus, if we set [ greater
than this value, then no simple, vertically k-connected matroid with at
least [ elements virtually coconforms to ® unless Yy U (Z; N E(N)) is
independent in N. Since (iii) does not hold, this must be true for some
matroid N. In particular, Yy = V[, U V] is independent in N, implying
that H is a linearly independent matrix.
Let P denote the matrix

Suppose A;[X,Vi| has P as a submatrix, with the first three rows
of P contained in H and the last row of P contained in L. Then A;
contains the following submatrix, with the first three columns contained
in A;[X, Y]] and the last two contained in A;[X, V;]:

O O =
O = O
_— o O
O O =

0
1
1

00011

After contracting all other elements of Y; by repeatedly performing y-
shifts and operation (12), the columns of this submatrix form a circuit
in M(A;) whose intersection with Y; has size 3. However, we have
already deduced by Lemma that this is impossible. Therefore,
Ay does not contain P as a submatrix, with the first three rows of P
contained in H and the last row of P contained in L. We will refer to
this fact by saying that A; has no P-configuration.

Let {1,2,...,m} be the rows of L. (So |Vo| = m.) Let S; be the
submatrix of H obtained by restricting H to the columns j such that
L;; = 1. Recall that H, and therefore S;, contain at most two nonzero
entries per column. Also, since H is linearly independent, each column
has at least one nonzero entry, and no column is a copy of another.
Suppose a column e of .S; contains exactly two nonzero entries. Since
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Ay has no P-configuration, all other columns of S; must contain a
nonzero entry in exactly one of the same rows as e. Suppose that there
are columns f and ¢ in S; such that f contains a nonzero entry in one
of the same rows as e, but g contains a nonzero entry in the other row.
Then S; contains the following submatrix:

e [ g

110
1 0 1|

Since H is a linearly independent matrix, f or g (say f) must have
an additional nonzero entry in H. To avoid f and g forming a P-
configuration, g must have an additional nonzero entry in the same
row as f. Therefore, S; contains the following submatrix:

e [ g
110
[101].
01 1

Since each column of H contains at most two nonzero entries, {e, f, g}
is a dependent set of columns, contradicting the assumption that H is
linearly independent.

Therefore, we deduce that each S; either consists entirely of unit
columns or contains a row s; consisting entirely of 1s. Note that each
S; is the incidence matrix of a star, with possibly one row removed.
We will call s; the star center of row i. If S; consists entirely of unit
columns, then we define its star center to be s; = ().

If the sets of columns of all the S; are pairwise disjoint, then by
adding each row i to its star center s;, we see that every matroid
virtually conforming to ® can be represented by a matrix with at most
two nonzero entries per column. Thus, ® is trivial, contradicting the
assumption that (i) does not hold. Also, if 7 and j are distinct rows of
L with distinct star centers s; and s;, then S; and S; can have at most
one column in common because otherwise, the columns they have in
common form a linearly dependent set in H.

Now suppose there are S; and S; with s; = s;. Also, suppose that
neither S; nor S; is a submatrix of the other. Then A; contains the
following submatrix. In fact, after repeatedly performing y-shifts, oper-
ation (11), and operation (10), we may assume that A; is the following
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matrix, with the first three columns indexed by Y7, the next two in-
dexed by Vj, and the last three by Vi:

1000 0[1 11
01 0/00/010
00 1/00/00 1
00 0L O[T 10
000‘01‘011

Add the fourth row to the first, and swap the fourth and sixth columns
to obtain the following matrix:

10 0[/00]1 01
01000010
00 1/0 0001
00 0L 0T 10
000‘01‘011

The last two columns of this matrix contain a P-configuration.

Now suppose there are matrices S; and S; so that \S; is a submatrix
of S;. Then A; contains a submatrix obtained by deleting columns from
a matrix of the following form, where the left portion comes from the
set Vj, the upper-right portion comes from the matrix H, the lower-left
portion comes from the matrix L, and x is 1 or 0 depending on whether
or not the last column is contained in S;:

0 01 11 11
0 0|1 0
00 1 0
00 1 0
00 10
1 01 11 11
0 10 0 1 1z |

Choose any column contained in S; and perform row operations so
that this column becomes a unit column with nonzero entry in L. Then
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we obtain the following matrix:

01/1 -« 10 0 -« 0 z+1]
001 0
00 1 0
0 1 0 1 1z
00 1 0
0 0 1 0
1 1]1 -~ 1 0 -+ - 0 z+1
(0 1|0 -~ 0 1 1z

Now, by swapping the appropriate columns, we obtain the following;:

[0 0|1 -~~~ 11 0 -+ 0 x+1]
0 01 0
00 1 0
00 1 1 1 =z
00 1 0
00 1 0
10/ -~ 11 0 -+ 0 x+1
0 1!0 - 01 «+- -+ 1 =z

We see that in this new matrix, S; and S; have only one column in
common and s; # s;. The last column is in S; if x = 0 and S; if x = 1.
Thus, this case reduces to the final case that remains to be checked:
for all © and j, we have s; # s; and S; and S; have at most one column
in common. Since each column of H contains at most two nonzero
entries, and since all S; have distinct star centers, we see that a column
of H can be contained in at most two S;. By adding each row i to its
star center s;, one can see that every matrix virtually conforming to ®
can be rewritten so that every column contains at most two nonzero
entries. Therefore, ® is trivial, and (i) holds.

This completes the contradiction and proves the result. O

Outcome (iii) of Theorem only occurs in very specific situations.
In fact, due to connectivity considerations, it is not needed in order to
use Corollary
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Definition 3.20. Let M be a minor-closed class of binary matroids,
and suppose there exist k, [, m € Z, and aset Tyy = {Py,..., D5, Uy, ..., U}
of binary frame templates such that

e M contains each of the classes M., (1), ..., My (D),

e M contains the duals of the matroids in each of the classes
Mw(\ljl)r - >Mw(\pt)a

e if M is a simple vertically k-connected member of M with at
least [ elements and with no PG(m—1,2) minor, then either M
is a member of at least one of the classes M, (®1), ..., M,(P;)
or M* is a member of at least one of the classes M, (V1), ..., M,(¥,),
and

e for each template ® € Ty, either ® is trivial or &’ < P for some
OIS {(I)X, Do, Doy, (I)yo, (I)yl}.

We say that Ty describes M.

By combining Corollary 3.5 with Theorem B.19], one can observe that
every proper minor-closed class M of binary matroids can be described
by a set of templates. Moreover, that set is nonempty if and only if M
contains all graphic matroids or all cographic matroids.

Corollary 3.21. Let M be a minor-closed class of binary matroids,
and let {®Pq,..., 95, Vq,..., U} be a set of templates describing M.
If any of these templates is nontrivial, then M contains M(Py,),
M((I)yl), M*<(I)y0), or M*<(I)y1)

Proof. Let ® be a nontrivial template in the set {®q,...,P,}. By
Definition B.20/and Lemma 3.8 either ®y, < ® or &y, <X ¢. If Py, < P,
then

M((I)Yo> g Mv<q)Yo) g Mv(q)> g M,

where the first containment holds because every matroid conforming to
a template also virtually conforms to it, the second containment holds
by definition of <, and the third containment holds by Definition [3.20.
In the case where ®y, < @, a similar argument shows that M(Py,) C
M.

If ¥ is a nontrivial template in the set {¥q,..., VU }, a similar argu-
ment shows that either M*(®y,) C M, or M*(dy,) C M. O

4. GROWTH RATES

Let M be a minor-closed class of matroids. Let h(r) denote the
growth rate function of M: the function whose value at an integer > 0
is given by the maximum number of elements in a simple matroid in
M of rank at most r. For a matroid M, we denote by (M) the size
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of the simplification of M, that is the number of rank-1 flats of M.
By combining the main result in [4] with earlier results of Geelen and
Whittle [3] and Geelen and Kabell [2], Geelen, Kung, and Whittle
proved the following:

Theorem 4.1 (Growth Rate Theorem). If M is a nonempty minor-
closed class of matroids, then there exists ¢ € R such that either:

(1) hpa(r) < er for allr,

(2) (T;’I) < hp(r) < er? for all v and M contains all graphic
matroids,

(3) there is a prime-power q such that qqr_—_ll < hp(r) < ceq” for all
r and M contains all GF(q)-representable matroids, or

(4) hag is infinite and M contains all simple rank-2 matroids.

If outcome (2) of the Growth Rate Theorem holds for a minor-closed
class M, then M is said to be quadratically dense. In this section, we
will consider growth rates of some quadratically dense classes of binary
matroids. Let EX(F) denote the class of binary matroids with no F-
minor. If f and g are functions, we write f(r) ~ g(r) if f(r) = g(r) for
all but finitely many r.

Since the growth rate function for the class of graphic matroids is
(TH), the Growth Rate Theorem implies that, if F' is a nongraphic

2
+1
hexy(r) > (T 5 )

binary matroid,

Kung et. al. [6] pose the following question: For which nongraphic
binary matroids F' of rank 4 does equality hold above for all but finitely
many r? Geelen and Nelson answer this question in [5]. Let Nio
be the matroid formed by deleting a three-element independent set
from PG(3,2). The nongraphic binary matroids F of rank 4 for which
hexpy(r) = (’"'51) are exactly the nongraphic restrictions of Ni5. We
present here an alternate proof. Both proofs allow us to answer the
question when F'is a matroid of any rank, not just rank 4. We will

prove the following theorem after proving several lemmas.

Theorem 4.2. Let M be a minor-closed class of binary matroids.
Then ha(r) =~ (’";rl) if and only if M contains all graphic matroids
but does not contain M,(Py,).

Our proof of Theorem will depend on the following theorem,
proved by Geelen and Nelson in [5]:
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Theorem 4.3. Let M be a quadratically dense minor-closed class of
matroids and let p(z) be a real quadratic polynomial with positive lead-
ing coefficient. If hy(n) > p(n) for infinitely many n € Z*, then
for all integers r,s > 1 there exists a vertically s-connected matroid
M e M satisfying (M) > p(r(M)) and r(M) > r.

An even-cycle matroid is a binary matroid of the form M = M(}”)),
where D € GF(2)V*¥ is the vertex-edge incidence matrix of a graph
G = (V,E) and w € GF(2)¥ is the characteristic vector of aset W C E.
The pair (G, W) is an even-cycle representation of M. The edges in W
are called odd edges, and the other edges are even edges. An odd cycle
of (G, W) is a cycle of G with an odd number of odd edges. A blocking
pair of (G, W) is a pair of vertices u,v of G so that every odd cycle
passes through at least one of these vertices. Resigning at a vertex u
of G occurs when all the edges incident with u are changed from even
to odd and vice-versa. It is easy to see that this corresponds to adding
the row of the matrix corresponding to u to the characteristic vector
of W. Therefore, resigning at a vertex does not change an even-cycle
matroid. It is also easy to see that if an even-cycle representation has
a blocking pair, then we can resign so that every odd edge is incident
with at least one vertex in the blocking pair. For our purposes, it will
be convenient to think of a blocking pair in this way.

For r > 2, let A, be the following binary matrix, where we choose
for the I'-frame matrix the matrix representation of M (K, 1), so that
the identity matrices are (r — 2) X (r — 2) matrices.

0 10 1]1---110---011---1
o1 1|/0---0f21---1]1---1
I-frame matrix 0 I I I

Note that M (A,) is the largest simple matroid of rank r that virtually
conforms to ®y,.

Definition 4.4. Let X, be the largest simple matroid of rank r that
virtually conforms to ®y,. Equivalently, X; = U 1, and for r > 2, we
have X, = M(A4,).

Lemma 4.5. The class M, (®y,) is the class of matroids having an
even-cycle representation with a blocking pair. This class is minor-
closed.

Proof. Any simple matroid M virtually conforming to ®y, is a restric-
tion of X, for some 7.

Label the rows of A, as 1,...,r. Add to the matrix row r 4+ 1, which
is the sum of rows 2,...,r. This does not change the matroid X,. We
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see that X, is an even-cycle matroid (G, W), where row 1 is the char-
acteristic vector of W and rows 2,...,r + 1 form the incidence matrix
of G. Moreover, every edge in W is incident with the vertex corre-
sponding to either row 2 or row r + 1. Thus, every matroid virtually
conforming to ®y, has an even-cycle representation with a blocking
pair. Conversely, every matroid that has an even-cycle representation
with a blocking pair {u,v} virtually conforms to ®y,, by making u
correspond to the second row and making v correspond to row r + 1,
which can be removed without changing the matroid.

By resigning whenever we wish to contract an element represented by
an odd edge, it is not difficult to see that the class of matroids having
an even-cycle representation with a blocking pair is minor-closed. []

Lemma 4.6. Any simple, rank-r matroid M that is a minor of a ma-
troid virtually conforming to ®y, is a restriction of X,.

Proof. From the preceding lemma, M is a restriction of some X, . So
M has an even-cycle representation (G, W) with a blocking pair {u,v}.
Let w be the characteristic vector of W. There are ' — r rows in the
matrix A,/ [(VUw)—wv, E(M)] whose deletion does not alter the matroid
M. After these rows are deleted, the resulting matrix is a submatrix
of A,. O

Lemma 4.7. Every matroid virtually conforming to ®y, is a minor of
a matroid conforming to Py, .

Proof. By Lemma [B.8] we have ®y, < ®¢. Every matroid conforming
to ®¢ is obtained by contracting an element from a matroid conforming
to (I)Yo . U

Lemma 4.8. Let k be a positive integer. Then there are at most finitely
many integers v such that the complete graphic matroid M (K,11) is a
rank-(< k) perturbation of a cographic matroid.

Proof. Let N be a cographic matroid. Observe that adding a rank-1
matrix to a matrix representation of a binary matroid N changes ()
by a factor of at most 2. This occurs when, in every rank-1 flat of IV,
there is at least one nonloop element indexing a column that is changed
by adding the rank-1 matrix and at least one nonloop element indexing
a column that remains unchanged when the rank-1 matrix is added.
Thus, if M is a rank-(< ) perturbation of N, we have (M) < 2'z(N).

Let r = r(M). Recall that a cographic matroid N has ¢(N) <
3r(N) — 3. Therefore, (M) < 2Y(3r(N) — 3) < 2!(3(r +t) — 3). For
fixed t and sufficiently large r, this expression is less than (T;rl)
S(M (K, 41).

O
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Lemma 4.9. Let M be a quadratically dense minor-closed class of ma-
troids representable over a given field F. Let {®q,..., &g, Uy, ..., U}
be a set of templates describing M. For sufficiently large r, the growth
rate ha(1) is equal to the size of the largest simple matroid of rank r
that virtually conforms to any template in {®q, ..., Ds}.

Proof. Let I/\((r) denote the size of the largest simple matroid of
rank r that virtually conforms to any template in {®q,...,®,}. So
ha(r) > hly(r). The size of the largest simple matroid of rank r that
virtually conforms to any particular template is a quadratic polynomial
in 7. Thus, for sufficiently large r, the function A/\(r) is a quadratic
polynomial as well.

By Definition 320, there exist k,l € Z, so that every simple verti-
cally k-connected member of M with at least | elements either weakly
conforms to a template in {®q,..., ®,} or weakly coconforms to some
template in {Uq,...,¥;}. Suppose, for contradiction, that hn(r) >
h'\((r) for infinitely many r. Theorem .3 with h/\,(r) playing the
role of p(r), implies that there is a sequence My, Ms, ... of vertically
k-connected matroids in M such that e(M;) > h/\(i) and r(M;) > i.
Thus, in this sequence, there are infinitely many matroids that are
vertically k-connected and have size at least [. Since these matroids
are too large to virtually conform to any template in {®q,..., D},
there is at least one nontrivial template ¥ € {Wy, ... ¥} such that
infinitely many vertically k-connected matroids in M coconform to
U. However, since M contains all graphic matroids and since every
complete graphic matroid has infinite vertical connectivity (hence ver-
tical k-connectivity), we have that infinitely many complete graphic
matroids coconform to W. For some ¢ depending on V¥, every matroid
coconforming to W is a rank-(< t) perturbation of a cographic matroid.
This contradicts Lemma 4.8l By contradiction, the result holds. U

Proof of Theorem [{.3. First, suppose ha(r) =~ (T;I). By the Growth
Rate Theorem, M contains all graphic matroids. For r > 1, we have
| X,| = (7«51) + 3r — 3, which for r > 2 is greater than (T;Fl). Thus, M
does not contain M, (Py, ).

Now, suppose M contains all graphic matroids but does not contain
M, (®y,). Since M contains all graphic matroids, there is a nonempty
set {®q,...,Ps, Vq,..., U} of binary frame templates describing M.
By Lemma 9] hn(r) is equal to the size of the largest simple matroid
of rank r that conforms to any template in {®q,...,Ps}. Suppose
® is a nontrivial template in {®y,..., ®,}. By Corollary B.2T], either
Oy, < & or dy; < &. Since M does not contain M, (Py,), we must
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have @y, < ®. However, by Lemma [A.7] this implies M,(®y,) C M.

Therefore, we conclude that hp(r) & (T;I), completing the proof. [

Corollary 4.10. Let F' be a simple, binary matroid of rank r. Then

hexry ~ (Tgl) if and only if F' is a nongraphic restriction of X,.

Proof. By Theorem B2}, hex(r) ~ ("5') if and only if EX(F) contains
all graphic matroids but does not contain M, (®y, ). The condition that
EX(F) contains all graphic matroids is equivalent to the condition that
F' is nongraphic. By Lemma 6] the condition that EX(F') does not

contain M, (®y,) is equivalent to the condition that F' is a restriction
of X,. O

Note that X, = Njo; so this answers the question posed in [6].
We now consider the growth rate of EX(PG(3,2)). We will prove
Theorem [I.3] which we restate below.

Theorem 4.11. The growth rate function for EX(PG(3,2)) is
hg;((p(;(&g)) ~ 7‘2 —r 4+ 1.

We will use the following.

Lemma 4.12. Let%)((p(;(gz)) = {(I)l, .. .(I)s,\lll, .. .,\Ift}. [f(I) c {(I)l, c.

then either ® = ®x or ® is a template with C = () and with A and A
trivial.

Proof. The class of matroids conforming to ®x is exactly the class of
even-cycle matroids. This class is minor-closed. The largest simple,
even-cycle matroid of rank r has an even-cycle representation obtained
from the graph K, by adding to each even edge an odd edge in parallel
as well as adding one odd loop to the graph. Therefore, the class of
even-cycle matroids has growth rate 2 (g) +1=r2—r+1. So the largest
simple, even-cycle matroid of rank 4 has size 13. Since PG(3,2) has
size 15, we have M(®yx) C EX(PG(3,2)). Therefore, we may assume
that ®x € Tex(pas,2)-
Since &y < ®x, we may assume that &y ¢ {Py,... D}, Let

¢ = ({1}707 Xa}/O>)/1>A1>AaA)

be a nontrivial template such that ® # ®x and & € {dq,...D,}.
Consider the graft matroid M (Kg, V(Kg)). A straightforward compu-
tation shows that, by contracting the nongraphic element, we obtain
PG(3,2). Therefore, @y, £ ®. By Lemma B.8, we also have & £ ®
and Poy A P.

Now, we may assume that ® is in standard form. Since ¢ £ @, by
Lemma we may assume that C; = (). Also, by Lemma [3.14] since

D},
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Py ﬁ ® and ¢ f ®, either A|X; is nontrivial and ®x < ® or A is
trivial and C' = ().

First, suppose that A is trivial and C' = . Since @y, £ @, Lemmal3.I0]
implies that ® is equivalent to a template with A trivial. So we may
assume

® = ({1},0, X, Yo, Y1, A1, {0}, {0}),

which is one of the possible conclusions of the lemma.
Thus, we may assume that A|X; is nontrivial and ®y < ®. Suppose
|A|X1| > 2. On the template

¢ = ({1}7007%7}/17A17A7A)7

perform operation (3) and then repeatedly perform operations (4) and
(10) to obtain the template

({1}7 COa X> ®> ®> Al[Xa CO]> {0}7 A)
Then repeatedly perform operation (7) to obtain
({1}7 ®a X1> ®> ®> [m? {0}7 A|X1)

Since A|X; has characteristic 2 and size greater than 2, it contains
a subgroup A’ isomorphic to (Z/27Z) x (Z/2Z). Perform operation (2)
to obtain the template

({1}7 @7 X17 (2)7 (2)7 [@]7 {0}7 Al)u
then repeatedly perform operations (5) and (6) to obtain
({1}7 ®7 X,’ ®’ ®’ [(D]’ {0}7 A”)?

where | X’| = 2 and A” is the additive group generated by [(1)] and [ﬂ :

One readily sees that PG(3,2) conforms to this template. Therefore,
|A| = 2. We may perform row operations so that A is generated by
[1,0...,0]". Let X be the element of X such that A[{2} is nonzero.

Now, suppose there is an element € A that is not in the row space
of A;. Perform operations (2) and (3) on ® to obtain

({1}, Co, X, Yo, Y1, A1, {0, 7}, {0}).

Now, by a similar argument to the one used in the proof of Lemma[3.15]
we have &y, < ®. Since we already know this is not the case, we deduce
that every element of A is in the row space of A;.

Let £ € A|Cy and § € A be such that there are an odd number of
natural numbers ¢ such that z; = y; = 1. Then we call the ordered
pair (Z,y) a pair of odd type. Otherwise, (Z,y) is a pair of even type.
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Suppose (Z, ) is a pair of odd type with y|X; a zero vector. By per-
forming operations (2) and (3) and repeatedly performing operations
(4) and (10), we obtain

({1}a C0> Xa ®a ®a Al[X> C]? {0’ j}> {Oa ﬂ}),

which is equivalent to ®cx. We already know this is not the case.
Therefore, for every pair (7, ) of odd type, y|X; = [1,0,...,0]T.

Suppose T € A|C and 1,72 € A are such that ;| X; = 92| Xy =
[1,0,...,0]T, such that (7,7, ) is a pair of odd type, and such that (7, 7)
is a pair of even type. Then (y;+%2)| X is a zero vector, and (Z, §1+7»)
is a pair of odd type. Therefore, either all pairs (z,7) € A|C' x A are
of even type, in which case ® is equivalent to a template with A|X,
trivial and C' = (), or if (Z,7) is a pair of odd type, then (z, %) is of
odd type for every z € A with z| X; nonzero. In this case, consider any
matrix virtually conforming to ®. After contracting C', we can restore
the I'-frame matrix by adding ¥ to each row where the I'-frame matrix
has been altered. Therefore, ® is equivalent to a template with A|Xj
trivial and C' = ().

So we now have that

¢ = ({1}7@7)(7%7}/171417 AvA)v

with A generated by [1,0...,0]7 and with every element of A in the
row space of A;. We will now show that, in fact, ® is equivalent to a
template with A trivial. On ®, perform y-shifts to obtain the following
template, where Yy = Yy U Y7:

(I)/ = ({1}7@7)(7}/2]/7 (Z)uAh AvA)

By repeatedly performing operation (5) and then operation (6) on this
template, we may assume that A; has the following form, with the star
representing an arbitrary binary matrix and v representing an arbitrary

Tow vector:
0---0| v
[|X‘_1 * ’

Also, since A|(D — {X}) is trivial, we may perform row operations on
every matrix conforming to ®’ to obtain a template

q)// = ({1}7 @7 X7 }/57 (2)7 A17 A//7 A)7

so that every element of A” has 0 for its first | X'|—1 entries. Since every
element of A was in the row space of A;, the only possible nonzero
element of A” is the row vector with 0 for its first |X| — 1 entries
and whose last |Yj| — |X| + 1 entries form the row vector v. Note
that operations (5) and (6) and the row operations we performed on
every matrix conforming to ®’ each changes a template to an equivalent



TEMPLATES FOR BINARY MATROIDS 33

template. Thus, we may assume that v is nonzero and that A” = {0,0}
because otherwise, ® is equivalent to a template with A trivial. So,
for some y € Y], we have v, = 1. On the template ®”, repeatedly
perform operation (11) and then operation (10) to obtain the following
template:

" = ({1},0,{3}, {y}.0,(1],Z/27Z,72/27).

The following matrix conforms to "

00000OO0OO0OO0OO0OO0OCT1TT1TT1T1 1‘1
100011100O0O00O0O0T1O0]1
01 0010011O0O0010O0O0]1
001 00101010100 O0]1
0001001011 1O00O0¢O0O0]1

By contracting y, we obtain PG(3,2). Thus, we have shown that ®
must be equivalent to a template with A trivial. So we may assume

(I) - ({1}7®7X7}/E]7}/17A17 {0}7A)7

with A generated by [1,0,...,0]%.

Now, let us consider the structure of the matrix A;. By repeated
use of operation (5), we may assume that A; is of the following form,
with the top row indexed by X, with * representing an arbitrary row
vector, with Yy = Vi U Vi, and with each L; representing an arbitrary
binary matrix:

Y Voo Wi
0---0l0---0l1---170---0] =
I Ly Ly 0 Lo
0 0 0 I Ls

Suppose either Ly or L; has a column with two or more nonzero
entries. Let y be the element of Y; that indexes that column, and let
Y’ be the union of {y} with the subset of Y7 that indexes the columns
of the identity submatrix of A;[X,Y]]. Repeatedly perform operations
(4) and (10) on ® to obtain

({1},0.X,0,Y", A1, {0}, A).

On this template, repeatedly perform y-shifts, operation (11), and op-
eration (6) to obtain

00 =z
({1}7®7X,? ®7 Y”? 1 0 1 ?{O}?A)?
011
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where x = i if y indexes a column of L; and where X’ and Y” index

0 0 =z
the set of rows and columns, respectively, of the matrix [1 0 1{.
01 1

The following matrix conforms to this template. By contracting the
columns printed in bold, we obtain PG(3, 2).

00 00O0O0O0O0OO0OO0O1TT1T1T1|00 z z17
0000O0OO0OO0OO0OO0O0O0O0OO0OO0OO0O|1TL 011
0000O0OO0OO0OO0OO0O0O0OO0O0O0O|01T11
1000111000000 11]0010
01 0010011000010 00°1
060010010101 1010|10¢00¢O0
0001 0010110110010 0]

This shows that Ly and L; consist entirely of unit and zero columns.
Thus, by Lemma B.I7] L is an empty matrix and L; consists entirely
of distinct unit columns. Therefore, A; is of the following form:

Y] Vo Wi
T 0 T 0 | Qi
0 i 0 0 | Q,
0 0 0 T | 0;

with each (); representing an arbitrary binary matrix.

Let M be any matroid conforming to ® with rank and connectivity
functions r and A\, respectively. Let r’ be the rank of the submatrix of
Aj consisting of @)1, ()2, and the row vector we have denoted with a
star. Then r(Yy) = |Vo| + " and r(E(M) —Yy) = r(M) — |Vp|. Thus,
AYp) =" Soif k > '+ 1, then M is not vertically k-connected
unless Yy or E(M) — Yj is spanning. If Yj is spanning in M, then the
[-frame matrix used to construct M has 0 rows. Thus, M is not simple
unless |E(M)| < |Yo| + [Yi] + 1, with the 1 coming from the element
[1,0---,0]T of A. Thus, if we set I > |Yy| + |Y1| + 1, then no simple,
vertically k-connected matroid with at least [ elements conforms to ®
unless E(M) — V; is spanning in M. Therefore, we have V, = ().

Let @ be the submatrix of A; consisting of ()7 and Q5. If every
column of () has at most two nonzero entries, then ® < &y, and as we
deduced above, we may assume & = ®p,. Therefore, we assume that
@ has a column ¢, indexed by the element y € Y, with three or more
nonzero entries.

Repeatedly perform operation (10) on ® to obtain the template

' = ({1},0, X, {y}, Y1, Ai[D, Y1 U {y}], {0}, A).
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Let ¢ = [i] , with ¢ a column of @)1 and ¢, a column of (). Consider

Co

the following cases:

Case 1. The vector ¢; has three nonzero entries.
Case 2. The vector ¢; has two nonzero entries, and ¢, has one nonzero

entry.

Case 3. The vector ¢; has one nonzero entry, and ¢, has two nonzero

entries.

Case 4. The vector ¢y has three nonzero entries.

In Case i, repeatedly perform y-shifts and operation (11) to obtain

the template

(b;, = ({1}’ ®a Xl» {y}> lel> Aln’a {0}7 A)>

where A;; is the matrix defined below with rows indexed by X’ and
columns indexed by Y/ U{y}. In each case, the last column is indexed
by vy, and it turns out that the value of  does not matter.

00011 1]z
4 | L 00T O0O0[1
=101 0/010]|1

00 1|00 1]1

00 0[1]x
1 0011
Ars = 01 0[0]1
00 1(0]1

In Case 7, the matrix below virtually conforms to ®

Ao =

Ay =

0001 1|z
1 0 0[1 01
01 0[0 1|1
00 1(0 0|1
[0 0 0]z
1 0 0|1
0101
00 1|1

the columns printed in bold, we obtain PG(3,2).

"
)

. By contracting

Case 1:
11 0/00 0111000711 1]|x]
000[100100100T10°0]|1
000[/01 001007100101
000[/0010O0100T100T1]|1
(1011 1111100000 O0[0]|

Case 2:
(1 00011 1l00011001T1]|x]
0000O0O0OGOO|100T1010T1O0]1
0000O0OO0OO0O|01 00101011
0000O0O0O0/0010000T0O01
01 01 101/1 111100000
(001 101100000111 1[0 ]|
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Case 3:

0001 1/000O0O0O01TO000O0O0|xT
0000O0O/1001001O0O01O0O0]|1
0000O0O/01O0O0O1TO0OO0OT1TO0O0OT1TO0O|1
00000001 O0OO0O1TO0O01O0O0T1|1
101101 11000O0O0O0O0DO0O0O0|O0
0110100011 110O00O0O0O0O0

0000 1/0000O0O0DO0O01T1TO0O0TO0|0 ]

Case 4:

1011 1/0000O0O0O0O0O0O0O0O0|xT]
0000O0O[{1 0OO1O0O0D1TO0O0T1O0O01
0000O0/0O1TOOT1TO0OO0ODT1TO0OO0OTO|1
0000O0/0OO1TO0OO01TO0O01TO0O0T1|1
001001 11TO0O00O0O0O0O0O0OO0ODO0|O
000O01(0001110O00O0O0O0O0]O0

01 01 1{000O0O0O01T1TT1O0O0O0(0 ]

By contradiction, this completes the proof. O

Proof of Theorem[1L.3. Let M = EX(PG(3,2)), and let Ty =
{Pq,... D, Uy, ..., ¥}, By Lemma (9] for sufficiently large r, we
have hp((r) equal to the size of the largest simple matroid of rank
r that virtually conforms to any template in & € {®q,...d.}. If
¢ € {Py,...P,}, then by Lemma either ® = &y or & is of the
form ({1},0, X, Yo, Y1, A1, {0}, {0}), for some matrix A; and some sets
X, Yy, and Y;. Moreover, by operation (5), we may assume that A; is
of the following form, with Yy = VoUV; and with the stars representing
arbitrary binary matrices:

Yi W W
IT|*] 0| %
010 I | %

The largest simple matroid of rank r that virtually conforms to ®
is obtained by taking for the I'-frame matrix a matrix representation
of M(K,41), where n = r — r(M(A;[X,Y1])) — |Vo|. Thus, the largest
simple matroid of rank r that virtually conforms to ® has size ("H +
[Yi|n + |Y1] + |Yo|. Substituting r — r(M(A1[X, Y1])) — |Vo]| for n, one
sees that for sufficiently large 7, this expression is less than 72 —r + 1.
Since the class of matroids virtually conforming to ®x is the class

of even-cycle matroids, which has growth rate 7> — r + 1, the result
holds. 0
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5. 1-FLOWING MATROIDS

In this section, we prove Theorem [[.4l The 1-flowing property is a
generalization of the max-flow min-cut property of graphs. See Sey-
mour [I0] or Mayhew [7] for more of the background and motivation
concerning 1-flowing matroids. We follow the notation and exposition

of [].

Definition 5.1. Let e be an element of a matroid M. Let ¢, be a
non-negative integral capacity assigned to each element z € E(M) —e.
A flow is a function f that assigns to each circuit C' containing e a non-
negative real number fo with the constraint that for each z € F — e,
the sum of fo over all circuits containing both e and z is at most c,.
We say that M is e-flowing if, for every assignment of capacities, there
is a flow whose sum over all circuits containing e is equal to

min{ E ¢;|C™ is a cocircuit containing e}.
xeC*—e

If M is e-flowing for each e € E(M), then M is 1-flowing.

The matroid 77; is the even-cycle matroid obtained from K5 by
adding a loop and making every edge odd, including the loop. In [10],
Seymour showed the following.

Proposition 5.2. The The class of 1-flowing matroids is minor-closed.
Moreover, AG(3,2), Uy, Ti1, and T}, are excluded minors for the class
of 1-flowing matroids.

Seymour [10] conjectured that these are the only excluded minors.

Conjecture 5.3 (Seymour’s 1-flowing Conjecture). The set of excluded
minors for the class of 1-flowing matroids consists of AG(3,2), Usu,
Tll; and Tl*l

Since Us 4 is an excluded minor for the class of 1-flowing matroids, all
such matroids are binary. Therefore, the results in this paper apply to
1-flowing matroids. We will now prove Theorem [[.4] which we restate
below.

Theorem 5.4. There exist k,l € Z, such that every simple, vertically
k-connected, 1-flowing matroid with at least [ elements is either graphic
or cographic.

Proof. The matroid AG(3,2) conforms to ®y, since it is a restric-
tion of Nip. Indeed, consider the matrix representing Nj, that vir-
tually conforms to ®y,. Add the rows labeled by X in this matrix
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to one of the other rows. Then we can see the matrix representa-
tion [I4]|Jy — I4] of AG(3,2) as a restriction of Nyp. Also, it is not
difficult to see that AG(3,2) can be obtained from a matroid conform-
ing to Py, by contracting Yy. Thus, EX(AG(3,2)) contains neither
M(®Dy,) nor M(®Py,). Since AG(3,2) is self-dual, EX(AG(3,2)) does
not contain M*(®y, ), or M*(®y, ) either. Therefore, by Corollary B.21]
EX(AG(3,2)) is described by the trivial template. Thus, since AG(3, 2)
is an excluded minor for the class of 1-flowing matroids, there exist
k,l € Z, such that every simple, vertically k-connected, 1-flowing ma-
troid with at least [ elements either conforms or coconforms to the
trivial template. The result follows. U
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