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Abstract

In this paper we consider the problem of structural stability of strong local opti-
misers for the minimum time problem in the case when the nominal problem has a
bang-bang strongly local optimal control which exhibits a double switch.

1 Introduction

In this paper we consider the minimum time problem between two submanifolds of a
finite dimensional manifold M in the case when the dynamics is affine with respect to
the control and the control takes values in a box of R". Namely, the following optimal
control is studied:

T — min, (1.1a)

£(t) = fol€(t)) + Y _us(t)fs(€(t)) e t€[0,T], (1.1b)
s=1

5(0) S ]\/YQ7 S(T) S Nf, (11C)

lus(t)] <1 s=1,2,...,m a.e. t €[0,7). (1.1d)

For such a problem, the triple (7,&,u) is said to be an admissible triple for problem
(1) if T > 0 and the couple (£,u) € WH*°([0,T], M) x L>=([0,T],R™) satisfies (LR,
(LIc) and (L.Id)). We assume that a triple (T\,é\,ﬂ) satisfying the necessary conditions
for optimality (i.e. Pontryagin Maximum Principle) is given where the control is bang-
bang but multiple switches occur. To the author’s knowledge the literature on bang-bang
controls with multiple switches is much more scarce than the one with simple switches
only. L'-local optimality results for bang-bang controls with multiple switches in the
minimum time problem between two fixed end points were given in [§]. In [5] the authors
consider the case when a double switch occurs and all the other switches are simple.
They prove that under suitable regularity conditions, and assuming the coercivity of the
second order approximation of a certain finite-dimensional subproblem of the given one,
the triple (T\, E, u) is in fact a state-local minimiser of the problem (see Definition [IT] for
a precise definition of this kind of strong local optimality).
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Here we consider the same case as in [5] and we study the structural stability of the
locally optimal control & under smooth perturbations of the data of the problem, namely
the drift fy, the controlled vector fields f1, fs, ..., fim and the submanifolds of the initial
and final constraints.

In particular we are interested in understanding how the existence of the double switch
and the bang-bang structure of the locally optimal control are affected by small pertur-
bations of the data. Such a situation is in fact not generic and we show here that under
the same assumptions that ensure state-local optimality of the reference triple plus a
controllability assumption, the bang-bang structure of the locally optimal control is sta-
ble under small perturbations even though the double switching time may decouple into
two simple switching times.

The proof is carried out by Hamiltonian methods, which were also used in [5] to prove
the state local optimality result for the nominal problem. The same methods were also
used in [6] and [7] to prove state local optimality and structural stability of a bang-
singular-bang extremal in the minimum time problem between two fixed end points.
The same methods were used in [4] and [I] for the problem of strong local optimality
and structural stability of bang-bang extremals with a double switch in Mayer problem.

As in [5], for the sake of notational simplicity we shall confine ourselves to the case
when M = R", m = 2 and only the double switch occurs. However, as all the results
are invariant under a change of coordinates, they can be easily generalised to the case
when the state space is a smooth finite dimensional manifold. Moreover, the presence
of a finite number of simple switches occuring either before and/or after the double one
can be treated at the expenses of a much heavier notation, see for example [4]. Thus the
nominal problem (1)) simplifies to

T — min, (Po)

§(t) = fo(&(1)) + ur (D) f1(£(1)) + u2(t) f2(£(2)  ace. t €0, T],
§(0) € No,  &(T) € Ny,
lus(t)] <1 s=1,2 a.e. t € [0, 7.

Without loss of generality we can assume that u is given by

(—-1,-1) tel0,7),

ﬁ(t) = (1/1\,1(15), 1/1\,2(15)) = {(171) te (?, f]

We assume that (Pg) is the problem we obtain when r = 0 in the following parameter

dependent problem (Py):

T — min, (Py)

§(t) = fo(€(1)) +ua(t) fT(E(4)) + ua(t) f3(£(t)) ace. t €[0,T],
§(0) e N, &(T) € Ny,



lus()| <1 s=1,2 a.e. t €[0,7].

The parameter r belongs to some ball By centered at the origin of R¥ and radius R > 0.
For notational simplicity we choose R™ as state—space; All the data are assumed to be
smooth, more precisely the maps

(r,z) € B x R" — fI'(z) € R", i=0,1,2

are assumed to be C? and the submanifolds of the initial and final constraints are given
as regular intersections of zero-level sets of C? maps from Bgr x R" to R, i.e.

Ng:q)?’r(:c):O Vi=1,...,n — ng,
D®"(z) are lincarly independent at # V(r,z) € Br x R".
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and

N;:@;’r(x):() Vi=1,...,n—ny,
D@;’T(x) are linearly independent at x  V(r,z) € Bg x R™.

We are interested in state-local optimisers according to the following definition:

Definition 1.1 (state-local optimality). The trajectory £ of an admissible triple (T, €, u)
for problem (P,)) is a state-local minimiser of such problem if there are neighbourhoods U
of its range £([0,T7), Up of £(0) and Uy of £(T") such that £ is a minimum time trajectory
among the admissible trajectories of (P.)) whose range is in U, whose initial point is in
N§ MUy and whose final point is in N]’; NUy.

Remark 1.1. Notice that state-local optimality is a kind of strong local optimality, in
the sense that there is no localisation with respect to the control, but only with respect to
the trajectories. Moreover state-local optimality is stronger than the classical notion of
strong-local optimality where one considers the C° distance between trajectories, i.e. one
considers only triples (7', £, u) where the graph of the trajectory ¢ is close to the graph
of the reference trajectory &.

Assuming that (T\, E, 17) satisfies normal PMP, the sufficient conditions for state-local
optimality as stated in [5] and a controllability assumption which ensures the uniqueness
of the adjoint covector, we prove that for small R each problem (P.]), r € Bpr has a state-
local optimal trajectory (77,&",u") (with adjoint covector ") where u” preserves the
bang-bang structure of u and 7" is close to T. Moreover A" is the only Pontryagin
extremal of (P,]) whose graph is close to the graph of A



2 Notation

We are going to use some basic notions from symplectic geometry. For any manifold
N C R"™ and any x € N, the tangent space and the cotangent space to N in x are
denoted as T, N and TN, respectively. We recall that the cotangent bundle T*R" to
R"™ can be identified with the Cartesian product (R")* x R" = T¢R" x T,R" for any
x € R™. The projection from T*R" onto R" is denoted as w: £ € T*R"™ — wf € R"™. We
shall write T.R" instead of R™, to emphasize the fact that we are dealing with tangent
vectors.

The canonical Liouville one—form s on T*R™ and the associated canonical symplectic
two-form o = ds allow to associate to any, possibly time-dependent, smooth Hamiltonian
F;: T*R™ — R, the unique Hamiltonian vector field F; such that

o(v, Fo(0)) = (dF,(f), v), Vo € T,T*R™

Choosing coordinates £ = (p,z) € (R")* x R", we have

F(p.x) = <_aiFt7 %) (p, ).

To any vector field f: R™ — TR"™ we associate the Hamiltonian function F
F:eT'R"— (£, f(nl)) € R,

so that F(p,x) = (—pdf(x), f(x)).
We denote by f; the piecewisely time-dependent vector field associated to the reference
control:

~

fr = fo+ui(t)f1 + ua(t) fo

and by hq, hg its restrictions to the time intervals [0,7) and (7, T\], respectively:

h11:J?t

[0,?):f0_f1_f2’ ha ::ﬁ(?ﬂ:JCO‘f‘fl-i-fZ-

In what follows we shall also neeed the vector fields

ki = fo+ fi— fo=h1+2f1 = hy — 2y,
ko= fo— fi+ fo=hi+2fs = ha — 2f1.
The associated Hamiltonian functions are denoted by the same letter, but capitalized.
Namely
Hl(e) = <€7 hl(W£)>7 HZ(E) = <€7 hZ(W£)>7
Ki(0) = (€, ka(nl)),  Fa(l) = (€, Ka(t).



Analougously we define the parameter dependent vector fields

hi=fo—fi—f,  ha=Jfo++1,
ki=fo+fi-f  k=f—f+1

and the associated parameter dependent Hamiltonians

H{ :=F; — F| — F3, Hj := Fj + F| + FJ,
K{ :=Fy + F| — F;, Ky :=Fy — F| + F;.

The maximised Hamiltonian of the nominal control system (Pg)) is well defined in the
whole cotangent bundle T*R" and is denoted by H™?*:

H™(¢) :==max {Fy(£) + w1 F1(£) + ua F5(€): (u1,u2) € [-1,1)%}
=Fo () + |F1(0)] + | Fa(0)] -

Throughout the paper, the symbol O(x) denotes a neighborhood of x in its ambient
space. The flow starting at time ¢ = 0 of the time-dependent vector field f; is defined in
a neighborhood O(Zy) for any ¢ € [0,7] and is denoted by S;: O(zy) — R”, i.e.

d~ ~ A~ ~
aSt(x) = froSi(z) ae. tel0,T], So(z) = .

We denote by 7o := £(0) and by Ty o= &(T) = Sr(Zy) the end points of the reference
trajectory and by Ty := E (7) = 5?(550) the point corresponding to the switching time.
Given a smooth function v: O(z) € R™ — R and a vector oz € T,R", the Lie
derivative of 7 with respect to the vector dx at the point x is denoted by 0z - v (x),
ie. 0z v (z) = (Dvy(x), éx). If f: O(z) — TR™ is a smooth vector field, then f -~ (x) is
the Lie derivative of v at « with respect to the vector f(x), i.e. f-y (z) :== (Dy(z), f(x)).
Finally, given two smooth vector fields f, g: R™ — TR"™, then the Lie bracket [f, g] is

given by the vector field (Dg)f — (Df)g.

3 Assumptions

We now state the assumptions on the nominal extremal triple (f, E, @) of (Pg)). Besides
the necessary conditions for optimality, namely Pontryagin Maximum Principle (PMP)
—which we assume to hold in its normal form— we require that the triple (f, {A, iZ) sat-
isfies the conditions that ensure state-local optimality, as stated in [5]: regularity along
the bang arcs, regularity at the switching time and the coercivity of the second order
variation associated to some finite-dimensional subproblem of the given one. Moreover
we assume that the nominal problem (Pg) is controllable along .



Assumption 1 (Normal PMP). There exists an absolutely continuous curve X [0,T] —
T*R"™ satisfying the following properties

TA(t) = £(t), vt € [0,T), (3.1a)
A1) = B0, ae t 0,7, (3.1b)
F,(A(t)) = H™(A(t)) = 1, a.e. te[0,7T), (3.1¢)
2(0) T 0, A7) v, 0 (3.1d)

In coordinates we put X(t) = (ﬂ(t), g(t)) where 1i(t) € Tg*(t)R" vt € [0,T).
Here and in what follows we shall use the following notation:
lo:=XN0), Llg:=A7T), l5:=\T),
po = 1(0), pa:=n(7), py=pn(T).
Remark 3.1. The flow starting at time ¢ = 0 of the time-dependent Hamiltonian vector

field associated to F(0) := («, ﬁ(ﬂf)) is defined in a neighborhood (9(?0) of gy for any
t € [0,7T] and is denoted by Fy: O(¢y) — T*R™:

d ~ 2 o T a
SFO=FioF(l) aete0T],  Folt)=t

Remark 3.2. The adjoint covector i is a solution to the ODE

(1) = T (1), €0)) = — (ult), AE)

so that 7i(t) = poS;.!  Vt € [0, and equations (BId) read

n—ng n—ng
~ ~ 005 ~ s 0/~
Po= Y aD® @), pr= > b;D @),
i=1 j=1
for some @ = (a1, ...,An-—ny) € R, b= </51, . ,/[;n_nf) e R» s,

Remark 3.3. As ) is a normal extremal then the transversality conditions @Id) to-
gether with the maximality condition (B.Id) yield hy(Zo) ¢ T3, No and ho(Zy) ¢ T3, Ny

Maximality condition (BId) implies, for any ¢ = 1,2 and for almost every t € [0, f],

Wi Fi(A1) = w6 A®), £i(€(1)) > 0.



We assume that the bang arcs of \ are regular, i.e., we assume that at each point )\(t)
t # 7, the maximum of the Hamiltonian is achleved only by u = u(t) = (u1(t),ua(t)),
i.e.,

FoM)) + ur FL(OM8)) + ua Fa(A (1)) < H™(X(t)) = 1
V(u1,ug) € [=1,1]* \ { (@1 (t), U (1))}

In terms of the controlled Hamiltonians F} and F5 this can be stated as follows:

Assumption 2 (Regularity along the bang arcs). Let i =1,2. Ift # 7, then

Wit F(A®) = @t (A(E), fi(£(t) > 0. (3.2)

Remark 3.4. Passing to the limit for t — 7 in (3.2)) we get Fl(zd) = FQ(Zd) = 0 and,
because of the normality condition in PMP, Fy(¢;) = 1. As a consequence fo(Z4) ¢

span{f1(Za), f2(Za)}-

From the necessary maximality condition ([B.Id) we get

d d
dZFo)\() :dt(K Hl)o)\() >0,
=7 =7 P19
d d ~ T
SoFont)| =~ (Ho—K;)oAt)| >0,
dt ey dt P

We assume that the above inequalities are strict:
Assumption 3 (Regularity at the double switching time).

d

= (Hy— K)o\
A7> 0, dt( 2 )O)\(t)

t=7

>0, v=1,2.
t=7+

Assumption [3] is called the STRONG BANG-BANG LEGENDRE CONDITION FOR THE
DOUBLE SWITCHING TIME. Equivalently, this assumption can be expressed in terms of
the Lie brackets of vector fields or in terms of the canonical symplectic structure o (-, -)
on T*R".

Proposition 3.1. Assumption[3 is equivalent to
T, [k 30)) = o (H1L K ) () > 0,

v=12.
T, Vs o) (7)) = o (Ko, Ha ) (Ta) > 0,

)

An easy computation proves the following equivalent condition



Proposition 3.2. Assumption[3 is equivalent to

T o, £ @) > |, 11, £2) @)

o (R F) @ > o (R.B) @], i=12

In what follows we shall also need to reformulate Assumpt/i\on Bl in terms of the pull-
backs of the vector fields h, and k, along the reference flow S; . Define

go(x) == 5=1h, 0 Sx(z), ju(x):=S:tk,08x(z), wv=1,2 (3.4)

and let G,, J, be the associated Hamiltonians. Then a straightforward computation
yields

Proposition 3.3. Assumption[3 is equivalent to

(@ [91.3) @) = & (G T2) (B) > 0.

(@o. s 92) (20)) = o (7, C2) (fo) > 0.

Also, we assume that E has no self-intersection:

Assumption 4. The reference trajectory E: [O,f] — R™ is injective.

4 The second order variation

The second order variation is the second order approximation of a finite-dimensional sub-
problem of (Pg]) obtained by keeping the same end-point constraints and restricting the
set of admissible controls. Namely, we allow for independent variations of the switching
times of each of the two reference control components %1 and 2. This sub-problem is then
extended by allowing for variations of the initial points of trajectories on a neighborhood
of 7o in R™. We penalise the latter variations with a smooth cost o that vanishes on Ny.

We allow for perturbations of the final time, of the initial point of trajectories on Np,
of the final point on Ny and of the switching time of either component of the reference
control: let 71 := 7 + 1 and 7 := T + &9 be the perturbed switching times of the first
and of the second component of u, respectively, and let 73 := T+ €3 be the perturbation
of the final time 7.

Let a: R®™ — R be a smooth nonnegative function vanishing on Ny. We remove the
constraint on the initial point £(0) introducing the penalty cost « on such point. We
thus obtain the following problem in the unknowns x, €1, €9, €3:

a(z) + T + 03 — min, (4.1a)



. hl(g(t)) te (0,?‘}' 51),
=9k (E(t) te(T+0,7+0) (4.1b)
ha(€(t)) te (F+ 062, T +33),
£0)=z€eR",  &T+8) € Ny, (4.1c)
01 :=min{e,e2}, 02 := max{ej,e2}, I3:=e3, (4.1d)
_ {1 ?f f1s e (4.1e)
2 if e > eo.

Let gy, ju, v = 1,2 be the pullbacks along the reference flow of the vector fields h, and
ky,, as defined in equation (3.4]). Let Nt be the pullback of Ny to time ¢ = 0 along the
reference flow:

. a-1
Npi= 955 (Ny)
and let T':,;O]/\\ff = §%1(T@Nf) be its tangent space at Tg.

By the transversality condition ([B.1d)) at the reference final time f, there exists a smooth
function 5: R™ — R that vanishes on Ny and such that d3(z ;) = —¢;. Also let 3 be the

pull-back of 3 along the reference flow, 3 := 3 o S5 so that, by Remark [3.2]

~ -~

B: O(Fy) — R, =0,  dB(@) = —Po-

O(Fo)oNN;

Let us set
aq 1251, b2:52—(51:|€2—61|, a9 1253—(52;

then the second order approximations of problem (&Il), for v = 1,2, are defined on the
closed half-spaces

V,Fi={(6z,a1,b,a2) € R" x R x R x R:
6z + a191(Zo) + bju(To) + azg2(Zo) € Tfoﬁf}
and are given by

J! [0, a1,b,as) = D* (o + B)(Zo)[02)? + 262 - (a191 + bjy + a2g2) - B(Fo)
+ (a1g1 +bj, + a292)2 . B(EO) (4.2)
+a1b (91,5, - BGEo) + araz [g1, 92) - B(Zo) + bas i, g2) - B(Fo),

see [4] for the construction. The restrictions of .J; to the sets

Voh, = {(0z,a1,b,a3) € TzyNo x R x RT x R:

)



6z + argi (Bo) + b (Bo) + 0202(F0) € To Ny b, v =1,2,

are indeed the second order approximation of (Pgl).

We are now in a position to state our assumption on the second order approximation
of sub-problem (4.1]).

Assumption 5. For each v = 1,2, J}/ is coercive on Vy',.

Since both Ji" and JJ are quadratic forms, we may as well remove the constraint b > 0
and let them be defined and coercive on the linear spaces

‘/071/ = {(51‘,@1,[), ag) S TgONO x R3:
5z + a1g1(Zo) + bju(To) + asga(To) € Taoﬁf} . v=1,2 (43)

Also let

V, = {(5x,a1,b,a2) e R" x R3:
5 + a1g1(Fo) + b (Fo) + asga(Fo) € Taﬁf} . v=12 (44)

By [2] we obtain the following:

Theorem 4.1. If the second order approzimations Ji' and J are coercive on Vy 1 and
Vo,2 respectively, then there ewists a smooth function a: R™ — R such that O“No =0,

da(zy) = Yo and both J! and J are coercive quadratic forms on Vi and Va, respectively.
The main result of [5] is the following:

Theorem 4.2. Assume (T\,é\,ﬂ) 1s an admissible triple for the minimum time problem
(CI). Assume the triple is bang-bang with only one switching time which is a double
switching time. Assume the triple satisfies PMP, the reqularity assumption along the bang
arcs (Assumption[d), the reqularity assumption at the double switching time (Assumption
[3) and the coercivity assumption (Assumption [3). Moreover assume the trajectory E 18
injective. Then, E s a strict state-locally optimal trajectory.

5 The controllability assumption

In order to prove our structural stability result we need one further assumption which was
not required in [5], i.e. controllability of the nominal problem (Pg) along the reference
trajectory &.

Assumption 6. [ is the only adjoint covector associated to E .
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The controllability assumption can in fact be stated in terms of the data of the nominal
problem (Pg]). For any i = 0,1,2, let f; be the pull-back of f; along the reference flow
from the double switching time 7 to time 0:

fiw) == 8= fi 0 S2(x) = exp(—Fhy).fi 0 exp Thy ().
Lemma 5.1. Assumption [@ holds if and only if

span {TzfoNo, T3, Ny, fo(Zo), f1(Fo), J?z(fo)} =R"

Proof. For ease of notation set C' := span {T’]}ONQ, Tgoﬁf, ﬁ)(iﬁo), fl(iﬁo), fg(ﬁc\o)}
1. Let Assumption [B hold and assume, by contradiction, that C' £ R™. Then there
exists p € O+, p # 0:

(p, dx) =0 Vox € T5,NoUTs, Ny, (p, fi(@o)) =0 Vi=0,1,2.

Let u(t) := (Bo +p) S5, (t)+p5t*1- o
11 € 0,7] then (8" (€)= (. (o~ Fi— ) (o)) = 0. 11 ¢ € (%7}, then

B8t ha(€(1) = 0S=!, ha€@@)) = (o, (Jo+ Fi+ ) (@) = 0.

As (0 )’TioN(JUTioﬁf = polTA NoUT3, N it is easily checked that A(t) := (u(t),£(t))
satisfies PMP, a contradlctlon

2. Assume C' = R" and suppose, by contradiction, there exists an adjoint covector
w(t) which, together with the reference triple (T, &, 17) satisfies PMP. Thus the following
conditions hold:

~

(ult) So€(E)) + @@ ut) . fiE®)) +alt) u(t) , LE(1))) = o
= Fou(t),€(1)) + |Fa (u(6), €(1))| + | Pa(su(), &) = po € {0, 1}; |
Jp € ( onO) (T/x\oNf>J_ b p(t) :pé\t;l' (5.2)

As in t = 7 the double switch of u occurs, we have

-~

(@), LEF)) = (@), fEF)) =0
so that (u(7), fo(E(7))) = po, that is:
(p, fi@)) = (p, f2(T0)) =0, (p, fo(F0)) = po. (5.3)

We now distinguish between two cases:

1. if (p(t),£(t)) is an abnormal extremal (po = 0) then, by (£.2) and (53), p € C*.
As C' = R" this means that p = 0, so that u(¢) = 0, a contradiction in PMP.

2. if (M(t),g(t)) is a normal extremal (pg = 1) then, by (5.2) and (53), p acts on
C = R" in the same way as p, so that p = p and u(t) = f(t), i.e. i is the only adjoint
covector associated to E U

11



6 The main result

We are now in a position to state the main results of this paper, which will be proved
in the following sections.

Theorem 6.1. Under Assumptions[IHf there exists Re (0, R) such that for any r € Bg,
problem (Py) has a bang-bang state-local minimiser (T",u",&"). Each control component
of u” has exactly one switching time. Let 1] be the switching time of u], i = 1,2. At time
7/ the control component u; switches from the value —1 to the value 1. The final time
T" and the switching times 1], 175 depend smoothly on r.

Remark 6.1. Notice that the switching times 7], 75 in Theorem [6.1l may either coincide
or be different, i.e. we may either have a double switching time or two simple switching
times.

Theorem 6.2. Under Assumptions[IHA there exists Re (0, R), € > 0 and a neighborhood
V of the graph of X in Rx T*R" such that for any r € By, the extremal pair \" associated
to the local minimum time triple (T, u",&") of Theorem [G.1] is the only extremal pair
whose final time is in [T — e, T + €] and whose graph is in V.

6.1 The coercivity of the second order variations

In [5], in order to prove the strong local optimality result, the authors consider the
bilinear form @, associated to J,), v = 1,2, i.e. if de = (dx,a1,b,a2), f = (0y,c1,d,c2) €
Vo,» then

Q.[0e,6f] =D2(a + B)(Zo)(6z,8y) + 6y - (arg1 + by + asgs) - B (To)
+dz - (191 + djy + c2g2) - B@O)
+ (c1g1 + dJjy + caga) - (a191 + bjj + azg2) - B (To)

+ daxlgy, ju] - B(Zo) + c2a1(g1, g2] - B (Zo) + c2bljv, g2] - B (Zo) -

The bilinear forms ), can be written in a more compact way by introducing the linear
Hamiltonians

G}': (op,0x) € (R")" x R" > (9p,, 6i(30)) + 0z - gi - B (o) € R,
J): (6p,6x) € (R")" X R" = (3p, ju(%o)) + bz j - B (o) € R,
and the associated constant Hamiltonian vector fields 8'{ and J_Z’ ’. An easy computation
shows that
o ((5p, ox), 8'1’) = G (6p, o), o ((5p, ox), jZ”) = J/(6p, ),
G{(CY) = lag.a] - B o). L") = L - B @0) = ~ T ().

With these equalities at hand it is just a straightforward computation to prove the
following proposition.
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Proposition 6.3. For any admissible variation de = (dx,a1,b,a2) € V,, and any dp €
(R™)* let R

(6pp, dxr) := (0p,dz) + alg/ll +0vJ,)” + a2§/2'.
Then

Qulde,0f] = D*(a+ B)(30)(0z, y) + (0p, dy) — (5pr, 0y + crgr + dju + cag2)
+c1GY (0p, 6x) + dJ)) <(5p, ox) + a18'1/> + oGl <(5p, ox) + aﬁ’{ + de") .

L
Proposition 6.4. An admissible variation de € Vp, is in Vp, N VOWJ” if and only if
there exists op € (R™)* such that

op = —D*(a + B)(&0) (0x,) + wo,  wo € (T, No)",
GY{(6p,dz) =0 ( dp, dx) g >

J! ((5]9,536) + a18 > o ((5p, dzr) + a18 Jy”> =0
Gy <(5p, o) + a18 + bj) ) ((5p, o) + alg/ll + ij”, 8;’) =0
opr € <T5§0]/\\7f)J_ .

Corollary 6.5. Assume the coercivity assumption, Assumption [d, holds and let de =
(0z,a1,b,as) € Vo . If there exists dp € (R™)" such that

5]9 = _DQ(a + 5)('%'0)( ) wo € (Tfo]\ro)l )
G (6p,0z) =0 ( dp, ox) 8

g ((5p,6x) +a13’{) o ((5p, 5z) + a1 G T ) —0.
&4 ((6p.02) + @1 Cf +67.") = o ((6p.82) + 1 Cf +67,7. ) = 0
~ \ L
then de = (0,0,0,0).
Consider the Lagrangian manifold of the initial transversality conditions
Ay = {€ = da(z) + w: x € Np, w € (TuNo)™, Hi(¢) = 1}
so that

15, Ao = {(% = daydr +w: dx € T5, Ny, w € (TZEOJ\/'O)L7 o (557[?;(@\0)) — 0} )
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Let i: (6p,6z) € (R")* x R" = §¢ := —6p + d(—B)dz € T*R". The map i is an antisym-
plectic isomorphism,

, — ~ ~ A~ s

G = H(ly) = Cr(lo) = F= ! Hy o F>(lo),

. N T P

iGY = Goll) = Fz 1 0 Follo) = Fa Hzo Fplo),

i) = L) = F K o o) v=1.2,

and T Ag = iL{ where

L = { (op, ) : 6w € To,No, dp = — D*(a + B)(30) (02, ) + v,
& (T5,No)*, o ((op,62), GY) =0}

Lemma 6.6. Under Assumptions[ toldl there exist Re (0,R), € > 0 and a neighborhood
O(lo) of Lo in T*R™ such that for any r € B, there exists a unique bang-bang extremal
pair X' = (u", ") of (Pg) having the following properties:

1. A" is a normal extremal and A" (0) € O({y);

2. each component ul, i = 1,2 of the associated control u" = (uf,u}) has exactly
one switching time 1] ; 7,75 € [T —¢€,T + €]; at time 7] the control component ul
switches from the value —1 to the value +1;

3. T e [T —e,T +¢|;

4. 1, 75, T" and A\"(0) depend smoothly on r,

5. the bang arcs are regular: fori=1,2 ul(t)F(A\"(t)) >0 Vt#17,

d
6. each switching time is reqular: au?(f)F[()\r(t)) >0, i=1,2.
t=7/+

Proof. We prove claims 1-4 applying the implicit function theorem: for v = 1,2 consider
the following system of 2n + 3 scalar equations in the unknowns r € Bgr, £ = (p,z) €
T*R", 11, to, t3 € R:

(e (TrNy)* x NJ, (6.1a)
HI(6)—1=0, (6.1b)
K7 oexpt HH(0) — 1 =0, (6.1¢c)
Hj oexp(ta — tl)ﬁ o exp tlfﬁ(ﬁ) —-1=0, (6.1d)

exp(ts — Q)I?Q o exp(te — tl)ﬁ 0 exp tlfﬁl(ﬁ)

1
T T
= (Tﬂexp(tgftg)l-ﬁoexp(tgftl)lﬁyoexptllﬁl(Z)Nf> X Nf
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The linearised equations with respect to (¢,t1,t2,t3) at (r,4,t1,ta,t3) = (0,49,7,T, T\)
are given by

60 = (6p,6x) € T;, ((TgoNo)l X No) , (6.2a)
o (o, fﬁ(?@)) —0, (6.2b)
<eXp FH, 00+ 5t H, (L), (K, — 17{)(})) —0, (6.2¢)

o (exp 7,60 — ot1(Ky — H1)(C) + 002K (L), (3 — Ko)(la)) =0, (6.2d)
Fir 00 + exp(T — 7)H, (st L H, + (8ts — 6t1) K, + (6t5 — 5@)}72’) ) -
6.2¢e

€L
S Tzf ((Tngf) X Nf) .

Notice that a|y, = 0 so that da(z) € (TQCNO)L for any x € Ny. Hence, if in equation
(61a) we write £ = (p, ) we must have p — da(z) € (T, No)* for any = € Ny so that, if
50 = (8p,dx) we get dx € Tz, Ny 6p — D?a(Zp) [0z, ] € (TZL‘\ONO)J_. Thus, taking the pull-
back to time ¢ = 0, the homogeneous linear system (6.2)) admits a nontrivial solution if
and only if there exists 6¢ = (dp,dx) € TZOT*R", dtq, Otg, 0t3 € R, with at least one of
them being different from zero, such that

80 = dadx +wy, 0z € TsyNo, wo € Ty, (T3, No) ™, (

6.3a)
o (55, 81(570)) —0, (6.3b)
o (o¢+ 5t.G1(Bo), (T) — @ (@) =0, (6.3¢)
o (80— 5t,(T, — Cr)(lo) + b2, (B), (T~ T)(lo) ) =0, (6.34)
5.%'f = (51‘ + ((5t191 + (5t2 — 5t1)jy + (5t3 — 5t2)g2) (jfo) € Tffoj\?f’ (6.36)
50+ (&181 4 8ty — 8t1) Ty + (8t3 — 5@)&) (%)

(6.3f)

-~

~ \ L
=d(— )*5xf + wy, wy € T5, <T3,30Nf> .

Applying the anti symplectic isomorphism i~! and denoting i~'§¢ = (6p, dz), equations
([63) can also be written as

(0p,6x) = —D*(a + B)(Z0)(0x,-) + wo, 0z € T5,No, wo € (Ts,No)*,  (6.4a)
o ((5p, 5z), 8’{) —0, (6.4b)
o ((5p, dx) + 5t18'{, J_Z") =0, (6.4c)
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o ((op.02) + 501G+ (8ts — 6t1) T, 8’2') —0, (6.4d)

(5pT7 535T) = (5]9, 5.%') + 6t '1/ + (5t2 _ 5t1)J—>y” ( )
~ 1 ~ 6.4e
+ (0t3 — 5’52)8/2, € (T’;EoNf> x Ts, Ny.

Thus, by Proposition [6.4] the variation (dz, dty, 6ta — 6ty, 6tz — dtg) is in Vp,, N Vo%u- As
J]] is coercive on Vj,, we can apply Corollary 6.5l and we get dx = 0, §t; = dt = dt3 = 0,
so that op = 0 if and only if wy = 0. By equations (6.4]),

. 1
wp € span {T’:EONOa T5, Ny, gl(xo),ju(ﬂfo),w(%)} =

o _ _ n

ZSpan{TaoNo, T5,Ny, fo(Zo), f1(Zo), fz(xo)} ,

thus the controllability assumption, Assumption [6] and Lemma [B.1] yield the claim.

Thus we can apply the implicit function theorem to system (6.I). For r € Bj let
(05,11, 715,T"), £y = (py, ) be the solution of system (6.1]). The piecewise smooth curve
N(t) = (4" (1), (1)) defined by

( exptH](65), te0,7]),
exp(t — 1)K} oexprlHI(65), telr ], p ifr <7}
exp(t — 75V HE o exp(r§ — 1)K o expr{ HI(6), t e [75,T7),
exptHI (1), te0,73),
exp(t — ) K} oexprf HL (), te |y o), ¢ ifm5 <,
exp(t — 1) H} o exp(r] — )KL o exp i HL(6)), t € [],T7],
exptH (). tel0ql |,
¢tV TR te [T 2
L exp(t — 73)Hy oexpry Hy((g), t € [r,T7],

is a normal extremal of problem (P,)) and satisfies claims 1-4 N
We can now complete the proof by proving claims 5-6: possibly restricting R and O({)
we can assume, by continuity

E'(\"(t)) <0 vVt e [0,7 —¢], ,
1 =1,2
FI(N'(t)>0 Vte[T—eT], Y
0(17117V> =0 Ve F—e7+e] 1,2 (6.5)
e|T—¢,17+E€|, v=1,2 .
o (K, 1) (¥ (1) > 0
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By construction, A" is a normal Pontryagin extremal of (P.)). We prove Claim 5 in the
case when 7] < 75. The other cases are analougous. For any ¢ € (T — ¢, 7]) there exists
01 € (t,7]) such that

2FY (N (1) = 2F] (V' (1) + (¢ — 1) S22 0y)
= (¢ =)o (H,2F]) (7 (00) = (= o (HT KT (V' (61)

which is negative by (6.5). Analougously, for any ¢ € (7], 75] there exists 6y € (77,t)
such that

2FT (N (1)) = 257 (V' () + (¢ — ) o
= (¢ =)o (K, 2F] ) (V (62)) = (t =)o (H], KT) ('(62)

which is positive by (6.0). Finally, if t € (15,7 +¢) there exists 63 € (73, T +¢) such that

2F{ (N (1) = 2B (¥ (7)) + (¢ — 75) S22

= 2E[ (N (75) + (t — 7)o (1L, 2F ) (¥ (69))
= 2B (V' (1)) + (¢t =)o (KL, HE) (V' (6)

which is positive by (6.5) and (6.6]). The proof for the sign of Fij (A"(t)) follows the same
line.
Finally, the switching times 7, are regular (claim 6) thanks to inequalities (€3)). O

We can now prove Theorem [6.1] i.e. we prove that projection £" of the extremal A"
defined in Lemma is a state-local optimal trajectory for problem (Py)).

Proof of Theorem[6.1l By construction and by Lemma [6.6] (77,&" = wA",u") satisfies
PMP in its normal form and the regularity assumptions for problem (P,]). Thus it suffices
to prove that £ has no self-intersection and that the second order variation associated
to (Py) is coercive.

Ingectivity of . Assume by contradiction there exists a sequence {ry}ren C B 5 that
converges to 0 and such that there exist ¢y, tog, 0 < t14 < tor < T7F, % (t1 ) =
£k (ta ). Up to a subsequence both ¢1 ; and tgj converge. Let ¢; := limy_,o0 t; 1 € [0, T ,
i = 1,2. If t; < to, then é\(fl) = A(fg), a contradiction. Assume then t; = t, =: t.
Different cases may occur:

1. Up to a subsequence 0 <ty < tg) < T{k. In this case

to K
0= €% (ta) — £ (t1) = / (€™ (s)) ds.

t1,k
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Applying the mean value thorem componentwise we get:

Vi=1,...,n 3k € [t topl: (h]);(€(s5)) = 0. (6.7)

o~ _

Thus, as k — oo in (6.1 we obtain hy(£(t)) = 0, a contradiction since ¢ € [0,71] and

~

Hl()\(t)) =1 Vte [O,?l].
2. Up to a subsequence 0 <ty < T{k <ty < 7'5’“. In this case

Tk

_ (o) =€ (k) Tt —tk

1
0 = ][ hY(€7(s)) ds+
tor —t1k tok =tk Jiy 1(67())
t _ Tk tg’k
flwmn ][ K(E(s)ds.  (6.8)
tog — ik Jol
=tk

Up to a subsequence there exists lim

k—oolo —t1k
in (6.8]) we obtain
0=chi(Zg) + (1 —c) k1(Za) = fo(Za) + (1 — 2¢) f1(Ta) — fo(Ta).
A contradiction, since fo(Z4) ¢ span {f1(Zq), fo(Zq)}-
3. Up to a subsequence 0 < t1 5, < 7{* < 75% <ty . In this case

Tk

(b)) =& (k) | T —tik

™1
0 = ][ hi (&£ (s)) ds+
tok — t1k tog — ik Jey, 1E™(s))
Tk _ Tk o to . — Tk flak
+2 " ][ kT (€7 (s)) ds + 20 T2 ][ h5 (€7 (s)) ds. (6.9)
tok =tk Jolk tog =tk Jook

Up to a subsequence there exist

. Ty —T
= €10,1], lim 22— = ¢y €0,1],
so that passing to the limit in (6.9) we obtain

0=c hl(ﬁc\d) + 2 kl(fd) + (1 —cC1 — 02) hz(/x\d) =
= fo(/m'\d) + (1 — 201) fl(/x\d) — (1 —2c1 — QCQ)fQ(/I'\d).

A contradiction, since fo(Zg) ¢ span {f1(Zq), fo(Zq)}
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In the other cases the proof follows the same line.

Coercivity of the second variation. Let (T", A", u") be the extremal defined in Lemma
66] let & := wA" and zf, := £7(0). Assume 7{ < 75. In this case the trajectory £ is
driven by the dynamics

hy, tel0,7{],
S ki, te(r, 73],
hy, te(ry,TT].

Let S} be the flow at time ¢ associated to ¢; and consider the pull-back vector fields

gi(x) = (S[)7 Ry 0 Sf(x), te[0,7],
i) = (S§.) " k{0 Sf (), te [, 73],
gh(z) = (S1.) "' hy 0 Si(x), te[r5,T"].

Let o be a function that vanishes on Nj and such that da”(£7(0)) = A"(0). Let 5" be a
smooth function that vanishes on (S%T)*I(N]’J), such that dg"(£7(0)) = —A"(0). Finally
consider the linearisation of the constraints

V= {de = (6z,a1,b,a2) € Ty N§ x R®: 6z + arg] + bjj + asgh € Toy NG }

Then the second variation at the switching points, see e.g. [3], is given by

Jy[6e]* = 5 D (a” + B7) (2f)[62]” + 62 - (a1g] + bj] + azgh) - 6" (af)

. 1 .
+ ~(arg} + bjt + aggh)® - 6" (xh) + §a1b l91,41] - B" (xp)

V) el ORI

¥ a0l g8] - 67 () + sasb . 03] - 6" (aF)
We now show, with a contradiction argument, that .J; is coercive on V{: assume there
exists a sequence {ry,}xen C (0, R) that converges to 0 and such that J;' is not coercive
on V7, i.e. there exists de* = (5mk,a’f, b, ak) € VJ such that Héﬂ:kH—}—|a’f|+‘bk|+‘a’§| =1
and J{,'[(Sek]Q < 0. Up to a subsequence de¥ converges to some de = (@, a1, b, 62) € Vo
and such that ||oz|| + |@1| + {5‘ + |az| = 1. Thus

0> lim J"[6ek]? = J"[de)? > 0,
k—o0
a contradiction.
We have thus proved that (T7,£",u"), together with A" satisfies all the assumptions
of Theorem 1 in [3], so that £ is a state-locally optimal trajectory for problem (P,]). If
T4 < 7{ the proof follows the same lines.
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Let us consider the case 77 = 75 =: 77. In this case, as in the nominal problem (Pg))
we have to consider two different second order approximations and to prove that they
are coercive on the respective half-space of linearised constraints.

The trajectory £" is driven by the dynamics

¢T = q’ t 6 [O’TT]’
t v, te (T

Denoting again by 5] the flow at time ¢ associated to ¢", we consider the pullback vector
fields

gr(x) :== (S0 ) hi 0 ST (), i=1,2,

gr(x) == (ST ) kD 0 ST (z), v=1,2.
Let o, 8" and " be as before. Then the linearisation of the constraints is given by the
half spaces

Vb= {6e = (0z,a1,b,a2) € Tyr Ny x R x RT x R:
8z + argi (Zo) + bjy(Zo) + azg(To) € Toy (S+) ' (N})}, v =1,2
and the second order approximation is given by
" [0, a1,b,as] =D (@ + B7) (25)[0]* + 20z - (arg] + b}, + azgh) - B ()
+ (a1g] + b3y, + a2g5)” - B () + arblgf, )] 67 ()
+araz(gr, 93] - B (xp) + baz[jy, 93] - 67 (xp) -
With the same contradiction argument used in the previous case it is easy to show that

J"" is coercive on V;©", v = 1,2. Thus (T7,£",u"), together with A" satisfies all the
assumptions of Theorem 4.2 in [5], so that " is a state-locally optimal trajectory for

problem (P]). O

7 Local uniqueness

We now prove the local uniqueness of the extremal A" in the cotangent bundle T*R",
namely we prove Theorem [6.21 The proof is carried out by showing that there exists a
tubular neighborhood V in RxT*R" of the graph of X such that, if A: [0, ] — T*R"is an
extremal whose graph is in V, with 7" close to 7', then the associated control & = (uy,us9)
is bang-bang and each control component switches once and only once from the value —1
to the value 1. This implies that \ satisfies system (6.0]) which, by the implicit function
theorem, admits one and only one solution, i.e. A=A\

By the regularity assumption at the switching time (Assumption [3]) and by continuity,
there exists § > 0 such that

~ ~ — —

), [fo, il (€@E)) > |A@), [f1. ol E@))], Vte[F—38,7+7], i=1,2
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For any § € (0,0] and i = 1,2 define

(3

a%(8) = min {ui(t)Fi oNt) = —FoA(t): t €[0,7 — 5]} :
o? (§) = min {ui(t)Fl- oNt) = FyoN(t): t € [F 4, f]} ,

(2

and let

m(3) = min {o (1?51?{) (1)) — ‘a’ (E)F;) (X(t))( L i=12, te[F-57+4}.

By continuity there exists O(fy) C T*R™ such that

—af(9)
2

~ Ps
Fyo Fi(t) > a’z( :

o (B0, F) (B0) - o (FLB) Bi)| > ™2 w0 € [~ 6.7+ 8] x 0(F),

FioFy(0) < V(t,0) € 0,7 — 8] x O(ky),

V(t,0) € [F+6,T) x O(Ly),

and, again by continuity, there esists R > 0 such that

FT o F(f) < %@ V(t,0) € [0,7— 0] x Oy, Wr: [F|<R,  (7.1)
o7 (6)

o Fy(l) > = V(t,0) € F+6,T) x Oly), Vr: |r| <R, (7.2)

and

7 (L) G0 - fo (3 ] > = (73
V(t,0) € [F—0,T +0] x O(lo), r: || <R

Let \: [0, T] — T*R™ be an extremal of (P,]) whose graph is in the tubular set

Vs = {(t,}A}(E)): tel0,T+4), (e 05(20)}

and such that ‘f — T‘ < 9.

By (TI)-(72), for i = 1,2,
—ad P

FTroA(t) < Z‘ vt e [0,7 -], F[oX(t)>% Vt € [7+6,T)

hence there exists #; € (7 — 0,7 + §) such that FJ o X(#;) = 0. We now prove that #; is
the only time at which F] o X is zero. More precisely we show that F] o A(t) is strictly
monotone increasing in the interval [T — 0,7 + 9] . Let T — 0 < s1 < s9 < T + ¢t
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~ - s2 _
F 0X(s2) = B 0 Mos1) = [ ST oA ds =
S1

— [ o (B + m@F + . F) () ds -

S1

— /:2 <‘7 (ﬁb7ﬁ> — Uz (s)o (ﬁi‘?)) (A(s))ds > (so — Sl)mf)_

Thus each component of the control u associated to 5 := A switches once and only once
from the value —1 to the value +1.

R
[1]
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