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Abstract

Starting with far field data of time-harmonic acoustic or electromagnetic waves radiated by
a collection of compactly supported sources in two-dimensional free space, we develop criteria
and algorithms for the recovery of the far field components radiated by each of the individual
sources, and the simultaneous restoration of missing data segments. Although both parts of this
inverse problem are severely ill-conditioned in general, we give precise conditions relating the
wavelength, the diameters of the supports of the individual source components and the distances
between them, and the size of the missing data segments, which guarantee that stable recovery
in presence of noise is possible. The only additional requirement is that a priori information on
the approximate location of the individual sources is available. We give analytic and numerical
examples to confirm the sharpness of our results and to illustrate the performance of corre-
sponding reconstruction algorithms, and we discuss consequences for stability and resolution in
inverse source and inverse scattering problems.
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1 Introduction

In signal processing, a classical uncertainty principle limits the time-bandwidth product |T'||W| of
a signal, where |T is the measure of the support of the signal ¢(t), and [W] is the measure of the
support of its Fourier transform ¢(w) (cf., e.g., [7]). A very elementary formulation of that principle

(&, D) < VITIIW I ¢ll2ll]l2 (L.1)

whenever supp ¢ C T and suppz/b\ cCw.

In the inverse source problem, the far field radiated by a source f is its restricted (to the unit
sphere) Fourier transform, and the operator that maps the restricted Fourier transform of f(x) to
the restricted Fourier transform of its translate f(x + ¢) is called the far field translation operator.
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We will prove an uncertainty principle analogous to (1.1), where the role of the Fourier transform
is replaced by the far field translation operator. Combining this principle with a regularized Picard
criterion, which characterizes the non-evanescent (i.e., detectable) far fields radiated by a (limited
power) source supported in a ball provides simple proofs and extensions of several results about
locating the support of a source and about splitting a far field radiated by well-separated sources
into the far fields radiated by each source component.

We also combine the regularized Picard criterion with a more conventional uncertainty principle
for the map from a far field in L?(S!) to its Fourier coefficients. This leads to a data completion
algorithm which tells us that we can deduce missing data (i.e. on part of S!) if we know a priori that
the source has small support. All of these results can be combined so that we can simultaneously
complete the data and split the far fields into the components radiated by well-separated sources.
We discuss both 2 (least squares) and [! (basis pursuit) algorithms to accomplish this.

Perhaps the most significant point is that all of these algorithms come with bounds on their
condition numbers (both the splitting and data completion problems are linear) which we show
are sharp in their dependence on geometry and wavenumber. These results highlight an important
difference between the inverse source problem and the inverse scattering problem. The conditioning
of the linearized inverse scattering problem does not depend on wavenumber, which means that the
conditioning does not deteriorate as we increase the wavenumber in order to increase resolution.
The conditioning for splitting and data completion for the inverse source problem does, however,
deteriorate with increased wavenumber, which means the dynamic range of the sensors must increase
with wavenumber to obtain higher resolution.

We note that applications of classical uncertainty principles for the one-dimensional Fourier
transform to data completion for band-limited signals have been developed in [7]. In this classical
setting a problem that is somewhat similar to far field splitting is the representation of highly sparse
signals in overcomplete dictionaries. Corresponding stability results for basis pursuit reconstruction
algorithms have been established in [6].

The numerical algorithms for far field splitting that we are going to discuss have been developed
and analyzed in [9, 10]. The novel mathematical contribution of the present work is the stability
analysis for these algorithms based on new uncertainty principles, and their application to data
completion. For alternate approaches to far field splitting that however, so far, lack a rigorous
stability analysis we refer to [12, 22| (see also [11] for a method to separate time-dependent wave
fields due to multiple sources).

This paper is organized as follows. In the next section we provide the theoretical background for
the direct and inverse source problem for the two-dimensional Helmholtz equation with compactly
supported sources. In section 3 we discuss the singular value decomposition of the restricted far
field operator mapping sources supported in a ball to their radiated far fields, and we formulate
the regularized Picard criterion to characterize non-evanescent far fields. In section 4 we discuss
uncertainty principles for the far field translation operator and for the Fourier expansion of far
fields, and in section 5 we utilize those to analyze the stability of least squares algorithms for far
field splitting and data completion. Section 6 focuses on corresponding results for ! algorithms.
Consequences of these stability estimates related to conditioning and resolution of reconstruction
algorithms for inverse source and inverse scattering problems are considered in section 7, and in
section 8-9 we provide some analytic and numerical examples.



2 Far fields radiated by compactly supported sources

Suppose that f € Lg(R2) represents a compactly supported acoustic or electromagnetic source in
the plane. Then the time-harmonic wave v € H\_(R?) radiated by f at wave number k > 0 solves
the source problem for the Helmholtz equation

—Av— kv = kg in R?,

and satisfies the Sommerfeld radiation condition

. dv .

Tgrgo\/F(%—lkv) =0, r=|x|.

We include the extra factor of k2 on the right hand side so that both v and g scale (under dilations)
as functions; i.e., if u(x) = v(kz) and f(z) = g(kx), then

0

;f—iu) = 0. (2.1)

—Au—u=f in R? and lim W(a

T—00

With this scaling, distances are measured in wavelengths!, and this allows us to set & = 1 in our
calculations, and then easily restore the dependence on wavelength when we are done.
The fundamental solution of the Helmholtz equation (with k£ = 1) in two dimensions is

a(r) = JHO(l), 7R\ {0},

so the solution to (2.1) can be written as a volume potential

ulz) = /RQ@(x—y)f(y) dy, ceR.

The asymptotics of the Hankel function tell us that

oI5

u(z) = ;g%a(ﬁm)—l—O(r_g) as r — oo,

where = rf, with 6, € S, and

o0 = [ 1) ay. (22

The function « is called the far field radiated by the source f, and equation (2.2) shows that the
far field operator F, which maps f to « is a restricted Fourier transform, i.e.

F: L3(R?) — LX(SY), Ff = flg- (2.3)

The goal of the inverse source problem is to deduce properties of an unknown source f € L(z) (R?)
from observations of the far field. Clearly, any compactly supported source with Fourier transform
that vanishes on the unit circle is in the nullspace N'(F) of the far field operator. We call f € N(F)
a non-radiating source because a corollary of Rellich’s lemma and unique continuation is that, if

!One unit represents 27 wavelengths.



the far field vanishes, then the wave w vanishes on the unbounded connected component of the
complement of the support of f. The nullspace of F is exactly

N(F) ={g=—-Av—v|ve HY(RY}.

Neither the source f nor its support is uniquely determined by the far field, and, as non-radiating
sources can have arbitrarily large supports, no upper bound on the support is possible. There are,
however, well defined notions of lower bounds. We say that a compact set Q C R? carries a, if
every open neighborhood of ) supports a source f € Lg(R2) that radiates . The convex scattering
support € (a) of «, as defined in [18] (see also [19, 24]), is the intersection of all compact convex
sets that carry a. The set €(«a) itself carries a, so that ¢ («) is the smallest convex set which
carries the far field «, and the convex hull of the support of the “true” source f must contain € («).
Because two disjoint compact sets with connected complements cannot carry the same far field
pattern (cf. |24, lemma 6]), it follows that €'(«) intersects any connected component of supp(f), as
long as the corresponding source component is not non-radiating.

In [24], an analogous notion, the UWSCS support, was defined, showing that any far field with
a compactly supported source is carried by a smallest union of well-separated convex sets (well-
separated means that the distance between any two connected convex components is strictly greater
than the diameter of any component). A corollary is that it makes theoretical sense to look for the
support of a source with components that are small compared to the distance between them.

Here, as in previous investigations [9, 10|, we study the well-posedness issues surrounding nu-
merical algorithms to compute that support.

3 A regularized Picard criterion

If we consider the restriction of the source to far field map F from (2.3) to sources supported in the
ball Br(0) of radius R centered at the origin, i.e.,

Fon @ L*(Br(0)) = L* (S, Fppof = fla s (3.1)
we can write out a full singular value decomposition. We decompose f € L?(Bg(0)) as
1) = (30 hullee ) & fanie), o= ll(cos o sin ) € Br(0),
where i"J,,(|z|)e™?=, n € Z, span the closed subspace of free sources, which satisfy

—Au—u =0 in Bgr(0),

and fxgr belongs to the orthogonal complement of that subspace; i.e., fyg is a non-radiating source.?
The restricted far field operator Fp, ) maps
Fip " In(|z])e™? s s%(R)e™ (3.2)
where
R
s2(R) = 271/ J2(r)r dr. (3.3)
0

2Throughout, we identify f € L*(Bgr(0)) with its continuation to R? by zero whenever appropriate.



Denoting the Fourier coefficients of a far field o € L?(S!) by

1 ind
= nf qp Z, 4
o W /Sl a(f)e™” do n e (3.4)

so that - .
eln
al0) = > ap——, 08,
Mt V2T
and -
72y = D lonl? (3.5)

by Parseval’s identity, an immediate consequence of (3.2) is that

* 1 G Qp n in
falz) = Nor: E SR Jn(lz)e™,  x € Bg(0), (3.6)
which has L%-norm )
1 & ol
* (12 _ n
”faHLZ(BR(o)) = 9 n:E—oo $2(R)’

is the source with smallest L?-norm that is supported in Bg(0) and radiates the far field . We refer
to f* as the minimal power source because, in electromagnetic applications, fr is proportional to
current density, so that, in a system with a constant internal resistance, || f;HZL?( B (0)) is proportional

to the input power required to radiate a far field. Similarly, Hoz||%2( g1y Ineasures the radiated power
of the far field.

The squared singular values {s2(R)} of the restricted Fourier transform JF Br(0) have a number
of interesting properties with immediate consequences for the inverse source problem; full proofs
of the results discussed in the following can be found in appendix A. The squared singular values
satisfy

o0

> sh(R) = wR?, (3.7)

n=—0oo

and s2(R) decays rapidly as a function of n as soon as |n| > R,

(& n2

72ind e R C ) E e (3.8)

n n? n?
Moreover, the odd and even squared singular values, s2(R), are decreasing (increasing) as functions

of n >0 (n <0), and asymptotically

. S%VR](R) V-2 v<1,
lim ———— = (3.9)
R—o0 2R 0 v>1,

where [VR] denotes the smallest integer that is greater than or equal to ¥R. This can also be
seen in figure 3.1, where we include plots of s2(R) (solid line) together with plots of the asymptote
2V R? — n? (dashed line) for R = 10 (left) and R = 100 (right). The asymptotic regime in (3.9) is
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Figure 3.1: Squared singular values s2(R) (solid line) and asymptote 2v/R? — n? (dashed line) for R = 10
(left) and R = 100 (right).

already reached for moderate values of R.

The forgoing yields a very explicit understanding of the restricted Fourier transform Fpg, o).
For |n| < R the singular values s, (R) are uniformly large, while for [n| 2 R the s,(R) are close to
zero, and it is seen from (3.7)—(3.9) as well as from figure 3.1 that as R gets large the width of the
n-interval in which s, (R) falls from uniformly large to zero decreases. Similar properties are known
for the singular values of more classical restricted Fourier transforms (see [23]).

A physical source has limited power, which we denote by P > 0, and a receiver has a power
threshold, which we denote by p > 0. If the radiated far field has power less than p, the receiver
cannot detect it. Because s2,(R) = s2(R) and the odd and even squared singular values, s2(R),
are decreasing as functions of n > 0, we may define:

N(R,P,p) := sup n. (3.10)
$3(R)>2r 2

So, if a € L?(S') is a far field radiated by a limited power source supported in Br(0) with
”f*HLz Br(o) < P then, for N = N(R, P, p)

1 v |2 1 1 , P )
> — > — .
P=a 2 s2(R) ~ 2r s2.,(R) 2 lonl?* > p 2 Jel

[n|>N ™

Accordingly, Zm\z ~lan|? < p is below the power threshold. So the subspace of detectable far
fields, that can be radiated by a power limited source supported in Br(0) is:

WE = {oz €L2(51 ‘ Z « ema}

We refer to Vg as the subspace of non-evanescent far fields, and to the orthogonal projection
of a far field onto this subspace as the non-evanescent part of the far field. We use the term
non-evanescent because it is the phenomenon of evanescence that explains why the the singular
values s2(R) decrease rapidly for |n| > R, resulting in the fact that, for a wide range of p and
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Figure 3.2: Threshold N(R, P, p) as function of R for different values of p/P. Dotted lines correspond to
g1(R) = R and ¢1.5(R) = 1.5R.

P, R < N(R,p,P) < 1.5R, if R is sufficiently large. This is also illustrated in figure 3.2, where
we include plots of N (R, P,p) from (3.10) for p/P = 10!, p/P = 107%, and p/P = 1078 and
for varying R. The dotted lines in these plots correspond to ¢1(R) = R and g15(R) = 1.5R,
respectively.

4 Uncertainty principles for far field translation

In the inverse source problem, we seek to recover information about the size and location of the
support of a source from observations of its far field. Because the far field is a restricted Fourier
transform, the formula for the Fourier transform of the translation of a function:

— o~

fE+e)0) = °FO), 08", ceR?,
plays an important role. We use T, to denote the map from L?(S') to itself given by
T.:a— %, (4.1)

The mapping T, acts on the Fourier coefficients {a, } of a as a convolution operator, i.e., the Fourier
coefficients {af,} of T.a satisfy

o0

Ay = D amen(ullee) . meZ, (42)

n=—oo

where |c| and ¢, are the polar coordinates of c. Employing a slight abuse of notation, we also use
T, to denote the corresponding operator from [? to itself that maps

T. : {an} — {af,}. (4.3)

Note that T, is a unitary operator on 12, i.e. T* = T_,.
The following theorem, which we call an uncertainty principle for the translation operator, will
be the main ingredient in our analysis of far field splitting.



Theorem 4.1 (Uncertainty principle for far field translation). Let o, 8 € L?(S') such that the
corresponding Fourier coefficients {ay,} and {B,} satisfy supp{ay,} C W1 and supp{5,} C Wy with
Wi, Wo C Z, and let ¢ € R?. Then,

[W1[|[Ws
[(a, TeB) 2 (s1y| < WH@HB(SUWHL?(SU-

We will frequently be discussing properties of a far field o and those of its Fourier coefficients.
The following notation will be a useful shorthand:

1/p
ol = ([ lato) as)™". 1<p< oo, (4.4

ol = ( Z \an!p) 1/p, 1<p<oo. (4.5)

n=—oo

The notation emphasizes that we treat the representation of the function « by its values, or by the
sequence of its Fourier coefficients as simply a way of inducing different norms. That is, both (4.4)
and (4.5) describe different norms of the same function on S!. Note that, because of the Plancherel
equality (3.5), |||z = ||a|l;2, so we may just write ||c||2, and we write (-, ) for the corresponding
inner product.

Remark 4.2. We will extend the notation a little more and refer to the support of a in S* as its
LY%-support and denote by ||/ o the measure of supp(a) € S*. We will call the indices of the
nonzero Fourier coefficients in its Fourier series expansion the [’-support of «, and use ||a|;0 to
denote the number of non-zero coefficients. O

With this notation, theorem 4.1 becomes

Theorem 4.3 (Uncertainty principle for far field translation). Let o, 3 € L?(S'), and let ¢ € R?.

Then,
1) < YNlolBllo sy, (4.6)

|C|1/3

We refer to theorem 4.3 as an uncertainty principle, because, if we could take f = T}« in (4.6),
it would yield
[lexllpo [| T o

PEE (4.7)

As stated, (4.7) is is true but not useful, because |||/, and ||T} |0 cannot simultaneously be
finite.> We present the corollary only to illustrate the close analogy to the theorem 1 in [7], which
treats the discrete Fourier transform (DFT) on sequences of length N:

Theorem 4.4 (Uncertainty principle for the Fourier transform (Donoho, Stark [7])). If z represents
the sequence {x,} forn=0,...,N —1 and & its DF'T, then

| < lelol@le
- N

3This would imply, using (3.6), that « could have been radiated by a source supported in an arbitrarily small ball
centered at the origin, or centered at ¢, but Rellich’s lemma and unique continuation show that no nonzero far field
can have two sources with disjoint supports.



This is a lower bound on the time-bandwidth product. In [7] Donoho and Stark present two
important corollaries of uncertainty principles for the Fourier transform. One is the uniqueness
of sparse representations of a signal x as a superposition of vectors taken from both the standard
basis and the basis of Fourier modes, and the second is the recovery of this representation by I!
minimization.

The main observation we make here is that, if we phrase our uncertainty principle as in theo-
rem 4.3, then the far field translation operator, as well as the map from « to its Fourier coefficients,
satisfy an uncertainty principle. Combining the uncertainty principle with the regularized Picard
criterion from section 3 yields analogs of both results in the context of the inverse source problem.
These include previous results about the splitting of far fields from [9] and [10], which can be simpli-
fied and extended by viewing them as consequences of the uncertainty principle and the regularized
Picard criterion.

The proof of theorem 4.3 is a simple corollary of the lemma below:

Lemma 4.5. Let c € R? and let T, be the operator introduced in (4.1) and (4.3). Then, the operator
norm of T, : LP(S') — LP(SY), 1 < p < oo, satisfies

I Tellzr,Lr = 1, (4.8)

whereas T, : 1Y — 1 fulfills

1
[Telli g < — (4.9)

|3

Proof. Recalling (4.1), we see that T, is multiplication by a function of modulus one, so (4.8) is
immediate. On the other hand, combining (4.2) with the last inequality from page 199 of [20]; more
precisely,

b
|Jn ()] < n with b~ 0.6749,
|z[3
shows that )
[Tl e < sup[Jn(le])] < — -
nez ‘0‘3
O
Proof of theorem 4.3. Using Holder’s inequality and (4.9) we obtain that
1 vV llallo | 3]0
(o, TeB)| < lledlnl[Tefllie < —llalln 18]l < —————lall=|5e-
c|3 EE
O

We can improve the dependence on |c| in (4.6) under hypotheses on « and [ that are more
restrictive, but well suited to the inverse source problem.

Theorem 4.6. Suppose that o € 1>(—=M, M), 3 € I>(—=N, N) with M, N > 1, and let ¢ € R? such
that |c| > 2(M + N +1). Then

(a,Tpy) < YONHVCM A ol (4.10)

]2




Proof. Because the [°-support of 3 is contained in [N, N]

B = i Bn(im‘”Jm_n(ycy)ei(m—n)soc)

n=—N
SO

sup | < [|B]n sup EAEN
<m<M —(M+N)<n<(M+N)

and it follows from theorem 2 of [16], using the fact that M, N > 1, together with our hypothesis,
which implies that |c| > 6, that

sup J2(le)) € = with b~ 0.7595 (4.11)
—(M+N)<n<(M+N) |

(see appendix B for details). We now simply repeat the proof of theorem 4.3, replacing the estimate
for ||Tcf][i from (4.9) with the estimate we have just established in (4.11), i.e.
1

|7

Tl (= NNy e (=] < (4.12)

O

We will also make use of another uncertainty principle. A glance at (3.4)—(3.5) reveals that the
operator which maps « to its Fourier coefficients maps L? to {? with norm 1, L' to {® with norm
1/ V27, and its inverse maps ! to L™, also with norm 1 / V2. An immediate corollary of this
observation is

Theorem 4.7. Let o, 3 € L?>(S') and let ¢ € R?. Then,

(T, 0)] < (IO g, g, (4.13

Proof. Combining Holder’s inequality with (4.8) and using the mapping properties of the operator
which maps « to its Fourier coefficients we find that

1
[(Tea, B) < N TeallelBllpr < lledlre= Bl < Ella\lullﬁ\lu

A

1
< E\/HO‘HlOHO‘H2\/H5HL0H5H2-

5 [? corollaries of the uncertainty principles

The regularized Picard criterion tells us that, up to an L2-small error, a far field radiated by a
limited power source in Br(0) is L?-close to an « that belongs to the subspace of non-evanescent
far fields, the span of {¢™} with |n| < N, where N = N(R, P,p) is a little bigger than the radius
R. This non-evanescent « satisfies ||af[;p < 2N + 1. The uncertainty principle will show that the
angle between translates of these subspaces is bounded below when the translation parameter is
large enough, so that we can split the sum of the two non-evanescent far fields into the original two
summands.

10



Lemma 5.1. Suppose that v,a1,as € L?(SY) and c1,ca € R? with

v = Thor +T7an (5.1)
and that 7”allll°”a22”’0 < 1. Then, fori=1,2
lei—c2|3
A
ol < (1= 1R ) Py 5:2)
Cl1 — C2

Proof. We first note that (5.1) and (4.1) imply

VI3 = llonl3 + llazll3 — 21T a1, T, 0)|

(5.3)
= llall3 + llezlls — 2[{ar, T, o, 2)] -
We now use (4.6),
Vel llazllo
IvlI5 > HOélH%JrHa2|!§—2ﬁ|!041\\2|!042\\2
Cy — C1

5.4

llovt [l [l ezl 9 VA eI 2 54)
= (1 - ———F= Jllaullz + | llazlle — ————F—llaxll2 | -
lca —c1]3 lcg —c1]3

Dropping the second term now gives (5.2) for ay, and we may interchange the roles a; and a9 in
the proof to obtain the estimate for as . O

The analogous consequence of theorem 4.6 is

Lemma 5.2. Suppose that v € L*(SY), o; € 1?(—N;, N;) for some N; € N, i = 1,2, and ¢y, ca € R?
with |c; — ca| > 2(N1 + Na+ 1) and

v =Thor+ T az,

and that GNEDENED g Then, fori=1,2

le1—eaf
(2Ny + 1)(2No + 1)\ !
N 3. 55)

In our application to the inverse source problem, we will know that each far field is the translation
of a far field «;, radiated by a limited power source supported in a ball centered at the origin, and
therefore that all but a very small amount of the radiated power is contained in the non-evanescent
part, the translation of the Fourier modes ™ for In| < N(R,p, P). The estimate in the theorem
below says that, if the distances between the balls is large enough, we may uniquely solve for
the non-evanescent parts of the individual far fields, and that this split is stable with respect to
perturbations in the data.

Theorem 5.3. Suppose that Y,y € L?(S'), ¢1,¢c0 € R? and Ny, No € N such that |c; — ca| >
2(Ny + Ng + 1) and
(2N + DN, + 1)

lc1 — ca|

<1, (5.6)

11



and let

LS *
’70 = Tcla(l) + Cza(2)7 Oé? S 12(_Ni7Ni)7 (578“)
W E T ol + T 0l al € B(=N;, N;). (5.7b)
Then, fori=1,2
(2N + DNy + 1)\ 7
R I = +°IB. 6:5)

The notation in (5.7) above means that the ag are the (necessarily unique) least squares solutions
*

to the equations v/ = T a{ + Tczag. Recall that the far fields radiated by a limited power source
from a ball have almost all, but not all, of their power (L2-norm) concentrated in the Fourier modes
with n < N(R, P,p). Therefore the 7' will typically not belong to the subspace that is the direct
sum of T 1*(—Ny, Ny) @ T 1*(—Na, Na), and therefore a{ and a% will usually not solve equations

(5.7) exactly. The estimate in (5.8) is nevertheless always true, and guarantees that the pair (o}, o)
is unique and that the absolute condition number of the splitting operator which maps v to (o, od)

. <2N1+1)(2N2+1>>‘§
le1—ca| )

is no larger than (
Proof of theorem 5.3. Each 47 can be uniquely decomposed as
N = wl + wi, (5.9)
where each w/ belongs to the 2N; 4+ 2N 4 2-dimensional subspace
W = T:1*(—Ny, N1) & T 1% (—Na, No)
and each wﬂ_ is orthogonal to W. The definition of least squares solutions means that
w = Tc*loz{ + Tc’;ag.

Subtracting gives
w! —w? = Tc*l(a% — a(l)) + Tz, (a% — ag) (5.10)

and applying the estimate (5.5) yields

(2Ny + 1)(2Ny + 1)\ !
ol - aflp < (1- ZEEDERED) Sy oy 6.)
Finally, we note that
Iyt =015 = flw' = w®l3 + [lwl —wl |3 > w! —w’|3, (5.12)
which finishes the proof. O

We also have corresponding corollaries of theorem 4.7, which tell us that, if a far field is radiated
from a small ball, and measured on most of the circle, then it is possible to recover its non-evanescent
part on the entire circle. Theorem 5.5 below, describes the case where we cannot measure the far
field « = T*a® on a subset Q C S*. We measure v = o + 3, where 3 = —a|Q. The estimates (5.14)
imply that we can stably recover the non-evanescent part of the far field on €.

Before we state the theorem, we give the corresponding analogue of lemma 5.1 and lemma 5.2.

12



Lemma 5.4. Suppose that v,a, 3 € L*(S') and ¢ € R? with

v =B+Tia
and that ”a”’%w < 1. Then
™
o 1Bl o \
ol < (1 - Lo lPlee ) 2y (5.150)
and
o 1Bl o \
loig < (1 LedelBlen ) =g, (5.130)
Proof. Proceeding as in (5.3)—(5.4), but replacing (4.6) by (4.13) yields the result. O

Theorem 5.5. Suppose that 4°,7' € L?(S'), c€ R?, N € N and Q C S! such that 7(2]\7'2"7:)‘9' <1,
and let

U= L PN o’ € I2(—N,N) and 8° € L*(Q),
Mgy Tl o' € 2(—=N,N) and g € L*(Q).
Then
ol oy < (1= XN T oy (5.142
and
It~ 18 < (1- @N%‘Q’)_lnvl "I (5.14b)

Proof. Just as in (5.9), we decompose each 7
Y o= w +uwl,
where each w/ belongs to the subspace
W = L*(Q) ® T.*(~N,N)

and each wﬂ_ is orthogonal to W. Proceeding as in (5.10)—(5.11), but using the estimates from
(5.13), we find

oN + 1)|Q\ !
la' - a%2 < (1 - @) o' — |2

2m
and
2N + 1))\
It - 5718 < (1- St - urpg
T
and then note that (5.12) is true here as well to finish the proof. O

A version of theorem 5.3 with multiple well-separated components is also true.

13



Theorem 5.6. Suppose that 1°, 4! € L*(S1), ¢; e R? and N; € N, i =1,...,1, such that |¢; — cj| >
2(N; + Nj + 1) for every i # j and

<\/2N +1 Z 2N +1> <1 for each i,

J#i ¢il
and let

I
LS *
/70 = ZTciO‘g, Oé? S l2(—NZ’,Ni),

A1 LSZ sal, al € 2(—=N;, N;).

Then, fori=1,...,1

2N +1
lat - afI < (1—¢2N+ 3 ) I = 202,

j#i — il
Proof. As in (5.9), we decompose each ~/

7V = w +wl,

where each w/ belongs to the subspace

I
W = T (—Ni, Ni)
=1

and each wﬂ_ is orthogonal to W. Subtracting gives

wt — w? ZT*a—a

and applying (4.10) shows that

1
lw' — w3 > ) llod —afll3 ~ ZZ\ o — ol TL (o — o))l
i=1

i=1 j#i
! 7T Tiri\ 1
4
> 3o — ol - ZZ((( 5 o — afl(22) o — afle)
— &) 1]
=1 i=1 j#i (5 15)
; )
7T 7T
> 3" flat - a¥JB - <ZZ<( 5 ol - afl + (7)) - a3
i=1 i=1 j#i K
! riri\ 3
1 02 WAY
= Y lal el (1- 2 (24)°).
i=1 j#i Y
where r; = 2N; + 1, rj = 2N; + 1 and ¢;; = ¢; — ¢;. Since (5.12) is true here as well this ends the
proof. O
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We may include a missing data component as well.

Theorem 5.7. Suppose that v,y € L?(SY), ¢; € R2, N; €N, i=1,...,1, and Q C L*(S') such
that |c; — ¢;| > 2(N; + Nj + 1) for every i # j and

NIERS .
2WZ\/2NZ+1 <1,

Q| 2N; +1
2N; +1 (\/| Z | i > <1 for each 1,
¢ — ¢

and let

A0 50 ZT* a? € 2(=N;, N;) and B° € L*(Q), (5.16a)

7 E B+ ZT* ol € B(—N;, N;) and §° € L2(). (5.16b)

Then

QO -1
19 -8 < (1- B2 S VAN FT) -

and, fori=1,...,1

0] ON; + 1
o~ aflB < (1- VENTI(y/ 5 + NI Tt -0,
(3

Proof. As in (5.9), we decompose each ~/

Vo= w +w,

where each w/ belongs to the subspace
= L} @@T*F (=N;, N;)
and each wi is orthogonal to W. Subtracting gives

I
wh —w® = gt —504‘27:-(%1 —a?)

i=1
and thus
lwt = w3 > 18"~ 513 - 22! (of —ag). 5" = %)
+ZH04 — )3 - ZZ\ —al\ T} _..(aj —a))|.
i=1 j#i
Proceeding as in (5.15), using (4.10) and (4.13), and applying (5.12) finishes the proof. O
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6 ' corollaries of the uncertainty principle

The results below are analogous to those in the previous section. The main difference is that
they do not require the a priori knowledge of the size of the non-evanescent subspaces (the N; in
theorems 5.3 through 5.7).

In theorem 6.1 below, 7° represents the (measured) approximate far field; the a? are the non-
evanescent parts of the true (unknown) far fields radiated by each of the two components, which
we assume are well-separated (6.1). The constant dp in (6.2) accounts for both the noise and the
evanescent components of the true far fields. Condition (6.3) requires that the optimization problem
(6.4) be formulated with a constraint that is weak enough so that the af are feasible.

Theorem 6.1. Suppose that 1°,al,ay € L*(S') and c1,co € R? such that

41l
Hailnlol <1 for each i (6.1)
1 — cof3
and
7% — Tc*loz? - T:2Oé(2)H2 < dp for some 69 > 0. (6.2)
If § > 0 and v € L*(S') with
8 2 b+ v ="l2 (6.3)
and
(041,042) = argmin ”041H11 + Hag”ll s.1t. ”"Y — Tc*lOél - Tc*zag”g <6, aj,a9 € L2(Sl), (6.4)
then, fori=1,2
4]l -1
lof —ail3 < (1- M) 487 . (6.5)
|1 — ol

Proof. A consequence of (6.3) is that the pair (o, aJ) satisfies the constraint in (6.4), which implies

that
lonlln + llezlln < lloflln + llad]|n (6.6)

because (a1, as) is a minimizer. Additionally, with W; representing the {°-support of oz? and W its
complement,

lailln = [laf + (i — o)l
= [la + (@i — )l wy) + llw = [l wey 6.7
= llaf + (ai — &) llnwy) + llos — @l lln = llos — @l ws)
> o ln + i — afllp = 2l = ol qw -
Inserting (6.7) into (6.6) yields
lar = afllp + [lag — adlln < 2(fler — afllnwy + llaz = a3l ny) - (6.8)
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We now use (6.3) together with (6.2), the constraint in (6.4) and the fact that T _,, is an L?-
isometry to obtain

46* > (lly = 1°ll2 + 0 +6)”
> (v =22 + I0° = T — ThaS)lz + Iy — T o — T anll2)
> | T (o1 — af) + Ty (o2 — a9) |3 (6.9)
= llox —af + T3, (a2 — 0[5
> Jlog —afll3 + llag — asll5 — 2[{q — af, T5, ., (a2 — a9))].

Holder’s inequality, (4.9), and (6.8) show

2
46 > Jlou — a5 + llaz — @313 — rllan — o[l [lag — adfn
c1 — ol
1 2
> [lar — a5 + [lag — 3|5 — T (loa = alllin + [log — asllp) (6.10)
2‘01 — 02‘3
2 2
> [laa — a3 + [lag — ]l - w (llar =l owy)y + Nl — adllnaws) -
c1 = c23
Using Holder’s inequality once more yields
2 1 1 2
46 > flag — |f5 + [laa — bl — (W2 [lar — afll2 + (W22 |lag — af2)
le1 —caf3
A (6.11)
> [lon — a3 + [laa — af]3 — = (IWilllan — ab|3 + [Walllaz — as]f3)
C1 — 62|3
which implies (6.5) because |W;| = ||a||,0. O

Assuming that some a priori information on the size of the non-evanescent subspaces is available
and that the distances between the source components is large relative to their dimensions, we can
improve the dependence of the stability estimates on the distances.

Corollary 6.2. If we add to the hypothesis of theorem 6.1:

OZO Q; € l2(—NZ‘,NZ‘) and |61 — 62| > 2(N1 + Ny + 1)

Rl

for some N1, No € N and replace (6.1) with

4]|a?
M <1 for each i (6.12)
lc1 — eal?
then, fori=1,2
4l -1
laf — il < (1 — M) 462 (6.13)
ler — 2|2
Proof. Replace (4.9) by (4.12) in (6.9)—(6.10). 0
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The constraint (6.12) in corollary 6.2 is much more restrictive than the corresponding assumption
(5.6) in theorem 5.3, and also the estimate (6.13) is weaker than (5.8). However, if we add to
the hypothesis of theorem 6.1 all a priori assumptions on the non-evanescent subspaces used in
theorem 5.3, the result improves as follows.

Corollary 6.3. If we add to the hypothesis of theorem 6.1:
Oég,Oéi S l2(—NZ‘,NZ‘) and |61 — 62| > 2(N1 + Ny + 1)
for some N1, No € N and replace (6.1) with

(2N1 +1)(2N2 + 1)
ler — o

the conclusion becomes

(2N1 + 1)(2N2 + 1)>_14(52 .

0 112
0 _ o112 < (1=
”az azH2 = ( ’61 _02’

(6.15)

The constraint (6.14) in corollary 6.3 is now the same as the corresponding assumption (5.6) in
theorem 5.3, but the estimate (6.15) still differs from (5.8) (after taking the square root on both
sides of these inequalities) by a factor of two. However, the main advantage of the /' approach is
clearly that no a priori knowledge of the size of the non-evanescent subspaces is required. If such a
priori information is available, we recommend using least squares.

Proof of corollary 6.3. Proceeding as in (6.9) and applying (4.10), we find that

46% > Jlar — af} + flaz — a3 — 2/(e — o, T, , (a2 — )
1
12\ 2
> lax — afl3 + llaz — aBl3 ~ 2( ) lls — aflzfloz — ol

v

1 2
r17T9 172\ 2
(1= 722 Yo — bl + (e = a8l = (222) o — )
|c12] |c12]

where 71 = 2N7 4+ 1, r9 = 2N5 + 1 and c¢12 = ¢1 — ¢3. Dropping the second term gives (6.13) for o,
and we may interchange the roles of oy and s in the proof to obtain the estimate for as. O

The analogue of theorem 5.5 for data completion but without a priori knowledge on the size of
the non-evanescent subspaces is

Theorem 6.4. Suppose that v°,a € L2(SY), Q C 81, B° € L2(Q) and ¢ € R? such that
0
20llulf) _ |
T

and
|7° = TFa® — 8% < 6o for some 6° > 0.

If § > 0 and v € L*(S') with
§ > b0+ Iy = °ll2
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and
o =argmin |lallp st ||y —B—Trals <6, ac L?(SY), g€ L),

then

2/[a®| ;0]\ 1
la® — a2 < (1— M) 457 (6.16a)
s

and
2/[a]];0|Q2]\ -1
158° = B3 < (1 - M) 152 (6.16b)
T
Proof. Proceeding as in (6.6)—(6.8) we find that
o=l < 2fle = ) (6.17)
with W representing the [°-support of a®. Applying similar arguments as in (6.9) yields
16% > flaw = a3 + 118 — B°II3 — 2/(T7 (o — o), 8 — B°)].

We now use Holder’s inequality, (4.1), the mapping properties of the operator which maps « to its
Fourier coefficients and (6.17) to obtain

46% > Jla = a®(3 + (18 = B°113 — 2/ T (o — a°)l| 2= |18 — 8%l 1
= lla=a®3 + 118 = B°I13 - 2lla — a®||z=|8 — B°l| 2
2
S Nl — a2 418 — 82 — —2_fla— a® 0
> | 2+ 118 =52 \/%H li2ll8 = 87l
4
> Jla— I3+ 18 - B3 — —=|la—a° - p° (6.18)
> | 2+ 118 =52 \/%H I8 = B s
4
> Jla— a3+ 118 = 8°13 — —=vIWllla = a®ll2/12ll18 — 5°|l2
V2
2 2 2
> <1——W Q) a—al 2—1—( —B%2 — —=VIW]|Q|||ac — a° ) .
> —(wiiel)ll 15+ (18 =52 \/ﬂv\ 1] 2
Dropping the second term gives (6.16) for a because |[W| = ||a®||;0, and we may interchange the roles

of a and 8 when completing the square in the last line of (6.18) to obtain the estimate for 5. O

If Q is unknown as well, then theorem 6.4 can be adapted as follows.

Corollary 6.5. Suppose that 4°,a° € L2(SY), Q C S, B0 € L?(Q) and c € R? such that

4 1 4
———a"p <1 and —7%Q| < 1 for some T >0

V2 72 V2T

and
170 = TFa® — 822 < & for some o9 > 0.

If § > 0 and v € L*(S') with
§ > b0+ Iy = °ll2

and
! ”
(o, B) = argmin ;HOéllz1 + 7Bl st |y —Tia—Bl2 <6, a,f € L*(S"),
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then

4 -1
0 2 < x4 0 2
o —alf < (1- =5 Slla®lln) 45
and
18813 < (1 - —=r0) " 45%.
2= V2m
Proof. Proceeding as in (6.6)—(6.8) we find that
—Ha —a’p +7)8 =Bl < 2(—HO< =l + 718 = Bl (@) (6.19)

with W representing the [%-support of a®. Applying similar arguments as in (6.9)—(6.11) and (6.18)
together with (6.19) yields

46° > o= |3+ I8 = B°3 - a—a(|p 8= B

\/—H

> fla =5+ 15 = 1 = 7= (o =l + 7118 = s )
2 2
> o 0 0 Y S 0
> Jla = a®l+ 118 - 8113 m< o= @l + 718 = 8ll 2 o))
> Jlo = ol + 18 - /3°H2——( VWl — a0l + /18— 2)
> flo =3+ 18 = 61 = <= IWllla — I3 + 71018 — 8°13) .
7'('
This ends the proof because |W| = [|a®||,0. O

A possible application of corollary 6.5 is the problem of removing (high-amplitude) strongly
localized noise from measured far field data. Next we consider sources supported on sets with
multiple disjoint components.

Theorem 6.6. Suppose that v°,a? € L?(S') and ¢; € R?, i =1,...,1 such that

1
max ——4(1 — 1)[[a?[|p < 1 for each i (6.20)
#k |Ck‘ — C]|3

and s
I7° — ZTéa?Hz < 8  for some s’ >0.
i=1
If 6 > 0 and v € L*(SY) with
§ > 6+ v =1

and
I

(o1, 0p) =argmin ¥ _lagllp st |y =D Trailla <6, oy € L*(SY), (6.21)
i i=1
then, fori=1,...,1

1 -1
laf — a3 < (1 ~max ——4(I - l)Hango) 467
i o — g
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Proof. Proceeding as in (6.6)—(6.8) we find that

I I
D i —allln <2 [l — af i awry (6.22)
=1 =1

with W; representing the [°-support of a. Applying similar arguments as in (6.9)—(6.10) and using
the inequality (C.3) from appendix C and (6.22) we obtain

452 > Z HOZZ — OZO||2 ZZ| Oé Tc*]—c (aj - a9)>|

i=1 j#i
> Z lai = 13 — ZZ rllai = af ey — ol
=1 j;éz - ]‘
> Z o = af|l5 — max ———— Z > llai — ol [l — ol (6.23)
i=1 i#k Jej — lc|3 i=1 ji

1
> 3 o — o — max ——— 11 (Zuaz—azup)
i=1

i#k e — ck\s

1
2
> > o — ol - mggﬁ—‘l(Z”% oflnr)
i=1 ¢

Applying Holder’s inequality and (C.2) yields

I
1 I - 2
10 2 3 ool g (erwaz—a()ﬂz)
I

1
an afl3 — max ————4(1 = 1) 3 (Wil — of 3,

i=1

where |W;| = [|a?]],0. O

(6.24)

As in corollary 6.2 we can improve these estimates, under the assumption that some a priori
knowledge of the size of the non-evanescent subspaces is available and that the individual source
components are sufficiently far apart from each other.

Corollary 6.7. If we add to the hypothesis of theorem 6.6:
2 a; € I’(=N;,N;)  for each i and lei — ¢ > 2(N;+ N;j+ 1) for every i # j
for some Ny,...,N; € N, and replace (6.20) with

1
max ——4(I — 1)[|a?||p < 1 for each i,
B ool

the conclusion becomes, fori=1,...,1

1 -1
laf — a3 < (1 ~max ——4(] - l)Hango) 467
i o — o

21



Proof. Replace (4.9) by (4.12) in (6.23). O
Next we consider multiple source components together with a missing data component.

Theorem 6.8. Suppose that v°,a € L?(S1), ¢; e R, i=1,...,1, Q C S' and B° € L*(Q) such

that
5 [
— > VIl < 1, (6.25a)
2m
1 2
max ——4(I — 1)||a?|l;0 + —==1/|Q[| 0|0 < 1 or each 1, 6.25b
s ——p4( = Dl + = illalle / (6.25D)
and
I
190 — B8° — ZT:Z-CM,QHQ < d for some 6y > 0.
i=1

If § > 0 and v € L*(S') with
§ > b0+ Iy = °ll2

and

I 1
(on,...,0p) =argmin ¥ _[laillp st |y —B8=> Tralla <6, oy € L(S"), B € L*(Q),
i=1 i=1

(6.26)

9 -1
19018 < (1- <=3 /el ) 42° (6:272)

=1

then

and, fori=1,...,1
lo? —asl} < (1 - max ———4( ~ Dfjal o — —=/Illaflln) 452, (6.27)
I o — s var

Proof. Proceeding as in (6.6)—(6.8) we find that

1 I
D s =l < 23 i — ol sy (6.28)
i=1 i=1

with W; representing the [%-support of a?. Applying similar arguments as in (6.9) we obtain

1 1
1% 2 3 Jlas — @l + 118 — 13 — D0 D s — 0, Ty g — @)
i=1 i=1 j#i (6.29)
1 |

=2 [Tk (ai —af), B - B%)].

i=1
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The third term on the right hand side of (6.29) can be estimated as in (6.23)—(6.24), while for the
last term we find using Hoélder’s inequality, the mapping properties of the operator which maps «
to its Fourier coefficients and (6.28) that

1 I
2> (T (ei = )8 = B < 2(D i — afllze ) 18 — 8°ll»
=1 i=1

leaz—CMOIIn)Hﬁ Bz

(
(Z loi = oy )18 = 5
(ZJ_ e — o012 V218 — 811

<

IN

IN

g
3 3 3

I
2
= U (Z VIRIWiT o — af13 + > V/IRNWilllE - 8°13)
1=1 i=1

where |W;| = [|a?]|;0. Combining these estimates ends the proof. O

Again, including a priori information of the size of the non-evanescent subspaces and assuming
that the individual source components are well separated, the result can be improved:

Corollary 6.9. If we add to the hypothesis of theorem 6.8:
o a; € (=N, N;)  for each i and lei —¢j| > 2(N;+ N; +1)  for every i # j

for some Ny,...,N; € N, and replace (6.25b) with

1 2
max ————4(I — 1)|[a¥ ;o + —==1/]Q[[|a?]|,p < 1 or each i,
= Dl + fllalle <1

the conclusion (6.27b) becomes, fori=1,...,1

fo? — @il < (1 - max ———a(Z ~ Dflad o + —o=+ /i fll0) 467,
J#k |Ck —¢j |2 \/%

Finally, we establish variants of theorem 6.6 and theorem 6.8, where we replace the (! mini-
mization in (6.21) and (6.26) by a weighted /' minimization in order to obtain better estimates for
certain geometric configurations of the supports of the individual source components. In contrast
to theorem 6.6 the constant in the stability estimate (6.31) in theorem 6.10 below only depends on
the distances of source components relative to the source component corresponding to the far field
component appearing on the left hand side of the estimate.

Theorem 6.10. Suppose that 7°,a € L?(S*) and ¢; € R?, and set

) 2 \3 2 1 1 s
a; = max( ) or  a; = max( + ) , (6.30)
i#i \|e; — ¢ Kl lei =il e — cil
27]
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i=1,...,1. Assume that
4(I = Da?|adp < 1 for each i,

and

1
40 — ZT;O‘?M < & for some 59 > 0.
i=1

If § > 0 and v € L*(S') with
§ > do + [l =l

and

I I

(a1,...,ar) = argminZaiHain s.t. |y — ZT;O‘Z'HQ <6, a; € L*(SY),

i=1 i=1

then, fori=1,...,1
laf = aill3 < (1—4(1 = 1)aZ[af o) " 40°. (6.31)

P

Proof. Proceeding as in (6.6)-(6.8) we find
1 1
D ailloi —afln <2 aglles — af (6.32)
1=1 i=1

with W; representing the [%-support of oz?.
Abbreviating ¢;; = ¢; — ¢;, the triangle inequality shows

|| + [cikl = lci —cjl + |ei — ekl = |ej — x| = lejrl,
ie.,
1 LS el
‘CU’ ’czk‘ ’Cincik’

Thus our assumption (6.30) implies
2 |cjnl 3 .
a; > (7> for every j # k,
|cijllcinl

and therefore, using (C.1)

1 9 1 1
(D aillailln)” = D a?llaslf + - > asalialn o
i=1 i=1 i=1 j#i
1

1
T—1 Z Z aia|evi |y {lej [

i=1 ji

: EIIZ( 8 (Lol E
A e s
I-1 |cijllcikl/ \leijllejxl T

i=1 j#i

I < 1
= 720 —lailluliasla-

i1 g |cigl?

v

(6.33)

v
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Now, applying similar arguments as in (6.9)—(6.10), using (6.32) and (6.33), we obtain

1 1
46* > ZH%—@?II%—ZZK — o}, T7 (0 — af)]

i=1 j#i

2 Z levi = I3 — ZZ rlloi — o e — af I (6.34)

i=1 j#i ’ Z]‘
e o — [ I — az Q — Oy ||L
> H I3 i = o
=1

Using Holder’s inequality and (C.2) we deduce

I I—1,< 2
467 = Y flas = a3 - 4—— (Z ail|; — a?”zl(vm—))
=1 =1

I 1
I—-1 1 2
> " flai = af I — 4= (3" ailWil i — ol (6.35)
=1

i=1
I I

> llai —al|3 =4 = 1)) af[ Wil — ol I3,
i=1 i=1

where |W;| = [|a?||;0. This ends the proof. O

Corollary 6.11. If we add to the hypothesis of theorem 6.10:
a2 a; € I’(=N;,N;)  for each i and lei — ¢l > 2(N;+ Nj+1)  for every j #1

for some Ny,...,N; € N, and replace (6.30) with

2 2 % 2 1 1 % )
a; = max<7> or a; = max< + > for each 1,
i#i \ei = ¢ gl =gl e —al
Z?]

the conclusion remains true.

Theorem 6.12. Suppose that 7°,a? € L2(SY), ¢; € R?, Q C St and B° € L3(Q), and set

1
2 2 3 2 L
a; = max| ——— or a; = max |

G —c

1 1
+ )" (6.36)
5#i \|e; — ¢ i#i e — ¢l e — e
k#i,j

i=1,...,1. Assume that

1

T () Sy
——(max—) > ai\/|fllafllp <1,
2w\ J aj ; ! ‘
2 1 .
4(I = D)a?||a?||p + E(mjax ;)am/|§2|||a?\|lo <1  foreachi,
j
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and

I
VO—ﬁO—ZTéagHQ < do for some 69 > 0.

If 6 > 0 and v € L?(S') with
§ > So+ |y = °ll2

and
I I
(a1, ar) =argmin Y aillails st |y —B— S Thails <8, a; € LA(SY), f e LA(Q),
i=1 1=1
then

I -1
190~ 13 < (1= = (s ) S awy/iellallle )48
1=1

and, fori=1,...,1
1

2 1 -
o — il < (1407 = Dadladlls + <= (max 1 Ja/llafl ) 462,

J

Proof. Proceeding as in (6.6)—(6.8) we find that

I I
D aillai —ofln <2 ailles — aflp (6.37)
=1 i=1

with W; representing the [%-support of oz?. Applying similar arguments as in (6.9) we obtain

46 > Z lai — 23 + 118 = 8°115 — ZZ! —af, T (e — o))
=t (6.38)

—22\ ), 8- 8.

The third term on the right hand side of (6.38) can be estimated as in (6.34)—(6.35), while for the
last term we find using Hoélder’s inequality, the mapping properties of the operator which maps «
to its Fourier coefficients, and (6.37) that

1
23 KT (s = )8 = 8] < 2D llas = afllz )18 — Al
i i=1
2 1<
0 ) 0
——— max — a;||e — o -
7o s (2 e = o2l )18 - 8
I
4 1 o0 ) 0
— Inax — ;|| — .
= max - (2 aillas = ol )16~ Bl

i=1



Applying Holder’s inequality once more yields

I 1
. 4 1
23 (T i = o). = 8)] = = max - (3 ai/ Wil — afll2) VIOIIS — 6712
i=1 T a5 N
4 1 ¢ , )
= ——max — ai (|QWi) |l — 2 lav/a; (| W;]) 2|18 — 8° )
7o o 2 (VAW o = ol ERAWD 3 - 571
2 1 o 1 ;
< ——max — a; (|92 |W; 5042'—04(-)2—1—612' QlW;])2 — B9)2 ,
< 7oz D (w0 s ol + (91315 — 13)
where |W;| = ||a?||;0. Combining these estimates ends the proof. O

Corollary 6.13. If we add to the hypothesis of theorem 6.12:
o a; € I’(—=N;,N;)  for each i and lei —¢j| > 2(N; + N+ 1) for every j # 1

for some Ny,...,N; € N, and replace (6.36) with

SO0

2 \z2 2 1 I 2 .
= max<7> or a; = max( + > for each 1,
jF#i |CZ' — Cj| kj;zé'l' |Ci — Cj| |Ci — Ck|
7’7]

a

the conclusion remains true.

7 Conditioning, resolution, and wavelength

So far, we have suppressed the dependence on the wavenumber k. We restore it here, and consider
the consequences related to conditioning and resolution. We confine our discussion to theorem 5.3,
assuming that the 7, j = 1,2, represent far fields that are radiated by superpositions of limited
power sources supported in balls Bg,(¢;), i = 1,2, and that accordingly, for £ = 1 (following our
discussion at the end of section 3), the numbers N; 2 R; are just a little bigger than the radii of
these balls. This becomes N; 2 kR; when we return to conventional units, and the estimate (5.8)
then depends on the quantity
(2N1 + 1)(2Ny + 1)

7.1
k]cl —Cg’ ( )

Writing V; = Tc*l_l2(—Ni,Ni) and denoting by P; : 12 — % the orthogonal projection onto Vj,
i =1,2, we have V1 N V5 = {0} if ¢; # ¢9, and the angle 612 between these subspaces is given by

b0 — (a1, )| |(Prat, Prag)|

cosfip = sup ———+— = sup — "0

aevi laallzlleslls oy aperz llaall2]lazl|2
az€Vr

= [[P1 |22 -

A glance at the proof of lemma 5.1 reveals that the square root of (7.1) is just a lower bound for this
cosine. Furthermore, the least squares solutions to (5.7) can be constructed from simple formulas

of = (I-PiP) 'Pi(I — Py =: Py,
o = (I— PP 'Bo(I — Py =: Py,
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where Pjjp and Py); denote the projection onto Vi along V5 and vice versa. These satisfy

1 1/2
1Pialinge = [Panlinge = esetiz = (1)

Consequently csc 5 is the absolute condition number for the splitting problem (5.7), and Theo-
rem 5.3 (with our choice of N1 and N3) essentially says that

1 1
csc(fi2) < < . (7.2)
1 — CNi+D(No+1) \/1 _ (2kRi+1)(2kRy+1)
\/ kle1—ca] k[c1—ca)

We will include an example below to show that, at least for large distances, the dependence
on k in estimate in (7.2) is sharp. This means that, for a fixed geometry ((c1, R1), (c2, R2)), the
condition number increases with k. Because resolution is proportional to wavelength, this means that
we cannot increase resolution by simply increasing the wavenumber without increasing the dynamic
range of the sensors (i.e. the number of significant figures in the measured data). Note that as k
increases, the dimensions of the subspaces V; = Tc*ilz(—Ni,N,-) ~ T(fil2(—kRi, kR;) increase. The
increase in the number of significant Fourier coefficients (non-evanescent Fourier modes) is the way
we see higher resolution in this problem.

The situation changes considerably if we replace the limited power source radiated from Bp, (¢1)
by a point source with singularity in ¢;. Then we can choose for Vi a one-dimensional subspace of
12 (spanned by the zeroth order Fourier mode translated by T ), and accordingly set Ny = Ry = 0.
Consequently, the estimate (7.2) reduces to

csc(fya) < ! < L .
\/1 2Nyl \/1 _ 2kRo+1
k|ci—ca| k|ci—ca|
Since numerator and denominator have the same units, the conditioning of the splitting operator
does not depend on k in this case.

This has immediate consequences for the inverse scattering problem: Qualitative reconstruction
methods like the linear sampling method [2] or the factorization method [14] determine the support
of an unknown scatterer by testing pointwise whether the far field of a point source belongs to the
range of a certain restricted far field operator, mapping sources supported inside the scatterer to their
radiated far field. The inequality (7.3) indeed shows that (using these qualitative reconstruction
algorithms for the inverse scattering problem) one can increase resolution by simply increasing the
wave number.

Finally, if we replace both sources by point sources with singularities in ¢; and c¢o, respectively,

then we can choose both subspaces V7 and V5 to be one-dimensional, and accordingly set N; =
Ny = Ry = Ry = 0. The estimate (7.2) reduces to

(7.3)

csc(b12) < ;, (7.4)

1
L— k|c1—ca|
i.e., in this case the conditioning of the splitting operator improves with increasing wave number k.
MUSIC-type reconstruction methods [5] for inverse scattering problems with infinitesimally small
scatterers recover the locations of a collection of unknown small scatterers by testing pointwise
whether the far field of a point source belongs to the range of a certain restricted far field operator,

28



mapping point sources with singularities at the positions of the small scatterers to their radiated
far field. From (7.4) we conclude that (using MUSIC-type reconstruction algorithms for the in-
verse scattering problem with infinitesimally small scatterers) on can increase resolution by simply
increasing the wave number and the reconstruction becomes more stable for higher frequencies.

8 An analytic example

The example below illustrates that the estimate of the cosine of the angle between two far fields
radiated by two sources supported in balls Bg, (¢1) and Bg,(c2), respectively, cannot be better than
proportional to the quantity
kR Ry
le1 — |
As pointed out in the previous section, we need only construct the example for £k = 1. We will
let f be a single layer source supported on a horizontal line segment of width W, and g be the same

source, translated vertically by a distance d (i.e., ¢; = (0,0) and co = (0,d)). Specifically, with H
denoting the Heavyside or indicator function, and ¢ the dirac mass:

1
—  Hywd,
f \/W |z|<WOy=0

1
= — z 5:
g #WH‘ |<WOy=d

The far fields radiated by f and g are:

sin(W cost)
\/Wcost

sin(W cost)
VW cost

ap(0) = Ff =2
Oég(e) _ ]_-g _ e—idsint2

for § = (cost,sint) € S'. Accordingly

21 o102 W a2
9 9 sin®(W cost) / sin®(§) 1
= =4 —— W dt =8 d

gl = Nl = 4 | ot [
W 2 00 G52 00 in2

sin®(§) sin®(§) sin®(§)

28/ d§:8/ d¢ — 16 d¢,
-w 62 —0o0 62 w 52
and we can evaluate the first integral on the right hand side using the Plancherel equality as Siznf is

the Fourier transform of the characteristic function of the interval [—1,1], and estimate the second,
yielding

lagl > 8(r—2.)

On the other hand, for d > W, according to the principle of stationary phase (there are
stationary points at £7)

2T sin?(W cost) _i4a w T 3
=4 o\ PR —idsint t = oI _n —2
(ay, o) W/o (W cos 1) e d 8V W\/Ecos<d 4) +0(d"2),

29



which shows that for d > W > 1

O‘f’ag \/7 COS >
llagllzlogll2 Vd 4

which decays no faster than that predicted by theorem 5.3.

9 Numerical examples

Next we consider the numerical implementation of the {?> approach from section 5 and the ! ap-
proach from section 6 for far field splitting and data completion simultaneously (cf. theorem 5.7 and
theorem 6.8). Since both schemes are extensions of corresponding algorithms for far field splitting
as described in [9] (least squares) and [10] (basis pursuit), we just briefly comment on modifications
that have to be made to include data completion and refer to 9, 10] for further details.

Given a far field a = Zle T7 o that is a superposition of far fields 77 ; radiated from balls
Bp, (¢;), for some ¢; € R? and R; > 0, we assume in the following that we are unable to observe
all of o and that a subset 2 C S' is unobserved. The aim is to recover a|q from af snq and a
priori information on the location of the supports of the individual source components Bpg,(c;),
i=1,...,1.

We first consider the I? approach from section 5 and write vy := af si\q for the observed far field
data and (8 := —a|q. Accordingly,

I
v=B+> Tro,
=1

i.e., we are in the setting of theorem 5.7. Using the shorthand Vg, := L%(Q) and V; := Tc*z_lz(—Ni, N;),
i =1,...,1I, the least squares problem (5.16) is equivalent to seeking approximations 5 € Vo and
a; € I’(—=N;,N;), i =1,...,1, satisfying the Galerkin condition

(B+T; Lo+ T ar,¢) = (v, 0) forallpc Voo Vi®---® V7. (9.1)

The size of the individual subspaces depends on the a priori information on Ry, ..., R;. Following
our discussion at the end of section 3 we choose N; = SkR; in our numerical example below.
Denoting by P and Pi,..., Pr the orthogonal projections onto Vo and Vi,...,Vr, respectively,
(9.1) is equivalent to the linear system

B+ PoP T cq+ -+ PoP T, a; = 0,
PiPof+Tray + -+ PTG = Pry,

PrPof+ P PTGy + -+ T ar = Pry.

Explicit matrix representations of the individual matrix blocks in (9.2) follow directly from (4.2)—
(4.3) (see |9, lemma 3.3] for details) for Py,..., Pr and by applying a discrete Fourier transform to
the characteristic function on S'\ Q for Pq. Accordingly, the block matrix corresponding to the
entire linear system can be assembled, and the linear system can be solved directly. The estimates
from theorem 5.7 give bounds on the absolute condition number of the system matrix.
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Figure 9.1: Left: Geometry of the scatterers (solid) and a priori information on the source locations (dashed).
Right: Real part (solid) and imaginary part (dashed) of the far field a.

The main advantage of the I' approach from section 6 is that no a priori information on the
radii R; of the balls Bg,(¢;), i = 1,...,1, containing the individual source components is required.
However, we still assume that a priori knowledge of the centers ¢y, ..., cr of such balls is available.
Using the orthogonal projection Pq onto L?(€2), the basis pursuit formulation from theorem 6.8 can
be rewritten as

I I
(a1,...,a5) = argminz lailln st |y — PQ(Z Tiai)|2 <6, a; € L*(Sh). (9.3)
= i=1

Accordingly, B = Zle(Tc*i @;)|q is an approximation of the missing data segment. It is well known
that the minimization problem from (9.3) is equivalent to minimizing the Tikhonov functional

U, (an,...,ar) = ||y — PQZ ;) ||52+MZ\|%||€1 (a1, ... am] €2 x - x 2, (9.4)

for a suitably chosen regularization parameter p > 0 (see, e.g., |8, proposition 2.2]). The unique
minimizer of this functional can be approximated using (fast) iterative soft thresholding (cf. [1,
4]). Apart from the projection Py, which can be implemented straightforwardly, our numerical
implementation analogously to the implementation for the splitting problem described in [10], and
also the convergence analysis from [10] carries over.?

Example 9.1. We consider a scattering problem with three obstacles as shown in figure 9.1 (left),
which are illuminated by a plane wave u’(z) = €#*? 2 € R, with incident direction d = (1,0)
and wave number £ = 1 (i.e., the wave length is A = 27 ~ 6.28). Assuming that the ellipse
is sound soft whereas the kite and the nut are sound hard, the scattered field u® satisfies the
homogeneous Helmholtz equation outside the obstacles, the Sommerfeld radiation condition at
infinity, and Dirichlet (ellipse) or Neumann boundary conditions (kite and nut) on the boundaries
of the obstacles. We simulate the corresponding far field « of u® on an equidistant grid with 512

“In [10] we used additional weights in the ' minimization problem to ensure that its solution indeed gives the
exact far field split. Here we don’t use these weights, but our estimates from section 6 imply that the solution of
(9.3) and (9.4) is very close to the true split.
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Figure 9.2: Reconstruction of the least squares scheme: Observed far field v (left), reconstruction of the
missing part a|q (middle), and difference between exact far field and reconstructed far field (right).

points on the unit sphere S* using a Nystrom method (cf. [3, 15]). Figure 9.1 (middle) shows the real
part (solid line) and the imaginary part (dashed line) of a.. Since the far field o can be written as a
superposition of three far fields radiated by three individual smooth sources supported in arbitrarily
small neighborhoods of the scattering obstacles (cf., e.g., [19, lemma 3.6]), this example fits into the
framework of the previous sections.

We assume that the far field cannot be measured on the segment

Q = {6 = (cost,sint) € S* | w/2 <t <m/2+7/3},

ie., | = 7/3. We first apply the least squares procedure and use the dashed circles shown in
figure 9.1 (left) as a priori information on the approximate source locations Bpg,(¢;), ¢ = 1,2,3.
More precisely, ¢; = (24,—4), co = (—22,23), ¢3 = (—15,—20) and Ry = 5, Ry = 6 and R3 = 4.
Accordingly we choose N1 =7, No =9 and N3 = 6, and solve the linear system (9.2).

Figure 9.2 shows a plot of the observed data 7 (left), of the reconstruction of the missing data
segment obtained by the least squares algorithm and of the difference between the exact far field and
the reconstructed far field. Again the solid line corresponds to the real part while the dashed line
corresponds to the imaginary part. The condition number of the matrix is 5.4 x 10*. We note that
the missing data component in this example is actually too large for the assumptions of theorem 5.7
to be satisfied. Nevertheless the least squares approach still gives good results.

Applying the (fast) iterative soft shrinkage algorithm to this example (with regularization pa-
rameter = 1073 in (9.4)) does not give a useful reconstruction. As indicated by the estimates in
theorem 6.8 the I approach seems to be a bit less stable. Hence we halve the missing data segment,
consider in the following

Q = {0 = (cost,sint) € S* | n/2 <t < 7/2+7/6},

ie., |Q = 7/6, and apply the I! reconstruction scheme to this data. Figure 9.3 shows a plot of
the observed data ~ (left), of the reconstruction of the missing data segment obtained by the fast
iterative soft shrinkage algorithm (with p = 1073) after 10? iterations (the initial guess is zero) and
of the difference between the exact far field and the reconstructed far field.

The behavior of both algorithms in the presence of noise in the data depends crucially on the
geometrical setup of the problem (i.e. on its conditioning). The smaller the missing data segment is
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Figure 9.3: Reconstruction of the basis pursuit scheme: Observed far field v (left), reconstruction of the
missing part a|q (middle), and difference between exact far field and reconstructed far field (right).

and the smaller the dimensions of the individual source components are relative to their distances,
the more noise these algorithms can handle. %

Conclusions

We have considered the source problem for the two-dimensional Helmholtz equation when the source
is a superposition of finitely many well-separated compactly supported source components. We have
presented stability estimates for numerical algorithms to split the far field radiated by this source
into the far fields corresponding to the individual source components and to restore missing data
segments. Analytic and numerical examples confirm the sharpness of these estimates and illustrate
the potential and limitations of the numerical schemes.

The most significant observations are:

e The conditioning of far field splitting and data completion depends on the dimensions of the
source components, their relative distances with respect to wavelength and the size of the
missing data segment. The results clearly suggest combining data completion with splitting
whenever possible in order to improve the conditioning of the data completion problem.

e The conditioning of far field splitting and data completion depends on wave length and dete-
riorates with increasing wave number. Therefore, in order to increase resolution one not only

has to increase the wave number but also the dynamic range of the sensors used to measure
the far field data.

Appendix

A Some properties of the squared singular values {s2(R)} of Fp, ()

In the following we collect some interesting properties of the squared singular values {s2(R)}, as
introduced in (3.3), of the restricted Fourier transform Fp, o) from (3.1).
We first note that [21, 10.22.5] implies that the squared singular values from (3.3) satisfy

s2(R) = TR*(JX(R) — Jo—1(R)Jns1(R)), n€eZ,
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and simple manipulations using recurrence relations for Bessel functions

ndp (1) _ Jnt1(r) + Jn-1(r) ne?z (A.1a)
r 2 7 7 -
Jy(r) = It _2Jn+1(r) ;

(cf., e.g., |21, 10.6(i)]) show that, for n € Z

nez, (A.1b)

s2(R) = w(n*JA(R) — R*Jy—1(R)Jny1(R) + R*J,(R) — n*J2(R))

— W(RIQ(Jn_l(R) 1 (R))2 = B2 (R) 1 (R) + (B2 = n?) J2(R) ) )
- 77(}22(‘]"‘1(1%) 3 J"“(R)>2 +(R? nz)Jﬁ(R)>
= m((RT,(R)* + (R = n*) T (R)) .
Lemma A.1. -
Z s2(R) = nR?
Proof. Since
Z J2(r) =1
(cf. |21, 10.23.3]), the definition (3.3) yields
o) R o] R
Z s2(R) = 271/0 ( Z J,%(T))r dr = 271/0 rdr = TR%.
U

2

The next lemma shows that odd and even squared singular values, s;

decreasing for n > 0 and monotonically increasing for n < 0.

(R), are monotonically

Lemma A.2.
s2_1(R)—s2,,(R) >0, n>0.

n

Proof. Using the recurrence relations (A.1) we find that

Poar) = For) = hn ) = 6.

Thus,

$21(R) = s (R) = 2n /0 R dr - /0 2o )

R
P / m(J2)(r) dr = 4rnJ2(R) > 0.
0
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Integrating sharp estimates for J,(r) from [17], we obtain upper bounds for s2(R) when |n| >
R > 0. Since s2(R) = 52, (R), n € Z, it is sufficient to consider n > R.

Lemma A.3. Suppose that n > R > 0. Then

2 2 1 2 2 2
. 1nt1
i < Z (U (g
siegy ) e
Proof. From theorem 2 of [17| we obtain for 0 < r < n that
2 2n n2_r2
Ja(r) < 1 232 2 ;+ze "1
35 (0(3))" n*"ts
Substituting this into (3.3) yields
n2
2 I R r2
2 n+-2- —
S%(R) S 27 4( z2))2 e2n+2 / 7,2716 n+%7, dr
33(I'(5)) n™"73 Jo
3
2 o R?
23 3 L\l [T
. L. 2( +§) / T2 yne=t g
0

<

2
R pum— _—— n
sn(F) Wgé(r(g)f n2n+2 n o
23 2+ 3\t R? | R2\nR?
- g () (e
O R U

On the other hand, the squared singular values s2(R) are not small for |n| < R.

Theorem A.4. Suppose that R > n > 0, define a € (0,%) by cosa = 3, and therefore sina =

V1 —(%)? and assume o > € > 0. Then

2 ) v C(e)
= _ - < .
Ju(R) — 4/ —Fama ©O8 <R(Slna QCos @) 4> S oo (A.3)
/ 9 _ ) ) T C(e)
= — —_ — < . .
J(R) + 4/ e g Simasin <R(sm a — cos a) 4> S g (A4)

where the constant C(g) depends on the lower bound e but is otherwise independent of n and R.
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Proof. By definition,

1 (™ o pa | I 1 [ .
- i(Rsint—nt) dt = — iR(sint—t cos &) dt = — / iRp(t) dt A5
In(E) 27 /_7r ¢ 2 ) _, ¢ 2 J_, © (A.5)
with
G(t) = sint —tcosa, ¢'(t) = cost —cosa, ¢"(t) = —sint.

The phase function ¢ has stationary points at +«, and ¢” vanishes at 0 and 7. We will apply
stationary phase in a neighborhood of each stationary point. The neighborhood must be small
enough to guarantee that |¢”(¢)| is bounded from below there. Integration by parts will be used
to estimate integral in regions where ¢’ is bounded below. The hypothesis that o > & > 0 will
guarantee that the union of these two regions covers the whole interval (—m, 7).

To separate the two regions, let a.(7) = a(g), 7 € R, be a C* cutoff function satisfying

1 if 2 , .
a-(1) = 1 7| > 2 and la9)(1)| < &
0 if|r|<e &l
with the C; > 0 independent of € > 0. Define A.(t) := a.(¢'(t)), t € (—m,7), then

1 if [¢/(t)] > 2¢,

IROER N (A6)
0 if |¢/'(t)] <e.

Theorem 7.7.1 of [13] tells us that for any integer k£ > 0

k

o C
i) A_(t) dt‘ < =
e < sup
‘/—n : RF ;tesuppfls

AP )
(¢/(t))+~7

C k
< w2 0 (A7)
=0

with C only depending on an upper bound for the higher order derivatives of ¢. For the second
inequality we have used (A.6) and the fact that all higher derivatives of ¢ are bounded by 1.

We will estimate the remainder of the integral using Theorem 7.7.5 of [13], which tells us that,
if ¢y is the unique stationary point of ¢ in the support of a smooth function B, and |¢"(¢)| > & > 0
on the support of B, then

2
T 2 C ;
O B (1) dt — efiolto) B(¢ ‘ < = g sup |BY (¢ A8
‘/_w ( ) R¢//(t0) ( 0) - R =0 tesuplt;))B| ( )| ( )

with C > 0 depending only on the lower bound ¢ for |¢”(¢)| and an upper bound for higher
derivatives of ¢ on the support of B. We will set B = 1— A.(t), which is supported in two intervals,
one containing « and the other containing —«, so (A.8), becomes

iRo(t 1
'/_ﬂe ()(1_A€(t)) dt — - 2005<R(sma—0zcosoz) _Z)' < EZ

Rsin o

(A.9)

as long as ¢ is chosen so that |¢”(¢)| = |sin(¢)| > § on the support of 1 — A_(¢).
The following lemma suggests a proper choice of €.
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Lemma A.5. Lett and « belong to [O, %] then
|cost —cosal < e
implies that

2e
sino

sint > sina —

Proof. Since

sin?t —sina = cos®a — cos? t
we deduce
. . cos & + cost
sint —sina = %(cosa — cost) .
sint + sin «
Consequently
2
|sint —sina| < ——«¢.
sin a
O
End of proof of theorem A.4. We choose ¢ = % and assume that [¢/(t)] = |cost — cosa] < e,

then lemma A.5 gives sint > S22 We use this value of ¢ in (A.6), i.e.
|¢'(t)| > 2¢ on supp A. and |¢'(t)] < & on supp(l — A.).

Accordingly,
,, . sin a
|¢"(t)] = |sint| > 5 = Ve =16  on supp(l —A,).
Now, adding (A.7) and (A.9) establishes (A.3).
The calculation for (A.4) is analogous with (A.5) replaced by

1T - Lo |
Jn(R) = o= / isin(t)d 5 dp = o [ isin(0)e 0 dt,

—Tr

which has the same phase and hence the same stationary points. The only difference is that the
term B(to) in (A.8) at tg) = £« will be £isin o rather than 1. O

We now combine (A.3) and (A.4) with the equality (A.2) to obtain, for cosa = % <1 —¢

|s5(R) — 2Rsina| = |s5(R) — 2V R? —n?| < Ce)VR.

Since equation (A.5) is only a valid definition of the Bessel function .J,,(R) when n is an integer®,
we denote in the following by [vR] is smallest integer that is greater than or equal to ¥R, so that
we can state a convergence result.

Corollary A.6.
) S%VR](R) V-2 v<l1
lim ——— =

R—o0 2R 0 v > 1

5The definition requires a contour integral when v is not an integer.
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B Proof of estimate (4.11)

/ 3
Let n € Z and p:= (2n + 1)(2n + 3). Theorem 2 of [16] establishes that for r > “;“2 ,

4@2—@n+nan+®)

m((4r? — p)2 — p)

The following lemma shows that, under the assumptions of theorem 4.6, the estimate (B.1) implies
(4.11).

Jr) < (B.1)

Lemma B.1. Let M,N > 1 andr > 2(M + N + 1), then

b
sup JA(r) < - with b ~ 0.7595 .
—(M+N)<n<(M+N) r
Proof. Since JZ,(r) = J2(r) we may assume w.l.o.g. that n > 0. Let n:= {/(n+ 3)(n+ 3). Then
E=p?=n’+2n+2 ie
% <n? < (n+1)? (B.2)
and therefore our assumption r > 2(M + N + 1) implies for 0 <n < M + N that
r>2n+1) > 2n. (B.3)

Accordingly,

IN
S
=
IN

IN
.

Sl

W=

3 1 3 1 1
ptpz =g %LHM%2:”¢L% R N IR
2 (4n?)s (4(2))

This shows that the assumptions of theorem 2 of [16] are satisfied.
Next we consider (B.1) and further estimate its right hand side:

2y o Al = (2n+1)(2n +5) 4(4r? — 4n?)
alr) < m((4r2 — p)3/2 — p) = (8(r2 — 772)% — 4n?)
2 1 ! 21 1 !

2 _2)31 17 -
(r2 —n?)2 22 )3

2\ 1 1 2
- (@) - i oy

Since r > 2(M + N + 1) > 6, applying (B.2) and (B.3) yields

whence



C Some elementary inequalities
Here we prove some elementary inequalities that we haven’t been able to find in the literature.

Lemma C.1. Let ai,...,ar € R. Then

(a)
I I
ZZaiajg(I—l)Za?, (C.1)
1=1 j#i i=1
(b) . .
(Z ai)Q < IZCLZZ, (C.2)
i=1 i=1
(c) . .
ZZ&Z(LJ < %(Zalf (C.3)
i=1 j#i 1=1
Proof.  (a)
I I I I
ZZ ZZ(@?—%Liaj—i-a?):2(I—1)Za?—2ZZaiaj.
i=1 j#i i=1 j#i i=1 i=1 j#i

(b) Using (C.1) we find that

(iaz) éa?%—ZZalaJ <IZa

i=1 1=1 j#i

(c) Proceeding as in (b) but applying (C.1) the other way round yields

(Z > Za —i—ZZazaj > I—ZZCLZCL]

i=1 1=1 j#i 1=1 j#i
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