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Continuous-time Markov decision processes with exponential utility

Yi Zhang *

Abstract: In this paper, we consider a continuous-time Markov decision process (CTMDP) in Borel
spaces, where the certainty equivalent with respect to the exponential utility of the total undiscounted
cost is to be minimized. The cost rate is nonnegative. We establish the optimality equation. Under
the compactness-continuity condition, we show the existence of a deterministic stationary optimal
policy. We reduce the risk-sensitive CTMDP problem to an equivalent risk-sensitive discrete-time
Markov decision process, which is with the same state and action spaces as the original CTMDP. In
particular, the value iteration algorithm for the CTMDP problem follows from this reduction. We do
not need impose any condition on the growth of the transition and cost rate in the state, and the
controlled process could be explosive.
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1 Introduction

In this paper we consider a continuous-time Markov decision process (CTMDP) in Borel state and
action spaces, where a risk averse decision maker aims at minimizing the certainty equivalent of the
total undiscounted cost with respect to the exponential utility. The cost rate is nonnegative. In the
literature, see e.g., [3, 5l 16, 19, 27], such a problem is traditionally also referred to as risk-sensitive, or
one with exponential utility or multiplicative cost. In this paper, we use these terms interchangeably.
The CTMDP with a linear utility is often called risk neutral.

Ever since the pioneering paper [19] in 1972, there have been a large number of works devoted
to risk-sensitive discrete-time Markov decision processes (DTMDPs), see [2] [, [5] 10, 17, 21, 22 23],
to name just a few, where the term “risk-sensitive” is endowed with a more general meaning in the
recent works [2 [I7]. The interested reader is referred to the reference list of the aforementioned works
for more relevant literature. There are some significant differences between the risk-neutral and risk-
sensitive problems. For example, the criterion with exponential utility is not decomposable in the sense
of [I0], so that the corresponding convex analytic approach is more delicate and underdeveloped, c.f.
[1I7]. Also, consider the model with the total discounted cost; if the state and action spaces are both
finite, then there is a stationary optimal policy in the risk neutral case, but not in the risk-sensitive
case, c.f. 21, [B]. There have also been numerous works on risk-sensitive controlled diffusions, see the
reference list of [16].

In comparison, it is safe to say that much less work has been done on the risk-sensitive CTMDPs.
To the best of our knowledge, the CTMDP with exponential utility was first considered in the less
known article [27], where the authors considered the problem on a finite time horizon. Only verification
theorems were given, i.e., the authors discussed the consequences after one has obtained a solution
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to the optimality equation, provided that it satisfies certain conditions. The question of when there
exits such a solution to the optimality equation was not discussed in [27]. For the same problem as in
[27], this question was only considered in the recent papers [16, [32]. In [I6] the transition rates were
assumed to be bounded; and in [32] the growth of the transition rate was assumed to be bounded by
some Lyapunov function. As a consequence, the controlled process in [16] 32] is nonexplosive under
each policy. In [16] B2], the cost rate was assumed to be bounded, and the arguments are based on
Dynkin’s formula or the Feynman—Kac formula. The author of [32] explained why it was hard to relax
this boundedness condition on the cost rate if one follows the same approach as in there, see Section
7 therein. On the other hand, one should note that unbounded transition and cost rates appear in
many real-life applications; as a simplest example, consider an M /M /oo queueing system with the
holding cost rate being proportional to the number of enqueued customers.

By the way, the CTMDP in [16] 27] [32] is assumed to be in a denumerable state space. In [16], the
infinite horizon discounted and average problems for the risk-sensitive CTMDP were also considered.

The present paper also deals with a CTMDP with exponential utility, but is rather different
from the aforementioned works [16] 27 2] in the following aspects. (a) We consider the problem of
minimizing the expectation of the exponential utility of the total undiscounted cost over the infinite
time horizon. In the current literature, we are not aware of other work on the infinite horizon total
undiscounted cost criterion for the risk-sensitive CTMDP. (b) Our method of attack does not involve
the Dynkin’s formula or the Feyman-Kac formula, but is based on the reduction of the risk-sensitive
CTMDP to a risk-sensitive DTMDP. As an advantage of developing this approach, we do not need
bounds on the growth of the transition and cost rates, the controlled process is allowed to be explosive,
and the state space is a general Borel space. Such explosive processes are related to the “shattering
into dust” phenomenon in physics, see [31]. Our reduction method starts with a risk-sensitive adaption
of Yushkevich’s method [33], which was originally proposed for risk-neutral CTMDPs, and later also
developed to study piecewise deterministic Markov decision processes, see [I, [7, §]. Compared with
the case of a risk-neutral CTMDP, now both the state and action spaces of the induced DTMDP are
more complicated than the original CTMDP. A new equivalent DTMDP model with the same state
and action spaces as the the original CTMDP will be induced later after further investigations. The
powerful Feinberg’s reduction method for risk-neutral CTMDP, see [12], is not applicable because the
criterion in the risk-sensitive CTMDP is not “decomposable”.

The contributions of this paper are as follows. For a risk-sensitive CTMDP in Borel state and
action spaces with the total undiscounted cost over an infinite horizon, we establish its optimality
equation. Under the compactness-continuity condition, we show the existence of a deterministic
stationary optimal policy. Moreover, we show that the risk-sensitive CTMDP problem is equivalent to
a risk-sensitive DTMDP problem, which, as we emphasize, is with the same state and action spaces as
the original CTMDP model. As a consequence of this, we also present the value iteration algorithm.
Note that we only need impose rather weak conditions; the transition rate is arbitrarily unbounded,
and the cost rate is arbitrarily unbounded in the state, and the controlled process can be explosive,
so that there might exist no Lyapunov function.

The rest of the paper is organize as follows. We describe the controlled process and concerned
optimal control problem in Section In Section Bl we present some results for the risk-sensitive
DTMDPs that are needed for this paper. In Section F], we develop Yushkevich’s method to reduce the
risk-sensitive CTMDP to a risk-sensitive DTMDP with more complicated state and action spaces. In
Section Bl we present and prove the main results in this paper, which is ended with a conclusion in
Section

Notations and conventions. In what follows, B(X) is the Borel o-algebra of the topological space
X, I stands for the indicator function, and 5{:,3}(-) is the Dirac measure concentrated on the singleton
{z}, assumed to be measurable. A measure is o-additive and [0, oc]-valued. Below, unless stated



otherwise, the term of measurability is always understood in the Borel sense. Throughout this article,
we adopt the conventions of

0 1
6::0,0-00::0,6::—i—oo,oo—oo::oo. (1)

2 Model description and problem statement

The objective of this section is to describe briefly the controlled process similarly to [12] 25 26], and
the associated optimal control problem of interest in this paper.

Let S be a nonempty Borel state space, A be a nonempty Borel action space, and ¢ stand for a
signed kernel ¢(dy|x,a) on B(S) given (x,a) € S x A such that

q(I'slz,a) := q(T's \ {z}|z,a) >0

for all I'g € B(S). Throughout this article we assume that ¢(-|x,a) is conservative and stable, i.e.,

q(Slz,a) =0, Gz = supgz(a) < oo, (2)
acA
where ¢y (a) := —q({z}|z,a). The signed kernel ¢ is often called the transition rate. For simplicity

and to fix ideas, we do not consider the case of different admissible action spaces at different states.
Practically, the case of state-dependent admissible action spaces can be often reduced to the current
setup by assigning a cost rate of oo at an inadmissible action, c.f. p.402 of [13].

Let us take the sample space Q by adjoining to the countable product space S x ((0,00) x S)>
the sequences of the form (xg,01,...,0nh, Ty, 00, Too, 00, T, - .. ), Where xg,x1,...,2, belong to S,
01,...,0, belong to (0,00), and z, ¢ S is the isolated point. We equip 2 with its Borel o-algebra F.

Let to(w) := 0 =: Oy, and for each n > 0, and each element w := (z9,01,z1,03,...) € Q, let

th(w) = th_1(w)+ On,
and
too(w) := lim ¢, (w).

Obviously, (¢,(w)) are measurable mappings on (€2, F). In what follows, we often omit the argument
w € Q from the presentation for simplicity. Also, we regard x,, and 6,1 as the coordinate variables,
and note that the pairs {t,,z,} form a marked point process with the internal history {F:}:>o, i.e.,
the filtration generated by {t,, x,}; see Chapter 4 of [26] for greater details. The marked point process
{tn,z,} defines the stochastic process on (2, F) of interest {&;,¢ > 0} by

& = Z I{t, <t <tpi1}ey + Hte < t}ro. (3)

n>0
Here we accept 0- 2z :=0 and 1-x := x for each z € S, and below we denote Sy := S ({70 }-

Definition 2.1 A (history-dependent) policy © for the CTMDP is given by a sequence (my) such
that, for each n = 0,1,2,..., m,(dalzg,01,...,2,,s) is a stochastic kernel on A, and for each w =
($0,91,$1,92,...) e, t>0,

m(dalw,t) = I{t > to}la, (da) + Y Ity <t <tnp1}ma(dalzo, 01, ... 00, 2 t —ty),

n=0



where aso & A is some isolated point. A policy m = (my,) is called Markov if, with slight abuse of
notations, each of the stochastic kernels m,, reads my(da|xg,01,...,2n,s) = m,(dalzy,,s). A Markov
policy is further called deterministic if the stochastic kernels m,(da|zy,s) all degenerate. A pol-
icy m = (m,) is called stationary if, with slight abuse of notations, each of the stochastic kernels
T, reads mp(dalxg, b1, ..., Tn,8) = 7w(dalz,). A stationary policy is further called deterministic if
mu(dalzo, 01, ..., T, 8) = dff(,)y(da) for some measurable mapping f from S to A. We shall identify
such a deterministic stationary policy by the underlying measurable mapping f.

The class of all policies for the CTMDP model is denoted by II.
Under a policy 7 := (m,) € II, we define the following random measure on S x (0, c0)

v (dy,dt) = /A(j(dy\&_(w),a)ﬂ(da\w,t)dt
_ Z/ G(dy|n, @)7n(dalzo, 01, . Oy st — b)) {bn < £ < b1}t
n>074

with gz (aeo) = ¢(dY|Too, o) == 0 =: g»__ (a) for each a € A. Then for each given initial distribution
v on B(S), there exists a unique probability measure PJ such that

P (zg € dr) = ~(dx),

and with respect to P, v™ is the dual predictable projection of the random measure associated with

the marked point process {t,, z,}; see [20 26]. The process {&} defined by (B]) under the probability

measure P is called a CTMDP. Below, when « is a Dirac measure concentrated at « € S, we use the

denotation P;. Expectations with respect to P and Py are denoted as EJ and Ej, respectively.
The following remark follows from [20].

Remark 2.1 Under a fized policy m = (my,), the conditional distribution of (0p41,xny1) with the
condition on xg,01,%1,...,0,, T, is given on {w : z,(w) € S} by

P (Op+1 € T1, i1 € Dafwo, 01,21, ..., 0p, 7))
— / e_f(ffAan(a)”n(da|$07917---70n773n75)d5/q(r2|xn,a)ﬂ-n(da|xo,91"”,en,xn,t)dt,
I A

V Ty € B((0,00)), Ty € B(S);

— [ a da|zg,01,...,.0n,2n,8)ds
PJ(On41 = 00, Tny1 = Too|To,01,1,...,0n,Tn) =€ Jo© Ja dwn (@) (dalzo,01,....0n,2n,5)ds
and given on {w : r,(w) = T} by
PF(Opy1 =00, Tni1 = Teo|T0, 01,71, Ony2n) = 1.

Let the cost rate be given by a [0, c0)-valued measurable function ¢ on S x A. In this paper, we
study the following optimal control problem:

Minimize over m € II. ~ E7 [efooo Ja Co(gt’“)”(d“‘“’t)dt] = V(x,m), z€8. (4)

Here and below, we put ¢(z~,a) := 0 for each a € A.

The CTMDP problem () is equivalent to minimizing the certainty equivalent of the total cost
with respect to the exponential utility for a risk averse decision maker, see [4 [16], [19].

In what follows, we refer the CTMDP problem () with the exponential utility to as the CTMDP
model {S, A,q,c}.



Definition 2.2 A policy ©* is called optimal for problem () if

V(z,7*) = inf V(z,7) = V*(z), V2o ebs.
mell
Evidently, V*(z) > 1 for each = € S.

One powerful method of reducing a CTMDP to a DTMDP is due to Yushkevich [33], which
considers the case of a linear utility. However, the induced DTMDP is with a more complicated action
space, so that a deterministic stationary strategy in the induced DTMDP in general does not give
a deterministic stationary policy for the CTMDP model, but gives a specific Markov policy. This
approach has been further developed to study piecewise deterministic Markov decision processes, see
the books [I], [7, §]. In Section M}, as a preparation for our main optimality result, we shall develop this
method for the case of exponential utility. In contrast to the linear utility case, now both the state
and action spaces of the reduced DTMDP are more complicated than those of the CTMDP; e.g., a
deterministic stationary strategy in this reduced DTMDP will no longer give a Markov policy for the
CTMDP model. A further reduction to a simpler DTMDP with the same state and action spaces as
the original CTMDP will be given in a subsequent section.

3 Discrete-time Markov Decision Process with exponential utility

To serve the investigations of the CTMDP, in this section we present briefly the dynamic programming
approach for the DTMDP model (with exponential utility). The presented results are mostly related
to [23], which however, is based on the compactness-continuity condition. For our purpose, we would
not assume any compactness-continuity condition here, except for Proposition [3.4], and would need to
consider a slightly more general cost function, as compared to [23]. Without assuming the compactness-
continuity condition, the dynamic programming approach for the DTMDP model was partially studied
in [3], which dealt with a bounded cost function and mainly a finite horizon, see p.90 and Section
11.3 therein. Instead of the dynamic programming approach, [10, [I1] developed a different method
for studying a rather general class of DTMDP problems in Borel spaces. That method, which can be
traced back to Girsanov, is based on the investigations of strategic measures, and does not give all the
results we would need here.
Consider a discrete-time Markov decision process with the following primitives:

e X is a nonempty Borel state space.

e A is a nonempty Borel action space.

e p(dy|z,a) is a stochastic kernel on B(X) given (z,a) € X x A.
e [ a [0, 00]-valued measurable cost function on X x A x X.

Let us denote for each n = 1,2,...,00, H, := X x (A x X)” and Hy := X. A strategy o =
(01)5% in the DTMDP is given by a sequence of stochastic kernels o, (dalhy,) on B(A) from h,, € H,
for n = 0,1,2,.... A strategy o = (0,) is called deterministic Markov if for each n = 0,1,2,...,
on(dalhn) = 6(4, (2,)}(da), where ¢, is an A-valued measurable mapping on X. We identify such a
deterministic Markov strategy with (¢p).

Let ¥ be the space of strategies, and X pjy; be the space of all deterministic strategies for the
DTMDP.

Let the controlled and controlling process be denoted by {Y,,n = 0,1,...,00} and {4,,n =
0,1,...,00}. Here, for each n =0,1,..., Y, is the projection of Hy, to the 2n + 1st coordinate, and
A,, to the 2n + 2nd coordinate.



Under a strategy o = (0,) and a given initial probability distribution v on (X, B(X)), by the
Ionescu-Tulcea theorem, c.f., [18, 28], one can construct a probability measure P9 on (Ho, B(Hy))
such that

P (Yy € dx) = v(dx),
P (A, € dalYy, Ao, ..., Y,) = o,(dalYy, Ag, ..., Y,), n=0,1,...,
P (Y41 € dz|Yo, Ao, ..., Yo, An) = p(dz|Y,, Ay), n=0,1,....

As usual, equalities involving conditional expectations and probabilities are understood in the almost
sure sense. The probability measure P is called a strategic measure for the DTMDP. The expectation
taken with respect to PY is denoted by EJ. When v is concentrated on the singleton {z}, PJ and E
are written as P and EJ.

Consider the optimal control problem

Minimize over o :  EJ [ezf:ol(Y"’A”’Y”“) =:V(z,0), x € X. (5)

We denote the value function of problem ([H) by V*. Then a strategy ¢* is called optimal for problem
@) if V(z,0%) = V*(x) for each = € X. We refer problem () to as the DTMDP model {X, A,p,}
(with the exponential utility).

Note that

Vix)>1, VaeX. (6)
One can write
EJ erzol(Yn,AmYnﬂ)} — e2n=0YnAn Yot PO () 2 € X. (7)
Hoo

Then V(z,-) is a measurable criterion in the sense of [10, I1I]. In view of this, that V* is a lower
semianalytic function on X immediately follows from Theorem 4.2 of [I1].

Proposition 3.1 The function V* is an [1,00]-valued lower semianalytic solution to

V(z) = inf {/ pdy|z, a)e! @) V(y)}, r e X. (8)
acA X

Proof. Let us verify that V* solves the optimality equation (8] as follows. (The other assertions in
the statement of this theorem have been justified in the previous discussions.)

Let o be an arbitrarily fixed strategy. For each x € X and b € A, consider the shifted strategy
o(@:b) = ng,b) by J,(f’b) dalh,) = op11(dalz, b, hy,) for each n =0,1,..., and h,, € H,,. Then for each

Jr

fixed z € X,

V*(z) < V(z,0®b) = EZ [eZZ":N(YmAmeﬂ Yo=x,A0=0bY) =y,

where the equality holds almost surely with respect to p(dy|x,b)og(db|z). Now for each x € X,

V(z,0) = EJ [el(YO’AO’Yl)eZiO:IZ(Y"vA”’Y"H)]

- E° [ez(Yo,Ao,Yl)Eg [ez;?:lz(yn,An,YnH)

YbaAOaYi]:|
= / /p(dy|$,b)€l(x’b’y)Eg [BZ?:ll(Yn,An7Yn+1)
A JX
/ / p(dyz, B EPDV* () (dblx)
A JX
in { / p(dyrx,@e“xv“’y)V*(y)},
X

a€A

}/0 = ‘T,AO = b, Yl = y:| 0'0(db|$)

v

v

6



where and below integrals such as those in the above inequalities are well defined because V* is lower
semianalytic, see Lemma 7.30 as well as Proposition 7.48 of [3]. Thus,

V*(x) > inf {/ p(dy\x,a)el(x’“’y)V*(y)}, z e X. 9)
acA X

Next, we establish the opposite direction of the above inequality. Let z € X, b € A and € > 0 be
arbitrarily fixed. It follows from Theorem 3.1 of [10] (c.f. Chapter 3 of [9]) that there exists a strategy
¢ such that

InV*(z) +¢>InEJ {ezf;ol(y"’A"’Y"“)} =InV(z,d)

for almost all x € X with respect to p(dz|z,b). Consider the strategy o’ = (640},60,01,--.). Then

V*(Z) < Eg/ [eZZO:Ol(Yn,An,Yn-H)} :/p(dy’Z’b)el(z,b,y)ean(y,&)
X

< [ gl peltmen Vo
X

_ / p(dylz, bV ().
X

Since € > 0, z € X and b € A are arbitrarily fixed, it follows from the above that

V*(z) < inf {/ p(dy|x,a)el(x’a’y)V*(y)}, z e X.
a€cA X

Combing this with (@), we see that the statement holds. O

Proposition 3.2 For each x € X,

inf V(z,0) = inf V(z,0),

O'EED]V[ oey
where we recall that X pyr is the set of all deterministic Markov strategies for the DTMDP.
The proof of this proposition is based on the next result.

Lemma 3.1 Let f be a [1,00]-valued lower semianalytic function on the Borel space X x A, and f*
be a function on X defined by f*(x) = inf,ca f(z,a) for each x € X. Then for each € > 0, there exists
an analytically measurable mapping ¢ from X to A such that

[z, p(x)) < f()ef, Ve X

Proof. The reasoning of Proposition 7.50 of [3] can be easily modified to prove the statement of this
lemma. The details are omitted. O

Now we are in position to prove Proposition

Proof of Proposition[3.2. Let € > 0 and xy € X be arbitrarily fixed. We first show that there exists a
deterministic Markov strategy o such that

V(zg,0) < V*(xqg)e (10)



as follows.
Let (ex) be a sequence of positive constants such that ).~ ex = e. By Proposition B.I] there is a
Borel measurable mapping ¢g from X to A such that

V*(zg) > e_EO/ plda1 |20, po(x0))e@OPO@TUVH (1)), (11)
X

(Remember, the above inequality is only required to hold for the fixed 2y € X.) By Lemma Bl and
Proposition B], for each £ = 1,2, ..., there exists an analytically measurable mapping @5 from X to
A such that

V*(z) > e /X p(dylz, g (x))e!@P@IV () ¥ z e X. (12)

Let ¢ be the Borel measurable modification of ¢; with respect to the probability measure p(-|xo, ¢o(x0)).
Then

V*(zg) > 66061/p(dﬂm\xo,@o(xo))el(xo’“o‘)(m)’ml)/P(d@\xh451(901))el(ml’@(ml)’m)V*(@)
X X
> e [ pldafan, po(en)e =@ [ pldafor,on (a0,
X X

where the first inequality is by (1)) and ([I2]), and the second inequality is by (@). Inductively, for
each k = 2,3,..., let ¢ be a Borel measurable modification of ¢, with respect to the probability

measure [yr-1 p(|Zr—1, r—1(p—1))p(dxp_1]|Tr—2, Pr—2(Tk—2)) . .. p(dz1|T0, o (20)). Let o = (¢n)oy
be the deterministic Markov strategy. Then

V*(zg) > e >k, enEgO [erLZOl(Yn,An,YnH)]  VEk=0,1,....

By passing to the limit as £ — oo in the above inequality, we see that (I0) holds.
Now the statement of the theorem follows from (0] and the arbitrariness of € > 0 and zp € X. O

Proposition 3.3 The following two assertions hold.

(a) Let U be a [1,00]-valued lower semianalytic function on X. If

v > iut { [ e, @n v} vee x,
acA X

then U(x) > V*(x) for each x € X. In particular, if the function U satisfying the above relation
is [1,00)-valued, then so is the value function V*.

(b) Let ¢ be a deterministic stationary strategy for the DTMDP model {X, A, p,1}. If
V(@) = [ pldylepla)d @D V), o e X (13)
b'¢

then V*(x) = V(x,p) for each x € X.

Proof. (a) Let x € X and € > 0 be fixed. Then by using Lemma Bl one can follow the reasoning
in the proof of Proposition 3.2 and see the existence of a deterministic Markov strategy o, which
satisfies

U(z) > e “V(z,0) > e “V*(x).



Since € > 0 and « € X are arbitrarily fixed, the statement follows.
(b) Consider the given deterministic stationary strategy ¢. Let 2z € X be fixed. Then by simple
iterations based on (I3)), and keeping in mind that V* is [1, oo]-valued, we see

Vi(z) = E? ezxzol(Yn,An,Ynﬂ)V(Ym_’_l)} > EY [ezxzol(YmAn,YnH)]

for each m = 1,2,.... Thus, the statement holds after passing to the limit as m — oc. O

Condition 3.1 (a) The function | is lower semicontinuous on X x A x X.
(b) For each bounded continuous function f on X, [y f(y)p(dy|x,a) is continuous in (x,a) € X x A.

(¢) The space A is a compact Borel space.

Condition 3.2 (a) The function l(x,a,y) is lower semicontinuous in a € A for each x,y € X.

(b) For each bounded measurable function f on X and each x € X, [y f(y)p(dy|x,a) is continuous
inacA.

(c) The space A is a compact Borel space.

Proposition 3.4 (a) Suppose Condition[3 1l is satisfied. Then the value function V* is the minimal
[1, oo]-valued lower semicontinuous solution to (8).

(b) Suppose Condition [3.2 is satisfied. Then the value function V* is the minimal [1,c0]-valued
measurable solution to (8).

(¢) Suppose Condition [Z1] or Condition [33 is satisfied. Let v (x) :=0 for each z € X, and for
eachn=1,2,...,

V" (z) := inf { /X p(dylz, a)e! @) V<"—1>(y)}, VoelX

acA

Then (V™ (x)) increases to V*(x) for each = € X, where V* is the value function for problem
(A). Furthermore, there exists a deterministic stationary strateqy ¢ satisfying ({I3), and so in
particular, there exists a deterministic stationary optimal strategy for the DTMDP problem ().

Proof. This statement can be proved as in [23], even though in [23] the function I(z,a,y) does not
depend on y € X. O

4 First reduction to a DTMDP model

In this section, we reduce the risk-sensitive CTMDP to a risk-sensitive DTMDP with more complicated
state and action spaces. As in [33], this is based on viewing a policy m# = (m,) as a sequence of
measurable mappings taking values in the (quotient) space of P(A)-valued measurable mappings,
where and below, the set P(A) is the space of probability measures on B(A), and is equipped with the
standard weak topology, so that P(A) is a Borel space, see Chapter 7 of [3]. The details are as follows.

Let R denote the set of (Borel) measurable mappings p;(da) from t € (0,00) — P(A). Here, we
do not distinguish between two measurable mappings in ¢ € (0, 00) which coincide almost everywhere
with respect to the Lebesgue measure.



We endow R with the o-algebra as the minimal one with respect to which, the function

pGR—)/ ft,pr)d

is measurable in p € R for each bounded measurable function f on (0,00) x P(A). Lemma 1 of [33]
asserts that R is a Borel space.
For the rest of this paper, it is convenient to introduce the following notations. For each u € P(A),

Galpt) == /A 4o(@)u(da);
d(dylr, ) = /A 4(dylz, a)u(da);
c(x, ) ::/Ac(x,a),u(da).

It follows from [33] that we can legitimately consider a DTMDP model {X, A, p, [} with exponential
utility with the following primitives, where all the functions and mappings are measurable.

e The state space is X := ((0,00) x S) U{(00, zs0) }. Whenever the topology is concerned, (0o, )
is regarded as an isolated point in X.

e The action space is A :="R.

e The transition kernel p on B(X) from X x A is given for each p € A by

p(T'y x Iof(0,2),p) = / e Jo t=0IGD |1 py)dt,
Ty
VT e B(S), I'y e B((0,00)), x €S, 6€(0,00),
p({o0} x {zoc}|(0,2),p) = e S0 =) v pe s 6 e (0,00);
p({(oovxoo)}‘(oo7x00)7p) = L

(14)
e The cost function [ is a [0, co]-valued measurable function on X x A x X given by

1((0,x),p,(1,9)) == /000 I{s < 7}e(z, ps)ds =: 1z, p,7), ¥ ((0,2), p, (1,y)) € X x A x X. (15)

(Recall that ¢(zs,a) := 0 and g, (a) := 0 =: §(S|rco, a) for each a € A.) For each strategy o for the
DTMDP {X, A,p,l}, the function V(-, o) is defined by (&]).

The controlled process in the above DTMDP model {X, A, p,[} is denoted by {Y,,,n =0,1,...},
where Y, = (0, X,,), and the controlling process is denoted by {A,,,n = 0,1,...}. Let X%, be the
class of deterministic Markov strategies for the DTMDP model {X, A p,l} in the form o = (¢,)
where po((0,z)) does not depend on 6 € (0,00) for each x € S.

For each fixed 0 € (0,00) and a deterministic Markov strategy o = (on),

V((0,z),0) =V((0,z),6) =V((0,2),6), VxS, 0e(0,00), (16)

where & = (o, p1, 92, ...) with $o((6,2)) = @o((8,z)) for each 6 € (0,00). Indeed, since 6 is fixed,
under the strategy &, the decision is made independently of the first coordinate of the initial state.
This, together with the definitions of the transition kernel p and the cost function [ given by (I4]) and
([@H), justifies ([I6]). See also Theorem 2 of [13].
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Proposition and (I6) imply that

V*((0,z)) = inf V((0,x),0), Vz €S, 0¢c(0,00),

oexy
where V* is the value function of the DTMDP problem (). This together with (IG) then leads to

that V*((0,x)) does not depend on 6 € (0,00). Therefore, we write V*(z) instead of V*((0,z)) and
V(z,0) instead of V((#,),0) when o is in %%, ,. The previous equality now reads

V*(z)= inf V(z,0), VzeSs. (17)

o€SY N
Consider a policy m = (m,) for the CTMDP model {S, A, g, c}. Note that each stochastic kernel
ﬂ-n(da‘x07 917 T, 627 ey 6717 Tn, S)

can be identified with a measurable mapping say 7, (zo,01,21,02,...,60,,2,)(s,da) from S x X" to
R, and vice versa. Therefore, each policy m = (m,) for the CTMDP model {S, A, q,c} is identified
with a deterministic strategy denoted by o(m) for the DTMDP model {X, A, p, [}, where, under this
strategy o(m), at the time step n, the decision in A is made based only on Xy, Y7,Y5,...,Y,, and n,
and is independent on ©( and the past actions. Therefore, under the policy = = (m,,) for the CTMDP
model {S, A, q,c}, for each z € S and 6 € (0, 00),

V(z,m) = Ej [efooo Ja c(x’a)ﬂ(damt)dt} = E7 [GZZO—O Jo " [ e a)mn(dalo,01,. 00 n,)ds
= EJ(W) {ezf:ol(Y"’A"’Y”“)] = EU(W) [6220:0 (X AnOnt1) | = V(z,o(n))
(0,2) (0,x) ) ’

c.f. Remark 2] (I4]) and (T3] for the third equality, and Theorem 2 of [13] for the last equality. Thus,
V¥(x) > V*(x), Yo eb.

On the other hand, each deterministic Markov strategy o = (¢5,) € X% ,, can be identified with a
policy say (o) for the CTMDP model {S, A, g, ¢} such that

V(z,n(0)) =V(z,0), Vz€S.
This and (7)) imply
Vi) < V™), Yz eb.
Now we come to the following conclusion.

Theorem 4.1 The value function V* for the CTMDP problem ({)) is lower semianalytic on S and
satisfies

V()= V*(z), YV €S.

Furthermore, V* satisfies

Vi = g { [T e ([ v gayla ) ) drog e s e
0 S

PER
Vaoebl. (18)
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Proof. The equality between V* and V* on S follows from the discussions above the theorem. The
other parts of the statement are then by Proposition B.11 O

In (I8), it is possible that [ ¢.(ps)ds = 0o = [~ c(x, ps)ds, so that by (@)

= fooo qz(ps)dsefooo c(z,ps)ds _ 0-00=0 ?é 00 = X — e~ XFTX _ o~ fooo qz(ps)derfOOO c(m,ps)ds.

On the other hand, by (2I),

e~ Jo (az(ps)—c(z,ps))ds _ e~ Iy Qx(ps)dsefOT c(x,ps)ds

for each 7 € (0, 00).

5 Optimality result

In this section, we establish the optimality equation for the CTMDP problem ({); show, under some
compactness-continuity conditions, the existence of a deterministic stationary optimal policy for prob-
lem (@); and further reduce the CTMDP model {S, A, g, ¢} to a simpler DTMDP model with the same

state and action spaces as the CTMDP, in contrast to the DTMDP model in Section @ As a corollary
of this reduction, we formulate the value iteration algorithm for problem (@l).

5.1 Optimality equation
In this subsection, we establish the optimality equation satisfied by the value function V* of the

CTMDP problem (). This is done based on more detailed investigations of (IS]).

Theorem 5.1 (a) The value function V* of the CTMDP problem () is an [1,00]|-valued lower
semianalytic function satisfying

0= ing{c(x,a)v*(x) +/

«@mwwwﬁ (19)
ac S

for each x € S such that V*(z) < oo.

(b) If a deterministic stationary policy ¢ for the CTMDP model {S, A, q,c} satisfies

acA

o:nﬁ&@ﬂwmm+4«@m@wwﬁ:dawmwmw+éawmwmwww<m>

for each x € S such that V*(x) < oo, then the deterministic stationary policy ¢ is optimal for
the CTMDP problem (4)). (The definition of ¢ on {x € S: V*(x) = o0} can be put arbitrarily,
so long ¢ is measurable on S.)

We call ([I9]) the optimality equation for the CTMDP problem (4)), and call an [1, co]-valued lower semi-

analytic function V' a solution to the optimality equation (I9)) if it satisfies (I9]) with V* being replaced

by V for each x € S, where V(z) < oco. To guarantee the existence of such a deterministic stationary

policy ¢ as in Theorem [B.JI(b), in the next subsection, we shall impose some compactness-continuity

conditions, under which the value function will be seen to be measurable or lower semicontinuous.
We postpone the proof of Theorem [B.1] after several lemmas.

Lemma 5.1 For each x € S and p € R,
t
te[0,00) — / e Jo (qz(ps)C(x,ps))dS/ V*()d(dy|z, pr)dr + e~ Jo(as(ps)—c(@p)dsyrx (1)
0 S
is monotone nondecreasing in t € [0, 00).
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Proof. Let 0 <t <ty < oo be arbitrarily fixed. For the statement of the lemma, it suffices to show

t
| e oo [ v g)gdyin,po)dr + e B0l eDiy
0 S

t
> /lefJ(qz(ps)c(x,ps))dS/ V*(y)q(dy]m,pT)dr+e*fotl(qz(PS)*C(LPS))dSV*(x)
0 S

as follows.
Assume that

to -
/0 oI5 @ (ps)—cla.p))ds /5 VH)ildyle, p)dr < oo
e~ Jo? @lp)—cl@pDds () < oo,

There is no loss of generality in doing so because otherwise (2I) trivially holds.
Then

t
| e e [ v g)gdyin,po)dr + e B0 clme Dty o
0 S

t1 -
- [T oot [ ve)qayle, o, )dr
S

0
—e fgl((h(ps)*c(x,ps))dsv* ()

to -
= / e~ Jo (@z(ps)—c(z.ps))ds V*(y)q(dyl|z, pr)dr
t1 S
+e~ fo (qz(ps)—c(z,ps))d ( f (qz(ps)—c(x,ps))ds 1) V*(x)

ta—t1 ty+7
= /0 e Jo! (qx(ps)—C(x,ps))ds/ V*()q(dy|x, pyy 4 )dT

+e fo (g2 (ps)—c(z,ps))ds ( f (qz(ps)—c(z,ps))ds _ 1) V*(.%')

to—t .
. / T o o s (o) —elwps))ds o= ST (@ () —e(wp))ds / VA ()d(dyle. pr or)dr
0 S

+e~ fo (g2 (ps)—c(z,ps))ds ( ftl (g2 (ps)—c(x,ps))ds _ 1) V*(m)

to—t
_ e—f51<qx(ps>—c<m7ps>>ds{ / S o ST @ (perey) e parey ))ds
0

X/V () q(dy|z, pry4r)dT + € ftl (qz(ps) C(:D,Ps))dsv*( ) — V*(x)}
S

Let § > 0 be arbitrarily fixed. By (I8]), there exists some p € R such that

V / /V* dy‘x p ) _foT(Qx(ﬁS)_C(xvﬁS))deT+e— fooo Qx(ﬁs)dsefooo c(z,ps)ds

Define p € R by

o= | Puts if s <ty —ty;
s pAsf(tgftl) if s >ty — 1.

13
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Then

Vi(z)

IN

A e fOT(qI(ﬁS)fc(IvﬁS))ds </S V*(y)q(dy’x’ ﬁT)) dTt + e f()oo qz(ﬁS)dSefooo c(x,ps)ds

to—t
— /2 leffJ(qz(psﬂl c(x,pstty))ds *()q(dy|x, pe,4r)dT
0

)= /V
S
+ / o I3 (@ (pe)—cl,p0))ds ( / V() 3(dyl, m) dr + e I au(o)ds o f5 el p)ds
t S
)— /V
S

2—11

to—t
— /2 leffoT(qz(psﬂl c(,pstty))ds *(9)q(dy|z, pr,4r)dT
0

S T+(tg—t1) _ _ . ~ . ~
+/0 A (qz(ps)C(x’ps))ds/SV*(y)(I(dylx,ﬁT+t2tl)d7'+6f“ 4z(ps)ds o [y c(x,ps)ds

to—t
— /2 leff{(qz(psﬂl) c(x,pstty))ds /V*( Vi(dy|z, py, 1 )dr
0

T+(tg— tl)

+/ e 52%1(%@5) c(z,ps))ds 7ft2 t] 02 (ps)—c(x.ps))ds /V*( ) (dy‘x7ﬁfr+t2—t1)d7—
0 S

+e~ I qx(ﬁs)dsefooo c(x,ps)ds

)

where the first inequality is by (I8]). Substituting (25]) in the last expression, we see

la—t1 -
V*(QT) S / e~ fo ((Iz(Ps+t1)c(Ivﬂs+t1))ds/ V*(y)(j(dy|$,pt1+7—)d7'
0 S

T+(tg—t1)

de” fo (fIac Ps+ty)—c(T,ps+ty))ds / ftQ t1 (92 (Ps—(tg—t1))—C(@Ps—(ty—t1)))ds
0

X/V (v)q(dy|x, pr)dT + e~ Jo2 7 (gu(pty+s)—cl(z ,pt1+s))dse*f£;°,tl Gz (Ps—(ty—ty))ds
S

X ej;;o_tl c(xvﬁs—(tg —t1) )dS

la—t1 .
= A e f() (qz(ps+t1) ( 7Ps+t1)) /‘;'V*( ) (dy’x’pt1+T)dT

_|_e ((Iz(pt1+s) ( 7pt1+s))ds

X {/(; e~ fJ(Qx(ﬁS)_C(xvﬁS))dS /;’ V*(y)q”(dy’x’ ﬁr)dT +e fooo Qw(ﬁS)dsefooo C($v/35)d5}

to—t
/ T o I3 ey s / V*(9)i(dyl, pry-4-)dr
0
c(x

7Pt1+s))dsv*( ) f qz Pt1+s) C(xvpt1+s))d357

IN

+e 02 " (qu(pry +s)—c

where the last inequality is by (24]). Since 6 > 0 is arbitrarily fixed, and keeping in mind (22, this
amounts to

ta—t1 -
Vi) £ [T e Bttt [ vyl e
0 S

+e Jo2 " (ga(pry +5)—cle 7Pt1+s))dsv*(x).

This, (22) and 23) imply (21)). O
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Lemma 5.2 For eacht > 0 and x € S,

t t
inf {/ e~ fg (qz(pv)—c(z,pv))dv / V*(y)(](dy|x,ps)d8 +e fo (Qx(ﬂs)—c(w,ﬂs))dsv*(x)} _ V*(x)
PER L Jo s

Proof. We only need consider when t > 0; the case of t = 0 is trivial. Let 6 > 0 be arbitrarily fixed.
Then by ([I8]), there is some p € R such that

V* (1-) + ) Z / e~ fOT(QI(pAS)*C(mvﬁS))dS / V* (y)q(dy‘x7 ﬁT)dT + e f()(><> QI(ﬁS)dsef f()oo c(m,ﬁs)ds.
0 S
Define p € R by
ﬁs = ﬁt+s’ Vs> 0.

Direct calculations similar to those in the proof of Lemma [5.1] show
Viz)+05 > /t e~ Jo (aa(ps)—c(z,ps))ds / V*(y)q(dy|z, pr)dr + e~ Jo (ax(ps)—c(x,ps))ds
0 S
% {/OO e~ foT(Qac(f)s)c(x,ﬁs))ds/ V*(y)i(dy|z, pr)dr + e~ Jo 4z (ps)ds ,— 5 c(z,ﬁs)ds}
0 S
> / b I ) —clap))ds / V*()i(dy|z, pr)dr + e~ Jo e (o) —c(p))dsyre ()
0 S
where the last inequality is by ([I8]). Since § > 0 is arbitrarily fixed, the above implies

t
V*(x) > in%{/ e Jo (Qx(ps)—C(w,ps))ds/ V*(y)q(dy|z, pr)dT + €~ f(f(qx(ps)—c(w,ps))dsv*(x)}.
Pe 0 s

On the other hand, Lemma [5.] implies

t t
Vi) < 1“7%{/ e | V*(y)q(dyrx,mczf+e—fo<qw<ps>—6<xvps>>dSV*<w>}-
pE 0 S

The statement follows from this and the previous inequality. O

Under extra conditions, including that the function ¢,(a) — ¢(z,a) is bounded, and 0 < § <
gz(a) — c¢(x,a) for some constant § > 0, as in [§], the minimization problem on the right hand side of
([I8) can be reduced to a problem of Mayer form, and then Lemmas [5.1] and follow from Lemma
(45.12) of [8].

For the next two lemmas, it is convenient to introduce the following notation. For each x € S and
T >0, let Ry= 1 be the set of p € R such that

t t
/ e_ fO (Qx(pv)_c(vav))dv / V*(y)q(dy|x, ps)ds _|_ e_ fO (QI(pS)_c(xva))dSV*(x) < OO, \v/ t = (0, T)
0 S
Since V*(z) > 1, the above inequality is equivalent to
t
/ e fO (g (pv)—c(z,pv))dv / V*(y)q(dy‘x7ps)ds < 00, e fg(qz(ps)fc(st))ds < 00, Vte (07]—')7
0 S
V¥(x) < oo, (26)

for each p € Ry« , 1. Note that if x € S is such that V*(x) < oo, then by Lemmas (1] and (.2
Ry a1 # 0.
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Lemma 5.3 Let x € S and T > 0 be fized. For each p € Ry~ 4 1, it holds that

/S V*()a(dylz, ps) > V(@) (ax(ps) — e, pa)

almost everywhere with respect to s € (0,T).

Proof. Since p € Ry, 1, one can apply the fundamental theorem of calculus and differentiate
/t e~ Jo (aa(ps)—c(x.ps))ds / V*(y)q(dy|z, pr)dr + e~ fé(qx(ps)—C(vas))dsv*(x)
0 S
with respect to ¢t € (0,7"), and deduce
o Ji(a(ps)—c(w,pa))ds /S V* (0)ddylz, pr) — e~ I @) —e@pads (g (0N _ o(z. p))V* () > 0
for almost all ¢ € (0,T") with respect to the Lebesgue measure, where the last inequality is by Lemma

LIl The statement of the lemma immediately follows. (Recall that ([26) holds for each p € Ry« ,71.)
|

Lemma 5.4 For each x € S, where V*(z) < oo, (I9) is satisfied.

Proof. Let T' > 0 be arbitrarily fixed, and so is z € S, where V*(x) < co. Then Ry« 7 # 0 as
explained earlier. Let some p € Ry, 7 be arbitrarily fixed. One can legitimately write

t
e fﬁ(qz(ps)fc(:v,ps))dsv*(x) — V() = _/ (g (py) — c(, py))e Jo @elps)=c(@p)ds gy (1)
0
Vte(0,T).

Now,

t
/0 e~ Jo (az(po)—c(x,pv))dv /S V*(y)q(dy|z, ps)ds + e~ fé(%(ps)—C(xvps))dsV*(x) —V*(2)

t
_ /0 o I (@ (po)—c(@.p))dv /5 VA @)i(dylz, po)dr
t
a / (Qm(pﬂ') - c(x, pT))e_ fO (Qx(ps)—c(aﬁ,ps))dsdTv* ($)
0

= [ wateois L v g)gaste. o) — (o) - clop V@) e
- [ e factarie [ (aa) { [V witdsie. - (aa(o) - cle.a)v ()} ar

for each t € (0,7).
By Lemma [5.2] we deduce from the above that

0
=t e wavoeone [ @i { [ vt - @ - e @ i)
> e e e e g { [V witdsie.) - (@a(o) ~ o)V ) far |
> ot | e ing { [V witdsieo - (@a(e) = clesa)v ) far | (27)
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where the first equality is also because of V*(z) < co. Let

B(z) = {a €A /Sv*(y)q(dy\x,a) < oo}.

Then
inf { v witaste.o) - (aalo) - c<x,a>>v*<x>}
- aeigfm){/sv*(y)(j(dy]m,a) —(qm(a)—C(x,a))V*(x)} (28)

Each b € B(z) is identified by an clement p” € R such that p’(da) = dgy(da) for all s > 0.
Furthermore, compared with (26) and keeping in mind V*(z) < oo, we see that p’ € Ry« z 1. Thus,
{p": b€ B(x)} CRy«.r. Hence, for each a € B(z), one can apply Lemma[5.3} and after that, see

e { [ v Giale.o) - (o) - doa)v o)} > o

a€B(x)

Consequently, we see from (27]), (28]) and the above inequality that

0> inf {/Ote—% inf {/SV*(y)(j(dm:U,a)—(qm(a)—c(:v,a))V*(x)}dT} >0,

T pERy# 4T a€B(x)
and thus
0=t etV (o) + [ stV )},
acA S
as required. (Recall that g, < c0.) ]

Now we are ready to present the proof of Theorem [5.1] as follows.

Proof of Theorem [51l. Part (a) of this statement has been proved in Lemma 54l We prove part (b)
of the statement as follows. For each z € S| we can view ¢(z) as an element of R by identifying it
with p* € R such that

pi(da) == 07y (x)y(da), ¥Vt > 0.

Then, x € S — p* clearly defines a specific deterministic stationary strategy for the DTMDP model
{X,A,p,l} defined in Section Hl
Let « € S be arbitrarily fixed, where V*(z) < oco. Then by (20),

(g2(p(x)) = ez, (x)))V " (x) Z/Sd(dylfﬂ,w(fﬂ))‘/*(y)- (29)

Note that the right hand side is nonnegative, and is zero if and only if ¢, (¢(x)) = 0, because V*(z) > 1
for each € S. In other words, there are only two possibilities;

@(p(x)) > ez, 0(x)) = 0, (30)

@(p(x)) = c(z, p(x)) = 0. (31)
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In case of [30), we see

V*(z) = inf {/Oo e Jo (@z(ps))—c(@,ps))ds </ V*(y)(f(dy|$,,07)> dr + e~ Jo~ axlps)ds o [5” C(x,ps)ds}
0 s

PER
< [Tt ( [y g)itayin, ) ) dr o+ e 5 S e
0 S
= [ e D (g () — el pla)) TV () I AN o
0
= V),

where the first equality is by (I8]), and the second equality is by ([29) and the definition of p*, and the
last equality is by (B0); recall (). Thus,

in { / " e I3 o) =elwp)is < / v*<y>q<dy\x,m) dr + e I3 (o) fi° c(wds}
0 S

PER

— /0 e~ Jo (ax(p?))—c(,p¥))ds (/S V*(y)éj(dy|x,pf)> dr + e Jo~ az(p)ds o fg~ e(w,p%)ds

under ([B0). Similar calculation show that in case of ([BI), and in case of V*(x) = oo, the above
equalities hold as well. It remains to apply Proposition B3Ib); recall the discussions in Section [
about the reduction of the CTMDP model {S, 4, ¢, c} to the DTMDP model {X, A, p,[} therein. O

5.2 Existence of a deterministic stationary optimal policy

The objective of this subsection is to show the existence of a deterministic stationary optimal policy
for the CTMDP problem (), under some compactness-continuity conditions.
From now on, the following assumption is always in place.

Assumption 5.1 For each x € S,

sup{c(z,a)} =:¢(z) < oo.
acA

We mention that the function ¢ is upper semianalytic on .S, and may be not Borel measurable; the
similar remark holds for the function g, see [3]. However, we have the following handy fac.

Lemma 5.5 There exists a [1,00)-valued Borel measurable function w on S such that
w(x) > 1+¢(x)+q,, Vaebs. (32)

Proof. This follows from the reasoning of the proof of Lemma 1(a) in [I4] based on the Novikov
seperation theorem. d

The role of the function w can be also well appreciated in the next subsection.
Next we present two sets of compactness-continuity conditions, under either of which, the main
optimality results presented henceforth survive.

Condition 5.1 (a) The function w from Lemma[524 is continuous on S.

(b) For each bounded continuous function f on S, [¢ f(y)q(dy|z,a) is continuous in (z,a) € S x A.

T was told the fact in Lemma [5.5] by Professor Eugene A. Feinberg.
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(¢) The function c(x,a) is lower semicontinuous in (x,a) € S x A.
(d) The action space A is a compact Borel space.

Part (a) of Condition [5.T]is not restrictive, see p.48 of [30].

Condition 5.2 (a) For each bounded measurable function f on S and each z € S, [ f(y)q(dy|z,a)
is continuous in a € A.

(b) For each x € S, the function c¢(x,a) is lower semicontinuous in a € A.

(¢) The action space A is a compact Borel space.

Condition B.Jlis called the compactness-weak continuity condition, and Condition is called the
compactness-strong continuity condition. Often, the weak continuity condition is easier for verifica-
tions, and it is noted that in some practical applications, the weak continuity condition is satisfied
while the strong continuity condition is not, see e.g., Section 6 of [24]. Nevertheless, the two conditions
do not imply each other.

Theorem 5.2 Suppose Condition [51] (resp., Condition [53) is satisfied. Then there exists a deter-
ministic stationary policy ¢ satisfying (20) for each x € S, where V*(x) < oo, and so there exists a
deterministic stationary optimal policy ¢ for the CTMDP problem (), and the value function V* is
lower semicontinuous (resp., measurable) on S.

We postpone the proof of Theorem after the next few lemmas and preliminaries.
Let us equip R with the Young topology, which is the weakest topology with respect to which the
function

p€R—>/OOO/Af(t,a)pt(da)dt

is continuous for each strongly integrable Carathéodory functions f on (0,00) x A . Here a real-valued
measurable function f on (0,00) x A is called a strongly integrable Carathéodory function if for each
fixed t € (0,00), f(t,a) is continuous in a € A, and for each fixed a € A, sup,c 4 |f(t,a)| is integrable
in ¢, ie., [(supgeq|f(t,a)ldt < co. See more details in [8].

Lemma 5.6 Endowed with the Young topology, if the action space A is compact, then R is a compact
Borel space.

Proof. See Remark 8.2.3 of [I], or Chapter 4 of [§]. O

Lemma 5.7 (a) Suppose Condition [51] is satisfied. Then the DTMDP model {X, A,p,l} defined
in Section [{] satisfies Condition [F11

(b) Suppose Condition [5.2 is satisfied. Then the DTMDP model {X, A,p,l} defined in Section
satisfies Condition [T2.

Proof. One can apply the reasoning in the proof of Lemma 3.2 of [29]. O
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Lemma 5.8 Define the stochastic kernel p on B(S) from (z,a) € S x A by

. _ q(dylz,a)
pdylz,a) := T w@) + 0y (dy), V (z,a) € S x A

Then the following assertions hold.

(a) An [1,00]-valued lower semianalytic function V. on S satisfies

a€A

0= inf {c(x,a)V(x)—i— /5 q(dy|x,a)V(y)} (33)

for each x € S such that V(z) < oo if and only if V is an [1,00]-valued lower semianalytic
solution to
w(z)

Vi) = ot |

/ﬁ(dy]m,a)V(y)} vzes (34)

w(z) —c(z,a) Jg

(b) Let V be an [1,00]-valued lower semianalytic function on S satisfying (33) for each x € S such
that V(z) < co. A deterministic stationary policy ¢ satisfies

0 = inf
acA

{d%@V@%+LaMWL®WM}ZCWWWDV@%ﬁéﬂ@Mw@DV@) (35)

for each x € S such that V(z) < oo if and only if this deterministic stationary policy ¢ satisfies

. w(x) _ B w(x) B N N )
inf {W/Sp(dy!m,a)wy)} = /Sp(dy! p(@)V(y), Vo es.

acA —c(z,a) w(z) — c(z, p(x))

Proof. (a) We first show the “only if” part. Let V be a [1, oo]-valued lower semianalytic solution (B3)]).
Let z € S be fixed. If V(z) = oo, then (B4)) is satisfied as the both sides are infinite. Suppose now
V(x) < oo. Then

0 < c(x,a)V(m)+w(x)/5%wy)+w(m)wx)—w(m)vm

= c(z,a)V(z)+w(x) /Sﬁ(dy\x,a)V(y) —w(z)V(z), Vae€ A.

Following from this and keeping in mind (32]), simple calculations imply

Vo) < it {20 [ iy}

acA —c(x,a)

To show the equality, let € > 0 be arbitrarily fixed. By (B3]), there exists some @ € A such that

e > c(x,a)V(x) + /SQ(dy’xa a)V(y).

The above inequality implies

€ w(z)

V(z)+e>V(z)+ s /Sﬁ(dy‘%&)v(y%

w(z) — c(z,a) ” w(z) — c(z,a)

where the first inequality is by ([32]). Thus, ([B34) is satisfied.
The similar reasoning applies to show the “if” part; the details are omitted.
(b) This part can be proved as for part (a). O
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Lemma 5.9 (a) Suppose Condition[5]lis satisfied. Then (x,a) € SxA — % is lower semi-
continuous, and for each bounded continuous function f on S, (r,a) € Sx A — fS fly)p(dy|x, a)
15 conlinuous.
(b) Suppose Condition [5.2 is satisfied. Then for each x € S, a € A — % is lower semi-
continuous, and for each bounded measurable function f on S, a € A — fs f(y)p(dylx,a) is
continuous.

Proof. The statement of this lemma is immediate from Condition 5.1l and Condition 5.2 respectively,
as well as the definition of the stochastic kernel p. O

Now we are in position to prove Theorem

Proof of Theorem [5.2. Suppose Condition 5.11is satisfied. By Lemma [5.7], one can apply Proposition
B4l(a) to the DTMDP model {X, A, p,l} defined in Section @ This and Theorem 1] imply that the
value function V* of the CTMDP problem (@) is [1,00]-valued and lower semicontinuous on S. By
Theorem [.1(a), Lemmas and 9] Proposition 7.31 of [3] and a well known measurable selection
theorem, see e.g., Proposition 7.33 of [3], we see that there is a deterministic stationary policy ¢ for
the CTMDP model such that (20) is satisfied for each z € S, where V*(x) < co. By Theorem BII(b),
this deterministic stationary policy ¢ is optimal for the CTMDP problem ().

The case when Condition is satisfied can be proved in the same way, by applying Proposition
B4((b) and the corresponding measurable selection theorem, see e.g., Proposition D.5 of [18]. O

5.3 Further reduction to a simpler DTMDP and value iteration

In this subsection, we reduce the CTMDP model {5, A,q,c} to a DTMDP {S, A, p, l~} with the cost
function [ being defined below. Compared to the DTMDP model {X, A, p, [} defined in Section [, the
DTMDP model here is simpler, with the same state and action space as the original CTMDP model.

Theorem 5.3 (a) Suppose Condition[5.1 is satisfied. Then the value function V* for the CTMDP
problem (4]) is the minimal [1, co]-valued lower semicontinuous solution to the optimality equation

(LY.

(b) Suppose Condition [5.2 is satisfied. Then the value function V* for the CTMDP problem (J) is
the minimal [1, co]-valued measurable solution to ({I3).

Proof. (a) Let V' be a lower semicontinuous [1, co]-valued function on S such that (B3)) is satisfied
wherever V(z) < oo. By Proposition 7.33 of [3], there exists a deterministic stationary policy ¢
satisfying (BH)) for each = € S such that V(z) < co. Let z € S be fixed. Assume for now V(z) < oo.
Arguing as in the proof of Theorem EI(b), we see

in { / " e I3 s —elapi)is ( / V(y)(i(dy\x,m)> dr + e I3 o) fi° c<wws>ds}
0 X

PER
S A e_T(q$(90($))_c(x7<p($))) (C(l’, Sp(x)) — qm(sp(l')))dfrv(x) _|_ e fOoo qx (So(x))dsefooo C($,g&(l‘))d8
< V()

where for the last inequality, recall that one only needs deal with two possibilities, namely, (B0)
and (BI), because of [Ba). The previous inequality holds trivially if V(z) = co. Now by applying
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Proposition to the DTMDP model {X, A, p,l} in Section [, c.f., (I8]), as well as Theorem [.T], we
see V(z) > V*(x) for each z € S. This and Theorem [5.1J(a) imply part (a) of this statement.

(b) This part can be proved in the same way as for part (a) by using the appropriate measurable
selection theorem, c.f. Proposition D.5 of [1§]. O

Now we are in position to present the equivalent DTMDP model {S, A, p, l~}
Define for each (z,a,y) € S x A x S,

l(e.ay) =l @)
e, ay) =1 w(z) —c(x,a)’

Recall by B2), i(z,a,y) > 0 for each (x,a,y) € S x A x S.

Consider the DTMDP model {S,A,p,1} (with the exponential utility). Note that (34)) is the
optimality equation for this DTMDP model. Suppose Condition Bl or Condition is satisfied.
Then by Theorem (.3, Proposition B4l applied to the DTMDP model {S, A, 5,1}, and Lemma F8(b),
we see the DTMDP model {S, A,p,1} and the CTMDP model {S, 4, ¢q,c} are equivalent; the value
functions are the same, and a deterministic stationary optimal policy for the CTMDP model gives a
deterministic stationary optimal strategy for the DTMDP model {S, 4, p, ZN}, and vice versa.

As a consequence, we can write down the value iteration algorithm for the CTMDP problem ({)).

Corollary 5.1 Suppose Condition [51 or Condition is satisfied. Define VO (x) := 1 for each
x €8, and for eachn=1,2,...,

V) (z) = inf {/ ﬁ(dy|ﬂ:,a)el~(x’“’y)V(”U(y)} , Vzel.
a€A S
Then for each z € S, V") (x) increases to V*(z) as n 1 co, where V* is the value function of the

CTMDP problem (7).

Proof. The statement follows from the discussions above this theorem, and Proposition B4l Recall
Lemma (£ 0O

6 Conclusion

To sum up, for the CTMDP problem, where the certainty equivalent with respect to the exponential
utility of the total undiscounted cost is to be minimized, we established the optimality equation.
Under the compactness-continuity condition, we showed the existence of a deterministic stationary
optimal policy. By investigating the optimality equation, we reduced the CTMDP problem to an
equivalent DTMDP problem, which is with the same state and action space as the original CTMDP.
In particular, the value iteration algorithm for the CTMDP problem follows from this reduction. Note
that, we did not need impose any condition on the growth of the transition rate, and the cost rate is
unbounded, and the controlled process in the Borel state space could be explosive.

As for applications, we believe that our results will be useful for optimal control of queueing
systems. In fact, [6] considered the risk-sensitive control of a queueing system as a CTMDP with
the total discounted cost in a finite state and action space. Restricted to deterministic stationary
policies, although the authors of [6] applied the uniformization technique to reduce the CTMDP to
a DTMDP, they did not manage to investigate the continuous-time problem because the resulting
DTMDP was nonstandard. The reduction method here is different from the uniformization technique,
and its application to the discounted problem will be more delicate.
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