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Abstract

In a gas transport system, the customer behavior is uncertain. Mo-
tivated by this situation, we consider a boundary stabilization problem
for the flow through a gas pipeline, where the outflow at one end of the
pipe is uncertain. The control action is located at the other end of the
pipe. The feedback law is a classical Neumann velocity feedback with a
feedback parameter k > 0.

We show that as long as the H'-norm of the function that describes
the noise in the customer’s behavior decays exponentially with a rate that
is sufficiently large, the velocity of the gas can be stabilized exponentially
fast in the sense that a suitably chosen Lyapunov function decays expo-
nentially. For the exponential stability it is sufficient that the feedback
parameter k is sufficiently large and the stationary state to which the sys-
tem is stabilized is sufficiently small. The stability result is local, that is
it holds for initial states that are sufficiently close to the stationary state.

This result is an example for the exponential boundary feedback stabi-
lization of a quasilinear hyperbolic system with uncertain boundary data.
The analysis is based upon the choice of a suitably Lyapunov function.
The decay of this Lyapunov function implies that also the L?-norm of the
difference of the system state and the stationary state decays exponen-
tially.
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1 Introduction

There are many studies on boundary feedback stabilization where exponential
stability is shown for a family initial states under the assumption that the ac-
tion at the boundary is certain. In this paper we consider a different situation,
where not only the initial state, but also the behavior at a part of the bound-
ary of the system is uncertain. We show that if the uncertain boundary action
converges sufficiently fast to a stationary state, during this process a suitably
chosen Lyapunov function decays exponentially. As stated in [20], where semi-
linear parabolic systems are considered, Lyapunov function based techniques are
central in the study of partial differential equations (pdes). In particular, in [20]
input—to-state stable (ISS) Lyapunov functions for pdes with disturbances are
considered. In this paper we consider a system with a quasilinear hyperbolic
pde with uncertainties in the boundary data. The concept of input—to—state
stability is discussed in detail in [21].

The transient behavior of pipeline gas flow can be modeled very precisely by
a quasilinear hyperbolic partial differential equation. Often the consumer be-
havior in gas transport networks is uncertain. Therefore we consider a problem
of boundary stabilization with uncertain boundary data

b(t, w)

that depend on an uncertain decision w € 2 that models the uncertainty in the
customer’s behavior. This customer behavior can be considered as a noise in
the boundary data. We assume that the consumer behavior approaches some
desired state in H', that is that the noise has the following structure:

For all w € Q the function b(-, w) is twice continuously differentiable and
there exists numbers Tperiog > 0 and T > Tperioq, such that for all ¢ €
(Tperiod7 T)

/t_T b(r, )2 + [by(r, W) dr < C, exp (—v1) (1)

period

for some v > 0 and C,, > 0. This means that after some variations the noise in
the customer behavior decays exponentially fast to zero.

We consider the questions: How does the uncertainty in the demand influ-
ence the stabilization of the system? Is there a boundary feedback law that
leads to exponential decay of the difference of the system state and a desired
stationary state in spite of the uncertain boundary data?

For this purpose we consider a boundary feedback law that for the case with-
out noise, that is for b(¢, w) = 0 for all ¢ > 0, stabilizes the system exponentially
fast.

Output-feedback stabilization of stochastic nonlinear systems driven by noise
of unknown covariance has been studied in [7] where a controller is presented
that guarantees regulation to the desired state with probability one. Our result
is of a different type. We present a Lyapunov function that decays exponentially



under suitable smallness assumptions for the variations in the consumer behav-
ior. Our Lyapunov function for the case with uncertainty is a time average of a
strict Lyapunov function for the case without uncertainty.

In [8] a strict H!-Lyapunov function and feedback stabilization for the
isothermal Euler equations with friction have been studied without uncertainty.
The stabilization of the gas flow in pipeline networks has been considered in [11].
The novelty in the present contribution is that we include uncertainty in the
boundary data in our analysis. The isothermal Euler equations are equivalent to
a quasilinear wave equation for the gas velocity. Therefore for the stabilization
of our system we consider the same feedback law that is used for the stabiliza-
tion for the linear wave equation that has been studied for example in [I5]. For
the linear wave equation, this feedback law stabilizes the system as long as the
feedback parameter has the right sign.

In our system, due to its nonlinearity, the stationary states are not constant
and blow up after a finite critical length. Due to the nonlinearity of the system,
in our analysis we have to assume that the stationary states are sufficiently small
and we can only stabilize the system locally around the stationary state. To
guarantee the exponential decay of the Lyapunov function, we have to assume
that the feedback parameter is sufficiently large. Apart from the obvious re-
striction that the length of the pipe is less than the critical length, in this paper
we do not impose any additional restrictions on the length of the pipe. This is
in contrast to the earlier contributions [9] and [I3] that are only applicable if
the lengths of the pipes are sufficiently small.

2 The model for the pipeline flow

Let a finite time T" > 0 be given. The system dynamics for the flow of ideal
gas in a single pipe can be modeled by the isothermal Euler equations (see

21,31, 18)):

Pt + qx = 07 (2)
2
1
qt+(q—+a2p) :——HM (3)
p x 2 p
where p = p(t,z) > 0 is the density of the gas, ¢ = ¢(¢,x) is the mass flux,
0= ng where the constant f; > 0 is a friction factor and 6 > 0 is the diameter
of the pipe. The constant a > 0 is the speed of sound in the gas. We consider
the equations on the domain  := [0,7] x [0, L] where L > 0 and T > 0 are
given. Equation (2)) states the conservation of mass and equation (@) is the
balance of momentum. Define the velocity 4 of the gas flow as

i=1
u-p. (4)

In this paper, we consider subsonic positive gas flow, that is we assume that

0<a<a. (5)



Note that in the operation of the gas pipelines, there are strict upper bounds
for the velocities in order to avoid noise pollution by pipeline vibrations that
can be generated by the flow, see [22]. For sufficiently regular states, @ satisfies
the quasilinear wave equation (see [14])

Tyt + 2 Uiy — (0% — 0% tigy = (@, Uy, Ut). (6)
The lower order term is

F@J@Jh%:—2muz—2~~2—gﬁﬁhﬂdr—OWHh. (7)

We consider stationary states @ of (@) that are solutions of the ordinary

differential equation
0 1

2 (a? — u?)
Obviously in the subsonic case these solutions are strictly increasing. These
stationary states correspond to stationary states of the system (), [B) and are
discussed in detail in [I0]. In fact with o € {—1, 1} that determines the direction
of the flow and a real constant ¢c; < —1 the stationary states have the form
_ oa
u(r) = (8)
V-W_i(—exp(chz+c1))
where W_; is the Lambert-W function (see [17], [5]), that is the inverse function
of z — zexp(z) for # < —1. Thus W_; is defined on (—1,0).
For positive gas flow we have 0 = 1. The representation (8) implies that for
o = 1, the solution @(z) exists only for x < L..;; with a critical length L.;; and
at Lepit, the flow becomes sonic that is @(L..;t) = a and the derivative blows
up.
To stabilize the system governed by the quasilinear wave equation (@) locally

around a desired stationary state @(z), at = 0 we use the Neumann boundary
feedback law

Uy = || u?

Uz (t, 0) = Uz (0) + ki (2, 0) (9)
with a feedback parameter £ € (0,00). At z = L, the Dirichlet boundary
condition is

a(t, L) = b(t, w) + u(L). (10)
The feedback law (@) is similar to the feedback law for the stabilization of the
linear wave equation that is studied for example in [15], [16] and [12]. Define

w=1—1 (11)

that is u is the difference of the velocity and the stationary velocity. Our system
stated in terms of w is

u(0, z) = p(z), z € [0, L]
ut(o ‘T) ( )7 [ 7L]
g + 2 (0 + u) Uge — (a2 (U + u)? )um = F(z,u,uy,u;) on [0, T] x [0, L]
ug(t, 0) = ku(t, O) tel0, T
u(t, L) = b(t,w), t € [0, T
(12)



where F := F(z,u, uy, u) satisfies

a? — (i +u)? -

F o= Flu+a, ug+ g, u) — — F(a, iy ,0). (13)

a? — u?

3 Well-posedness

In [19] a result about semi-global C?—solutions of quasilinear wave equations is
proved that we can apply to show the well-posedness of ([[2]):

Theorem 3.1 Let L > 0, a > 0, k > 0 and a subsonic stationary state u €

C*([0, L)) be given such that u(z) € (0, a). Choose T > 0 arbitrarily large.
There exist constants o(T) > 0 and Cp > 0, such that if the initial data

(u(0, ), us(0, ) = ((z), ¥(z)) € C*([0, L]) x C*([0,L]) and b(-, w) satisfy

max { [l (@)l c2(0,1p)s 1Y @)]lcr(o,rp)s 110C, w)llczo,r))} < €o(T) (14)

and the C*-compatibility conditions are satisfied at the points (t,x) = (0,0) and
(0,L), then the initial-boundary problem (I2) has a unique solution u(t,x) €
C?([0,T] x [0, L]). Moreover the following a priori estimate holds:

lull 20,71 (0,7) < Cr max {{|o(2)|lc2(o,z))> (@)l o,z 16 w)||c2([o(,T]))}-
15

4 Exponential Decay

In order to show the exponential decay for the closed—loop system (I2) with the
quasilinear wave equation, we define

El(t)_/OLk{((ﬂ_(a—l—u)?) ui"’“ﬂ —2exp<—%) {(ﬂ—l—u)ui—l—utuz dzx.

(16)
Note that the first term of Fy(t) is similar to the classical energy

L
Eclassic(t) =k / CL2 Ui + u? dx.
0

The characteristic curves for the quasilinear wave equation in ([I2]) have the non-
constant slopes Ay = 4 4+ v+ a and A\_ = % + u — a, so for the product of the
eigenvalues we have Ay A\_| = a® — (@ + u)?. For the linear wave equation, this
corresponds to the constant |a (—a)|. Therefore the constant a? in the definition
of Eejassic(t) is replaced by the function |\ A_| in the definition of E;(¢). The
second term is added in the integral in Fj(t) since in the quasilinear wave
equation in (I2)), the mixed partial derivative wus, appears. The corresponding
coefficient is given by the sum of the eigenvalues A\ + A_ = 2(@ + u). For the
linear wave equation, this corresponds to the constant a + (—a) = 0, therefore
the mixed partial derivative does not appear. Exponential weights like exp ( — %)



have already been used to construct strict Lyapunov functions for hyperbolic
pdes, see for example [], [6].
The following lemma shows that v/FE7 is equivalent to the L?-norm of (ug, u,).

Lemma 4.1 Assume that

0<a+u<] (17)
and that k > 0 is sufficiently large such that
3, 5
M; = min Zka —a—1,k—1;,>0. (18)
Define
14212
K = — 19
1 Ml ) ( )
Ky = max{ka®*+a+1, k+1} >0. (20)
Then we have the inequalities
L L
M,y / (uf —|—ui) de < Fi(t) < Ky / (uf —|—ui) dz, (21)
0 0
L
/ (up+(1+2L%u2) de < Ky Ei(t). (22)
0

Note that inequality ([22]) is used in the proof of Theorem H.1] to obtain (GI]).
Proof. Using Young’s inequality we obtain

T Tz

L3
/ <Zka2—a—1) u? 4 (k—1) u? de
0

L
> Ml/ u? + ui dr
0

L
3
Ei(t) > Ak1a2ui+kuf—2gu2—u2 u? da

M,

>
— 1+2L2

L
/ (uf + (1+2L%u2) do
0

and the first inequality in ([ZI) and (22) follow. Using Young’s inequality we
also obtain

L
Ei(t) < /ka2ui+kuf+2gui+ui+u3daj
0
L
= / (ka®>+a+1) ul + (k+1) uj do
0
L
< Kg/ ui—kufdx
0



and the second inequality in (2I]) follows.
For t > Tperiod > 0 we consider the Lyapunov function

E(t) = /1sz | Ey(7)dr. (23)

By definition ([23]), E(t) can be considered as a kind of moving horizon time
average of E1(t). We consider the time average since the uncertain boundary
data b(-,w) is distributed on the time interval and condition () allows large
values of |b(-,w)| on short time intervals.

We consider the situation where on a finite time interval [0, T'], the noise in
the customer behavior approaches zero with respect to the H'-norm as in ().
We assume that during this process, the C?-—norm ||b(t, w)||c2(o, 1) is sufficiently
small. Then due to Theorem [B.1] a semi-global C2-solution exists for sufficiently
small initial data that are C?—compatible with the boundary conditions. More-
over, the a priori estimate (IE) holds which implies that by further decreasing
the norms of the initial and the boundary data, we can make the C2-norm of
the solution u as small as desired.

In Theorem [4.1] we state that if k& > 0 is sufficiently large under appropriate
smallness conditions on @ and u and if the uncertain customer profile b(-, w)
satisfies () with sufficiently large v and C, sufficiently small, our Lyapunov
function E(t) defined in (23] decays exponentially fast as in ([B0) with a rate u
that is independent of T

Theorem 4.1 Let L > 0 and X € (%, 1) be given. Assume that k is sufficiently

large such that
4 /1 1 1
k> L=l-+=], —7. 24
_max{’3<a+a2>’/\a} (24)

Define
1
pu— 2
F= 4k (25)
and the constant
1
Co=12k+4(k+1) (18+139+§(8+69))+10. (26)

Let a stationary state i(x) >0, u € C*(0, L) be given. Assume that

_ : 1 a p _ : W
< 1, — (1-)n2 () < 1, 27
u(x)_mln{,4ke,( )2,COK1},u(;E)_m1n{ COKl} (27)
with K1 as defined in (I3). Let Tperioa > 0 and T > Tperioq be given. As-
sume that the initial data of system (I8) and b(-, w) satisfy (I4) and the C*-
compatibility conditions such that Theorem [31] implies that (IZ) has a C?-
solution on [0, T] x [0, L] that satisfies the a-priori estimate (I3). Hence we can



assume that [|o(x)||c2(0, 1), 1V(@)|lcro, 1) and ||b(t,w)l|lc20, 1) are sufficiently
small such that

1
ul < min {a(0), (1= 5, 7= b max ol ol < min {1, 2
(28)
Assume that the uncertain function b(t, w) satisfies {@) with v > p. Define
d=v—pu>0. (29)
Then for all t € (Tperioa, T') for the solution of (I2) we have the inequality
C
E(t) < exp (—p (t — Tperiod)) [E(Tperiod) + Tq:| (30)
with Cy > 0 defined by
4 5 4 1
= — k U 1
C <3ea +2eK1k)C (31)

In this sense E(t) as defined in (23) decays exponentially with the rate p that
is independent of T'. If we have

b(t, w) =0 for all t>T — Tperiod, (32)

then

C
||u||§_11((T_Tpcriod)T)X(O)L)) S Kl exp (—/L (T - Tperiod)) |:E(Tperiod) + Tg:| .
(33)

Remark 1 Assumption (1) means that the H*-norm of the function that de-
scribes the noise in the customer behavior must decay exponentially fast. To
guarantee the exponential decay of E with the rate pu we assume that also the
squared H'-norm of b(-, w) decays exponentially with a rate v that is greater
than . This condition holds if after a finite time, the customer behavior becomes
almost stationary.

Remark 2 Since the conditions on k do not depend on T, the decay rate u as
defined in (23) does not depend on T'. Thus we can choose for example the time
Ty = % In (2 Ky K2) + Tperioa- Then exp(—uTy/s) = ﬁ exp(—f Tperiod)-
For t > Tyerioa, we introduce the notation X (t) = H'((t — Tperioas t) X (0, L)).

If for all t > T — Tperioa, condition (32) holds and Ty/2 > Tperiod, (33)
implies

2 1 TpeTiod L 9 ) 1 Cg
||U||X(T1/2) < 2, | up (7, ) + uz(r, z) drdr + e

By a trace theorem (see [1l], [I8]) we have the inequality fOL lu(t, z)|* dz <
Ce ||ul| x ¢y with an embedding constant C.. Hence (33) yields an upper bound
for [|u(T, ')||L2(0,L)-



Remark 3 The exponential decay in Theorem[{.1] can be interpreted as an ex-
ponential decay of the function

¢ L
H(t) = / / u? 4wl + uf dedr = ||U||§11((t_:rwwd,t)x(o, L)
thpeTiod 0

In fact, for all t € (Tperiod, T) inequality (€63) from the proof of Theorem [{.]]
yields

H(t) < Ky exp (—p (t — Tperiod)) [E(Tpem-od) + %} +2LC, exp(—vt) (34)

C LC,
- Kl exp (_lu (t - Tperiod)) |:E(Tpem'od) + Tg + 2 Kl eXP(—5t - ,UJTperiod)

On account of the trace theorem mentioned in Remark[Q and the definition
of H(t), ([34) implies that the L*~norm of the system state decays exponentially
fast with the rate .

Remark 4 [t is interesting to compare the decay rate u from (28) with the
decay rate that is achieved for the system with the linear wave equation for
(t, z) € (0,00) x (0,L) that has already been studied in [15]]:

u(0, z) = ¢(x)
ut(ov I) = 1/}({E)

Uy — a2 Upy = 0
ug(t, 0) = kuy(t, 0)
u(t, L) = 0.

The discussion in [T]|], (Chapter 5.2) implies that for k > %, e € HY((0, L))
with (L) = 0 and ¢ € L*((0, L)) the classical enerqy Eejassic decays exponen-

twally and the optimal rate is po = 7 In (1 + #) . Thus we have

@:4eln 1+ 2 "
I ak—1 '

Hence lim(q )00 % = 8e. Thus asymptotically for large values of (ak) the
decay rate p for the quasilinear system differs from the rate for the linear wave
equation only by a multiplicative constant that is close to Se.

For the proof of Theorem (4.1l we use the following variant of Gronwall’s
Lemma, that we prove for the convenience of the reader.

Lemma 4.2 (Gronwall’s Lemma) Let real numbers p > 0, v > 0 and Cy >
0 be given such that v > p. Define

d=v—pu>0.



Assume that U(t) > 0 is a differentiable function that satisfies for all t € [0, T
the inequality

U'(t) < —pU(t) + Cyexp(—vt). (35)
Then for all t € [0, T the function U(t) satisfies the inequality
Gy
0<U®#) <exp(—ut)|U0)+ 5 ) (36)

Proof. We define the auxiliary function
H(t) = exp(pt) U(t). (37)
Then we have H(0) = U(0). The product rule and (B3] imply
H(t) = pH(t)+exp(ut) U'(t)
pH(t) +exp(ut) [-pU(t) + Cgexp(—vt)]

= WH(E) — pHE) + Cyexp(( — v)1)
= Cyexp(—dt).

IN

By integration the inequality H'(t) < C, exp(—dt) yields

H(t) —H(0) = /O’H,'(T)dT
t exp(—oT7)dr = 1 —e 0t
< [ ei-indr=c,50-c).
Hence we have
Ult) = e M H()
< e (W06 500

e Ht (U(O) + %)

IN

and (36) follows.
In the subsequent analysis an upper bound for F' is used that is presented
in the following lemma.

Lemma 4.3 Define

Tri(t) = Ig}gﬁﬂﬂ(ﬁiﬂ)h uz (t, )|, [ue(t, )|, |u(@)], |dz(2)]} . (38)
Assume that a
a+u20,0<a§5, Tri(t) <1. (39)

Then we have the equation

F=—2u; (ug + 1) — 0 (u+a)uy — 2u (up + Ug)? — 400, up — 20u?  (40)

10



2u 2
- gﬂu(u+2ﬂ) (g + Tig) — goﬁ%m - % <2ﬂﬁi+§9&2ﬁz> .

and the upper bound
|F(Iau(t7')7um(ta')aut(ta'))| (41)

< 18—1—139—1—%(8—1—69) Tri(t) (Ju(t, z)] + Jug(t, )| + Jue(t, z)|) .

Proof. Equation (0] follows with the definition of F, using the assumptions
a+u>0,u>0 from (B9 to eliminate the absolute value brackets. From (@0])
we obtain the upper bound (@Il) using again the conditions from ([B9)) that imply
Tri(t)* < Tri(t).

Now we can proceed with the proof of Theorem .1l where we show that
E(t) satisfies a differential inequality of the type (B8] and thus due to (29) we
can apply Lemma

Proof of Theorem (4.1 Define the exponential weight

ho(z) = exp (—%) , €0, L]

The time-derivative of E; is given by the equation

d

EEl(t) =L +1+13 (42)
with
L
I, = / hou (a* — (@ + u)?) uZ + hoy u? de, (43)
0
L
I, = /2k(am—l—um)uf—2k(a+u)utu§+4k(a+u)(ﬂm+um)u$1@fl4)
0
+ 2kFut—2h2utui—2h2(ﬁ+u)(ﬂm—|—uz)ui—2h2Fumdx,
Iy = [(a® = (a4 u)*)(2 kuyus — hou?) — (2 k(ﬂ+u)+h2)uf]£zo. (45)

This can be seen as follows. With the notation

d=a?— (a+u)? (46)

we have dy = —2 (@ + u) uy, dp = —2 (@ + u) (g + ug) and

Eq(t) = /OLk (Jui —|—uf) —2hs ((ﬁ—l—u)ui —|—utuz) dx.

Hence differentiation yields

L
_El(t) / 2k [(utt — (ﬂ—l—u) ui) Ut —l—dum umt:|
dt )

2 ho [ut u? + (w4 2( + 0) Ugr) Up + g uzt} dx.

11



Now integration by parts for the term dug ug = (d um> (ut), yields the equa-
tion

d L X X
—Fq(t) = / Qk{utt—dum—dwuw —(ﬂ—i—u)uﬂ Ut
dt o

. L
— 2hy [ut ui + (uee + 2(0 + u) Ugr) Uy + Uy umt} dx + [2 kduy ut}

=0

Hence we get the equation

d L X X
EEl t) = / 2k [(utt — dugy)us — dyp ug up — (T + u)uiut}
0
— 2hy [ut u? 4 (w4 2 (0 + w) we) g + Uy utm} dx
. L

+ {2 kdug ut] .
By the partial differential equation in (I2)) we have uy, —dug, = F—2 (T+u) ugy
and obtain

d
EEI (t)

L
/0 2k [(F—2(u+u) uw) ue +2 (0 +w) (G + ) up iy — (0 + w)ug ul

L

— 2hy [(F—l—cium)um —|—utui —l—ututm} dx + [chzuzut}
=0

Using integration by parts we obtain the identities
L L
/ —4 k(@ + uw)upug, de = / —2k (@ + u)(u?), dz
0 0
L
= [—2kul(a+u))i, + / 2k (0 + u), u? dx
0
and

L L
/ —2hodugtigy — 2 ho Up Upp dT = / —hgd(ui)z — ho (ut)i dx
0 0

= [~hadul — hauilt,

L
+ / hog du? — 2 ha( + u) (e + ug) U2 + hog (ug)? da.
0
Using these identities we obtain equation ([@2). Here, I3 contains all the terms
coming from the boundary and I; = fOL hoy d u2 + ho, u? dz contains all the

terms where hs, appears. The remaining terms appear in Is.
We use the notation g = 4(0) and 4y, = a(L). We have I3 = I — I with

10 = (a2 _ ((uo +u(t,0)) + %)2) u2(t,0) (47)

12



and
Iy = [a®— (ar +u(t, L)% [2kus(t, L) us(t, L) — exp(—1) uy(t, L)?]
— [2k(ap + u(t, L)) + exp(—1)] wu(t, L)

Due to (24) we have

1
ES)\G/

Moreover, due to ([27) and ([28)) we have

li+ul <u+|ul < (1-X)a< (48)

l\DIQ

Hence we have

Thus we have
D> 0. (49)

Moreover, due to (), the Cauchy—Schwarz inequality and (I]) we have

/t ., (a® — (g, +u(t, L))?) 2kuy(r, L) bs(7, w)dr

—dperiod

IN

t
zm/ e D) o @)
t

period

t
2ak\// (uz(r, L))* \// (by(7, w))? dr
t—Tperiod Tperiod

2 a? k\/_\// (ug(r, L))? drexp (—gt).

Tperiod

IN

IN

Due to [{8) we have
Sa?<a®— (u+u)?<d (50)

Hence we obtain

t
/ Ik ar (51)
t—Tperi

period

I, (ug(r, L)) dr 2 gt
Y e L 2wy
t—T,

exp( t) de

2a2k\/ 3a?

2
o ) e DN a0 = o s D,

Define the polynomial

2
2)=2d*k+\/C, exp(—gt)z—g—GZQ. (52)

—dperiod

13



The polynomial p3 has the form p3(2) = az — 822 with 3 > 0. Hence for all
z € (—00, 00), we have the inequality

() <o) = = Reark2 0, explw) (53
z —_— ) = — = — v EXpl—VriU).
b3 > P3 28 48 3 a p
Hence (BIl) implies
! 4
/ IFar < 3 ea’k*C, exp(—vt). (54)
thpeTiod
Thus due to ([@9) we have
! 4
/ Iydr < gea2 k*C, exp(—vt). (55)
thperiod
We have .
This can be seen as follows. We have
1 L
L = _Z/o exp (—%) (a* — (a +u)?) uZ + exp (—%) u? d
1 L
< _2kLe/0 k[(a® — (@4 u)?) u? + u?] dx
L [T e (-2) (@ - (@ w)ul + exp(—2)ud d
- = xp [ —= —(a+u))u xp(—=) u; dz.
or J, “P\L) w T OXPLTT )
Since @ > 0 is strictly increasing and due to (28) we have
a(z) + u(z) > u(0) — Ju(z)| > w(0) — u(0) =0, (57)
hence
L < - L /Lk[(az—(u—i—u)z)zﬁ—i—uz]—2exp(—£) [(@+u)ul + uuy| do
b= T 2ekL ), v L v

L T
QekL/O exp (_E> [(uf +ul) —ke(a® — (@ +u)?) ul + ] da.

Due to [24), we have 1 — ke < 0, hence

1 I x
- __ - L _z _ 2 _ (= 21 42 d.
I < 2ekLE1(t)+2ekL/0 exp( L) [1—ke(a® — (u+u)?)] uldo

Due to (B0) and (24) this yields

n < _LE(t)JrL/Le (—f) 1= ke3a?| w2 da
L= Toekn YW oekr ), PUTL 1 @

<
- 2ekLE

14



Thus we have shown (B6).

From 27) we have @ € (0, a/2) and (28) implies that

max{|al, |a.|} < min{l, Kl“co}

with Cy as defined in (28). Moreover (28]) implies

max{|ul, |uz|, [us|} < min{l, Kfco}-

Hence for Tr;(t) as defined in (B8) we have

Tri(t) < min {1, %Oo} . (58)

Hence (B7) implies that (B9) holds. Thus we can use [I) to derive an upper
bound for I5. Due to (B8) we have

I

+

IN

+

<

/LZk(ﬁz—l—um)uf—2k(ﬂ+u)utui+4k(ﬂ+u)(ﬁz—I—um)uzut
2(;fFut—2h2utui — 2 hy (U + u) (g + ug)u — 2 ho Fu, da

/L4kTLi(t) ui +4kTr;(t)u2 + 8k Tri(t) (u2 + ui) + 2 Tri(t) u2 + 8 Tri(t) uZ
23<:Fut—2h2Fumd$

L
/ (12k + 10) Tri(t) (uf +u2) + 2k Fu; — 2hy Fu, d.
0

Hence ({I) implies

L
I, < /(12k+10) Tri(t) (uf +u2) +
0

1
+2k [184—1394—;(84—69)] Tri(t) (lwwe| + Jug ue| + [uf])

1
12 [18+130+§(8+69)} Tri(t) (Juue| + [ul] + |uusl) da.

Using Young’s inequality, this yields with the definition of Cy in (26))

I

L
g/ [12k+10+4(k+1) (18—1—1304—%(84—69))} Tri(t) (v +uf +u2) do
0 a

L
< Co Tri(t) / (u® +uf +ul) da. (59)
0
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We have

L

L
u(t, ) = u(t, L) — / ug(t, ) de = b(t, w) — / ug(t, ) dx

hence we have

. 1/2
|u(t,;v)|§|b(t,w)|+\/f</o o (£, ;v)|2dx> .

This implies with Young’s inequality
L
lu(t, ©)|* < 2[b(t, w)|* + 2L / s (t, ) dz.
0

Thus we obtain

L L
/ lu(t, 2)|? dz < 2L [b(t, w)|? + 2 L2 / ua(t, 2)2de. (60)
0 0

Hence (B9)) implies
L
I < CoTwLi(t) [/ (uf + (1+2L%) u2) do+2L |b(t, w)|2] .
0

Due to (57)) and (@S8)), (I7) holds. Condition ([24)) implies that (I8 is valid. Thus
we can apply (22]) to obtain

I < CoTri(t) [Kl Ei(t) + 2L |bt, w)ﬂ (61)

with the constant K3 from Lemma Il Thus (G6) and (E8) imply

1
26K1k

1
L+l < —=——Ei(t) +pEi(t) + [b(t, w)[?

2ek L

1
2€K1k

=—uFE(t) +

b(t, w)|?.

Thus we have

d
— By (1) < —p By (1) + Is + b(t, w)|?.

1
dt 2€K1k

This implies in turn due to (B5) and ()

—FEq(7)dr

t
El (t) - El (t - Tperiod) - / . dt
t7

period
t
-
t—T,

period

4 45 5 C,
Ey(r)dr + [36@ k CV+2eK1k} exp (—vt).
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Thus for E(t) as defined in ([23) for all ¢ > Tperiog we have the inequality

d
EE(t) = E1(t) — E1(t — Tperiod) < —p E(t) + Cy exp (—vt)
with the constant Cy > 0 as defined in (31)).
For s > 0, let U(s) = E(Tperiod + $). By Lemma .2 this implies (30).
Due to (60) and (22)), inequality [B0) yields for ¢ > Tperiod

t
/t gy + (e,

period

t L
< / / 1+ 2L2) ui(T, x) + uf(T, x)dx + 2 L |b(T, cu)|2 dr
T 0

t—Tperiod

t
< K; / Ey(r)dr +2LC, exp(—vt)
thperiod

C
< Ky exp (—p (t — Tperiod)) (E(Tpem»od) + Tq) +2LC, exp(—vt). (62)

Analogously, (82) yields

T
/T My + ) 5y

period

C
S Kl €xXp (_M (T - Tperiod)) (E(Tperiod) + Tq)

and hence [B3). Thus we have proved Theorem 11

5 Conclusions

In many applications, uncertainty in the boundary data occurs, for example if
uncertain customer behavior influences the boundary data of the system. We
have shown that also with such uncertain boundary data on parts of the bound-
ary, a boundary—feedback law can lead to exponential decay for a system that is
governed by a quasilinear hyperbolic equation, provided that the perturbations
of the boundary data decay exponentially with a decay rate that is sufficiently
large. To guarantee the exponential decay, the feedback parameter has to be
sufficiently large and the desired stationary state has to be sufficiently small.
Due to the nonlinearity of the system, the result is local, that is the initial
state has to be sufficiently close to the desired stationary state. The proof is
based upon a suitably defined Lyapunov function. Our results show that with
the feedback controller the energy of the system in the sense of our Lyapunov
function decays exponentially fast, even if there is some unknown input at parts
of the boundary. The exponential decay of the Lyapunov function also implies
that the L2-norm of the system state decays exponentially fast.

17



If the boundary perturbations do not decrease exponentially fast to zero, is
is not possible to achieve exponential decay of the system state. However, we
expect that with the feedback law (@), also in this case the system state will
decay with the same speed as the boundary perturbations. A detailed study of
this situation is a project for future research. In such a situation it could be
useful to consider the feedback law (@) in the integral form

a(t,0) = (0, 0) + % /O Gin (7, 0) — 11y (0) dr.

The Riemann invariants of @), @) are R+ = —Z ¥ aln(p), see [L1]. For the

velocity this yields @ = — (R + R_). Hence the feedback law (d) is equivalent
to the linear Riemann feedback

(R-i-):v(tv O) - k(R-l-)t(tv O) = _2/&';6(0) - (R—):E(tv O) + k(R—)t(tv 0)

Therefore we hope that our analysis is a motivation to consider this type of
Riemann feedback laws in future studies.
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