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ANALYSIS OF TRANSIENT ACOUSTIC-ELASTIC INTERACTION
IN AN UNBOUNDED STRUCTURE

YIXIAN GAO*, PEIJUN LIf, AND BO ZHANGH

Abstract. Consider the wave propagation in a two-layered medium consisting of a homogeneous
compressible air or fluid on top of a homogeneous isotropic elastic solid. The interface between the two
layers is assumed to be an unbounded rough surface. This paper concerns the time-domain analysis of
such an acoustic-elastic interaction problem in an unbounded structure in three dimensions. Using
an exact transparent boundary condition and suitable interface conditions, we study an initial-
boundary value problem for the coupling of the Helmholtz equation and the Navier equation. The
well-posedness and stability are established for the reduced problem. Our proof is based on the
method of energy, the Lax—Milgram lemma, and the inversion theorem of the Laplace transform.
Moreover, a priori estimates with explicit dependence on the time are achieved for the quantities
of acoustic pressure and elastic displacement by taking special test functions for the time-domain
variational problem.

Key words. Acoustic wave equation, elastic wave equation, unbounded rough surface, time
domain, stability, priori estimates
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1. Introduction. Consider a two-layered medium which consists of a homoge-
neous compressible air or fluid on top of a homogeneous isotropic elastic solid. The
interface between air/fluid and solid is assumed to be an unbounded rough surface.
An unbounded rough surface refers to a non-local perturbation of an infinite plane
surface such that the whole surface lies within a finite distance of the original plane.
As a source located in the solid, the external force generates an elastic wave, which
propagates towards the interface and further excites an acoustic wave in the air/fluid.
This process leads to an air/fluid-solid interaction problem with an unbounded in-
terface separating the acoustic and elastic waves which are coupled on the interface
through two continuity conditions. The first kinematic interface condition is imposed
to ensure that the normal velocity of the air/fluid on one side of the boundary matches
the accelerated velocity of the solid on another side. The second one is the dynamic
condition which results from the balance of forces on two sides of the interface. The
model problem describes the seismic wave propagation in the air/fluid-solid medium
due to the excitation of an earthquake source which is located in the crust between
the lithosphere and the mantle of the Earth. The goal of this paper is to carry the
mathematical analysis of the time-domain acoustic-elastic scattering problem in such
an unbounded structure in three dimensions.

This problem falls into the class of unbounded rough surface scattering problems,
which have been of great interest to physicists, engineers, and applied mathematicians
for many years due to their wide range of applications in optics, acoustics, radio-wave
propagation, seismology, and radar techniques [IL[IT,[30,[35,[38]. The elastic wave
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scattering by unbounded interfaces has many important applications in geophysics
and seismology. For instance, the problem of elastic pulse transmission and reflection
through the Earth is fundamental to the investigation of earthquakes and the utility of
controlled explosions in search for oil and ore bodies [T4|T5l[32]. The unbounded rough
surface scattering problems are quite challenging due to the unbounded surfaces. The
usual Sommerfeld (for acoustic waves) or Silver—Miiller (for electromagnetic waves) ra-
diation condition is not valid any more [2[40]. The Fredholm alternative theorem is not
applicable either due to the lack of compactness result. For the time-harmonic prob-
lems, we refer to [3H5L[23125] for some mathematical studies on the two-dimensional
Helmholtz equation and [T7L27)[28] for the three-dimensional Maxwell equations. The
time-domain scattering problems have recently attracted considerable attention due
to their capability of capturing wide-band signals and modeling more general material
and nonlinearity [6122[24[3T,[37], which motivates us to tune our focus from seeking
the best possible conditions for those physical parameters to the time-domain prob-
lem. Comparing with the time-harmonic problems, the time-domain problems are
less studied due to the additional challenge of the temporal dependence. The analy-
sis can be found in [71[36] for the time-domain acoustic and electromagnetic obstacle
scattering problems. We refer to [26] and [16] for the analysis of the time-dependent
electromagnetic scattering from an open cavity and a periodic structure, respectively.

The acoustic-elastic interaction problems have received much attention in both the
mathematical and engineering communities [9[T0,I8-20,29]. There are also some nu-
merical studies on the inverse problems arising from the fluid-solid interaction such as
reconstruction of surfaces of periodic structures or obstacles [21139]. Many approaches
have been attempted to solve numerically the time-domain problems such as coupling
of boundary element and finite element with different time quadratures [12,[1333].
However, the rigorous mathematical study is still open at present.

In this work, we intend to answer the mathematical questions on well-posedness
and stability of the time-domain acoustic-elastic interaction problem in an unbounded
structure. The problem is reformulated as an initial-boundary value problem by
adopting an exact transparent boundary condition (TBC). Using the Laplace trans-
form and energy method, we show that the reduced variational problem has a unique
weak solution in the frequency domain. Meanwhile, we obtain the stability estimate
to show the existence of the solution in the time-domain. In addition, we achieve a
priori estimates with explicit dependence on the time for the pressure of the acoustic
wave and the displacement of the elastic wave by considering directly the time-domain
variational problem and taking special test functions.

The paper is organized as follows. In section[2] we introduce the model equations
and interface conditions for the acoustic-elastic interaction problem. The time-domain
TBC is presented and some trace results are proved. Section Bl is devoted to the
analysis of the reduced problem, where the well-posdeness and stability are addressed
in both the frequency and time domains. We conclude the paper with some remarks
in section [

2. Problem formulation. In this section, we define some notation, introduce
the model equations, and present an initial-boundary value problem for the acoustic-
elastic scattering in an air/fluid-solid medium.

2.1. Problem Geometry. As shown in Figure[ZIl we consider an active source
which is embedded in an elastic solid medium. It models an earthquake focus located
in the crust which lies between the lithosphere and the rigid mantle of the Earth. Due
to the excitation of the source, an elastic wave is generated in the solid and propagates
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Fic. 2.1. Problem geometry of the acoustic-elastic interaction in an unbounded structure.

through to the medium of the air/fluid. Clearly, this process leads to the air/fluid-
solid interaction problem with the scattering interface separating the domains where
the acoustic and elastic waves travel.

Let » = (z,y) € R? and & = (v,y,2)" € R Denote by I'y = {x € R3: 2 =
f(r)} the surface separating the air/fluid and the solid, where f is assumed to be a
Whee(R?) function. Let 'y = {x € R®: z = g(r)} be the surface separating the crust
and the mantle, where g is a L°°(R?) function satisfying g(r) < f(r),r € R% We
assume that the open space Q;{ ={z € R3: 2> f(r)} is filled with a homogeneous
compressible air or a compressible inviscid fluid with the constant density p;. The
space {2y = {:13 ER3:g(r) <2z < f(r)} is assumed to be occupied by a homogeneous
isotropic linear elastic solid which is characterized by the constant mass density p2 and
Lamé parameters j, A. Define an artificial planar surface I', = {x € R3, 2 = h}, where
h > sup,cg> f(r) is a constant. Let € = {& € R?: f(r) < z < h} and Q = O U,.

2.2. Acoustic wave equation. The acoustic wave field in air/fluid is governed
by the conservation and the dynamics equations in the time-domain:

(2.1)  Vp(zx,t) = —p1ow(z,t), EpV-v(x,t) = —0p(x,t), x€ Q}’, t>0,
where p is the pressure, v is the velocity, and the constants p; > 0 and ¢ > 0 are

the density and sound speed, respectively. Eliminating the velocity v from (1), we
obtain the acoustic wave equation for the pressure p:

Lo
Ap(z,t) — C—28tp(w,t) =0, x¢€ Q}r, t>0.
The equation is constrained by the homogeneous initial conditions:
Pli=o =0, Opli=o=0, =€ Q;{
It follows from the conservation equation in (ZI) that V x v(x,t) = 0, i.e., the
acoustic air/fluid is irrotational. Thus there exists a scalar potential function ¢ such

that v(x,t) = Ve(x). It is easy to note from (2.I]) that the corresponding dynamic
component of the pressure is given by

p(.’B, t) = —p18t</7($, t)
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2.3. Elastic wave equation. For the solid, the elastic wave field in a homoge-
neous isotropic solid material satisfies the linear time-domain elasticity equation:

(2.2) V-o(u(z,t) — pedfu(zx,t) = j(x,t), xc Qo t>0,

where u = (uy,us,u3) " is the displacement vector, po > 0 is the density of the elastic
solid material, 7 is the source which models the earthquake focus and is assumed to
have a compact support contained in 2, and the symmetric stress tensor o(u) is
given by the generalized Hook law:

(2.3) o(u) =2pE(u) + Mr (E(w) I, E(u) == (Vu+ (Vu)').

N =

Here p1, A are the Lamé parameters satisfying u > 0, A4+ > 0, I € R3*3 is the identity
matrix, tr(&(u)) is the trace of the matrix £(u), and Vu is the displacement gradient
tensor given by

&Cul 8yu1 6zu1
Vu: 8111,2 8yu2 8ZU2

81 us 8yU3 82 us

Substituting ([23]) into (22]), we obtain the time-domain Navier equation for the
displacement w:

(24)  pAu(z,t) + A+ p)VV - u(x,t) — p20iu(z,t) = j(z,t), =€ Q,t>0.
By assuming that the mantle is rigid, we have
u=0 only,t>0.
The elastic wave equation (2.4]) is constrained by the homogeneous initial conditions:
Um0 =0, Ouli—o =0, =€ Qs.

2.4. Interface conditions. To couple the acoustic wave equation in the air/fluid
and the elastic wave equation in the solid, the kinematic interface condition is imposed
to ensure the continuity of the normal component of the velocity on I'y:

(2.5) n-v(x,t) =n-Ju(x,t), el t>0,

where n is the unit normal on I'; pointing from s to Q. Noting v(z,t) = Vo(z,t)
and p(x,t) = —p10rp(x, t), we have from (Z3]) that

8np:n-Vp:—p1n-8t2u onl'y, t>0.

In addition, the dynamic interface condition is required to ensure the continuity of
traction:

—-m=oc(u)-n, €l t>0,

where o (u) - n is denoted as the multiplication of the stress tensor o (u) with the
normal vector n.
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2.5. Laplace transform and some functional spaces. We first introduce
some properties of the Laplace transform. For any s = s + ise with s7 > 0,52 € R,
define 4(s) to be the Laplace transform of the function w(t), i.e.,

It follows from the integration by parts that

/0 w(t)dr = L7 (s tu(s)),

where .Z~1 is the inverse Laplace transform. It is easy to verify from the inverse
Laplace transform that

u(t) = 77 (e L (u)(s1 + 52)),

where .Z ! denotes the inverse Fourier transform with respect to ss.
Recall the Plancherel or Parseval identity for the Laplace transform (cf. [8] (2.46)]):

1 oo (e o)
(2.6) 2—/ u(s) - 0(s)dsy = / e 2ty (t) - v(t)dt, Y sp >\,
T J—oc0 0

where 4@ = Z(u), v = Z(v) and X is the abscissa of convergence for the Laplace
transform of w and v.

The following lemma (cf. [34) Theorem 43.1]) is an analogue of Paley—Wiener—
Schwarz theorem for the Fourier transform of the distributions with compact supports
in the case of the Laplace transform.

LEMMA 2.1. Let h(s) be a holomorphic function in the half-plane sy > oo and be
valued in the Banach space E. The following two conditions are equivalent:

1. there is a distribution h € D', (E) whose Laplace transform is equal to h(s);
2. there is a real o1 with oy < o1 < oo and an integer m > 0 such that for all
complex numbers s with Res = s1 > o1, we have |[h(s)|g < (1+]s|)™,
where D', (E) is the space of distributions on the real line which vanish identically in
the open negative half line.

Next we introduce some Sobolev spaces. For any u(-,h) € L*(T',) which is iden-

tified as L2(R?), we denote by @(&, h) the Fourier transform of u(r, h):

1 .
:—/ u(r, h)e " Edr,
R2

(e, h) = 5

where & = (£1,£2) " € R2. For any a € R, define the functional space
o) = {u(r ) € R s [ (1+162)% a(e, mPdg < oo}
R2
which is a Sobolev space under the norm
1/2
lollnecr = [ [ 0+l late.poae]

It is clear to note that the dual space associated with H*(T'},) is the space H “(T';,)
with respect to the scalar product in L?(R?) defined by

(u,v)p, :/F u(r,h)o(r, h)dr = /]R? (€, h)o(&, h)dE.
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Denote by H'/?(T'f) the Sobolev trace space, the subspace of L?(T's) such that

e julrs, fr) —ulra Fr)E
/Ff|<,f<>>|d+/Ff/Ff drydry < co.

71— ral3

H'Y2(T'}) is equipped with the norm

) 1/2
|u|Huz<rf>—</F utr g(e)Par [ L) 2 v ) d'rldrz> .

71— raf3

Denote by H"(Q) = {D%u € L*(Q) for all |a| < v} the standard Sobolev space of
square integrable functions with the order of derivatives up to v. Let H%g Q) ={uve

HY(Q):u=0o0nT,}. Let Hllg ()% and H'/2(T';)3 be the Cartesian product spaces
equipped with the corresponding 2-norms of H%g (Q2) and HY?(T'y), respectively. For
any u = (u1,us,us)" € Hf (922)*, define the Frobenius norm:

1/2

3
IVaullroy = |3 [ 19uPde
j=17¢%

It is easy to verify that
(2.7) ||VU||§?(QZ) +V- UH%%QQ) S HUH%I(QZ)B-

Hereafter, the expression a < b or a 2 ¢ stands for a < Cb or a > Cb, where C is
a positive constant and its specific value is not required but should be always clear
from the context.

2.6. Transparent boundary condition. In this subsection, we will introduce
an exact time-domain TBC to formulate the acoustic-elastic wave interaction problem
into the following coupled initial-boundary value problem:

Ap—c%(’“)fpzo inQ,t>0

pAu + A+ p)VV - u — p2diu = j in Qg, t >0,
(2.8) pli=o = Oipli=0 = 0, u|t=0 = dyuft=0 =0  in Q,

Onp = —pin-0?u, —-pn=o(u) n onTy, t>0,

Ovp = Tp, on T, t>0,

uw=0 onlI'y,t>0,

where v = (0,0,1) T is the unit normal vector on I';, pointing from Q; to Q) = {z €
R? : 2 > h}, and 7 is the time-domain TBC operator on I';,. In what follows, we
shall derive the formulation of the operator .7 and show some of its properties.

Let p(x, s) = Z(p) and a(x,s) = Z(u) be the Laplace transform of p(x,t) and
u(x,t) with respect to t, respectively. Recall that

g(atp) = Sﬁ('v S) _p('a 0)7 Z(afp) = 5213('7 S) - Sp('v O) - 8tp('7 O)a
ZL(0u) = su(-,s) —u(-,0), L(0*u) = s?u(-,s) — su(-,0) — dyu(-,0).
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Taking the Laplace transform of ([2:8)) and using the initial conditions, we obtain the
acoustic-elastic wave interaction problem in the s-domain:

Ap — 02p =0 in Qq,
pAL+ (N4 p)VV - it — pasis = j in Q,
Onp = —p18°n-u, —-pn=o) n onT'y,
Oup = ABp, on I'y,
u=0 on I'y,

where j = .Z(j), £ is the Dirichlet-to-Neumann (DtN) operator on I'j in s-domain
and satisfies 7 = £71o %o Z.

In order to deduce the TBC, we consider the Helmholtz equation with a complex
wavenumber:

2
(2.9) Ap—Zp=0 Q.
C

Taking the Fourier transform of (2] with respect to 7 yields

d?5(€.2) o
(2.10) {jav——( L IEP)BE ) =0, 2> h
BE,2) = B, h), .

Solving (ZI0) and using the bounded outgoing wave condition, we get
B(€ ) = p(& h)e” PO, 2 >,
where
s2
(2.11) (&) = Z +1&* with Ref(§) > 0
Thus we obtain the solution of ([2:9):
(212) pr) = [ e ne O erag,
Taking the normal derivative of ([2ZI2) on T', and evaluating it at z = h, we have
Oublr ) = || ~BOME Meemde.
R
For any function u(r, h) defined on T'y,, we defined the DtN operator
(2.13) (Bu) (r, 1) = | —BE)(E, ) de.
R

Let 21, z2 be two constants satisfying zo < z1. Define I'; = {x € R2:z= zj} and
R={x ceR3:r cR? 2 <2< z}. The following several trace results are useful in
subsequent analysis.

LEMMA 2.2. Let yo = (1 + (21 — 22)~1)/2. We have the estimate

||u||H1/2(Fj) < 70||U||H1(R), Yu € Hl(R).
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Proof. First we have

(=2 = [ icPas+ [ [T icepara:
</ G(e) Pz + (ax = =) | 2¢(IC ()],
which implies by the Cauchy—Schwarz inequality that
1) (+IERGP <0+ 1P [Pz [ IR

Given v in H'(R), a simple calculation yields that

(2.15) I,y = [0+ 1€ 2l 2P
and

@16l = [ [ [0+ IRt 2 + i, ded.

where @/ (€, z) = 0,u(€, 2).
Using (2I4), we obtain

(14 IEP) 2ol )P <580+ 1€P) [ la(e )Pz + [ Ji'(es) P

) 4

z1
<of [+ IeP)lale 2 + [a'(6 )] da,
z2
which completes the proof after combining (Z.I5) and (ZI6). O

LEMMA 2.3. There exists a positive constant C such that

lull rir2ryy < Cllulla ey, Yu € H ().

Proof. Consider the change of variables:

. _ . z—f
r =, y_y7 Z_h’(h_f>a

which maps the domain €2; into the rectangular slab Dy := {& = (#,7,2) € R? :
0 < Z < h}. In particular, the surface I'y is transformed to the planar surface
Iy = {i eR3:z= O}. Let J be the Jacobian matrix of the transformation. A
simple calculation yields that

I 1 0 0
|J|_‘M‘_ 0 1 0 :L#),
o(z,y, z) h(z=h)dsf h(z—h)dy,f  h h—f

(h—=1)? (h—1)? h—F

which shows that the transformation is invertible. Denote by J~! the inverse of the
Jacobian matrix. It follows from Lemma that we have

(2.17) Nwll gz rgy S Nl oy
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Using the usual Sobolev norm in §2; and the change of variables, we get

)2 ) = / (lu(@)[? + [Vu()?) dz

1

:/ [|u|2—|— 6~u—65f(u)85u2
Dy h—f
2 h 1
8f(h f) +‘(m)8gu }J dz
(2.18) < /D (@) + Vu@)) 4@ =l o,

where we have used the assumption that f € W°°(R?). On the other hand, we have

lulZ iy, = /D (Ju(@)? + |Vu(@)?) d&

2

_/91 [|u|2 D+ Oy f( f)
2 h—f 2
8u+8f( f) LU +<8zu W )}de
(2.19) < /Q (lu@)? + [Vu(@)?) dz = [ul: ).

Combining [2I8) and [ZT9), we get that the norm ||u||§11(91) is equivalent to the
norm ||u||§{1(D1).

Next, we prove the equivalence of the norm ||u|| g1/2(r,y and the norm [|ul| g1/>(r,)-
First we have

71,0) — (i, 0)
0)|2d drdrs.
||u||H1/2(Fo) / lu(7,0)|? r+/F0 /FO |r1—r2|3 r1drs

It follows from the change of variables that we have

) v f(r1)) = ulra, f(ra)

u dr+/ / dridr

Felererzer,) = / fulr £)) r, Jr; |7"1—7”2|3 e
|’LL Tlv _u(%270)|2

u(®,0)[2(1 + | Vi f$)Y2d7 +/ /
FO| (#0)*(1+ V& f]?) s |r1_r2|3
< (L+ Vi, fI)V2(1+ Vi, £12)!/ 271 dFs.

Hence we obtain

[wll 2oy < llull e,y S lullmer,)-

The proof is completed by using (2.17) and the equivalence of the norms. O
LEMMA 2.4. There exists a positive constant C such that

||u||H1/2(Ff)3 < OHUHHI(QQ)S, Yu € H%\g(QQ)g.
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Proof. Denote Oy = {x € R® : r € R?, inf,cp2 g(r) < 2 < f(r)} which contains
the domain €. For any u € H%g (22)3, we consider the zero extension to s:

i(z) = u(x), wef}g, )
O, CEEQQ\QQ.

It is clear to note that

(2.20) lullgirzpye = [@llmzes,  ula @) = lall g a,)s-

It follows from Lemmas and that there exists a positive constant C such that
(2.21) @l 1/2(rpys < Cllall g ay,)s-

Combining [220) and ([221)) completes the proof. O
LEMMA 2.5. The DtN operator % : H'/?(T'y,) — H~Y/2(T},) is continuous, i.e.,

H%UHH*U?(F;L) S ||u||H1/2(Fh,)7 Vu € H1/2(Fh)-
Proof. For any u € H'Y/2(T'},), it follows from ZI3) and @II)) that
19010,y = [+ 1EP) 2 - B©ale. mPde
= /R (LHIEP2 O+ ) THBE) A MPAE < Nullfn ),
where we have used
<L ep s,

2
BOP = | + e

which completes the proof. O
LEMMA 2.6. We have

—Re(s ' Pu,u)r, >0, Yue HY*}).

Proof. A simple calculation yields that
50

|s

s Bue, = [ s a©laempag = [ 2 a mpag

Let 8(€) = a+ib,s = s1 + ise2 with @ > 0,s7 > 0. Taking the real part of the above
equation gives

(s1a + s2b)
]2

(2.22) —Re(s ' Bu,u)r, = /R [a (&, h)[2dE.

Recalling 5%(¢) = Cags |€]?, we have

c2

2 2
S1 — S5 2 5152
D) + |€| ; ab =
C

(2.23) a’ — b =

2’
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Substituting (Z23)) into (Z22]) yields
—Re(s ™ Bu, u)r :/ € asy + ——2 [a(&, h)|?d€E >0
e r2 |s|? a c? ’ -7

which completes the proof. O
For any function w(r,h) defined on Ty, using the DtN operator (Z13), we can
obtain the following TBC in the s-domain:

(2.24) Oup=PBp onTy.
Taking the inverse Laplace transform of (2Z224]) yields the TBC in the time-domain:
Oup=Tp only.

3. The reduced problem. In this section, we present the main results of this
paper, which include the well-posedness and stability of the scattering problem and
related a priori estimates.

3.1. Well-posedness in the s-domain. Consider the reduced problem in the
s-domain:

2

(3.1a) Ap— 2—2]5 —0 in O,
(3.1b) pAL+ (N + p)VV - @ — posit = j in Q,
(3.1c) O = —p18°n-u, —pn=o(i) n onTy,
(3.1d) Oup = Bp, on T'p,
(3.1e) u=0 onI'y.

Multiplying ([B1al) and (B.ID) by the complex conjugate of a test function ¢ € H*(£2;)
and a test function v € Hllg (922)3, respectively, using the integration by parts and
boundary conditions, which include the TBC condition (BId]), the kinematic and
dynamic interface conditions ([B:Id), and the rigid boundary condition (3I€), we arrive
at the variational problem: To find (p, @) € H' () x H%g (£22)? such that

1_ . S __ _ . o
(3.2) /Q (—Vp-Vq+ C—qu) de — (s 'Bp,q)r, —pls/r (n-a)gdy=0

§ f
and

/Q % (Vi : Vo) + (A + p)(V - a)(V - 0)) + past - ©) de

1 1.
63) 41 [ pmeon = [ Sioede, W) e (@) < HE (90),
Ff QQ

where A : B = tr (ABT) is the Frobenius inner product of square matrices A and B.
We multiply B3) by p1|s|? and add the obtained result to [3.2) to obtain an
equivalent variational problem: To find (p,@) € H'() x H} (922)? such that

(34)  alpg) = [ psoede. Vo) e HI) x HE (@)
Qo
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where the sesquilinear form

oo 1o o 5 _ o _
a(p,u; q,v) :/ <—Vp- Vq+ —2pq> da +/ (pls(u(V’u : Vo)
Q; \9S c Qs

O+ (V- @)(V - 0) + prpaslsl®i - v)da — (s~ B, ),
(3.5) + p1 /F (5p(n - v) — sq(n-u))dy.

THEOREM 3.1. The variational problem B4) has a unique weak solution (p,w) €
HY(Q4) x H%g (22)2, which satisfies

(3.6) VDl 2uys + 18Dl 201) S 1171220003,

o o o 1<
(3.7) IV g,y + IV -l 20, + 58] 1203 S HHJHL%QQP-

Proof. We have from the Cauchy—Schwarz inequality and Lemmas 2.2H2.5] that

. 1 .
0 (55 4,0) | < =1Vl 2 [Vl Lagennys + 1

sl
= s B} ||p||L2(Ql)||Q||L2(Ql)

2

+ prls| (eI V| poo) VOl pa) + A+ )|V - @l 2|V - vl L2(0))
. 1 .

+ prp2l s @]l L2 )3 V] L2(a)s + HH‘%}pHH*/?(Fh)||Q||H1/2(Fh)

+pulsl (Il ey lme - vllzzeey) + lallzeeeplln - al 2 rey))
SIol e nllall @) + 18l mr @) llvll ar@q)s + 1B a2 @ lall gz,
Bl ey loll e @pys + lall gz 18l g2 @ ,)s
SIpllar @ llallar @y + 1l g .8 vl a1 008 + 1Dl a1 ) 2l 21 00
+ 1Pl @1Vl 103 + gl zr @) 18] 5 (022

which shows that the sesquilinear form is bounded.
Letting (¢,v) = (p, @) in (33 yields

a(p,u; p,u) =/

1, s . B . - .
5 (;IVpl“rc—zlplz) dw+/ﬂ (015 ((Vaa : Va) + (A + p)|V - a)?)

) — sp(n-a))dy.

al

(3.8) + p1p28|3|2|ﬁ|2)dw — (s Bp, P, + ;1 / (Eﬁ(n-
Ly

Taking the real part of (B.8) and using Lemma [2Z.6 we obtain
Refa(p. . 4) = |
ol

+ A+ )|V ﬁ”%?(ﬂz)) + p1pasi|s®li]]2 o,y — Re(s™ Bp, b)r,

S1 o o
RW (||Vp||%2(nl)3 + ||5P||%2(szl))

S1 o S1, o o
(WWPP + c—2|p|2> dx + p1s1 (HVUH%‘(QQ)

(3.9) + 51 (IVall ) + IV - i1z, + sl a0, ) -

It follows from the Lax—Milgram lemma that the variational problem (B4]) has a
unique weak solution (p, %) € H*(Q4) x H%g (922)3.
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Moreover, we have from ([B4]) that

VRV S1 % o
(3.10) la(p, u; p,w)| < ml\allwmmIISuHLzmz)s-

Combing (39) and BI0) leads to
V][5, + IV - @l 200, + 5817200
1 C e o . 1 < .
S gla(p,u;p,u)l S HHJHL2(92)3HSUHL2(§22)3

and
1 .12 o .
W(”Vp”m(gl)s + HSPHLz(Ql)) + |SU|L2(Q2)3
| Y 1 . 5
/S E|a(p7u;p7 u)| ,S H”]”[ﬂ(gz)s||$’U,||L2(QQ)3_

Using the Cauchy—Schwarz inequality, we obtain
o . 9 < 1.
[Vl r,) + IV - @l 20, + st L20,)s S HHJHLz(Qz)B

and
1

1
|s] s

(IVBll L2y + Ispllzecen) S T (IVBllL2 (s + I8Pl r2(01)) + stllL2(0s)s
L
s

< =3l ez (e

which completes the proof. O

3.2. Well-posedness in the time-domain. We now consider the reduced
problem in the time-domain:

(3.11a) Ap — Cizafpzo in Qp,t>0

(3.11b) pAU+ A+ p)VV -1 — pdfu = j in Qo, t >0,
(3.11¢) Pli=o = Oipli=o =0, w|t—o = dru|t—o =0 in Q,

(3.11d) Onp = —pin-0tu, —pn=o0c(u) n on Iy, t>0,
(3.11e) Oup=Ip on 'y, t >0,
(3.11f) u=0 on Iy, t>0.

To show the well-posedness of the reduced problem (B.I1l), we make the following
assumption for the source term j :

. 1 72 3 . _
(3.12) jeH 0,T; L)), j|,_,=0

THEOREM 3.2. The initial-boundary value problem BII) has a unique solution
(p,w) which satisfies

p(x,t) € L* (0,T; H' (™)) nH' (0,T; L*()),
u(z,t) € L*(0,T; Hp (Q)°) NH'(0,T; L*(22)°)
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and the stability estimates

(3.13) tgf(?):ﬁ] (||8tp||L2(Ql) + ||VP||L2(91)3) S Hatj”Ll(O,T; L2(Q2)3)s

(3.14) e (10eull L2ays + IV - ullr20,) + IVUl r02) S 1001l 0,7; £202)9)-

Proof. For the air/fluid pressure p, we have

T
| (19010, + 101 ,)
T
< [ D (190000 + 10l )
T
_ 6251T/0 e 251t (||VP||%2(521)3 + ||8tp||%2(91)) dt

< /0 e (IVpl e + 1003 )

Similarly, we have for the elastic displacement w that

T
| (1ol + 190l + 19 - wla,) d
T
< [F e (ol + IVl + 17 - ulz,) d
T
=T [T et (0l + Vel + 19 - ulla,) o

< / =21t (110l e + IVuliba) + IV - wliaqay ) b

Hence it suffices to estimate the integrals

and
/0 o251t (Ilﬁtullizmzw + Vel Fq, + 11V - u||%2(gz2)) dt.

Taking the Laplace transform of (3I1]), we obtain the reduced acoustic-elastic
interaction problem in the s-domain B]). It follows from Theorem B1] that p and @
satisfy the stability estimates (3.0) and ([B.1), respectively. It follows from [34, Lemma
44.1] that p and @ are holomorphic functions of s on the half plane s; > %5 > 0, where
7 is any positive constant. Hence we have from Lemma 2] that the inverse Laplace
transform of p and @ exist and are supported in [0, 0o].

Using the Parseval identity (Z6]), the assumptions [B.I2), and the stability esti-
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mate (3.6]), we have
o 1 o o o
/0 e (Vb +101E0)) dt = 5= [ (I8 00 + Is8lay) dse
— 00

<sp? / 117112, odls2 = 572 / 1002, 052

— 00 — 0o

58;2/ 6—281t||atj||%2(ﬂ2)3dt,
0
which shows that
p(x,t) € L* (0,T; H' (1)) N H' (0, T L*(Q1)).

Since @ = £ (u) = F (e *''u), where .Z is the Fourier transform in s, we have from
the Parseval identity ([2:6]) and the stability estimate ([B7) that

| (10l + 10l + 19 -l d
1 o0

(5t 200y0 + V&30 + 1V - 32, ) dso

:% .

Soi? [ Nilapdsa = [ 120, edse

Sai? [ et
It follows from (Z7) that
u(z,t) € L*(0,T; HE (22)*) N H' (0, T; L*(922)*).

Next we show the stability estimates. Let p be the extension of p with respect to
t in R such that p = 0 outside the interval [0,¢]. By the Parseval identity (2:6]) and
Lemma 2.6 we get

¢ ¢
Re/ e 2 Tp Oyp)r, dt = Re/ e_zslt/ (T p)Oepdrdt
0 0 Ch

o0 B 1 oo o o
:Re/ / e 2 (T p)Oypdtdr = —/ Re(Bp, sp)r, dsa
Fh, 0 27T — 00

1 [~ ¢y
=— |s|*Re(s™ ' 8p, p)r,dss <0,
27 J_
which yields after taking s; — 0 that
t
(3.15) Re/ / (T p)opdrdt < 0.
o Jr,

Taking the partial derivative of (3.I1D)-(B.I1d) and (BIIf) with respect to t, we
get

pAOpu) + (X + p)VV - (Opu) — p207 (Opw) = 013 in Q9,t>0,
Oru)t=0 =0 in Qo,

(3.16) Puli—o = p3 (AU + A+ p)VV -u—5) [i=0 =0  in Q,
—Opn =0(o(u)) -n=0c(0u) n onIy, t>0,

Oru =0 on I'y,t>0.
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For any 0 < ¢t < T, consider the energy function
E(t) = ei(t) + ea(t),

where

1
ei(t) = ”EatpHQL?(Ql) +1Vpll7 2,0
and

ea(t) = [[(p1p2) 207 ull7 25 + (01N + 1)) /2V - (Bru) 1720y
+ (1) 2V (Opu) |3y -

It is easy to note that
t t
(3.17) 8(t) - £(0) = / &' (r)dr = / (éh(r) + éj(r)) dr.
0 0
It follows from BITal), BIId)-(BILe) and the integration by parts that

t t
/ el (r)dr :2Re/ / (C%(?fp op + 9:(Vp) - V}‘)) dzdr
0 0 JO

t
=2Re/ (Apdp + 0,(Vp) - Vp) dedr
0 Q1
t
Z/ / 2Re (=Vp- 8t(V]5) + Bt(Vp) - Vp) dedr
o
t t
+ 2Re/ (T p)opdrdr — 2Re/ / OnpOypdydr
0 Ty 0 Ff
t t
(3.18) :2Re/ (T p)opdrdr + 2Re/ / p1m - Ofud;pdydr.
0 Ty 0 Ff
Similarly, we have from (3I8) and the integration by parts that
t t
| esmar —pme [ [ (monopu)- u+ (4 0¥ - @20V - 0rm)
0 0 JQo
+ uV(07u) : V(9u))dedr

—p12Re / / (UABw) + (A + )YV - (Byu) — B9) - 0P
Qo

+ A+ )V - (07uw)V - (Opr) + pV (97u) : V(9yu))dedr

—p1/ /512 Re( — pV(Ou) : V(87u) — (A + p)V - (Ou)V - (87 u)
+ A+ )V - (07uw)V - (Opwr) + pV (97u) : V(9yu))dedr

t ¢
— 2Repy / Oj - O?udxdr + 2Rep; / / (o (0pu) - m) - OFudydr
0 Ja, o Jry

t t
(3.19) = — 2Rep; / 0j - O?udxdr — 2Rep; / Oypn - Ot udydr.
0 JQo 0 Jry
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Since &(0) = 0, combining BI7)- BI9) and BI5) gives

t t
Et) = 2Re/ / (T p)oypdrdr — 2Repy / O - OFudxdr
0 Fh 0 QZ

t
< —2Rep; / Orj - O?udxdr
0 Qg
2 .
<2p e, 105 wll L2 (0,)3 1103 || L1 (0,7 12 (922)%) -
Thus, we can obtain the estimate for the air/fluid pressure p:

2 2
s (10010, + [99100,)

< max (102, + 199 F2(0,ys + 1070l Foc0s)

2 .
S e, &) < max 107wl 22(0)2 1003 || 1.0, 712 (022)2) -
It follows from Young’s inequality that

max, (10l L2020y + IVPI L2020)2) S 110ed )l L1 (0,7502(02)%) 5

which shows the stability estimate (BI3)).
For the elastic displacement u, we can also obtain

2 2 2 2
gmax (107l 2 s + IV - Gean) 32y + 1V @) o)

< &) < H? ;7 . .
S max ()thﬁg] 107wl L2 (02)810ed | L1 (0,722 (22)3)

It follows from the Cauchy—Schwarz inequality that

max. (||Bfu||%z(92>s +IV - (@rw)llizq,) + ||V(5t“)||%<ﬂz>)
(3.20) N ||3tj||%1(o,T;L2(92)3)-

For any 0 < ¢t < T, using the epsilon inequality leads to
2 ! 2 2 T\ oo o
||5tu||L2(92)3 = /0 6T||6Tu('77-)||L2(Qg)3dT < 6T||atu||L2(Qg)3 + :Hat “||L2(92)3-

Here we choose € > 0 small enough such that €I' < 1, e.g., e = % Hence we have
(3.21) ||3tu||%2(92)3 < ||3t2u||%2(92)3-

Similarly, we can obtain

(3.22) IV UH%?(%) SV (at“)”%?(szz)v ||V“||2F(Qz) S ||V(5t“)||2F(Qz)~
Combining (B20)—[322) gives

[ (||<9tu||2L2(92)3 + V- ullfeq,) + ||Vu||?7(§22)) S N1 0712 (0)%)

which shows the estimate (3.14). O
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3.3. A priori estimates. In what follows, we derive a priori stability estimates
for the air/fluid pressure p and the displacement w with a minimum regularity re-
quirement for the data and an explicit dependence on the time.

We shall consider the elastic wave equation for d;u in order to match the interface
conditions when deducing the stability estimates. Taking the partial derivative of

(B.1ID)-BIId) and (B.II0) with respect to ¢, we obtain a new reduced problem:

Ap—c%(?fp:() iny,t>0
Oup=Tp on 'y, t >0,
Onp = —p1n - O2u onT'y, t>0,
Pli=o = 0¢pli=0 = 0 in Oy

(3.23) pA(Byu) + (A + p)VV - (Opu) — p20?(Oyu) = i in Qo, t>0,
Ortt]t—o =0 in o,
Ouli—o = p3 ' (AU + A+ p)VV -u—35) im0 =0  in Q,
—Oipn = Oi(o(u)) -n=0c(0iu) -n onTy, t>0,
Ou=0 on I'y,t>0.

The variational problems of B23) is to find (p,u) € H'(1)x € H%g (Q22)3 for all
t > 0 such that

1
/ —28§pqdw:—/ Vp-V(jdw—i-/ (ﬂp)qdr—/ Onp qdry
Q c 1951 T'n 'y

(3.24) =— Vp - Vagdx + / (Tp)gdr + / pi1(n - 0fu)gdy, Yqe€ H'(Qy)
o T, r;

and

/Q 0207 (Opu) - vdx = — / (uV(Opu) : VO + (A + p)(V - (Opu))(V - 0)) dze

Qo

_ 0,7 - vdx +/ (o(Ou) - n) - vdy
Qs r;

= [ V) o+ + )(V - @) (V- 5) + (015) ) de

(3.25) —/F (Op)(n - v)dy, Yo e H%g (02)3.

To show the stability of the solution, we follow the argument in [34] but with a
careful study of the TBC. The following lemma is useful for the subsequent analysis.

LEMMA 3.3. Given £ >0 and p € HY(Q1), we have

Re /Fh /OE (/Ot ﬂp(-,T)dT) (-, t)dtdr < 0.

Proof. Let p be the extension of p with respect to ¢ in R such that p = 0 outside
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the interval [0, ]. We obtain from the Parseval identity (2:6) and Lemma [2.0] that

Tp(-, T)dT) (-, t)dedr
0

(

0

:Re/rh /OOO e~ 251t (/ Tp(-, dT) B(-, t)dtdr
/oooe2slt (/f o BoLp(, )dT) B(-, t)dtdr

- Re/ / eI (L7 o (571 B) 0 LB(, 1) B( 1)) dtdr
Fh 0
5 | R / 5B ) )drds,
1 o0
— Re(sil%’ﬁ,@rhdsz <0,
27

where we have used the fact that

/0 p(-,7)dr = 27! (5_1]5(-,5)) )

The proof is completed after taking the limit s; — 0. O
THEOREM 3.4. Let (p,u) € H* () x H%g (Q2)3 be the solution of [B24)-[B2H).
Given 0,5 € L* (O,T; L2(Qg)3) , for any T > 0, we have

(3.26) [Pl Lo (0,7; L2(1)) S TNOd L1(0,7; L2(022))
(3.27) llwll oo 0,502 0002 S T8l L2 0.7: L2(00)%)
(3.28) Ioll20,m; L2000y S T3/2H5tj||L1(O,T; L2(Q2)3)5
(3.29) Il 20,2 (02)2) S TP 211001 L1 (075 £2(020)2)-

Proof. Let 0 < § < T and define an auxiliary function

0
P1(z,t) = / plx,7)dr, xe€Q, 0<t<6.
t
It is clear to note that

(3.30) Pi(x,0) =0, i(z,t) = —p(x,t).

For any ¢(x,t) € L? (0,&; L*(€1)), we have

(3.31) /09 d(x, 1) (x, t)dt = / (/ o(x, T d7'> P, t)dt.
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Indeed, we have from the integration by parts and 330) that

/ ot = [ 9 <¢<w 0 ep(fvﬁ)d7> dat
L [oeom(foron
L e ] ([n)se
([

Next, we take the test function ¢ = ¢ in (B24) and get

Vp-Vz/?ldw—i-/ (Tp)rdr

I'n

1 _
/ —Ofpihrde = —
Ql c Q1

(3.32) + [ o tuinay,
Ty

It follows from (B30) and the initial conditions [B.I1d) that

Re/ / 8t2p1/11dccdt Re/ / (0 ( (?tpdjl)—l—atpp) dtdx
Q¢ ol

- 1 56
ZRG/Ql = (3tp¢1|0+§|p| ‘0> da

= 5”;1’('79)”%2(91)-

It is easy to verify that

6 6
Re/ / p1(n - OFu)idydt = Re/ / p1 (O(n - dupn) + (n - yu)p) dtdy
0 JI'y ryJo

)
:Re/ p1 (n-@tu1/)1|g)d"y+Re/ / p1(n - Opu)pdrydt

0
= Re/ / p1(n - Opu)pdrydt.
o Jry

Integrating ([332) from ¢ = 0 to ¢t = 6 and taking the real parts yield
1.1 ) v ~
§||EP('79)||L2(91) + Re Vp - prdedt

0o Jo,
11 1 o ’
= —|I=p(-,0)|% - Vp(-, t)dt
Sz Oy +5 [ | ot

[% (%
= Re/ <yp7 1f)1>1“hdt + Re/ / P1 (n . 8t2u)1/_)1d’}/dt
0 0 JIy

dx

0 0
(3.33) = Re/ (T p,1)r,dt + Re/ / p1(n - Opu)pdydt.
0 o Jry
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We define another auxiliary function
6
oz, t) = / O-u(z,7)dr, €D, 0<t<O<T.
t

Clearly, we have
(3.34) Po(x,0) =0, Ouhy(x,t) = —Oru(x,t).

Using the similar proof as that for 3.31)), for any ¢(x,t) € L? (0,5; L2(Qg)2), we
may show that

0 0/ ot
(3.35) / oz, t) - Py(x, t)dt :/ </ ¢(m,r)d7') - Ovu(x, t)dt
0 o \Jo
Taking the test function v = 1, in B2H), we can get

| p0bOw) e == [ (u9@) : Ty + ()T @)V )
Qo Qo

(3.36) 40 o)da— [ (@) D).

Ty
It follows from (B34) and the initial condition in (B23) that

0 0
Re/ / 0202 (0pu) - hydadt =Re/ / p2 (04(0}u - y) + 0w - Oyu) dtde
0 Qg QQ 0
9 =0 1 216
=Re P (OFw-1y)|, + §|8tu| o ) dz

P2
=2 0rul, 0)[F2a-

and

Re/oe /Ff(atp)(n-ﬂ;z)dydt_f{e/rf /9 (0 (pn - 4y) + p(n - Oyw)) dtdy

—Re/ (pn 1,b2) ’0d7+Re/ /Ff p(n - Opu)dydt

= Re/ / (n - dyu)dvydt.
Ly

Integrating ([330) from ¢t = 0 to ¢t = § and taking the real parts yield

ot e +Re [ [ (000 Ty
Ot ) (V- @, 1)V 4ol 1)) )l

2
0
P 1
:?2|\atu(.,9)||%2(92)2+§/ (u/ V(Qpu(-,t))dt
Qg 0

F
2
)dw

6 6
(3.37) =—Re / 0ij - Pydadt — Re / / p(n - dyu)dydt,
0 Ja, o Jry

+ (A +p)

/9 V- (Qpul-,t))dt
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where

Multiplying [33T) by p1 and adding it to (333) give

/ Vp(-, t)dt

0 2 0
/ V(Orul- )dt / V- (Dl 6))dt
0 0

0
_Re/ <9p7¢1>rhdt+Re/ / p1(n - dyu)pdydt
Ly

—Re/ / p1(0¢F - 1,b2 dmdt—Re/ / p1p(n - Opu)dydt
Qo Ly

(3.38) —Re/o <ﬂp,¢1>phdt—Re/o /Q p1(0,j - 1p,)dadt.

2

1,1 Plp2
5”;?( )HL2(511)+ de + ——[|0u(, )HL?(Q2)3

2
P1

+5 [ m
2 Ja,

+ A+ dx

F

In what follows, we estimate the two terms on the right-hand side of ([B.38]) sep-
arately. Using Lemma B3] and (B31]), we obtain

0 0
Re/o (Tp,abr)r, dt = Re/o (T p)iydrdt

T
(3.39) = Re /Fh /09 (/Ot ﬂp(-,T)dT) (-, t)dtdr < 0.

For 0 <t <60 <T, we have from (335) that

0 [ t
Re// —pl((?tj~1,_b2)dwdt:p1Re/ / </ —8tj(-,7')d7')~8tu(~,t)dtdcc
0 Qo Qs JO 0
0 t
:lee/// =03 (-, 7) - Opu(-, t)daedrde
Q3
<m / ( / 1007 e 7)lt00d7 ) 10rt )20,
<nf (/ 1030l Wdt) O, ) 2 oot

(3.40) </ 19 (- ||Lz(g2)edt> (/ 18-, )2 edt>
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Substituting 339) and 40) into 38), we have for any 6 € [0,T] that

1,1 P1pP2
§||Ep('= N7z + THatu('a I72(0,)

2
1,1 ) 1 o p1p2 2
S§||Ep('a9)||L2(Ql)+§/Ql /0 Vp(-,t)dt| dx + 9 [0u(-, 0)|| 72022
0 2 0 2
+ 2 u/ V(Ou(-,t)dt| + A+ p) / V- (Owu(-,t))dt| | de
2 Ja, 0 » 0

0 0
(341) <p ( / ||atj<-,t>||L2<m>sdt> ( / ||atu<-,t>||L2<m>2dt>-
0 0

Taking the L° norm with respect to 6 on both sides of (BAI]) yields
||p||%°°(0,T; L2 T HatuH%OO(O,T; L2(92:)?)
ST (110122 0.1 L2022y 100wl Lo 0,7 L2(022)9))

Applying the Young inequality to the above inequality, we get

(3.42) P17 0,75 L2020y + 1068llT e 0,75 1200)%) S TN T2 0,7, 1202202
It follows from the Cauchy—Schwarz inequality that
||P||L°°(0,T;L2(Ql)) < ||p||L°°(O,T; L2(0)) T ||5tu||L°°(o,T; L2(Q2)3)
S T0ed 10,15 L2(92)%)

which gives the estimate (3.20]).
For the elastic displacement u, using the epsilon inequality gives

t
Jll2 0220 = / Ol ) 0100y 0T

< €Tl ullFoe0,7502(00)%) + = 10l Too 0.7, 12(020)2)-

=
€
Choosing € = 5=, we have from ([B42) that
||u||%°°(O,T;L2(Q2)3) S T2||5t“||%°°(o,T; L2(22)3)
<T? (||p||2L°°(O,T; 2@y + 10cull 7w o1 L2(92)3)>
ST 0.7; £2(0000)s
which implies the estimate ([B.21).
Integrating (341 with respect to 6 from 0 to T and using the Cauchy—Schwarz
inequality, we obtain
||P||%2(0,T; L2)) T HatuH%?(O,T; L2(2:)3)
ST (1061 L2 0.7 L2y |10sul 201 L2(622)%)) -
Using Young’s inequality again to the above equation yields

(3.43) 121 2200.7: 22000y + 1000l 220,70 2(00y3) S ToNOG 710, £2(020)9)-
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It follows from the Cauchy—Schwarz inequality that
1PllL20,7: L2(00)) < P2 0,7: L2(020)) + 100l 20,1; 22(020)9)
ST32)05 1 01; 12(9)%)
which shows the estimate (3.25).

Taking € = % and applying the epsilon inequality, we have

t
Fall2 0.z = / O, ) 201100y A7

IN

1
5”“”%2(0,T;L2(522)3) + 2T2||atu||%2(0,T; L2(22)3)>
It follows from the above inequality and (343]) that

HUH%%O,T;L?(Qz)S) S T2||atu”%2(0,T; L2(22)3) < T5Hatj||%1(0,T; L2(22)3)>
which implies the estimate (3:29). O

4. Conclusion. In this paper we have studied the time-domain acoustic-elastic
interaction problem in an unbounded structure in the three-dimensional space. The
problem models the wave propagation in a two-layered medium consisting of the
air/fluid and the solid due to an active source located in the solid. We reduce the
scattering problem into an initial-boundary value problem by using the exact TBC.
We establish the well-posedness and the stability for the variational problem in the
s-domain. In the time-domain, we show that the reduced problem has a unique
weak solution by using the energy method. The main ingredients of the proofs are
the Laplace transform, the Lax—Milgram lemma, and the Parseval identity. We also
obtain a priori estimates with explicit time dependence for the quantities of acoustic
wave pressure and elastic wave displacement by taking special test functions to the
time-domain variational problem.
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