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Abstract

We prove a comparison result for viscosity solutions of (possibly degenerate) parabolic fully
nonlinear path-dependent PDEs. In contrast with the previous result in Ekren, Touzi & Zhang
[I1], our conditions are easier to check and allow for the degenerate case, thus including first
order path-dependent PDEs. Our argument follows the regularization method as introduced
by Jensen, Lions & Souganidis [12] in the corresponding finite-dimensional PDE setting. The
present argument significantly simplifies the comparison proof in [I1], but requires an L”—type
of continuity (with respect to the path) for the viscosity semi-solutions and for the nonlinearity

defining the equation.

1 Introduction

This paper provides a proof for the comparison result for viscosity solutions of the fully nonlinear

path dependent partial differential equation:
— Ju(t,w) — G(t,w, u(t,w), dyu(t,w), O2,u(t,w)) <0 on [0,T) x Q. (1.1)

Here, T > 0 is a given terminal time, and w € (2 is a continuous path from [0, 7] to R? starting from
the origin. The nonlinearity G is a mapping from [0,7] x Q x R x R? x S§? to R, where S? denotes
the set of all d x d-symmetric matrices.

Such equations arise naturally in many applications. For instance, the dynamic programming
equation (also called Hamilton-Jacobi-Bellman equation) associated to a problem of stochastic con-
trol of non-Markov diffusions falls in the class of equations (IIJ), see [I0]. In particular hereditary

control problems may be addressed in this context rather than embedding the problem into a PDE
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on the Hilbert space L2([0,T]) D €, see [6]. Similarly, stochastic differential games with non-Markov
controlled dynamics lead to path-dependent Isaac-Hamilton-Jacobi-Bellman equations of the form
(T, see [I7]. The notion of nonlinear path dependent partial differential equation was first pro-
posed by Peng [I5]. A crucial tool to study such equation is the functional It6 calculus, initiated by
Dupire [7], and further studied by Cont & Fournie [3]. We also refer to Peng & Wang [16] for some
study on classical solutions of semilinear equations.

The notion of viscosity solutions studied in this paper was introduced by Ekren, Keller, Touzi
& Zhang [§] in the semilinear context, and further extended to the fully nonlinear case by Ekren,
Touzi & Zhang [10, [11]. Following the lines of the classical Crandall & Lions [5] notion of viscosity
solutions, supersolutions and subsolutions are defined through tangent test functions. However,
while Crandall & Lions consider pointwise tangent functions, the tangency conditions in the present
path-dependent setting is in the sense of the mean with respect to an appropriate class of probability
measures P. In particular, when restricted to the Markovian case, our notion of viscosity solutions
involves a larger set of test functions. This is in favor of uniqueness but may make the existence
issue more difficult. We refer to Ren, Touzi & Zhang [19] for an overview.

Throughout this paper, the notion of P—viscosity solution refers that introduced in [8] [10]. For
the sake of clarity, the classical notion of viscosity solutions based on pointwise tangent test functions
will be sometimes referred to as the Crandall-Lions notion of viscosity solution.

The wellposedness of the notion of P—viscosity solutions was first proved in [§] in the semilinear
case, and later extended to the fully nonlinear case in [I1]. In contrast with the classical wellposedness
theory for the Crandall-Lions viscosity solutions in finite dimensional spaces, the comparison and
existence results proved in [8, [I1] are inter-connected. Moreover, the proof relies heavily on the
corresponding finite-dimensional PDE results applied to path-frozen versions of (I1l), and thus does
not really take advatange of the larger class of test functions. Finally, the technical conditions of
[8, T1] exclude the degenerate case. In particular, their main wellposedness result can not be viewed
as an extension of Lukoyanov [I4], where the author studied the wellposedness of the viscosity
solutions to the first order path-dependent PDEs.

In our recent paper [21I] we provided a purely probabilistic comparison proof in the semilinear
setting, which is completely disconnected from the existence result and which allows for degenerate
equations. The importance of a separate proof of comparison was highlighted in the Crandall-Lions
theory of viscosity solutions: it allows access to the Perron existence argument, and was shown to
play an important role in the regularity of viscosity solutions, and in the convergence of numerical
approximations together with the analysis of the order of the corresponding error. Similar to the
classical finite-dimensional theory of viscosity solutions, the (disconnected) comparison result in [21]
opens the door for an existence argument by the so-called Perron method, see Ren [I§], or by a
limiting argument & la Barles & Souganidis [I], see Zhang & Zhuo [22] and Ren & Tan [20].

Our argument in [21] was crucially based on an adaptation of the Caffarelli & Cabre [2] notion
of punctual differentiation to our setting, namely the P—punctual differentiation. In particular,

denoting by Py the Wiener measure on the space of continuous paths, we have reported in [21]



an easy proof of the equivalence between our notion of {Py}—viscosity subsolution of the heat
equation and the submartingale property. This equivalence implies an easy proof of the comparison
result for linear path-dependent PDEs, thus highlighting the importance of enlarging the set of
test functions under the notion of {Py}—viscosity solutions. The semilinear case is more involved,
but uses standard stochastic analysis arguments. A crucial (and surprising) result obtained in [21]
is that all P—viscosity subsolutions with appropriate integrability are P—punctually differentiable
Leb®Py— almost everywhere on [0,7] x Q. We recall that in the finite-dimensional context, the
punctual differentiability is satisfied by an appropriate approximation of the subsolution.

The main contribution of this paper is to provide a comparison result for the viscosity solutions
of fully nonlinear path-dependent PDEs ([LT)) which does not involve the existence issue. Our result
is established under general conditions on the nonlinearity. Namely, we establish the comparison
between d,—uniformly continuous subsolutions and supersolutions under the conditions that the
nonlinearity G is

- dp—uniformly continuous in §, uniformly in (y, z,7),

- and Lipschitz-continuous in (y, z,v), uniformly in 6.

The last conditions represent a significant simplification of the assumptions required in Ekren, Touzi
& Zhang [I1]. Moreover, we emphasize that our conditions allow for degenerate parabolic equations,
and therefore contain the first order path-dependent Hamilton-Jacobi equations of Lukoyanov [14].

Our arguments are inspired from the work of Jensen, Lions & Souganidis [12], in which one
of the main ideas is to find approximations of viscosity sub- and supersolutions of PDEs. The
approximations proposed in [I2] are due to Lasry & Lions [I3]. Let u be a viscosity subsolution, and
u™ be the approximations. A careful examination of their proof shows that good approximations

should in general satisfy:

(A1) limy, 00 u™ = u;
(A2) u™ are more regular than u (thus we may call the approximations as regularization);

(A3) u™ are still viscosity subsolutions for some equations approximating the original one.

A similar regularization was introduced in Ren [I8], for functions in the path space, in order
to study the comparison of semi-continuous viscosity solutions to semilinear path-dependent PDEs.
However such a regularization fails to achieve the purpose of the present paper.

As a key technical tool in this paper, we introduce a new regularization for viscosity sub- and
supersolutions in the context of fully nonlinear path-dependent PDEs, which allows to prove the
final comparison result. Constrained by our method, we are unfortunately not able to compare the

viscosity sub- and supersolutions which are continuous in the (pseudo-)distance d,
doo ((t,w), (', w") = [t =t + [lwin. — wirn.]loos

used in the previous works on path dependent PDEs. Instead, we prove the comparison for viscosity

sub- and supersolutions which are continuous in the sense of the following (pseudo-)distance:

T4+1
dp((t,w), (t’,w’)) = |t —t'| + ||wen. — w,’e,A,Hg, where [Jw||b = / | |Pdt.
0



This continuity is slightly stronger than that under do.. However, since ||w|, — ||w||sc, our conti-
nuity requirement can be viewed as a slight strengthening of the d.,—continuity. In order to justify
the relevance of the d,—continuity, we provide in this paper a large class of path-dependent fully
nonlinear equations with unique d, —continuous viscosity solutions. This is achieved by complement-
ing our comparison result with an example of stochastic control problem whose value function is
a d,—continuous P—viscosity solution of the corresponding path-dependent dynamic programming
equation.

Given a P—viscosity solution u, the regularization introduced in the present paper defines func-
tions u™ satisfying the above requirement (A1l). However, rather than verifying (A2) and (A3) in
the sense of P—viscosity solutions, we show that u™ induces a continuous finite-dimensional func-
tion which is a viscosity solution of an appropriate PDE in the classical sense of Crandall-Lions.
We recall that this is a weaker conclusion than the corresponding notion of P—viscosity solutions.
This allows to reduce the comparison task to the well-established notion of viscosity solutions in
the finite-dimensional context, and represents the major difference with the approach used in our
previous paper [2I] focused on the semilinear case.

The rest of the paper is organized as follows. Section Bl introduces the main notations. Section
recalls some useful results from the previous work on path dependent PDEs. Section M states
the main assumptions and results of this paper. In Section [l we introduce the regularization, and
prove its main properties. Further, in Section [0l we use the regularization to prove the comparison
result. Finally, Section [ concludes the paper by an example of a stochastic control problem whose
value function is a d,-continuous P—viscosity solution of the corresponding path-dependent dynamic

programming equation, under natural assumptions on the ingredients of the control problem.

2 Notations

Throughout this paper let 7 > 0 be a given finite maturity, Q := {w € C([0,T];R%) : wy = 0}
be the set of continuous paths starting from the origin, and © := [0,7] x Q. For the convenience
of notation, we often denote by 6 the pair (t,w). We denote by B the canonical process on €2, by
F = {F,0 <t < T} the canonical filtration, by Py the Wiener measure on , and by 7 the set of
all F-stopping times taking values in [0,T]. Further, for H € T, denote by 7y the subset of 7 € T
taking values in [0, H].

For w,w’ € Q and t € [0,T], we define

(W @y W/)s =wsligen + (wt + w;—t)l{szt}'
Let € : Q2 — R be Fr-measurable random variable. For any § = (t,w) € ©, define
W) =¢waw) forall o' e

Clearly, ¢% is Fp_;-measurable, and thus Fp-measurable. Similarly, given a process X defined on
Q, we denote:
X0(w') = Xpys(w@pw), for s € 0,7 — 1], o' € Q.



Clearly, if X is F-adapted, then so is X?.

As in Ekren, Touzi & Zhang [I1], for every constant L > 0, we denote by Py, the collection of all
continuous semimartingale measures P on ) whose drift and diffusion are bounded by constant L,
respectively. More precisely, let Q:=0xQxQbean enlarged canonical space, B:= (B, A, M) be
the canonical process. A probability measure P € P, means that there exists an extension Q®# of
P on § such that:

B=A+ M, A is absolutely continuous, M is a martingale,

oo, 8w < L, where of = e, gf o= /100

We also introduce the sublinear and superlinear expectation operators associated to Pr:
Er = Psgugz E¥ and &, := PigrgL EF.
One may easily prove the following lemma.
Lemma 2.1 There is a constant C > 0 such that we have for all P € Pr, and 0 € T that
|EF[By]| < CE'[H] and E"[|By|*] < CE"[n].
In this paper, we consider a new LP-type of distance in the space O.
Definition 2.2 For p > 1, we introduce the following distance for the space ©:

dy(0,0") == |t —t'| + |lwin. — wip.llp, for all 6,6 € O,

where

wlb = |wr|” + /OT lws[Pds,  for all w,w’ € Q. (2.2)
We say that a function f: © — R is d,-continuous, if f is continuous with respect to dp(-,-).
Remark 2.3 Let doo (-, ) be the distance between continuous paths introduced by Dupire [7], i.e.
deo(0,0") = |t —t|+ Joax lwsat — Wiy |-
Note that
dy(0,0') < Cdx(6,0") and pli_)n;o dy(0,0") = doo(0,6").

In particular, a dp-continuous function is automatically continuous in Dupire’s sense.

For later use, we observe that

T+1 t
lwin |2 = / lwins|Pds = (T+1—t)|wt|p+/ lws |Pds. (2.3)
0 0

Example [Z1] in Appendix provides sufficient conditions for the value function of a stochastic

control problem to be uniformly dp-continuous. On the other hand, as discussed in Ekren, Touzi



& Zhang [10], the value function of a stochastic control problem can be proved to be a viscosity
solution of the corresponding path dependent Hamilton-Jaccobi-Bellman equation. Therefore, there
are many examples of fully nonlinear path dependent PDEs which have uniformly d,-continuous
viscosity solutions. In this paper, we focus on the uniqueness of such solutions.

We would like to emphasize that, throughout this paper, C' denotes a generic constant, which
may change from line to line. For example the reader may find 2C' < (', without any contradiction
as the left-hand side C' is different from the right-hand side C.

3 Preliminaries
Consider the fully nonlinear parabolic PDE:
— 0w — g(t,x,u, Du,D*u) = 0 t<T, zecR% (3.1)

where 0; denotes the time derivative, and Du, D?u denote the space gradient and Hessian, respec-
tively.

We first recall the definition of the classical Crandall-Lions viscosity solutions for parabolic PDEs.
For a € R, B € R%, v € S¢, define the paraboloid 1®57:

1
PVt ) = at + Bz + §xT7x, t>0, z e R
Then define the jets:

Jult,w) = {87 ultw) = uls,y) = v (s — by —2) + olls — t], |y — 2) },
Ju(t,z) = {(a, By wltz) < o(s,y) =P (s —ty — @) +olls —t, |y — wIQ)}-
We say that function w is a viscosity subsolution of the PDE B, if

—a—g(t,z,u,B,7) < 0, forall (t,z) € (0,T) x R? and (o, 8,7) € Ju(t,z).
Similarly, a function v is a viscosity supersolution of the PDE B1), if

—a —g(t,z,v,B,7) > 0, forall (t,2) € (0,T7) x R? and (o, 8,7) € Ju(t, z).

In this paper, we consider the fully nonlinear parabolic path dependent PDE:

— O — G(0,u,dpu H? u) = 0. (3.2)

r Y ww

In our previous work [I9] 21] on viscosity solutions of path-depedent PDEs; it was already understood
that one can define viscosity solutions via jets. For simplicity, this paper starts directly from this
definition as it avoids to introduce the notion of smooth processes (i.e. those processes which satisfy
an It6 formula simultaneously under all probability measures P € Pp,). Let

1
¢a,677(9) =at+ B -w + §th'ywt, 0 €0,



for some (a, 3,7) € R x R x S5. We then introduce the corresponding subjet and superjet:

Jou®) = {(a,8,7) ERxR*xSy:u() = max Er[(w? — ¢*P7)(r,B)], for some § >0},
— TE  uy
Tv(f) = {(a,ﬁ,”y) ERxRYxSy: v(d) = Iél%p §L[(v‘9 — gbo"B’W)(T,B)}, for some § > 0},
T Hs
where
Hs := 0 Ainf{t > 0: |By| > 0} (3.3)

is a stopping time, and is called the localization.

Definition 3.1 A function u: [0,T] X Q2 — R is a
o Pp-viscosity subsolution of B.2) if —a —G(0,u(0),B,~) <0 for all 0 € O, (o, B,7) € T u(f);
o Py -viscosity supersolution of B2) if —a — G(0,u(),3,7) >0 for all 0 € O, (o, B,7) € T Lu(f).

It was proved in Ren, Touzi & Zhang [19] that this definition is equivalent to the original def-
inition of Ekren, Touzi & Zhang [I0] whenever the function u and the nonlinearity G(.,y, z,v) are
doo—continuous. By following the same line of argument, the same equivalence of definitions holds
under our d,—continuity assumptions.

We next recall the Snell envelop characterization of the optimal stopping problem under nonlinear

expectation, see Theorem 3.5 in Ekren, Touzi & Zhang [9].

Lemma 3.2 Let X : © = R be d,-uniformly continuous. Consider the optimal stopping problem:

Then, denoting V, = Vilii<usy + Vis—Lie>u,y, we have
Vo = EL[X,+] where 7F :=inf{t >0:X; = ‘7,5}

As a consequence of the last fundamental result from optimal stopping theory, we now provide
our main technical substitute for the local compactness argument in the finite-dimensional Crandall-

Lions viscosity solutions.

Lemma 3.3 Let u be d,-uniformly continuous function satisfying u(0) > &, [(u — ¢ P (1, B)] ,
for some § > 0 and (o, B,7) € R x RY x S%. Then, there exists 0* = (t*,w*) such that

t* <Hs(w*) and (a,B+wp.,y) € T u(@).

Proof Define the optimal stopping problem V:

with X := u — ¢*#7. Let 7* € Ty, be the optimal stopping rule. By Lemma B2 we have

EL[XT*] =V, > Xo > EL[XH(;] and X, =V «,



So there exists w* € Q such that t* := 7 (w*) < Hs(w*) and Xp- (W*) = Vie (w*) = Vi (w*), Le.

u(0*) = 7s_up L {uﬁ —ar—fB-B; — E(wt* + B) Ty (wi + B,) + §(wt*)T’ywt*
Te “9*7
5

¥

o 1
= sup SL[UQ —aT—(ﬁ+WW?*)-BT—§BTTvBT}

7—67:12* —t*

By the definition of J, u, this means that (t*,w*) is the required point. |

4 Main result

We shall establish our main comparison result under the following general conditions on the nonlin-

earity G.

Assumption 4.1 The nonlinearity G satisfies the following conditions:
(i) G is elliptic, i.e. G(0,y,z,7) < G(0,y,z,7"), for v <+

(ii) G is dp-uniformly continuous in 0, uniformly in (y, z,7), i.e. for some continuity modulus p< :
G(0,y,2,7) =G0y, 2,7)| < p%(dp(6,0")), for all (y,z,7) € R xR xS,

(i) G is uniformly Lipschitz continuous in (y, z,7), i.e. there is a constant Ly such that

|G(0,y,2,7) —GO,y,2.7)| < Lo(ly—y'|+|z=2|+1v=]), forall 6c0.

The first condition restricts the path-dependent PDE to the parabolic case. The remaining
technical conditions are required in our proofs. In contrast with the comparison result established
in Ekren, Touzi & Zhang [I1], we emphasize that the above conditions do not exclude degenerate
path-dependent second order PDEs. In particular, our main result, Theorem below, holds for
first order path-dependent PDEs which satisfy the above conditions (ii)-(iii), and thus covers the
path-dependent Hamilton-Jacobi PDEs analyzed in Lukoyanov [14].

Theorem 4.2 Let u,v : © — R be bounded and dy-uniformly continuous Pr-viscosity subsolution
and Pr-viscosity supersolution of [B2), respectively. Under Assumption [{1}, if w(T,-) < v(T\,-),
then u < v on ©.

The proof of this result will be provided in Section [0] after the preparations of Section We
conclude this short section by some remarks which will be recalled in our subsequent proof of
Theorem (1.2

L

Remark 4.3 If u is a Pp-viscosity subsolution of ([B2)), then function @ := e~ u is a Pp-viscosity

subsolution of
—0vii — G(0, 1, 0,1, 0% i) = O.

where G is non-decreasing in y. A similar statement holds for Pp-viscosity supersolutions.



In view of this result, , we shall assume throughout the paper, without loss of generality, that

nonlinearity G is non-decreasing in y. Consequently, we may modify Assumption [L1] (iii) as:
(iii’) There is a constant Ly such that
G(eayvzvﬁ)/)_G(ovy/az/a’}/) < LO((y_y/)++|Z_Z/|+ |’Y_F)/|)5 fO’f’ all 6 €©. (41)

Remark 4.4 Since all dp-uniformly continuous function is dg-uniformly continuous, for g > p, it is
sufficient to prove the theorem for the largest possible values of p. For technical reasons, we shall

choose p to be odd and p > 1.

5 Regularization

In this section, we introduce the crucial regularization u™ of the viscosity subsolution u. Recall the
I - |l,-norm defined in (22)). For s > 0, a cadlag path 7, and any increasing function ¢, we define the

penalization function:
2
O(s,7,0,0) = [[6—TIIZ +[|nsnec) —wen|2i1, 0 €O,

where I : [0,T] — [0,7T] is the identity function and ||¢ — I||s := supy<,<p |€(t) — t|. Denote
0 := (0,0), and define the regularization:

u"(s,n) = sup {u(@) —nd(s,n, 6‘,@)}, (5.1)
9€O\0, LEL,,,

where, for s > 0, £, s is the set of the increasing functions ¢ : [0, 7] — R such that
0,9 : [0,t] = [0,s] is an increasing bijection, and £(r) :=r —t+sforr € (t,T], (5.2)
For s = 0, this set is reduced to a signleton L; o = {¢*°}, with ¢%9:[0,7] — R defined as:
0(r) = (r—t)1gp(r), forall rel[0,T). (5.3)

Notice that for s > 0, any ¢ € £, , is an injection, so that we can naturally define the inverse function

¢! on the image of £. For later use, we also note that for all £ € L; 5, we have

||775/\€(») - wt/\-||p+1 = ||77€(tA») - th~Hp+1- (5.4)

Remark 5.1 Notice from (52)), (53] and ([&4)) that the values of the function ¢ on (¢, 7] do not have
any impact on the value of the penalization ®(s,7,6,¢). In order to construct a function £ € L, 4, it
is sufficient to define £|(g 4, i.e. its values on [0,¢]. The rest is given by (5.2) or (E3). Defining £ on

the whole interval [0, T] instead of only on [0, ¢] is only useful for notational simplicity.

Lemma 5.2 The sequence (u™),, is non-increasing in n. Moreover, for bounded u, we have || u™|| oo <
|u|loo for all n > 0.



Proof  The non-increase of the sequence (u™), is obvious. The inequality u” < ||ull follows
immediately from the definition of the regularization ™. On the other hand, for s > 0, we may find

w® € Q such that ||nsn. —wis.|lp+1 — 0 as € — 0. By taking 6 = (s,w®) and £ =T (so that £ € L, ;)

in (&), we get
wMsn) > T fus,w?) —nlln — G 2T} 2 ol

In the remaining case s = 0, we may find w® € Q such that ||y — wi,.|lp+1 — 0 as € = 0. Then, by
taking 0 = (e,w®) and £|[g ) = 0 (so that £ € L. ) in (BT, we also conclude that

- _2
w00 > T {u(e,w) —n(e7 + -2 (5D} > — ul.

5.1 Some properties of the regularization

Our argument relies on using the regularization (5.1I) for piecewise constant paths 7 of the following

form. Given 0 =s1 < so < --- < 5; < T and z1, %2, - - ,Tn € R%, denote:

Bl=

mpi= (s, s), Xoi= (@, @), A= (mxe), and [xily o= (X2 |24[7) 7, (5.5)

and define the corresponding piecewise constant path:

i—1

j=1

i.e. 7' (x) is a cadlag piecewise constant path with j-th jump of size x; at time s;, for j <1i—1,
and a last jump of size = at time s;.
The following lemma provides an estimate on 1-optimal (é, EA) in the definition of u"(s,n), in the

case that n = 7 (z). For the sake of clarity, we recall the corresponding notion.
Definition 5.3 We say that (6°,£°) is 6-optimal in the definition of u™(s,n), if
€L, and u"(s,n) —u(@)+nd(s,n,0°,0) < 4. (5.7)

We shall denote by 1 the column vector of ones with appropriate dimension, so that with the

notations of (5.3, the flat tail of the path 7 (x;) is given by:
77?1(171) =x1=u21+...+x;, s>s;, forall .

Lemma 5.4 Let \; be as in ([B0), © € RY, x; := (xi_1,7) (we slightly abuse the notation x; so as
to simplify the formulas below), and s € [s;,T]. Let u be a bounded function. Then, for a 1-optimal
point (8, 0) for u™ (s,m (z)), we have:

3p+3

|x;1—w;| < Cn_ﬁ, ||é—[||oo <Cn~ "2, and HnAi (a:)—d}i/\,Hp < C(n_ﬁ—l—in_% |Xi}p), (5.8)

for some constant C' depending only on T and ||| -

10



Proof Set n:=n’i(z). By the uniform bound on u and u™ in Lemma 5.2 it follows from (Z.3)
and (&7 that

/ 73 ~ i - 142 oo
[0=T|Z7 v |ns = @plP+E v fy Inggy —@elPlde < Soo= DM (5.9)

n

Since ns = x;1, this provides the first two required estimates.

By the Minkowski inequality, the Holder inequality, and (2.3]), we have

ln=a@nill, < lln=menpl, + 1necnn = @nill,

< = np ||p + TG0 16.nt) — QAt”HpH
t 1
= |ln=nnpll, + T (/ My = @]t + (T =D — p+1) "
0
2(}) F%T
< Al =minpll, + ((1 +7) ;) : (5.10)

where the last inequality follows from (G.9). In the special case s = s; = 0, we have n = 7 and

EA| 0 =0 and we therefore get ||77 - = 0. Otherwise, in the case s > 0, denoting x; := z,

(/\f) Hp
we have

1 =mz0a) I,

T @ p
/ ‘ ij (Lgezs,1 — 1{2(m£)zsj})‘ dt
(U

i T
< iP(Z|xj|p/0 |1{t2s1}_l{i(t“)Zsﬂ'}}dt)
j=1
i . . Con
< #(Slnlly =) < Pli- e < P2

by using again (B.9). The third required estimate is obtained by plugging the last inequality into

EI0). -

The previous lemma leads to:
Lemma 5.5 Let u be bounded and d,—uniformly continuous. Then, lim,,_, u™(0) = u(0).
Proof First, we clearly have

u"(0) > lim (u(g,0) —ne) = u(0).

&0

On the other hand, for & < 1, choose an e-optimal (6, /) in the definition of u™(0,0). Tt follows
from Lemma [5.7] that

3p+3

ap(0,0) = [il+@ipllp < C(n= " +n71) = 4,

where C'is a constant independent of ¢, and thus §,, does not depend on . Then

(" —u)(0)]

(u" —u)(0) < e+ u(f) —u(0)

< e+ osup (u(®) —u(0) < e+ p"(6a) — p"(dn);
4,(0.0)<0,

by the uniform continuity of w. Since §,, — 0, this shows that lim,,_, u™(0) = u(0). |

11



5.2 A finite-dimensional regularization

For any \; as in (&), we now introduce the finite-dimensional function
u™Ni(s, ) = u”(s,n)‘i(x)), (s,7) € [s5,T] x R%. (5.11)

In this subsection, we explore the regularity of this function for fixed A;.
Notice that, for any s, \;, z, there exists a sequence (w®). C Q such that ||72i.(z) — wi,.|l, — 0.
Then, since u,v,G are assumed to be uniformly continuous on ©, these functions have natural

extensions for such cad-lag paths. Similar to (511, we denote
Wis,a) = u(s(@), (s,@) € [, T] x R
Our first result provides an estimate of the deviation of the penalization at the final time 7.

Lemma 5.6 Let u be bounded and d,—uniformly continuous. Then, for \; as in (5H), € R, and
x; = (Xi-1, ), we have

Pn = sup{‘(u"’h —uM)(T, z)| i < n'tss, x|, < n%+%} — 0 as n — oo.
Proof Set 1 :=n*i(z), and choose a sequence of (w®). C € such that fOT+1 Ine — wi|PTdt — 0,

as € — 0. Then, we clearly have
utM(Tox) = w(Ton) > Tmu(T,w?) = o (T,2),
e—>

where the last equality follows from the d,-continuity of w.
On the other hand, choosing an e-optimal (4,/) in the definition of w"(T,7), it follows from
Lemma [5.4] that

dp((Tu 77)7 9) = |T - £| + ||77 - a}f/\~HP
3p+3 __1_ . _3p+3
< C(n_ T n P 4 ilxg|pnT 2 )
< C(n73p2+3 +n_ﬁ —|—nl+%n%+%n_3gig)
< C(n_3p2‘+3 T —i—n*ﬁ) =: §.

. . . . 1 1,6
For the second inequality, we used the constraints i < n'*5, and Ixilp < n275 . Then,

(un)\i _ u)\i) (T,z) < e+ud)—u(l,n)

< e+ sup (u(d) - u(T,n)
d,((Tn).0)<8,

IN

e+ p"(d,) — p"(d),), as e — 0.

Hence, we have 0 < (u™* — ui) (T, z) < p*(8},), and the required result follows from the fact that

5 — 0 as n — . |

We next analyze the regularity of the finite-dimensional regularization.
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Lemma 5.7 The function u™" is:
(i) Tig—Hb'lder continuous in s € (s;, T, uniformly in x € RY,

(ii) locally Lipschitz-continuous in x € R, uniformly in s € (s;, T,

(ii)  lower semicontinuous at the points (s;,z), x € RY, i.e. u™N(s;, ) <limg |, o, u™ (s, 2').
Proof 1. We first consider s, s’ € (s;,T], and we estimate the value of u™i (s, z) — u™Ni(s', 2")
for z, 2’ € R% Choose an e-optimal (6, /) in the definition of u" (s,m (x)) = u™i(s,x). Given this
(e L; o, we define Ve L; by its values on [0, ] (see Remark [.1)):

N ~ s — Si
Ut) = L)1 o150 (t) + (si + o ” (e(t) — si))l(gfl(si)m(t), t€[0,1].
In particular, we observe that
() (si) = 07 (s0), (5.12)
and
~ ~ ~ s — S; ~
sup [6, — by < sup |s; + (£(t) — si) 1)
t<t i=1(si)<t<t 5= 5
s ,
< sup  (U(t) — ) < |s=4. (5.13)
01 (s;)<t<t 575
Then we have
u™i(s,z) —uti(s 2! < e+ n(@(s',n’\(;v'), 0.0) — (s, (), é,f)) (5.14)
It follows from (I3 that
. 2 . 2 P
1 —T|Z7 = 10— I|ZT < supl|f— | < |s— 5|55, (5.15)

t<t

Moreover, using ([.12]), we directly estimate that:

. N 1 ; ~ 1
[ (x/)é(f/\.) - ng»Hgil — [l (x)é(fA.) - Wf/\-”zil

T+1 -1 T+1 -1
< / |+ —winge P - / |y w—wing. [P
=1 (s4) j=1 =1 (s4) j=1
T+1 i—1
< (p+1)|x—x’|/ (|3:—a:'|+|ij+x—cbt,\g|)pdt. (5.16)
0 °
Jj=1

In view of the control on ||W;,. ||, < C from Lemma [54] this provides the statements (i) and (ii) by
plugging (5I5) and (B16]) into (BI4I).

2. We next estimate the difference of u™i(s;,x) — u™*i(s',2") for s’ € (s;,T]. We consider two
alternative cases.

Case 1: i > 1. Then, s; > 0. Choose an -optimal (6, ) in the definition of u™*i (s;,z). Given this
e L; o, we define Ve L. o by:

P(t):=0(t) for t < (s;) =1, and /' linear on [, f+¢].

13



In particular, we note that (#/)~*(s;) = £=1(s;). Then we have

u™(sp, ) —utNi(s ) < e+ u(é) —u(t+¢e,d;,.)

—i—n(fI)(s/, (2, + E,d)i/\,,gl) — fIJ(si,n)‘i (z), é,é))

Note that
. 2 . 2 . . IET 2
18— 1IZS - E™ < (0= Do V|8 — i = e) T — i - |
2
. N 343
< (max{0,]s' —i =l = |10~ Lll})”
2
< (max{(), |s" —t —¢| — |si — £|}) e
2
< (im0

Further, by following the line of calculation in (5.I6), we obtain that for all |z, |2'| < R there is a
constant C' (dependent on R, but independent of n) such that

utM (s, x) —uN (s al) < e+ pe) +n((lsi — 8| +€)% + Clo — 2

—+ n(|s; — 8|5 + Clz — 2']).
This implies that (iii) holds in the present.
Case 2: i = 1. Then, s; = 0 and n*(2) = 2. Choose an e-optimal (6,4) in the definition of

w™ (0, z). Since / € L; o, we have l?|[01ﬂ = 0. Assume ¢ < §', and define ¢’ € L;,_ -

t—+t .

Ity = e 1[07ﬂ(t)+(£+a—t+s’7)1(f)g+8](t), t € 0,1+ ¢].

S N

Then we have

u™ M (0,2) —u™Ni(s 7)) < e+ u(é) —u(t+e,05,) + n(@ (s, o't e, ) — <I>(O, z,0, ZA))

Note that
~ _2 ~ _2 “ ~ _2 ~ 2
[0 =T = [0~ 1I||T < (E—elV|s' =t —e])*7 — Jf[=F
_2
< (max{5,|s’—f—5|— |f|}) e
_2
< (|s/| +E) 3p+3

Then following the same line of calculation as in (&I0]), we can again verify that (iii) also holds in
this case. [

5.3 Viscosity solution property of the regularized solutions

In this subsection, we prove a crucial property of the regularization (.I). Namely, the induced

n,A

finite-dimensional function u™"¢ is a Crandall-Lions viscosity subsolution of the corresponding PDE
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with an appropriate error term. We recall that this does not imply the stronger claim that u™™:
is a P— viscosity subsolution, since the last notion involves a larger set of test functions. This is a
major difference between the approach of this paper and the one followed in our previous paper [21]

focused on semilinear path-dependent PDEs.

Proposition 5.8 Let \; be as in (B0, and u be a Pp-viscosity subsolution of PPDE [B2)) on
[0,T) x 2. Then u™* is a Crandall-Lions viscosity subsolution of the PDE:
—9u™ ™ — G(s, M (z),u™™, Du™™, D*u™) —a™(s) — f"(x) < 0, on (s, T) x R%

where, for some constant C' > 0, o™ and ™ are given by:

a™(s) = C’(n|s—si|+(n|s—si|)ﬁ —|—n7%), (5.17)

Ben(z) = (p% + Lop“)(C(nfp_il + i’(xi_l,:v)’pn7 3523)). (5.18)
Proof Let (s,z) € [s;,T) x R%, and (o, B,7) € Ju™i(s,z). Then for all £ > 0,

W)= max u Ny (ate)(t-9)-B-y-2) 3 (1-2) (L))}, (5.19)

u
t€ls,s+h],|ly—z|<h 2

for some h € (0,1), where I is the d x d-identity matrix. Let H := Hs < h be a stopping time as in
33), for some § < h to be chosen later. From (5.I19), we deduce that

— 1
u™(s,z) > E =& {u””\i(s +H,24+ By)— (a+2e)H— - By — 535(7 + E]Id)BH] . (5.20)

Our objective is to deduce from this inequality an appropriate point in the P—subjet of u.

(i) For é:=u"Yi(s,2) —E, let (0,0) be a (1 A &)-maximizer in the definition of u™*i (s, ). Then

E < u(f)—n®(s,n(x),0,0). (5.21)
We recall from Lemma [54] that, with x; := (x;_1, ), we have
|1 — @] < Cn~ 57 and dp((s,m™ (x)),é) < C(nfp_il + in73p27:3|xi|p). (5.22)
On the other hand, it follows from the definition of v™ in (&I that
u™ (s 4+ H,x + By) > ué(H7 B) —n® (s +H,n (z + 1),0,0). (5.23)
Combining (520), (&21) and [E23), we get
w@) > Ep[uf(n,B)— (a+ 20— BBy %Bg (3 + <o) By + nA2], (5.24)

where

Ad = fI)(s,n)‘i(a:),é,E)—<I>(5+H,77A"(:1:+H),é,g)

T+1 . T+1 +1
s ~, p i ~ p
= /0 ‘77 (:E)s/\g(t) - wf/\t’ dt — /0 ’77 (x + BH)s/\E(t) — Wil dt
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(ii) In this step, we derive an appropriate minorant of A®. Since { € L; _, this difference reduces

t,s?

AP = o Ai ) p+1d o i B ~ ;D+1d
S .)‘77 @ani =Gl dt = i-1( .)‘77 (@ + Bu)spiry ~ Pine ¢

t
- / (|3_: —&|" — |1+ By — @t}”“)dt
1)
t+H L L
+/~ (\xil—@ﬂp* — |xil+ By — ;- B,_i|"" )dt.
t

We next use the obvious identity [a?*! —bPT| < |a — b 320_ [al? [P~ < (p +1)|a — b|(|a| + [b])".
This together with (5:22)) allows to control the integrand of the second term:

IN

‘\Xil — Gl By — @ — Bt,,;|p+1‘ (p+ 1)| By — By_g| (21 — @3] + |Ba — By_g])"

IN

(p+1)|Bu — B,_;|(2Cn™ 77 + |By — B,_3|)".

Since 0 <t — < H = Hy, we see that |By — B,_;| < 25. We then obtain for sufficiently small §:

i1 =@l =[xl + Bu =@ — B[ < 20(p+1)(20n 7 +26)" < enh

Therefore,

i
AD > —5n*1H—|—/_ (|X1‘1—(Z)t
=1 (s4)

P~ il 4 By — @[T at

t
> —en'H _/ [(p+ 1)By - (i1 — @¢)|xil — @ [P~ '+ C|Bul*(|1BulP ™ + i1 — @ [P )] dt,
) i=1(sy)

where the last inequality (x) follows from an easy calculation reported in Step (v) below. Since
|By| < 60 < 1, this provides

t
AD Z —£& nilH — / [(p + 1)BH~(X1'1 — (Dt)|Xi1 — C:Jt|p71 + C|BH|2(1 + |Xi1 — C:Jt|p71)} dt
£71(s4)

t
> —en'u —/_ [(p+1)By-(x;1 — @) [xil — & [P~ '4+C| By |*(2 + |x;1 — @|P)]dt. (5.25)
i=1(s1)

(iii) We now deduce from the previous step the corresponding minorant of EF[A®], for an arbitrary
P € Pr,. By Lemma 2] we deduce from (5.25)) that

t
EP[A®] > —EP[u] (g ntyc | \Xil—at\pdwcﬁ—fl(sin). (5.26)
=1 (s4)

We shall verify in Steps (vi) and (vii) below that the following estimates hold:

[E—07Y(s;)| < Cn= 27 + s — s4), (5.27)
t 1
/_ Ix;1 — @ |Pdt < Cn_ﬁ(nfsp'f —|—|s—si|) o (5.28)
i=1(s0)
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where C' is a positive constant independent of n. Then
nE'[A®] > —E'[H](c+a"(s)),

where a™(s) is as defined in (GI7)).

(iv) We are now ready to prove the required result. Plugging the last minorant in (524)), we see
that

- _ 5 1
w) > & [u"(H, B) — (a+a"(s) +39)u — 8- By — 5Bl (v + sﬂd)BH} .
By Lemma B3] there is a point 8* such that

t* <Hw*) and (a+a”(s)+3e, B+ (v +ela)ws, v+ela) € T ult+t",0®;w"). (5.29)

By choosing § small enough, we have

(v +elawr] < r+elald < =, (5.30)
0
o T+1 1
dp (0, (F+ 5,0 @;w*)) =t* + (/t |w2‘t_t~w*|f’dt)p < 06§ < e (5.31)

Since u is a Pr-viscosity sub-solution, it follows from (5.29)) that
—a—a"(s) =3 — Gt +t*,0 @;w,u, B+ (v + elg)wy., v + €lg) < 0.

Recall that w is d,—uniformly continuous. By using Assumption [fI]and the estimates (5.22)), (5:30)
and (&3], we deduce from the last inequality that

_a_an(s) _45_ﬂu1n(x) —G(S,ﬁAi(.I),u(S,T])\i(.I)),ﬂ,’y—|—E]Id) < 07

where "™ (x) is as defined in (B.I8)). Finally, sending ¢ — 0 and using the monotonicity assumption
in Remark 3] we obtain

—a—a"(s) = (@) = G(s,n™ (2),u N (2), B.9) < 0.

(v) Proof of (x) Clearly, this inequality is implied by
la +b|PT < [aP* + (p+ Da-bla|P~t + CB2(B|P~L + |aP71), for a,beR?  for some C >0,
which we now verify. Since p > 1 is odd, see Remark [£4], we have

la + 0P = |afP*t + (p+1)a-bla|P" '+ R, where R:= Z (a-b)k|b|?|q|p Tt —2k=2
kg S PEE k222

The required inequality follows from the existence of a constant C, depending only on p, such that

p+1 p—1
Bl < CY [blMalPtF < P Y blFalP R < CplbP (1B o).
k=2 k=0
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(vi)  Proof of (527). Recall the estimates in (5.8). Since £ € L; 5, we have

71 (s) — £ (s4)|
- ()—S|+|S—Sz|+|€ Y(si) — sil
Cn= 2%

[T~ (s0)]

IN

IN

—|—|s—sz|

For the last inequality, we used the fact that (6, ) is 1-optimal in the definition of u™*i (s, z).

(vii)  Proof of (528)). We directly estimate that

t t v B 1
/ i1 — @y Pt (/ et = @l ) (T 0 (s)) T
7=1(sy) =1(s;)

P 3p+3
2

< Cn™ »t (n7

IN

1
+ |$ — SZD p+1,

where the last inequality follows from (L.27) together with the 1-optimality of (é, ). [ |

6 Comparison result
In this section, we fix a, m := m,, € N, and the partition (s}); as follows:
0<a<(Bp)™t, my:=[n'"t"+1], and s!':=(i—)m,'T, i=1,....,m, +1,

where || denotes the largest integer minorant of a. We fix a piecewise constant path with jumps

occurring at {s7};<;, for all i < my,:

M (x) with AP = (X)), wp = (st s, and xpg = (a2l ) € R

The following is a direct corollary of Proposition [5.8l

AL

Corollary 6.1 Function u™"i is a Crandall-Lions viscosity subsolution of the PDE:

—dguN — G(s,nw (a:),u”’)‘?,Du”’)‘?,DQU”’)‘?) —R“"(x) < 0, on (s?, 5?-1—1) x R,

where R (x) := Cn~ 71 + %" (x). Moreover

(i) n’k?( Sit1s ?—1—1) =u 7)\”1( +170)7

i) wM s locally — Hélder-continuous in s, Lipschitz-continuous in x on (si', s ),
3p+3 +3 i 2i+1

(iii) w™MN s lower-semicontinuous at s}, i.e. Hmgyon gy u™ A at) > umN (s ).
i

We next state the similar result for supersolutions. Let v be a bounded and uniformly continuous
‘Pr-viscosity supersolution. Then we introduce the regularization:
v" (s, = inf v(0) +ndP(s,n,0,0) ;.
(s,m) peon leﬁt’s{ (0) (5,1,0,0)}

AL

By the same arguments as in the previous section, we have that the function v™"i satisfies the

corresponding symmetric properties.
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AT

Corollary 6.2 Function v is a Crandall-Lions viscosity supersolution of the PDE:

—9u™ N — G(s,n’\? (x),v"’)‘?,Dv"”\?,D%"”\?) +R"™(z) > 0, on (s?,s?ﬂ) x R?,

where RV™(z) := Cn~ 741 + Y7 (x). Moreover
(i) Um)\? (S?Jrlv ‘T?Jrl) = U"1A2l+1 (S?Jrlv 0)7
n

.. n . . . . . . . .
(i) ™M s locally 3p%—Holder—comfmuous in s, Lipschitz-continuous in x on (si ,s?+1),

(iii) v™A' is upper-semicontinuous at s?

. . n n
;s €. th’\LS?,m’HI ’Un’)\i (S/,II) < v",)xi (S?,I).

As a final ingredient for our proof of the comparison result, we introduce for (s, z) € [s?, T] x R%:

kn~—l-e 1
n
— 5 2n

—1—a
AT — ,2Los, nA7 kn Lo
v (s,2) = RN (o 2) 4 T el

u"’)‘?”"(s,x) = eQLOSu"”\?(S,:E)— |:v|2,

By the standard change of variable in the Crandall-Lions theory of viscosity solutions, we deduce
from Corollaries and that the functions u™*** and v™™ * are respectively viscosity sub-

solution and super-solution on (s, s?,;] x R? of

7

IN

n _ n n n T n 1
—85un’)\i N G(S, 77>\i (x),u")‘i ,n, Dun)\i N + Ea Dzu"’)‘i N + E]Id) _ Ru,n(x) O,

Y

n - n n n n 1
_asvn,)\i N G(S,T])\i (J/'),Un’)\i ,n, D’Un’)\i N %, D2,Un,)\i N E]Id) + Rv,n(x) 0,

where G(0,y, z,7) = —2Loy + e*0!G(0, e~ 2oty e=2Loty e=2Lot~)  In particular, note that

(_;(973/7 277) - é(ev ylu 277) S - Lo(y - y/)+ + 3L0(y - y/)iu

and therefore

Liy—y) < (G0,y,2,7)—G0,y,2,7)" < |GO,9,27) - G0,y,2,7)| (6.1)

Proof of Theorem Without loss of generality, we only prove (u —v)(0) < 0.

1. Following the classical argument of doubling variables, for fixed n and i, we define

n,)\?,n( n,)\?,n(

1
w™(s,z,2') = wu $,7) — v s,:v')—2—|x—;v'|2.
5

There is a constant C' > 0 only dependent on 7" and the bound of u, v, and a point (8, ¢, Ty, o7, o) €
Qn = [s} +n"17%k/C, s}, 1] x Oc ym X Oc 5 such that

" (Shes Ties 35;5) = max w™e (s, x,2).

(s,,x)E(s] 87 ] XRIXRE

w

Since @,, is compact, {(é,{ys,jz,ﬁys, iﬂ;)a)}s has a converging sub-sequence whose limit is denoted by
(84, Zw, @),). In particular, it is easy to show that &, = Z..
2. We continue by discussing two alternative cases.

Case 1. Suppose that there are only a finite number of s such that 5, < s}, ;, and thus there is
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sub-sequence still denoted as {5, }. such that 5, = s}, ;. By Corollaries[6.1] (ii) and 6.2 (ii), A

n
7

and v™*"" are continuous on (s7,s!,]. This provides for all s € (s7, s, ] that

(A =™ A) (5,0) < T {0 (S ) = 0N (e 2 2)
e—0 )
< (umAE = ALY (81 )
< sup (wWNE AR (8T )
[z|<Cvn
< 62Los;l+1 sup (unykzl _ ’U"v)‘?) (8?4_17 JI)

2| <Cv/m

We next send x N\, 0 and then s \, s}’. By the semicontinuity properties of uM and v at sy

stated in Corollaries (iii) and (iii), we obtain

" ” 21T " "
(u N — A (s7,0) < enlta ‘ ‘SUP\/_ (un)\i — oM )(S?Jrlv T).
z|<Cy/n

Case 2. Otherwise, there is a sub-sequence still denoted by {3}, such that 5, < s}, ; for each &.
Then, by the Crandall-Ishii Lemma in the parabolic case (see for example Theorem 12.2 on page 38
in [4]), there are o, X,Y such that

(e M (Bre — ), X) € Jum M F (S, dne), (e M (Bre —2.),Y) € JomAN (3, o, 2 L),

R7

and X < Y. By the viscosity properties of u** and v™* % of Corollaries[6.1l a,d B2} respectively,
this implies that

n

RO (ig,0) = G (S 1N () w6 (i — 8, ) + X 4 L)

n

_ n R R B
<0< RO = G (Spe P (@), 0N e (i — 8,0) - 255V - L),

K,E

By (61)), we obtain

LO (un’)\i’ﬁ(éﬁ)s, IJAS,{)E) — ’Un’)\i’ﬁ(én,sv :i:i,a))
Ly (27171 + n71|jn,a + f;,al) + PG (C|jr€,a - j;,al) + Ru’n(jn,a) + Rvﬁn(‘%;ﬂ,s)
2Cn7p%l + 2L0 (n_l + CTL_%) + pG (C|jn,a - j’;;,sl) + p(nip_il + ini% |X?|p)’

IN

IN

where p(-) := (2p% + Lop" + Lop”)(C-) and x? := (x_;, ). Hence for any s € (s?,s!",,] we have

(u"’)‘?’” — U"”\?’”)(s, 0) < lim (u"”\“”(é&a, Bre) — v"”\“”(é&a, . 5))
e—0 s
< On e p(n A i)
< Cn i+ ﬁ(n_ﬁ +inE (|x 1 ]p + C\/ﬁ))

We next let x N\ 0 and then let s N\ s'. By the semicontinuity properties of uw™N and v stated
in Corollaries (iii) and (iii), we obtain

(N =AY (s7,0) < Cnab +p(n‘ﬁ +in 5 (X + C\/ﬁ)).
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3. By the results of Cases 1 and 2 in the previous Step 2, we conclude that
n n 2LgT n n
(u™N — ™) (s7,0) < max {enl—ia sup (u”’)‘i — ™A )(S?H,:v),
lz|<Cv/n

Cn™ 77 4+ p(n” P (Kl + v 5" L

We next use Corollaries [6.1] (ii) and (ii) so that by direct iteration, it follows that:

(u™ —v™)(0) < e*oT max { sup (u — ") (T, (24)),
i<ntte |x;],<Cn@

__a_ _( __1_ q —3pt3
Cn™ »i1 +p(n P 4 Ot onin~ "2 )},

< 2ol max { sup (u” — v") (T, nti (xz)),
i<nlte |x;|,<Cn®

Cn~ 741 —i—ﬁ(nfp_il + Cn7%+a+%)},
where G := % =s+ul <24 5%. Since u(T,-) < v(T,-), we have

(W =ov")(T,n) < (W —u)(T,n)+ (u—v)(T,n)— (V" —v)(T,n)
(" =) (Tom)| + [ (" = 0)(T )|

IN

Recall the notation p,, introduced in Lemma [55 Since a < %, we have
(u™ —v™)(0) < e*oT max {2pn, Cn™ 71 + ﬁ(nfp_il + Cnfﬁ) }

By Lemma 5.5 the regularizations u™ and v™ converge to u and v, respectively. Then, by sending

n — o0, we obtain the required result

(u=v)(0) < 0.

7 Appendix

In this section we provide sufficient conditions for the value function of a stochastic control problem

to be d,—uniformly continuous.

Example 7.1 Let X be a controlled diffusion dX& = o(s, X%, as)dWy, where W is a Brownian
motion, where the function o : (0,ca) — o(0,«) is bounded and d,—Lipschitz continuous in 6.

Denote the shifted process:
dX®? = 0%, X% a,)dWs.
We consider the stochastic control problem:

upg = sup E[Q(X%/\-)L
lalloo <1
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where the function g is uniformly continuous in LP-norm, i.e. |g(w)—g(w)| < p(|lw—w'|lp) (without

loss of generality we may assume that p is concave). Introduce the dynamic version:

u(@) = sup E[ge(Xa’e )}

T—t)A-
oo <1 =0
Our main objective in this section is to prove that
the function u is d,—uniformly continuous.

To see this, we first estimate that

uft,w) —u(te)| < s BlgHXG, ) = g (X )
< supE{p(llwm winllp + 1K 0 = XG5 N )}
<

sup p (d (1,0, (4,)) + EIXGES = XG5, ).

where we applied Jensen’s inequality in the last step. We next focus on the estimation of

a,t,w a,t,w’ 2
IE||‘Xvs/\(T—t) Xs/\(T t)A- || !
T+1 SA(T—t)Ar , , 2p
< C/ IE‘ / (0 (A, XM ay) — o (A, X0t ,oo\))dW,\‘ dr
T+1 SA(T—t)A )
< / / |atw A, XY ay) —oh® (/\ xobe A)|pd)\d7“
<

0

where Ciip is the Lipschitz constant of o. By the Gronwall inequality, this provides

(2C1p)PC(T + 1) / (dp((t,w), (t ) +EIX358 0 — Xi“i&,tm.lli”)dx

(7.1)

(7.2)

IE||X‘““ X‘”“ A< C'dp((t,w),(t,w’))zp, with C = (2C}ip) 2P C(T + 1)e2Cup) P CTHT

(T—t)A (T—t)A

Plugging the last inequality into (T2)), we get
fu(t,w) —ut.o) < p((L+CF)dy((tw), (L))
We next estimate |u(t,w) — u(t’,w)| for t <t'. By the dynamic programming, we have
lu(t,w) —u(t',w)| = [supEu" ' —t, X)) —ut’,w)|
< supE|ut’“(t' —t, XOb) —(t, o.))|
< supE[p(( C’?L)d ((t',w®y X“’t’”),(t’,w)))}

< sgpp(( é%) [ ((t’,w@th"t’“),(t’,w))D

%)(/tT+ E’XO;t:)/\(t’ t)‘pd's)%Da

@}

< supp((l +

where we applied the result of ([T3)) in the third inequality. Finally using the classical estimate

sup E’Xatw "< o -t

A(t'—t
a,t,w,r " )
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(because o is bounded), we see that

L

fu(tw) —u(t @) < p((1+CF)(T+ 1)C) 7 (¢ - H?). (7.4)

The required result [T1)) is now a direct consequence of (L3)) and [TA).
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