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Abstract

In this paper, we study the steady non-Newtonian fluids iraascbf unbounded domains with
noncompact boundaries. With respect to the resulting madkieal problems, we establish the global
existence of solutions with arbitrary large flux under somigable conditions, and meanwhile, show
the unigueness of the solutions when the flux is sufficiemtigls Our results are an extension or an
improvement of those obtained in some previous references.
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1 Introduction

Although the steady Navier-Stokes equations have beentigated extensively (see [2]- [10], [12], [14]-
[18], [21]- [29] and the references therein), the globallvpelsedness of a flow in a domath ¢ R?
(d = 2,3) with noncompact boundaries is still an interesting queshio arbitrary fluxes. A special case
is that the domairnf) is a distorted infinite cylinder or channel (s€el[10] and sp aamely,Q2 can be
described as follows (see Figure 1 and Figure 2 below):
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o=Jo, (1.1)

where(), is a smooth bounded subsetafwhile 2; and2; are disjoint regions which may be expressed
in possibly different coordinate systerfs|, ..., z}) and (2%, ..., 23) by

Qi ={(a,....2%5) e RY: 2t >0, (28, .., 27) € Bi(20)}, i=1,2, (1.2)

hereX; (z) represents the bounded cross sectiofofor fixed % .
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Figure 1. Domain2 for d = 2
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Figure 2. Domain{2 for d = 3

Owing to the incompressibility of the fluids and the vanighproperty of the current velocity =
(v1,...,v4) ONn the boundary(2, we deduce that the flux; = fz-(xi) v - n dS of velocity v (n stands
(AN
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for the unit outer normal direction of;(x})) throughX;(z}) is a constant independent of the variable
7%, andals (i = 1,2) satisfy
a1+ az = 0. (1.3)

When the cross section; (%) is independent of!, which means that each outlg} is a semi-
infinite strip ford = 2 or a semi-infinite straight cylinder fat = 3, respectivelyy:;(z}) will be simply
denoted by;. In this case, the classical Leray’s problem (seé [19]) &udy the well-posedness of the
following steady flows:

—pAV+v-Vv+Vr =0 inQQ,

divv=0 in Q,

v =0, onof, (1.49)
fziv-ndS:ozi i=1,2,

v = v} aszt — ocoin Q, fori = 1,2,

wherev}, stands for the velocity of the Poiseuille flow correspondimghe given constant;, which is
determined by

vi = vi(2")e,
d
py vz =—Ci inx;, (1.5)
J
j=2
vh(21) =0 onox;

with 2 = (24, ...,2%), e1 = (1,0, ...,0) andC; being a constant uniquely determineddy

Leray’'s problem (1.4)-(1.5) has been extensively studiegfl4], under the smallness assumption of
the fluxa; (i = 1,2), O.A.Ladyzhenskaya proved the existence of solutidout the uniqueness argu-
ment was not given. In_[2], C.J.Amick completed the proof ofthexistence and uniqueness when the
flux o is sufficient small. Alternately, O.A.Ladyzhenskaya and.®olonnikov in [18] considered prob-
lem (1.4) together with (1.5) under the weaker assumptianttie sectiort;(x?) is uniformly bounded
with respect to the variable! instead of the straight outlét; in [2]. In this case, one cannot pose the
condition ofv at infinity by Poiseuille flow since section;(z}) changes for different’. Consequently,
the authors in[[18] considered problem (1.4) in another widnych is called Ladyzhenskaya-Solonnikov
Problem | (by prescribing a growth condition jof| with respect to the distance along the direction of
each outlet instead of condition (1.5)), and they estabtighe global existence &f for arbitrary large
flux by utilizing a variant of Saint-Venant's principle. Faermore, if the flux is sufficient small, they got
the uniqueness of solution. In particular, if flux is small and both exif3; and{2, are straight, then it
has been shown that the solutierto Ladyzhenskaya-Solonnikov Problem | tends to the coomrding
Poiseuille solution of (1.5).

In [18], the authors also studied another problem for (1.4), Ladyzhenskaya -Solonnikov Problem
. At this time, the section§; and, of Q2 are not uniformly bounded and admit some certain rates of
“growth”, i.e.,

Q= {z=(2},9") € R? >0,y = \/(5522)2 4.+ (29)? < gi(z))}, (1.6)

whereg; (z}) is a global Lipschitz function. Later, in a series of pap@&-{27], K.Pileckas shows that the
Ladyzhenskaya -Solonnikov Problem Il is uniquely solvabfiix is small. Simultaneously, it is shown
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in [24-:27] that the decay rate of solutienat infinity is related to the inverse power of the functians
andgs,.

The Navier-Stokes model of incompressible fluids is baseti®@Stokes-hypothesis which simplifies
the relation between the stress tensor and the velocity. edexya number of experiments show that
many other incompressible fluids, including bloods, cartetdescribed by this model. In the late
1960s, see [15,16], O.A.Ladyzhenskaya started a systemadistigation on the well-possedness of the
boundary value problems associated to certain generdlieadonian models. In contrast to Newtonian
flows, for non-Newtonian flows, the viscosity coefficiemtis no longer constant, it depends on the
magnitude ofD(v), i.e.,

u(D(v)) = o + m|D(v) P2, (1.7)

Whel’e,u(] 20,u1 >0,p>1, andD(v) = (Dij(v))gl,jzl with Dij(V) = %(aﬂ}j + 8j’UZ'). In this case,

the corresponding Leray’s problem in the unbounded pipeailoa is described as follows

—div (oD (V) + 1 [DV)[P2D(v)) +v-Vv+Vr =0 in,

dvv=0 in £,

v=0 on of, (1.8)
fziv-ndS:ai i=1,2,

vV = Vp, asz! — ocoin Q; fori=1,2,

wherev p, is the Hagen-Poiseuille flow, which satisfies

vp, = vp,(2')er,
poAjvp, + Vi - (u1|D(vp,)P~?D(vp,)) = —Ci, In %, (1.9)
vp,(2) =0, onoy;

herevp, is a scalar functionz? = (2%, ...,2%), e; = (1,0,...,0) € R4, Al = agé + .+ 8‘2 and
Vi = (axé,...,axé).

For the nonlinear equation systems in (1.8), O.A.Ladyzkeye [16] and J.L.Lions [20] proved the
existence of the solutiom by the monotone operator theory in a bounded domain vphgn%. This
result has been improved by some authors, in particulgi]jtte same result is established for %.

For noncompact boundaries, particularly, for piping-egst G.P.Galdi[B8] proved that jiy > 0, p > 2,
and flux is small, then problem (1.8) together with (1.9) hasmmue weak solutiorv. If ug = 0,

by deriving some weighted energy estimates, E. Marualoka in [21] established the existence and
uniqueness of the weak solutiento problem (1.8) with (1.9) whep > 2 and the flux is small. Since
the approach in [21] requires a detailed information abbetdependence afp, on the cross-sectional
coordinates, where an explicit background solution is kmatvseems that the resulting proof in [21] is
only suitable for the case of a circular cross section. Haitrary large flux, motivated by Ladyzhenskaya
and Solonnikov’s results in [18], the authors [in][12] prole existence and uniqueness of solution to
the Ladyzhenskaya-Solonnikov Problem | for the non-Nevaofiuids wherp > 2 andyy = 0. In this
paper, we shall consider both Ladyzhenskaya-Solonnik@bl®m | and Ladyzhenskaya-Solonnikov
Problem Il for the non-Newtonian fluids, and intend to estibddome systematic results. Here we point
out that the restriction gb > 2 whenpg = 0 is essentially required in the proof of [12] (one can see
the statements of lines 8-9 from below on pages 3874 ih [1&$. far as we know, the Leray problem
for p < 2 (with small fluxes) is an open problem”), meanwhile only tleeresponding Ladyzhenskaya-
Solonnikov problem | is considered in [12]. We shall studgldem (1.8) together with (1.9) for > 1



J.-Q. Yang and H.-C. Yin 5

andug > 0 (whenl < p < 2, the conditionuy > 0 will be needed). On the other hand, for the
corresponding Ladyzhenskaya-Solonnikov Problem Il d@)({i.e., the outlets of2 may be permitted to
be unbounded), we shall establish both the existence aogieméss of the solution for ;o > 0 and
p>1lorpug=0and2 <p<3-— % (henced = 3), especially, when the sections Qfare uniformly
bounded, the resulting conclusions also holdfgr= 0 andp > 2 (here we point out that this case has
been solved in [12]).

Let us comment on the proofs of our results. For the casgy,of 0 in (1.8), if one wants to
directly deal with the nonlinear teraiv(|D(v)|P~2D(v)) for p > 2 and apply the integration by parts
for equation (1.8) multiplying the solutiom to obtain a priori estimate of, then the regularities of
v € W2l andm € W' for some positive numberin bounded domains are required as pointed out
in [12]. However this regularity is not expected for the weakutions of (1.8) ifp #~ 2 as stated in[12]
(see lines 15-16 of pages 3875). To overcome this kind ofcdifff, the authors in[[12] studied the
following truncated modified problem

—div (£D(vT) + [ DT P2D(VT)) +vT - Vv + V7T =0 inQ(T),
divvl =0 in Q(T), (1.10)
v =0 ono(T),

Sl

whereQ(T) = QU {z € Q: 0 < z} < T,0 < 22 < T}. By deriving the uniform estimates of"
under the key assumption pf> 2 and applying a local version of the Minty trick, the authard12]
proved the existence and uniqueness of soluwida the Ladyzhenskaya-Solonnikov Problem | of (1.8)
whenug = 0 andp > 2. We now state our ingredients for treating problem (1.8hia paper. At first,
we consider the following truncated modified problem indtef(1.8)

—div (uoDVT) + [ DP2DT)) + v - Vvl +Vrl =0 inQ(T),
div vl =0 in Q(T), (1.11)
v =0 onoQT).

As in [12] and [18], we assume that the velocity of (I.11) has the forrm” + a, whereu” is the new
unknown with zero flux, and is a specially constructed solenoidal field satisfyflgﬂg;j(mli ya-n dsS = o

and admitting some other “good” properties. To obtain arpastimates ofa’, we have to control the
nonlinear terma” - Vu? - a. If one only assumes thatis bounded as in [12], then it follows from Young
inequality and Poincaré inequality that only the follogriestimate fop > 2 is obtained

| uT-VuT-adxléa/
Qi(t) Qi (t)

< E/ |VuT |Pdx + C(E)/ \vul | dz
Qi (1) Qi (t)

\VuT |Pdz 4 c(e) / lu” P dx
Qi(t)

< 5/ \VuT\pdw +/ (c(e) + E!VuT]p)dm
Q;(t) i ()

i(t

< 25/ \VuT |Pdx + c(e)t, (1.12)
Qi(t)

whereQ;(t) = {z € ; : 0 < 2} <t} andc(e) > 0 stands for a generic constant depending on 0.
From [1.12), the authors in[12] obtained the crucial umfastimate Oﬂni(t) |Vu”'|Pdz for the solution
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v! to problem (1.10). To relax the restriction of poweand get the uniform control for solution’” of
problem (1.11), we need more propertiesaaind other interesting observations. Note that,dgr> 0,
the leading term ig”Qi(t) |D(u”)|2dx in the energy estimate af’ (see (4.4) irg4), if one can find a field
a such that

|/ u? - vul - adz| < 5/ |Vu® |2dz, (1.13)
Q4(t) Qi(t)

then [, |Vu’|?dz instead of [0y, 1) |Vu®|Pdx can be estimated; while, fory = 0 andp > 2, the
leading term iszi(t) |D(u)|Pdz in the estimate ofi” (see (4.4) ir§4), if one can construct a vector field

asuch thata| < c|%;(«%)|~1 in Q,(¢), then it follows from the Young inequality and Poincaréguoelity
that

|/ u-Vu- adz|
Q;(t)

ge/ |u|p|z,-(x§)|f1dx+a/

. (d—2)
VulPdz + ofe) / S TEIE A (1.14)
QL(t) Ql(t)

Q;(t)

t p(d—2)
< 25/ |VulPdx +c(5)/ \Zi(s)\l_(p%)(dfl)ds’
Q;(t) 0

_ (d—2)
which derives the uniform estimate §f 9 |Vu® |Pdz if fot 12(s)|! 7201 ds < oo. Thanks to [10]
Lemma I11.4.3 and[[28] Lemma 2-Lemma 3, the aforementioadd (1.13) and (1.14) can be found.
On the other hand, for Ladyzhenskaya-Solonnikov Problendll§ the conditionfﬂi(t) |D(u)Pdx <

cly 5% (s)|*~ 421 ds should be required (see problem (2.4) and problem (2.52)n Hence, by (1.14)
we require such an inequality

t 1__pld=2) t L dp
/ 15:(s)| 1 T ds < c / 15 ()1 % dis. (1.15)
0 0

In the case ofuy = 0, for Ladyzhenskaya-Solonnikov Problem I, (1.15) is autbcadly satisfied for
anyp > 2 since¥;(x}) is bounded, while for Ladyzhenskaya-Solonnikov Problen(1115) is sat-
isfied only for2 < p < 3 — % (d = 3). Based on the uniform estimates af’, inspired by [10]
and [22], through choosing some suitable test functionstakidg some delicate analysis on the result-
ing nonlinear terms, we can showW — v a.e. in any compact subset@fby establishing the uniform
interior estimates of solution” to (1.11). From this, together with some methods introdtinddig] for
treating the Newtonian fluids and involved analysis on thsilteng nonlinear terms in non-Newtonian
fluids, we eventually complete the proofs on the existenakusmqueness of solutiom to the related
Ladyzhenskaya-Solonnikov Problem | and LadyzhenskayarBikov Problem Il of (1.8) under some
suitable conditions.

Our paper is organized as follows. 48, the detailed descriptions on the resulting Ladyzhenskaya
Solonnikov Problems for the non-Newtonian flows are giveng3, we present some preliminary con-
clusions which will be applied to prove our main results ibseguent sections. ki, we establish the
existence of the solutions’ to the bounded truncated problem corresponding to (1.8)5,Iwe study
the interior regularity of solutions” obtained ing4. Based or§4 and§5, we shall complete the proofs
on Ladyzhenskaya-Solonnikov Problem | and LadyzhensEnlannikov Problem 11 of (1.8) i§6 and
87 respectively.
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2 Descriptions of Ladyzhenskaya-Solonnikov Problems foron-Newtonian
fluids

We focus on the following non-Newtonian fluid problem in thamhin(2 with noncompact boundaries
(see Figure 3 and Figure 4 below):

—div (uoD(v) + 1 [D(V)IP2D(v)) + v - Vv+Vr =0 inqQ,

dvv =0 in Q,
v=0 onox, (2.1)
N
fEi(:v’i) v-ndS=o; with Z; o; =0,
where
N
0= u (),
=1
and

Qi ={z eR":2} >0,y = (2,..,2%) € 5;(2})}.

Figure 3. Domain(2 for d = 2.

Suppose that is a solenoidal field anst = 0 holds ondQ;\{z* = (z},v") : 2} = 0,3" € %;(0)}.
Then

ya,-\p:\/ v-ndSP < \zi(t)\p—l/ [P dSéc\Zi(t)]%_l/ Vv ds,
() () Zi(t)

wherec > 0 stands for a generic constant. This means

t
!ai\p/ [Si(s)[" T T ds < C/ IVv|Pdz,
0 Qz(t)
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whereQ;(t) = {z' € Q; : 0 < 2% < t}for1 <i < N. Hence, ifa; # 0 and
t L
Li(t) = / |Xi(s)]~ @Tds — 400 ast — o0, (2.2)
0

then

Qi(t) = / |Vv|Pdx — +o0 ast — +oo. (2.3)
Qi(t)

Figure 4. Domain(2 for d = 3.

From (2.2) and (2.3), it is natural to consider the followtag problems
Ladyzhenskaya — Solonnikov Problem I. Suppose that there are two positive constarand
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co such thate; < [3;(¢)] < ¢ for 1 <i < N. We look for a pair vector fieldv, ) to fulfill

—div (oD(v) + 1 [D(V)[P2D(v)) +v-Vv+Vr =0 inQ,
divv =0 in Q,
v=0 onoq,

N (2.4)
fzi(xi)v-ndS:a,- Wlchai:O,
supt~1Q;(t) < oo for1 <i<N,
>0

whereQ);(t) is defined in (2.3) fopp = 0, andQ;(t) is defined a%); (¢ fQ (t (|Vv[? + |Vv|P)dz for
o > 0.

Ladyzhenskaya — Solonnikov Problem II. Suppose thal;(cc) = oo for 1 < ¢ < m, while
I;i(00) < oo form+1 <i < N, we look for a pair vector fieldv, ) such that

—div (poD(v) + 1| D(V)[P2D(v)) + v-Vv+Vr=0 inQ,
divv =0 in Q,
v=20 onof,
N (2.5)
fzi(xi)v-ndS:a,- Wlchai:O,
sup I; 1 (H)Q;(t) < oo forl <i <N,
>0
wherel;(t) is defined in (2.2) fopg = 0, and;(t) is defined ag; (¢ fo (|1%i(s +[%5(s)] _%)ds

for o > 0.

In subsequent sections, we shall focus on the studies oa tiwesproblems above. The obtained re-
sults will be stated in Theorem 6.1-Theorem 6.2 and Theor&rTHeorem 7.4 respectively. In addition,
for notational convenience, we introduce some functiorcepas follows:

DY (Q) ={ue€ L}, (Q): Vue LP(Q)},
Dé”’(Q) = { completion ofC§°(€2) in the semi-norm|Vu||, o = (/ \Vu]pdx)%},
Q

Q) = (DP(Q), Dy"(Q) = (D)),
( ) ={ue () : V-u=0},
Dy? () = {completion ofD(Q) in the semi-norm|Vul|,.q}.

3 Preliminary results

In this part, some preliminary results will be listed so thet can apply them to study the described
problems ing2. It follows from the proof of Appendix of [18] that we have

Lemma3.l.Letw = {z = (z1,y) ER?: t; < 21 < tg,y € N(w1)} andu| (.4, <oy <ts,yeo8(z1)} =
0. Then

1 1 1 1
Iull < el @y mae{L, (B = )72 | [9(e) T a7 Vs
x1 1,02
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wherel <7 < L, ifg < d; 1 <r <oo,ifg=d; 1 <r < oo,ifg>d.
The following result will play a crucial role in estimatinggssurer in problems (2.4)-(2.5).
Lemma 3.2. (Theorem 111.3.3 of [10]) For a bounded Lipschitzian domainc R¢, suppose that

feLP(w) and/ fdx =0, (3.1)
wherel < p < co. Then one can find a vector fiedd such that
V-w=0,
w e WyP(w), (3.2)

Wil < M) fllp,

whereM (w) > 0 is a constant depending only on the Lebesgue’s measiiegf domainw.

Remark 3.1. Assume thaw is a star-shaped domain with respect to a ball B with the radiy.
Then it follows from Theorem I11.3.1 ¢f [10] that the posd#tieconstant}/ (w) in (3.2) satisfies\/ (w) <

c(d,p)(di%()(”)d(l + d"%o(“)). This property will be useful in order to solve problem (2.5)

Remark 3.2. If f € LP(w) N L"(w) with1 < p,r < oo, then one can find a vector fielat ¢
WP (w) N W (w) (see Remark 111.3.12 of [10]) such that

Wl < M) fll, and |wlji, < M)

Next, we list some results, whose proofs can be found in Le@2uwaf [18] or Lemma 3.1 of [12].

Lemma 3.3.Let ¢ be a fixed constant with € (0, 1) andty < 7. In addition, we suppose that(r)
is a monotonically increasing function, equal to zero fox 0 and equal to infinity forr = oc.

(i) Assume that the nondecreasing, nonnegative smoottidnsz(t) andy(t), not identically equal
to zero, satisfy the following inequalities for alE [to, 77,

2(t) S U(' () + (1 = 0)ep(t), (3.3)
and
p(t) = 071U (¢ (1)), (3.4)
If
2(T) < ¢(T), (3.5)
then for allt € [to, T,
Z(t) < p(t). (3.6)

(i) Assume that inequalitie8.3) and (3.4) are fulfilled for allt > t,. Then(3.6) holds fort > ¢ if

o 2(t)
hgégfm <1, 3.7)
or if z(t) has an order of growth for — oo, less than the order of growth of the positive solutions & th
equation
2(t) = 07 W (Z(t)). (3.8)
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(iif) Assume that the nonidentical zero nonnegative fumgiz(t), satisfying the homogenous inequal-

ity
2(t) < 671U (Z(t)) for t > t, (3.9)
increases unboundedly for— co. If 6~ (7) < co7™ holds form > 1 andr > 74, then
liminf ¢~ m-12(t) > 0; (3.10)
t—o00

if, howevers—'W (1) < ¢o7 holds forr > 7, then

. t
hggjlfz(t)exp(—a) > 0. (3.11)

The following Korn-type inequality can be referred in Themr 3.2 of [13] or Theorem 1 of [9].
Lemma 3.4. Let K be a cone iR andp > 1. If [, [D(u)[Pdz < +oo, then there is a skew-
symmetric matrix A with constant coefficients such that

/ IV (u(z) — Az)Pdz < C / D) (2)Pda, (3.12)
K K

where the positive constant C does not depend on the funatitself.
Remark 3.3.1f [} [VulPdz < +o0, thenA = 0 holds in (3.12).

Finally, we state a conclusion as follows, whose proof cafobad in [10] Lemma 11.4.3, and [23]
Lemma 2-Lemma 3.

Lemma 3.5. Assume that the domaihand the numbers; (1 < ¢ < N) are defined in problem (2.4)
or problem (2.5). Letx = Jmax. la;|. Then for any fixed > 0, there exists a smooth divergence-free

vector fielda(z, ) which vanish in a neighborhood 6f) N 09); (1 < ¢ < N), and which satisfies
(1) |a| < c(e)a|X;(t)| ! and |Va| < c(s)a!Ei(t)]_% forz € Q;(t)andl <i < N.
(m)/ a-ndS=q; forl1<i<N.
Zi(t)
(#41) /Q a’w?dr < ea? ; |Vw|?dz for anyw € D(Q).
0 0

(iv) / a’w?dz < 6(12/ \Vw|?dz foranyw € D(Q),t, > t; > 0,and1l < i < N.
Q4 (t2)\ i (£1) 4 (t2)\ €2 (t1)

4 Existence of solutions to problems (2.4) and (2.5) in bouredl truncated
domains

In this part, for the following problem in the bounded dom&ifl’) = Qo U {z € Q : 0 < 2z} <
T,..,0<2¢ <T}

—div (oD (V") + | DDP2D(vD)) + v - Vvl 4+ Val =0 in Q(T),
divvl =0 in Q(T), (4.1)
v =0 onoQ(T),
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we intend to find a weak solutiofv”, 77) = (u” + a, 7”) such that

o(D(T) + D(@), D)) + (D) + D(@)"* (D(u”) + D(a)), D(w)
=" -V, u") + (u" - Vep,a) + (a- Vp,u") + (a- Vip,a), Vo € D(UT)), (4.2)

where the vector value functianis given in Lemma 3.5.
Theorem 4.1.Letug > 0 andp > 1 or o = 0 andp > 2. Then there is a vector field” such that
@2)holds, andu” € Dy*(Q(T)) N DyP(UT)), if o > 0; uT € DyP(Q(T)), if po = 0.

Proof. Although the proof of Theorem 4.1 is standard as_in [B]- [9l db2], where the authors
treated problem (4.2) for different vector value functianwe still give out the detailed proof for the
sake of completeness.

Casel. g > 0,p>1

Let {1} } be a basis iDy*(Q(T)). We look for a seriegc], } such tham?, = > " cf ] satisfies
=1

po(D(uly) + D(@), D@])) + ur (ID(uh,) + D) (D(ul) + D(@)), D(w))
= (up, - Vi, w,) + (uy, - VR, a) + (- Vb, uy) + (a- Vepi,a) - fork=1,..m. (4.3)
Multiplying both sides of (4.3) by’ and summing ovek yield
ol DUl |13 + o (D(a), D)) + ot (1D(ul,) + Dl@)P~(D(uf,) + D(a)), D(ul,) + D(a))
— m(|P(W]) + D(@)P*(D(u],) + D(a), D(a))

= (ul, - Vul,,a) + (a- Vul,, a).

(4.4)
Using Schwarz inequality we get
uo(D(a), D(uy,) > ~ D)) - D)3 (4.5)
In addition, .
ID(us,) + D(a)|} = 5T ID(ui)Ib — D). (4.6)
We also notice that, by Holder inequality and Young ineijyal
1 (ID(u]) + D(@)~2(D(u],) + D(@)), Dla) )| wn

M1
< gHD(uan)Hﬁ +c[[D(@)][},

where and below > 0 denotes by a generic positive constant. By Lemma 3.5 (ii) @r) we have that
for any fixede > 0,

‘/ uﬁ-vuﬁ-adx\ <c/ az\u%\zdwf/ \Vu%\zdwée/ Vuy,[dz. (4.8)
QT) QT) 2 Jar QT)
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On the other hand, by Holder inequality and Korn inequality

Ho
(a- Vu,a)| < c|D(uy,)|2]lallf < ZHD(ufn)II% + cllal1. (4.9)

Setcl = (cf ,...,cL ) € R™. To obtain a solution of (4.3), we define a functiéh: R™ — R™,

<y Crmm

whose components are
Pe(eh) = no(D(ul,) + D(@), DW])) + ur (ID(u]) + D)% (D(uf) + D(@)), D(w))
—(U;Fq -V gv ug;) + (U;Fq ’ V'l,b;‘f,a) + (a ’ V"P;‘g,ug@) + (a ’ V,l?bg?a)? k= 1’ weey M

It follows from (4.5)-(4.9) and Korn inequality that

Ho Ho M1
P(ch) ¢, > 7H®(uﬁ)ll% - 7IID(a)H% + 51 D)L — pa||D(a)]?

M1 Ho
= 5 D)5 = D@} — el Ve, |5 — 71D, 15 — cllallz
Ho H1
> gHD(uﬁ)Hé + 5 D) = D@13 — ¢ D(@)|f — cllall > 0
provided that||D(ul,)||2 is large enough. This, together with Lemma 1.4.3[ofl [20],|dgethat there

existsc!, € R™ such thatP(c!) = 0. Hence we find a solution of Equation (4.3) for any fixeds N.
Moreover, by (4.4)-(4.9) we get

D)3+ 5 D)
< ZID@)3 + D@} + SID) L + D@ + <l Va3
+ D)3+ cllall,
and by Korn inequality,
IV + IVan i} < c(lIVall3 + | Val + flall$). (4.10)

From (4.10), we obtain that there is a vector fiald and a subsequence pi’. }, which is still denoted
by {u? }, such that

ul, ~u”in Dy (Q(T)),
1 (4.11)
ul, — u”inDyP(UT))
and
ul — uTin L2(Q(T)). (4.12)

Meanwhile, by (4.10)

IID(u},) + D(@)P~2(D(uh) + D(a)) |1
= ||D(ul) + D(a)|?

271 (|D(ud) |15 + |D(ul,)|[2)
c([Vall3 + Va2 + [|af3),

NN



14 On the steady non-Newtonian fluids in noncompact domains

which means that one can find a vector funct®h e L* (Q(T)) such that
| Dul) + D(@)[P~3(D(ul) + D(a)) — G in L7 (UT)). (4.13)

Thus, by (4.11)-(4.13) we arrive at

1o (D(u”) +D(a), D(yi)) + (G, D(}))
=" vyl u")+ " Vyl,a) + (a- Vi, ul) + (a- V[, a). (4.14)

To proveu” is a weak solution of (4.2), one should establish that for@ny D(Q(T)),
(GT,D(¢)) = (1/P(w) + D(@)"*(D(u) + D(@), D). (4.15)
In fact, multiplying both sides of (4.14) witt{, and summing ovek yield

po(D(u") +D(a), D(ul)) + (GT, D(u}))

=’ -vul u?)+ (T vul a)+ (a-Vul,u”) + (a-Vul,a). (4.16)
Subtracting (4.16) by (4.4) and then passing to limitras> oo, we get
Tim (uoD(ufy) + 8 (D (uf,) + D (a), D(uh)) = po| D@3+ (G7,D@")),  (4.17)

where and below§ (D) = u;|D|P~2D for the tensorD. Since for any pair of tenso® andC, we have
the monotonicity property
(S(D) - 8(C)) - (D-C) =0.

This yields that for anyd € Dy ((T)) N Dy*(QUT)),
(NO (D(L) — D(®)) + S(D(ul) + D(a)) — S(D(®) + D(a)), D(ul) - D(<I>)> >0. (4.18)
Together with (4.17), we have that for — o,
(10 (D(™) = D(®)) + GT ~ S(D(@) + D(a), D(u”) - D(®)) > 0.
Choosing® = u” — e with & > 0 ande € D(Q(T)). Then
(sm0D(@) + G — [ D(T) + D(a) — <D()P*(D(u”) + D(a) — <D(9)), D(p) ) > 0. (4.19)
Lete — 0, we arrive at
(GT — m|D?) + D(@)[P2(Du’) + D(a)),D(cp)) > 0. (4.20)
If o is replaced by in (4.20), then
(GT — m[D(™) + D(a)2(D(u") + D(a), D(p)) <. (4.21)
Combining (4.18) with (4.19) yields

(G".D(¢)) = (m|P(u") + D(a)"~*(D(u”) + D(a)), D(p)). (4.22)
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Thus,u” is a weak solution of (4.2).

Casell. g =0,p > 2

As in Case |, lef{s)} } be a basis iD;?(Q(T)) and setr], = " cf, 4f. Thenfork = 1,...,m
i=1

i (ID(u],) + D(@)P~ (D(ul,) + D(@), D(1))
= (u, - Vb, up,) + (uy, - Voo a) + (a- Vi ug, ) + (a- Vg a). (4.23)
Multiplying both sides of (4.23) by}fm and summing ovet yield

(D) + D@)"~2(D(u},) + D(@)), D(uf,) + D(a))

(4.24)
— m(IPL) + D@ (D(u],) + D(@), Dla)) = (uf, - Vul,,a) + (a- Vuf,,a).
Note that
ID(uy) + D(@)l; > o 1HD( s = 1D @)L (4.25)
and
1u1 (\D (uh) + D(@)P~2(D(u},) + D(a)), Dla)) |
(4.26)
2p+1 ID(ui)h + e D(a)]lp.
In addition, it follows from Lemma 3.5 (i), Poincaré inedjtaand Young's inequality that
(d—2)
‘/ ad:n‘ < e/ |a|ﬁ|uz;|p + e/ |Vul |Pdz + c/ EX o@D do
QT) QT) QT)
p(d—2)
< ce||Vul 1B+ cllall "0t (4.27)
(p—2)(d—1)
As in (4.9), we have
H1 !
(a- Vuy,,a)| < [D(ug,)plall3, < g\ID(uﬁ)llﬁ +clal3r. (4.28)

Similarly to Case |, set], = (c{,,, ..., ¢}, ,,) € R™ and define a functiod® : R™ — R™ as follows

Py(ch) = i (IP(u],) + D(@)"~2(D(ul,) + D(@), D(T))
( V’l:bkv m) (u?n V’l:bgv ) (a V'l,bk, m) (a'v’ﬁb;{,a) fork = 17'-'7m
Then, by (4.25)-(4.28) and Korn inequality, we arrive at

P(ch) ek > S = IDup) 5 = m | D(@)h — 2p+1\| (a5

p(d—2)
f 2
—c[D@)[]p — ce|| Vu, b — cllal| *,50¢ " — 2—,,||D( Wb —cllall5
-2)(d-1)
p(d—2)

2p’ - -
1Dyl = el D@} — cllallyy, — cllall “,0% " >0

1
2p+ »-2)(d-T)
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for sufficiently large||D(ul))||,. From this, we then obtain the existence of solution to Equai.3)
for any fixedm € N. Moreover, by (4.24)-(4.28) we get

1
— IID(uT)Hp

2p+1 D)5 + D@} + ezl Vg, |15

p(d—2)

w-2@-n , M 2

+C||a||(”pf£(d2)” + 5 D)5 + cllally
r-2)(d-1)

and
p(d—2)

IVup [l < c(|IVallp + HaHE” 0% + lallsh). (4.29)

p—2)(d—1)

Based on (4.29), we know that there is a vector fieldand a subsequence 6fi’, }, which we still
denote by{u’ }, such that

u? —u”in Dy? (UT)) (4.30)
and

ul, — ul'in LP(Q(T)). (4.31)
Meanwhile, by (4.29),

IID(uh,) + D(@)[P~2(D(uf,) + D(@)) |1
= [1D(wy,) + D(@)llp < 2°(|D(up,) I} + D) 1)

p(d—2)

< o[[Valfp + HaH(”,,fJ(‘é)” +Ilall32),

—2)(d—1)

which means that one can fi@" < L*' (Q(T')) such that
m[D(uh,) +D(a)"~*(D(uy,) + D(a)) = GTin LY (Q(T)). (4.32)
Thus, by (4.30)-(4.32) we can obtain
(GT.D(yy) = (0" Vb, u’) + (u” - Vo, @) + (a- Vb, u') + (a- Vepy @), (4.33)
Completely analogous to the proof in Case I, one can provddhany e € D(Q(T)),
(G".D(¢)) = (m|P(u") + D(a)"~*(D(u”) + D(a)), D(p)). (4.34)

Namely,u” is a weak solution of (4.2). O

5 Interior regularity of weak solutions

In this part, we will establish the uniform interior estireatof weak solutioni to the steady non-
Newtonian fluid equations in (2.4) or (2.5).

Theorem 5.1.LetQ be any domain iiR?, andQ)’ cC . Suppose that = u + a is a weak solution
to steady non-Newtonian fluid equationsInwhich satisfies for amp € D(Q),
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p0(D(u) + D(a), D(9)) + w1 (|P(w) + D(a)[P~*(D(u) + D(a)), D(v)))
= (u-V¢p,u) + (u-Vep,a) + (a- Vip,u) + (a- Vip,a), (5.1)

where the vector value functienis given in Lemma 3.5. L&Y, = {x : d(z, Q) < 4r} cC Q for any
fixed number > 0. Then we have that:
If p>2anduy > 0, thenVu € W*P(Q') and

”quH,P,Q’ < C(R7T7 ’9?47’”7 ”qup,Qﬁhn)?

wherex € [0, 27?) with § = min{p’, 0}, andd = W, if p < d; 6§ is an arbitrary constant less than
1,ifd<p<3(onlyford=2);0=1,ifp > 3.

If 1 <p<2andug > 0,thenVu € W%_a’p(Q’) N Wo==2(qY) for anye > 0, and

IVllg—epor + [Vallzo ., o < elesr 2] [Vullz 0, ),

whered = 1, if d = 3; 0 is an arbitrary constant less than 1,df= 2.
Proof. By Q' cC Q, thendist(9€,09) > 0. For anyp with 0 < p < dist(0,0Q), set

Q, = {z € Q: dist(z,Q) < p}. (5.2)

Let0 < r < 1dist(9€Y,0) and choose a cutoff functiopsuch that) = 1 in €2, n = 0in R3\,,
0<n<land|Vy <1, |V <L in Q. Nextwe study the following functionaf: Dg*(€),) —
R, where
F(3) =uo(D(w) + D(a), D(¥)) o, + 1 (|D(w) + D(a)|"~*(D(u) + D(a), D(4)) g,
— (u . V'l,b,u)%r — (u . V,l’b’a)ﬂiw — (a . V'l,b,u)%r — (a . V'l,b,a)%r. (5.3)

Casel. yg =2 0,p > 2

In this case, we just only treat the caseugf= 0 since the treatment fqr, > 0 is easier. Since
satisfies (5.1), it follows thater I’ = Dé’f”(Qgﬂ,). Then according to De Rham Theorem, we know that
there exists a function € L (€2},) such that for anyp € Dy”(2},),

F(y) = (m, V- 9). (5.4)
Without loss of generality[m mdx = 0 can be assumed. By Lemma 3.2 we can find a vector filed
P € DyP(,,) such thatv -4 = \ﬂ\p'_%_ﬁ Joy, 7P ~27dz and|| Ve |, 0, < C(\Qﬁ;r\)”ﬂ’g/,}ir-
Combining (5.3) with (5.4), in terms qf% wdx = 0, we have that

!

- -
Il g, = F @) < 16 DIl g 1F ] o gy
In addition,

—1
171, <[ D) + D@+ [l g + 20l luly, +lalZ, o,

1
0 br (Qilr)

-1
< (% N+ [Vullrgs +1IVulZg, + [ Tull,g; ).
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Hence we have

-1
Il g, < c(Q DA+ [Vl + [Vl o, +[1Vull,o ). (5.5)

SetA)ru = u(z + Aey) — u(z). Let Ayu stand forAy ju for any k (1 < k£ < d). Choosing
A_ (nPAyu) as atest function, we then get that from (5.4),

[ /Q [D(u) + D(a)P~*(D(u) + D(a)) : D(A_x\(1PAru))dz

3r

)
4,

—/ a-Va- (A_\(n"Ayu))dz.
Q

/
3r

u-Vu- (A_\(nPAyu))dz + /Q/ 7V - (A_x(nPAyu))dx

I
3r

(5.6)

u-Va- (A_x(n"Au))dx — / a-Vu- (A_x(n"PAxu))dx

’
QST'

A direct computation yields

i / [D() + D(@)P2(D(u) + D(@)) : DA (1P Ayu))da

Qs
o | | 1P() + D@ (Dlu) + D)) : A aSym(Byn &1 Vs
o [ | AP+ @I 2(P() + D)) (AP ()i
- | | 1P() + D@(D) + Dla) : & aSum(An & i~ Vo o7
. [ P BAIP() + PP + D) : Ax(D(w) + D(@)ds

QBT

“r [ PANIDW)P D) s Ay (Dla)da,

QST‘

whereSym(D) = D + D! for a given second order tensbr. Since
(IDP=2D — [CP~2C) - (D = C) = (D] + [C)P~*|D — C? (5.8)

holds for any pair of tensors D and C, whére- 0 is some suitable constant, we have

i [ PANID() + D) (Dl) + Dl@)) : AP +Dla)da
¥ (5.9)
> gpin [ PIAND@)Pde =5 [ P1A(D(@) P

!
3r 3r
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Collecting (5.6)-(5.9) yields

g [ P IAAD@)Pde =5 [ 718 (DG@)Pds.

/
3r QST‘

< —pm // |D(u) + D(a)P2(D(u) + D(a)) : A_ySym(Ayu @ P~ 'Vn)dx

Q37‘
s /Q AP D) : Ax(D(a))do
+/ 7V - (A_\ (P Ayu))da (5.10)
Q

/
3r

—/ - (A_x(7"Aju))dz
Q

/
3r

—/ u-Vu- (A_x(nPAyu))dz
Q,

EIl —l—...—l—[5,

where® = —u-Va —a-Vu—a- Va. We now focus on the treatments én(1 < i < 5) in (5.10).

At first, it is well known that||Ay rull, or < [A]||Okullp.a for 0 < |A| < dist($Y,09) (see Chapter 7
of [11])). For the term/;, we have

1] < pur[D(@) + D@L |1A_ASym(Asu @ PV,

Note that

IA_\Sym(Ayu ® n”‘lvn) ”;QQT

:/Q |A_ P19 + OmAu;)] [P da

I
3r

<2 </ (p = 1|30 (3nAxu; + OmAyuy)Pdz
Q/

3r

+ / 1n|P10;kmAxw; + 0;nANOpu; + OinAzu; + OinA\Oku; |pd33>
Q;,

I[P 1
< AP - |VulPdz + — NV (Axu)Pdz .

T Jay, rJog,

In addition, it follows fromnV (A u) = V(nAu) — (Vn) - Ayu and Korn inequality that

(L,
<C</Q.’3T
(]

1/p
|nv<AAu>|pd:c>

p . 1/p
PP )+ ([ 1awrar)

3r

1/p 1/p
|Vu|pd:1:> —l—c</ |77D(A)\u)|pd:n> .

!
4ar QBT
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Hence, we arrive at

B /\2 by 1/p
8-Sy s &P Ty, < gl Vulyon, + 2 ([ pp@wpd)

4ar

Therefore,

A2 A v
1] < P + D@, | 5 1Vule, + 2 ([ WD (A s

ar (5.11)
(1%, | [Vl NP+ = [ nD(vu)Pda,
3r
While
1] < 1 [ D)D), AP ArD(@) 1)
< elr, 1%, | [V ull, g, AP
On the other hand,
‘ / 7wV - A(mPAyu)) d:n = p‘ / (np_lamA)\ui)d:E‘
< plly g, IO Bunis ),
1 1
< el M (721850, + 118Vl
1
< Elilya, I FAIV Ly, + 923Dl o, )
C
< SRl g, IVl + 5 Il o+ ellnAnDull g
Then we arrive at
5] < (1, |7, [Vl ., ) AP+ €l D, (5.19

Since

1@l g, < 0 Vally o +lla-Vuly o +lla-Vallye, < ()1 +[Vull,e, ),
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one has

[La| < [|@]y. AN ANW)|,0,
1/p
<@l W( [ 10007 8y

3r

. 1/p 1/p
<@l W(( [ e tvasar) ([ leaaapar) )

3r 3

1
< @l g, W 7NVl + ([ 9 Avapan) )

3r

c 1
< S0l 0, [Tl + el 1N (NIl + ([ o (D) P

3r

/\QII‘Ppr o, [Vl + AP 2] L +€/Q, A (D(w))[Pdz.

3r
Hence, we have
[1a] < (|2, ], 7, [Vl AP+ ellnAx (D)7 o - (5.14)

Finally, we start to deal witti;. Note that

—I5 = / wiOju; A\ (NP Ayuj)dr = Ax(uiOiuj)n? Ayujdx
3 Qy,
_ (- P . . P . (5.15)
= Axui (Oyug)(x + Aeg)nP Ayujdx + wiAx(Ojuy)nP Ayujde.
Q3. Q3.
=151+ I509.

It follows from a direct computation that
2
51| < el Azull3, o IVl -

d+2)p—3d
If p < d, we set) = %. Then

0
1ANu3y 0 < ”A)\qu*Q’ 1A, < IA*IVullg,

_dp
wherepx = -5 .

If d < p<3,byWhd— Liforanyq < oo, we then have that for ary < 1,
lAxul3y o <Al o 1Ay, < el DAVl g, -
If p > 3, due to2p’ < p, one then has
[Axul5, 0 < c(QDIAN o < e DIAPIVul o -

Hence, we have
1] < APVl o (5.16)
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In addition,

P _ c(|€Y, c(|€Y,
‘[572‘ = 5‘ /Q/ ui(A)\Uj)ZTIp 18i?7d$ < M”A)\qup,’QgrHVU.HP’Q:% < (’ 47") ‘)\‘ZBHVUH?’
3r

r e P,
(5.17)
Combining (5.16) with (5.17) yields
1
|I5] < (| ]) (1 + ;)IAI2"||VHH‘§33T < (| )7 [Vl 0 ) AP (5.18)

Collecting all above estimates dp(1 < ¢ < 5) and setting@ = min{%, 6}, we eventually obtain

20
AAD(u)llp,0r < (1], 7 [[Vullp,a,, ) A 7 -

Thus, by the characterization of the fractional order Sebspace (seé|[1] or [30]), we have that for any
refo.2),
Vu e WHP(Q)

and
IVullspor < ek, 7 ||, [Vl 0 )-

Casell. g > 0,1 <p <2

As in Case |, we can find a functiane L2(€2,,) such that for anyb € Dy(2},.),

F(yp) = (7, V- 9) (5.19)
and
Iellagy, < IFlpray ) < 6D+ [Vulag, + [VulZg, +[Vul2g, +[Vul,a0).
ChoosingA _,(n?Axu) as a test function in (5.19) yields that

Lo D(u) : D(A_x(n*Axu))dz
s,

fan [ 1P+ D@P (D) + D) : DA P

3r
A

- / a-Va- (A_x(n*Ayu))dz + uo Aa: A_y(n*Ayu)dz. (5.20)
Q

/ /
3r QST'

u-Vu- (A_y(n?Axu))dz —I—/ 7V - (A_x(nPAyu))dz
Q3,

’
3r

u-Va- (A_\(n*Axu)) — / a-Vu- (A_x(P*Azu))dz
Q.
It follows from a direct computation that

Ho | D(u) : D(A_x(7°Axu))dz
3r
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= 2up /Q/ A\(D(u)) : Sym(A u ® nVn)dz + Mo/ n?(A\D(u))?dz.

’
3r QBT

Then we have

“0/, 7°(A\D(u))’dx

Q37‘

==
r Q.

3r

2
< 2Mog/ n*(AxD(u))*dz + i_g/ |Vu|2d$+#0/ D(u) - D(A_\(n*Axu))da.
Q Q, Q5

T ’
3r

(AP ) m( / ) |AAu|2dx)l/2 oo [ D) D AP

(5.21)

In addition

» /Q | ID() + Dla)P(D(w) + Dla) : DA Ayw)da
= 2 /Q/ |D(u) + D(a)[P~2(D(u) + D(a))A_\Sym(Ayu @ nVn)dx

+ / 7 Ax(ID(u) + D(a)P~*(D(u) + D(a)) A\ (D(u) + D(a))dx

QST‘

~ [ oPD()+ D@ (D) + D) A-r(Ax(D(a))da

3r

It follows from (5.8) that

11 /Q [D(u) + D(a)P~*(D(u) + D(a)) : D(A_\(7°Asu))dz

1) _ 5.22
> SI(w) ~ 61(a) — 2 [D(w) + D@2 1A ASym(Aue gVl e, &

— plID(w) + D(@)[ o, [IA-A(AND (@),

I(u) = /Q (11 + D(u) + D(@)(z + Aex)| + [(D(w) + D(a))(2))P~*|AxD(u)|*dz,

/
3r

and

I(a) = /Q (11 + (D(u) + D(@))(z + Aex)| + [(D(u) + D(a))(2)))P~*|A\D(a) *da.

’
3r
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From (5.20-(5.22), set = 7, one has

Bo [ 2 (AND(u))2dz + éI(u)
2 Joy, 2

)\2
< — \Vu|?dz + 61(a)

T Jay,

+ 2| D) + D(@)[} o, [[A-xSym(Ayu @ nVn)l,ar,
+ | D) + D(@)|h g, HA AM(AXD(@)llp,04,

- / V- (AP Azu))de (5.23)

+ /Q P - (A_\(n’Ayu))dx

I
3r

_ / u-Vus (A (P Au)de

)\2
== \Vu|?dx + 6I(a) + I + ... + I,

T /
Q47“

where® = ygAa —u-Va—a-Vu— a- Va. Similarly to the treatment in Case |, we have

/\ A
A sSym(Baa & y¥n)loy, < %5 [Vulloy, + e ([ D(Aw)Pdn! .

3r

Since

/, InD(Axu)|Pdx

3r
(p—2)p

< [ (14100 + D@+ el + [P+ D@)@I) T D@
o (5.24)

(2-p)p
x (1 1 1(D() + D)) (@ + Aeg)| + [(D(w) + D(a))(m)\) da

2—p

<2t ( [ 0+ p)+ paprd)

4ar

we get

A2 A
1l < 2m D) + @), (19l + 5[ D))
3r

(5.25)

1
A 2
< e lor [Fulh, )8+ 213 ([ ]+ [Py )

’
4r

éI(u).

< (I, |7, [V, )02 + 5

It is easy to get that
[1(a)] < (| |7, [Vullp0,,)A°
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and
‘[2’ < C(’QZTLT? Hvu|’P,Q4r))‘2'

In addition,
|15 :2‘/ TA_\(nOinAyu;)dx
Q;,
< 27l [AlOk (nOimAxui) |20

1 1
< Irlsog, W ( S0l + 18 Vulzgy,

1 A 1
< Ity W (sl + 51 uker, + 3 [ navD(Par)

3r

& C
< Sl IV ular, 3+ Zgllel, 32+ [ IndaD() e

3r

< el [Valaon )X+ [ InAyD(w)Pda,

3r

And
L] < (1@ |2, 1A (77 Axu) |2,y

1/2
<@l W( [ LGP

3r

<1l W(C [ Va2 + ([ lPorasupan)?)

3r 3r

1
< 1@l W (S MIVulay, + ([ vasPan?)

3r

1 1
< ;AQH‘PHQ,%HVqu,gfgr, + [ @l2,0, Al <;\)\H\Vu”2,ﬂgr + (/Q/ \UAAD(U)\QCZ%)lm)

3r

< (I | [Vl N 2 [ 1A

3r

Finally, we start to deal with the teri. It follows from a direct computation that

d d
—I=) /Q w0y A_x(1° Ayuy)dz = ) A (uiOuy)n? Ayujdz
3r

ij=1 ij=1" D
d d (5.26)
= Z / Apu; (Oiuj)(x +)\ek)n2A,\ujdx+ Z / uiAA((‘)iuj)n2A,\ujdx
ij=1" %, ij—17%%,
=151+ I52.
Obviously,
Lsal < 20l gy [Vullagy (5.27)

If d =2, byWh2? — L4 for anyq < oo, we then have that for arfy< 1,

2(1-6 0 0
lAaxull o < 1Al 8 l1AulE, < (19 DIVl -
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If d =3, weset) = 1. Then
2(1—-60 0 0
IANullf g < Azl Al < e DA Vul3 g,

and
1] < (12, DA [Vl o - (5.28)

On the other hand,
_ &
ral = B [ wilBaws P~ oimdal < £ Axul gy ullg
Q:’;r T =3 T
< C(’QM’7“)”AA11HZ,Q'STHquz,Qgr,-

Hence, we can obtain that
|I5] < ez, || 1Vl 0 A (5.29)

Collecting all above estimates dp(1 < ¢ < 4), we eventually get
1AND()[lo.0r < (|2, ], 7, [ Vullz.01, ) A

and v
1AAD()]lp.or < e(|Qy, |7, [[Vullg,0 )AL

Thus, we have that for any> 0,
Vue Wr =P(Q) 0 W=

and
IVallo—cpor + IVuallze_. , o < e, Q|7 [Vl )-

6 Solvability of Ladyzhenskaya-Solonnikov Problem | (2.4)

To solve Ladyzhenskaya-Solonnikov Problem | (2.4) underessuitable conditions, based on Sections
4-5, we take the following three parts.
6.1 Part 1. Uniform estimate of||u”||, o
In what follows, for convenience and without loss of gernigralve assume that
Q={z:21 R, 2" € (x1)}

and
Q) ={z e Q: -t <z <t}

Taking the inner product of (4.1 with u” and integrating by parts ovél(t) yield

1ol P30 + mIDED o0
=h+DL+IL+1L+15+1

(6.1)
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with

I = o / u” D) - edS + / u’ - (IDET)PED(T)) - e1ds,

(1) ()
I = —,uo/ ul D) - edS — ,ul/ ul - (IDDP2D(vT)) - e1dS,

E(=1) E(=1)

I3 = —/ vIi.vvT . uldz,

Q(t)
I, = —/ rlulds —I—/ rlulds,

S(—t)

()
Is = po D(v") : D(a)dz,
)

Iy = /Q , [POTIFDT) s Dla

27

Next we deal with the termg; for 1 < i < 6 in (6.1). We still divide the related process into the

following two cases:

Casel. g > 0,p>1
Using the Holder and Poincaré inequality we get that

n
‘ / 1 Ildt‘ :‘,uo /+ ul DT - erdr + /+ ul - (IDVDP2D(vT)) - erdx
n— Wy “n

i

-1
<ol s 1Dy + 17 o [P L
Wn

pwi

T2 Ty 12 TP Ty P
<pollu” I3 s + ol DO s+ a2+ [P

T2 TP
<cl|[Vu ”27@ + ¢[|Vu Hp’w; + ca,
wherew,” = {z € Q:n—1 <2 <n},anda = max |a;|. Similarly, we have
1<i<N
K T2 T
(/ I dt] < | Va2 + e TuT |+ ca
n—1 wn P,wn

wherew,” = {z € Q: —n <z < —n+ 1}.
Next, we estimatds;. Note that

/ VT'VVT'qu:L':/ (a-uT)(a-el)dS—/ (a-ul)(a-e)dS
Qt) (1) 2(=1)

(6.2)

(6.3)

(6.4)
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By Holder inequality and Lemma 3.1 we arrive at

n n T\2
‘/ / (a'uT)(a-el)dydt—F/ / (u) vl . e dydt
n—1J%(t) 1750 2

T T
I o IV Nl

<l 07l s +
< lallf o g + a1 Tl o+ lally o a1
yn ~n W e ~n yn

< e(ID@D) s+ ID@DIE,, + D), 0)

n n 2
‘/ / T)(a-el)dydt+/ / u—VT-eldydt‘
$(—t) n—1Jx(—1) 2

Similarly,

(IID(HT)H;M7 + HD(UT)HSM; +D(")lly,,; ). (6.5)
In addition, by Lemma 3.5 (iii) and (iv) we can arrive at
‘ / adaj‘ < c(s)/ la?|u”|?dx + E/ |Vu® 2dz < 5/ |Vu® 2dz.
Q) Q) 2 Jaw Q)

Note that

‘ /Q a-Va-ul dx‘ < 5”“”%,9@) +clla- Va”%nw < caHVuTﬂgﬂ(ﬂ + cat. (6.6)

t

Hence,

n n
[ oma<e [T ([ wuTPdndn s (VT VTR + 900
n—1 n—1 JQ(¥) o o =

Fe([Vul B+ IV VT ) + con

(6.7)

Next, we treat the terni,. By fE(:I:t) uf'dS = 0 for anyt > 0, then from Remark 3.2, we can find a
vectorw € Wy (wik) N Wy (w;F) such thatdivw = uf in w;F. A direct computation yields

‘/ rlul dz| = |/w7i7TTdZ"UWd:L"

1

= ‘ /w (oDT) + [ DVD)P2D(vT)) : D(w)dax — /w:i: vl . Vw . vldz

n
~1
< Bl DYyt 1Dt -+ i [DOTYE L IDW) s+ VI [T
-1
< DOy V0T s+ DDLU, s+ el 2 [0
< cHVuTH;w% + cHVuTHZw# + cHVuTH?w% + cHVuTHp’w# + cHVuTHgMjI[

This means that

| / L dt| < e[V [ + VU712 o+ V713 s+ V0T, + V072 ) 65

+ eVl e + V0TI + (VT3 [Tl o+ VT2 ),

Dywn
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Since
MoQ@Dwﬁ:DmmnuuéwnmﬁW*Dw%:DQMx
< IDOT) B + PG g + €l D@ ey + D@ o
< IDD)B g + ID@MP g + cat,

we arrive at

n n
' nl ettt <= [ D@ Bt +e [ DD gt + can
n— - n—

Collecting all above estimates yields

| 09T B + 19T g )

n—1
< c(HVuTszw; + ||VuTHZ7w$) + c(HVuTH;’M7 + HVHTHz,wE) + can + ca.

Lety(t) = fQ(t)(|VuT|2 + |Vu”P)dz andz(n) = [, y(t)dt. Then from (6.10)

2(n) < e3(2' () + 2 (1) %) + caam + e

29

(6.9)

(6.10)

(6.11)

To apply Lemma 3.3 (i), we selt (1) = c3(7 + T%), o= % to = 1, andy(n) = 2cqan + 2c5a, Where

c5 > 0 satisfies
cpa+ csa = U (2¢400).

In addition, it follows from the proof of Theorem 4.1 that
2(T) < o(T).
Therefore, according (6.11)-(6.13) and Lemma 3.3 (i), wiveuat

y(n—1) < z(n) < p(n),

which means that for anye [1, 77,

y(t) < 2cqa(t + 1) + 2c50.

Casell. pg=0,p > 2

As in Case |, by the same calculation we can get
n n T
‘/ hmﬂ+k/ hmﬂnguup++m.
n—1 n—1 p,wn

Next, we estimatds as in Case |. Note that

‘ (u")* 7
(a-ul)(a-e)dydt + v® - erdydt
n-1J5@ 2

T T T
p o + | |

\WM@wﬂu %wﬂv

<c([Val[[ o+ IVl e+ Va0,

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)
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Similarly,
n n T\2
[ @wnaegaas [0 BT eyl
n-1J%(~1) n-1J5(-t) 2
T3 T2 T
< ¢(||Vu ||p’w77 + |[Vu ||p’w77 +||[Vu Hp’w;).
In addition,
‘/ uT-VuT-adg;‘ <5/ |UT|pd5’3+5/ |VuT|pd:L"—|—c/ |a|p_f2d:13
Q(t) Q(t) Q(t) Q(t)
< 6/ |Vul |Pdz + cat
Q(t)
and

‘ / a-Va- qu:L" < c/ la- Val|’ dz + z—:/ [u”'|Pdx
Q(t) Q(t) Q1)

< e/ \VuT|Pdz + cat.
Q(t)
Hence it follows from the expression 6f and the estimates above that

n n
(/ Iy ge/ (/ VT Pda)dt + e[ Va3 [TuT I+ VT )
n—1 n—1 JQ(t) o

(6.17)
Fe(IVul B+ VT VT ) + con

In addition, we can find a functiow € W, (w;") such thatlivw = u' in w;". Then we have that

/ ! dw‘ ‘Ml/ (VT)PD_QD(VT):D(W)dm—/jE vl . Vw-vldze
"-’77 wy Wy
< D" )\IZLU%\ID(W)IIWW VI e VW

TP P T3 2 T
SIDEMIE e + IDEIE o+ VT s+ Jall2 s 90T
<c(|Vul|P o+ Va2 L)+ o

b,wn p,wWn

This yields

(/ Lidt] < (V| 4+ VT + eIVl |P 4 VTP ) e (618)

Finally, due to

Tr=2p(vTy : D(a)dx
i [, POTIFDT) Dl

IDODYE g + D@2 g0

<e
T
< D@ g + cat,
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we arrive at . .
/ (|Is| + |1s])dt < z—:/ HD(uT)H;Q(t)dt + cam, (6.19)
n—1 n—1

Collecting all above estimates yields

n
/ IVt [5 g dt < e(IVallls e + IVailP o) +elVatlls o+ [Va|l? )+ can + ca.
17_1 ) Ehad Ly Phads
(6.20)
Lety(t) = fQ(t) |Vu? [Pdz andz(n) = f:_l y(t)dt. Then

2(n) < cs(Z () + #'()?) + cram + csa. (6.21)

To apply Lemma 3.3 (i), we selt (1) = cg(7 + T%), 0= % to = 1, andy(n) = 2cran + 2cga, where
cg satisfies

cra+ cga = V(2c7a0). (6.22)
In addition, it follows from the proof of Theorem 4.1 that
AT) < p(T). (6.23)
Therefore, according (6.22)-(6.24) and Lemma 3.3 (i), wivaat
y(n—1) < z(n) <), (6.24)

which means that for anye [1, 77,

y(t) < 2cra(t + 1) + 2c3a. (6.25)

6.2 Part 2. Existence of solutionv to problem (2.4)

Theorem 6.1. Let g > 0 andp > 1 or uyg = 0 andp > 2. Then problem (2.4) at least has a weak
solution.

Remark 6.1. Here point out that in the case @f) = 0 andp > 2, Theorem 6.1 has been proved
in [12] by different methods.

Proof. We just only treat the case pfy = 0 andp > 2, the treatment fory > 0 andp > 1 is similar.
LetT = kandu* = 0in Q\Q. By (6.25) and a diagonalization process, we obtain a suleseg{u*},
which is still denoted by{u*}, and a vector filedr € Wllof(ﬁ) such that for any > 0,

ut —u inWhP(Q(1)),
. _ (6.26)
u® —u in LP(Q(1)).
Next we show that for all compact subd€tc C €2,
ID(u*) + D(a)|P"2(D(*) + D(a)) — |D(u) + D(a)[P~?(D(u) + D(a)) inLF(K). (6.27)
In fact, from Theorem 5.1 and (6.25), we have that there imatemtc( K') which is independent of

IVU* e < ¢(K). (6.28)
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Thus, by the Rellich-Kondrachov theorem we have that theist @ subsequence, which we still denote
{u*}, anda € W,2"(Q) such that

u® —a in WHP(K). (6.29)
Hence,
vu* - Va in LP(K). (6.30)
On the other hand,
Vu* — Vu inLP(K). (6.31)
Hence we hav&/u = Vu and
D(u*) = D(u) a.e.inK (6.32)
Note that
[|Du* + DalP~%(Du* + Da)|,y x < |Du* + Dall 7} < o(K). (6.33)

Therefore, according to Lemma 1.1.3 0f [20], we have
IDU* + DalP~2(Du + Da) — |Du+ DalP~?(Du+ Da) in LV (K). (6.34)

From (6.26) and (6.34), lét — oo, one derives that for atb € D(2)

po(D(w) + D(a), (%)) + p(|D(u) + D(a)P~*(D(u) + D(a)), D(¢))
=(u-V¢,u)+ (u-Vip,a)+ (a-Vp,u) + (a- Vep,a). (6.35)

This means thai is a weak solution of problem (2.4).

6.3 Part 3. Uniqueness

Atfirst, as in [18], we show that the dissipation of the santv to Problem (2.4) is distributed uniformly
alongf2.

Lemma 6.1. Assume that is a solution of problem (2.4). Then there exists a fixed @msgt, > 0
such that ifug > 0, p > 1,

T+1
/ day / (VT2 + [9vT P)dy < coor (6.36)
T 3(z1)

and ifug =0, p > 2,
T+1
/ dwl/ IVvT|Pdy < coar. (6.37)
T 3(z1)

Proof. Let
Qt)={zeQ:7—t <z <TH+t},

yr(t) = / (jVu® > 4 |VuT P)dz, if o >0,p>1,
Q- (1)

yr(t) = / \Vu” |Pdz, if o =20,p> 2,
Q- (1)
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and

z:(m) = | y-(t)dt forn > 1.

Lo~

Since
ZT(T) < Z/T(T) < 90(27_ + 1)7

similarly to the proof of (6.15) or (6.25), we have that foyane [1, 7],

zr(n) < p(2n +1),

where the definition of(n) is given in (6.11) or (6.22). Therefore,

while, by Lemma 3.5, the same inequalities also hold for #eara, hence Lemma 6.1 is proved!
The following result comes from Lemma 4.2 of [21] (one canase Proposition 4.3 of [12]).
Lemma 6.2. Assume thay is a divergence free vector field if,” () vanishing ondQ and
satisfying (6.34) fopig = 0 andp > 2. If

D(V)(21,9)| > cly|7T (6.38)

holds for some positive number> 0, then there is a constait > 0 such that for allw € D, () and
t>0, . )
(W - Vv, W)og| < Car [[D)[7TD(W)|5 00, (6.39)
where the numbet has been defined in Lemma 3.5.
Theorem 6.2.Assume that the flux;| (1 < i < N) is sufficient small and there exists a solution
satisfying(6.38)to problem (2.4). Then the solutionof problem (2.4) is unique fgr > 2 and z = 0.

Whengy > 0, even if the assumptiaf®.38)on v is removed, then the solutionof problem (2.4) exists
uniquely forp > 1.

Remark 6.2. Here point out that in the case @fy = 0 andp > 2, Theorem 6.2 has been proved
in [12].

Proof. Assume that; andv, are the solutions of problem (2.4). Let= v; — v,. Then
— podiv(D(w)) = prdiv (|D(w) + D(v2) P~ (D(w) + D(v2)) — [D(v2)"D(v))
+w-Vw+w:-Vvy+vy - Vw+ V(m —m) =0, (6.40)

From (6.40) and the proof of (6.15) and (6.25), we just neegstmmate(w - Vva, w)q ).
If uo =0, p > 2, sincev, satisfies[(6.38), then according to Lemma 6.2, we have

1 p=2
(W - Vva, Wae) < Car |[[D(v2)] "2 D(W)II3 o)- (6.41)
If 1o > 0, without loss of generality, we set= k, by (6.36) we can get that

k=l pjtt
(W Vva, Wou | =1 D / w - Vvy - wdz|
j=—k J %(x1)
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k—1

j+1 j+1
<> (/ / |VV2|2dx)1/2(/ / wltdz)'? < Ca? | Vw3, (6.42)
i s i s ’

i=—k

By (6.41) and[(6.412), similarly to the proof of (6.11) or (6)2we have

2(n) < W (' (n)), (6.43)

where
n
s = [y with (0= [ (TP 4 [T ), i >0, > 1,
n—1 Q(t)

and
n
z(n) = / y(t)dt with  y(t) = / \VWT]pdx, if uop =0,p > 2,
n—1 Q(t)

and the definition of functionl'(7) is given in (6.12) or (6.22). I&(¢) is not identically zero, it then
follows from Lemma 3.3 (iii) that whepy = 0,

liminf t572(¢) >0 if p <3,

t—00
liminf e *2(¢) > 0 if p>3;
t—o00
whengg > 0,
lim inf t~32(t) > 0.
t—00

These contradict with_(21.4) Hence,z = 0, and furtherv; = v,. This completes the proof of Theorem
6.1. O

Remark 6.3. When() admits straight outlets, then the corresponding solutoof Leray Problem
(1.8) exactly satisfies (6.38) (see [21]). Therefore, i ttase, if the flux is sufficiently small, then the
solution of problem (2.4) coincides with the solution ofdyeProblem (1.8).

7 Solvability of Ladyzhenskaya-Solonnikov Problem 1l (2.5

To solve Ladyzhenskaya-Solonnikov Problem Il (2.5) undene suitable conditions, based on Sections
4-5, we will take the following two parts.

7.1 Part 1. Existence of solutiorv to problem (2.5)
In the following, we will assume that

Q= {z' = (2,9 : 0 < 2} < o0, |y'| < gi(z?)}. (7.1)
Hence it follows from the definition of;(¢) in (2.5) that

t t
Li(t) = / gi_(Hd)(s)ds +/ ggl_p)d_l(s)ds, if o > 0;
0 0 (7.2)

t
Ii(t) = / gi(l_p)d_l(s)ds, if 10 = 0.
0
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As in [18], we suppose that some outlets are “narrow”, namely
Ii(c0) =00, i =1,...,m, (7.3)
meanwhile other outlets are “wide”, that is,
Ii(o00) < o0, i=m—+1,...,N. (7.4)

In addition, we assume that
|9i(1)] < (28)~" andg; (t) > go > 0. (7.5)
In this casey;(t) has the properties as follows

gi(t) < gi(0) + (28)7"

1
t—Bgi(t) = 3t Bgi(0),
t—Bgi(t) =0 fort>t* =28 max g¢(0),

gi(t) fors e [t — Bgi(t),t] andt > ¢*
Let
Q(t) = Qo U (U2 Qi(hi(®))) U (U1 ),

whereQ;(s) = {z € Q; : 0 < 2} < s}for1 < i < N, and the functiom;(¢) (1 < i < m) is
determined by the equations

7—d
hi(t) = g, ® (hi(t)), if 19 > 0;
2}&1 g9;° (hi(t)) 110 7.6)
/ PES _(1-2)d .
R =g, ° ), fue=0.
Actually, i(t) (1 < i < m) is the inverse function of;( fo gZ s)ds (for the case ofiy > 0)
or k;(t fO gl_ 3+ (1-5)d (s)ds (for the case ofiy = 0) for t > 0. It is worth noting that we need

h; (t) — oo ast — oc. If p > 424 since’5¢ < (p — 1)d + 1 andI;(c0) = oo, automatically, we have

thath;(t) — oo ast — co. While, if 1 < p < 4}[5‘1, we will assume that
hi(t) — oo ast — oo,

or k;(t) = / g;° (s)ds — oo ast — oo.
0

Sinceh;(t) — oo ast — oo, we can introduce the truncated domains
Q(t, R) = Qo U (U1 (hi(t))) U (UL, 1 Q(R))

and the “truncating” functiong(z, t)

3 for z € Qg U (um Qi (hi(t) — 5g,-(h(t)))) U (U9,
C(z,t) =40 for z € UM | (Q:\Qi(hi(1))), (7.8)
hi(t)—mi

gi(hi()) for 2 € wi(t),
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wherew;(t) = {x € Q : hi(t) — Bgi(hi(t)) < 2} < hi(t)} for 1 <4 < m. Itis easy to check that

IV2C] < [gi(ha(t)] " (7.9)
an o(et) M) - hi) a0
x,t) Ryt i(t) =2y, 1 't
o~ ah® alu@) “MONZ 20w (719
This yields
KL 5 20T o), o > 0
o¢(x,t) < 1 %"—(1-%)61(”@)) . . (7.12)
ot~ 2% i) Ho =
We now set
Q) = / (VY + [OVP)C(a, t)de, it 1o > 0
() (7.12)
Q) = /Q [TV e iy = 0,
and
o ha(t)
o(t) = / (g7 (s) + g P (s))ds, i g > 0;
= o (7.13)
= g—pd= L if o = 0.
=3 | :

Then we have
Theorem 7.1.if pg > 0, p > 422 or o = 0, 2 < p < 3 — 2, under the assumptions (7.3)-(7.5)
and (7.7), there exists at least one solutmsatlsfy|ng(2 5)1 — (2.5)4, moreover,

Q(t) < cpap(t) + e, foranyt >t = _nax K (t%), (7.14)

wherec;y > 0 andé;; > 0 are some constants, and the definitiong)¢f) and ¢(t) are given in (7.12)
and (7.13) respectively. Whén< p < 4‘§§d, if we assume thay; (¢) satisfies the condition

47pd

l9i(t)g; (D) <, (7.15)

wherey > 0 is a sufficient small constant, then the corresponding amich (7.14) still holds.

Proof. Let v»ft = uT>® 4 a be the solution of problem (2.5) in the bounded dom&i(i8, R). Note

that the existence of "> is ensured by Theorem 4.1. Moreover, sifagr, 2')| < cg[(d_l)(xl) and
|la(z1,2")| < gy (1) for @ € Q;, if po > 0, by (4.10) we have

HvuTRHZQTR + ||VUTRHPQTR cad(T).
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Let R — oo, we can find a vector function” such thatv” = u” + a is a solution of Problem (2.5) in
Q(T) and

Va3 o0y + VAT D 7y < cad(T).
If g = 0, by (4.29) we obtain that

p(d—2)
V12 oy < e(IVally gy + lall <(:);Q(T +llall3h o)
Since2 <p<3— %, a direct calculation derives
_ p(d—2) 0
HVaHg )+ lal| <: Q%E}) 379(T> + ||a||2§,7Q(T) < cag(T).

Therefore,
VTP gy < cao(T).

Next we derive (7.14). Multiplying the equation [n (R.5) iyx)((x,t) and integrating oveR(t) yield

V-VV-Cudx—i—/ V7 -Cudr =0, (7.16)
Q)

| (D) + )P 2D)  Dlcvyda+ [
Q)

Q(t)

where and below the superscriptof u is omitted for notational convenience. It is easy to cheelt th

D(v) : D(Cu)dr = /Q(t) ¢ID(u)2dx + (D(a) : D(u)dz + D(v) : Sym(u® V()dx

Q(t) Q) Q(t)

and
/ mww*wwwpmmuz/ (DE)[P~>D(v) : D(u)dz
Qt) Q(t)
+/ |D(v)|p_2D(V) : Sym(u® V{)dx
Q(t)

In addition, by integrating by parts we deduce

/ V-Vv-Cud;U:/ v-Vu-Cudm—l—/ v-Va- (udr
Q(t) Q(t) Q(t)

1
:——/ u2v-VCd:E—|—/ v-Va- (udr
2 Jaw )

and

/ V-Va-gudajz/ u-Va-(udm+/ a-Va- (udr
Qt) Q(t) Q(t)

:—/Q(t)(u-VC)(u-a)d:n—/Q(t)u.Vu-agda:—/Q(t)(a.vg)(u.a)dm_/ a-Vu-aldz.

Q(t)

Meanwhile,

/’qmm“%wwmmm— ([D(@)P~*D(a) : D(uydz > 6 | ¢|D(u)|da,
Q(t) Q(t) Q(t)
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and
| / (ID(@)"*D(a) : D(w)da| < e | (|D(@)ds +e / ¢ID(w) Pda,
Q(t) Q) Q(t)
which yields
(PW)P?*D(v) : D(w)de > ¢ | ¢|D(u)Pda - 0 / ¢(|D(a)Pdx.
Q(t) Q) 2 Ja)
Hence,

po [ CID)Pdr+ S / ¢ID(w)Pdz < ey / D@z + 1+t o, (7.17)

Q(t)
L = o / (D(u) : D(a)dz

Zﬂm/ D(v) : Sym(u® V¢)da

where

b= [ [DWPDE) s Sym(u e Voo
Q(t)
Iy = —/ u’v - Vidz,
2 Jaw)
= [ (@ VOu-a)d,
Qt)
I :/ u-Vu-addz,
Qt)
B[ (@ Vo) ayin,
Q(t)

Igz/ a-Vu-a(dz,
Q(t)

Iy = / mu - V{dx.
Q(t)
Next, we treat the termg (1 < i < 9) in two cases as follows:

Casel. g >0,p>1

It is easy to check that
n| < / ([D(u |d:13—|—c/ (|D(a)[2dz.

By Holder and Poincaré inequality, we have

\fz\gg/ \D(v)\zdx—i—/ [u|V¢[2da
o o)
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< 25/ |D(u)*dz +/ |D(u)dz + 2&?/ |D(a)|*dz.
Q(t) wi(t) Q(t)
Similarly,

Bl<e [ pErdss [ uivepds
Qt) Q(t)
<ol / D(u)|Pdz + / D(w)Pdz + 2" "e / [D(a)Pdz.
Q(t) wi(t) Q(t)

Using Holder inequality and Lemma 3.1, we deduce that

|I4| = yl/ u2u-vgdx+1/ u’a - V(dz|
(1) 2 o)
CZQZ Hu”3wz(t +ngz t)lu szl (t)

cZgZ )Vl o +cZg (R ()Y ull3 0y

=1

By Poincaré inequality, we have

‘[5’ Zg ” H2wL ng Hvu”Z wi (t

It follows from Lemma 3.1 and Lemma 3.5 (iii) and (iv) that

|Is| < / a’u?(Cdx +5/ |Vu|?Cda
() ()
<B 2uldr + Z/

Qou (U, Qi (h (1)~ Bgs (h(1) ) U(LY. 4 1 ) — Jw

< 25/ yvu\2gdx+52/ |Vu|?dz.
Q(t) i=1 wi(t)

By Schwartz inequality and Lemma 3.1, we arrive at

7] < DMV 0 + D lalli
=1 =1

m m
2 4
< CZ Hvu||2,wi(t) + Z HaH4,wi(t)'
i=1 i=1

On the other hand, it is easy to get

a’u?dz + 6/ |Vul|*Cdx
i(t) Q(t)

|Is] < ellCVull3 o0 + llallz o)
Finally, we estimatdy. By Lemma 3.2, we can finds € W, (w;(t)) N W, ?(w;i(t)) such thativw =
uy (see Remark 3.2), and there is a constéfiil, p) > 0 (see Remark 3.1) such that
HVWHZM( X M(d p)”ul ”2 Jwi(t

(7.18)
HVWHp,wi( t) < (d>p)||u1||p,wi t)
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In this case,
Io :gi_l(hi(t))/ rurde
wi(t)
1

g (u(®) [ - Vrda
wilf) (7.19)
— g7 ) [ D)+ PP D) w v V- wids

=g (h(t)) / ( )[(uoD(V) +m[DE)P2D(v)) - Vw + v - Vv - wlda.
w;(t
Note that by (7.18), one has

| [ D) Vwde| < ID) sl o
Qi (1)

and

| / o [POPTD): Vwda| < DML D)y < IDOIE o 1t
In addition, by Lemma 3.1,
w1l gy < cgi(hi(t))|Vullge, ) foranyg > 1. (7.20)

Consequently, we have

™ (al®)) / PP+ D) *D(v)) - Vwde|
< Vull3 @ +ellValp o +FellVall, o +elVally o (7:21)

On the other hand, by Lemma 3.1 and (7.18),

‘/()V-VV'de‘:‘/()V-VW'VdI"
wi(t wi(t

< QHUHZ,M@) VW20, ) + 2HaH121,wi(t)HVWHZwi(t) (7.22)

< g, ? ((EDIVI 0, 0 lhaalls.one) + cllal? o lualloonoy:

Therefore,

1 =[> /Q P Veda| <o (vl + IVul? 0
i=1 g i=1
4—d

0,7 (a)IVl g, + 1Val ) + V8l + 1Vl )

(7.23)

Collecting the estimates ol (1 < i < 9), together with Korn inequality and (7.17), we have
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2 < 2 = 3 P
IVullz.00 + IVUll? o0 c; (IVullze, @ + 92 (R@)IVullzy, @ + 1VUlly o)
+lVall3 o +cllVall o + clalliaq- (7.24)

In addition, it is easy to get

=1
WO >3 307 0w [ (VP + V) (7.25)
wi(t)

.
[y

wherey(t) = [o) (IVul* +[VulP)¢(z, t)dz. Hence

dy(t
Zgz DIl < o 24D (7.26)
and
= a4 dy(t
S IVl + 902, ) <007 A0, (7.27)
=1
Since
i)
IVall3 o) + lallf ap + IVall? g < cad / (g7 MV () + gT PN e)yds,  (7.28)
=1 0
we have
y(t) < cly'(t) + 32 ()] + cao(t). (7.29)
Note that

dot) (I )
S <gf+l<m<t>> " g§p‘”d“<hz-<t>>> =1

4(1—d) 4 (g
3

(h,(t))) (7.30)

=1

It p > 124, we then havél® <m(g, * + 3" "") = c1a. Thus, if we sew(t) = exs(t + ),
= 2cipap(t) + 2c11 andd = L, to = £, wherecy; satisfies

010¢ ﬂa +cnia 2 \I/(2cloc12a)

then it is easy to check that all the conditions of Lemma 3e3sattisfied. Hence, by Lemma 3.3 (i) we
have

y(t) < 2c1000(t) + 2c1100. (7.31)

4(1—d) m 4 2 )d

If 1< p < 222 we then havéd2® < mg, & + > g§+( P%(hi(t)). Therefore,

m _3
(¢ ()3 < et 3 g7 T, 1)),
=1
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By (7.15), we have

24+(1—3p)d
g 0P 0, 0))

)

_3 hi(t) _3
=g I [T L
. dt
24 (1-3p)d 3 hi(®) 1+(1-2p)d
—a T e =G0 [ g s

3 hi(t)
g§+(1 2p)d n C’Y/O ggl—p)d—l(s)ds

< eyo(t) +c.

N

Thus, if~ is sufficient, then all the conditions of Lemma 3.3 (i) arasfagd. Hence, by Lemma 3.3 (i)
we arrive at

y(t) < 2c1000(t) + 2¢11 0. (7.32)

Finally, smcefQ (|Val? + |ValP)((x,t)dx < cad(t), we get

Q) = / (\VV]2 + |VvP)((z, t)dx < érpap(t) + e a.
Q)

ISHIN

Casell. o =0,2<p <3 —

In this casel; = I, = 0. By completely analogous treatments in Case |, we can obtain

Is] < < / D(w)Pde + / D(w)Pdz + / D(a)|Pda.
i () )

2(1-4)
“[4’ Z ))Hvu”pw(t +g7, ! ( ())Hvu”pwl )
|I5] < ngz HVquwZ(t

[I7] < CZ IVall) .0 + Z lall32 .

18| < ell¢Vul? g +HaH2p,Q
1] < cz(gl ROV ey + [T ) + 05

+ a3 g, + 17212 0, )
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For I, by Young inequality and Lemma 3.1, we get that

|Is| = ‘/Q(t)u'Vu-ade‘

(d—2)
5/ C!a]ﬁ]u\pdw—ka/ C]Vu\pdx—i—c/ la| @02 .
a(t Q)

(d—2)p
<ee ¢|VulPdz + ¢ E / |VulPdz + c/ la| @D~ dz.
i(1) Q

Qt) (t)

As in Case |, based on the estimates/pfil < i < 9), we have

(hO)IVl3, o)

Z 21+ )) (1—%)
IVul? o) <e > (o ANV Ullpre) + 9,

=1
2—(3_1)d

tg, " ROVl + IV ) + el Vall g

(d—2)p

+cllally, —i—ca(d D

” H2p Q H ‘(d(dl)(Zp)p2)7Q(t)

In addition, it is easy to get

wherey(t) fQ |Vul|P¢(x,t)dx. Hence

S o T )Vl < oDy,

=1
N 2(1- 2(1-d) o~ A-(2-2)d dy(t)
>0 IVl <ol Y0 IVl < o
i=1 i=1
and
+H(Z-3d dy(t)
ZHVUHPUJZ@ \90 ! (7)
By virtue of
hi(t)
_(@d=2)p m (1p)d— 1
Va3 o + 1l 8,7 o+ 1Vl < ca > [ of 5
@-D(p-2)’ i=1 Y
we have
y(t) < cly' (1) + 4% +y*/P (1)) + cag(t).
Note that

m

m
27)(1 d
—2 1d+1 =29

43

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)



44 On the steady non-Newtonian fluids in noncompact domains

2p
we then havél‘%% 90 (=) — = c14. Thus, if we seW () = c15(t + t7 + t%). o(t) = 2cr0ap(t) +
2ciiacandd = 5, tg = t, wherecn satisfies

Cloa¢ t_) + clla \I'(2010014a)

then it is easy to check that all the conditions of Lemma 3e3falfilled. Hence, by Lemma 3.3 (i) we
have
y(t) < 2ci000(t) + 2¢11 00 (7.41)

Finally, sincefﬂ(t) |ValP((z,t)dx < cap(t), we get

Q) = / (\VV]2 + |VVvIP)( (2, t)dx < Epap(t) + C11a.
Q(t)

From (7.32) and (7.41), completely similar to the proof oftRan §6, we can establish the existence of

the solutionv to problem(2.5); — (2.5)4, here the details are omitted. Thus, Theorem 7.1 is shown.
Remark 7.1. If there is a constant > 0 such that|g;(t)| < cfor 1 < i < N, then Theorem 7.1

is also true forug = 0 andp > 2. Actually, from the proof of Theorem 7.1, in the cas@®f 0 and

p > 2, we just only need to treat the term(t) u - Vu - a(dx since the other terms can be estimated

analogously. Fotig;(t)| < ¢, by h;(t) ~ t and¢(t) ~ t one has

‘/ u-Vu'aCd:E‘ < ca/ |Vu|2§daz+ca/ lu|*Cdx
Q) Q) Q(t)

< ca/ |Vu|?Cdz + ca Z/ |Vul|?dz
Q(t) i—1 Jwi(t)
<€/ |Vu|pCda:+cZ/ [Vulf + cat + ca
Q(t) i=1 wi(t)

< 5/ |VulP{dx + CZ/ |IVul? + cag(t) + ca.
Q(t) i=1 wz’(t)

Hence the crucial estimate (7.14) still holds.

Remark 7.2. If 1 < p < 4§3d, in order to get the existence of solution to problem (2.9,need
both the conditions (7.7) and (7.15). It is worth noting thfsre are some.s such that conditions (7.7)
and (7.15) are satisfied. For examples, choosjflg) = (¢t + 1), then it is easy to check that (7.7) and
(7.15) are satisfied wheh< o < 6%% and- is sufficient small.

Theorem 7.2.Letv be a weak solution of the systéth5); — (2.5)4. In addition, we assume that

lim inft_g/ (IVv]? + |Vv|P)dz = 0, if o >0,p> 1,
t—o0 Qz(t)
, 9 (7.42)
liminft_i"t’/ |Vv|Pdz = 0, if uo=0,2<p<3—-.
t—o00 Ql(t) d
Then
| (9vP 4 199P) < cisasi0) + e o >0, 1
(1) (7.43)

. 2
/ |Vv|Pdx < cisad;(t) + cipa, if up=0,2<p<3— 7
Q;(t)
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where

7

bs(t) = /Ot gi(l_p)d_l(s)ds,

t;, wheret; is a constant such that(¢;) >

t
¢i(t) = / (gi—(d+1)(8) + g(l—p)d—l(s))ds, if 4o > 0,p > 1;
0

ISHIE

ifug=0,2<p<3—

Proof. Lett > 48¢9;(0). Then we can define that

hi(t)—at i
o [E tored € (o) - Bah). hi(0)],
C(@',t) = { g1 (0)z}  for z} € [0, Bg:(0)], (7.44)
B for 2 € [B9:(0), hi(t) — Bgi(hi(t))]
and
B0 = [ (VaP o+ [VaP)ds, o> 0> 1
Q;(t
. ) 2
@,-(t):/ |VulP(dz, if ip=0,2<p<3— -,
Qi(t) d
whereQ);(t) = Q;(h;(t)). Similarly to the proof of Theorem 7.1, we can obtain that
if uo >0,p>1,

d
)+ cg;* (hi(0)[Vul} wi(t)

9i(t) < e[ Vul3 ) + el Vall
+elVally o o +cllally g

J+clvalb, ;o (7.45)

ISHIN

if up=0,2<p<3—
. 2—(1+1)d 2(1-4)
9i(t) <clg; " (Ri)IVUllpary +9; 7 @)Vl .0

2—(%—1)d »
+9; (hi(t ))HVquw ®» ||Vu‘|p7wi(t)) (7.46)
, _(d-2)p
+c(||Val? + |Ja|? y T la @ e .
(1912 )+ 1812 6, + 11 %75,7 )
Hence
if o >0,p>1;

9i(t) < e(Gi(t) + (G5(D)>?) + cadi(t),

(1) + ()27 + (@(6)Y?) + cadi(t), W%z&h@<3—§

whereg;(t) = ¢;(h;(t)). Similarly to the proof of Theorem 7.1, settinig(7) = c(7 + 72), if g > 0
2 3 ~
U(r) = c(t+7r +77),if nop = 0, and takingy; (t) = 2caep;(t) + 2ca. By virtue of (7.42), from

Lemma 3.3 (ii), we can arrive at
(7.47)

3i(t) < 2cadi(t) + 2ca, fort >1t;.
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By (7.47), we have that:

if o > 0,p>1,
z1—Bg(z1) ) T (1—p)d—1
B 10 ais/2 ( )(|Vu| + |Vul|P)dy < coz/o (9; (s)+g, (s))ds + ca; (7.48)
Gi i(S
if o =0,2<p <32,
z1—Bg(x1) T 1-pyd—1
ﬁ/ﬁ o ds/2 . |VulPdy < ca/O g; 7 (s)ds + ca. (7.49)
9i il

Meanwhile, ifug > 0, p > 1,

T
/ o @) gl s
T1—pPg(Tr1

max (g7 " (s) + g PN (s)) - Bgi(an)
[x1—Bg(x1),z1]

c(g;7 U w1) + g (@)

g+ i P,

N

<
<

if o =0,2<p <32,

Tl
/ P (5)ds
961—59(1’1)

(1-p)d—1
max \ 3) - (z
[x1—Bg(x1),21] Yi ( ) 59( 1)
egt P (1)
cgy P

N

NN

Therefore, ifug > 0,p > 1,

t
/ ds/ (|Vu|2 + |VulP)dy < e1500;(t) + crpa;
0 3(s)

ISHIN

t
/ ds/ [VulPdy < ci5a¢:(t) + ciga.
0 3(s)

Sincefﬂi(t) |Va|P((x, t)dx < cag;(t), we have that (7.43) is satisfied. O

From (7.14), it is easy to check that the solutions of Theorelnsatisfy (7.42). Hence, we can get
the following result:

Theorem 7.3.we assume that all the conditions of Theorem 7.1 are satjgfied problem (2.5) has at
least one weak solution.
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7.2 Part 2. Uniqueness

At first, we establish the following result:

Lemma 7.1.Assume thag;(¢) satisfies the conditions

4_4 - . 4+2d
lgi(t)g? > ()] <A, it o > 0,p > ——=;
P (7.50)
14)g 3 T(5—1d . , 2
where?d > 0 is a sufficient small constant. ¥f satisfies (7.43), then we have
40q_ 4_(p_2 . 4+ 2d
/ (Vv + [VvP)de < eiralgf V@) + 977 9P1), ifuo>0,p > ; :
ol (7.51)

201
/ \Vv]pdxécnaglf’(l d)(t), if,u0:O,2<p<3—E,
wi(t)
wherew;(t) = {z € Q; : t — Bg;(t) < % < t} andt > 4t + 63¢;(0).
Proof. For fixedt, we set
t=t—PBgt), ti=t—PBg(t), to—PBgilt2)=1t,
thent <t; <t <t<to.

CaseI.,u0>0,p>M

Introduce the functionsq; (7) andmg(7) such that

T T e, P = 4 ma(r)

andm;(0) = m(0) = 0. In addition, constructing the following truncating fuiost

wll —t1+ ml(T)

, gi(tr = ma(7)) 4
x(z',7) = B, - foray et —ma(7) + Bgi(ty — ma(7)), ta + ma(7) — Bgi(ta + ma(7))],
to + mo(T) — 24

gi(ta +ma(1))

, foral €ty —mi(r),t1 — ma(r) + Bgi(ts — ma(7))],

for i € [ta + ma(7) — Bgi(t2 + ma(7)), t2 + ma(7)].
Set '
Qi(r5t) ={x € Qi : t1 —my(7) < 2] < ta+ma(7)}.
As the proof of Theorem 7.1, we multiply the equation[in 2%y and integrate ove®;(7;¢) to get

to+mo (7‘) —(d+1)
(9; (s) + g1 P41 (s))ds for T € [0,71],

A7) < sl (7) + (2 (7)) + eroa / 2
(7.52)

t1—mq (7‘)
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where
dﬂ=j/ (IVul? + [Vul)x(z, 7)dr,
Q;(75t)

andr; is a constant such that= t; — m1 (7). In addition,
£
1 [ 000+ g0 s)ds
£
<1+ / (gg ‘Y 4 g\ PNy ds
0

L o :(0 —17)d+1 :(0 17 (p—1)d+1
< (1 4+ Fgg @V 4 gi-P 1))(9( )+ B +(9:(0) + )

t
2 —(d+1) (1—p)d—1
X / (g; (s)+g; 7 (s))ds.
t
This, together with (7.43) arf < ¢ < to + ma(7), yields
ta+ma(71)
2(11) < exex / N (g7 (s) + g P () ) ds. (7.53)
t1—ma (71

Set

tat+ma(r) N 401_g 4_(p—2)d
ﬂﬂ:wm/’ (974 (s) + g P (8))ds + eana (g7 (1) + 02T @),
t

1—ma(7)

wherecs; = max{2¢9, ca20 }, andcas is a sufficiently large constant. We now prove

p(1) = 2e18(& (1) + (¢ (1)), (7.54)

At first, it is easy to get

o ( ma) ()
e (7) m(ﬁ“m+mww ﬁ“m—mmw>

+@m< mh(7) . m (r) )
g7 I (g 4 ma(r)) gV () — ma(7))

41— 401
—ena(g? ™ by + ma(r) + g7 (1 — ma(r)

i_(p—2)d 1_(p—2)d
+g5 Tty 4 ma(r)) + 07" — ma (7))

(2

ECglaA(T).

41— 4_(p_2 21—
sincep > 4524, we haveA(r) < 2(g3" " + ¢~ "), Thus(¢/(7)¥2 < V2(ema)? (g5 +

2 p_1

g5 2 3)d)A(T). On the other hand, by virtue of (7.50),

401_ i 401 t14+ma(7) 40
Am =20!" 00 - [ Sl s [T Ll s
t1—77’l1(7’) dS t dS
4_() 2 t 4_() 2 t1+ma(7) 4_(p 2
agt - [ S s [ L s
t1—7TL1(7’) dS t dS
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4 4 2 to+ma(T)

4(1-d 4_(p—2)d _
<2000 + 95 ") 4 ey /

t1—my (7’)

(gf(d+1) (s) + g(l_p)d_1 (s))ds.

Hence, ify is sufficient small, then (7.54) holds. This yields foe [0, 71],

z(1) < (7).
Choosingr = 0, we then have
t
5[ dn [ (VaP vy
t—PBg(t) Bi(z1)

< z(0) = / . (|Vul? + |[Vul")x(z,0)dz

i (0t
4

2 _ —p)d— =3¢
t1

Assume thatg](s)| < 7 for s € [t1, t2]. From this, we have

ty <t+ gi(t) andty >t — B(2 + By1)gi(t).
1

B
1—pBy
Hence, ifcys = B[2 + By + ﬁ] <7t then

to
/ (gi—(d—l—l) (8) + gzgl—;n)d—l (s))ds
t1

C23 —d €23 (1-p)d
S (1- 023’71)d+1gi ®)+ (1— czg’Yl)(P—l)dJrlgi (t)
4(1—-d 2_(p—2)d
<ean(g7" )+ 97T ).
Therefore , \ ,
[ (vap +19up)is < calel 0 + 41 ),
;i (t)
: 9 4(1-d) i (p-2)d
Slncefwi(t)(|Va| + |ValP)dz < ca(y; (t) + g (t)), we have that

401_ 4 (2
/ (VP 49V < crna(gt V(1) + gF D),

Casell. yp=0,2<p<3-2
Choosing functionsn; (7) andmz(7) such that

dmq(T 2p+3 _(1-2)q dmeo(T 2p+3 _(1-B)q
7;7_( ) =g;° 4= (t1 —ma(1)), 7;7_( ) =g, ° (1=5) (ta + ma(7))
andm,(0) = my(0) = 0. Similarly to the proof of Theorem 7.1, we multiply the edaoatin (2.5) by
uy and integrate ove®;(7;t) to get
t2+m2(7’)
2(7) < el (1) + (2 (1) + (2 (1))3/P] + e / g1P1(s)ds forr € [0,7],

fomi (7.55)
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where
z(1) = / |[VulPx(x, 7)dz.
Q;(75t)

Note that

t t
1 +/ gl-(l_p)d_l(s)ds <1 +/ gél_p)d_lds
0

0
) —15\(p—1)d+1 p2t
<(1+ Zg(()l—p)d—l) (9i(0)+ 5 - ﬂ / ggl_p)d_l(s)ds.
t
By this inequality and (7.43), we have
ta+ma(71)
z(m) < 02704/ ggl_p)d_l(s)ds. (7.56)
t1—m1 (1)
Set ta-tmia(s)
2Tm2(T _ _ 2p 1—d
o(1) = 02904/ gi(1 p)d 1(.9)ds + c30ag,” ( )(t),
tl—ml(T)
wherecgg = max{2cog, co7 }, andcsy is a sufficiently large constant. Next we prove
(1) = 2c05(¢' (1) + (¢ (1)*7 + (& (7)*/7). (7.57)
It follows from a direct computation that
my(7) my (1)

/
o (1) = czga< — + - )
g7 I (g 4 ma(r)) gV () —ma(7))

7

2 (1—d 22 (1-d
=exa(g "ty +ma(r) + g (b — (7))
ECanA(T).
. Y 3_4 3 28 (1_q)
Together withA(7) < 2g,° , this yields (o' (1))%/? < 22 (co9a) P gy ™ A(1). Moreover,
by (7.50)
2p 1 t d 22 t1+ma(T) d 21
A(T) — 2923 (1 d)(t) _/ d_gZS (1 d)(s)dS +/ d_gzs (1 d)(S)dS
tl—ml(T) S t S
2p 1 to+ma(r)
< 291'3 @ d)(t) +631’?/ . gi(l p)d l(s)dé’.
t1—may (7T

Hence, if¥ is sufficient small, then (7.57) holds. Therefore,
z(1) < (1), forr e [0,7].

Choosingr = 0, we have

t
ﬁ/ dwl/ |VulPdy
t—PBg(t) Yi(x1)

<0 - [ PRSI



J.-Q. Yang and H.-C. Yin 51

().

2 2p(1_
< (0) = cxa / g (s)ds + exag,? (=
t1

Assume thatg;(s)| < v for s € [t1,2]. Then

B
1—Bm

ta <t+ g(t) andt; >t — B(2 + B71)gi(t).

Hence, ifcsy = B[2 + By1 + ﬁ] < vyt then

to 2
|l s < ) < g ),
t

L (1 — c3gryy) (P~ 1)d ™

Therefore,

2p 1
/mwwm<mﬁ“”w

4_(p_2
It is easy to check tha,fwi(t) |VaPdz < cag? » S)d(t), hence

22 (1-d)

/ o |Vv|Pdx < cirag;® (t).
Gyt

Collecting all the estimates above, we complete the prodeoaima 7.1. O

Next, letv be a divergence free vector field ifi,.”(2), and we assume that there exists a constant
v satisfyingy (p — 2) < 2=2 + (3 + 1)d — § such that
. . . 1 .
ID(v)(z")| = cg; ¥ (z))|y*|P—T  foraz’ e Q, (7.58)

wherey’ = (2%, ...,2%) andl <i < N.

Theorem 7.4.Letd = 3, we assume thay;(¢) satisfies (7.50) and is sufficiently small, and there
exists a solutiorv satisfying (7.58) to problem (2.5). Then the solutionf problem (2.5) is unique for
w=0,2<p<g<3— % . Whenug > 0, even if the assumption (7.58) ans removed, the solution of
problem (2.5) exists uniquely fpr> %.

Remark 7.3. If v(z1,y) is the Hagen-Poiseuille flow in pipes of circular cross sattwith radius
g:(t), then it follows from (7.15) of [28] that

3p—2 1

ID(v)(x1,y)] = cg; " (t)|ly|7T for some positive number> 0. (7.59)

This means that the assumption (7.58) is reasonable undee sases.
Proof. By the assumptions in Theorem 7.4, from Lemma 7.1, sithee3, one has

16 —d

3(1=d) 3—(—3)d .
3d

/ \VVQ\Zdw < ca(gZ (t) + g, ) ) < cagf“l(t), if o >0,p >
w; (1)

(7.60)

2 —

| 19valie < cag ), fa0=02<p<3— =,
@; (t)
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Setw = v; — vo. Then
~ podiv(D(w)) — udiv([D(w) + Dlva)P2(D(w) + D(v2)) ~ [D(v)**D(v))
+w-Vw+w:-Vvy+vy - Vw+ V(m —me) =0. (7.61)

From the proof of Theorem 7.1, we just need to estinfate Vva, w)., ). While, by (7.59); and
Lemma 3.1 ifug > 0,

‘ / w - Vvy - wdz
@i (t)

2
< wWlli g,V Vallzg @)
2—1d
<g; 2 OIVWIE 60 IV vallag, )

L 2
< ca?|[Vwl|3 g 3

(7.62)

if o =0,2<p<3- 2,

‘ / w - Vvy - wdz
Wi (t)

< W3 )V V2l (7.63)

(t
2+(E2-2)d

<Y OIVWIZ 5,0 [V V2llp 0

T 2(d—1)(p—1
Meanwhile, ifl < r < % by (7.58)

/ |[Vw|"dx
@;(t)
(p—2)r (p—2)r

< / PO D) e

T 2—r
< ( / |D(V2)|(p_2)|D(w)|2d3:>2 < / |D(v2)|_(p227?rd;n> : (7.64)
‘Dz(t) L:),L(t)

2—r

V"“(sz)_;’_(sz') (p—2)r

gi(t) deo— )
<o 2<t>|||D<v2>|p—2z><w>||§,@i(t>( [ —wwds)

d2—r) (p—2)r , vr(p—2)

—p=2)r _
<eg, 26—1) 2 @|ID(v2)|P 2D(W)||§7@i(t)-

Hence, we have
1
‘/ ()W-VVQ'Wd:L" < capgf(t)u|D(vz)|p‘2D(w)\|§m(t), (7.65)
w;(t

where = —2=3 — (3 + 1)d + § + v(p — 2) < 0. Therefore,

/ w-Vvy - wdx‘ < cal||D(ve)P2D(w))|3 oi(t)- (7.66)
@i (t) o
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From (7.61) and (7.65), similarly to the proof of Theorem, T v is sufficiently small, we can get

y(t) < cly/ () + (' (£)3], it 1o > 0,p> 01
, ) o (7.67)
Y1) < /() + GO + )] fp=02<p<3-,

wherey(t) = fQ(t)(\VW\2 + |Vw|P)dz, if ug > 0; y(t) = fQ(t) |Vw(Pdx, if pg = 0. If y(t) is not
identically zero, it then follows from Lemma 3.3 (iii) that

. 16 —d _ .3 . 2
liminf ¢t 3y(t) > 0, if o > 0,p > 6—;liminft Sjpy(t) >0,if up=0,2<p<3-—
t—o0 3d t—o0

E.

These contradict with (2.5) Hence y(t) = 0, and furtherv; = vs. O
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