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STOCHASTIC CONVERGENCE OF A NONCONFORMING FINITE
ELEMENT METHOD FOR THE THIN PLATE SPLINE SMOOTHER
FOR OBSERVATIONAL DATA

ZHIMING CHEN*, RUI TUOT, AND WENLONG ZHANG #

Abstract. The thin plate spline smoother is a classical model for finding a smooth function from
the knowledge of its observation at scattered locations which may have random noises. We consider
a nonconforming Morley finite element method to approximate the model. We prove the stochastic
convergence of the finite element method which characterizes the tail property of the probability
distribution function of the finite element error. We also propose a self-consistent iterative algorithm
to determine the smoothing parameter based on our theoretical analysis. Numerical examples are
included to confirm the theoretical analysis and to show the competitive performance of the self-
consistent algorithm for finding the smoothing parameter.

Key words. Thin plate spline, Morley element, stochastic convergence, optimal
parameter choice.

1. Introduction. The thin plate spline smoother is a classical mathematical
model for finding a smooth function from the knowledge of its observation at scattered
locations which may subject to random noises. Let 2 be a bounded Lipschitz domain
in R? (d < 3) and ug € H%(Q) be the unknown smooth function. Let {z;}?, C
be the scattered locations in the domain where the observation is taken. We want
to approximate ug from the noisy data y; = uo(z;) +e;, 1 < i < n, where {e;}";
are independent and identically distributed random variables on some probability
space (X, F,P) satisfying E[e;] = 0 and E[e?] < 2. Here and in the following E[X]
denotes the expectation of the random variable X. The thin plate spline smoother,
i.e., D%-spline smoother to approximate ug, is defined to be the unique solution of the
following variational problem

1 — 2
. 4 2: ; ; A 2 ; 1.1
uGHIZI(lsl) n i=1 (u(;(; ) Y ) |u|H2(“) ( )

where ), > 0 is the smoothing parameter.

The spline model for scattered data has been extensively studied in the literature.
For 2 = R?, [4] proved that has a unique solution u, € H?(R%) when the set
T = {x; : ¢ = 1,2,--- ,n} is not collinear (i.e. the points in T are not on the
same plane). Explicit formula of the solution is constructed in [4] based on radial
basis functions. [8] derived the convergence rate for the expectation of the error
|y, — uoﬁﬂ(ﬂ)’ j = 0,1,2. Under the assumption that e;, i = 1,2,--- ,n, are also
sub-Gaussion random variables, [I0] proved the stochastic convergence of the error
in terms of the empirical norm ||u, — ug||n := (P71 30, |un(2;) — uo(x;)|?)/? when
d = 1. The stochastic convergence which provides additional tail information of
the probability distribution function for the random error is very desirable for the
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approximation of random variables. We refer to [I2] for further information of the
thin plate spline smoothers.

It is well-known that the numerical method based on radial basis functions to
solve the thin plate spline smoother requires to solve a symmetric indefinite dense
linear system of equations of the size O(n), which is challenging for applications with
very large data sets [6]. Conforming finite element methods for the solution of thin
plate model are studied in [I] and the references therein. In [6] a mixed finite element
method for solving Vu,, is proposed and the expectation of the finite element error is
proved. The advantage of the mixed finite element method in [6] lies in that one can
use simple H!(£2)-conforming finite element spaces. The H' smoother in [6] that the
mixed finite element method aims to approximate is not equivalent to the thin plate
spline model .

In this paper we consider the nonconforming finite element approximation to the
problem . We use the Morley element [5] [7, [9] which is of particular interest for
solving fourth order PDEs since it has the least number of degrees of freedom on each
element. The difficulty of the finite element analysis for the thin plate smoother is
the low stochastic regularity of the solution u,. One can only prove the boundedness
of E[|un|§{2(m] (see Theorem w below). This difficulty is overcome by a smoothing

operator based on the C'-element for any Morley finite element functions. We also
prove the probability distribution function of the empirical norm of the finite element
error has an exponentially decaying tail. For that purpose we also prove the conver-
gence of the error ||u, —ugl|, in terms of the Orlicz ¥2 norm (see Theorem |4.7| below)
which improves the result in [10].

One of the central issues in the application of the thin plate model is the choice
of the smoothing parameter \,,. In the literature it is usually made by the method of
cross validation [I2]. The analysis in this paper suggests the optimal choice should be

A/FEYS = O(on™ 2 (Juo ooy + on/2) 7). (1.2)

Since one does not know ug and the upper bound of the variance ¢ in practical applica-
tions, we propose a self-consistent algorithm to determine A, from the natural initial
guess A\, = n~ 7. Our numerical experiments show this self-consistent algorithm
performs rather well.

The layout of the paper is as follows. In section 2 we recall some preliminary
properties of the thin plate model. In section 3 we introduce the nonconforming finite
element method and show the convergence of the finite element solution in terms of
the expectation of Sobolev norms. In section 4 we study the tail property of the
probability distribution function for the finite element error based on the theory of
empirical process for sub-Gaussion noises. In section 5 we introduce our self-consistent
algorithm for finding the smooth parameter \,, and show several numerical examples
to support the analysis in this paper.

2. The thin plate model. In this section we collect some preliminary results
about the thin plate smoother . In this paper, we will always assume that €2 is a
bounded Lipschitz domain satisfying the uniform cone condition. We will also assume
that T are uniformly distributed in the sense that [8] there exists a constant B > 0
such that % < B, where

h =sup inf |z —z; Amin = Inf  |x; — x5,
max 168195 | Z|7 min 1§i;£j§n| 7 ]|



It is easy to see that there exist constants By, By such that Bin= /% < hy.. <
main < BQnil/d-

~We write the empirical inner product between the data and any function v €
C(Q) as (y,v)n = LS L yiv(a;). We also write (u,v), = L 30 u(w;)v(w;) for any
u,v € C(Q) and the empirical norm |jull, = (£ Y7, v?(2;))"/? for any u € C(Q).

By [8, Theorems 3.3-3.4], there exists a constant C' > 0 depending only on 2, B such
that for any u € H?(Q) and sufficiently small hpax,

lull2(e) < Cllulln + hpaxlulaz@), Tulln < ClullLa@) + hhaxlulm2@).  (2.1)

It follows from (2.1) and Lax-Milgram lemma that the minimization problem (|1.1)
has a unique solution u,, € H?(2). The following convergence result is proved in [§].
LEMMA 2.1. Let U, € H*(RY) be the solution of following variational problem:

. 2 2
wen 8B o Il =l A Anluliys ey, (2.2)

where D72L2(RY) = {u|D%u € L*(RY), |a| = 2}. Then there exist constants Ao > 0
and C > 0 such that for any A\, < Ag and n)\fl/4 >1,

E[IUn - woll2] < Chuluoleqey + . (23)
nAp
E[|Unl%2(q)] < Cluolfzq) + n;;;z/zy (2.4)
Define the bilinear form a : H2(Q2) x H?(Q2) — R as
aq(u,v) = Z Ou_ 0% dz, Yu,ve H*(Q). (2.5)

\Sig<al® O0x;0z; Ox;0x;
It is obvious that \u@p(m = a(u,u) for any u € H?(Q).

THEOREM 2.2. Let u, € H%(Q) be the unique solution of . Then there exist
constants A\g > 0 and C > 0 such that for any A, < \g and n)\ﬁll 4 >1,

2 2 Co®
Elllun — uolln] < CAnluolfrz (o) + T (2.6)
NAn
Co?
Ellun|t2(0)) < Cluolirz(ay + Nz (2.7)
NAR

Proof. Tt is clear that u, € H?(Q) and U, € H?*(RY) satisfy the following
variational forms:
)\naﬂ(unav) + (unvv)n = (yvv>n7 Vo € H2(Q)7 (28)
Mg (Un, w) + (Up, w)n = (y,0)n, Yw € H*(RY).
Let F : H*(Q) — D2L?(R%) be the extension operator defined by
Fu= argmin V] 2 () -

vED—2L2(R%),v|g=u
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It is known [4, 8] that Fu = u in Q and [Fu|g2gre) < Clu|g2(q) for some constant
C > 0. We write & = Fu in R? in the following. Thus, it follows from (2.8)-(2.9) that

Anaq(ty — Unyv) + (U, — Up,v)p = )\naRd\Q(Un,f)), Yo € HQ(Q),
which implies by taking v = u,, — U,|q € H?(Q2) that

An|tn — Unﬁ{z(n) + [Jun — Un||2 < )\n|Un|H2(Rd)|ﬂn - ﬁn|H2(Rd)
< C)\n‘Un|H2(Rd)‘un - Un|H2(Q)7

where U,, = F(U,|q). Therefore
n = Unliz 0y < ClUnlizmays [t = Unllf < MalUnlie(ray- (2.10)

Since Uy, is the solution of ([2.2) and U,, = U,, in ©, we have Uy |gr2(ra)y < |[Un|pr2ray <
C|Un|u2(0)- Therefore, Eljun|%2(oy] < CE[|Un|%2 (), which implies (2.7) by using
(2.4). Similarly one obtains (2.6]) from the second estimate in (2.10) and (2.3)-(2.4).
This completes the proof. O

Theorems [2.1] and [2.2] suggest that an optimal choice of the parameter A, is such

that A" = O((0*n =) uo| 13 o).

3. Nonconforming finite element method. In this section we consider the
nonconforming finite element approximation to the thin plate model (1.1]) whose so-
lution u,, € H%(Q) satisfies the following weak formulation

M@ (tn, 0) + (Un, ) = (Y,0)n, Yo € H*(Q). (3.1)

We assume (2 is a polygonal or polyhedral domain in R? (d = 2,3) in the reminder
of this paper. Let M, be a family of shape regular and quasi-uniform finite element
meshes over the domain Q. We will use the Morley element [5] for 2D, [9] for 3D
to define our nonconforming finite element method. The Morley element is a triple
(K, Px,Y k), where K € M, is a simplex in RY, P = P»(K) is the set of second
order polynomials in K, and X is the set of the degrees of freedom. In 2D, for the
element K with vertices a;,1 < ¢ < 3, and mid-points b; of the edge opposite to the
vertex a;, 1 < i < 3, X = {p(a;),d,p(b;),1 < i < 3,Vp € C(K)}. In 3D, for the
element K with edges S;; which connects the vertices a;,a;, 1 <i < 7 <4, and faces
F; opposite to aj, 1 < j <4, X = {ﬁfsmp,l <i<j< 4,ﬁfFj8,,p,1 <j<
4,Vp € CY(K)}. Here 9,p is the normal derivative of p of the edges (2D) or faces (3D)
of the element. We refer to Figure [3.1] for the illustration of the degrees of freedom of
the Morley element.
Let V}, be the Morley finite element space

Vi = {’Uh : 'Uh|K S PQ(K),VK S Mh,f(vh|K1) = f(’Uh|K2),Vf c EKI N ZKQ}.

The functions in V3, may not be continuous in Q. Given a set G C R2, let My, (G) =
{K e M), : GN K # 0} and N(G) the number of elements in M;(G). For any
vy, € Vi, we define

) = —— 3 ()@, i=1,2 0, (3.2)

N(z:) K'eMy (z:)
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ay b, as
F1G. 3.1. The degrees of freedom of 2D Morley (left) and 8D Morley (right) element.

Notice that if z; is located inside some element K, then My, (x;) = {K} and 0y (z;) =

vp(z), 1 = 1,2, ,n. With this definition we know that (0, W), and (e, wy), are
well-defined for any vy, wy € V.
Let

ap(up,vp) = Z Z / Oun__O%un dx, Yup,vn, €V
h\Yh,Vh) — Kaxlal‘] axlaxj ) hy Uh h-

KeMy, 1<i,j<d
The finite element approximation of the problem (3.1)) is to find u; € V3 such that
)\nah(uhavh) =+ (ﬂh,f}h)n = (y:ﬁh)n; V’Uh € Vh- (33)

Since the sampling point set T is not collinear, by Lax-Milgram lemma, the problem

(3.3) has a unique solution.
Let I : H*(K) — P»(K) be the canonical local nodal value interpolant of Morley

element [7, 9] and I, : L?(2) — V}, be the global nodal value interpolant such that
(Inu)|x = Ixu for any K € M, and piecewise H?(K) functions u € L?(Q). We
introduce the mesh dependent semi-norm | - |, 1, m > 0,

1/2
|Um,h:< Z Uﬁ{m(K)) )

KeMy

for any v € L%(Q) such that v|x € H™(K),VK € Mj,.
LEMMA 3.1. We have

\u — IKU‘H"I(K) < Ch?{m|u|H2(K), Yu € Hm(K),O <m <2, (34)
lu = Tnulln < CR?|ulrr2qy, Yu € H2(S), (3.5)

where hg is the diameter of the element K and h = maxgem, hi.

Proof. Since Ixp = p for any p € Py(K) [0], the estimate follows from the
standard interpolation theory for finite element method [3]. Moreover, we have, by
local inverse estimates and the standard interpolation estimates

— Ixul|peo( iy < inf — |l K|~V2| I (0 — }
[|w KullL (K)_peg;(l() lu—pllL (K)Jr\ | [ 15 (u P)||L2(K)
2—d/2
< Chk / |ul g2 (k)
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Let T = {a; € T: a; € K,1 <i <n}. By the assumption T is uniformly distributed
and the mesh is quasi-uniform, we know that the cardinal #Tx < Cnh?. Thus

— 1
lu = Inul); < - D #Txcllu— T o sy < Ch*ulfa(q)-
KeMy

This proves (3.5)). O
The following property of Morley element will be used below.
LEMMA 3.2. Let K,K' € My, and F = K N K'. There exists a constant C

independent of h such that for any v, € Vi, |a| <2,

0% (vrlx — vulr) Lo (r) < ChQ_la‘_d/2(|Uh|H2(K) + [vnla2(x1))-

Proof. By [9, Lemma 5] we know that
lonlre = vnlr |2y < CHY2(Jonl (i) + |vnl 2 (x0)-
By using the inverse estimate we then obtain

10%(vnlic — vnlic) |y < CRTonlk = valkr |l e ()
< Ch1=@=D72| 1y e — vy || L2y

< CR*11= Y2 (Jug | g2 ey + [on] 2 (x)-

This proves the lemma. O
LEMMA 3.3. There exists a linear operator Iy, : Vi, — H?(Q) such that for any
Vp € Vh,

[vn, — Opvp|mn < CR* ™ |oplon, m=0,1,2, (3.6)
|6, — Mpoplln < Ch?|vpl2.n, (3.7)

where the constant C' is independent of h.

Proof. We will only prove the lemma for the case d = 2. The case of d = 3 will be
briefly discussed in the appendix of this paper. We will construct II,v; by using the
Agyris element. We recall [3, P.71] that for any K € My, Agyris element is a triple
(K, P, AKk), where Pk = P5(K) and the set of degrees of freedom, with the notation
in Figure Ak = {p(a;), Dp(a;)(aj — a;), D*p(a;)(a; — ai,ar — a;), 0,p(b;),1 <
i,j,k<3,j#i,k#1i,¥pec C?(K)}. Let X}, be the Agyris finite element space

X, = {’Uh : vh\K S P5(K),VK S Mh7f(Uh|K1) = f(’l)h|K2),Vf S AKl ﬂAK2.}

It is known that X; C H%(Q).
We define the operator II;, as follows. For any v, € Vi, wy, := Hpv, € X}, such
that for any K € M, wp|x € P5(K) and

0% (wnx)(a:) = N(la_) Yo (wlr)(a), 1<i<3, Jal<2,  (38)
Y K'eMy(a;)
3y(wh|K)(bz) = 3V(vh\K)(b7;), 1 S 7 S 3 (39)

Here My, (a;) and N (a;) are defined above (3.2]). To show the estimate (3.6]) we follow
an idea in [3, Theorem 6.1.1] and use the element Hermite triangle of type (5) [3
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F1G. 3.2. The degrees of freedom of Agyris element (left) and Hermite triangle of type (5) (right).

P.102], which is a triple (K, Px,Ok), where Px = P5(K) and the set of degrees of
freedom O = {p(a;), Dp(a;)(a; — a;), D*p(a;)(a; — a;,ar — a;), Dp(b;)(a; — b;),1 <
i,j,k < 3,5 # i,k #i,Vp € C?(K)}. The finite element space of Hermite triangle
of type (5) is H' conforming and a regular family of Hermite triangle of type (5)
is affine-equivalent. For any K € My, denote by p;, pi;, Pijk, ¢ the basis functions
associated with the degrees of freedom p(a;), Dp(a;)(a; — ai), D*p(ai)(a; — ai, ar —

For any vy, € V},, we also define a linear operator g := Apvy as follows: for any
K e My, qh\K S P5(K) and

1 .
Olanl)@) = a5 D Ok, 1<i<3, jal <2 (310)
Y K€My (ai)

D(qn|r)(bi)(ai — bi) = D(valk)(bi)(ai — b;), 1<i<3. (3.11)

Then from the definition of Morley element and Hermite triangle of type (5), we know
that ¢p|Kx = (vn — qn)| K € P5(K) satisfies

on(x)= > D(dnlk)(ai)(a; — a;)pij(x)

i,j=1,2,3,j7#1

+ Z D*(¢n|k)(ai)(a; — ai, ar, — a;)pijn(z).

i,5,k=1,2,3,j7#1, ki

Since a regular family of Hermite triangle of type (5) is affine-equivalent, by stan-
dard scaling argument [3, Theorem 3.1.2], we obtain easily |q:|gm x) + [pilam (k) +

pijlEm (1) + [Pijil im0y < Chye ™, m = 0,1,2. Thus, for m =0, 1,2,
s 1/2
|onlemae) SChE™ 1Y Y AlN0% (val k) (ai) — 0% (g k) (i) . (312)

i=11<a|<2

By Lemma(3.2|and the fact that 0*(qn| k) (a;) is the local average of 9“vy, over elements
around a; in (3.10)

1/2

0% (vnl i) (a:) — 8 (anlx)(as)] < ORI Yo lwliegey| . Vi<lal<2
K'eMp(ai)
7



Inserting above estimate into , we get
1/2
iy < Ch*™™ > lonlie ., m=0,1,2. (3.13)
K'eMy(K)
By (3.8)-(3.11)) we know that g, — wy, € P5(K) and satisfies

3
an(x) = wi(x) =Y D(gnlx — walk)(bi)(ai — bi)gi(x).

i=1

|Uh —dn

On the other hand, for 1 <i < 3,
D(qn|r — wnlr)(bi)(ai — bi) = Ou(qn|x — valr)(bi)[(a; — bi) - ],

since 0, (wp|k)(b;) = Oy (vn|Kk)(b;) by (3.9) and the tangential derivative of (qn|x —
wp| k) vanishes as a consequence of (3.8) and (3.10). Since |g;|gm k) < Chy™ for
m = 0,1,2, we obtain then

5 1/2
lan — wp|gm () < CR*™™ <Z 10u (qn|x — Uh|K)(bi)|2>
=1
1/2

< Ch2™ > lvalfexn ., m=0,1,2, (3.14)

K'e My (K)

where in the second inequality we have used the fact that by the inverse estimate and

B.13),

10, (qn| i — vrlx)(0:)] < lan — vnlwree () < Ch lan — vnl w0
1/2

<C| D lwmlieae
K’EM}L(K)

Combining (3.13)) and (3.14) shows (3.6]).
(371

To show ([3.7]), we use the notation in the proof of Lemma the inverse estimate
and (3.6]) to get

R C
|60, — wall;, < o > #Txkllvn — whllFoe (i) < Cllvn — walF2(q) < Ch*|val3 -
KeMy,

This completes the proof. O

For any function v which is piecewise in C?(K) for any K € My, we use the
convenient energy norm

2y 1/2
lolln = (Aalvl3n + l2ll7) "

Here o(z;), i =1,2,--- ,n, is defined as in (3.2)), that is, 0(z;) is the local average of
all v|g/(x;), where K/ € M, such that x; € K'.

THEOREM 3.4. Let u, € H?(Q) be the unique solution of (3.1)) and uy € Vi, be
the solution of (3.3)). Then there exist constants A\g > 0 and C > 0 such that for any

8



A < Ao and nAY* > 1,

h4 <h4>1d/4 0.2
1+ — — —. (3.15
>\n )\n n)\d/4 ( )

n

In particular, if R* < CA,, we have

A2 2 Co?
E[H’LLO — uh||n] < C)\n|uO|H2(Q) + T/Al (316)

nA\p

Proof. We start by using the Strang lemma [3]
R ) . Anap (Up, vp) + (U — Y, Op)n
n —tinlln < C inf ||un—bn|ln+C  sup [Anth (tn, 08) F (ttn = Y, On)n (3.17)
vhEVi, 0£un €V, lvnlll
By Lemma [3.1] we have
inf s — ol < COY2 + 1) a2, (318)
v EVY

Since for any vy, € Vi, v, € H2(), by (3.1) and the fact that y; = ug(z;) + e,
i=1,2,---n, to obtain

An@p(Un, Vr) + (Un — Y, Op)n
= Anan(un, vn — Ipvn) + (un — y, 00 — Hpop)n
< Aalunlm2)[vn — Hpvnl2,n + |lun — vollnl|On — pvnlln + (€, 98 — Havp ).

Now by using Lemma [3.3] we have

|)‘n@h(un7 Uh) + (U'n — Y, @h)n‘

sup
0 €V lonllln
h? e, vp — Ipv
< ON?lunl2(0) + C—75 lun — wolln +  sup (€0 = 1lhvn)a| (3.19)
An 0%V lvnlll
Since e;, 1 =1,2,--- ,n, are independent and identically distributed random variables,

we have
E[|(e7f)h — Hhvh)n|2} = 02n_1||ﬁh — Hhvh”i S Cagn_1h4|vh|§’h,

where we have used Lemma |3.3|in the last inequality.
Let N, be the dimension of V}, which satisfies N, < Ch~¢ since the mesh is
quasi-uniform. Recall that if {X;}Y" are random variables, E[sup;<;<n, [Xil] <

Zf-v:hl E[|X;|]. We have then

— Tpvp)n|? — ), 2 2p,4—d
E| su (e, n h;)h) | <Np- sup E (e, vn h;]h) | <cZ .
0Fun €V llonlll 01, EVh llonlll nAn
(3.20)
Combining (3.17)-(3.20) we obtain

O.2h4fd

n\,

N ht
Ellllun = @nllz] < CAE[Junlfrz(ey] + O E[lun —uol3] +C

This completes the proof by using Theorem 0
9



4. Stochastic convergence. In this section we study the stochastic convergence
of the error ||ug — tpl|, which characterizes the tail property of P(|lug — tnlln > 2)
for z > 0. We assume the noises e;, i = 1,2,--- ,n, are independent and identically
distributed sub-Gaussian random variables with parameter ¢ > 0. A random variable
X is sub-Gaussion with parameter o if it satisfies

E [eMX—E[XD} <t VYAeR. (4.1)

The probability distribution function of a sub-Gaussion random variable has a expo-
nentially decaying tail, that is, if X is a sub-Gaussion random variable, then

P(|X —E[X]| > 2) < 2e2%°/7", V2> 0. (4.2)
In fact, by Markov inequality, for any A > 0,
P(X — E[X] > 2) = P(N(X — E[X]) > \2) < e ME[eX X EXD] < emA2m307A%,

By taking A = z/0? yields P(X — E[X] > 2) < e 37/, Similarly, one can prove
P(X — E[X] < —2) < e~22°/9"_ This shows (1.2).

4.1. Stochastic convergence of the thin plate splines. We will use several
tools from the theory of empirical processes [I1], [10] for our analysis. We start by re-
calling the definition of Orlicz norm. Let 1) be a monotone increasing convex function
satisfying 1(0) = 0. Then the Orilicz norm || X||, of a random variable X is defined

i =t fos0-2fu ()] <1} ws

By using Jensen inequality, it is easy to check ||X||y is a norm. In the following we

will use the ||X||y, norm with 3 (t) = e’ —1 for any ¢t > 0. By definition we know
that

POX|>2) <2e = /X vz >0, (4.4)

The following lemma is from [I1, Lemma 2.2.1] which shows the inverse of this prop-
erty.

LEMMA 4.1. If there exist positive constants C, K such that P(|X| > z) <
Ke %% V2 >0, then ||X|y, < /(1 +K)/C.

Let T be a semi-metric space with the semi-metric d and {X, : ¢t € T'} be a random
process indexed by T. Then the random process {X; : t € T'} is called sub-Gaussian
if

P(|X, — X;| > 2) <227 /40" s teT, z>0. (4.5)

For a semi-metric space (7, d), an important quantity to characterize the complexity
of the set T is the entropy which we now introduce. The covering number N (e, T, d)
is the minimum number of e-balls that cover T. A set is called e-separated if the
distance of any two points in the set is strictly greater than €. The packing number
D(e,T,d) is the maximum number of e-separated points in T. log N (e, T, d) is called
the covering entropy and log D(e, T, d) is called the packing entropy. It is easy to
check that [I1}, P.98]

N(e,T,d) < D(,T,d) < N(%,T, d). (4.6)
10



The following maximal inequality [11, Section 2.2.1] plays an important role in
our analysis.
LEMMA 4.2. If{X;:t € T} is a separable sub-Gaussian random process, then

diam T

I supT\Xs — Xyl < K Vieg D(e, T,d) de.
s,te

0

Here K > 0 is some constant.

The following result on the estimation of the entropy of Sobolev spaces is due to
Birman-Solomyak [2].

LEMMA 4.3. Let Q be the unit square in R and SW®P(Q) be the unit sphere of
the Sobolev space W*P(Q), where a > 0,p > 1. Then for e > 0 sufficient small, the
entropy

1ogN(€7SWa7p(Q)7 || : HL‘Z(Q)) < Caid/aa

where if ap > d, 1 < q < 0o, otherwise ifap < d, 1 < q < ¢* with ¢* = p(1—ap/d)~L.
For any § > 0,p > 0, define

S50(9) = {w € HQ) : Julln < 8, ulr2(0) < o). (47)

The following lemma estimates the entropy of the set S5 ,(€2).
LEMMA 4.4. There exists a constant C independent of §, p,e such that

L5\ Y2
108 N (e, S5, @ =) < € (220

Proof. By we have for any u € S;5,(Q), |lullp2(0) < C(|ullL20)+|ulH20) <
C(||ulln+|ulgr2(q)) < C(5+p), where we have used the fact that hyax < Cn~1/4 < C.
The lemma now follows from Lemma (4.3l O

The following lemma is proved by the argument in [11l Lemma 2.2.7].

LEMMA 4.5. {E,(u) = (e,u), : u € H?>(Q)} is a sub-Gaussian random process
with respect to the semi-distance d(u,v) = ||u — v||%, where |Jul|% = on="/2||ul|,.

Proof. By definition E,(u) — E,(v) = >/, c;ie;, where ¢; = +(u — v)(z;). Since
e; is a sub-Gaussion random variable with parameter o and Ele;] = 0, by ,
E[ere] < e%”z)‘z,V/\ > 0. Thus, since ¢;, i = 1,2,---,n, are independent random
variables,

E [e)\ S c,ie,i} < 6%02)\2 s _ eég%rl,\?||u—'u|\fL — e%d(uw)?,\z.
This shows E,(u) — E,(v) is a sub-Gaussion random variable with parameter d(u, v).
By (4.2) we have
P(|Ea(u) — Ea(v)] 2 2) < 2727 /4007, vz > 0.

This shows the lemma by the definition of sub-Gaussion random process . a0
The following lemma which improves Lemma will be used in our subsequent
analysis.
LEMMA 4.6. If X is a random variable which satisfies

P(X| > a(l+2)) < Cre * /5 Va>0z2>1,
11



where C1, K1 are some positive constants, then || X|y, < C(C1, K1)a for some con-
stant C(C1, K1) depending only on C1, K.
Proof. If y > 2a, then z = (y/a) — 1 > 1. Thus

IWM>y%ﬂWM>aO+mngm{U%(z—Qj-

Since (£ —1)2 > £(£)? — 1 by Cauchy-Schwarz inequality, we obtain

M

2 1 _

o
P(|X]| > y) < Cre*ie BTt Cie*ie *3,

where K := v/2aK;. On the other hand, if y < 2a, then
2 "2 2

2
P(|X|>y) <efe X <eie

‘@
[

[<

|
SN

d
N

Therefore, P(|X| > y) < Coe™¥" /K3 Yy > 0, where Cy = max(Cye'/K7 | ¢2/K1). This
implies by Lemma

1 X |4y < V14 CoKy = C(Ch, K1)a, where C(Cy, K1) = V2K1\/1 + Co.

This completes the proof. O
THEOREM 4.7. Let u, € H?(Q) be the solution of (3.1). Denote by py =
luo| () + on~/2. If we take

NS _ O(gn1/2p51), (4.8)
then there exists a constant C > 0 such that

Hlwn = wolla llva < CAY2p0,  Ilunlaz() lla < Cpo- (4.9)

Proof. We will only prove the first estimate in (4.9) by the peeling argument. The
other estimate can be proved in a similar way. It follows from (2.8)) that

l|tn — uol|2 + )\n|unﬁqz(g) <2(e,up — uo)n + /\n|u0|%[2(9). (4.10)
Let > 0, p > 0 be two constants to be determined later, and
Ag =1[0,08), A; = [20716,2%5), By =1[0,p),B; =[27"'p,27p), i,5>1. (4.11)
For i,j > 0, define
Fij={veH*(Q): ||[v], € A4, [v|g2a) € B;}-

Then we have

P([[tn — olln > 6) <Y Y Plun —ug € Fy). (4.12)
1= 0

Now we estimate P(u, — ug € F;j). By Lemma {(e,v),, : v € H*(Q)} is a sub-
Gaussion random process with respect to the semi-distance d(u,v) = on=1/2|ju—v,.
It is easy to see that

diam Fi; <on™'?  sup  (Ju—uglln + [[v = uolln) < 20m7 12 2%
u—ug,v—ug€Fy;

12



Then by (4.6) and the maximal inequality in Lemma [4.2| we have

on~1/2.9itls c
| s [(eu— ol < K [ Jlow (5 i) de
0

u—uo€EF;;
g—n_l/2,2i+16 -
:K/o \/logN(m—l/?’Fiw”'Hn) d.

By Lemma [£.4) we have the estimate for the entropy

€ €
log N (Wvﬂ‘j’ I ||n) < IOgN(WaFijv I Mz ()

c o225+ %) 42
- €

Therefore,

on~1/2.9t+1s —-1/2 i 1 d/4
) . j
su e, U — Uy)n < on (2 +2'p) de
” p ‘( ) ) ||’¢12 K
u—ug€Fyj 0 5

— C«O_n—l/Q(Qi(s + 2jp)d/4(216)1—d/4
< Con™ Y2215 + (216) 1= 4/4(27 p)¥/4]. (4.13)

By (4.10) and (4.4]) we have for 4,5 > 1:

P(upn, —ug € Fij) < P(Zz(iil)éz + >\n22(j71)p2 <2 sup |(e,u—uo)n| + /\npg)

u—ug€Fy;
=P2 sup |(e,u—ug)n| > 220762 41,2201 p2 _ X, p2)
u—ug€Fyj
1 920i-1)§2 4 ),220-1) 52 _ ) 52 2
<2exp |— , . , .
Co2n—1 215 + (210)1—d/4(27 p)d/4
Now we take
6% = Aupa(1 4+ 2)%, p=po, where z > 1. (4.14)

Since by assumption Ay 2T/ = O(on=2py ") and on=/2py* < 1, we have \, < C
for some constant. By some simple calculation we have for i,7 > 1,

. 226D 5(1 + 2) + 220D ’
B (2i(1+z)+(2i(1+z))1d/4(2j)d/4> ‘

By using the elementary inequality ab < %ap + %bq for any a,b > 0,p,q > 1,p~! +

g ! =1, we have (2°(1 + 2))'~#4(27)4/4 < (1 4 2)2° + 27. Thus

P(un, —up € Fij) < 2exp

P(u, — ug € Fij) < 2exp [—C(2%2° +2%)] .
Similarly, one can prove for i > 1,j = 0,

P(u,, — ug € Fy) < 2exp [-C(2*'2%)] .
13



Therefore, since > 77, e CCY) <@ <1 and Y°, e M) < ¢ we obtain
finally

i f: Plup —ug € Fij) <2 i i e=C@*Z+2%) 4 o i o—C(2%2%)
i=1 j=1

i=1 j=0 i=1

< 4e=C%"

Now inserting the estimate to (4.12)) we have

2

P(|[tn, — tolln > A 2p0(1 + 2)) < 4e7C% ¥z >1. (4.15)

This implies by using Lemma that [|||un — wollnlly, < CA\Y?py. This completes
the proof. O
We remark that (4.15]) implies that

lim 1m P(|Jun — tolln > AY2po(1+ 2)) = 0.

Z—00 N— 00

In terms of the terminology of the stochastic convergence order, we have ||u, —ug||, =
Op()\;/ 2)po which by the assumption (4.8]) yields

_ a4
lun — uolln = Op(niu%)aﬁpo e

This estimate is proved in [I0, Section 10.1.1] when d = 1. Our result in Theorem
[£7) is stronger in the sense that it also provides the tail property of the probability
distribution function of the random error ||u, — ug||n.

4.2. Stochastic convergence of the finite element method. The following
lemma provides the estimate of the entropy of finite dimension subsets [10, Corollary
2.6).

LEMMA 4.8. Let G be a finite dimensional subspace of L*(Q) of dimension N > 0
and Gr ={f € G : || fllr2q) < R}. Then

N(E,GR, || . ||L2(Q)) < (1 +4R/€)N, Ve > 0.

LEMMA 4.9. Let Gy, := {vn € Vi« [[[onll[n = (Anlonl3, + |9n]12)1/2 < 1}. Assume
that h = O\Y™") and n\Y* > 1. Then

| sup |(e,on — Mpop)nl |y, < CUn_l/Q)\T_Ld/S.
v €Gh

Proof. Similar to the proof of Lemma we know that {E,(vy) == (e, 0, —
o), Yor € Gp} is a sub-Gaussion random process with respect to the semi-
distance d(vy,, wp) = on=2||(oy, — Mpvn) — (Wn — Mpwp)||n. By Lemma for any
on € Gh, |lon — Myoplln < Ch2|uplan < Ch2A, "2 < C, where we have used the
assumption h = O( i 4) in the last inequality. This implies that the diameter of G},
is bounded by Con~'/2. Now by the maximal inequality in Lemma

Con~1/2
I sup |(eson — Tvn ) oy < K/ \Jlog N (E,Gh,d) de. (4.16)
vh €Gh 0 2

14



For any vy, € Vi, by Lemma 3.3} v, € H2(Q2) and thus by ([2.1)
IMhonll L2 ) < C (Ao Thvnl2) + [Thon]n)
< O(n=2 Y2 4 [y — Gnlln + (|00 ]ln)
S C(n—2/d>\;1/2 + ChQA;1/2 4 1)
<C,
where we have used h = O()wl/ ) and nAY* > 1 in the last inequality. Thus

lvnllrz) < llvn — Mavnllr2e) + Mavnllz2@) < CR*|oplan +C < C, Yoy, € G
(4.17)
Moreover, by Lemma [3.3| and inverse estimate,

d(vn, wp) < Con 22 |vy, — wplopn < Con™2|vy — whllr2)  Yon, wp € Vi
(4.18)
Now since the dimension of V}, is bounded by Ch~¢, Lemma together with (4.17)-

(4.18) implies
€ p €
o (30 = o (g o)
< Ch™ (14 onY?/e).
Inserting this estimate to (4.16)

Con~1/2
| sup |(e,on — Mpon)nl g, < C’/ \/Ch—d(l +on~1/2/e)de
0

vp €Gh
< Ch~¥2gn=1/2,
This completes the proof since h = O()\,ll/4). O
The following theorem is the main result of this section.
THEOREM 4.10. Let up, € Vi, be the solution of (3.3)). Denote by po = |uo|p2(0)+
on~Y2. If we take
h=0WM\/* and N8 = O(on=?pst), (4.19)

then there exists a constant C > 0 such that

[ = wolln llps < CAY2p0, |l Junlrr2(e) lles < Cpo. (4.20)

Proof. By (3.17)-(3.19) we have

)‘}L/Q‘uh|H2(Q) + ||an — uolln
2

h
<C(1+ W)Hun = tgln + C(1* + X2 (|unl2() + [uol ()

L0 sup (€, On — Hpvp)n|
0#v €V, lllvnlln
The theorem follows now from Theorem 4.7, Lemma[t.9]and the assumption on=1/2 <
C)\Tll/2+d/8p0. 0
By (4.4), we know from Theorem that
P(||is, — uolln > 2) < 27/ (e vz >0,
that is, the probability density function of the random error ||ay, — ugl|,, decays expo-
nentially as n — oo.
15



FiG. 5.1. The surface plot of the exact solution ug.

5. Numerical examples. From Theorem [4.10] we know that the mesh size
should be comparable with )\711/ * The smoothing parameter A, is usually determined
by the cross-validation in the literature [I2]. Here we propose a self-consistent al-
711/2+d/8 _ 0n71/2(|U0|H2(Q) +
on )~! as indicated in Theorem In the algorithm we estimate |ug|p2(q) by
lunl2,n and o by |lup, — yl|, since ||ug — Y|l = |le]|» provides a good estimation of the
variance by the law of large number.

ALGORITHM 5.1. (SELF-CONSISTENT ALGORITHM FOR FINDING \p,)
1° Given an initial guess of Ay o;
2° For k > 0 and M\, known, compute uy with the parameter A, over a quasi-

gorithm to determine the parameter A, based on A
—1/2

uniform mesh of the mesh size h = /\i{:;
d _ _1/2y—
3° Compute )\711{511/8 = llun = yllan ™2 (lunlz.n + [lun — yllon =) 1

Now we show several examples to confirm our theoretical analysis. We will always
take 2 = (0,1) x (0,1) and {z;}?; being uniformly distributed over Q. We take
ug = sin(27x2 4+ 37y)eV >+, see Figure[s.1} The finite element mesh of Q2 is construct
by first dividing the domain into A= x h~! uniform rectangles and then connecting
the lower left and upper right vertices of each rectangle.

ExXaMPLE 5.1. In this example we show that the choice of the smoothing param-
eter A\, by is optimal. We set e;, © = 1,2,---  n, being independent normal
random variables with variance o = 1 and n = 2500. Since |ug|p2(q) ~ 200,
suggests the optimal choice of A\, = 3 x 1076, Figure shows that A, =1 x 1075 is
the best choice among 11 deferent choices \,, = 107%, k =1,2,--- ,10. Here we also
choose the mesh size h = /\:/4 according to Theorem .

EXAMPLE 5.2. In this ezample we show the empirical error ||ug — un||, depends
linearly on )\}/2 to confirm . We sete;, 1 =1,2,--- ,n, to be independent normal
random variables with variance o = 1. We take n varying from 2500 to 9 x 10*. In
this test we use the optimal A\, and take the mesh size h = A Figure (a) shows
clearly the linear dependence of the empirical error on )\}/2. We also run the test for
combined random errors, i.e., e; = 1n; + o, where n; and o; are independent normal
random variables with variance o1 = 1 and o3 = 10. Figure (b) shows also the
linear dependence of the empirical error on )\711/ 2

EXAMPLE 5.3. We test the efficiency of the Algorithm[5.1) to estimate the smooth-
ing parameter \,. We will show two experiments of different noise levels. In the first

16
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The linear dependence of the empirical error ||ug — up||ln on )\n/ for combined random noises.

test we set e;, 1 =1,2,--- ,n, being independent normal random variables with vari-
ance 0 = 1 and n = 2500. Figure[5.] (a) and (b) show clearly that the sequence of
{Ank} generated by Algorithm E converges. Ap1s = 4.12 x 1075 agrees with the
optimal choice 3 x 1076 given by @D Furthermore, ||up — ylln = 0.99 provides a
good estimate of the variance o.

We now consider the combined random noise. Let e; = n; + o, © = 1,2,--- . n,
where 1; and «; are independent normal random variables with variance o1 = 1 and
oy = 10. It is obvious that 0? = Ee? = 07 + 035 = 101. Let n = 4 x 10*. Again Figure
(c) and (d) show the sequence {\, 1} generated by Algorithm converges. Now
An19 = 2.16 x 1075 which fits well the optimal choice 1.03 x 107° given by .
Also ||lup, — yl||n = 10.07 gives a good estimate of the variance o.

6. Appendix: Proof of Lemma when d = 3. The proof is very similar to
the proof for 2D case in section 3. We will construct 11, vy by using the three dimen-
sional C! element of Zhang constructed in [13] which simplifies an earlier construction
of Zenisek [14]. For any tetrahedron K € My, the C' — Py element in [13] is a triple
(K, P, AKk), where P = Py(K) and the set of degrees of freedom A consists of the

17
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following 220 functionals: for any p € C?(K),

1° The nodal values of p(a;), Dp(a;)(a; — a;), D*p(a;)(a; — a;,ar — a;), D3(a;)(a; —
ai,ax — ai,ar — a;), D*pla;)(a; — azyar — ag, a0 — a5, an — a;),1 <0 < 4,1 <
j<k<l<n<4,i¢g{jkln}, where {a;}}_; are the vertices of K; (120
functionals)

2° The 2 first order normal derivatives 9,, p(a;;) and 3 second order normal derivatives
97, ,,p(biz), 02, ,p(cij) on the edge with vertices a;,a;, 1 < i # j < 4, where
vg, k = 1,2, are unit vectors perpendicular to the edge, and a;; = (a; +a;)/2,
bij = (2a; + a;)/3, ¢ij = (a; + 2a;)/3; (48 functionals)

3° The nodal value p(a;;) and 6 normal derivatives dup(aj; 1) on the face with vertices
ai, 5,0k, 1 < 4,5,k < 4,4 # j,j # k,k#i,n=12---,6, where a;j; is
the barycenter of the face and a;j;, = (2a; + a; + ax)/4, a3, = (a; + 2a; +
ak)/4, a?jk = (ai +a; + Zak)/4, afjk = (4@2‘ +a; + ak)/G,a?jk = (ai +4a; +
ax)/6, a?jk = (a; + a; + 4ax)/6; (24 functionals)

4° The nodal values p(d;), 1 < i < 4, at internal points d; = (2a1+as+az+a4)/5,ds =
(a1+2a2+a3+a4)/5,d3 = (a1 +a2+2a3+a4)/5,d4 = (a1 +a2+a3+2a4)/5.
(4 functionals)

Let X}, be the finite element space

Xn = {vn 1 vp|x € Po(K),VK € My, f(vn|k,) = f(vnlKx,),Vf € Ak, N Ak, }.
18



It is known that X, C H?(Q). We define the operator Il as follows. For any
v, € Vi, wy = v, € Xj such that for any K € My, wi|x € Py(K), for the
degrees of freedom at vertices a;, 1 < ¢ < 4,

3“(wh|K)(ai)=N(lal) > k(@) |l <4, (6.1)
" K'eMy,(as)

for the degrees of freedom on the edge with vertices a;,a;, 1 <i # j <4,

1
O (wnli)ai) = s DL Bulonlio)(ay), k=12, (6.2)
7K e My (aiy)
1
3um(wh|1<)(bij)=m > vl (i), k1=1,2,  (6.3)
7 Kre My, (bij)
1
8ukul(wh|K)(cij):N(C“) Z auklll(vh|K’)(Cij)a kal:172a (64)
7 Kre My (eiy)

for the degrees of freedom on the faces with vertices a;, aj,ar, 1 < 4,5,k < 4,7 #
J,J #kk#14,

(wnlx) (@izg) = ~—r S (e, (6.5)

N(aijk) K€M (i)
n 1 n
Oy (wn|Kk)(agyy) = N(a) Z O (vl k) (@), n=1,2---,6, (6.6)
ijk K'e My (aly,

and finally for the degrees of freedom at the interior points d;,1 < i < 4,

(wr|r)(di) = (vn|r)(di)- (6.7)

To show the desired estimate in 3D we use the C%-Py element in [I3] which is

a triple (K, Pk, ©f), where Px = Py(K) and the set of degrees of freedom O is

defined by replacing some of the degrees of freedom of the C! — Py element Ag as

follows:

1° For the edge with vertices a;,a;, 1 < ¢ # j < 4, replace the 2 edge first order
normal derivatives by Dp(a;j)(ar — @i;), Dp(aij)(a; — a;;) and denote the
corresponding nodal basis functions pf;(x), pl;(x), where ay, a; are the other
2 vertices of K other than a;,a;;

2° For the edge with vertices a;,a;, 1 < i # j < 4, replace the 3 edge second order
normal derivatives by D?p(b;;)(ax—bij, ai—bij), D*p(cij)(ax —bij, a;—b;j) and
denote the corresponding nodal basis functions pf]l (2), qul (x), where ay, a; are
the other 2 vertices of K other than a;, a;;

3° For the face with vertices a;,aj,ar, 1 <4,5,k < 4,1 # j,j # k,k # 1, replace the
face normal derivatives by Dp(a;;)(a; — af;) and denote the corresponding
nodal basis functions p?jk(m), where q; is the vertex of K other than a;, a;, ax,

n=1,2 6.
A regular family of this C° — Py element is affine-equivalent. For any v, € V,
we also define an operator g, := Apvp, in a similar way as the definition of II; by

replacing the average normal derivatives in (6.2))-(6.4])) and by the corresponding
19



directional derivatives in the definition of degrees of freedom for the C° — Py element.
By the same argument as that in the proof of 2D case in section 3 we have

1/2

o — qn|gm iy < Ch*™ S lonldeu , m=0,1,2. (6.8)
K'e M (K)

Next we expend ¢, — wp, € Py(K) in terms of the nodal basis functions of the
C% — Py element. From the definition of the C* — Py and C° — Py elements, we have
gn — wp = ¢ + ¢y in K, where the edge part of the function g5, — wy, is

b(w) = > | D(anlic = wilic) @iz (@ — aig)ply (x)
1<i#j<4
{k,0}€{1,2,3,4}\{4,5},k#l

+ Dlanlx = walie) (@) (@ — ai,)ply (@)]

+ > [D2(anlxc = wnlie) (i) an = big, a1 — biy ol ()
1<iz#j<4
{k,1}€{1,2,3,4}\{¢,5},k<l

+ D*(qn|x — wn|x)(cij)(ar — cij, ar — Cij)qz!(ﬂi)],

and the face part of the function ¢, — wy, is

6
bp(x) = > > Dlgnlx — wnlr)(afye) (@ — afy)pi (@).
1<i,j,k<4,i#j,j#k,k#i n=1
{1re{1,2,3,4}\{4,5,k}

Since the tangential derivatives of g5, — wy, along the edges vanish, we obtain by the
same argument as that in the proof of 2D case in section 3 that

1/2

(belamcy O™ D Jonltegey | m=0,1,2. (6.9)
K'eMp(K)

On any face F of K, g, —wp, — ¢ € Po(F) and its nodal values at 3 vertices up to
4th order derivatives vanish, its first order normal derivative at the midpoint and two
second order normal derivatives at two internal trisection points on 3 edges vanish,
and the nodal value at the barycenter also vanishes. This implies g, — wp — ¢ = 0
on any face of the element K. Let 7,7, be the tangential unit vector on the face of
vertices a;, aj, ap such that

ar — ajy, = [ — afyy) - T T + [ — afyy) - v]v.
Now by (6-4), (6-8)-(6.9), and the inverse estimate we have

|D(qn|re — wnlr)(aisy)(ar — ajly)|
< @ — aly,) - 75 Doe(afy) Tl + (@ — afyy) - vID(gnl . — wnlx) (afy )V
1/2
< Ch'/? > lonlRe . (6.10)
K'e M, (K)
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Since a regular family of C° — Py element is affine-equivalent, we have |p%k| Hm(K) <
Ch3/?=™ m = 0,1,2. Therefore, by (6.10) we obtain

1/2

|¢f‘H"’(K) S ChZim Z |Uh|2HQ(K’) s m20,1,2. (611)
K'e M, (K)

Combining , , (6.11]) yields the desired estimate (3.6)) in 3D since vy — wp, =
(vh — qn) + ¢e + @5 in K. The estimate (3.7) can be proved in the same way as the
proof for the 2D case in section 3. This completes the proof. [
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