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Abstract. A numerical procedure that combines an extended finite element formulation and
a discontinuous Galerkin technique is presented, with the final aim of providing an effective tool
for the simulation of three-dimensional (3D) fluid-structure interaction problems. In this work we
consider a thick structure immersed in a fluid. We describe the numerical models and discuss the
specific implementation issues arising in three dimensions. Finally, 3D numerical results are provided
to show the effectiveness of the approach.
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1. Introduction. The study of the mechanics of the heart valves and their in-
teraction with blood is very important for understanding their functional behavior,
for developing prosthetic valves, and for post-surgery feedback; see, e.g., [45, 28]. In
this context, the leaflets of the aortic valve, which is at the interface between the left
ventricle and the aorta, play a key role since they have a major influence on the blood
fluid-dynamics in the proximity of the valve and along the aortic arch [29, 40, 46, 15].
The numerical simulation of such a scenario could provide important quantitative
information about the fluid-structure interaction (FSI) arising between blood and
leaflets. Unlike the vascular case, here the FSI problem requires dealing with some
issues, namely, the large displacements involving the leaflets, their small thickness,
and the treatment of the contact.

A classical approach to deal with the vascular FSI problem relies on the generation
of a single mesh with a fitted interface between fluid and vessel wall. While for the
structure problem a Lagrangian formulation is usually considered, for the fluid one
an arbitrary Lagrangian Eulerian (ALE) approach is employed to take care of the
movement of the interface and the resulting deformation of the fluid mesh induced
by the displacement of the structure [17]. However, in the valve FSI problem this
strategy may lead to a very distorted fluid mesh and in some cases a remeshing
procedure may be necessary [27]. A different approach consists in considering unfitted
meshes, where the fluid mesh is fixed on the background while the structure one is
free to move independently. Within these methods, the immersed boundary (IB)
[34, 35, 5, 31, 6, 23, 25, 4] and the fictitious domain (FD) methods [25, 22] are two
effective techniques that were successfully employed in the case of thin valve leaflets;
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see, e.g., [43, 14, 36, 3, 8, 24]. A more recent methodology is based on an unfitted
formulation that allows one to treat nonconforming, overlapping/unfitted meshes by
writing the weak formulation of fluid and structure problems in their physical domains.
This possibly leads to mesh elements with complex shape, allowing one to maintain
the accuracy of the standard finite element method; see, e.g., [1, 11, 30].

The employment of an ALE approach allows one to easily treat the geometrical
coupling at the fluid-structure interface as well as the imposition of the physical cou-
pling conditions (no-slip condition and third Newton law). However, it is not suited to
handle large displacements and the contact among structures. On the other hand, the
use of an unfitted approach avoids the issues of moving or remeshing the fluid mesh,
allowing one to manage in an easier way the movement, and possibly the contact, of
the structures. In this case, the coupling at the interface is more delicate, both on
the geometrical and numerical points of view: some approaches, such as FD, result
in a loss of accuracy; other approaches, such as the extended finite element method
(XFEM) [26, 1] or IB, reconstruct exactly the position of the interface with respect to
the fluid mesh allowing a more accurate solution, but are more complex to implement.

In this work, we consider the case of a three-dimensional (3D) structure immersed
in a fluid where the solid mesh overlaps the fluid one and the interface is fitted only to
the solid mesh. Due to the small thickness of the 3D structure, which may be smaller
than the characteristic fluid mesh size, the solid may split a fluid element into two
subparts, thus generating two (or more) fluid polyhedra with the solid in between.
(In what follows we refer to this kind of elements as split tetrahedra.) To manage this
situation, we propose to use XFEM, where the degrees of freedom (dofs) of the split
elements are duplicated, allowing one to represent a discontinuity within the element
accurately. We notice that in the literature, other, more general, definitions of XFEM
have been provided [21]. Here we will refer to XFEM only when the duplication of
the dofs is considered.

To glue the solution at the physical interface, we employ a discontinuous Galerkin
(DG) technique. The use of an unfitted formulation in combination with the XFEM
and the DG techniques has been reported in [1] for the case of a membrane structure.
In [37], the authors employ a similar formulation in 3D for the incompressible Navier—
Stokes equations solely. To the best of our knowledge, this strategy is here employed
for the first time for a FSI problem with thick structure.

The paper is organized as follows. In section 2 we present the fluid-structure
interaction problem and the corresponding XFEM/DG discretization. In section 3
we describe how to solve the major technical issues encountered by the proposed
method. In section 4 we show several 3D numerical tests to assess and validate the
proposed method. In particular, we consider both a geometrically fixed and a moving
structure. In this first work, we consider only moderate Reynolds numbers (~ 10).
Finally, section 5 is devoted to conclusions and limitations.

2. Numerical formulation. In section 2.1, we present the numerical formula-
tion of a time-dependent fluid-structure interaction problem with thick structure in
the case of geometrically fixed immersed structure. The case of completely moving
structure is treated in section 2.2. We consider the incompressible Navier—Stokes
equations for the fluid and the linear elastic model for the structure.

2.1. The case of geometrically fixed structure.

2.1.1. Governing equations. Referring to Figure 1, we consider a fluid domain
Qf and a structure domain Q° such that Q@ = QfUQ° C R?, d =2,3,and ¥ = ﬁf na’
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FIG. 1. Sketch of the fluid and structure domain Qf and Q° with the fluid-structure interface 3.

is the fluid-structure interface. We denote by 9 and 9Q° the boundary of the fluid
and solid domain, respectively, and we define I/ = 9Qf \ ¥ and T® = 90Q° \ X.
Finally, we indicate with n/ and n® the outward unit normal to the domain Qf and
Q°, respectively. On the interface ¥ we have nf = —n® = n. We notice that all these
quantities are fixed and do not change in time.

The fluid-structure interaction problem reads as follows: find the fluid velocity
u: Qf x(0,7] — R?, the fluid pressure p : Qf x (0, 7] — R, and the solid displacement
d: Qf x (0,T] — R% such that

(1a) plou+ pfu-Vu -V T/ (u,p) =0 in Q/ x (0,7],
(1b) V-u=0 in Qf x (0,77,
(1c) u=0 on TV x (0,7];
(1d) p*0ud —V-T(d) =0 in Q* x (0,77,
(le) d=0 on T x (0,7T];
(1f) u=d on ¥ x (0,77,
(1g) T/ (u,p)n’ = —T*(d)n® on ¥ x (0,77,

where (1la)—(1c) are the Navier—Stokes equations, (1d)—(1e) the equations of elasto-
dynamics, and (1f)—(1g) the physical coupling conditions. Moreover, we have T > 0,
pf and p® are the fluid and structure densities, T/ (u,p) = —pI + 2u/D(u) is the
fluid Cauchy stress tensor, T°(d) = A\*(V - d)I 4+ 2u°D(d) is the solid stress tensor,
D(w) = %(Vw + Vw?'), pf is the fluid dynamic viscosity, A\*, u* > 0 are the Lamé
parameters, d= 0:d, and for the sake of simplicity we have considered homogeneous
Dirichlet conditions on I'f and I'*.

The problem is completed with the initial conditions u(x,0) = u’(x), d(x,0) =
d°(x) and d(x,0) = vO(x).

2.1.2. Spatial discretization. We consider the spaces V = [H%f(Qf)]d , Q=
L2(Qf), and W = [H}.(29)]7, where HL (Q/) = {v € HYQ),vrs = 0}, and
HE.(Q%) = {v € H(Q),vr= = 0}. The weak formulation of the problem given by

(1) reads as follows: for t € (0,77, find (u(?), p(t),d(t)) € V x Q x W such that u = d
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FiG. 2. The structure mesh T;° overlaps the fluid mesh Thf.

on Y, and

pf (81511’ V)Qf + af(u7 V) + b(p7 V) - b(qa ll) + C(u7 u, V)
+ p*(0ud, W)qs + a®(d,w) =0

V(v,q,w) € VxQxW such that v|5; = w|s;. Here, with -|5; we indicate the trace on X

and we have indicated by (-,-)qi, i = f, s, the L? product over Q¢. Moreover, we have

introduced the bilinear forms af : VxV =R, b:QxV - Randa®*: Wx W =R

defined as

a’ (u,v) = 2,7 (D(u), D(v))os,
b(p,v) ==, V- V)ar,
a*(d,w) =X (V-d,V-w)g: +2°(D(d), D(w))qs,
and the trilinear form ¢: V x V x V — R defined as
c(z,u,v) = p/(z- Vu,v)q;,.

For further details on the weak formulation and its analysis, see, e.g., [19].

To ease the presentation, we assume that Qf, Q% and ¥ are polyhedral. We denote
by 7;? the solid mesh that covers the domain Q¢ and is fitted to 9Q°, and by 7;;[ the
fluid mesh that covers the whole domain © and is fitted to I'/, but in general not to ¥
and I'*. We indicate with h > 0 the space discretization step which is a function that
may vary among the elements K of the meshes and between the fluid and structure
meshes. As result, the solid mesh 7,’ overlaps the fluid mesh 77Lf ; see Figure 2.

We also introduce the following background fluid mesh,

Gn={K:K¢ 7;Lf, KNY#0, KNQ is a nonconnected set},

that consists of all the elements K in 77Lf cut by the interface ¥ which are split
elements. This means that each fluid element K € G is split into N% > 2 fluid
subparts, which in , are polyhedra; see Figure 3, where N¥ = 2. Let us denote by
PE i =1,...,N¥  the polyhedra of a fluid split element K; see Figure 3, right.

We define by g}j the union of all such polyhedra PX for i = 1,..., N¥ and for each
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F1G. 3. Left: representation of the background mesh Gy. Center: representation of the non-
connected mesh Q,I;. Right: representation of a split element K with two fluid subparts PlK and
PK.
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Fi1G. 4. Left: sketch of the sets Qg, Q}ll, and Qi in the case of Nf = 2. Center: example of
scenario where a continuous approximation is not possible for the fluid problem. Right: the shaded
regions represent the meshes ’T,? (top) and 'T}f (bottom) in the case of Nf = 2. In this case, ’7'h1
coincides with 7';12

K € Gp. More precisely

PeGl «— 3K eG,st. Pc KNQ is a connected set.

The set Q,I: in now partitioned into its N f = maxx N¥ connected subsets Q}z
For example, in Figure 4, left, we have Nf = 2 connected subregions Q) and Q3.
Moving from these definitions, we set

m=0"\ |J K
Kegn

(see Figure 4, left), and we denote by 7,° the smallest mesh composed of the elements
K ¢ 771’c that covers the set 29, i.e.,

KeT? «— KNQ #0;

see Figure 4, right. Finally, we denote by 7;; for i =1,..., N/ the smallest mesh that
consists of all the elements of Gj, that covers the set Qf, i.e.,

KeTi «— KNQ,#60, i=1,... N/
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Fic. 5. Representation of the sets of faces involved in the integration (highlighted in green):
(a) the physical faces f}ll phy and ]-',21 phy’ (b) the computational faces .7-',11 com; (¢) the computa-
tional faces .7-'}% : and (d) the computational faces .7-',11 5, and .7-',% s, intersected by X which, in this

com’
example, coincide.

In this way, each element K € Gj, belongs to NX different meshes T,:. We point out
that Qf = Ui:O,“_)Nf Qi and that thﬂﬂil = () Vi # j. We observe that the set covered
by 7;! is larger than the one covered by the corresponding Q% ; see Figure 4, right.
It is important to distinguish between the physical parts Q}L and the computational
ones 773, since some operators act on the former, while other operators, such as the
stabilization terms, act on the latter. This requires one to be able to integrate over
a portion of an element K or a portion of a facet F. A detailed explanation of this
point will be presented in section 3. In what follows, we indicate with
e physical, the restriction of a geometrical entity of 7;' on Q% ;
e computational, the entire geometrical entity in the mesh 7;;
To ease the presentation, in what follows we suppose that N/ = 2, so that we
have only the sets 2}, and Q7; see Figure 4, left.
Thanks to the above definitions, we can classify the faces in the region involved
in the FSI coupling as follows:
e faces belonging to the fluid-structure interface ¥, where we impose weakly
the continuity of the velocity and stresses by means of the DG formulation
(see, e.g., [10, 11]);

° ;;7phy, the physical part of the faces in 7%, i = 1,2, see the green edges in
Figure 5(a), where we impose weakly the continuity of the fluid velocity and
stresses by means of the DG formulation (see, e.g., [2, 16]);

° ﬁ’z, the (computational) faces of T}/, i = 1,2, cut by the interface ¥, see
the green edges in Figure 5(d), where the ghost penalty stabilization term is
applied (see below);

h.com» the computational counterpart of the faces F ., i = 1,2, see the
green edges in Figure 5(b)—(c), where we apply the other stabilization terms
(IP in our case; see below).
As we will explain in section 3.3, the dofs associated to the elements in G, are dupli-
cated according to the XFEM strategy: a set of dofs is used to compute the solution
over T;!, and a second set of dofs is used to compute the solution over 7,2. We observe
that in some scenarios, like the one depicted in Figure 4, center, it is not possible
to force continuity for the fluid problem across the edges represented in green. For
example, using linear polynomial functions as done in this work (see below), on the
upper part of such edges (element in blue) we have three dofs to represent the solu-
tion, whereas on the lower part (elements in yellow and pink) we have six dofs due to
the XFEM doubling. For this reason, we apply a DG mortaring on these interfaces
and, for simplicity, on all faces that belongs to ]-"Z’phy fori =1,2.
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We introduce the following spaces:
X = {on € L*(QF) vy, € CO(O), v i € P1(K),VEK € T} fori=0,1,2}
and
X5 = {vn € CO(Q°) : v i € P1(K) VK € T}

For the approximation of the fluid velocity, fluid pressure, and solid displacement we
consider the spaces

Vi, ={vis € [X;{]d cvprs =0}, Qn={aqn € X}{},
W, = {Wh S [Xi]d *Whirs = 0},

respectively.

Further, we introduce some trace operators defined over an interface Z that sep-
arates a domain 4 5 into 1 and €, such that Q1 2 = Q1 UQ and Q3 NQy = Z. For
a function ¢, we denote by J-K; the jump and by {{-}}; , the a-weighted mean across
the interface Z, defined as

(2) Kz =q1 —q2, {altz0=0aq +(1—a)g,

where g1 and ¢y are the traces of ¢ at the two sides of the interface and « € [0, 1]. If

the subscript « is not indicated, we assume that o =
The space semidiscretization problem related to (1

find (uh(t),ph(t), dh(t)) €V X Qn X Wy, such that

reads as follows: for ¢t € (0, 7],

~— |~

p! (Oeun, vi)asr + af (up, vi) + b(pr, vi) — b(gn, un) + c(up, up, vi)
+ p°(Oudn, Wi)as + a®(dp, wp)
f
p .
+ cp(up,up, vp) + ?(uh -n,dy, - v)s + sp(Un, Pr; Vi, qn) + gu(un, via)

— (T (up, pp)nf + (1 — @)T*(dp)n’, vy, — wi)s

(3) — (up — ah,an(vh, —qn)nf + (1 — a)T*(wp,)nf)s
p! -
+ T(uh —dp, vy — Wp)s
- Zi:l,Q ZFE]—'i ({{Tf(uh7ph)}}Fnfv‘]VhKF)F

h,phy

= 2z ZFEf;’;,pm, (K, {7 (vi, —an) }} )

v o f
Yphytt
+ Yim12 Zrer,, phi Gwikp , IViKp) p =0

Y(Vih,qn, W) € Vi, X Qn x Wp. We have indicated by 7x > 0 and 7;))}Ly > 0 the
penalty parameters related to the interface ¥ and to the faces in F}
In (3), we have introduced the following:

e A correction of the convective term to maintain the condition ¢(z,v,v) =
0VveV,ze{veV, V. -v=0}in the discrete space (see [42, 16]), defined

phy respectively.
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as
of
cn(zn, up, Vi) = 3((V “Zp)Un, Vi) ofs

=3 > WP e ndwke Vil p) e

i=1,2 FeF}

h,phy
ol
- Z Z D) (‘]ZhKF -0, {{uy, - Vh}}F)F
i1=1,2 FEfﬁ,p;Ly
pf
— ?(Zh -n,uap - Vh)g.
e The term
p’ :
(4) ?(uh ‘n,dy - vp)s,

to maintain the consistency of the formulation lost by introducing the fourth
term in cp(up, up, vy). We notice that this term guarantees consistency, but
probably at the expense of stability. Indeed, with this new term, the relation
(¢ + ch)(up,up,uy) = 0 does not provide a discrete energy estimate for (5).
How could the term (4) be controlled is still an open issue and it is under
investigation.

e A stabilizing term s, applied on ]—',ihwm to handle spurious pressure and
velocity instabilities due to equal order finite elements and to dominating
convection regimes, respectively. For example, in this work we considered
the continuous interior penalty stabilization (see [12]), as done in [37]. This
strategy is characterized by the choice of three parameters, namely, 7, in the
pressure stabilization term, s in the velocity stabilizaiton term, and g,
in a further term added to give additional control of the incompressibility
condition.

e A ghost-penalty term (see [9]), applied on F} s to guarantee robustness of
the method w.r.t. the cut elements, defined as

gr(Un, vp) =4 Z Z ,uth/ IVupKpn - JVvpKen

i=1,2 FeFi F

with v, > 0.

e The terms involving (-, )y, and (-, -)  that allow one to impose weakly (i.e., in
a DG manner) the continuity conditions at the interface ¥ and at the faces in
}-Z,phyv by mimicking the (symmetric) interior penalty method, introduced,
for example, in [18, 2] for the Poisson problem.

Notice that in problem (3) we have made the choice @ = 1/2 for the fluid/fluid
mortaring. This is perfectly justified by the homogeneous coupling; see, e.g., [13].
Instead, this choice is not optimal for the fluid/solid mortaring as highlighted in [11].
For this reason, as suggested in [11], we have considered @ = 1 in the numerical
experiments reported below.

2.1.3. Full discretization. We denote by At > 0 the temporal discretization
step and by (0,7 the temporal domain such that t"* = nAt for n = 1,..., Ny with
Ny = A%. To ease the presentation, we consider only the implicit Euler scheme for the
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time discretization. The space-time discretization of the problem given by (1) reads
as follows: for n =0,...,N; — 1, find (u}™', pp ™, dp ) € Vi, x Qp, x W), such that
()
o
At
_|_

(Wt vi)ar +af (W)t ve) + b(pptt vi) = bgn, up ™) + c(ul, uptt vy)
pS
At2

f dn+1
p h
+ Ch(u’27 uz+1a Vh) + = < Z -1, : V}L) + Sh(uZ+17p’Z+1; Vh, qh) +gh(uZ+17 Vh)

(d} wi)as +a®(d)th wy)

2 At
— (aT (uy ™, pp nf + (1 - a)T*(d )0/ vy — wi)s

dn+1
— (up™ — Z ,aT/ (v, —qn)nf + (1 — a)T*(wy)nf)y

f dn+1
P
+ g hu (uZH — gt ,Vp — Wh>
P

- Zi:l,Z ZFe]-‘}'Lyphy ({{Tf(uZJrlvPZJrl)}}F n/, ‘]VhKF)F

q 1Y
- Yi-12 ZFEffi,phu (up™ P {T/ (v, _Qh)}}F nf)F
v
v h 1% q 1y
T Xicie ZFef;hphy phyF (up” F’JthF)F
f 205 S f d»
o P P -1 P / h
= E(“ZWh)Qf + @(dﬁvwh)ﬂs + @(dh s Wh)as + ) uj -, A VR §
dar yeud (dy
+ (A};’ oTf (viy, —gqn)n + (1 - oz)TS(Wh)nf> - K];’ Vi — Wp
b b

Y(Vh, qn, W) € Vi, X Qp X Wy, and where we have used a first order extrapolation
to treat the nonlinearity of the convective term.
The algebraic linear system associated with equation (5) reads

RU =F,
where
KT +C(U™) +G+ B + g BT 4 Eur 4 g9 Evd
R = ~B + EwT 4 guwT S Edp ,
EudT Ede K+ Edd
Un+1 Fu
U= | pt! and F=| F,
Dn—i—l Fd

We have set K7 = At7™'MS + Af and K* = At >M*® + A%, where M7, A’ B, and
C(U™) represent the standard matrices of the finite element discretization of the
Navier—Stokes problem, M?® and A® the mass and stiffness matrices related to the
structure discretization, S the matrix related to the fluid stabilization, and G the
matrix associated with the ghost penalty term. The matrices E contain the DG
terms that couple the fluid and the structure on the interface 3, while the matrices
H contain the DG terms that ensure the weak continuity of the velocity and stresses
on the faces Fj, ..
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2.2. The case of geometrically moving structure. In this section, we extend
the unfitted formulation presented in the previous section to the case of a geometrically
moving structure.

First, we have to introduce the time dependence into the definitions of the do-
mains. Now, the fluid domain is indicated by Qf (t), the structure domain is indicated

by Q° (¢), and the fluid-structure interface is defined as X (t) = o’ )N’ (t). To
ease the presentation, we assume that [/ = 9Q/ (t) \ ¥ (¢) and T'* = 9Q° (t) \  (¢)
are fixed in time. This implies that the domain Q = o’ () U’ () is fixed in time
and that only the FS interface is moving.

Since the structure problem is solved in a Lagrangian framework, we need to
introduce the reference configuration of the solid domain, which will be indicated
with the superscript . For any ¢ > 0, the material domain Q°(¢) is the image of °
by a Lagrangian map £(¢) : Q- Q°(t). We use the notation g = g o L(t) to denote
in Q° any function g defined in the current solid configuration °(¢).

The fluid-structure interaction problem reads as follows: find for each ¢t € (0,77,
the fluid velocity u, the fluid pressure p, and the solid displacement d, such that

(6a) plou+pla-Vu—V-T/(u,p) =0 inQ/ (1),
(6b) V-u=0 in Qf (t),
(6¢) u=0 onT/;
(6d) p*Opd — V- T5(d) =0 in 7,
(6e) d=0 on I'?;
(6f) u=d on X (1),
(6g) T/ (u,p)n’ = —T*(d)n’ on X (t),

where we have used the following formula to pass from the Piola—Kirchhoff tensor
T#(d) to the Cauchy stress tensor T*(d):

TS = JTF 7.

Here, J = det(F), F = Vx is the deformation tensor, the gradient being taken with
respect to the reference space coordinates, and x are the coordinates of points in the
current configuration. For the definitions of the parameters and the other quantities,
we refer to the discussion presented in section 2.1.1. We point out that the coupling
conditions (6f)—(6g) are written in the current configuration.

At the discrete level, we now have the major issue given by the fact that the
fluid domain is moving due to the movement of the interface. In particular, although
the fluid mesh is fixed at the background, the intersections with the structure one
are changing in time. It could even happen (as in the simulation we will describe in
section 4.3) that the intersected tetrahedra are not the same from a time step to the
following one. In this case, the fully discrete formulation is given again by (5), where
however we have to account for two major changements:

(i) Treat the geometric nonlinearity given by the fact that we are solving the fluid
equations in an Eulerian configuration. Here, we decide to use an explicit treatment,
where at time ¢" the fluid equations are solved in Q{L’"—l =Q\ (" =0\
(ﬁZﬁl(ﬁs)), where £}7" = I5, + H;LH. Thus, the integrals over the fluid domain
and the F'S interface are intended in Qi’"_l and EZ_I, respectively, and the structure
problem is written in the reference configuration.
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En—l

Fi1a. 6. Left: two possible evolutions of the physical portion of a tetrahedron K. (a) the structure
mowves toward the right, partially uncovering the tetrahedron, so that the corresponding new physical
portion Ixn is not empty; (b) the structure moves toward the left, increasing the covered region of
the tetrahedron, so that the corresponding new covered portion Jxn is not empty. Right: example
of natural extension operator E.

(ii) The fluid velocity at previous time step uz_l appearing in the convective
term cp, in the corresponding consistency term, and in the term coming from time
discretization, should be properly defined in the new mesh, since it does not belong
to the same space of the test functions vj. In particular, owing to point (i) above,

uZ_l is evaluated on Q{L’"_l. We have to understand how to write this term on Q{L"

To this aim, given two neighboring tetrahedra K and K , we indicate by K™ and
K™ their physical (uncovered) portions (polyedra) at the generic time step ¢, by
Ixn = K™\ K" ! the new physical portion of K uncovered passing from t"~! to t",
and by Jgn» = K"\ K™ the physical portion of K covered passing from t"~! to t";
see Figure 6, left.

Then, we first introduce the “natural extension” operator Ef{n_l L Kn of a piece-
wise linear function w; defined on Q{L’"fl, which evaluates the linear function w}| Rn-1
onto K", by extending its values outside K n—1. see Figure 6, right. Thus, we define
the following new quantity II"uj’ to be used in (5) in place of uj:

ul(x)| gn—1 if K"=K" ! or (|Jgn| >0and x € K"),
n..n EKn—l Knuﬁ(x) lf |IK"‘ > O7
(T"uy) ()| = - :
not defined if |Jgn| >0 and x € Jgn,

Egn1_gnup(x) if [K"7Y =0and |[K"| >0,

where K is an arbitrary neighboring tetrahedron with |[K™~1| > 0. The idea is to
obtain the numerical solution in a physical polyedron, which was partially covered
by the structure at time ¢!, by linearly extending the solution available at time
t"~1 in the same tetrahedron. In the case where K"~! was completely covered by the
structure, we linearly extend the numerical solution of a selected neighbor.

For the treatment of the interface position, we refer the reader also to [1] for the
membrane case.

3. Implementation details. In this section, we describe the main issues that
arise during the implementation of the proposed XFEM/DG approach, in particular
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Fi1G. 7. Left: example of a tetrahedron (blue) of the background mesh that intersects the interface
3 (white mesh). The darker part represents the physical part, i.e., the cut-element, the portion of
the element that is not overlapped by the foreground mesh, while the lighter part is the overlapped
one. Right: the cut-mesh associated with the background mesh shown in Figure 2 that contains
cut-elements (in red).

the specific features that characterize the method with respect to the standard finite
element method.

In what follows, we indicate with

e Background mesh, the fluid mesh 7;Lf that covers the entire domain.

e Foreground mesh, the solid mesh 7,° that covers the solid domain and overlaps
the fluid one.

e Clut-entities, the physical portion of the geometrical entities (tetrahedra or
faces) of the background mesh partially covered by the foreground mesh,
which, in the case of volumes or faces, are in general polyhedra or polygon;
see Figure 7. In particular, we refer to cut-elements and cut-faces for the case
of 3D and two-dimensional (2D) entities, respectively.

e Cut-mesh, the fluid mesh resulting from the difference between the back-
ground mesh and the foreground one (see Figure 7, right) that coincides with
the physical portion of the background mesh (i.e., the union of cut-entities
and elements not covered by the foreground mesh).

Due to the unfitted nature of the meshes, it is necessary to identify which parts of
the entities in the background mesh are physical (i.e., belonging to the cut-mesh) with
the aim of computing the integrals over these portions. The main steps to address
are
the computation of the intersections between the unfitted meshes;
the generation of the cut-elements and cut-mesh;
the addition of the extended dofs according to the XFEM philosophy;

. the integration over the cut-elements and cut-faces.
the following sections, we explain how we deal with each of these topics.

Sk oo e

I

3.1. Intersection between meshes. To identify the physical portions of the
cut-entities it is necessary to compute the intersection points between the background
and foreground mesh. These intersections will be used to reconstruct the cut-elements
and the cut-faces on the interface.

Referring to Figure 8, we show two configurations where the intersections points
between the background and interface meshes are represented: on the left, we consider
the case of a fluid element associated to only one cut-element, while on the right we
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Fic. 8. The foreground mesh (in white) ad the physical part of the tetrahedron (in blue). The
resulting intersection points are highlighted (in yellow). Left: one fluid physical element is generated.
Right: two fluid physical elements are generated.

consider the case of two cut-elements. The computation of the intersection points
may be very expensive from a computational viewpoint, since it is not known a priori
which elements of the background mesh are intersected, so a naive procedure may
be to check for all the elements of the foreground mesh if they are intersected by an
element of the background mesh. To avoid this and to obtain an efficient algorithm, we
rely on an alternating digital tree; see [7, 20]. This data structure, given a bounding
box of an entity of the foreground mesh, allows one to check if the bounding box
intersects the elements of background mesh and returns a list these elements. Once
the list is obtained, we proceed to compute the intersection points. A similar strategy
has been already employed, for example, in [30].

At the end of this procedure, for each element of the background mesh that is cut
by the foreground one, we have the corresponding list of intersection points.

3.2. Generation of the cut-mesh. The intersection points calculated are
stored to generate a subtetrehedralization inside each cut-element, which in general is
a polyhedron. The purpose of this tetrahedralization is twofold: (i) integrate over the
cut-elements and the cut-faces, and (ii) visualize the numerical solution on the physi-
cal part (cut-elements), avoiding the visualization of the solution on the nonphysical
portions of the interface background elements. The first point will be explained in
detail in section 3.4.

The subtetrahedralization has to fulfill two requirements: (i) we have to force
the intersection points to be vertices of the final tetrahedralization; (ii) the possible
additional vertices introduced by the tetrahedralization have to lie inside the ele-
ment, otherwise the conformity between facing element will be lost. To satisfy these
requirements, for each element K, we proceed as follows:

1. A one-dimensional (1D) mesh for each edge of K is generated by using the
intersection points that lie on the edge as vertices; see Figure 9, left-center.

2. A 2D mesh for each face of K is generated by using the edges computed at
step 1 to define the boundary of the face, and by using the intersection points
that lie of the face as vertices; see Figure 9, center-right.
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s <J-

Fi1c. 9. Subtriangulation of the face of the element in Figure 8. Left: face of the background
mesh (in red) and foreground mesh (in white). Center: generation of the 1D meshes over the edges.
Right: generation of the 2D mesh over the face. The intersection points are highlighted in yellow.

Fi1Gc. 10. Tetrahedralization of the element, with the edges of the subtetrahedra highlighted in
light blue. Left: element with one fluid physical element. Right: element with two fluid physical
elements.

3. A 3D mesh is generated by using the faces computed at step 2 to define the
boundary of the element, and by using the intersection points that lie inside
the volume of the element.

Steps 2 and 3 are carried out by Triangle [38] and TetGen [39], respectively. In
Figure 10, we report the subtetrahedralization for the cases presented in Figure 8.

3.3. Extended and cancelled degrees of freedom. The main goal of the
tetrahedralization is the computation of the integrals over the cut-entities. To this
aim, it is first necessary to identify which dofs should be selected when integrating an
element of the background mesh. In particular, which dofs are cancelled since covered
by the foreground mesh, and which dofs are doubled since the corresponding element
is subdivided into two or more disconnetted cut-entities. To ease the presentation, in
what follows we refer to the dofs associated with conforming piecewise linear finite
element.

The elements of the background mesh can be divided into three categories:

(a) Elements that are nonoverlapped by the foreground mesh (see Figure 11, left)

or that are partially overlapped by it producing a single connected cut-entity;
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F1G. 11. Possible scenarios of background elements (in red) with respect to the foreground mesh
(in grey). From left to right: element not overlapped, two elements partially overlapped, element
completely overlapped.

Fic. 12. The two main configurations that may appear in the case of partially overlapped
elements. Left: case of one physical element (in blue), the foreground mesh (in grey), and the dofs
highlighted in green. Right: case of two physical elements with the background element (in white)
and the foreground mesh (in grey). In this case, the set of dofs are doubled (in green and red) and
each set is used to compute the solution only in one of the two physical element (in blue).

see Figure 11, center. In this case, we select the dofs of the standard FEM
and integration proceeds as usual.

(b) Elements that are partially-overlapped by the foreground mesh, producing
two or more disconnetted cut-entities; see Figure 8, right. In this case, we
have to consider additional dofs in the spirit of XFEM.

(c) Elements that are fully overlapped by the foreground mesh; see Figure 11,
right. In this case, we do not have to consider any dof on the element since
the latter does not belong to the physical domain.

In the case (b) above, we have to double the finite element, i.e., the geometric entity
and its associated dofs; see Figure 12, right. Hence, we will use a first set of dofs
to compute the integrals over one physical element, and the second set of dofs to
compute the integrals over the other physical element; see, e.g., [26]. Notice that the
case of more than two disconnetted cut-entities corresponding to a partially covered
interface background element is treated in an analogous way.

We notice that a similar strategy to handle the FSI problem for unfitted meshes
in the case of thick structure has been studied in [11] as well. However, in that paper
the authors do not consider that a fluid element could be cut by the solid into two
physical parts, and thus they do not need to double the dofs. In some sense our
approach is similar to that proposed in [37] even if in that paper the authors consider
only a fluid problem, not an FSI one.
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i K" j//

Fic. 13. Computation of the integrals over the partially overlapped elements. Left: case of one
physical part (in blue) with the dofs highlighted in green. Right: case of two physical parts (in blue).
The integral on each part uses a different set of dofs, i',j', k' (in green) for PK, i",§", k" (in red)
for P2K .

3.4. Integration over the cut-entities. The integration over the physical por-
tions of the partially overlapped elements, which, in general, are complex polyhedra,
requires one to consider advanced numerical integration techniques. Some of these
techniques are presented, e.g., in [33, 32, 41, 44].

To avoid implementing new numerical quadrature formula and to reuse the clas-
sical Gaussian quadrature rule available in a standard FEM implementation, we pro-
ceed instead as follows: by using the tetrahedralization generated inside each partially
overlapped element, we compute the integral over each subtetrahedron and then we
sum up all the contributions.

By referring to the configurations shown in Figure 13

e in the case of one physical part (left), we sum the integrals calculated on each
subtetrahedron of the polyhedron P arisen after the tetrahedralization of
the latter by using the dofs defined on the entire element K,

e in the case of two physical parts (right), we sum the integrals calculated on
each subtetrahedron of PJ< by using the dofs indicated by 4’,5’, k', and the
same strategy is applied on each subtetrahedron of P by using the dofs
indicated by 4", ", k".

We point out that the same procedure is applied also when considering the cut-
faces for integrating the DG terms on the fluid-structure interface and on the fluid-fluid
interface (i.e., on ¥ and f};’phy, respectively; see section 2).

This procedure is able to treat efficiently cases of high geometric complexity and
in particular the case of split elements.

4. Numerical examples. In this section, we present some numerical results
aiming at assessing the effectiveness of the proposed method. We present three test
cases:

I. a linear steady FSI problem (see section 4.1),
IT. a nonlinear time-dependent FSI problem with a geometrically fixed structure
(see section 4.2),
ITI. anonlinear time-dependent FSI problem with a moving structure (section 4.3).
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For each case, we provide a validation of our method, by means of a comparison
with the solution obtained with a fitted/conforming finite element method, obtained
by means of the ALE formulation [17]. For the latter case, the same values of the
stabilization parameters considered for the unfitted case have been used. In particular,
for test case I, we compute for different values of h, the relative L? norms in space of
the structure displacement and fluid pressure differences on a selected line, i.e.,

L . .
PO st i U e S U
e JEgm@pra

where ¢ is either the displacement d or the pressure p, L the length of the line, and [
the corresponding spatial coordinate. Instead, for test cases IT and I, we compute for
different values of h or At, the relative L? norms in time of the structure displacement
differences in a selected point p, i.e.,

i ldf it (p,t) — duntitt(p, ) [2dt

diftl,, , =

rel,d fOT |dfitt(p,t)‘2dt
Notice that for all the cases the structure mesh is the same for the fitted and unfitted
cases. We will report the number of tetrahedra and the corresponding mesh size for
the unfitted case. Of course, these values change for the fitted background mesh,
but since they are almost identical to the unfitted one, we will skip this information
later on. All the proposed examples are simulated in a 3D framework with a linear
Hooke law for the structure. Moreover, the linear system arising at each time step
is solved monolithically with GMRES preconditioned by a 2 x 2 block Gauss—Seidel
preconditioner, the two blocks being identified by the fluid and structure subproblems,
respectively.

The method presented in section 2 and 3 has been implemented in the C++ finite
element library LifeV (www lifev.org).

4.1. Steady and linear FSI problem (test case I). In the following test
case, we consider the steady-state solution of a viscous fluid that interacts with a
linear elastic thick solid in the small deformations regime. In particular, we consider
the Stokes equation for the fluid and the Hooke law for the solid. In this case, the
velocity continuity condition at the interface ¥ is u = 0, and the stresses continuity
condition reads T/n/ = —T*n°®. We obtain the following problem:

(7a) ~ V- (-pI+2u'D(m)) =0 in O/,
(7h) V-u=0 in Qf,
(7c) -V-(N(V-d)I+2,°D(d)) =0 in Q°,
(7d) u=20 on X,
(7e) T/ (u,p)n’ = —T*(d)n® on ¥

with pu/ = 0.035poise, \° = (H_Vﬁﬁ, w o= ﬁ, and E = 10*dyne/cm? is
the Young’s modulus and v = 0.45 is the Poisson’s ratio. We consider the domain
Q= (0,1)3em, Q° = (0.15,0.85)cmx (0.4, 0.6)em x (0.31, 0.34)em, and QF = Q\Q; see
Figure 14. Regarding the boundary conditions, we impose T/n = (0,0, —2)dyne/cm?
on I';,, T/n=0on I,y and u = 0 on the remaining fluid boundary, where n =
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Fic. 14. Sketch of the domain Q with the domain Q° highlighted in grey. Test case 1.

TABLE 1
Number of tetrahedra and corresponding value of h (in brackets) for three levels of refinement,
and relative differences for the displacement on the line lo and pressure on the line l1. Test case 1.

# tetrahedra in ’Thf # tetrahedra in 7’ diﬁiel’d diﬁf«ez,p
Refinement 1 75k (0.049) 41k (0.010) 10.3 % 3.9 %
Refinement 2 253k (0.035) 114k (0.007) 7.0 % 2.3 %
Refinement 3 801k (0.024) 301k (0.005) 53% | 1.6%

n/ = —n®. On the solid we impose d = 0 at 'S, ,, = {0.15}cm x (0.4,0.6)em x
(0.31,0.34)em U {0.85}em x (0.4,0.6)cm x (0.31,0.34)cm, so that it is fixed on the
two sides. We impose the interface conditions (7d) and (7e) on ¥ = 9Q° \ T ...

We choose 75 = 10%,75,, = 10°,9, = 107,75 = 1,95 = 7aiv = 0 and we
consider three different couples of fluid-structure meshes; see Table 1.

In Figure 15, we report the fluid velocity field and the structure displacement
obtained by the XFEM /DG unfitted method for Refinement 3. In Figure 16, top, for
the same refinement, we plot the fluid pressure field on the plane y = 0.5¢m that cuts
the structure domain into two parts. From these results, we observe the different value
of pressure upstream and downstream the structure. A quantitative representation
of the pressure is shown in Figure 16, bottom-left, along the line I; : x = 0.5¢em, y =
0.5¢m, 0 < z < 1cm, and of the structure displacement in the z-coordinate is shown
in Figure 16, bottom-right, along the line Iy : 0.15 < x < 0.85¢cm, y = 0.bem, z =
0.325 cm; see Figure 14. From these results, we can observe the jump of the pressure
field across the structure and the good agreement between the fitted and unfitted
solutions. This is also confirmed by the relative differences reported in Table 1 that
highlight the increasing agreement between the two solutions for decreasing h.

Finally, in Figure 17, we show for Refinement 1 a detail of the pressure field on
a slice at x = 0.5cm. We see that, though some fluid elements are divided by the
structure into two unconnected portions, it is possible to approximate a discontinuous
solution within the same geometrical element.
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Fic. 15. Plot of the fluid velocity field (in cm/s) and structure displacement magnitude (in

cm). Test case I, Refinement 3.
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FiG. 16. Top: plot of the fluid pressure field (in dyne/cm?) on a slice located at y = 0.5cm.
The outline of the structure is represented in black. Bottom: plot in the direction of the flow (line
11 ) of the fluid pressure (in dyne/cm?) (left) and structure displacement in the z-coordinate (in cm)
(right). The dashed lines at z = {0.31,0.34}cm represent the extremities of the structure. Test case
I, Refinement 3.

4.2. Time-dependent nonlinear FSI problem: Geometrically fixed struc-
ture (test case II). We consider a time-dependent FSI problem in the small de-
formations regime given by the coupling of the Navier—Stokes equations for the fluid
and the linear elastic Hooke law for the structure. In this case we do not move the
interface, but the latter is physically coupled with the fluid.
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Fi1G. 17. Detail of the fluid pressure field (in dyne/ch) near the structure. It is possible to
identify some tetrahedra that present a discontinuous solution within the same element, as the one
highlighted in yellow. Test case I, Refinement 1.

TABLE 2
Number of elements and corresponding mesh size (in brackets) for the fluid and solid meshes
used for the comparison between the unfitted case and the fitted/conforming finite element method
and relative differences for the displacement in the center of mass of the structure. At = 0.01s.
Test case II.

# tetrahedra in 7'hf # tetrahedra in 7,7 diﬂ'ﬁel’ d
Refinement 1 17k (0.034) 4k (0.015) 7.51 %
Refinement 2 52k (0.023) 13k (0.010) 4.40 %
Refinement 3 134k (0.017) 29k (0.008) 3.28 %

We consider the same domain of test case I, but with different dimensions; in
particular we set @ = (0,0.7)em x (0,0.3) cm x (0,0.3)cm, Q° = (0.1,0.6) cm x
(0.1,0.2) em x (0.135,0.165) e, and QF = Q\ Q°. We impose a zero stress condition,
T/n = 0, at the top and at the bottom of the fluid domain and u = 0 on the lateral
walls of the fluid boundary. As in the steady-state case, the solid is kept fixed on two
of its extremities. Moreover, we apply the following volumetric force:

£ (1) = {psk ?fte (0,0.1) s,
0 ift€10.1,7]s,
where k = (0,0,1)cm/s? and T = 1.5s. On the fluid-structure interface we impose
the continuity of the kinematic and dynamic conditions. As initial conditions, we
set u(x,0) = 0, d(x,0) = 0 and d(x,0) = 0. The physical parameters are set as
follows: p/ = 1g/cm?,p* = 0.1g/cm?, uf = 0.035poise, E = 103dyne/cm?, v = 0.45.
We consider three different couples of fluid-structure meshes; see Table 2 and three
values of the time step, namely, At = 0.02, 0.01, 0.005s. Finally, we choose v =
10,95, = 10%, 79, = 1071, 75 = 0.5,74in, = 0.5,75 = 1.

In Figure 18, we show the numerical solution at different time steps for Refinement
3. Again, the proposed method is able to capture the structure dynamics. In order
to validate these results, we perform a comparison between the presented unfitted

formulation and the ALE conforming finite element method. In Figure 19, we report
the structure displacements in the z-coordinate of the solid center of mass along time
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Fic. 18. Numerical solution at different time steps: t = 0.11s (left), t = 0.19s (right). Fluid
velocity field (in ecm/s) and structure displacement (in cm). Test case II.
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Fic. 19. Structure displacement in the z-coordinate along time of the solid center of mass.
Comparison between the XFEM/DG-unfitted and the ALE-conforming methods. Left: space refine-
ment, At = 0.01. Right: time refinement, Refinement 3. Test case 11.

TABLE 3
Relative differences for the displacement in the center of mass of the structure for different At
for the comparison between the unfitted case and the fitted/conforming FEM. Refinement 3. Test
case II.

At | diff, 4
0.02 | 3.72%
0.01 | 3.25%
0.005 | 2.34 %

for space and temporal refinements. In Tables 2 and 3, we report the corresponding
relative differences for space and temporal refinements, respectively. These results
show that the differences reduces by increasing the refinement of the meshes and of At.

4.3. Time-dependent nonlinear FSI problem: Moving structure (test
case IIT). In this section, we show the numerical results obtained in the case of a
dynamic structure, which is geometrically moved. We consider a time-dependent FSI
problem given by the coupling of the Navier—Stokes equations for the fluid and the
linear elastic Hooke law for the structure, as described in section 2.2. We employ
the same domains considered in test case II reported in section 4.2. We impose a
periodic sine function at the inlet, i.e., u = (0,0, —2.5sin(%t))cm/s on I';,, Tfn =0
on the outlet I'y,; and u = 0 on the remaining walls of the fluid boundary. As in
test case I, the solid is kept fixed on two of its extremities, i.e., d = 0 at I'; ;.
As initial conditions, we set u(x,0) = 0, d(x,0) = 0 and d(x,0) = 0. We also
use the following values for the parameters: pf = 1g/em?,p® = 0.1g/cm?, uf =
0.035poise, E = 2 - 103dyne/cm?, v = 0.45. The Reynolds number is Re = 10.
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Pressure

Fic. 20. Up: meshes for XFEM/DG unfitted (left) and ALE/fitted (right) methods. Down:
fluid pressure field (in dyne/cm?) and structure location at t = 0.4s. The moving structure is colored
in white, while its initial position is represented by the thick black line, XFEM/DG unfitted (left),
ALE/fitted (right). Test case IIL.
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Fic. 21. Displacements of the center of mass of the structure over time obtained with the fitted
and unfitted methods. Test case I11.

We employ a fluid mesh 771f composed by 250k tetrahedra and a solid mesh 7’
composed by 14k tetrahedra. The time step At is 0.1s. We choose vy = 102,7;hy =
103, v, = 1071, y53 = 0.5, v4i = 0.5, and v, = 1.

In Figure 20, we plot for both the XFEM /DG and ALE solutions the pressure field
in the fluid domain and represent the moving structure accordingly to the computed
displacement at a given time step. In Figure 21, we compare the displacement of the
center of mass obtained with the XFEM/DG unfitted and fitted ALE methods. From
these results, we observe the excellent agreement between the results obtained with
the two methods also in the case of moving interface.

In order to validate the effectiveness of the strategy proposed in section 2.4 to
treat the case of physical portions of the background mesh changing in time, we
consider a second test with moving interface on a coarser mesh with the same domain
as in test case I reported in section 4.1; see Figure 14. We use the same parameters
of the previous test case and fluid and structure meshes composed by 38k and 5k
tetrahedra, respectively.

In Figure 22, we show the numerical solution on a section of the fluid/solid domain.
In particular, we plot again the pressure field in the fluid domain and we represent
the moving structure according to the computed displacement at different time steps.
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FIG. 22. Fluid pressure field (in dyne/cm?) and structure location at different time steps, from
top to bottom: t = 0.1s, t = 0.3s, and t = 0.6s. The moving structure is colored in white, while its
inatial position is represented by the thick black line. In yellow, we depict an example of tetrahedron,
initially intact, which is cut during the simulation. Test case III.

We see that the fluid elements crossed by the structure change in time as well as the
subtetrahedralization computed in such elements.

We notice that in this case, unlike in test case II, the fluid tetrahedra intersected
by the structure are changing in time, due to the movement of the structure.

The physical domain follows the movement of the structure without actually
moving the fluid mesh, maintaining an accurate description of the solution across the
structure and representing the jump in the pressure.

We remark that the procedures to compute the intersections, to generate the cut-
entities, and to define the dofs need to be performed at each time step. However,
the computational cost spent for this processing is very trifling compared to the total
time (2.5s vs. 118s).

5. Conclusions and Limitations. In this paper we have considered an unfitted
extended finite elements/DG approach for the numerical solution of the fluid-structure
interaction problem in the case of a thick structure. To the best of our knowledge,
this is the first time that this methodology has been applied to the case of a thick
solid. Moreover, this should be the first 3D implementation of XFEM for FSI.

To assess the effectiveness of the proposed method, we reported some 3D test
cases both in the case of a geometrically fixed and a moving structure. Moreover, we
provided a first step toward the validation of the presented method, by comparing
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corresponding results with those obtained with a ALE fitted/conforming finite

elements.

The main limitations of this work are the moderate Reynolds numbers of the

numerical experiments (~ 10) and the simple computational geometries. We are
currently working to improve both these points.

This work opened new challenges in the field of unfitted methods to solve FSI

problems in 3D, in particular the development of new preconditioners which allow

one

to speed up convergence and treat greater Reynolds numbers, and the study of

efficient techniques which avoid the assembling at each time step of the whole matrices
in the linear system.
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