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CONVERGENCE ANALYSIS OF A FAMILY OF ROBUST KALMAN
FILTERS BASED ON THE CONTRACTION PRINCIPLE*

MATTIA ZORZI f

Abstract. In this paper we analyze the convergence of a family of robust Kalman filters. For
each filter of this family the model uncertainty is tuned according to the so called tolerance parameter.
Assuming that the corresponding state-space model is reachable and observable, we show that the
corresponding Riccati-like mapping is strictly contractive provided that the tolerance is sufficiently
small, accordingly the filter converges.
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1. Introduction. Robust Kalman filtering is a computational tool with widespread

applications in many fields, e.g. . In this paper we consider the parametric family
of robust Kalman filters introduced in , see also the former works , , ﬂgﬂ
The parameter describing this family is denoted by 7. Once 7 is fixed, the model
uncertainty is represented by a ball which is about the nominal model and formed
by placing a bound on the 7-divergence, , , , between the actual and the
nominal model. The bound is fixed by the user and represents the tolerance of the
mismatch between the actual and the nominal model. Then, the robust filter is ob-
tained by minimizing the mean square error according to the least favorable model in
this ball. Interestingly, relaxing the assumption that the actual model belongs to the
ball, we obtain a family of risk sensitive filters parametrized by 7 wherein the toler-
ance parameter is replaced by the so called risk sensitivity parameter. In particular,
for 7 = 0 we obtain the usual risk sensitive filter, see .

In this paper we analyze the convergence of this family of discrete-time robust
Kalman filters. More precisely, we prove that the error covariance, obeying to a
Riccati-like iteration, converges to a unique positive definite solution.

The convergence of Riccati-like iterations can be performed using classical argu-
mentations, . Alternatively, the convergence analysis can be performed using the
contraction principle as in the former paper by Bougerol . More precisely, under
reachability and observability assumptions, he proved that the discrete-time Riccati
iteration is a strict contraction for the Riemann metric associated to the cone of posi-
tive definite matrices. Interestingly, the same result holds using the Thompson’s part
metric . The latter metric is more effective than the former in the sense that it
gives a tighter bound on the convergence rate of the iteration. It is also worth noting
that the contraction principle has been used also to prove the convergence of different
kinds of nonlinear iterations [13H15].

The convergence analysis that we present here is based on the contraction prin-
ciple. This analysis takes the root from the paper . The latter studies the conver-
gence of the risk sensitive Riccati iteration corresponding to the usual risk sensitive
filter. In particular, placing an upper bound on the risk sensitivity parameter it is
possible to prove that the N-fold composition of the risk sensitive Riccati mapping is
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2 M. ZORZI

strictly contractive for the Thompson’s part metric. Since the robust Kalman filter
with 7 = 0 can be understood as the usual risk sensitive filter where the risk sensitiv-
ity parameter is now time-varying, it is possible to characterize an upper bound on
the tolerance of this robust filter in such a way that the time-varying risk sensitivity
parameter is sufficiently small. In this way, the N-fold composition of the mapping is
strictly contractive and thus the robust filter converges, [29]. In this paper we extend
these results for the entire family of robust Kalman filters.

The outline of the paper is as follows. In Section [2] we recall the Thompson’s
part metric for positive definite matrices and the properties of contraction mappings.
In Section [3| we review the robust Kalman filter, we derive the downsampled version
and the corresponding N-fold Riccati iteration. In this way we are able to derive a
condition for which the iteration is strictly contractive. In Section [d] we translate this
condition in terms of upper bound on the tolerance of the robust filter. In Section
an illustrative example is provided. In Section [] deals with the convergence analysis
of the family of 7-risk sensitive filters. Finally, we draw the conclusions in Section [7]

Notation. Given x € R™, ||z|| denotes the Euclidean norm of z, and ||z||x denotes
the weighted Euclidean norm with weight matrix K positive definite. The i-th singular
value of P € R™*™ is denoted by o;(P) and o1(P) > 02(P) > ... > 0,(P). ||P||
denotes the spectral norm of P, i.e. ||P| = o1(P). Q™ denotes the vector space of
symmetric matrices of dimension n x n. The cone of positive definite matrices in Q"
is denoted by Q7 , and its closure by Qi diag(dy .. .d,) denotes the diagonal matrix
with elements in the main diagonal di,...,d,; similarly blkdiag(P;...P,) denotes
the block-diagonal matrix with matrices in the main block-diagonal P, ..., P,. Given
P ¢ Q% with eigendecomposition P = UDU T such that U is an orthogonal matrix
and D = diag(o1(P)...o,(P)), the exponentiation of P to a real number 7 is defined
as PT = UD™UT with D™ = diag(o1(P)"...0,(P)7). Similarly, we define exp(P) =
Uexp(D)UT with exp(D) = diag(e”*(") ... e7n(F)) and log(P) = Ulog(D)UT with
log(D) = diag(log(o1(P)) .. .log(o,(P))).

2. Thompson’s part metric and contraction mappings. Let P and @ be-
long to Q7. The Thompson’s part metric [2] between P and Q is defined as

dr(P,Q) = || log(P~/>QP~/2)]|
— max{log(o1(P~1Q)), log(01 (Q~* P))}.

Beside all the traditional properties of a distance, dr has the feature that it is invariant
under matrix inversion and congruence transformations.

Let h(-) be an arbitrary mapping in Q7. We say that h is strictly contractive if
its contraction coefficient (or Lipschitz constant)

dr(h(P), h(Q))
h) = su _
" racor pro  dr(P.Q)

is less than one. Since the metric space (Q%,dr) is complete [20], if h is a strict
contraction of Q% for the distance dr, by the Banach fixed point theorem, [1, p.
244], there exists a unique fixed point P of h in Q7 satisfying P = h(P). Moreover,
this fixed point is given by performing the iteration Pyy; = h(Py) starting with any
Py € Q7. Consider the downsampled iteration P,f = hfcv (P,f) where P,‘j = P,y and
N is an integer. Here, h,]cv is the N-fold composition of h at step kN. If hiv is strictly
contractive for k > ¢ with ¢ fixed, then h has a unique fixed point given as before. In
this paper we will need the next Lemma [15, Th. 5.3].
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LEMMA 2.1. Let Wy, Wy € Q. Then, the mapping
h(P)=MP~ '+ W) 'MT + W,

is strictly contractive with

Vo (W MW, )

§(h) <

L /1 oa (W MTW, M)

It is worth noting that the results outlined in this Section also hold using the Riemann
metric [4]. On the other hand, the Thompson’s part metric is more effective than the
Riemann one because it provides a tighter bound on the convergence rate of the
previous iteration.

3. Contraction property of the robust Kalman filters. Consider the state-
space model

Tpt1 = Axy + By,
yr = Cxg + Dug (31)

where xj € R™ is the state process, yr € R? is the observation process and v € R™
is white Gaussian noise with unit variance, i.e. E[vxvl]| = I,,. The initial state
xo is assumed to be independent of vi. Moreover, its nominal probability density
is fo(zg) ~ N(Zo, Vo). Model is completely described by the nominal joint
Gaussian probability density fi(2g+1, yx|Ye—1) of Zx4+1 and yi conditioned on Yj,_q :=
(40 --.yr—1]T. We consider the family of robust Kalman filters [28], [17] parametrized
by 7 € [0,1]:

Fp1 = argmin_max Eg [[zx1 — g (ye)[*[Ve-1]
9k€Gr fLEBY,

where E 7. [|Y%—1] is the conditional expectation taken with respect to fr (g1, Yk|Yi—1)
which is the least-favorable joint Gaussian probability density of zpy; and yj con-
ditioned on Yj_1. Bj , is a ball about the nominal density fi(zg+1,yk|Yi-1) with
radius c:

By = (Fu(alYir) st Do(fllfi) < o}

where D, is the 7-divergence family with parameter 7 € [0, 1] and defined as follows.
Let f and f be two g-dimensional Gaussian probability densities with mean vector

m,, m, and covariance matrix K, K,, respectively. Then, the 7-divergence family is
defined as

D-(flIf) =
JAma 2y +tr (—log(R.KZ) + KoK = 1,). =0
= lAm. |3 s +tr (—T(j_l)(L;leL;T)* + KK+ %Iq) , 0<r<l1
Z,
§(Amy) + tr (L;lf(zL;T log(L;'K.L;T) — K.K; ' + Iq) , r=1

where Am, = m, — m, and L, is such that K, = L,LT. Note that, DT(fo)
coincides with the Kullback-Leibler divergence for 7 = 0, [24]. To understand the role
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of parameter 7 in By  consider the ball B7 := {f : D-(fIf) < ¢} In [27], it has
been shown that, increasing 7 and choosing ¢ in such a way that the measure of B¢
remains constant, then the uncertainty described by B¢ increases for the covariance
matrix while it decreases for the mean vector. Accordingly, 7 tunes how to allocate the
mismodeling budget between the mean vector and the covariance matrix. c is referred
to as tolerance and measures the model uncertainty. Gy is the class of estimators with
finite second-order moments with respect to all densities fk(xk+1,yk\Yk_1) € Bj ..
The resulting estimator obeys the recursion:

-ik—i-l = Az + Gk(yk — Ci’k) (32)
where G, is the gain matrix
G = (AV,CT + BDT)(Ccv,CT + DDT) 7L, (3.3)

If z;, — Z;, denotes the state prediction error at time k, its pseudo-nominal and least-
favorable covariance matrix is denoted by Py and Vj, respectively. Then, the latter
obey to the Riccati-like iteration:

Py = AV AT — G (CV,.CT + DDTYGT + BBT (3.4)

_1
Lo, (I =000 = 1)LE  Le ) 1h,, 0<7<1

(3.5)
LP]C+1 eXp (ekL£k+1LPk+l) L£k+1’ T= 1

Vikr =

where Lp, ,, is such that Py 1 = LPk+1L£k+1 and 0, " > (1 — 7)||Py41] is the unique
solution to

¢ =7 (Py+1,0k) (3.6)
where ~, is defined as:

—logdet(I, — 0P)~! +tr((I, —0P)"* - 1,), 7=0
tr(— sy (In — 01 = 7)LELp) 7T

+ (L, —0(1 —7)L5Lp)™T +11,), 0<7<1
tr(exp(OLELp)(OLLLp — I,) + I,), T=1.

V- (P, 0) = (3.7)

0y is called risk sensitivity parameter and it is time-varying. In the case that ¢ = 0, i.e.
no uncertainty in the nominal model, we obtain the usual Kalman filter. Regarding the
performance analysis of this family of robust Kalman filters with respect to parameter
7 we refer to [28]. It is worth noting, in view of (3.5)), we have that Pyy1 < Viy1.
To study the asymptotic behavior of this robust Kalman filter, the matrices A, B,
C, D and the tolerance ¢ are assumed to be constant. Without loss of generality
we assume that BDT = 0. Otherwise, we can rewrite the filter — with
A= A—-BDT(DDT)"'C, B such that BBT = B(I — DT(DDT)"'D)BT C = C
and D = D. In this way BDT = 0. Substituting in and using the
Woodbury formula, we obtain the Riccati-like iteration

Pii1 =7r0(Py) = AV, + T (DDT)t0) "t AT + BB, (3.8)
Defining the positive definite matrix

_ p—1 -1
P = Pk+1 - Vk+1
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we have
Tre(Py) = AP, — @4y + CT(DDT)'C) ' AT + BB”. (3.9)

The mapping in has the same structure of the risk sensitive Riccati mapping,
[21]. Accordingly, the robust filter — can be interpreted as solving a standard
least-square filtering problem with time-varying parameters in Krein space, [10}/11].
The Krein state-space model consists of dynamics and observations in , to which
we must adjoin the new observations 0 = xj + ug. The components of noise vectors
v, and ug now belong to a Krein space and have the inner product

ol D=1 e, o

where &5 denotes the Kronecker delta function. Since zj, is Gauss-Markov, the down-
sampled process x{ := xyy, with N integer, is also Gauss-Markov with state-space
model

d N, .d N

kaV = (’)in +’DNV,]€V —I—HNV]]CV

0 = ONaf +uy + Lyvil (3.10)
where
N _ T T T T
Vk - [ Uk:N«kN,l ’UkN+N72 ’UkN ]
T
uy = [ inin—1 UiNin—2 --- Uin ]
T
y]kv = [ yquLNfl ygNJrN,Q ygN ] .
In model (3.10) we have
Ry=[B AB ... AN7'B]
Oy =[ (CAN-HT .. (AT ¢T "
ok = [ (AN-IHT AT T ]T
Dy=Iy®D

Note that, Ry and Oy denote, respectively, the N-block reachability and observabil-
ity matrices of model (3.1]), where the blocks forming Oy are written from bottom to
top instead of the usual top to bottom convention. In (3.10)), if

o CA*'B  k>1
k= 0 otherwise

I — AR k>
k= 0 otherwise
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Hy and Ly are block Toeplitz matrices defined as follows

0 Hi Hy .-+ Hny 2 Hn
0 O H1 H2 HN—2
0 0 0 H; Hy_3
Hy=1| . . . ) )
0 0 Lo 0 H,
0 0 0|
[0 L Lo Ly_o Ln-1 |
0 0 Ly Lo Ln_o
0 0 0 L Ln_3
Ly = . . )
0 0 0 L4
0 0 0 0

We define
In = OR — Ly HE [DNDE + HyHE ] 1ON
On = ON(DnDy + HaHy)  On.

Along similar lines used in [29], it is not difficult to see that the time-varying Riccati it-
eration associated to the downsampled model li takes the form Pkd 1= r;i,g k(P,f)
where

rlen(P) = anil(P) ™ + Q5 I ok + Wa,,, (3.11)
Qg,, = Qv + Jﬁs@;kJN
Ws,, = RnQas,  Ri
with
Soy, = —Onh + Lv(Inm + HY(DNDY) H) T LY
Qs = Unm +HN(DNDY) " Hy — L PN kL]

Py = blockdiag(PrnN—2, PentN—3,. .- Prn—_1).
ang =AY = Ry(HRKG, On +LYKG, OF)

o _ [ DDh NG HaL]
PN T ENHT *q)]_v}k + EN,C%

where we exploited the fact that DNH% =0 and DNL’% = 0 because BDT = 0.
PROPOSITION 3.1. Let
~ 1

= > 0.
N G (Ex (Inm + HG (DNDE) )1 L)

Assume that the pairs (A, B) and (A,C) are reachable and observable, respectively.
Then, there exits ¢, with 0 < ¢n < ¢n and N > n, such that if 0 < & < onI,n
then Qg and Wy are positive definite.

Proof. 1t is not difficult to see that Qg is positive definite and Sg negative definite
for 0 < @ < (bNInN The mapping ® — W is nondecreasing with respect to the
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partial order of symmetric matrices over 0 < o < qgnlnN because its first variation
along a direction 6® € Qf” is

§(Wg;6®) = RyQaLEYOPLNQaRE > 0.

Note that, Wg_o = Ry (Inm + HL(DNnDL) " 1Hy)"IRY which is positive definite
for N > n because the pair (A, B) is reachable and thus Ry has full row rank.
Accordingly, W3 is positive definite for 0 < ® < ¢nl,n. The mapping & — ch is
nonincreasing for 0 < ® < ¢ I, because its first variation along 6 € QN !

5(Qg;60) = —J4 S5 @ 160817 Ty < 0.

Moreover, Qg_, = 2y which is positive definite for N > n because the pair (4, C)
is observable. Accordingly, there exists a constant ¢ such that 0 < ¢y < ¢n and
both W4 and Qg are positive definite for 0 < ® < ¢ Iny,. [ |

REMARK 3.1. By the proof of Proposition[3.1], one can see that ¢n can be com-
puted as follows: set ¢ = ¢n and check whether Qg pInn 18 positive definite or not.
If not, we decrease ¢ until Qg 1y, becomes positive definite.

By Lemma . the mapping TT . () is strictly contractive provided that the
matrices {25 and Wg ~ are positive definite. In view of Proposition if for
some fixed ¢ > 0 the following condition holds

Oy < dnlnn, k> G, (3.12)

then the N-fold composition ric,k() is strictly contractive for k£ > ¢ and thus r, .(-)
is strictly contractive as well.

4. Characterization of the range of the tolerance. In this Section, we
characterize a range of ¢ for which condition holds. The proofs of this Section
only consider the case 0 < 7 < 1 because the results for the case 7 = 1 can be proved
along similar lines, and the case 7 = 0 has been already proved in [29]. Condition

(3-12) is equivalent to the condition
O < onln, k>qg+1 (4.1)

for some ¢ > 0 fixed. Through the next two Lemmas we will be able to derive a
condition on 5 which implies condition .

LEMMA 4.1. Let Poyq = r(Py), with Py = BBT, be the convergent iteration
generated by the usual Riccati mapping

r(Py) := AP, + CT(DDT)'C)AT + BBT.

Consider the sequence generated by (@ Then, Py > Pq, with k > q+ 1 for any
q=>0.

Proof. Tt is well known that the sequence {P}} is nondecreasing with respect to
the partial order of the symmetric matrices. Accordingly, it is sufficient to prove that
Pyi1 > P, k> 0. For this aim, we define the risk sensitive Riccati mapping, [21],

r®5(Py) = APt — @+ CT(DDT)'C)AT + BBT
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where @ is a positive semidefinite matrix. For k = 0, we have Py = r; .(Fp) > BBT =
Py. Assume that P, > Pj_1, then

Pii1 =1r0(Pr) =185 (Py) > r(Py) > r(Pr_1) = Py

k—1

where we exploited the fact that £ (P) > r(P) for any ® positive semidefinite and
P such that 0 < P < &1, [21], and the fact that r(-) is a nondecreasing mapping
with respect to the partial order of the symmetric matrices. |

LEMMA 4.2. Let d be such that Py > dI,, > 0, then

1
1-(1-0,(1—7)d)I-7
d, < k T I, 0<7t<«l1
l—expg—ekd)l =1
d n !

Proof. Consider the function

ol = 17(170(61277)d)ﬁ

defined over the set S = {d s.t 0 <d < (§(1 —7))~'} and 6 > 0. Then,

d, - —1+ge(d)
w9 =—a

where
— — 1

go(d) = (1 —0(1 — 1)d)T== "1 (1 + 67d).

It is not difficult to see that

d o g o w9
—g0(d) = —6%dr(1 = 0(1 = 7)d)

which is nonpositive for d € S. Accordingly, g is a nonincreasing function over S and

go(d) < lim gg(d) = 1.
d—0t+
Accordingly, the first derivative of fp in (4.2) is nonpositive over S, i.e. fy is nonin-
creasing over S.

~ 1
Let Lp, , = Uk+1Dl§+1UkT+1 be the singular value decomposition of Lp, ,, hence

L 1 1

UrrUlyy = Iny UpaUy = I, and D2, = diag(... d?,,, ...) positive definite.

Therefore, we have

Vici = Lol (In = 0x(1 = 1)Uk 11 Dy Uiiy1) 77 L,

Pyt Pri1

=Ly (UeaUlyy — 0k(1 = T)Uk 1 D ULy ) ™7 Ly

P41 P41

=T

Py

N 1= 0p(1 = 7)dijoir) T "
= U;Hldiag ( ey ( k( d ’;:)_1 ’k+1)1 g > UE+1‘
1y

1 _
Uk+1 (In — 0k(1 — 7)Dyyr) =7 UL L)

Pyy1
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Since the singular value decomposition of Py 1 is Pyy1 = Ugyidiag (..., di g1, ) UkT+1»
we have

_ p-—1 -1
P = Pk+1 - Vk+1

1
~ 1—(1—-0,(1—71)d; - ~
= Uy diag ( L1200 = T)diks) ) UL,

di j+1
= Upprdiag(. .., fo, (digs1), - - ) U

By assumption, d < d; 41, i = 1...n, therefore we have fo, (dir+1) < fo,(d),
i =1...n. Accordingly, ® < Upyidiag(..., fo,(d),.. ) UL, = fo,(d)I, which con-
cludes the proof. |

~ Fixed ¢ > 0, by Lemma for the sequence generated by (3.8) we have P >
P, > 0,(Py)I,,Vk>q+1, and by Lemmawe have

1— (1= 65(1 = 7)ou(P)) T~

o, <
on(Py)

I,, VE>q+1.

Therefore, the condition

1

1—(1-0x(1 f_T)on(pq)) T
Un<Pq)

§¢N7

or equivalently

b < L= (1 —on(P)on)" " (4.3)

- (1=1)on(Py)
implies (4.1). In particular, for 7 = 1 we obtain

- IOg(]- - Jn(Pq)¢N)
o < Un(pq) .

The next Lemma is needed to derive a condition on ¢ which implies condition
, and thus also condition .
LEMMA 4.3. Assuming that 0 < 6 < ((1 —7)||P|)~!, the following facts hold:
1. v+(P,-) is monotone increasing over Ry
2. If P> Q then ’YT(Pv 9) > 'YT(Qae)
3. v-(P,0) >0 for any P € Q;F with P # 0.
Proof. 1) The statement has been proved in |27].
2) First, note that

(In — 6(1 = 7)P) 7T + —— (I, — 6(1 — 7)P) =7 + i[n) .

1
Po) =tr -
¥+ (P, 0) tr( . T

(1—7)

To prove the statement, we show that the first variation of v, (P, 0) with respect to P
in any direction @ € Q; is nonnegative:

tr(~(I — 61— 7)P)=TQ + (I - 6(1 - 7)P) 1 Q)

e (P0:Q) =
= 0% tr(P(I —0(1—7)P)71Q)
= 02te(P3(I — 0(1 — 7)P)7= T Q(I — (1 — 7)P) =1 P%) > 0
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where we exploited the fact that (I —6(1 — T)P)% and P commutes.
3) v+ (P, 0) is equal to the S-divergence between the covariance matrices (I, — 6(1 —

7)P)7=7 and I, [23]. Since (I, — 0(1 — 7)P)= 1 # I,,, we get v,(P,0) > 0. ]
We know that Py > Pq Vk > ¢, which is equiyale_nt to say P > Pq Vk>q+1.
Then, by Lemma condition v, (Pg41,0k) = - (P, 6) implies that
e <0, Vk=>gq.
Figure shows this situation. Thus, (4.1) holds if we choose ¢ in a such way that

7 1-(Lon(Pén)' "
0 — G henBn

0.5

045} _’YT(PW@) R
— 7 (Pr+1,0)

03l
W'T(Pm é) r

0.2

01

0.05—

Fic. 4.1. Function vy, with Pyi1 > Py.

THEOREM 4.1. Let model be such that (A, B) and (A,C) are reachable and
observable, respectively. Let ¢ be such that 0 < ¢ < cprax with

5 1—(—0n(Pén) "
- (Pq, e s ) 0<r<1

— IOg(lfo'vl(pqﬁz’N)

CMAX = —
Y1 (an on (D) ) T=1

N >n and g > 0 are fized. Then, for any Vo € Q7 , the sequence Py generated by
iteration (@ converges to a unique solution P. Moreover, the limit G of the filtering
gain Gy as k — oo has the property that A — GC' is stable.

Proof. Since

o< (P s )

by Lemma we have that (4.3) holds for k& > ¢ and therefore ®y . < ¢nI,n for
k> G = [4£]. Accordingly, the mapping r¢ _,(-) is strictly contractive for k > g.

T,¢,k
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Since r? () is the N-fold composition of 7. (-), it follows that the sequence Py

generated by (3.8) converges. By (3.6) the convergence of Py implies the convergence
of 0 to a unique value §. Thus, (3.5) implies the convergence of Vi to a unique

solution V. Finally, the stability of A — GC can be proved by applying the Lyapunov
stability theory to the algebraic Riccati-like equation

P=(A-GC)W(A-GC)T + BBT + GGT.

Finally, it is not difficult to show that the mapping

(L= on(P)én) T
‘“”T(Pq’ (1= )on(Py) )

is nondecreasing. Thus, we have to choose ¢ sufficiently large in order to find a bigger
CMAX-

5. Example. We consider the constant state space model (3.1]) used in [18],

01 1 1 00
A_{ 0 1.2]’3_{0 1 O]

c=[1 -1], D=[0 0 1].

The error covariance matrix at time £ = 0 is chosen as Vy = I,. We study the
convergence of filter (3.2))-(3.7) with three different values for 7: 7 =0, 7 = 0.5 and
7 = 1. Fixing ¢ = 40, N = 50 we found that

1.2568 1.3641

—
Fy =10 [ 1.3641 15025

] , én =1.3335-1073, ¢y = 1.3328- 1075,
Moreover, the robust Kalman filter (3.2)-(3.7) converges with tolerance in the range
[0, carax]| where

emax =1.22-107 for 7 =0
emax = 1.01-107 for 7 = 0.5

epmax =8.62-1072 for 7 = 1.

Now, we compare the performances of the following three filters:

e KF: the standard Kalman filter

e RKFO: the robust Kalman filter with 7 = 0 and ¢ = 1.22- 107!

e RKFO05: the robust Kalman filter with 7 = 0.5 and ¢ = 1.01 - 10~*

e RKF1: the robust Kalman filter with 7 = 1 and ¢ = 8.62 - 10~2
that is we consider the robust Kalman filter with 7 = 0, 7 = 0.5, 7 = 1 with the
corresponding maximum tolerance for which we know that it converges. In Figure
we show the pseudo-nominal variance of the state estimation error of the first
component of the state, that is the entry of Py, in position (1,1). In Figure We show
the pseudo-nominal variance of the state estimation error of the second component
of xy, that is the entry in position (2,2) of Px. Roughly speaking these quantities
represent the error variance computed using the nominal density fi but propagating
the previous least favorable density fk,l. The previous figures show that the Riccati-
like iteration converges after 20 steps for 7 = 0, 7 = 0.5 and 7 = 1. In Figure [5.3]
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Fic. 5.2. Pseudo-nominal variance of the state estimation error of the second component of xy,.

we show the time-varying risk-sensitivity parameter 6; which after 20 steps is already
constant. In Figure and Figure [5.5| we consider the corresponding least-favorable
error variance, i.e. the error variance is computed by using the least-favorable density
fk and propagating the previous least favorable density fk_l. It is clear that RKFO,
RKF05 and RKF1 are very conservative with respect to the KF, i.e. their error
variances are larger than the ones given by KF. This means that, although the upper
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Fic. 5.4. Least-favorable variance of the state estimation error of the first component of xy,.

bound cprax we found is not tight, the range [0, carax] contains a sufficiently large
class of robust estimators. In other words, with ¢ close to zero we have robust Kalman
filters with performance similar to KF, while with ¢ close to cp;ax we have robust
Kalman filters very different than KF.

6. Convergence analysis of the 7-risk sensitive filters. Consider the state-
space model (3.1) and the corresponding nominal joint Gaussian probability density
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F1G. 5.5. Least-favorable variance of the state estimation error of the second component of xy.

e (@kt1,9Yk|Ye—1). The family of risk sensitive filters [28] parametrized by 7 € [0, 1]
is given by

rr1 = argmin max B [|lzxin — gr(we)lI” | Yao1] — 07 Do (frll fr) (6.1)
9k€Gk fL€Br,»

where f}, is Gaussian, By = {fk s.t. DT(kafk) < oo} and Gy, is the set of estimators
for which the objective function in is finite. 6 > 0 is the risk sensitivity parame-
ter. The second term in the objective function in is always nonpositive because
D, ( fk” fx) = 0. Therefore, for large values of 6 the maximizer has the possibility to
take a probability density far from the nominal one. The 7-risk sensitive filter
thus represents a relaxed version of the robust Kalman filter — where 6 now
is constant and fixed by the user. For the case 7 = 0 we obtain the usual risk sensitive
filter [3]. The resulting estimator obeys the recursion (3.2)-(3.4) with

1
Pl
Logy (In =00 =1)Lh Lry ) LR

Py 0<7 <1

Viy1 =
Lp,,,exp (9L£k+1LPk+l Lgﬂ, T=1.

The study of the asymptotic behavior of the 7-risk sensitive filter requires to consider
two different cases: the case 0 < 7 < 1 and the case 7 = 1.

In the former case, the Riccati-like iteration has the same form of but the
image of Q' under this mapping is not entirely contained in Q. The reason is that
condition Vj > 0 holds only if P is such that 0 < P, < (6(1 — 7))~ and this
condition could be not satisfied. Following similar arguments used in [18] for the case
7 = 0, it is possible to find conditions on V{ and € for which the trajectory of iteration
satisfies Vi, > 0 for any k > 0. However, these conditions on Vj and 6 are rather
intricate and require to design a gain matrix and a scaling factor p?.
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For the case 7 = 1, V}, is positive definite, and thus well defined, whenever Py
is positive definite. Accordingly, the image of Q7 under the corresponding mapping,
denoted by 7r—1,4(-), is Q7. Thus, the convergence of the iteration is guaranteed by
only imposing conditions on the risk sensitivity parameter 6.

THEOREM 6.1. Let model be such that (A, B) and (A,C) are reachable and
observable, respectively. Let 6 be such that

0 < *IOg(l - 011(11511)(15N)7
B on(Fy)

(6.2)

N >n and q > 0 are fized. Then, for any Vo € Q7Y , the sequence Py, generated by the
risk-sensitive filter with 7 = 1 converges to a unique solution P. Moreover, the limit
G of the filtering gain Gy, as k — oo has the property that A — GC is stable.

Proof. We consider the downsampled process xz with xﬁ = xpn and the corre-
sponding time-varying Riccati-iteration is P{,, = rﬁ’e’k(P,f) where Tg,e, () has the
same structure of . Let @f, = P, +11 - Vk_+11' Propositionstill holds. In partic-
ular, there exists ¢ such that if holds then the matrices (0, and Wg , are
positive definite. Accordingly, by Lemma the N-fold mapping rfﬂ,k(-) is strictly
contractive and thus also 7.=1 ¢(-) is strictly contractive. Lemma and Lemma
still hold, in particular

1— efan(Pq)H

oy, < — I,, VkE>q+1.
on(Fy)

Finally, by imposing

1— e—an(Pq)G

—=— < ¢n,

on(Fy)

which coincides with (6.2)), then condition (4.1) holds. Thus, the sequence Py con-
verges to a unique P as k — oo. The stability of A — GC follows as before. |

It is clear that condition (6.2]) on the risk sensitivity parameter is easy to check.
Accordingly, this filter is preferable than the risk-sensitive filter with 0 < 7 < 1.

7. Conclusions. A convergence analysis of a family of robust Kalman filters
has been presented. This analysis exploited the fact that the N-fold Riccati mapping,
which is given by downsampling these filters, is strictly contractive provided that
the time-varying risk-sensitive parameter is sufficiently small. This condition is then
guaranteed by placing an upper bound on the tolerance parameter of the robust filters.
Finally, we have studied the convergence property of a family of risk-sensitive filters
which can be understood as a relaxed version of the previous robust Kalman filters.
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