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An Anisotropic Inf-Convolution BV type model for dynamic reconstruction.*

Maitine Bergounioux' and E. Papoutsellis

Abstract. We are interested in a spatial-temporal variational model for image sequences. The model involves a
fitting data term adapted to different modalities such as denoising, deblurring or emission tomogra-
phy. The regularizing term acts as an infimal-convolution type operator that takes into account the
respective influence of space and time variables in a separate mode. We give existence and uniqueness
results and provide optimality conditions via duality analysis.

Key words. Spatio-temporal Variational Regularization, Infimal Convolution Total Variation, Anisotropic Total
variation, Optimality Conditions

AMS subject classifications. 65D18, 68U10,65K10

1. Introduction. In this paper, we examine variational inverse problems for dynamic image
reconstruction. As in the context of image restoration, the goal regarding a video restoration
is to recover a clean image sequence given a degraded dynamic datum. Certainly, one of
the main differences between image and video restoration is the additional temporal domain
where a collection of images-frames evolves over the time. Besides the spatial structures which
are a significant factor on the output quality of the reconstruction, the time direction has an
important role on the temporal consistency among the frames. Furthermore, in terms of video
applications, one may consider applications inherited from the imaging context and extend
them to the dynamical framework. To name a few, we have dynamic denoising, deblurring,
inpainting, decompression and emission tomography such as Positron Emission Tomography
and Magnetic Resonance Imaging.

The aim of this paper is to study variational regularization models in an infinite dimensional
setting defined on a spatial-temporal domain. In particular, given a corrupted image sequence
g, we look for a solution u, in a Banach space X, to the following generic minimization problem

(1.1) Jgﬁ(?—l(.ﬁlu,g) + N (u).

The first and second terms represent the well known data fitting term (fidelity) and the regular-
1zer respectively. The former is determined by the nature of degradation, e.g., a transformation
through a continuous and linear operator A with the presence of random noise, as well as the
modality of the problem. The latter imposes a certain prior structure (regularity) on the solu-
tion u. Regarding image restoration, the minimization problem (1.1) has been extensively used
and examined from both theoretical and numerical point of view for different applications. For
instance, we refer the reader to the famous ROF variational model [36], where the use of func-
tions of bounded variation (BV) and the total variation regularization (TV) was established
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2 M. BERGOUNIOUX AND E. PAPOUTSELLIS

in image processing. Moreover, it was analyzed in [1], [44] and several extensions have been
proposed in [15, 8, 12, 16, 24]. Now, concerning variational problems on a spatial-temporal
domain, one can witness significantly less work from a theoretical perspective compared to
a numerical one. Indeed, there is a plethora of numerical algorithms in the literature for
variational video processing. We refer the reader to some of them as [17, 38, 32].

A quite natural approach towards image sequence reconstruction is to apply the minimiza-
tion problem (1.1), acting on every image-frame of the sequence individually. For example, we
use the above problem in order to denoise each frame from a sequence corrupted by Gaussian
noise. We choose a non-smooth regularizer as the total variation measure over the spatial
domain Q C R2. It is known for the piecewise constant structures imposed to the solution u
that can eliminate efficiently the noise while preserving the edges of the images. It is defined
as

(1.2) N(u) = aTV,(u) = sup {/ udivpdz : ¢ € CL(Q,R?), [l¢]lo, < a} ,
Q

weighted by a positive parameter o and

2 2 . .
vi(z) + v5(x), r = 2, (isotropic)
(1.3)  [l@llo = esssup (@)l [(z)]r = ' ? . .
zeQ max{|p1(z)|, |p2(x)|}, r = oo, (anisotropic).
This parameter is responsible for a proper balancing between the regularizer and the fidelity
term which is fixed as H(u,g) = % l|lu — 9”%2(Q) in this case. Although, this solution produces

a satisfying result on the spatial domain, it does not take into account the interaction between
time and space and some time artifacts, e.g. flickering, will be introduced. Note that one
can use the anisotropic norm instead of an isotropic one in (1.3). Although these norms are
equivalent in a finite dimensional setting, they have different effects on the corresponding
computed minimizers. In the isotropic case, sharp corners will not be allowed in the edge set
and smooth corners prevail. On the other hand, corners in the direction of the unit vectors
are favored in the anisotropic variant. For more details, we refer the reader to [29, 21, 34] on
the properties and differences between these two corresponding minimizers.

A more sophisticated path, referred as 3D denoising, is to extend the domain taking into
account the time activity and treat an image sequence as a 3D volume where the time plays
the role of the third variable. In this case, we write

(1.4) N(u) = TV 4 (w) = sup {/Qudivacp drdt: g€ CHQ,R?),[l¢]l, < 1}

where Q = 7 xQ C R? is the three-dimensional spatial-temporal domain with 7 = (0,7).
Here, we have a positive vector o = (a1, ag) acting on the space and time respectively with

. 0 0 0 . .
diveg = o (83}1 + 8@) + Oéga = ondivy + asdivy

and the TV smoothness is applied along both the spatial and the temporal directions. An
obvious question that rises on this particularly setting is the correlation between the space
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and time. Video regularization approaches as in [17, 25, 30| combine spatial and temporal

domains under the corresponding dynamic isotropic norm ||¢||,, = esssup |o(t, x)|2. Hence,
(t,z)eQ
space and time are interacting with each other and contribute under some weight parameters

to the TV regularizer.

Figure 1.1: Image sequence of 5 frames and its noisy version corrupted with Gaussian noise.
Geometrical shapes are moving in different directions with different moving speed.

However, this choice of norm is not very accurate concerning the preservation of spatial

and temporal discontinuities. Using the anisotropic norm, |||, = esssup|¢(t, )|, where
t,x)EQ

space and time are not correlated, has the advantage to focus on the discontinuities of {2 and

T in separate modes respectively and preserves spatial and temporal details more accurately.

In particular, we can decompose (1.4) into a spatial and a temporal total variation, see [2],

and write

TVE o (w) =TV (u) + TV (u), with

a 1 D2 1 3
1 _ .
TV, (u)_sup{/ual( 1—}— 2>d:cdt.g0€CC(Q7R),

1.5
19 masc{y/@ () + @At )} < 1},

TV (u) = sup {/ uagaaig drdt: o € CHQ,R?), max{|p3(t, )|} < 1} .
Q

This type of decomposition has already been proposed for several applications such as dy-
namic denoising, segmentation, video decompression and the reader is referred to [43, 38, 26,
17]. Although, this paper is rather theoretical we would like to intrigue the reader with a
simple numerical example. In Figure 1.1, we have an image sequence of 5 frames of sev-
eral geometrical objects moving in different directions and speed under a constant back-
ground. This is corrupted by Gaussian noise. In order to compare between isotropic (1.4)
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4 M. BERGOUNIOUX AND E. PAPOUTSELLIS

83 and anisotropic (1.5) total variation spatial-temporal regularization we select the parameters
84 of the isotropic/anisotropic TV such that in both cases they will have the same distance for
85 the ground truth (as in PSNR ) namely ||solution;gry — truth||a = |[solution a7y — truth||s.
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(a) Frame 1 (b) Frame 3 (¢) Frame 4

Figure 1.2: First row: True sequence, second row: Isotropic TV, third row: Anisotropic TV.
We present frames 1, 3 and 5. The parameters are optimized such that |[solution;sry —
truth||y = |[solutiongyry — truth|s = 25.9559 with {57V = oMV = 0.5, o7V = 0.05,
asNTV = 0.0501.

86 In Figure 1.2, we present the surface plots of three of the five frames of the correspond-
87 ing regularized solutions of (1.1) with the squared L? norm fidelity term. We observe that
88 anisotropic regularization is able to preserve the geometry of these objects.

89 Motivated by (1.5), we proceed with a further decomposition in terms of the test function
90 ¢ and define the following decoupled spatial-temporal total variation regularization,

T
91 (1.6) N(u):al/o TV, (u(t, -))dt+a2/QTVt(u(-,a:))dx,

This manuscript is for review purposes only.
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AN ANISOTROPIC INF-CONVOLUTION BV TYPE MODEL FOR DYNAMIC RECONSTRUCTION. 5

where TV, is given by (1.2) and and TV(u) is defined similarly (see (2.2)). They denote
the spatial total variation for every ¢ € 7 and the temporal total variation for every z € €
respectively. Note that in the above formulations the test functions are defined in 2 and T
respectively.

Non-smooth regularization methods introduce different kind of modelling artifacts. As we
discussed above, a total variation regularizer tends to approximate non-constant noisy regions
with piecewise constant structures leading to the staircasing effect. This aspect is certainly
inherited in the dynamic framework and produces the flickering effect due to the staircasing
along the temporal dimension. In addition, one may observe some ghost artifacts on moving
objects, i.e., where certain features are overlapping between two consecutive frames. This is
due to the strong temporal regularization, namely when the ratio 3—; is relatively small. In
order to overcome this kind of modelling artifacts, a combination of non-smooth regularizers
is used via the concept of the infimal convolution,

(1.7) N(u) = Fi#Fs(u) = ggéf\/ Fi(u—v)+ Fy(v).

This regularization functional is able to favor reconstructions with a relatively small F; or
F5 contribution. In the imaging context, this is introduced in [15], where a first and second
order TV-based regularizers are combined in order to reduce the staircasing phenomenon.
Under this regularizer, the corresponding solution u of (1.1) promotes both piecewise constant
and smooth structures due to the presence of higher order derivatives and in fact provides a
certain decomposition between piecewise constant and smooth regions. On the other hand,
Holler and Kunisch in [25], extend the notion of infimal convolution in the context of dynamic
processing. In such a setting, they propose the use of total variation functionals as in (1.4) with
an isotropic relation on the spatial and temporal regularities. As in the imaging framework,
one can decompose an image sequence into a sequence that captures spatial information and
a sequence that encodes temporal activity. This type of spatial-temporal regularizer will be
discussed in Section 3 under the anisotropic formulation (1.6) of separate action in space and
time. Specifically, we propose the following infimal convolution total variation regularization
for an image sequence u. Given two positive vectors A = (A1, A2) and p = (u1, p2),

T
N(u) = Fx#Fp(u) = in)f(/ MTV,(u—v)(t)dt + / ATV (u—v)(x)dx
(18) ve 0 Q

T
N /0 s TV o (0) (1) dt + /Q pa TV, (0) () da

Depending on the choice of A, p one can enforce a certain regularity and either focus on space
or on time for the image sequences u — v and v. For example, if one selects that \; = uo = K
and Ao = p1 = 1 with K > 1 then the first two terms impose a TV smoothness more on the
space direction that in time for the u — v term. For the other two terms, the TV smoothness
acts conversely for the v component. Therefore, it is a matter of proper balancing which is
tuned automatically via the infimal convolution and highlights the cost either on space or time.
The choice of parameters will be discussed in Section 3. We would like to mention that the
functionals in (1.7) are not necessarily total variational functionals and other combinations or
high order functionals may be used, see for instance [39, 7.
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Finally, we would like to emphasize on the nature of the positive parameters defined above.
In the definitions (1.4), (1.5) and (1.8), we use parameters that are constant over the time do-
main. Equivalently, every frame is penalized with the same constant. This is a fair assumption
when the level of noise is assumed to be constant over time. However, in real world appli-
cations this is not always the case. There are situations when the noise is signal-dependent
e.g., Poisson noise and the noise-level variates over time. In the dynamic PET imaging and in
particular in list-mode PET, see [42], data can be binned into sinograms allowing frame dura-
tions to be determined after the acquisition. Under this approach, one has to choose between
longer scans with good counting statistics and shorter scans that are noisy but preserving
temporal resolution. A usual and fair choice is to select shorter scans in the beginning where
there is a high activity of the radioactive tracer and longer scans at the end. For example,
a 50 minutes acquisition in list mode rat-brain scans is rebinned into 27 frames under the
following scheme: 4x10s, 4x20s, 4x60s, 14x180s, 1x120s, see [40]. Hence, our goal is to allow
time dependent parameters on the above regularizers that can handle not only different levels
of noise per frame (1st term) but also balance the temporal activity in terms of a non-uniform
time domain discretization (2nd term), i.e.,

T
(1.9) N (u) :/0 a1 (t)TVg(u)(t) dt—f—/QTVt(ag(t)u)(x) dx.

Outline of the paper: The paper is organized as follows: we first recall some general properties

of functions of bounded variation and fix the notations in terms of the dynamic framework. We
continue with the definition of the regularizers used in this paper such as a weighted version
of the spatial-temporal total variation as well as its extension to the infimal convolution. In
addition, we define also the data fitting terms that are suitable for different applications. In
Section 4, we examine the well-posedness (existence, uniqueness and stability) of the associated
variation problem specifically for the infimal convolution regularizer and conclude in Section
5, with the corresponding optimality conditions. Finally, we would like to mention that the
nature of this paper is rather theoretical and we do not address any numerical issues. This
will be done in a forthcoming paper.

2. Preliminaries. Let us denote u : 7 xQ2 — R, an image sequence defined on an open
bounded set © C R? with smooth boundary representing the space domain with d > 1 and
T =(0,T), T > 0 which represents the temporal domain. In this section, we recall some basic
notations related to functions of bounded variation (BV) extended to the spatial-temporal
context. In order to distinguish between spatial and temporal domains, we define the following
spaces

LYT:BV(Q) ={u: T x Q=R |u(t,-) € BV(Q) ae. te T
and t — TV, (u)(t) € L} (T},

LY uBV(T)) ={u: T x Q=R |u(-,z) € BV(T) ae. z€Q
and x +— TV, (u)(z) € LY(Q) }.

(2.1)

This manuscript is for review purposes only.
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Here, TV, and TV, stand for the spatial and temporal total variation for every ¢t € T and
x € Q respectively. In particular, we have

) TVa(w)(0) = sup { [ ot do | ¢ € K,

T
Vi) =sup{ [ e0ute.a) dr | €€ K.
0
with the corresponding sets

K, = {¢ = div(¢) | ¢ € CHARY, [@lloce <1}, 9]l = esssup ()|

d

(2.3)
®

K, = {& _ 4 e TR, Nplloes < 1}, o s = esssup ()]
dt teT

where div, is the divergence operator on the spatial domain and |- |2 is the isotropic-euclidean
norm in space. Finally, we define the space of functions of bounded variation on the spatial-
temporal domain @), acting isotropically in these two directions i.e.,

BV(Q) ={uce LYQ) | TV(u) < oo}, where
TV (42 (u) = sup {/Qf(t, z)u(t,xz) de dt | € € K}, and

K= {f = div() () | ¢ € CHQ,R xRY), [[¢]lo < 1},

¢l = esssup [p(t, )2
(t,x)eQ

In sequel we drop the index (¢,x) in the total variation on @ notation so that TV stands
for TV (; ). Note that div ;) = % + div;. As we pointed out in the introduction, one may
consider an equivalent anisotropic norm using for any ¢ = (g, @1, ,¢q) € CH(Q, R x R?) :

lp(t, )00 = max{ Z;i:l V2 (t, z), |<p0(t,:n)|} < 1 and all the following results are still true.

In the following theorem, see [3, 5], we recall some useful properties on the BV(O) space, where
O is a bounded, open set of RY (practically O = Q with N =d or O = Q with N =d + 1.)

Theorem 2.1. Let O C RN, N > 1. The space BV(O) endowed with the norm

[vllBvio) = llvllLioy + TV (v)

1s a Banach space.
(a) For any u € BV(O) there exists a sequence u, € C®(0) such that

wy — u in LY(O) and TV (up) — TV (u).

(b) The mapping u — TV (u) is lower semicontinuous from BV(O) endowed with the L'(O)
topology to RT.

This manuscript is for review purposes only.
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8 M. BERGOUNIOUX AND E. PAPOUTSELLIS

N
(¢) BV(O) C LP(O) with continuous embedding, for 1 < p < N
Wirtinger inequality (Remark 3.50 of [3]): there exists a constant Co only depending on O
such that for 1 <p <

1 and we have the Poincaré-

N -1
Vu € BV(0), v —allLp0y < Co TV (u) ,

where 4 is the mean value of u on O.
(d) BV(O) C LP(O) with compact embedding for 1 < p <

N-1

The lemma below is essential for the forthcoming analysis and relates the spaces defined by
(2.1) and (2.4). It is based on the definitions above as well as of some tools in the proof of
[22, Theorem 2, Section 5.10.2]. A similar result (but in a different context) can be found in
[9, Lemma 3|.

Lemma 2.1. We have L}(T;BV(2)) N LY(Q; BV(T)) = BV(Q). Moreover, for every u €
BV(Q)

T
(2.5) TV (u) S/o TVx(u)(t)dt—f—/QTVt(u)(a:)dx < V2TV (u).

Proof. We start with the first inclusion,
LY (T;BV(Q)) nLY(Q;BV(T)) c BV(Q).

Let be u € LY(T;BV(Q)) N LY(Q;BV(T)). For any & € K there exists ¢ = (p1,¢92) €
CLQ,R x R?%) such that ||¢]le < 1 and

0 .
£= % + divgps ==& + &

For every t € T, &(t,-) : @ — &2(t, x) belongs to K, so that
/ St x)u(t,z) de < TV, (u)(t), ae teT ,
Q
and
T T
/ / e(t, )ult, ) da di < / TV, () (t)dt .
0o Jo 0
Similarly,

/Q/OTfl(t,x)u(t,x) dt de < /QTVt(U>(DL')d$ .

Then, for every € € K,
T T
/Qf(t,x)u(t,x)dtdx—/o/Qﬁg(t,m)u(t,a:)dxdt—i—/ﬂ/o &1(t, x)u(t, z) dt dx
T
< /O TV, (u)(t)dt + /Q TV, () (x)ds.

This manuscript is for review purposes only.
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The right hand side is finite independently of & since u € L(7;BV(Q)) N LY(;BV(T)).
Therefore, u € BV(Q) and

T
TV (u) S/o TVx(u)(t)dt—{—/QTVt(u)(x)dx.

Let us prove the converse inclusion. We first assume that v € WH1(Q). Then, using Fubini’s
theorem we get t — [, |Vizul(t,z) do € LY(T) and z — fOT |Vizul(t,z) dt € L1(Q) . Here,

. 2 2
we write |V puls = \/(?9?) + Z’(ii:l <f‘%) and

Viau(t,z)|o < [Vault,z)|2 + |Viult, )] < V2 |Vizult, z)ls.

Therefore, ¢ —+ [, |Vou(t, )|z dz € LNT), 2 = [i |Veu(t,z)| dt € LY() and
u € LYT;BV(Q)) NLY(;BV(T)) with

T
(2.6) TV () < / TV, (u)(t) dt + / TV, (u) () dz < V3TV (u).
0 Q
We now consider u € BV(Q) and show that u € LY(T;BV(2)). As WH1(Q) is dense in

BV(Q) in the sense of the intermediate convergence [5], there exists a sequence of functions
ur € WH(Q) such that u, converges to u in L'(Q) and TV (ug) — TV (u). From Fubini’s
theorem, we infer that uy(t,-) converges to u(t,-) in LY(Q), for almost every t € T and uy (-, z)
converges to u(-, z) in L}(T), for almost every x € 2. Moreover, TV (u,) — TV (u) is bounded.
Using (2.6) and Fatou’s Lemma we have that

T
/ lim inf TV (ug)(t) dt + / lim inf TV (ug)(x) dx

k—o0

(2.7) T
< liminf </0 TV (uk)(t) dt—l—/ﬂTVt(uk)(az) dac) < V2TV (u).

k—o0
Then, likminf TV, (ug)(t) < oo, aet € T and ligninfTVt(uk)(x) < 00, a.exz € Q. Now, for
—00 —00
a.e. t € T, we have that
vE € K, / u(t, 2)E () dz < TV o(ur)(8)
Q

Hence,

/Q Wt D)E@) dr = lim [ we(t, 2)€(x) dz < liminf TV, (u)(£) < oo,

k—+oco Jo k—o0

and

TVz(u)(t) = sup / u(t, z)é(z) de < lign inf TV (ug)(t) < oo.
£EKL JQ o
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10 M. BERGOUNIOUX AND E. PAPOUTSELLIS

This means u(t,-) € BV(Q2) a.e. ¢t € 7. In a similar way, we have that u(-,x) € BV(T) a.e
x € €, since

T
TV, (u)(z) = sup / w(t, 2)E(L) dt < Tim inf TV, (uy) () < 0.
¢eK, Jo k—o0

Finally, using (2.7), we get

T
/ TV, (u)(t) dt —i—/ TVi(u)(x) dx
0 Q

T
< / lim inf TV, (ug)(t) dt + / lim inf TV, (ug) () df < V2TV (u) .
0 (¢} —00

k—o0

This ends the proof, and the inequality (2.6) is also valid for every u € BV(Q). O

Remark 2.1. Note that equation (2.6) depends on the choice of the R?2-norm that appears in
the definition of the total variation. If we choose another (equivalent) R%-norm, (2.6) remains
valid with a different constant (instead of /2). This does not change the theoretical analysis.
However, the choice of the norm is an important numerical issue as we have pointed it out in
the introduction.

Remark 2.2. The second inclusion of the previous lemma can be seen as a generalization
of a function of bounded variation “in the sense of Tonelli” denoted by TBYV, see [18, 4]. For
instance, a function of two variables h(x,y) is TBV on a rectangle [a,b] X [c,d] if and only if
TV.h(-,y) < 0o for a.ey € [c,d], TV h(z,-) < oo for a.e x € [a,b] and TV h(-,y) € L([a,b]),
TVyh(z,-) € L([c,d)).

3. The variational model. As already mentioned in the introduction we are interested in
the following variational problem

(3.1) Jgﬁ( H(g, Au) + N (u) ,

where X = BV(Q). In this section, we describe the choice of the regularizer term N (u) as
well as the data fitting term #(g, Au). Recall that Q@ € R? with d > 1, 7 = (0,7) with T > 0
and Q = T xQ C R

3.1. Spatial-temporal regularizer. In this section, we define the spatial-temporal total
variation and infimal convolution total variation regularizers weighted by time dependent pa-
rameters. Let o be a positive time-dependent weight function o € W°°(T). For the spatial
and temporal variations, we write ®,, (u) (in space) as the L*(7) norm of ¢ — ay (t)TV . (u)(t),
ie.,

T T

(32)  VucL{T:BV(Q), G (u) = / TV, [ (£) dt — / () TV,,[u] (1) dt,
0 0

and for temporal penalization, ¥,, as

(3.3) Vu € TQBV(T)), Wy (v) = / TV, o] (z) da.
Q
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Note that ®,,, V¥,, are convex functionals and that the time dependent parameters aq, as
will satisfy

1,00 .
(3.4) { ar,ap € WH(T) and there exists

Qmin > 0880 < apin < a(t) ae. teT |, i=1,2.

Therefore, using Lemma 2.1 and equations (3.2),(3.3) we have the following:

Definition 3.1. Let be X = BV(Q) and a = (a1, a2) that satisfies (3.4). We define the
spatial-temporal total variation reqularizer Fo on X as

(3.5) Fo(u) = ®q, (u) + Ya, (u),

that s
T
Fo(u) :/0 TV [aqul(t) dt—i—/ﬁTVdcwu](a:) dx.

Moreover, for the spatial-temporal infimal convolution total variation regularization we fix
A= (A1, A2) and p = (1, p2) that satisfy (3.4) and write

Yu e X, Fx#F,(u) = iggFA(u —v) + Fu(v).

Proposition 3.1 (Lower semicontinuity of Fy). For every o = (a1, ) that satisfies (3.4),
the functionals ®,, and Vo, are lower semicontinuous on L'(T;BV(Q)) and L'(;BV(T))
respectively, with respect to the LY(Q) topology. In particular, the functional Fy, is lower semi-
continuous on BV(Q) with respect to the L1(Q) topology. As a consequence, these functionals
are lower semicontinuous on BV(Q) for any LP(Q) topology with p > 1.

Proof. We start with the lower semicontinuity of ®,,. The proof is similar for the lower
semicontinuity of ¥,,. Let u, € L'(7;BV(Q)) such that u, — v in L}(Q).

If lim 4i_nf @, (up) = +o00 then the lower semicontinuity inequality is obviously satisfied.
n——+0oo

Otherwise, one can extract a subsequence (still denoted w,) such that
sup,, P, (un) = sup, fOT TV [a1u](t) dt < +oo. Fatou’s Lemma applied to the sequence
TV, (aiuy) gives

n—-+oo n—-+0o0o

T T
/lim inf TV [aquy](t) dt < lim inf/ TV [aru,](t) dt = liglinf D, (up) < +o0.
0 0 n (o0}
Moreover, for a.e. t € T we have

V€ e Ky, TVglaguy)(t) > /Qal(t)f(x)un(t,x) dx.

As u, strongly converges to u in L1(Q) then wu,(¢,7) — u(t,z) in LY(Q) a.e. t € T up to a
subsequence. Therefore,

Ve € Ky, ae t€(0,T), liminf TV, [arund(t) > / o (DE()ult, z) dz,
Q

n—-+o0o
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and for almost every t € T

lﬁgfolg TV [oqu,](t) > gseulg/gal(t)g( x)u(t,x) de = TV [aqul(t).

Finally,

T T
D, (u) = / TV[aiu|(t) dt < / liminf TV [a1u,|(t) dt < liminf &4, (uy) -
0 0 n—-+0oo n—-+0oo

Eventually, the functional F, is lower semicontinuous on BV(Q) as the sum of two lower
semicontinuous functionals. (]

Next result provides a relation between the total variation regularization which correlates
space and time and the functional F,, where these directions are treated separately. It is a key
result to prove well-posedness results in the forthcoming analysis.

Theorem 3.1. Assume that o = (a1, ) satisfies (3.4). Then, there exists positive con-
stants C,, CZ depending on a, such that for every u € BV(Q)

(3.6) CLTV(aou) < Fy(u) < CITV(agu) .

Proof. Let amar = max{|la1lre(r, [|azllre(r)} and note that @4, (u) = ®1(aiu), for
every u € BV(Q). Then, we have that

Qmin D1 (agu) < Py, (u) < amazq)l(agu), Yu € BV(Q).

Amax Qmyin

Since Fo(u) = ®q, (u) + Vo, (u) = 1(5Lagu) + Vi (au) we conclude to

Imin @ (o) + Uy (aou) < Fo(u) < 28 (agu) + Uy (asu) =

Omazx Qmin
i (6

T (D1 (aou) + Uy (agu)) < Fa(u) < —% (01 (agu) + U1 (agu)),
Omazx Qmin

since Smin » <1and {2t > 1. Using (2.5) in Lemma 2.1, we obtain

(3.7) zm" TV (au) < Falu) < V2 %TV(WO.
Here C, = gmzn and CE =+/2 O‘m‘“. O

In (3.6), we observe that the tlme dependent parameter o that acts on the spatial domain
of F, does not contribute to the correlated spatial-temporal total variation. In terms of the
infimal convolution regularizer, a similar result is true when a certain assumption on the time
dependent parameters is imposed.

Proposition 3.2. Let A = (A1, \2) and p = (u1, p2) be time dependent positive parameters
that satisfy (3.4). Additionally, let k > 0 such that pa = kXo. Then, there exists constants
C1,Cy > 0 depending on A, p and k such that

(38) Yu € BV(Q), ClTV(Agu) < F)\#FM(U) < CQTV()\QU).

This manuscript is for review purposes only.
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Proof. Let be u € BV(Q), then for any v € BV(Q) using Theorem 3.1, we have that

Fx(u—v)+ Fyu(v) > CYTV(Aa(u —v)) + C, TV (u2v) = C TV (A2(u — v)) + kC, TV (Av)

V

min {Cy, kC}, } <TV()\2(U —v)) + TV()\Q’U)) > C1TV (Aqu)

Passing to the infimum over v € BV(Q) and obtain the left-hand side of (3.8). On the other
hand, we have that

e ]igr\ljf(Q) Fx(u—v) 4 Fu(v) < Fa(u) < Cy TV (Au) = CoTV (Au).

O

Remark 3.1 (Choice of parameters). The assumption that there exists k > 0 such that pg =
KA9 is a technical assumption and crucial for our analysis that follows. However, it is not
too restrictive. Under this setting, one has to tune four parameters in total. Yet, we need to
take into account the spatial and temporal regularization for each term. For instance, if one
considers \i, i, i = 1,2 which satisfy (3.4) and Ay > Ao, 1 > po it is immediate that only
a spatial reqularization is enforced and vice versa. In order to employ an infimal convolution
approach a certain relation between X, p has to be imposed. For instance, one choice could be
AL =p2 = A(t), Ao = p1 = 1= A(t) with 0 < A(t) < 1 for every t € T, see for instance [7].
However, the assumption ps = kg may be not satisfied in that case except if we choose constant
parameters. One could choose instead, A1 (t), A2(t) € (Amin, 1), Aa(t) < A1(t), pi(t) = 1= (t)

and pa(t) = kAo (t) with k > % for example. In that case, we have A1 > Ay and p1 < po.In

general the choice of parameters should follow a specific rule in order to avoid only spatial and
only temporal reqularization.

The following is an immediate result when we consider constant parameters with respect
to time.

Corollary 3.1. Assume o, X and p are positive constant parameters. Then, we have the
following relations for every u € BV(Q),

UmazCa TV (1) < Fo(u) < aminCE TV (u)
)\mmClTV(u) § F)‘#Fu(u) S )\mangTV(uL

where umin = min{ag, as} and qme, = max{ag, as} and respectively for Apin and \pqz-

Proof. Recall that relation (2.5) gives

T
TV () < Fy(u) = /O TV, (u)(t) dt + /Q TV, (u)(z) dz < VZTV (u).
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14 M. BERGOUNIOUX AND E. PAPOUTSELLIS

Next, we get

AmazC TV (1) = 2medminpy o)

Amax

= Qmin TV (u)
< Qmin (/OT TV (u)(t)dt + /Q TVi(u)(z) dx)

T
< al/ TV, (u)(t)dt + ag/ TVi(u)(z)dr = Fa(u) .
0 Q
Similarly,
AUminC¥maz
AminCLTV (u) = V22TV ()

Qmin

= \/iamaxTV(u)

> Qmag </OT TV, (u)(t)dt + /Q TVi(u)(x) d:c>

T
> al/o TVz(u)(t)dt + ag/QTVt(u)(:c) dr = Fo(u) .

The second inequality is a direct consequence of Proposition 3.2. U

3.2. Fitting data term. In this section, we describe the possible choices of the data fitting
term depending on the degradation of the input dynamic datum ¢ as well as the linear operator
A. Our setting is quite general and can be applied to any video denoising and deblurring
application for instance, or even dynamic emission tomography (ET') such as Positron Emission
Tomography (PET). We begin with two separate cases in terms of the linear operator A.

Case (1) : A=A

We consider a linear and continuous operator with the following assumptions:

d+1
(i) A € £LIP(Q),19(Q) with 1 <p< =, 1<g <0,
(3.9) (1) Axq £0,
(131) A(a(t)u) = a(t)A(u), a.e. t € T, for any positive time dependent parameter a.

Condition (ii) yields that A does not annihilate constant functions which is an important tool
to derive existence results. Condition (iii) is obviously satisfied if « is a positive constant.
However, we require more: we need that an one-homogenous property holds for any positive
time dependent function t +— «(t). This may appear restrictive but it still allows to consider
an identity operator for A: this is the case when we deal with denoising. This includes also
spatial deblurring processes. Indeed, in that case we define A as a spatial convolution operator.
Precisely, we may consider Au := h * u, where h is a spatially blurring kernel that remains
constant over the time domain. Consequently, we get

A(a(t)u(t,x)) = a(t)A(u(t,x)) = a(t)(h(z) * u(t, z)).

This manuscript is for review purposes only.
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Next me may define,
1 :
(3.10) (g, Aw) = CllAu =gl g, with g € L(Q)

as our data fitting term. This is suitable for dynamic data corrupted by noise that follows
Gaussian distribution (¢ = 2) or impulse noise (¢ = 1) for example, see also [10].

Case (2) : A=R

Here, we consider a linear operator related to emission imaging. The dynamic data that
we obtained during a PET scan for instance, are connected through an integral (projection)
operator known as the Radon transform R. For every t € T, we write

(3.11) (Ru(8,5))(¢) :/ u(t, z) dz,

z-0=s
where {$ ER?:z.0= s} is the hyperplane perpendicular to § € S%~! with distance s € R
from the origin. For t € T, (Ru(f,s))(t) lies on {(6,s):6 € S s e R}, a cylinder of
dimension d and is often referred as projection space or sinogram space. In the dynamic
framework, we set © =T x {(6,s) : § € S, s € R} and the Radon transform is a continuous
linear operator with

(3.12) R:LY(Q) = L), [IRullpasy < Cllullig) -

We refer the reader to [31] for general continuity results of the Radon transform in LP spaces.

Furthermore, if p > d%;l, the Radon transform is LP discontinuous, since the function
_d+1
uw(z) = |z|” » —— belongs to LP(Q), for 2 € Q but is not integrable over any hyperplane,

log(|])
see [28, Th. 3.32]|.

During the PET acquisition process, a certain amount of events e.g., photon-emissions are
collected by the scanner (detectors) and organized into the so-called temporal bins g(0, s,t)
for every t € T. The associated noise in this data is called photon noise due to the ran-
domness in the photo counting process and in fact, obeys the well-known Poisson probabil-
ity distribution. For this kind of noise we use the Kullback-Leibler divergence, see [10],[27],

Diyp : L1(Z) x LY(Z) — Ry U {+00}, defined as

w1
wilog | — | —wy +ws | dedt, YVw; > 0,ws >0 ae.
(3.13)  Dgr(wi,wy) = /E ( 1108 <w2> ! 2) ! 2
400 otherwise

This is in fact the Bregman distance of the Boltzmann-Shannon entropy, see [33]. We briefly
recall some of the basic properties of the KL-functional which can be found in [11],[33] and
will be used later.

Lemma 3.1. The following properties hold true:
(a) Dip(wy,we) is nonnegative and equal to 0 if and only if wi = ws.
(b) The function (w1, wz) — Dgr(wi,ws) is convez.
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(c¢) For fized wy € LY (X) (resp. wo € LY(X) ), the function D (w1,-) (resp. Dip(-,w2)) is
weakly lower semicontinuous with respect to LY(X)) topology.
(d) For every wy,wy € L1 (%)

(314 fur = sy < (3 honlhos + 3 luzlhags) ) Dicetun, )

In what follows, we fix w; = g as the dynamic datum. Assume that

(3.15) g € L™(X),

and set

(3.16) V€ LY(%), H(g,w) = /Ew —glogwdfdsdt if w>0and logw € L1(X)
~+00 else.

With the above definition we have

(3.17) Dkr(g,w) = H(g,w) —H(g,9) -

As we deal with the minimization problem (3.1), we can neglect the terms that are independent
of w. Indeed, the H(g, g) term do not count on the minimization problem (3.1). Let us mention
that the domain of above expression is the cone of positive functions whose log belongs to L!(X)
and that H (g, w) = 400, if w vanishes on a subset of ¥ of non null measure or if logw ¢ L!(X).
The boundedness assumption (3.15) is true from the practical point of view since we deal with
a finite acquisition time.

Lemma 3.2. The Radon transform R satisfies (3.9) (ii) and (iii).
Proof. Due to the definition of the Radon transform (3.11), we clearly have

R(a(t)u) = a(t)R(u).

Moreover, the Radon transform is injective (|28, Theorem 2.57|) so that it does not annihilate
constant functions and relation (3.9) (ii) is ensured. O
To conclude, we define

(3.18) H(g, Ru) = / (Ru — glog Ru) df ds dt,
b

whose domain is
(3.19) D:={uelY(Q)| Ru>0and logRu € L'(X)}

as our data fitting term. Note that D C L! (Q) since u > 0 a.e. implies that Ru > 0 a.e. As
a direct consequence of Lemma 3.1 and the definitions above we get a lower semicontinuity
result for H. Precisely, for every sequence (u,,) € D that strongly converges to u for the L(Q)
topology we have
H(g, Ru) < liminf H(g, Ruy,).
n——+0o0o

Remark 3.2. Though we are mainly interested in the Radon transform case, one could re-
place R with any operator that satisfies (3.9) as in Case 1. This may be suitable for Poisson
denoising and deblurring.
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4. Well-posedness results. In this section, we are interested in the well-posedness of the
minimization problem (3.1) for the regularizers described in Section 3.1 and the different choices
of the data fitting term in (3.10) and (3.18). We focus on the infimal convolution total variation
regularizer case i.e., N (u) := Fa#F,(u). In the case of the total variation regularizer, the
forthcoming analysis is similar and most of the proofs are the same with minor adaptations.
We prove well-posedness (existence,uniqueness and stability) via the direct method of calculus
of variations for

) uegg@) £(u),
where
(4.1) E(u) :=H(g, Au) + Fx#F,(u).

In particular, we need the lower semicontinuity condition to be true for both the regularizing
and the fidelity term, together with some compactness properties. Note that the balancing
parameters between the fidelity term and the regularization term, namely A;, u;, i = 1,2 are
involved in the definition of this regularization term. Precisely the cost functional of problem
(P), writes

T
H(g, Au) + UE}igr\l/f(Q) /0 (TV4[A1(u—v)] + TVz[pv]) () dt +

/Q (TVi[A2(u — v)] + TV [pov)) (z) dz.

4.1. Lower semicontinuity of the inf-convolution operator. Note that the lower semi-
continuity of the inf-convolution operator is not true in general, even if F) is, see |6, Example
12.13]. Additional assumptions have to be imposed such as coercivity on the underlying space
as well as exactness of the infimal convolution in order to get the lower semicontinuity. We
first need the following technical Lemma which provides an estimate on u € BV(Q) when (3.4)
is satisfied. Precisely

Lemma 4.1. Assume that o € WY(T) and that there erists i > 0 such that 0 <
Qmin < a(t) a.e. t € T; then 1/a € WH°(T). Moreover, if au € BV(Q) then u € BV(Q) as
well.

Proof. Let a be in Wh%°(T) such that 0 < amin < a(t) a.e. t € T. We use Proposition
8.4 of [13] : a function f € L°°(T) belongs to W1°°(T) if and only if there exists a constant
C' such that

()~ f@)| < Cla—yl for ae. 7,y € T

Here, we assume that a € W1°°(T) so that there exists C such that
la(z) — a(y)| < Clz —y| for ae. z,yeT.

As 0 < é < % then the function é belongs to L>°(7T). Moreover, for a.e. x,y € T

min

(3)@-(3) )| =28l e L o)~ atl < lo -l
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18 M. BERGOUNIOUX AND E. PAPOUTSELLIS

Using again Proposition 8.4 of [13] this proves that 1/a € W1*°(T)). Moreover, if au € BV(Q)
then u € BV(Q). Indeed, u = % (au) and

1 1 1
HUHBV(Q) = Ha(au)HBV(Q) = Ha(au)HLl(Q) + TV(a(au))

<

1
—— ol ) + TV (S ()

Now, if 8 € WL°(T) and v € BV(Q) we get
(42) TV(Bv) < [|BllLee( TV () + [ lLee () [0llLr@) -

where 3’ is the (distributional) derivative of 8. We set with 8 = é and v = au:

1 1 IR
TV(—(au)) < ||— TV(au) + H <> w10y -
o A lLeo(T) @/ e () @
Finally,
1 1\’ TV (au
43) ooy < (5 +[ (2) | ) ol + T2 < Callaulvig < +oc
Qmin « Loo(T) min

/
with C, = 1 + H <1> ) O
Omin « Lee ()

Next, we show that the inf-convolution operator is ezact in our case.

Lemma 4.2 (Exactness of F\#F),). Assume that X and p verify (3.4) and there exists
k > 0 such that po = k2. Then, for every u € BV(Q), there exists v, € BV(Q) such that

vy € argmin  Fy(u —v) + Fj,(v) and / wa(t) vy (t, z)dt doe = 0.
vEBV(Q) Q

Proof. Fix u € BV(Q). Let v, be a minimizing sequence of

inf  Fy(u— F,(v).
et o) A(u —v) + Fu(v)

Then v, € BV(Q) and without loss of generality we may assume that the mean value of psv,
is

1
AUy, i= | / pa(t)v,(t,x) de dt =0 .
Q

[Ql

Indeed, since ps = kAo, it is easy to see that

1 1
y (u — (v, — mm%)) + Fy (vn — mm%) = Fa(u—vy) + Fu(vy),

so that w,, := v, — i 120, is also a minimizing sequence that satisfies / powpdx dt = 0.
Q
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As F(u—wvy,) + Fj(vy) is bounded then Theorem 3.1 yields that TV (uovy,) is bounded as
well. Moreover, we have ||uovn11g) < CQTV(u2vn) from the Poincaré-Wirtinger inequality
(see Theorem 2.1). Hence, (u2vy,) is BV-bounded. This implies that v,, is BV-bounded as well
(see Lemma 4.1 and (4.3)). Therefore, there exists v,, € BV(Q) such that, up to subsequence,

Un N v, in BV(Q) which implies that v, — v, for the L1(Q) topology. We end the proof
with the lower semicontinuity of the functional with respect to the the L'(Q) topology ( with
Proposition 3.1). In addition, since fQ po(t)vn(t, ) do dt = 0, we get from the L convergence
that [, pa(t)vu(t, ) dz dt = 0 as well. O
Now we prove a lower semicontinuity result of Fx#F),. Here, we use the exactness of F)\#F),
and the BV coercivity of one of its terms. For more details on the lower semicontinuity of the
infimal convolution we refer to [41].

Theorem 4.1. Assume that X and p verify (3.4) and there exists k > 0 such that pa = KAa.
Then, the infimal-convolution Fx#F), operator is lower semicontinuous on BV (Q) with respect
to the LY (Q) topology. Precisely, if w, is a sequence in BV(Q) that converges to some u with
respect to the strong L1(Q) topology then

(4.4) Fx#F,(u) < lﬁﬂl&f Fax#Fu(un).

Proof. Let u, € BV(Q) such that u, — u in LY(Q). If limJirnf Fx#F,(up) = 400 then
n—-—+0o0

relation (4.4) is satisfied. Otherwise, there exists a subsequence (denoted similarly) and a
constant C' such that for every n € N, Fa#F,(u,) < C. Since Fx#F), is exact, there exists
v, € BV(Q) such that

Vn e N Fx(un — vn) + Fu(vn) = Fax#Fyu(u,) and / fov, =0 .
Q

We claim that (p2v,,) is BV-bounded (that is ||u2v,||gy (@) is uniformly bounded with respect
to n). Indeed, Theorem (3.1) yields

Vn e N TV (povy) < L_Fu(vn) <
Cu

*S‘ Q

Using Poincaré-Wirtinger inequality, we have that

C Cq
Cn

VneN  lpavnlliig) < CQTV(uavn) <

Following similar steps as before, there exists a subsequence vy, YL % in BV(Q). Due to the
lower semicontinuity Fy and F), with respect to the L!(Q) topology and its exactness, we have

e S < T _ i
Fx(u—10)+ Fu(v) < légigcf) Fx(un — vn) + Fu(vn) lég}rgg Fx#Fy(un)
and since Fa#F),(u) < Fa(u —9) 4+ Fj,(0), we conclude that

Fx#Fyu(u) < liglJirnf Fx#F,(up).
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4.2. Well-posedness. Now we focus on the existence of a solution for (7). The proof is
based on the corresponding results in [1, 44, 33] adapted to a spatial-temporal framework.

Theorem 4.2 (Existence). Assume that
e Case (1): the data g € LY(Q) and A satisfies (3.9), or
e Case (2): the data g € L>°(X).
Let X, p be parameters that satisfy (3.4) and that there exists a real number k > 0 such that
wa = k2. Then, there exists a solution to problem (P).

Proof. We first observe that £(u) is bounded from below and there exists ug € BV(Q)
such that E(up) < 4o00. Let u, € BV(Q) be a minimizing sequence of problem (P). Then
there exists Mp[g] > 0 such that

(4.5) Vn € N, Fx#F,(un) + H(g, Auy) < My[g] < +o0.

This implies in particular that w, € BV(Q) N D in case (2). In the sequel, we indicate the
dependence of the different bounding constants M; with respect to g because we need a precise
estimate to prove Theorem 4.4.

Using Proposition 3.2, we deduce that TV (w,) is bounded where we have set w,, = Ayuy,.
Therefore, with the Poincaré-Wirtinger inequality, then we have |Jwy, —UTLHLP(Q) < Milg]

C
with 1 < p < 4L and M;[g] = CQ My[g] Moreover, we have
1

__ __ 1 4
||wn”Lp(Q) < lwn — wnHLp(Q) + ||wn||Lp(Q) < Mig] + [Ql»

W, dmdt‘.
Q

The goal is to prove that the sequence (uy,) is bounded in BV(Q). This is equivalent to find an
estimate on the last term of the above inequality. To achieve this, we consider the two cases
with respect to the choice of the fidelity term presented in Section 3.2.

Case (1) : H(g, Au) = ;| Au —g|{,
Recall that g € LY(Q), A € L(LP(Q),L4(Q)) with 1 < p < %17 1 < g < oo, and satisfy

(3.9). Then, one has that

Axally, . .
‘ / wn da dt] T ATl gy = AT~ A, A dag + gl
< AN lfwn— Bl gy + I AC2um) — Mgl +Neglluac)

< Al lwn = @nll e )+ X2l (1) <||Aun — 9llrag) + HgHLq(Q)>

< 14181+ Pl (@00 + gy ) < M

This manuscript is for review purposes only.



AN ANISOTROPIC INF-CONVOLUTION BV TYPE MODEL FOR DYNAMIC RECONSTRUCTION. 21

166 where

467 My(g] = [|All Milg] + [[Aellp 00 7 <(qMo[9])1/q + ||gHLq(Q)>
C
s (40 = 141 22 Molg) + 6/ el Molgl"? + el ey
470 Case (2) : H(g, Au) = Dkr(g9,Ru) + H(g,9)
471
472 Recall that g € L>°(X) and that we require an additional positivity constraint w, > 0.

473 Therefore, it suffices to bound fQ wy, dx dt. We employ (3.14) and using (3.12) we have

2 4
474 | Rw,, — )\2g”il(z) < <3 H/\29HL1(2)+§ Han“Ll(z))DKL()Qg’ ARy )
) 2 4 N
AT5 < | 3 Rl gl +5 IR(wn —@0) + Rulin s ) 1A2llpee () Drrlg, Run)
2 4 . 4,
176 < (5 el gy +3 IR lwn = Tallrg)+ 5 IRl ) IRl Molg]
- 2 4 1 4
177 < (5 Pellpe i gl sy +5 IRINQIY Milg] +5 IRT 15 ) X2l ) Mola]-
{

479  Hence,

4 0
50 (47) IR, = Naglsy < (Mol + 5 IRl ) Ml
481  with
182 (4.8 M e A 4 R e zr
1 (48) 319] = 2 ellise ) lgllusgs) + 5 IRI QI M)
1 (49) = 2 el lgllos ey + 5 IRI QP 2 0ol
485 and
5 (410) Milg] = [Xell ) Molg)
487 On the other hand,

2
155 [Ruwn = doglEss) > (IR(wn ) = Aagllia sy — IRl sy

489 > [|[Rwn s (”R@TnHLl(z) - 2| R(wy — wy) — >\29HL1(E))
190 > Rl ) (IRTalg sy — 2 (IRI QM Mafg] + Pellyoe o lglliacs) )
o1 (A1) ~ [R@alys ) (IRTals s~ Msla)),
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with
(4.12) Ms[g) = 2 |R] Q"7 Milg) + [INelpoe ) N9l ()
' C
(4.13) =2 | R| QI =2 Molg] + | Mallpeer 9111 sy
Cy
/ wy, dx dt
Also, we have that |RWy |15y = QT IRXQlly (s that is
IRxQll s
(4.14) IR |15y = T() [@nl L1 () -
Combining (4.7),(4.11) and (4.14), we derive that
Rxoly IRxalg 4
(4.15) Q. [@n L) ol [@nllLg) — Mslg] — §M4[9] < Mj[g| Ma[g].
IRxqll 4
Let B,[g] = ’ﬁer(Z) [@nll11g) — Mslgl — §M4[g]. If n is such that B, > 1, it is immedi-

ate from (4.15) and Rxg # 0, see Lemma 3.2, that

M3[g]Ma[g]|Q|

(| | <
L1(Q) HRXQ ||L1(Z)

Otherwise, we have that
__ 4 Q|
s oy < (1 + 1)+ 330l .
L@ 3 ||RXQ”L1(2)

we finally obtain for every n € N

[@nllLg) < Mslg]
where

Q]

416 Mglg] = —¢l
( ) 6[ ] ||RXQ“L1(E)

oo {fg Mol (14 3lg)+ S0 )}

To conclude, we have proved that in both cases w, = Asu,, is bounded in LP(Q) and hence is
bounded in BV(Q). Using Lemma 4.1, u, is bounded both in BV(Q) and LP(Q). Then, there

exists subsequence still denoted by u,, such that w, “uin BV(Q) i.e., u, — u in LY(Q) and
Uy = uin LP(Q), 1 < p < d%dl. Theorem 4.1 yields that

Fx#F,(u) < hII_l)iIlf Fx#F,(up).

Moreover, due to the lower semicontinuity of the fidelity terms as well as the continuity of A
and R, we conclude that
H(g, Au) < liminf H(g, Auy,).
n—oo

This means that u is a solution to (P). (]
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Remark 4.1. To be consistent with the cases where either A is the identity operator, let us
mention that the BV-boundedness is immediate since

[unllLaq) < llun = 9llLag) + 19llLe(q)

||UnHL1(Q) - HQHLoo(Q) log ||Un||L1(Q) < /Qun — glogu,

We refer to [27] for the second case.

Theorem 4.3 (Uniqueness). Assume that the hypothesis of Theorem (4.2) are fulfilled and,
wn addition that
e A is injective and ¢ # 1 in Case (1),
e infy, g > 0 in Case (2).
Then the solution to (P) is unique.

Proof. Note that Fx\#1F}, is convex since F and F}, are convex. We first consider Case
(1) : since 1 < g < 0o and A is injective then u +— % || Au — gH%q(Q) is strictly convex.
In case (2), since infy,g > 0 and R is injective, see for instance [28, Theorem 2.57|, then
u > Dgr (g, Ru) is strictly convex. In both cases, we have that the energy & is strictly convex
as a sum of a convex and a strictly convex terms. This gives uniqueness. ([

Remark 4.2. The assumption that infy, g > 0 is a usual approximation for the continuous
setting which implies a positive systematic bias on the sinogram domain, see [33, 37]. This
18 mot far from the reality since for a reasonably long counting process, where some million
of photons are detected, all the PET detectors will record a certain amount of photons, even
if it is relatively small in practice. Note that one has to consider not only the recorded true
coincidence events but also the random coincidence events which occur when separate positron
emissions are detected within a time window and recorded as having originated from the same
emission. This results in an additional background noise on the sinogram domain.

To conclude this section, we discuss the stability of minimizers of (P), see |1, 33, 37| for
instance, with respect to a small perturbation on the data g. Let (g,,) be a perturbed dynamic
data sequence such that

(4.17) {Hgn = 9lrag) =0, g €LUQ) Case (1)

lgn = gllpee(sy = 0, gn € L®(X)  Case (2)
and the corresponding perturbed minimization problem

(4.18) uegg@) H(gn, Au) + (Fa#EL) (u).

Theorem 4.4 (Stability). Assume the assumptions of Theorem 4.3 are fulfilled for parame-
ters A and p and every datum g,. Then problem (P) is stable with respect to perturbations on
g. Precisely, let be (gp,) as in (4.17) and u, u, be the solutions to (P) and (4.18) respectively.

Then, there exists a subsequence of (uy) that converges to u in BV(Q)-w*.
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Proof. Since u,, minimizes (4.18), then for every v € BV(Q)
(4.19) (Fx#Fu)(up) + H(gn, Aup) < (FA#EFL)(v) + H(gn, Av).
As in the previous proofs, we consider each case separately.
Case (1) : H(g, Au) = £ Au —g|{,

Since g, — ¢ in LI(Q), then there exists ng € N such that ||g — gn|§ < 555 for every
n > ng. Then, for every n > ng

1 _ 1 1
(FA#FN)(un)"‘&HAun_ QH%q(Q) <29 1<(F>\#Fu)(un)+||Aun_gn||%q(Q)+ lgn — g”%q(Q)>
< 207 (BB S Au= L g+ l0n — ol
< (Mgn] +1).
Here, we used the convexity of the L? norm (¢ > 1) and relation (4.19) with v = u. Moreover

| Au—gnllLa(o) < lAu— gllLa@) + Il9n — 9llLago) < lAu— gllLagg) + ¢*/92"/97" .

So M(gp]+1 is bounded from above by a constant M[g] that does not depend on g,,. Following
the same proof of Theorem 4.2, we can prove that (uy) is uniformly bounded with respect to
n, in BV(Q) and in LP-bounded with 1 < p < %. Therefore, we have that u,, — @ in L(Q),
Up = @ in LP(Q), with 1 < p < d%dl. It remains to show that @ is a minimizer of (7). Theorem
4.1 yields that

(Fx#F)(@) < lim inf (FA#F0) ().
Moreover Au,, — g, — At — g in LY(Q). Since,
1 1
Vo EBV@), (BB ) + A = ulls gy < (A#EE)+ 140 = gl g
we get for every v € BV(Q) that
RN S 1 q
(FA#FH)(U) + QHAU gHLq(Q < hmmf (FA#FM)(UN) + 5”14’“71 - gn”Lq(Q)
. 1 q
< nh_{go(F)\#Fu)(v) + 5“14@ - gnHLq(Q)
1
< (B0 + 1140~ gl g

So 4 is a minimizer and we conclude with uniqueness that u = .

Case (2) : H(g,Au) = Dxr(9,Ru) + H(g,9) = [x Ru — glog Ru db ds dt,
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560
561 Recall that we assumed that g, g, € L>(X), i%fg, i%f gn > 0. Using (4.19), we get

562 (4.20) (FAHEFL) (tn) + H(gns Rtin) < (F#£E) (1) + H(gn, Ru).

As
H(gn, Ru) = / Ru — gn log Ru df ds dt,
¥

gn — ¢ in L®(X) and log(Ru) € L1(X) then
nlg]go H(gn, Ru) = H(g, Ru).
In particular, there exists a constant C' only dependent on g and w such that
Vn e N H(gn,Ru) < C .
563 Using (4.20), we get
364 (EA#E,) (tn) + H(gas Run) < (Fx#E,) (W) + H(ga, Ru) < (Fr#F)(u) + C .

Again, we can use estimates as in Theorem 4.2 Case (2), with My = (FA#Fu)(u) + C that
does not depend on n. Therefore, u, is bounded in LP(Q) with 1 < p < d‘le by a constant
depending on [|gn||r1(s)- This bound is uniform with respect to n since [|gn||p~(x) (and thus
|gnllL1(s)) is bounded. As before, u, is bounded in BV(Q) and there exists & € BV(Q) such
that u, — @ in L(Q). Hence, Ru, — R in L}(3) as well as pointwise convergent almost
everywhere in 3. By Fatou’s Lemma applied to the sequence (Ru, — g, log Ruy,),,, we obtain

H(g, Ra) < lirginf H(gn, Ruy,).

566 Similarly to the previous case, we get for every v € BV(Q), v > 0 that

567 (Ex#F,)(u) +H(g,Ru) < linlgiorolf (Ex#FL)(un) + H(gn, Run)

568 < lim (Fa#Fu)(v) + H(gn, Rv)

569 < (Fx#Fu)(v) + H(g, Rv).

571 By uniqueness, we conclude that @ = u is the minimizer of (P). O

572 4.3. An equivalent formulation. We end this section by providing an equivalent formu-
573 lation for (P) that may be useful for numerical computations. The key tool is the exactness
574 of the inf-convolution operator. The original problem (P) also reads

575 ! inf Fy(u— F )
5 (P) oo o 0 AW+ Fafu =)+ F (o)
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Theorem 4.5 (Equivalence). Assume that A and p verify (3.4) and there exists k > 0 such
that pa = KAo.
1. If (u,v) is a solution of (P"), then w is a solution of (P) and

(4.21) Fy(u = v) + Fu(v) = Fx#Fu(w) = _inf {Fa(u =) + Fu(v)).

2. If w is a solution of (P) and equation (4.21) is verified for some v € BV(Q), then (u,v)
is a solution of (P')

Proof. Assume that (u,v) is a solution to (P’ ). Then, for every (u,v) € BV(Q) x BV(Q)
we have

(4.22) Fa(u — v) + Fu(v) + H(g, Au) < Fx(u — v) + Fu(v) + H(g, Au) .
Taking u = u gives
Yo e BV(Q),  Fx(u—v)+ Fu(v) < Fa(u—v) + Fu(v) ,
that is Fx(u — v) + Fj(v) = Fa#tFy(w). Let us fix u € BV(Q). Using (4.22), we obtain
Vo € BV(Q),  Fa#Fa(u)+ H(g, Au) < Fx(u — v) + Fa(v) + H(g, Au),

which results to

Fa#Fyu(u) +H(g, Au) < < GIiBI%/f(Q) Fx(u—v) + F“(v)> +H(g, Au) = FEx#Fy(u) +H(g, Au).
Therefore, u is a solution to (P).

Conversely, assume w is a solution to (P). As F\#F), is exact at u, there exists v € BV(Q)
such that Fi(u — v) + F,(v) = Fx#F,(u). Then, for every (u,v) € BV(Q) x BV(Q)

Fx(u —v) + Fu(v) + H(g, Au) = Fa#tFp(u) + H(g, Au) < Fax#F,(u) + H(g, Au)
< Fx(u—v) + F,(v) + H(g, Au) .

This proves that (u,v) is a solution to (P’ ). O

5. Optimality conditions. In the final section of this paper, we deal with the optimality
conditions of (P). Optimality conditions are useful since they provide qualitative information
on the solution of the minimization problem. In many cases, they are a useful tool to prove
convergence of the algorithms and get error estimates independent on the discretization grid.
Here, we use standard duality techniques based on the convex conjugate and the subdifferential
of a functional in order to characterize the solutions. However, as we often deal with the dual
of the underlying space, we prefer to use a reflexive framework since the dual of BV(Q) is
not easy to handle. Therefore we choose p with 1 < p < d%dl, so that BV(Q) is compactly
embedded in LP(Q).

/ 1 1
We denote (-, -),r , the duality product between LP(Q) and its dual L? (Q) with — +
p

v

=1

and

Yu e LP(Q), Yo e LP(Q), (v, u)y, = / u(t, z) v(t,z) dt d .
Q
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We start by extending ®,,, ¥,, and F, from their respective domains to LP(Q) as follows:

u) ifu SUE ~ ap(u) ifu L(Q; :
B, (1) = {‘iz;( ) eflsee LY(T;BV(Q)), () = {foo( ) eflsee LY@ BV(T)).
Falu) = {Fa(u) if u € BV(Q),
“ too it ue LP(Q)\BV(Q).

We define the extended problem as
(Px) inf  H(g, Au) + (Fa#E,) (u) -

uel?(Q)

With the definition of Fy, it is clear that problems (P) and (7x) have the same solution set.
So, we look for optimality conditions for (Px). It is obvious that the lower semicontinuity for
the extended regularizing terms as in Proposition 3.1 is still valid. Moreover, ‘i’au \Tla2 and
F,, are convex as extensions of convex functions by +oco. This may be summarized in the
following corollary:

Corollary 5.1. Let oc = (a1, ) that satisfies (3.4). The functionals ®u,, Ve, and Fu are
convex and lower semicontinuous on LP(Q)).

We next investigate the Fenchel conjugates of the corresponding regularizing terms and
focus on the characterization of the subdifferential of Fx#F), + H(g, A-).

5.1. Fenchel conjugate of F,\#FM. One way to derive the optimality conditions of (Px),
is by computing the subdifferentials of each term. A useful tool to achieve this goal is to
compute the conjugate functionals. We start with the following theorem (see [5, Theorem
9.5.1.]).

Theorem 5.1. IfV is a normed space with dual space V', and f : V — RU{+o0} is a lower
semicontinuous convex and proper function, then

V(u,u*) € V. x V' u* €0f(u) <= ueaf(u’),
where f* is the Fenchel conjugate of f and the subdifferential of f at u is

The first step is to compute the Fenchel conjugate of the regularizing term FA#F starting
by F. Let us focus on the computation of the Fenchel-conjugate of ®,. We consider the set

K= {é‘ =divy ¢ |p € L®(T;CH(Q,RY), ¢l < 1} C L>(Q).

We have the following lemma that provides a relation with the sets defined in (2.3). Let us
define the injection Y from the space of functions defined almost everywhere on 2 to the space
of functions defined almost everywhere on T x €2 as following: for every function ¢ defined a.e.
on Q, T(¢) = is defined a.e; on T x £ with

Y(t,z) = ¢(x) , a.e. on T x Q.
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Lemma 5.1. We have Y(K,) C K, , where K, is given by (2.3). Conversely, any & € K,
verifies £(t,-) € Ky, for almost every t € T.

Proof. Let be ¢ € K,. There exists ¢ € C}(Q,RY) such that ¢ = div, ¢ and lellooe < 1.
Let ¢ = T(¢) € L®(T;CL(Q,RY)). Then |[¢]|oo < 1 and YT(€) € K. O

Theorem 5.2 (®,, Conjugate). For every function o that satisfies (3.4), we have

o,

=1,k

where, 1¢ is the indicator function of the set C and K, is the LY (Q)-closure of K.
Proof. Note that for every u* € L? (Q),

(5.1) Bo(u) = sup (u,v)yy — Ba(v) = sup (u",0)y, — Ba(v).
veLP(Q) veBV(Q)

Let & € Ky, then £(¢,-) € K, for almost every t € T and (2.2) gives

/g(t,x)u(t,x ) dz < sup /g ) dz = TV, (u)(?)
Q

CEK,

using (3.2), we obtain that

(5.2) sup (&, ), = sup//étx (t,x) dz dt < Py (u).

Eeaky feakly

As ®,, is positively homogeneous, then é:; is the indicator of some closed subset K of Lp/(Q)
(Corollary 13.2.1 of [35]).

o We first prove that aC, C K. Let u* be in akC,. Using (5.1), (5.2) we have that for any
v € BV(Q), Puo(v) > (u*, v>p p and so ®* (u*) < 0. As ®* is an indicator function this means
that ®*(u*) = 0. So u* € K and ok, C K. As K is L' (Q)-closed this gives ok, C K .

e Let us prove the converse inclusion. Assume there exists u* € K such that u* ¢ aK,. One
can separate u* and akC,, see [13]: there exists w € R and ug € LP(Q) such that

(uo, u™), = (" u0)y , >w > sup (v*,ug),
v*ealky
(5.3) = sup (V" —u" ug), , <O0.
v eaky,

On the other hand, since 5a is convex and lower semicontinuous with respect to the LP-
topology, then by Fenchel-Moreau theorem we have that ®* = ®,. So, for all u € BV(Q),

Po(u)= sup (v%,u),, — @ (v*) = sup (v u)y s
v eLP (Q) v ek

since &)Z is the indicator of K. In particular, as u* € K

(5.4) Dy (u) > <u*,u>p,’p.

This manuscript is for review purposes only.



AN ANISOTROPIC INF-CONVOLUTION BV TYPE MODEL FOR DYNAMIC RECONSTRUCTION. 29

Let us fix t € T, then

Ve € Ky, a(t)é(z)u(t,z) < sup a(t)((z)u(t,z) ae. x€Q,

CEKx
643 and taking the supremum we have that
644 sup / a(t)é(x)u(t,z) de < / sup a(t)((z)u(t,x) dz ,
(€K, JQ Q (K,
645 TV, (au)(t) < / sup «a(t)¢(x)u(t,z) dx.
646 QCEK,
647 We integrate over the time domain 7" and subtract both sides by (u*,u), , to recover
T T
648 / TV (au)(t)dt — / / u*(t, x)u(t, z) de dt <
0

649 / / sup a(t)((z) —u*(t,z)| u(t,x) dx dt.
650 (eKa
651 Then, using (5.4) and Lemma 5.1, we have that for all u € BV(Q)

T
652 0 < @q(u) — (u,u),, < / / sup ((z) —u*(t,x)| u(t,z) dz dt

’ 0 Q _CeaKa;

T -

653 < / / sup &(t,x) —u*(t,x) | u(t,x) de dt
0 Q _gealcz i

654

T -
655 < / / sup £(t,x) — u*(t, )| u(t,x) dx dt.
656 0 78 lecaks -

Hence, this implies

Ecaky

Yu € BV(Q), / / ( sup &(t,x) —u*(t, 1‘)) u(t,z) dx dt > 0.

Next, choosing —u instead of u we get
Yu € BV(Q), / / ( sup &(t,x) — u*(t, x)) u(t,x) dx dt = 0.
£€a’Cz

Therefore sup & —u* =0 € BV'(Q). Next, for every u € LP(Q) and for every £ € ak, we
feaky

have

<§_U*7u>p’7p§ < sup §_U*7u> :07
geaks p',p

).
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since akC, C L (Q). Once again, using —u we obtain for every u € LP(Q)
V¢ € aky, (—u"u),,=0,
that is
sup (§ —u*,u), , =0,
&calkly,

since ok, is a closed subset of L' (Q). As a consequence, we get

sup (£ —u",ug),,=0.
§€aky

which is a contradiction by (5.3). . O
The following is the analogous result of the previous theorem for the ¥, functional and can
be proved similarly.

Theorem 5.3 (¥, Conjugate). For every function a that satisfies (3.4), we have
T, * dl/] 00 1
Ve, =15, where Ki:=<&= o | v € L(Q,C.(T,R)), [Vl <1p.

Using the above theorems, we are able to compute the convex conjugate of the extended
spatial-temporal total variation defined in (3.5). We use the following results for the convex
conjugate of the infimal convolution and the convex conjugate of the sum, see [5, Chapter 9.4],
i.e., for two proper, closed, convex functionals ¢, we have

(p#¢)" = ¢" +¢" and (¢ + )" = (¢"#¢Y")™".
Corollary 5.2. For every a that satisfies (3.4), we have that

F* = ]lﬁ with Ko = 1Ky + aky.

«
Proof. As ﬁa = $>a1 + \T/OQ and 5a1, \TIQQ are convex, lower semicontinuous, we have
F; = ((Dal + \IIOCZ)* = (Qzl#\IjZQ)** = (ﬂalﬁx#lagﬁt)** = (:H'allciw—l-aglcit)** = (I]'K'Ot)** )

where Ko = 1K, + a2K;. Moreover, one has that (g, )** = Ig— , since the (L¥") closure

Ka of Kq is convex, see [35, Chapter 13]. O

Corollary 5.3 (Fx#F,, Conjugate). For every X\, that satisfy (3.4), we have
(FA#FN)* = LTAHICTN

where Kx, K, are the corresponding sets defined in Corollary 5.2.

We have computed the convex conjugate of our proposed regularizer and we proceed now with
the optimality conditions of (P).
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5.2. Optimality conditions for (P) . Since the problem (Px) is convex we have that w is
the solution if and only if 0 € 9&(u) where

E(u) := (Fa#F,)(u) + H(g, Au).

We use the following result that allows to estimate the subdifferential of the sum of two
functionals, see [5, Theorem 9.5.4].

Theorem 5.4. Let (V,|| - ||) be a normed space and let f,h : V — RU{+oo} be two lower
semicontinuous, convex and proper functions.
(a) The following inclusion is always true: Of +0h C O(f + h) .
(b) If f is finite and continuous at a point of dom h, then we have: Of + 0h = O(f + h) .

5.2.1. Case (1). In this subsection we focus on the first case where the L? fidelity term
is H(g, Au) = %HAU - quLq(Q) with 1 < ¢ < 00 and A satisfies assumption (3.9). Clearly,

domﬁ‘)\#ﬁ’u = BV(Q), domH(g, Au) = LP(Q) and u — H(g, Au) is LP continuous at 0 €
BV(Q). Therefore, o
O (u) = OF\#F,,(u) + OH(g, Au).

Any u* of D€ (u) writes u* = ul 4 uj where uj € OF\#F,(u) and ub € OH(g, Au). In the
sequel, we characterize the elements uj,u3. Starting with the subdifferential of Fx#F),, it is
easy to check that for every u € BV(Q) < LP(Q), we get

(5.5) ui € OFN#F,(u) <= u} € Kx N K, and Yo* € Kx N Ky, (u,v* — uy)yy <0,

where KOH}S a closed convex subset of LPI(Q). Indeed, we use Theorem 5.1, Corollary 5.3
and that F\#F), is convex and lower semicontinuous, to get

u € J(Fa#FL) " (u7) = Ol (uh)-
The subdifferential of the data fitting term using [20, Proposition 5.7| is
A (Au — g)171, ifl<g<oo
(5.6) OH(g, Au) = ( ) . .
{A*z, 12/l oo (@) < 1, 2 € sign(Au— g)} , ifg=1.

Note that in the latter case one has
- = gllLi@)) (v) = |l @) (v — 9) = {z € LZ(Q) | ||zl <1, = € sign(v —g)}.
Overall, we have that
0 € 9&(u) <= Fu* € OH(g, Au) such that — u* € OF\F#F},(u)
and one concludes to the following result:
Theorem 5.5. A function w € BV(Q) is a solution to (P) if and only if
1. YveKanK,, <u,A*(Au —g) ! - v>pp, <0, if 1 <q<+o0,
2. YweKanky, (uw,A"z—v), <0, if ¢=1 with
zE LOO(Q)v HZHLOO(Q) < 17 z € Slgl’l(A’U/ _g)
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5.2.2. Optimality conditions for (P): case (2). In this subsection we focus on the
Kullback-Leibler divergence see (3.18), i.e., H(g, Ru) = Dgr(g, Ru) + H(g, g) where u € D,
the domain of the fidelity term. We cannot follow the same strategy as before due to the
limitations of this fidelity in terms of continuity. It is known that a proper, convex, lower
semicontinuous function is continuous if and only if the interior of its domain is not empty,
i.e., int(domf) # 0, see [20]. In our case the effective domain is in fact nowhere dense and
Dk 1.(g,R+) is nowhere continuous in L*(92), let alone in LP(2), see [19, Remark 2.12]. More-
over, F A#F w is not continuous with respect to the L” norm.

Therefore we use BV(Q) as the underlying functional space. In the sequel (-,-) de-
notes the duality product between BV(Q)" and BV(Q). We use Theorem 5.4 again with
V = BV(Q), f = Fx#F, and h = H(g,R(-)). Indeed, f is lower semicontinuous due to
Theorem 4.1 and h due to the continuity properties of both the Radon transform and the
Kullback-Leibler divergence.

Proposition 5.1. Assume that X and p satisfy (3.4) and that there exists a real number
k > 0 such that ps = kXa. Then Fx#F, is continuous on BV(Q) (and of course at any
element of domf Ndomh C BV (Q) the set of positive BV functions).

Proof. Let ui, ug be in BV(Q). As Fx#F), is exact, there exists v; € BV(Q) such that
Fx#F,(u1) = Fa(ur —vi) + Fu(vi). We get

Fx#tF(ug) = veligl\llf(@ Fx(uz —v) + Fu(v) < Fa(uz —v1) + Fu(v1)

< FA(UQ — ul) + F)‘(ul — 1)1) + Fu(vl)
= F)‘('U,Q — u1) + F)\#F;L<u1)-

Similarly
Fa#Fu(u1) < Fa(ur — u2) + Fx#Fu(uz),

and using Theorem 3.1

|F)\#FH(U1) — F)\#FM(UQH S F)\(ul — ’UQ) S C;_TV(AQ(Ul — UQ))

Moreover
TV (As(ur — u2)) < [Mell iy TV (ur — uz) + ‘ AQHLOO(T) lur — uallpa )
< Nellwree(y llur — uall gy -
This prove the continuity of Fx#F), on BV(Q). O

Recall that D, given in (3.19), is the domain of the fidelity term. So uw € BV N D is a solution
to (P) if and only if

0 € O(Fa#F,)(u) + 0H(g, Ru).
Equivalently, there exists u* € O(Fa#Fy)(u) such that —u* € 0H(g,R(-))(uw). As usual,
we have u* € O(Fa#Fy)(u) <= u € O(Fa#F)y,)"(u*). However, in this setting we are

in different topology. Though we have computed Fy for previous case, the computation of
FY is still challenging. Indeed, we cannot use the arguments used in Theorem 5.2 since the
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underlying topology is now the BV one and not the LP(Q) one any longer. In particular, we
loose reflexivity as well as an integral representation on the duality product, see [23].

Since Fl is positively homogeneous functional, we know there exists a closed convex subset
of BV' that we call K such that F5 = 1k, (u*) is the indicator function of K. Unfortunately,
we are not able to give an explicit description of K: we only know that Iy C K. We obtain

(Ex#Fu)" = Fx + F, = 1k, + 1k, = Ik, nK,-
Therefore,
u* € 0 Fa#F,)(u) <= u € KxyNnK, and Vv* € KxNnK, (u,w"—u")<0.
Next, we compute 0H (g, R-)(u). Let be w € BV(Q) N D:

H(g, R(u + sw)) — H(g, Ru)
s
Passing to the limit as s — 0 gives (VH(g, R-)(u) + u*, w) > 0.
Conversely, let us assume that (VH(g, R-)(u) +u*,w) > 0 for every w € BV ND and
prove that —u* € 0H (g, R-)(u) that is

—u* € OH(9,R")(u) = Vs >0

> — (u",w) .

Vw e BV(Q),  H(g, R(u+w)) —H(g,Ru) = ((—u"),w).
Let be w € BV(Q): if u+w ¢ D then
+00 = H(g, R(u+w)) — H(g, Ru) = ((—u’), w) .
Otherwise, by convexity
H(g, R(u +w)) = H(g, Ru) = (VH(g, R-)(uw), w) = ((—u’), w).
Therefore
—u* € OH(g9,R")(u) < Yw € BV(Q)ND, (VH(9,R)(u) + u*,w) >0 .

A short computation gives

Finally ,
) ) R 9 iy

For this case, we conclude with the following optimality conditions

Theorem 5.6. Let w € BV(Q) ND. Then w is a solution to (P) if and only if there exists
u* € KxNK, CBV(Q) such that

(5.7) Vw* € KxNK,, (u,w"—u") <0,
* g *
. - > 0.
(5.8) Vw € BV(Q) N D, <R (12 Ru) tu ,w> >0
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Remark 5.1. The difficulties met in order to establish the optimality conditions are closely
related to the so-called two-norm discrepancy in control theory (see [14] for example). We have
to deal with both the BV- norm and the LP-norm. The qualification condition that we need to
describe the subdifferentials is easy to satisfy with the BV-norm. However, the computation of
the conjugate functions cannot be explicit within a non reflexive framework. On the contrary,
the use of LP-norm leads to a nice description of conjugate functions while the splitting of the
differential cannot be done. In a discrete setting, these difficulties disappear of course.

6. Conclusion. We perform a thorough analysis on the proposed spatial-temporal infimal-
convolution regularizer under time dependent weight parameters. It acts in a separate mode
on the spatial and temporal domains and it can be applied to a wide range of problems such as
denoising, deblurring and emission tomography with different kind of noise (impulse, gaussian
or Poisson). We focus on the well-posedness of the proposed minimization problem and provide
existence, uniqueness and stability results into a very general framework. We further derive
the optimality conditions using standard tools from duality theory. However, we have still
to focus in depth on the characterization of the sets K to have a clear insight of the dual
variables. This implies that we have to deal with the dual of the BV space and use some
integral representations as in [23]. Another issue is to describe carefully the discretization
process and the dual problem in an appropriate way, especially with respect to isotropic or
anisotropic spatial-temporal discrete norms. Finally, in a forthcoming paper, we shall perform
numerics, especially for PET reconstruction, and compare this model to those that can be
found in the literature such as [25].

Acknowledgments. We would like to thank the two anonymous referees who have helped
us to improve this paper with their remarks and suggestions.
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