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Steiner triple systems with high chromatic index

Darryn Bryant∗, Charles J. Colbourn†, Daniel Horsley‡, Ian M. Wanless‡

Abstract

It has been conjectured that every Steiner triple system of order v 6= 7 has chromatic index

at most (v + 3)/2 when v ≡ 3 (mod 6) and at most (v + 5)/2 when v ≡ 1 (mod 6). Herein,

we construct a Steiner triple system of order v with chromatic index at least (v + 3)/2 for

each integer v ≡ 3 (mod 6) such that v > 15, with four possible exceptions. We further show

that the maximum number of disjoint parallel classes in the systems constructed is sublinear

in v. Finally, we establish for each order v ≡ 15 (mod 18) that there are at least vv
2(1/6+o(1))

non-isomorphic Steiner triple systems with chromatic index at least (v+3)/2 and that some of

these systems are cyclic.

1 Introduction

A Steiner triple system of order v is a pair (V,B) where V is a v-set of points and B is a collection of

3-subsets of V , called triples, such that any two points occur together in exactly one triple. Steiner

triple systems are fundamental in design theory. Kirkman [13] proved in 1847 that there exists a

Steiner triple system of order v if and only if v ≡ 1 or 3 (mod 6) (see [8]).

A partial parallel class in a Steiner triple system of order v is a subset of its triples that are

pairwise disjoint, a parallel class is a partial parallel class with v/3 triples (when v ≡ 3 (mod 6)),

and an almost parallel class is a partial parallel class with (v − 1)/3 triples (when v ≡ 1 (mod 6)).

The chromatic index of a Steiner triple system (V,B) is the smallest number of partial parallel classes

into which B can be partitioned. Equivalently, this is the smallest number of colours needed to colour

the triples in B so that no two triples that share a point are assigned the same colour. By observing

that any partial parallel class in such a system contains at most ⌊v/3⌋ triples, it can be seen that

the chromatic index of any Steiner triple system of order v is at least

m(v) =

{

v−1
2

if v ≡ 3 (mod 6),

v+1
2

if v ≡ 1 (mod 6).

Rosa [20, p.30] has conjectured that the chromatic index of any Steiner triple system of order v 6= 7

is in {m(v), m(v) + 1, m(v) + 2}. A Steiner triple system of order v with chromatic index m(v) is

known [19, 22] to exist for each v ≡ 1, 3 (mod 6) except 7 and 13. A result of Pippenger and Spencer

[18] on edge colourings of hypergraphs implies that the maximum chromatic index over the Steiner

triple systems of order v is m(v) + o(v) as v → ∞. Sparse families of Steiner triple systems without
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parallel classes or almost parallel classes have been constructed [5, 6, 21], and any such system of

order v has chromatic index at least m(v) + 2. Aside from this, little seems to be known about

Steiner triple systems with few parallel classes or high chromatic index.

In this paper we prove four main results concerning Steiner triple systems of orders congruent

to 3 modulo 6 that have few parallel classes or high chromatic index. A simple counting argument

shows that a Steiner triple system of order v ≡ 3 (mod 6) with chromatic index at most (v + 1)/2

must have at least (v + 3)/6 disjoint parallel classes.

Firstly, we construct a Steiner triple system of order v with chromatic index at least m(v) + 2 =

(v + 3)/2 for each positive integer v ≡ 3 (mod 6) such that v > 15, with four possible exceptions

(the unique systems of order 3 and 9 each have chromatic index m(v)). We show that the systems

we construct have chromatic index at least (v + 3)/2 by demonstrating that they contain at most

(v − 3)/6 disjoint parallel classes. In contrast to the v ≡ 3 (mod 6) case, to show that a Steiner

triple system of order v ≡ 1 (mod 6) has chromatic index at least m(v) + 2 by proving an upper

bound on the number of disjoint almost parallel classes would require showing that the number of

such classes is at most one. Few examples of Steiner triple systems with this property are known

and constructing them seems to be a difficult task.

Theorem 1. For all positive v ≡ 3 (mod 6) there is a Steiner triple system of order v having chro-

matic index at least (v+3)/2 except when v ∈ {3, 9} and except possibly when v ∈ {45, 75, 129, 513}.

For large v, the systems we construct have many fewer disjoint parallel classes than we require

to prove Theorem 1. In fact, we can show that they have at most o(v) disjoint parallel classes. This

compares favourably with the best known analogous result for Latin squares, which gives a linear

bound [11, 24].

Theorem 2. For v → ∞ with v ≡ 3 (mod 6), there is a Steiner triple system of order v that contains

at most o(v) disjoint parallel classes.

By noting that any Steiner triple system of order v ≡ 15 (mod 18) produced via the Bose con-

struction [3] (see [8, p.25]) has chromatic index at least (v+3)/2, we are able to obtain an asymptotic

lower bound on the number of such systems. This bound agrees to within the error term with the

asymptotics for the total number of Steiner triple systems (see [8, p.72]).

Theorem 3. For v → ∞ with v ≡ 15 (mod 18), there are vv
2(1/6+o(1)) non-isomorphic Steiner triple

systems of order v that have chromatic index at least (v + 3)/2.

Finally, we note that some of these systems are cyclic.

Theorem 4. For each v ≡ 15 (mod 18) there is a cyclic Steiner triple system of order v that has

chromatic index at least (v + 3)/2.

We prove Theorems 1 and 2 in Section 2 and Theorems 3 and 4 in Section 3. We conclude this

section by introducing some notation that we will use through the rest of the paper. Let (Zn,+, ·)

be the ring of integers modulo n. For a graph G whose vertex set is a subset of Zn, define the weight

of an edge {x, y} in G to be x + y. Let Z∗

n denote the multiplicative group of units modulo n and,

for a1, . . . , at ∈ Z
∗

n, let 〈a1, . . . , at〉n denote the subgroup of Z∗

n generated by a1, . . . , at. For a subset

S of Z∗

n \ {1}, let Cay(Z∗

d, S) denote the (simple) graph with vertex set Z
∗

d and an edge between x

and y if and only if xy−1 ∈ S or yx−1 ∈ S (note that Cay(Z∗

d, S) equals Cay(Z∗

d, S ∪ S−1)). For a

positive integer n, let Dn denote the set of all divisors of n greater than 1. Finally, let φ denote

Euler’s totient function.
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2 Proof of Theorems 1 and 2

The Steiner triple systems we employ to prove Theorems 1 and 2 are produced by the following con-

struction, which is a generalisation of one used by Schreiber [25] and Wilson [26]. Their construction

is recovered by setting G0 = {{x,−x} : x ∈ U} in ours. Another variant of the Wilson-Schreiber

construction was used in [6] to find an infinite family of Steiner triple systems with no parallel classes.

Definition 5. For a positive integer n ≡ 1 (mod 6), letG(n) be the graph with vertex set U = Zn\{0}

and edge set {{x,−2x} : x ∈ U} ∪ {{x,−x} : x ∈ U}.

Construction 6. Let n ≡ 1 (mod 6) be a positive integer. We form a Steiner triple system of order

n+ 2 as follows. Let U = Zn \ {0} and let G = G(n). Given a 1-factorisation {G0, G1, G2} of G, we

form the Steiner triple system (U ∪ {∞0,∞1,∞2},A0 ∪ A∞) where

A0 =
{

{a, b, c} ⊆ U : |{a, b, c}| = 3, a+ b+ c = 0
}

, and

A∞ =
{

{x, y,∞i} : {x, y} ∈ E(Gi), i ∈ {0, 1, 2}
}

∪
{

{∞0,∞1,∞2}
}

.

That this construction does indeed produce a Steiner triple system follows easily from the fact

that G is the graph whose edges are given by the pairs of elements of U that occur in no triple of A0.

We will show that when used with a judicious choice of 1-factorisation, Construction 6 yields Steiner

triple systems with few disjoint parallel classes. This fact can then be used to show that most of the

systems produced have chromatic index at least (v + 3)/2.

We shall see that the graph G(n) is a vertex-disjoint union of copies of Cay(Z∗

d, {−1,−2}) for vari-

ous divisors d of n. Accordingly we first establish the existence of 1-factorisations of Cay(Z∗

d, {−1,−2})

with certain properties. These properties will eventually be used to show that the Steiner triple sys-

tems we construct have few disjoint parallel classes.

Lemma 7. For each odd integer d > 3, there is a 1-factorisation {M0,M1,M2} of Cay(Z∗

d, {−1,−2})

such that

• if two edges of Cay(Z∗

d, {−1,−2}) have weights x and −x for some x 6= 0, then those two edges

are in the same 1-factor;

• if |〈−1,−2〉d| ≡ 0 (mod 4), then M0 has no edges with nonzero weight and M1 ∪M2 has no

edges with zero weight; and

• if |〈−1,−2〉d| ≡ 2 (mod 4), then M0 has exactly 2φ(d)/|〈−1,−2〉d| edges with nonzero weight

and M1 ∪M2 has exactly 2φ(d)/|〈−1,−2〉d| edges with zero weight.

Proof. Let X = 〈−1,−2〉d and for each integer i let xi = (−2)i ∈ X . It can be seen that |X| is

even by noting that negation is a fixed-point-free involution on X . Let s = |X|/2, and consider the

component H of Cay(Z∗

d, {−1,−2}) with vertex set X . If −1 ∈ 〈−2〉d, then xs = −x0 and H is the

union of the cycle (x0, . . . , xs−1,−x0, . . . ,−xs−1) and the matching with edge set {{xi,−xi} : i ∈

{0, . . . , s− 1}}. Otherwise, −1 /∈ 〈−2〉d, xs = x0 and H is the union of the cycles (x0, . . . , xs−1) and

(−x0, . . . ,−xs−1) and the matching with edge set {{xi,−xi} : i ∈ {0, . . . , s− 1}}.

If |X| ≡ 0 (mod 4), then we define a 1-factorisation {H0, H1, H2} of H by

E(H0) =
{

{xi,−xi} : i ∈ {0, . . . , s− 1}
}

;

E(H1) =
{

{x2i, x2i+1}, {−x2i,−x2i+1} : i ∈ {0, . . . , s
2
− 1}

}

;

E(H2) =
{

{x2i+1, x2i+2}, {−x2i+1,−x2i+2} : i ∈ {0, . . . , s
2
− 1}

}

.
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Otherwise, |X| ≡ 2 (mod 4) and we define {H0, H1, H2} by

E(H0) =
{

{xi,−xi} : i ∈ {1, . . . , s− 2}
}

∪
{

{xs−1, xs}, {−xs−1,−xs}
}

;

E(H1) =
{

{x2i, x2i+1}, {−x2i,−x2i+1} : i ∈ {0, . . . , s−3
2
}
}

∪
{

{xs−1,−xs−1}
}

;

E(H2) =
{

{x2i+1, x2i+2}, {−x2i+1,−x2i+2} : i ∈ {0, . . . , s−3
2
}
}

∪
{

{x0,−x0}
}

.

For a ∈ Z
∗

d and a graph H ′ with V (H ′) ⊆ Z
∗

d, denote by aH ′ the graph with vertex set {ax :

x ∈ V (H ′)} and edge set {{ax, ay} : {x, y} ∈ E(H ′)}. Let k = φ(d)/|X| and let a1, a2, . . . , ak

be representatives for the cosets of X in Z
∗

d. Note that Cay(Z∗

d, {−1,−2}) = a1H ∪ · · · ∪ akH

and that the nonzero edge weights of aiH are in aiX for i ∈ {1, . . . , k}. For i ∈ {0, 1, 2}, let

Mi = a1Hi ∪ a2Hi ∪ · · · ∪ akHi. It is routine to check that {M0,M1,M2} is a 1-factorisation of

Cay(Z∗

d, {−1,−2}) with the required properties.

In Lemma 9 we show that by combining 1-factorisations of subgraphs of G(n) given by Lemma 7

we can produce a 1-factorisation of G(n), again with desirable properties. We state these properties

in terms of the function f defined as follows.

Definition 8. For each odd integer n > 3, define f(n) =
∑

d∈Dn
g(d) where

g(d) =







0 if |〈−1,−2〉d| ≡ 0 (mod 4),
φ(d)

|〈−1,−2〉d|
if |〈−1,−2〉d| ≡ 2 (mod 4).

Lemma 9. Let n ≡ 1 (mod 6) and let G = G(n). There is a 1-factorisation {G0, G1, G2} of G such

that

• if two edges of G have weights x and −x for some x 6= 0, then those two edges are in the same

1-factor;

• G0 has exactly 2f(n) edges with nonzero weight and G1 ∪G2 has exactly 2f(n) edges with zero

weight.

Proof. For each d ∈ Dn, let U
d be the set of elements of Zn having order d in (Zn,+), and let Gd be

the subgraph of G induced by Ud. It can be seen that {Ud : d ∈ Dn} is a partition of Zn \ {0}, that

G is the vertex-disjoint union of the graphs in {Gd : d ∈ Dn}, and that the nonzero edge weights of

Gd are in Ud for d ∈ Dn.

For each d ∈ Dn, let θd : Zd → Ud be given by θd(x) = (n/d)x. It is clear for each d ∈ Dn that

the map θd is an isomorphism from Cay(Z∗

d, {−1,−2}) to Gd. For each d ∈ Dn and i ∈ {0, 1, 2}, let

Gd
i = θd(Mi) where {M0,M1,M2} is the 1-factorisation of Cay(Z∗

d, {−1,−2}) given by Lemma 7. It

is now straightforward to verify that if we let Gi =
⋃

d∈Dn
Gd

i for i ∈ {0, 1, 2}, then {G0, G1, G2} is

the required 1-factorisation of G.

We can now establish an upper bound on the number of disjoint parallel classes in a Steiner triple

system produced by applying Construction 6 using a 1-factorisation given by Lemma 9.

Lemma 10. For each n ≡ 1 (mod 6) there is a Steiner triple system of order n+ 2 that contains at

most 3f(n) + 1 disjoint parallel classes.

Proof. Let U = Zn \{0} and let G = G(n). Let (U ∪{∞0,∞1,∞2},A) be the Steiner triple system

of order n+2 produced by applying Construction 6 using the 1-factorisation {G0, G1, G2} of G given

4



by Lemma 9. We will show that this system contains at most 3f(n) + 1 disjoint parallel classes.

As in the notation of Construction 6, let A∞ be the set of triples in A that contain at least one of

∞0,∞1,∞2.

Let P be a set of disjoint parallel classes of (U ∪{∞0,∞1∞2},A). Since the sum of the elements

in U is 0 and the sum of any triple in A \ A∞ is 0, for every parallel class P ∈ P we have

(i) P contains {∞0,∞1,∞2}; or

(ii) P contains a triple {∞0, x0, y0} where x0 + y0 6= 0; or

(iii) P contains triples {∞0, x0, y0}, {∞1, x1, y1} and {∞2, x2, y2} where x0+y0 = 0 and (x1+y1)+

(x2 + y2) = 0.

At most one parallel class of P satisfies (i). Since G0 contains exactly 2f(n) edges with nonzero

weight, at most 2f(n) parallel classes of P satisfy (ii). Since any two edges of G having weights x

and −x for some x 6= 0 are both in Gi for some i ∈ {0, 1, 2}, if a 1-factor P ∈ P satisfies (iii), then

it must contain triples {∞1, x1, y1} and {∞2, x2, y2} such that x1 + y1 = 0 and x2 + y2 = 0. Thus,

since G1 ∪G2 has exactly 2f(n) edges of zero weight, at most f(n) parallel classes of P satisfy (iii).

Combining these facts, we have that P contains at most 3f(n) + 1 parallel classes.

In view of Lemma 10, to prove Theorem 2 it suffices to show that f(n) is sublinear.

Lemma 11. As n→ ∞, f(n) = O
(

n log logn

logn

)

.

Proof. Let g be as in Definition 8 and let m = ⌊n1/3⌋. Since φ(n) 6 n and |〈−1,−2〉n| > |〈2〉n| >

log2 n > log n, we see that g(n) 6 n/ logn for all n. Hence

f(n) =
∑

d∈Dn

g(d) 6
m
∑

i=2

g(i) +
∑

d>m

d∈Dn

g(d) 6
m
∑

i=2

i+
∑

d>m

d∈Dn

d

log(n1/3)
6 O(n2/3) +

σ(n)

(logn)/3
,

where σ(n) is the sum of the divisors of n. The claimed result now follows from the fact that

σ(n) = O(n log log n) (see, for example, [17]).

Proof of Theorem 2. This follows directly from Lemmas 10 and 11.

The following technical lemma will be used in the proof of Theorem 1 to determine the values of

n for which the bound in Lemma 10 is strong enough for our requirements.

Lemma 12. For each positive integer n ≡ 1, 5 (mod 6) with n /∈ {1, 7, 11, 19, 31, 43, 73, 127, 511} we

have 3f(n) + 1 < (n + 5)/6.

Proof. In this proof we exclusively consider n ≡ 1, 5 (mod 6) with n > 1. Note that any divisor of

such an n is itself congruent to 1, 5 (mod 6). Define ψ(n) = φ(n)− 18g(n) and ψ∗(n) =
∑

d∈Dn
ψ(d).

It follows from
∑

d∈Dn
φ(d) = n− 1 and f(n) =

∑

d∈Dn
g(d) that ψ∗(n) = n − 1 − 18f(n). Thus, if

ψ∗(n) > 0, then 3f(n) + 1 < (n + 5)/6, which is what we need to prove.

For n < 219, it is easily verified by computer that ψ(n) > 0, except that

ψ(7) = −12, ψ(11) = −8, ψ(31) = −24, ψ(43) = −12, ψ(127) = −36, (2.1)

and ψ∗(n) > 0 except when n ∈ {7, 11, 19, 31, 43, 73, 127, 511}. Thus, we may assume that n > 219.
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Note that |〈−1,−2〉n| > log2(n). Let ξ = 17 · 13 · 11 · 7 · 5 · 3 · 2. It is known (see [14]) that

φ(x) > φ(ξ) = 92160 for any integer x > ξ. Thus, since n > 219 > ξ, we have

ψ(n) > φ(n)−
18φ(n)

|〈−1,−2〉n|
> φ(n)

(

1−
18

19

)

=
φ(n)

19
>

92160

19
> 4850.

This means that (2.1) displays the only values of n for which ψ(n) < 0. Hence ψ∗(n) =
∑

d∈Dn
ψ(d) >

ψ(n)− 12− 8− 24− 12− 36 > 4850− 92 > 0 for all n > 219.

When v = 33, we can find a Steiner triple system of order v with chromatic index at least (v+3)/2

in a different manner.

Lemma 13. There is a cyclic Steiner triple system of order 33 that has at most 5 disjoint parallel

classes and has chromatic index 18.

Proof. Let

B∗ =
{

{i, 11 + i, 22 + i} : 0 6 i 6 10
}

, and

B′ =
{

{i, x+ i, y + i} : (x, y) ∈ {(3, 7), (5, 17), (13, 15), (8, 14), (9, 10)}, i ∈ Z33

}

.

It is routine to check that (Z33,B
∗ ∪ B′) is a Steiner triple system. The sum of the points in each

triple in B∗ is congruent to 0 modulo 3 and the sum of the points in each triple in B′ is congruent
to 1 modulo 3. Furthermore, the sum of all the points in Z33 is 0. So, because the 11 triples in
a parallel class of (Z33,B

∗ ∪ B′) partition the points in Z33, it follows that any parallel class must
contain at least two triples in B∗. Since there are 11 triples in B∗, the claim about parallel classes
follows. With at most 5 parallel classes in any colouring, at least 18 colours will be required. We
now describe a colouring with that many colours. We take B∗ as one colour class, as well as 11 colour
classes obtained by developing

{

{0, 23, 32}, {1, 13, 29}, {2, 5, 9}, {3, 8, 20}, {4, 12, 18}, {7, 16, 17}, {10, 15, 27}, {11, 24, 26}, {14, 22, 28}, {21, 30, 31}
}

under the map x 7→ x+ 3 (mod 33). Finally, we have the following 6 colour classes:

{

{0, 8, 14}, {1, 5, 31}, {2, 21, 29}, {4, 6, 24}, {7, 9, 27}, {10, 13, 17}, {12, 20, 26}, {15, 18, 22}, {16, 19, 23}, {25, 28, 32}
}

,
{

{0, 3, 7}, {1, 27, 30}, {4, 17, 19}, {6, 14, 20}, {8, 10, 28}, {9, 12, 16}, {11, 13, 31}, {18, 26, 32}, {22, 25, 29}
}

,
{

{0, 4, 30}, {1, 14, 16}, {3, 6, 10}, {7, 20, 22}, {9, 17, 23}, {12, 15, 19}, {13, 26, 28}, {18, 21, 25}, {24, 27, 31}
}

,
{

{0, 13, 15}, {1, 4, 8}, {2, 28, 31}, {3, 16, 18}, {5, 11, 30}, {6, 19, 21}, {7, 10, 14}, {9, 22, 24}, {12, 25, 27}
}

,
{

{0, 18, 31}, {1, 19, 32}, {2, 4, 22}, {3, 11, 17}, {5, 7, 25}, {10, 12, 30}, {13, 16, 20}, {15, 23, 29}, {21, 24, 28}
}

,
{

{1, 3, 21}, {2, 8, 27}, {4, 7, 11}, {5, 24, 32}, {6, 9, 13}, {10, 23, 25}, {15, 28, 30}, {16, 29, 31}, {19, 22, 26}
}

.

We are now in a position to prove Theorem 1.

Proof of Theorem 1. For v ∈ {3, 9} there is a unique Steiner triple system of order v, and it

has chromatic index (v − 1)/2. Simple counting shows that any Steiner triple system of order

v ≡ 3 (mod 6) with chromatic index at most (v + 1)/2 must have at least (v + 3)/6 disjoint parallel

classes. So it suffices to show that for each positive v ≡ 3 (mod 6) with v /∈ {3, 9, 45, 75, 129, 513},

there is a Steiner triple system of order v with at most (v − 3)/6 disjoint parallel classes. It is

known that there are Steiner triple systems of order 21 with no parallel classes [15], and by Lemma

13 there is a Steiner triple system of order 33 with at most 5 disjoint parallel classes. Thus, by

Lemma 10, it suffices to show that for all v ≡ 3 (mod 6) with v /∈ {3, 9, 21, 33, 45, 75, 129, 513} we

have 3f(v − 2) + 1 < (v + 3)/6. This follows by applying Lemma 12 with n = v − 2.
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For each order v ≡ 3 (mod 6) with v 6 63 we built an STS(v) by applying Construction 6 using

a 1-factorisation given by Lemma 9. We confirmed that each of these systems achieved the bound

in Lemma 10 in that they possessed 3f(v − 2) + 1 disjoint parallel classes. Moreover, the systems

for v ∈ {3, 9} had chromatic index (v − 1)/2 and those for v ∈ {21, 33, 45} had chromatic index

(v + 1)/2, while for v ∈ {15, 27, 39, 51, 57, 63} they had chromatic index (v + 3)/2. Colourings that

prove these claims can be downloaded from [23].

3 Proof of Theorems 3 and 4

In this section we prove Theorems 3 and 4. We do this by first establishing that any Steiner triple

system of order v ≡ 15 (mod 18) produced via the well-known Bose construction (see [8, p.25]) has

chromatic index at least (v+3)/2, and then establishing a lower bound on the number of nonisomor-

phic such systems. We formalise the relevant instance of the Bose construction as Construction 14.

For our purposes, a Latin square on a set X is an array L whose rows and columns are indexed

by X and whose cells each contain a symbol from X such that each symbol occurs once in each row

and each column. For x, y ∈ X we denote the symbol in the (x, y) cell of L by L(x, y). We say that

L is idempotent if L(x, x) = x for each x ∈ X and symmetric if L(x, y) = L(y, x) for all x, y ∈ X .

The order of L is |X|.

Construction 14. Let k be a nonnegative integer. Given an ordered triple (L0, L1, L2) of idempotent

symmetric Latin squares, each on a common set X of 6k + 5 elements, we form the Steiner triple

system (X × Z3,B
∗ ∪ B0 ∪ B1 ∪ B2) where

B∗ =
{

{(x, 0), (x, 1), (x, 2)} : x ∈ X
}

, and

Bi =
{

{(x, i), (y, i), (Li(x, y), i+ 1)} : x, y ∈ X, x 6= y
}

for i ∈ Z3.

A short argument concerning the second coordinates of the points in the Steiner triple systems

produced via Construction 14 shows that these systems have few parallel classes and hence sufficiently

high chromatic index.

Lemma 15. Any Steiner triple system of order v = 18k + 15 produced by Construction 14 has at

most 3k + 2 disjoint parallel classes and hence has chromatic index at least (v + 3)/2.

Proof. Let (X × Z3,B) be a Steiner triple system produced by Construction 14. Simple counting

shows that any Steiner triple system of order v ≡ 3 (mod 6) with chromatic index at most (v + 1)/2

must have at least (v + 3)/6 disjoint parallel classes, so it suffices to show that (X × Z3,B) has at

most 3k + 2 parallel classes.

As in the notation of Construction 14, let B∗ be the set of triples in B that contain points with

three distinct second coordinates. Note that the sum of the second coordinates in each triple in B∗

is 0 and that the sum of the second coordinates in each triple in B \ B∗ is 1. Furthermore, the sum

of the second coordinates of the points in X × Z3 is 0. So, because the triples in a parallel class of

(X × Z3,B) partition the points in X × Z3, it follows that any parallel class must contain at least

two triples in B∗. Since there are 6k + 5 triples in B∗, the result follows.

We can now prove Theorem 3.

7



Proof of Theorem 3. Let n = v/3. In Construction 14, we choose each of L0, L1, L2 independently

from the set of all idempotent symmetric Latin squares of order n. By [7, p.66] there are n(1/2+o(1))n2

choices for each Latin square and by Lemma 15, the result is always a Steiner triple system of order v

that has chromatic index at least (v+3)/2. Each Steiner triple system that we generate is generated

at most v! < vv times, up to isomorphism. Therefore the number of non-isomorphic Steiner triple

systems that we generate is at least

n(3/2+o(1))n2

/vv = vv
2(1/6+o(1)).

This agrees to within the error term with the asymptotics for the number of Steiner triple systems

(see [8, p.72]).

Theorem 3 should not be interpreted as suggesting that most Steiner triple systems of order

v ≡ 3 (mod 6) have chromatic index at least (v + 3)/2. In fact, we believe the opposite is true. We

generated 1 000 random systems for each v ≡ 1, 3 (mod 6) in the range 20 < v < 40 using a hill

climbing algorithm. We do not claim to have sampled from a uniform distribution but we believe

the results are still indicative of the trend. We found that with a single exception all the systems

that we generated were easy to colour heuristically with m(v) + 1 colours. The single exception was

an STS(21) that had chromatic index m(v) + 2 (it had 3 disjoint parallel classes but not 4). It is

known that neither of the 2 STS(13)’s, 63 of the 80 STS(15)’s [8], and only 2 of the 11 084 874 829

STS(19)’s [9] have chromatic index m(v) + 2. Therefore we propose the following:

Conjecture 16. The proportion of Steiner triple systems of order v that have chromatic index at

least m(v) + 2 tends to 0 as v → ∞.

In Lemma 13 we built an STS(33) containing at most 5 disjoint parallel classes. By applying

Construction 14 with idempotent symmetric Latin squares of order 11, we can produce STS(33)’s

with similar properties (some of which are isomorphic to the example in Lemma 13). More generally,

we can build an infinite family of cyclic Steiner triple systems with chromatic index at least (v+3)/2.

Proof of Theorem 4. Let n = v/3 = 6k + 5. Since n is odd, there is Latin square L of order n

defined by L(i, j) = (i+ j)/2 (mod n). It is easy to check that L is idempotent and symmetric and

has a cyclic automorphism of order n. Applying Construction 14 using (L, L, L), we obtain a Steiner

triple system whose automorphism group has a subgroup isomorphic to Zn × Z3. As n is coprime

to 3, this means the Steiner triple system is cyclic. The claim about chromatic index follows from

Lemma 15.

There are 84 cyclic STS(33)’s and 11 616 cyclic STS(45)’s [8] (also see [2, 10, 12]). Of the 84

cyclic STS(33)’s, 5 can be created using Construction 14 and thus have chromatic index at least

18 by Lemma 15. By computation, we found that these 5 have chromatic index exactly 18, while

the other 79 cyclic STS(33)’s have chromatic index at most 17. We also confirmed that every cyclic

STS(45) has at least 8 disjoint parallel classes, so they cannot be used to resolve the first gap in

Theorem 1 using the techniques that we have considered.
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