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NON-UNIQUE LIFTING OF INTEGER VARIABLES IN MINIMAL
INEQUALITIES*

AMITABH BASU f, SANTANU S. DEY#, AND JOSEPH PAATS

Abstract. We explore the lifting question in the context of cut-generating functions. Most of
the prior literature on this question focuses on cut-generating functions that have the unique lifting
property. We develop a general theory for understanding the lifting question for cut-generating
functions that do not necessarily have the unique lifting property.
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1. Introduction. Let S C R™\ {0} be a closed set and consider the model
(1.1) Xs(R,P):={(s,y) e RE xZ{ : Rs+ Pye S},

where k.0 € Z,, R € R"** and P € R"**. We allow k = 0 or £ = 0, but not both.
The assumption that S is closed and 0 ¢ S implies that (0,0) & conv(Xg(R, P)) [13,
Lemma 2.1]. We search for valid inequalities that separate (0,0) from Xg(R, P).

A cut-generating (function) pair (¢, ) for S is a pair of functions ¢, 7: R — R
such that for every k, £ € Zy, R= (r*,...,7F) € R"** and P = (p',...,p") € R"*¥,
the inequality

k 4

(12) S v+ 3wy = 1

i=1

is satisfied by all points (s,y) € conv(Xs(R, P)). Note that (0,0) € R¥ x Z* does not
satisfy (1.2), so the inequality separates (0,0) from conv(Xg(R, P)). Sometimes we
refer to cut-generating pairs as valid cut-generating pairs or valid pairs to emphasize
that they give valid inequalities of the form (1.2); inequality (1.2) is known as a
cutting plane or a cut. The literature studying model (1.1) and cut-generating pairs
is extensive. We refer the reader to the surveys [30, 14, 4, 8, 9] and Chapter 6 of [16],
and the references within, for an overview of the field.

There is a natural partial order on the set of valid pairs, namely (¢, ") < (¢, )
if and only if ¢’ <1 and 7’ < 7. Since each point (s,y) € Xg(R, P) is nonnegative,
the relation (¢, 7") < (¢, ) indicates that all cuts obtained from (¢, 7) are implied
by those obtained from (¢’,#"). The minimal elements under this partial order are
called minimal valid pairs.

The connection between S-free sets and cut-generating functions has been instru-
mental in making cut-generating functions a computational tool for mixed-integer
optimization. A set B C R" is called a convex 0-neighborhood if B is convex and
0 € int(B). If B is a convex 0-neighborhood and S Nint(B) = ), then B is called
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an S-free conver 0-neighborhood. If there does not exist a strict superset of B that
is also an S-free convex 0-neighborhood, then B is called a mazimal S-free convex
O-neighborhood. A sublinear! function v : R — R is called a representation of B
if B={reR":~(r) <1}. A convex 0-neighborhood may have several representa-
tions, with the classic gauge function being one such representation. Representations
of closed convex 0-neighborhoods was the main topic of study in [7, 12], where it
was established that there always exists a smallest representation +* for a convex
0-neighborhood B, i.e., v* < « for all representations -y of B.

The following recipe provides one way of creating a cut-generating pair:

1. Fix a maximal S-free convex 0-neighborhood B.

2. Let v* be the smallest representation of B.

3. The pair (¢, 7) = (v*,7*) is a cut-generating pair.

Unfortunately, this recipe falls short of creating a minimal cut-generating pair because
the pair (¢, 7) = (v*,~*) is only “partially minimal”. Indeed, one can show that for
any other cut-generating pair (¢', 7’') < (¢, 7), one must have 1)’ = 1. However, there
may exist another function 7’ < 7 such that (¢, 7') is also a valid pair. This motivates
the following definition. Let B be a maximal S-free convex 0-neighborhood and let
1 be the smallest representation of B. Then « : R™ — R is a lifting of ¢ if (¢, 7) is a
valid cut-generating pair. Note that ¢ is a lifting of itself. The set of all liftings of
is partially ordered by pointwise dominance, so one can define minimal liftings.

The lifting approach to create cut-generating pairs is useful because for some
structured sets S, the smallest representations of maximal S-free convex 0- neighbor-
hoods have nice, easy-to-compute “formulas”. Moreover, for some classes of maximal
S-free convex 0-neighborhoods, nice “formulas” exist for minimal liftings of the small-
est representation. For a survey of these ideas, see [4] and Section 6.3.4 in [16].

We say that a function ¢ : R™ — R is a valid function for S if (1, ) is a valid cut-
generating pair for S. The recipe above depends on the observation that the smallest
representation of any S-free convex 0-neighborhood (not necessarily maximal) is a
valid function for S [4, Theorem 4.12]. However, not all valid functions of S are
representations of S-free convex 0-neighborhoods. The notion of a lifting of ¢ can
be easily extended to any valid function ¢ for S:  is a lifting of ¢ if (¢, w) forms a
cut-generating pair for S. Under pointwise dominance, minimal elements of the set
of liftings of a valid function ¢ for S will be called minimal liftings of .

1.1. Unique minimal liftings. Let B C R"™ be a maximal S-free convex 0-
neighborhood. A central notion in the study of minimal liftings of the smallest rep-
resentation 1 of B is the extended lifting region R(B) defined to be

(1.3) R(B) :={r € R": m1(r) = m(r) for all minimal liftings 71, 7o of ¢}.

If R(B) = R™, then 1 has a unique minimal lifting. Moreover, nice “formulas” for
this unique lifting can be derived in terms of 1; see Section 6 of the survey [4]. A large
class of maximal S-free convex 0-neighborhoods with this unique lifting property has
been identified and studied in many recent papers on minimal liftings [1, 2, 6, 10, 24].
However, the same literature shows that there are many choices for B that satisfy
R(B) € R™. The purpose of this manuscript is to describe minimal valid
pairs that arise from such maximal S-free convex 0-neighborhoods, that
is, from maximal S-free convex 0-neighborhoods without the unique lifting

property.

1A function is sublinear if it is convex and subadditive.
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Let p* € R™ and assume that p* ¢ R(B). This means that there exist two minimal
liftings of ¢ that disagree on p*. When considering a model Xg(R, P) in which p*
is a column of P, one would like to develop cuts that have a small coefficient m(p*).
To this end, it is of interest to examine the smallest possible value that any minimal
lifting of 1 can achieve at p*, which is denoted by

(1.4) Vi (p*) := inf{m(p*) : # minimal lifting of ¢ }.
We aim to find a minimal lifting in the collection
(1.5)  Lyp ={m:R"® - R: 7 is a minimal lifting of ¢ and 7 (p*) = Vi, (p™)}.

For the setting when n = 2 and S = Z?, Dey and Wolsey [24] studied Vi, (p*) and
showed that Ly ,+ is nonempty. In general, Ly, is nonempty, and we show this in
Proposition 18 in Appendix A.

By definition of Vi;(p*) and the extended lifting region, all 7 € Ly - agree on
{p*} U R(B). Are there more values on which these liftings agree? Analogous to the
extended lifting region, we define the fizing region Fy p+ corresponding to p* to be
the set of points on which all minimal liftings in £y ,« agree, that is

(1.6) Fppr ={p €R" : m(p) = ma(p) for all m1, w2 € Loy p }.

If Fy p» = R™, then there exists a unique lifting in Ly ,«. In other words, after
finding the optimal lifting coefficient V;;(p*) for p*, the lifting coefficients for all other
vectors are uniquely determined for all minimal liftings that assign Vi (p*) to the
vector p*. If there exists a p* such that Fy ,- = R”, then we say that ¢ and the
underlying set B are one point fizable.

Using the fixing region, the recipe provided above can be modified to create
minimal cut-generating pairs.

1. Fix a maximal S-free convex 0-neighborhood B that is one point fixable.

2. Let ¢ be the smallest representation of B.

3. Find p* € R" such that Fy ;- = R"™.

4. Then Ly p+ = {n} and the pair (¢, 7) is a minimal cut-generating pair.

In this paper, we study the structure of the fixing region and one-point fixability.
What is a good description of the fixing region? How does the fixing region depend
on p*? How much does the fixing region cover? We explore questions such as these.
Our work is motivated by Section 7 of [24], which initiated the study of this problem.

1.2. Statement of results. To state our results, we need the set
Wsg:={weR": s+ weS, VseSVAeZ}

The importance of Wg is that any minimal lifting 7 of a valid function ¢ satisfies
w(r +w) = w(r) for all r € R™ and w € Wy (see Proposition 1).

Let B C R™ be a maximal S-free convex 0-neighborhood and let 3 be the corre-
sponding smallest representation.

1. Let p* € R™. In Theorem 9, we use the structure of B to identify a nonempty set
X(B,p*) CR” such that R(B) C X(B,p*) + Ws C Fy p+. It is not known if this
inner approximation of the fixing region is always equal to Fy .

2. In Proposition 15, we use the inner approximation in Theorem 9 to show that
certain Type 3 triangles are one point fixable. As a corollary, in Proposition 17 we
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show that Type 3 triangles resulting from the so-called mixing set are one point
fixable. This also follows from [24, Theorem 5]; we use different, more geometric
techniques. See [23, 27] for more on the mixing set.

3. Theorem 14 says if our inner approximation X (B,p*) + Ws of Fy p- equals R™
(implying that B is one point fixable), then the (S'+t)-free convex 0-neighborhood
B + t is one point fixable for any t € R™ such that B 4 t is a 0-neighborhood.
In other words, one point fixability is preserved under translations. If an S-free
0-neighborhood is used to derive cuts around a basic feasible solution of a mixed-
integer linear program, then, by using this translation invariance, these cuts can
be transformed to cuts around a different basic feasible solution. A more detailed
discussion of this point is provided in [10] and [4]. Theorem 14 is in Subsection 3.4.

4. In Section 2, we develop a theory of partial cut-generating pairs, which are cut-
generating pairs that are only defined on subsets of R™. Partial cut-generating
pairs, which were first developed in this paper, have been subsequently used in [5]
to prove structural results about the infinite models in integer programming. One
way to think of the results in Section 2 is that they are analogous to classic “lifting”
results like Hahn-Banach theorems in analysis [19], and “lifting” valid inequalities
from faces of a polytope to the full polytope (see, e.g., Section 7.2 in [16]).

2. Partial cut-generating functions. We denote the columns of a matrix A
by col(A). For a set X and any d € N, X9 will denote the d-wise Cartesian product
of X with itself. Let R,P CR" ¢: R —» R, and 7 : P — R. We define (¢, ) to be
a valid pair for (S, R, P) if for every k,¢ € Zy, R € R¥, and P € P*, the inequality

(2.1) S s+ Y wly > 1

recol(R) pEcol(P)

is satisfied by all points (s,y) € Xg(R, P). Here, s, denotes the continuous variable
associated with r € col(R) and y, denotes the integer variable associated with p €
col(P). The concepts of a valid function ¢ : R — R for (S,R) and a minimal valid
pair for (S, R, P) are defined analogously to the case R = R™ and P = R". For
P CR", wesay m: P — Ris a lifting of a valid function ¢ for (S,R), if (¢, 7) is a
valid pair for (S, R,P). The concept of a minimal lifting of ¢ is analogously defined.
When R and P are strict subsets of R™, we refer to ¥ as a partial cut-generating
function and (¢, 7) as a partial cut-generating pair.

Using this terminology, valid pairs for S defined in Section 1 become valid pairs
for (S,R™,R™) and valid functions for S become valid functions for (S,R™). In the
remaining text, we will be careful about explicitly stating R and P whenever we speak
about valid functions or pairs.

Minimal cut-generating pairs for (S,R™ R™) satisfy certain structural proper-
ties. The next proposition shows that some of these results also hold for partial
cut-generating pairs, and setting R = P = R" recovers the setting of cut-generating
pairs. Similarly to the translation set Wg for classic cut-generating pairs, define

We={weR":s+ weS, VseS,VAeZi}

for partial cut-generating pairs. Note that Wg = Wd N (-WJ).

PROPOSITION 1. Let S C R™\ {0} be a closed set. Let R,P CR™ and: R - R

be a valid function for (S, R).
(a) For any minimal lifting m of ¢, w(p) < w(p +w) for allp € P and w € WJ such
that p+w € P. So, w(p) = n(p+w) for allp € P and w € Wg such that p+w € P.
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(b) Define ¢* : R — R to be
¢*(r) == inf{y(r + w) : w € WJ such that r +w € R}.

Then (¥, 1¥*) is a valid partial cut-generating pair for (S, R, R).
(¢c) If R =P, then every minimal lifting ™ of ¢ satisfies m < *.

Proof. Let K C R™ and take o : K — R to be a (not necessarily minimal) lifting
of ¢. Thus, (¢, 0) is a valid pair for (S,R,K). Define ¢* : K — R to be

o*(p) = inf {o(p—i—w): p—i—wEIC}.

wEWs+

First, we show that (¢, c*) is a valid pair for (S, R, K).

Let k,{ € Zy, R € R*, P € K, and (s,y) € Xs(R, P). Let W € R"** be any
matrix with col(W) C W such that P+W € K*. Let (5,7) € R% xZ4 be constructed
as follows: §, = s, for each r € col(R) and §ptw = yp for each p+ w € col(P + W).
Since w € W¢ by definition of W, it follows that Rs+ (P+ W)y = Rs+ Py+w € S.
Thus, since (¢, o) is a valid pair for (S, R, K),

Z w(T‘)Er + Z U(p+w)yp+w > 1.

recol(R) pt+wecol(P+W)

The above holds for all matrices W € R™*¢ whose columns are in W; and P+W € Kt
Taking an infimum over all such W gives

Yoo+ D )y

recol(R) pecol(P)

= ¥ 1/;(r)sr+i‘glvf{ > 0(p+w)yp}

recol(R) pt+weEcol(P+W)

_i%f{ S owms + Y a(p+w)§p+w}

recol(R) pHwEcol(P+W)
>1.

Thus, (¢,0*) is also a valid pair for (S,R,K). Setting o = ¢ and K = R gives (b).
Let m be a minimal lifting of ¢. Set ¢ = m and K = P. Since 7" < 7 and 7w
is minimal, we obtain 7* = w. Hence, 7(p) = 7*(p) < m(p + w) for all p € P and
w € W4 such that p+ w € P. This proves (a).
Finally, assume that P = R. Since 7 is a minimal lifting of ¢, 7(r) < ¢(r) for
all r € R. By (a), n(p) < m(p+w) < ¢(p+w) for all p € P and w € W§ such that
p+w € P =R. Taking an infimum over all such w € W, we obtain (c). O

Theorem 2 follows from standard calculations involving cut-generating functions,
so the proof is omitted.

THEOREM 2. Let (¢, ) be a minimal valid pair for (S,R,P). Then i and 7 are
both subadditive over R and P, respectively, i.e., w(r + r') < (r) + (r') for all
r,r’ € R such that r+r' € R, and w(p+p') < w(p) + «(p’) for all p,p’ € P such that
p+p € P. Also, v is positively homogeneous over R, i.e., for allT € R and A > 0
such that Ar € R, we have ¥(Ar) = Ap(r).
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Given R C R’ CR™, P C P’ CR", and a valid pair (¢, 7) for (S, R, P), a natural
question is that of extension: do there always exist functions ¢, 7’ such that (¢', 7’)
is valid for (S,R’,P’) and ¢/, n’ are extensions of ¢, 7, i.e., they coincide on R and
P respectively? The answer to the question is ‘no’, in general. Indeed, choosing
R =0 and P = R"™, we obtain Gomory and Johnson’s pure integer model, where the
discontinuous valid functions 7 cannot be appended to any 1 to give a valid pair for
the full mixed-integer model (see [22]). On the positive side, the next result gives a
sufficient condition for when partial cut-generating pairs can be extended.

For a set X C R™, we use cone(X) to denote the convex cone generated by X.

THEOREM 3. Let R C R/ C R*", P C P’ C R" and (¢, 7) be a valid pair for
(S,R,P). If R',P' C cone(R), then there exist functions ' : R' - R, «’ : P - R
such that (V',7") is a minimal valid pair for (S, R',P’) and (¢',7") < (¥, 7) on RXP.

Proof. For v’ € R’, define
r = Z rh(r) and
vy (r') := inf Z Y(r)h(r) : reR

reR h : R — Ry has finite support

Similarly, for p’ € P’ define

"= () + > pgp),
vr(p') 1= inf Z Y(r)h(r) + Z (P)g(p) : h: RTG—?RJF has gzﬁe support and
rer pep g : P — Z4 has finite support

Since R/, P’ C cone(R), the infima defining vy (') and v, (p') are over nonempty sets.
Thus, vy (') € [—00,0) for all 7/ € R’ and v, (p') € [—00,0) for all p’ € P'.

Define the functions ¢ : R’ — R and 7 : P’ — R to be

vy (r') (') > —o00

Y(r') = 9(r')  ifvy(r) =—ccand 1’ € R
0 otherwise,
and
ve(p')  ifvg(p') > —o0
7(p) = 7p) ifve(p))=—occandp €P

0 otherwise.

Let r € R and define h : R — Ry to be h(r) = 1 and h(r’) = 0 for all 7' € R\ {r}.
If vy (r) = —o0, then (r) < 1b(r). If vy(r) = —oo, then
B(r) = vyp(r) <D $(r)h(r) = P(r).

reER

Hence, 1(r) < 4(r) for every r € R. Similarly, 7(p) < w(p) for every p € P.
Therefore, (¢,7) < (1,7) on R x P. Zorn’s Lemma implies that any valid pair is
pointwise larger than some minimal valid pair (see, for example, Proposition A.1.
in [10]), so it is sufficient to show that (i, 7) is valid for (S, R/, P’).
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Let R’ and P’ be matrices with columns in R’ and P’, respectively. Consider
(s',y) € Xg(R',P') and let ¢ > 0. Let 7" € col(R') C R’ C cone(R). By the

definition of 1, there exists a function h,, : R — R with finite support such that

r = Z rhy(r) and 15(7“’) > (Z ¢(T)hr'(7°)> — &

reR reR

Similarly, for each p’ € col(P’), there exist functions hy : R — Ry and g : P — Zy,
both with finite support, such that

pr=D rhy(r)+ ) pgy(p) and w(r) > | Y w(r)hy (r) + Y wp)ey (p) | —e.

TER peP TeER peP
Define the matrix R € R**IolB)l {4 have columns

col(R) := U support(h,) U U support(g, ),
r'eR’ p’'eP’

and the matrix P € R"**Icol(P)l 5 have columns

col(P) := U support (g, ).
r’'eR’

Define (3,7) € REOI(R)I X ZI_EOI(P)‘ component-wise to be

5 = Z hy(r)sh, + Z hp (r)y, ¥ 1 € col(R), and
T/eR/ p/ePI

Up = Z 9p ()Y Y p € col(P).
p/epl

Using the fact that (s',y") € Xg(R/,P’) and the definitions of § and g, it follows
that R§ + Py = R's’ + Py’ € S. This implies that (3,9) € Xs(R,P). Set M :=
> er Syt 2 pepr Yy The value M is a constant because s’ and y' are fixed. Since
(¢, ) is valid for (S, R, P), we see that

Sd)s + > 7@l

' €R’ p'eP’
> Z lz W(r)he (r) —e| s + Z Z P(r)hy (r) + Z T(p)gp () — €| Ypr
reR' LreR p’€P’ |r€ER pEP
= Z W(r)he (r)sl, + Z V() hy (1), + Z 7(p)gp (p)yy — M
reR reR peEP
r'erR’ p’' €P’ p EP’
=Y )i+ > w(p)ip — M
reR peP
>1—¢eM.

Letting € — 0 yields

ST )s+ Y w0y > 1

rER! P EP’
Hence, (¢, 7) is a valid pair for (S, R/, P’). O
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3. The fixing region for truncated affine lattices. We now examine the
fixing region F ,+ for a valid function v and different choices of p*. For the rest of
the paper, we assume that S = (b+ Z™) N P, where b € R"\ Z" and P C R" is a
rational polyhedron. These S were called polyhedrally-truncated affine lattices in [10].

Let p* € R™ and recall Ly p« from (1.5). One way of finding a minimal lifting
of 1 is to find a function @ € Ly p-. Proposition 18 in Appendix A shows that
Ly p+ is nonempty. An important ingredient for finding m € Ly ,+ is the value Vi, (p*)
from (1.4). In [24], Dey and Wolsey gave the following algebraic formula for Vi, (p*):

1 — p(w)

(31) )= s {2

cw+ Np*eS }
weR™, NeN
A more geometric description of Vi (p*) was given in [2]. Let B C R™ be a
maximal S-free convex 0-neighborhood. Because S is a truncated affine lattice, B is
a polyhedron of the form

(3.2) B={reR":ad'-r<1Vicl},

where T is a finite set indexing the facets of B [3, 29]. Also, the smallest representation
of B is

(3.3) Yp(r) = maxa’ - 7.
If B is any S-free 0-neighborhood of the form (3.2), even if it is not maximal, then (3.3)
gives a valid function for (S, R™). This fact will be used later.

For A > 0, define Pyr(B, A,p*) to be the pyramid in R" x Ry with §(p*, 1) as the
apex and B x {0} as the base, i.e.

(3.4) Pyr(B,\,p*) :=={(r,rpns1) ER" xRy :a' - r+N—a" - p*)rpp1 <1Viel}

The following was shown in [2, Theorem 11].

PROPOSITION 4. Let B C R"™ be a maximal S-free convex 0-neighborhood and let
Y :=1p : R™ = R be obtained from B using (3.3). If p* € R™, then

Vy(p™) =1inf {\ > 0: Pyr(B, A\, p*) is (S x Z)-free} .

In [2], the authors studied a variant of Pyr(B, A, p*) in which 7,41 was not con-
strained to be nonnegative. Their characterization of Vi, (p*) in Proposition 4 is simply
given by Pyr(B, A, p*) is (S x Z)-free. However, their proof also holds for the current
definition of Pyr(B, A, p*) and Proposition 4.

3.1. A geometric perspective on L, ,«. The main tool for our geometric
approach to understanding L, ,+ is the polyhedron Pyr(B, Vi (p*),p*) from (3.4).

Let B C R™ be a maximal S-free convex 0-neighborhood of the form (3.2), ¢ :=
¥p : R” — R be the valid function for (S,R™) obtained from B using (3.3), and
p* € R". A point (Z,Zn41) € S X Zy with Z,41 > 1 such that Pyr(B, Vi (p*), p*)
contains (Z, Z,+1) is called a blocking point for Pyr(B, Vi (p*), p*).

It was shown in [2, Theorem 11] that there is at least one blocking point for
Pyr(B, Vy(p*),p*) for every p* € R™. Lemma b5 relates the algebraic formula (3.1) for
Vi (p*) and the important geometric notion of a blocking point for Pyr(B, Vi, (p*), p*).
Since blocking points always exist, Lemma 5 implies that the supremum in (3.1) is
actually a maximum and the infimum in Proposition 4 is actually a minimum.
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LEMMA 5. Let B C R"™ be a maximal S-free conver 0-neighborhood of the form
(3.2). Let ¢ : R™ — R be the valid function for (S,R™) obtained from B using (3.3).
If (Z,Zpt1) € S X Zg is a blocking point of Pyr(B, Vi (p*),p*), then

1 —¢(w)

N :w—l—Np*ES}.

o . -
(T — Tpt1p", Tnt1) € argmax {
wER™, NEN

Conversely, if (w,N) € R™ x N is a mazimizer of (3.1), then (w + Np*,N) is a
blocking point of Pyr(B, Vi (p*),p*).
Proof. By (3.4), (Z,Zn+1) is a blocking point of Pyr(B, Vi, (p*), p*) if and only if
a2+ Vy(p*) —a' - p )1 <1 Viel,

and there exists some i* € I such that a* -Z+(Vy (p*) —a* -p*)Zns1 = 1. S0, (Z,Zny1)
is a blocking point of Pyr(B, Vi (p*),p*) if and only if Z,,+1Vy (p*) + max;er{a’ - (T —
Tnt1p*)} = 1. By (3.1), the latter condition holds if and only if

1— (T — Tpy1p") { 1—(w) }
Vi (p*) = - = su ———~:w+ Np*eS;.
w(p ) Tn+1 weR",l?veN N P

This completes the proof. a

3.2. A universal upper bound. In order to determine what vectors are in
Fpp+, we first show an upper bound on the value of minimal liftings of ¢ and then
show that this upper bound is tight. Theorem 7 gives an upper bound using the
function ¢f§o*,3] : R™ x Ry — R defined by

(35) U)E;)*,B]((Tv Tn+1)) = inf{war(B,Vw(p*),p*)((Ta rn+1)+(w,z)) : (U},Z) € W;xZ+}'

In (3.5), Pyr(B, Vi (p*),p*) is the set from (3.4), and ¥pyr(B,v,, (p*),p+) 1S Obtained
from (3.3) using Pyr(B, Vi, (p*), p*) written as Pyr(B, Vi (p*),p*) = {(r, rny1) € R™ x
Ry :a'-r <1Vie I}. We caution the reader that the formula (3.3) was introduced
for B that contain 0 in the interior. However, the formula is a well-defined one, even
if 0 lies on the boundary, as is the case for Pyr(B, Vy(p*),p*). While there is an
interpretation of ¥py.(B, v, (p+)p+) @S a cut-generating function for (S x Z,,R" xR, ),
it is not important in what follows. What is important is Theorem 7, which shows
that the restriction of 7,/1[’; - p) to R™x{0} is a universal upper bound for all minimal
liftings m € Ly p-. We view (3.5) as a formula via (3.3) applied to Pyr(B, Vi (p*), p*).
The following technical lemma will be useful for establishing this upper bound.

LEMMA 6. Let B be a convex 0-neighborhood of the form (3.2). Let p* € R™ and
A > 0. For (7,7pt1) € R X Ry and pp > 0, define v’ := (F,7py1) — p(p*,1). Then
1Z)Pylr(B,)\,;D*)((Fv 7:ThLl)) = 1Z)Pylr(B,)\,p*)(T/) + ,L“/}Pyr(B,)\,p*) ((p*a 1))

Proof.  First, we show

argmax{a’ -7+ (A —a" - p*)Fn1} =argmax{a’ - (7 — Fpny1p)}
il il
=argmax{(a’, (A —a’ - p*))-7'}.
iel
The first and second terms are equal since A7, 11 is a constant, while the first and the
third terms are equal because, for every i € T

a'r+(A=a’p*) g1 = a’(F—pp*)+(A—a’-p*) (Fni1—p)+Au = (o', (A—a"-p"))-r'+Ap.
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For i*€ argmax;c;{a’ - 7+ (A —a’ - p*)Ppt1},

Vpyr(BAp) (P, Tny1)) = @i:'F+ (A—a® - p*)Fny1 . .
(a” (A =a” - p*)) '+ (", (A =a” - p)) - u(p*1)
= wal‘(B,X,p*)(T/) + /“/)Pyr B,\,p* )((p 1))

The last equation holds because (ai*, (/\—ai ")) (p*,1) = A = Ypyrmrpo ((p*,1)).0

THEOREM 7. Let B be a mazximal S-free 0-neighborhood of the form (3.2) and
¥ be the valid function for (S,R™) obtained from B using (3.3). Let p* € R™ and
consider |}, p defined in (3.5). Form € Ly p+ and p € R™, m(p) < (. (( 0)).

Proof. To reduce notation in this proof, set A := Pyr(B,Vy(p*),p*). Let 7w €
Ly p+. Define R := (R” x {0}) U{(p*,1)} and P := R™ x {0}. Using (4, ), which is
a valid pair for (S, R™,R"), we will create functions ¢ : R"*! — R and # : R"™! — R
such that (¢, #) is a valid pair for (S x Z;,R,P). Since R™ x Ry C cone(R), we
will be able to apply Theorem 3 to obtain a minimal valid pair (¢/,#’) for (S,R™ X
Ry, R™ xR} ) that equals (¢, 7) on R™ x R™ and satisfies (¢, ') < (¢4, 1/1[*20*)3]) when
restricted to (R x {0}) x (R™ x {0}).

Define ¢) : R — R by 1((r,0)) = ¢(r) for all » € R™ and ¢((p*,1)) = Vi (p*).

Define 7 : P — R by #((p,0)) = w(p) for all p € R".

CLAIM 8. (1, 7) is valid for (S x Z, ,R,P).
Proof of Claim. Consider matrices R € R®+DxE and P € ROM*+DX¢ with columns
in R and P, respectively. Let (5,7) € Xgxz, (R, P). Using two cases, we show that
(1, #) and (3, ) satisfy (1.2). First, assume that (p*,1) & col(R) or 5(p+,1) = 0. Since
(1, ) is valid for (S,R™,R"), it follows that

Yoodms+ > wPm= Y, v0)s+ > 7w, =1

recol(R) pecol(P) (r’,0)€col(R) (p’,0)€col(P)

Now, assume that (p*,1) € col(R) and 5(,- 1) # 0. Since Rs + Py € S x Z
and P C R" x {0}, we have 5, 1) € Zy. Define R € R™(:=1 by its columns
col(R) := {r € R" : (r,0) € col(R )}, that is, the columns of R are the columns of
R\ {(p*,1)} projected to the first n coordinates. Similarly, define P e R+ by
the columns col(P) := {p € R™: (p,0) € col(P)} U {p*}. }

Consider the pair (3,7) € Rk_l x R¥T! defined by §, = 5(,.q) for each r € col(R)
and 7, = ¥p,0) for each p € col(P P)\ {p*} and § Yo = Y(p=.0) T 5(p7,1)- Since 5(,+,1) € Z+
and R5 + Py € S x Z,, it follows that R5 + Pj € S. Thus, (3,7) € Xs(R, 15)
rearranging terms, we see that

Y s+ Y A0

recol(R) pEcol(P)

SR (1) EARI (I ENNPRE Y s
recol(R)\{(p*,1)} pEcol(P)

= > ((r,0)8 + Ve )spey + Y. #(D)T
recol(R)\{(p*,1)} pecol(P)

= > vmE+ D )iy

recol(R) pecol(P)

>1

)
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where the last inequality holds since (¢, ) is a valid pair for (S, R™, R™). o

By Theorem 3, there exist functions ¢’ : R” x Ry — R and 7’ : R” x Ry —
R such that (¢, ’) is a minimal valid pair for (S x Z;,R™ x R;,R™ x R) and
(', ') < (1, %) on R x P. Thus, by construction of (¢, #), we have ¢/((r,0)) < 9(r)
and 7'((p,0)) < w(p) for all r,p € R™. Since 1) is a minimal valid function for (S,R"),
we also have that ¥'((r,0)) = 9(r) for all » € R". Similarly, since 7 is a minimal
lifting of ¢, 7'((p,0)) = 7(p) for all p € R™. By definition of Vj,(p*), this implies that

(3.6) W (0", 1) = (0", 1) = Ve (0").

We now show ¢'((r,rn41)) < ¥a((r,7n41)) for (r,rp41) € R™ x R. Note that
(r,rnt1) = (r,0) + r41(p*, 1). By Lemma 6,

3.7) Ya((r,0)) + rn1¥al(p®, 1)) = Yal(r; rni1)).
Note that ¢/((r,0)) < ((r,0)) = 9(r) = ¥a((r,0)). Thus,

¥ ((r,n41))
<Y'((r,0)) + rps1¢’ ((p*, 1)) by Theorem 2
< P((r,0)) + ranr (07, 1)) by (3.6)
(3.8) = %a((r,0)) + rn1¥a((p”, 1))
= ¢¥a((r,rnt1))- by (3.7)
Let p € R™. By Proposition 1, (3.8), and «'((p,0)) = m(p), we obtain
m(p) = ='((p,0))

IN

nf{¢'((p, 0) + (w, 2)) : (w,2) € W, }
1nf{1/1A((p, 0) + (w,2)) : (w,2) € Wérxm}
= Ve ) (1, 0)). .

IN

3.3. Towards a description of the fixing region. In this subsection, let B
be a maximal S-free convex 0-neighborhood of the form (3.2), let ¢ := 15 be the
valid function for (S,R™) obtained from B using (3.3), and let p* € R™. In this
subsection, we define a collection of polyhedra (given by explicit inequalities) whose
union X (B, p*) will be shown to be a subset of Fy ,-. The results in this subsection
consider the pyramid Pyr(B, A, p*) only for the value A = V,(p*). So, in order to
reduce notation, we frequently use the notation

A :=Pyr(B,Vy(p*),p*).

Let B C R? be an S free O-neighborhood that takes one of the following forms:
cither B = {reRi:a’ - r<1Vie I} or B is a pyramid of the form (3.4), which
we write as B = {r € Rd xRy tal-r <1Vie€l}. Forx € RY the spindle
corresponding to x is defined to be

(3.9) Ri(z) :={reR?: (a' —d")-r <0and (¢’ —a")-(z —r) <0 Vie I}

where 9 5 is defined according to (3.3)% and k € I is the index such that ¢ 5(z) = a*-z.
Spindles were originally used in [2, 24].

2We remind the reader that formula (3.3) is well-defined for any choice of B containing 0.
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Theorem 9 provides a geometric inner approximation of the fixing region Fy p-.
The inner approximation is given by the set

(3.10) X(B,p") = U ( U RB(J_:—:T:nJrlp*)—Fip*)

(#,8n41)EAN(SXZy) ~ i=0

THEOREM 9. The set X(B,p*) satisfies X(B,p*) + Wg C Fyp+. Also, if m €
Ly, q€ X(B,p*) and w € Wg, then

m(q +w) = 7(q) = ¥p,- 51((¢,0)),

where f . g is the function defined in (3.5).
We require some tools to prove Theorem 9. For ¢ € R™, consider lifting ¢ after

p* has been lifted, that is, consider the smallest value that a minimal lifting of ¥ can
take at g after the lifting is restricted to take value Vi (p*) at p*. To this end, define

(3.11) Vul(g; p*):==inf{n(q) : m € Ly p+}.

Proposition 4 states that Vi (p*) can be computed by constructing the pyramid
A C R™ x Ry. Thus, because Vi (g; p*) is defined after Vi (p*) is fixed, A should
affect Vi (g; p*). This leads us to examine points (¢, §) € R" xRy. For A > 0, 7 € Ry,
and i € I, where I is the index set defining B in (3.2), consider the inequality

(3.12) a'r+ (Vy(p") —a' - p )+ (A —a' g = (Vy(p") —a' - p")@)rnse < 1.

We can apply the pyramid operator Pyr defined in (3.4) using A as a base to
obtain the iterated pyramid
(3.13)

B " Tpal — qrpao > 0 and
Pyr(A. ), (q,q»—{(r,rnﬂ,rwgeﬂ% Ry xRes e }

Geometrically, the iterated pyramid in (3.13) is the pyramid (assuming that it is
bounded) in R™"? with base A x {0} and apex 1(g,q,1). In this new pyramid, the
inequality 7,41 — Grn42 > 0 is the result of lifting the inequality r,+1 > 0 defining A.

The first result that we need to prove Theorem 9 is the following generalization
of a result about spindles in [2, 24].

PROPOSITION 10. Let (2, 2541) € AN(SXZ4). If (¢,7) € Ra((z, xpy1)) N (R™ x
Ry), then

Ua((q,q)) = inf{A > 0: Pyr(A, X, (¢,q)) is (S X Z X Z)-free},

where Ya is defined from A using (3.3).

The proof of Proposition 10 is technical and provided in Appendix B.

The next result shows that Vi, (¢; p*) can be computed by constructing a pyramid
in R"*2 with base A x {0} using (3.13). So, in order to sequentially lift variables to
find a m € Ly ,+, we can repeatedly apply the pyramid operator Pyr using the set
from the previous lifted variable as a new base.

PROPOSITION 11. Let g € R™. The value Vi (q; p*) satisfies

(3.14) Vi(g;p™) =inf {A > 0: Pyr(A, X, (q,0)) is (S X Z x Z)-free} .
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The proof of Proposition 11 is in Appendix C and is similar to that of Proposition 4.

Proposition 11 characterizes Vy(q; p*) using a pyramid that depends on (g,0).
Proposition 12 states that Vi (¢;p*) can be determined using pyramids that depend
on certain translations of (¢,0) while holding p* fixed.

ProrosITION 12. If g € R™ and § € Z4, then

Vo (q:p*)

inf{A > 0: Pyr(A, A, (q,0)) is (S X Z x Z)-free }
= inf{A > 0:Pyr(A, X (¢,9) is (S X Z x Z)-free }.

Proof. The first equation follows from Proposition 11. Define the linear transfor-
mation U : R" x Rx R - R"” xR x R by

U (Y Ynt1,Un+2) = (U, Ynt1 + Yn+20 Yn+2) -

Note that U is invertible and U~ (3, Yni1, Yni2) = (s Yni1 — Yni2G, Yni2). Since
g € Z, the map U is unimodular. Both U and U~! map S x Z x Z onto itself, and
therefore, they map (S x Z x Z)-free sets to (S x Z x Z)-free sets.

Let A > 0 and (r,7n41,7Tnt2) € Pyr(A, A, (¢,0)). For each i € I, (3.13) implies

a’-r+ (Ve(p*) —a" - p)rppa + (A —a’ - @)rnga < 1.
Thus,
(3.15) a’r+(Vyp(p*)—a"-p*)(rng1 +rat2@) + (A—a’-q— (Vi (p*) —a" - p*)@)rns2 < 1.

Equation (3.15) is equivalent to U(r,rni1,7Tnt2) = (7, Pnt1 + Fny2q, Tni2) satisfy-
ing (3.12) for each ¢ € I. Also, rp41 > 0 because (7,7p41,7ny2) € Pyr(A, A\ (g,0)).
Thus, (rp+1—"n+2q@)+Tnt2q = 1 > 0and U(r, 741, Tnio) satisfies every inequality
defining Pyr(A, X\, (¢,q)) in (3.13). So, U(r,Tn+1,Tn+2) € Pyr(A, A, (¢,7)) and

UPyr(A, X (¢,0)) € Pyr(A, A (g,9)).

It remains to show U~ Pyr(A,\, (¢,4)) € Pyr(A, X, (g,0)). If (r,rni1,mni2) €
Pyr(A, )\, (q,7)), then the (n+1)-st component of U ~=(7, 711, Tn42) S Thi1 — Tnaad.
Because (7,741, Tn+2) satisfies the inequalities (3.13), we have r,11 — rp42q > 0.
Using arguments from the first part of this proof, we have U~! Pyr(A, A, (¢,q)) C
Pyr(A, A, (¢,0)). So, UPyr(A, A, (q,0)) = Pyr(A, A (¢,9)).

Since U and U~! preserve (S x Z x Z)-free sets, the previous argument implies
that if Pyr(A, A, (¢,0)) is (S x Z x Z)-free, then Pyr(A, X, (¢,q)) is (S x Z x Z)-free,
and vice versa. This gives the desired result. d

For ¢t € R, define H; := R™ x {t}. The next proposition shows that translating
Ho N RA(Z,Tpy1) by tp* is equal to projecting Hy N Ra(Z, Tp41) onto the first n
coordinates. The proof of Proposition 13 is given in Appendix D.

PROPOSITION 13. If (Z,Zn41) € (S X Z4+)NA is a blocking point of A and t € R,

then
HtﬁRA(.’i',jn+1) = (HOQRA(j7£'n+1))+t(p*7l)

= (BB(Z — Zntap") x {0}) + t(p", 1).
We can now prove Theorem 9.
Proof of Theorem 9. Recall that A = Pyr(B, Vy(p*),p*). Let (Z,Zp41) € AN
(S X Zy). If Zpy1 =0, then € BN S. In this case, J;")" Rp(Z — Tpni1p*) +ip* =
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Rp(z). It is well-known (see, for example, [24, 23, 15, 2]) that Rp(Z) + Ws C R(B),
where R(B) is the extended lifting region (1.3) and Rp(Z) is the spindle corresponding
to Z given in (3.9). Thus, by the definition of R(B), we obtain

jn+1
( U Rp(T — Tpny1p™) + ip*) +Ws = Rp(Z) + Ws C Fy p~
1=0

It is left to show Ufﬁgl Rp(T — Tp41p™) +ip* C Fy pr when x,41 > 1, ie., when
(2, Zn+1) is a blocking point of A. Let 4. 5 : R" xRy — R be from (3.5), 7 € Ly p+,
and ¢ € Rp(T — Zp41p*) + ip* for some i € {0,...,Z,41}. Note that

Vol(g;p*) < 7(q) by the definition of Vi (g; p*)
< Y, pa((0,0)) by Theorem 7
= inf — ¥a((g,0) + (w, 2))
(uuz)EVV;;Z+
< Yallg,9)).

By Proposition 13, (g,%) € Ra(Z, Tn+1) N H;, so by Proposition 10 with § = ¢,
Ya((g,i)) =inf{X > 0: Pyr(A, X\ (g,1)) is (S x Z x Z)-free}.

By Proposition 12,
¥al(g,) = Vip(g; p").-

Thus, Vy(q;p*) = 7(q) = ¥}, p((¢,0)). Note that m was chosen arbitrarily in Ly p-.
Hence, every function in Ly ,« agrees on g. By definition of Fy ,- and Proposition 1
(a), it follows that

Tn41
( U Rp(Z — Tn41p™) + ip*> + Ws C Fy pr.
=0

3.4. Translation invariance of fixing region.

THEOREM 14. Let B be a mazximal S-free convex 0-neighborhood and let t € R™
such that 0 € int(B+1t). Thus, B+t is a mazimal (S +t)-free convex 0-neighborhood.
For p* € R™ and p := p* + Vi (p*)t € R™,

X(B,p")+Ws =R" if and only if X(B+t,p) + Weir =R".

Theorem 14 states that if a given maximal S-free convex 0-neighborhood B is one
point fixable, then any translation B + t such that B + ¢ is (S + t)-free is also one
point fixable. The proof of Theorem 14 is technical in nature and is similar to that
of Theorem 3.1 in [10]. For this reason, we provide the proof in Appendix E.

4. Application: Fixing Regions of Type 3 triangles. In this section, we
find minimal liftings for Type 3 triangles. Type 3 triangles, which are defined precisely
below, are maximal S-free convex 0-neighborhoods in R? that contains exactly three
points of S, one in the relative interior of each facet. In Subsection 4.1, we identify
conditions that guarantee that a Type 3 triangle is one point fixable. In Subsection 4.2,
we show that a family of Type 3 triangles coming from the extensively studied mixing
set problem satisfies this sufficient condition.
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In this section, let S = Z?+b for b = (b1, b2) € R?\Z2. Without loss of generality,
we assume that —1 < by,b2 < 0, and, by relabeling the coordinates, we assume that
—1 < by <b; <0. Thus, the origin (0,0) is contained in the interior of the triangle
conv{s', 5%, 5%}, where ' := (14 b1, 14 b2),5% := (b1, 1 + ba), and 5% := (by, bo).

For ~v1,72,7v3 > 0 with v2,v3 < 1, define the vectors

1 7
¢ =q'(m) = ((1,71).@14_17524-1)’ (1,71)-(b1+1,bz+1)>’

2_ 2 — —1 i
(4.1) ¢ =q ()= (( 1,7v2) - (b1, b2 +1)" (—=1,72) - (21,b2+1)>

s 3 . 3 -1
q° =q°(y3) = ((73,_1) - (b1,b2)" (y3,—1) - (bl,b2)> 7

and the triangle
(4.2) T(y1,72,73) := {(x1,22) ER?: ¢' - (w1,20) < 1Vie€{1,2,3}}.

Each triangle in the collection {T'(y1,72,73) : 71,72,73 > 0 and 72,73 < 1} is a
maximal S-free convex 0-neighborhood in R? such that each facet contains one of the
points 51,32 and 3% from S in their relative interior. In the literature, these triangles
are referred to as Type & triangles. See [24] and the references therein for more on
Type 3 triangles and the classification of S-free sets in R2.

4.1. Sufficient condition for Type 3 triangles to be one point fixable.
Let T := T'(y1,72,73) be a Type 3 triangle. Using (4.1), define the pyramid

P = {(z1,22,73) € RZ xRy : ¢*(72) - (w1, 22) < 1,

, b b
(43) a'(n)  (w1,2) + (1= FRF G R)os < 1,

,— b1,2+b
¢*(0s) - (w1, 22) + (3 — g ey < 1),

Observe T x {0} = PN {(z1 2, x3) : x3 = 0}. Also, P contains the S X Z points
(st,21) = (1—1—()1,1—i—bz7 0), (s%,2%) := (b1, 1+ bo, ), (83 23) == (b1, b2,0), (s*,2%) :=
(1 +b1,2 4 ba, 1), (s°,2°) := (b1,1+b2, 1), and (s%,2%) = (1+bl,1+b2, 2), and
P has three facets, F1, Fo, and F3, containing {(s', z1), (s%,21)}, {(s2,2?), (s, 2°)},
and {(s3,23), (5%, 2%)}, respectively. In order to apply Theorem 9 to T, we need to
show P = Pyr(T, Vy(p*),p*) for some p* € R% In the next result, we give sufficient
conditions on (71, 72,73) for such a p* to exist, i.e., we give sufficient conditions for
T to be one point fixable. Note that Wg = Z? because S = Z2 + b.

PROPOSITION 15. Let T := T(v1,72,73) be a Type 3 triangle and P be of the
form (4.3). Let ¢ be the valid function for (S,R?) obtained from T using (3.3).
(i) P is a pyramid whose apex a* = (af,as,al) satisfies a > 0 if and only if y2(2 —
Y3 +2717y3) — 11y3 > 0.
(i) If P is (S x Z)-free, then X(T,p*) + Wg = R" for p* = (al,az) Thus, Ly p~
contains a unique function.
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Proof. The apex of P is a* = (af, a}, a}), where

¥2(2 + 271 — 3)
Y¥2(2 = v3 4+ 2m173) — 11y
71(2 =3 +27273) — (1 +72) (=2 +13)
72(2 = 73 4+ 27193) — 1173
0t — 20+ +72—7273)
72(2 = 73+ 27193) — 1173

GT:b1+

&;:bQ—F

In order for P to be a pyramid with apex a* satisfying a3 > 0, it is enough to
show that 2(1 + 1 + v2 — 727v3) > 0 and 12(2 — v3 + 2v173) — 7173 > 0. The first
inequality holds since 73 < 1 and the second holds by hypothesis. Hence, (i) holds.

By Proposition 18, Ly, is nonempty. By Theorem 9, in order to see that Ly p-
contains a unique function, it is sufficient to show that X(T,p*) + Ws = X (T, p*) +
7Z? = R?%  We draw inspiration from [24]. The crucial observation is that P =
Pyr(T, Vy(p*), p*) for the choice of p* in the hypothesis.

Figure 8 in [24] labels the vertices of the spindles Ry (s'), Rr(s?) and Rr(s3) for
T (recall (3.9) for the definition of a spindle). For completeness, we reproduce the
labels in Figure 1 with the values v* and §; defined below. The vertices of T are

1
o= (b1+ +n 7b2+73+7173>7
L+m7s I+

1
)2 (b1+ 72 J,ﬁw), and
Y1+ 72 Y1+ 72

W = (b1 R S a— L ) .
1 =727 1=

The values of ¢; for i € {1,2,3} are

1+m73 5 Y1+ 72 §u 1+ — 773 — 717273

01 = ;0= ;03
L4472 =723 L4472 =723 L+ +72 = 7273

The ;s are convex coefficients satisfying s* = §;v* + (1 — §;)v**! for i = 1,2,3, where
v? = vl. One observes that d; € [0,1] holds because v; > 0 and 2,73 < 1.

Define the region K := conv{c? k,j,i,g,e'} (see Figure 1). The literature [24,
15], [2, Theorem 4] shows that R?\ (K +Z?) is contained in R(T"), which is contained
in X(T,p*) + Z2. Hence, if we can show that K C X(T,p*) + Z?, then K + Z* C
X(T,p*) + Z? implying that R? = X(T,p*) + Z?, thus completing the proof.

To this end, write K as K = U?_, K;, where

K = conv{l,et, g,u}, Koy =conv{u,m,i,g},
K3 = conv{m, j, k,p*}, Kj=conv{c® k,p*,1}, and K5 = conv{l,p*,m,u}.

CLam 16. Ky € Ry(s' —p*), Kp € Ry(s” —p*) +(1,1), K3 € Ry(s" —p*) +p*,
K4 C Rp(s® —p*) +p*, and K5 C Ry (s — 2p*) + p*.

The proof of Claim 16 is technical and appears in Appendix F. By Theorem 9,
Rry(s'=p*), Rr(s*—p*)+p*, Rr(s”—p*)+(1, 1), Rr(s® —p*)+p*, and Ry (s°—2p*)+p*
are contained in X (T, p*) + Z2. Thus, by Claim 16, K C X (T, p*) + Z>. O

4.2. Type 3 triangles from the mixing set. Proposition 15 assumes the
pyramid P is (S x Z)-free. This is satisfied by mizing set Type 3 triangles [23, 27].



NON-UNIQUE LIFTING OF INTEGER VARIABLES IN MINIMAL INEQUALITIES 17

DR A0
W N = W N
—

i
I
>
S
S~—
<

=3 < e
Il

N S
<~ |

_|_

o

N~—

* e~
|
N
—
o
—
-+
Q
[ V)
~—

FIG. 1. The spindles of T given in [2/]. K := conv{c?,k,3,i,g,e'} is shaded, and o is the origin.

The mixing set is considered a fundamental set in mixed-integer programming
theory. The facet-defining inequalities of this set are called “mixing” inequalities as
they are supposed to “mix” the well-known mixed-integer rounding (MIR) inequali-
ties. The mixing set appears as a relaxation of several important problems [27] such
as production planning, capacitated facility location, and capacitated network design.
Recently, inequalities closely related to mixing inequalities have had a huge impact in
solving stochastic integer programs [28]. Mixing inequalities can be used for general
mixed-integer linear programs, and there are several studies of its properties [21, 20].
Several generalizations of the mixing set have been studied as well [31, 18, 17].

If a Type 3 triangle satisfies b € int(conv {(0, —1), (0,—1/2), (=1, —1)}), then we
say that it is a mizing set Type 3 triangle. With this additional constraint on b,
the mixing set Type 3 triangles are defined by b satisfying —1 < by < b1 < 0 and
by — 2by > 1. Define &, = —b% — b3 + b1by — by and observe that

5b = bl(bg — bl) — b2(1 + b2) > 0.

Consider the Type 3 triangle T'(b) := T(bzl;bl, bll_:bbf, 5 _bb12_1) defined by

T(b) = {(w1,22) € R?: (52)ar + (B522)ze <1, (F=H)ay + (B522)z, <1,
(_5—121)901 + (%)xz <1}

By construction, T'(b) NS = {(b1, b2), (b1, 1+ b2), (1 + b1,1 + ba)}. Note that the
constraints on b imply that v1,7v2,7v3 > 0 and 2,73 < 1, as required. Substituting
these values of v1, 72,73 into (4.3), we obtain the pyramid

P(b) := {(v1,72,73) ERZ x R, : (75—21)3:1 + (%)l@ — (%)xg <1,
(4.4) (F=L)zy + (B2 )z, <1,
(F)z1 + (Pgz=h)zy + (3552 )as < 13

We verify the two conditions in Proposition 15 to conclude that there exists a
p* € R? satisfying one point fixability for mixing set triangles. The condition ~2(2 —
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v3 + 27173) — Y173 > 0 can be checked using v, = 22— bl,fy = b11+bb2,73 =

—b 17
and the constraints —1 < by < b; < 0. Next, we verify 11nt(P( b)) N (S x Z) é °
PROPOSITION 17. P(b) is (S x Z)-free if T'(b) is a mizing set Type 3 triangle.
Proof. For t € Z, define H; := R? x {t}. Since P(b)N Hy = T(b) x {0} is S-free,
we only need to show relint(P(b) N Hy) N (S x {t}) =0 for t > 1.
For ¢t > 1, define the split sets

Cy = {(,Tl,wz,t) eR3: ¢ <z <t+ 1}—|— (bl,bQ,O),
Cy = {(,Tl,wz,t) eR?: 0 < =221+ 22 < 1} + (bl,bg,O), and

t 1
Cs = {(wl,wg,t) ERY: < —m+a< -+ 5} + (b1, b2,0).

2

N =+

The splits C1,C2 and C3 have no points from S x {t} in their relative interior.
So, if we show relint(P(b) N Hy) C relint(Cy) U relint(Cs) U relint(C3), then P(b) will
be (S x Z)-free, completing the proof. To this end, assume (z7,x3,t) € relint(P(b) N
H;) \ (relint(Cy) U relint(Cy)). This implies that (z7,25,t) does not strictly satisfy
some inequality defining C7 and some inequality defining C5. This leads to four cases.

Case 1. Suppose x5 —be <t and —2(z} — b1) + (x5 — bz) < 0. Observe that

()i + (B=a=tias + (3512)
> (G (e + ()
— (b1 22;; 2) 2_|_(27b21(;:2b2)t+(72b2g;b1b2)
> (BZem2)(t 4 by) + (gt 4 (225N — g

The first inequality follows from the assumption —2(z5 —b1)+(25—b2) < 0, and the
second from the assumption x5 —be < t. This contradicts (x7, x3,t) € relint(P(b)NHy)
because the third inequality defining P(b) is violated.

Case 2. Suppose x5 —be <t and —2(zf — b1) + (x5 — ba) > 1. We claim (27, z35,t) €
relint(C3). It is sufficient to show 5 < —(z} — b1) + (23 — b2) < £ + 1. Because
(a7, 25,t) € relint(P(b) N Hy), the third inequality defining P(b) bounds z3:

. —by t 1+0bo —p

* t .
R T R S L na—

> —(z1—b)+ (1+b At z+ 2(141:z;_2l)3b1)t + - bl) b2

= §+ (G + <2<H:f,b1>>t + ()

> 5 () (B o+ (i )t o+ (25

= 5 ()7 + G+ ()

> L+ (o) ¢+ be) + (i)t + (aety)

= 3+ 2(1-15521:1) > 3.
The second inequality follows from —2(z3 — b1) + (25 — b2) > 1 and % <0,
the third follows from x5 <t + b2, and the fourth follows from ﬁ > 0.
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Since (z7, z5,t) € relint(P(b) N Hy), the second inequality defining P(b) implies

—(af —b1) + (25 —ba) < —xf+bi+ (52 Ltby p) — by
1+b2) * 7]b %1b2
b1 —bo by —bo

(
( 1+bs )(251+I2*b2 1) + —by—b1 by
(

IN

b1 —bo 2 b1 —b2
sty )75+ ()
(2t + o) + (Ppet=t)
(55205 + (o5

+
1-b1+2b 2b1—3bo—1\ _ t | 1
+( bll b22)2+( 21(b17l§2) )_§+§'

IN

i
2
L
2

IN

The second inequality follows since —2(x} —b1) + (5 —b2) > 1 and % > 0, the

third follows since x5 < t 4 by, and the fourth follows since ¢ > 1 and 1 < by — 2bs.
Case 3. Suppose x5 —be > t+ 1 and —2(z7 — b1) + (25 — b2) < 0. Observe that

(Th)at + (Bgt2)as — (B5t)t
> () () + (Bt — (Mgt
= (blwzbz)% _ (b15 bz)t n (7217;51;;2)
> (b1263b2)(t+ 1+ bs) — (bl(ilm)t_'_ (—2bg;bblb2)
= (ZH)t+(gg) +1
> (;—bl)+(b7)+1_1.

The first inequality follows since =2 > 0 and —2(x} — by) + (x5 — b2) > 0, the second
inequality follows since b; — 2bs > 1 and 25 > t + 1 + bg, and the third inequality
follows since ¢ > 1. This contradicts that (z],xz3,t) € relint(P(b) N H;) because the
first inequality defining P(b) is violated.

Case 4. Suppose x5 — by > t+ 1 and —2(z7 — b1) + (x5 — b2) > 1. Observe

(%)IT—F(%){E; > (7b§b71)(1§—1+22b1—b2)_|_(b1(;bb2)x;
(b1722§271)$§ + (7b61b71)(2b172b271)

b —2by—1 —b1—1 2b1—by—1
(P2—)(2+ b2) + (=) (=)
1+7b1 2=l > 1.

v

The first inequality comes from # < 0 and —2(xj — b1) + (x5 — by) > 1. The

second inequality comes from the f?iCt that b — 2b > 1 and §, > 0 so the term
% is positive; furthermore, 25 > t 4+ 1+ by > 24+ by > 0 since ¢ > 1 and
—1 < by. The last inequality follows because &, > 0 and by —2bs > 1. This contradicts

(x1,x5,t) € relint(P(b) N Hy) as the second inequality defining P(b) is violated. O

5. Acknowledgements. The authors would like to thank the anonymous refer-
ees for their extremely helpful comments. Their suggestions helped us correct a flaw
in one of the major results and make the material more presentable.

REFERENCES

(1] G. AVERKOV AND A. Basu, Lifting properties of mazimal lattice-free polyhedra, Mathematical
Programming, 154 (2015), pp. 81-111.



20

2]

[3]

[4]

[29]

=

L.

AMITABH BASU AND SANTANU S. DEY AND JOSEPH PAAT

. Basu, M. CAMPELO, M. CoNFORTI, G. CORNUEJOLS, AND G. ZAMBELLI, Unique lifting of
integer variables in minimal inequalities, Mathematical Programming, 141 (2013), pp. 561—
576.

. Basu, M. CoNFORTI, G. CORNUEJOLS, AND G. ZAMBELLI, Minimal inequalities for an in-
finite relazation of integer programs, SIAM Journal on Discrete Mathematics, 24 (2010),
pp. 158-168.

. BAsu, M. CONFORTI, AND M. DI SUMMA, A geometric approach to cut-generating functions,
Mathematical Programming, 151 (2015), pp. 153-189.

. Basu, M. CoNrORTI, M. D. SUMMA, AND J. PAAT, The structure of the infinite models
in integer programming, in Integer Programming and Combinatorial Optimization. IPCO,
F. Eisenbrand and J. Koenemann, eds., vol. 10328 of Lecture Notes in Computer Science,
Springer, Cham, 2017.

. Basu, G. CORNUEJOLS, AND M. KOPPE, Unique minimal liftings for simplicial polytopes,
Mathematics of Operations Research, 37 (2012), pp. 346-355.

. Basu, G. CORNUEJOLS, AND G. ZAMBELLI, Convex sets and minimal sublinear functions,
Journal of Convex Analysis, 18 (2011), pp. 427-432.

. Basu, R. HILDEBRAND, AND M. KOPPE, Light on the infinite group relazation I: Foundations
and tazonomy, 40R, 14 (2016), pp. 1-40.

. Basu, R. HILDEBRAND, AND M. KOPPE, Light on the infinite group relazation II: Sufficient
conditions for extremality, sequences, and algorithms, 40R, (2016), pp. 1-25.

. BAsu AND J. PAAT, Operations that preserve the covering property of the lifting region,
SIAM Journal on Optimization, 25 (2015), pp. 2313-2333.

E.J. BROUWER, Beweis der invarianz desn-dimensionalen gebiets, Mathematische Annalen,
71 (1911), pp. 305-313.

M. Conrorti, G. CORNUEJOLS, A. DAaNILIDIS, C. LEMARECHAL, AND J. MALICK, Cut-

generating functions, in Integer Programming and Combinatorial Optimization, Springer,
2013, pp. 123-132.

, Cut-generating functions and S-free sets, Mathematics of Operations Research, 40
(2014), pp. 276-391.

M. ConroRrTI, G. CORNUEJOLS, AND G. ZAMBELLI, Corner polyhedra and intersection cuts,

Surveys in Operations Research and Management Science, 16 (2011), pp. 105-120.

M. ConFoORTI, G. CORNUEJOLS, AND G. ZAMBELLI, A geometric perspective on lifting, Opera-

tions Research, 59 (2011), pp. 569-577.

M. ConrorTi, G. CORNUEJOLS, AND G. ZAMBELLI, Integer programming, vol. 271, Springer,

2014.

M. CoNFORTI, M. DI SUMMA, AND L. A. WOLSEY, The mizing set with flows, STAM Journal

on Discrete Mathematics, 21 (2007), pp. 396—407.

M. CONFORTI, B. GERARDS, AND G. ZAMBELLI, Mized-integer vertex covers on bipartite graphs,

o=

D

in International Conference on Integer Programming and Combinatorial Optimization,
Springer, 2007, pp. 324-336.

. B. ConwAay, A Course in Functional Analysis, vol. 96, Springer Science & Business Media,

2013.

. DasH AND O. GUNLUK, On mizing inequalities: Rank, closure, and cutting-plane proofs,

SIAM Journal on Optimization, 20 (2009), pp. 1090-1109.
S. DEY, A note on the split rank of intersection cuts, Mathematical Programming, 130
(2011), pp. 107-124.

. S. DEY, J.-P. P. RICHARD, Y. L1, AND L. A. MILLER, On the extreme inequalities of infinite

group problems, Mathematical Programming, 121 (2009), pp. 145-170.

. S. DEY AND L. A. WoOLSEY, Composite lifting of group inequalities and an application to

two-row mizing inequalities, Discrete Optimization, 7 (2010), pp. 256—268.

. S. DEY AND L. A. WOLSEY, Two row mized-integer cuts via lifting, Mathematical Program-

ming, 124 (2010), pp. 143-174.
. DoLD, Lectures on Algebraic Topology, Springer-Verlag, Berlin/Heidelberg, Germany, 1995.
DucunDpJ1, Topology, Allyn and Bacon, Inc., Boston, Mass., 1966.
. GUNLUK AND Y. POCHET, Mizing mized-integer inequalities, Mathematical Programming,
90 (2001), pp. 429-457.

. LUEDTKE, S. AHMED, AND G. L. NEMHAUSER, An integer programming approach for linear

programs with probabilistic constraints, Mathematical Programming, 122 (2010), pp. 247—
272.

. A. MORAN R AND S. S. DEY, On mazimal S-free convex sets, SIAM Journal on Discrete
Mathematics, 25 (2011), p. 379.

[30] J.-P. P. RICHARD AND S. S. DEY, The group-theoretic approach in mized integer programming,



NON-UNIQUE LIFTING OF INTEGER VARIABLES IN MINIMAL INEQUALITIES 21

in 50 Years of Integer Programming 1958-2008, M. Jiinger, T. M. Liebling, D. Naddef, G. L.
Nemhauser, W. R. Pulleyblank, G. Reinelt, G. Rinaldi, and L. A. Wolsey, eds., Springer
Berlin Heidelberg, 2010, pp. 727-801.

[31] M. VAN VYVE, The continuous mizing polyhedron, Mathematics of Operations Research, 30
(2005), pp. 441-452.

Appendix A. Nonemptiness of Ly ,«.
PROPOSITION 18. Ly - is nonempty.
Proof. Define

op) = _nf {¢(w) + NVy(p*) :w+ Np* €p+ Ws}-

It was shown in [24] that ¢ is a lifting of ¥ and ¢(p*) = Vi (p*). The proof in
[24] considers R? and S = Z?, but the proof holds for R" and general S C R™.
By Zorn’s Lemma, there is a minimal lifting 7 of ¥ such that # < ¢. By (1.4),
Vi (p®) < m(p*) < ¢(p") = Vyp(p*). Thus, m € Ly p- by (1.5). O

Appendix B. Proof of Proposition 10.

Proof of Proposition 10. Recall A := Pyr(B, Vy(p*),p*). Define A := ¥a((q, q))-
Since ¥a takes the form (3.3), there exists some k € I such that

(B.1) A=d" g+ (Vy(p*) =" -p)g>a'-q+ (Vu(p*) —a’-p*)q Viel

As (Q7 Cj) € RA(xa xn-i—l)v it follows that ’@[JA((J:? xn-i—l)) =a” T+ (Vw (p*) —at 'p*)xn-i-l-

We claim (z,2,41,1) € Pyr(A, A (¢,q)). It suffices to check that (z,2y,41,1)
satisfies the inequalities from (3.12) hold. Let ¢ € I and consider the corresponding
equation given in (3.12). By (B.1) and (x,xn41) € A,

a' x4+ (Vp(p*) —a - plan+ (A —a' - q— (Vy(p*) —a’ - p")q)
<a x4 (Ve(p") —a' - plan <1

Thus, (2, 2,41,1) € Pyr(A, X, (¢,3)). The latter inequality is an equation when i = k,
which implies that (2, 2,11,1) € int(Pyr(A, A\—¢, (g, q)) for € > 0 such that A—¢ > 0.
To complete the proof, it is enough to show Pyr(A, X, (¢,q)) is (S x Z x Z)-free.

Let (8, Zny1, Zni2) € S X Zx Z; we want (s, 2n41, 2ns2) € int(Pyr(A, X, (¢,7)). By
definition of Pyr(A, X, (¢,q)), we assume 2,42 > 0. If 2,11 <0, then 2,11 — Gzni2 <
0 because @, zp+2 > 0. So, the inequality r,41 — Grny2 > 0 in (3.13) separates
(8, Zna1, Znie) from int(Pyr(A, X, (¢, 7).

Assume z,41 > 0. Since (s, 2,41) € S X Z4 and A is (S x Z)-free, there exists an
i € I such that a’ - s + (Vi (p*) — @’ - p*)2p41 > 1. Thus,

a’ s+ (Vp(@*) —a' p a1 + (A —a' - q— (Vg (p*) — @' - p*) @) zn+2

> 1+ —a'-q—(Vy(p") —a’ - p)@)zn+2
> 1,
where the last inequality follows from (B.1). This completes the proof. d

Appendix C. Proof of Proposition 11.
Proof of Proposition 11. Recall A := Pyr(B, Vy(p*), p*). Consider the model

(C.1) {(Sayp*qu) ERY XZy X Zy - Z TSy 4+ P Ype +qyq € S}-
reRn
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Note that (s, yp+,yq) € (C.1) if and only if (s, yp-,¥q) € R} x Ry x Ry and

(C.2) > (1,0,0)s, + (p*,1,0)yp+ + (q,0,1)yq € S X Z x Z.
reRn”

CLAIM 19. Let A > 0. If the inequality

(C.3) D p(r)se + Vi ype + Ayg = 1
reR™
is valid for (C.1), then Pyr(A, )\, (q,0)) is (S X Z x Z)-free.

Proof of Claim. Let (T,Tpi1,Tni2) € S X Z X Z. U Tpy1 < 0 or Tpyo < 0, then
by the definition of Pyr(A, A, (¢,0)), (T,Tnt1,Tnt2) € Pyr(A, X (¢,0)). So assume
(f, fnJrl,fnJrQ) €8x Z+ X Z+. Let 7 =7 — fnJrlp* + Tp42¢, Z1 = Tp41, 22 = Tp42
and 3, = 1 if r =7 and 5, = 0 otherwise. Note that

> r54p Tt =TS
reRn

Since (C.3) is valid for (C.1), it follows that

1< > 95 + Vy(p')z1 + A%
reRn

= (T) + Vy(p*)Tnt1 + ATp2
= maIX {ai (T = Tpy1p" — Tnyaq) + le(p*)fnJrl + ATpya}

1€

= max {ai T+ (Vyp(@*) —ai - 0" )Tnt1 + (A —a; - @)Tpt2} -

Hence, Pyr(A, A, (q,0)) is (S x Z x Z)-free. o
The converse of the Claim 19 is also true.

Cram 20. If A > 0 and Pyr(A, X, (g,0)) is (S X Z x Z)-free, then (C.3) is valid
for (C.1).

Proof of Claim. Consider ¥ : R®™ x R x R — R defined by
U(r, rpt1, Tna2) i= max {a" r+ (Vu(®@*) —a" p*)rns1 + (A —a' - q)rpga} .

Let (s,yp=,yq) € (C.1). From the observation above, (s,yp+,%4) € (C.2). Note that
U(r,0,0) = ¥(r), ¥(p*,1,0) = Vi (p*), and ¥(q,0,1) = A. It follows that

Z Y(r)sr + V(0" )yp + Ayq
reRn

= 0(r,0,0)s, + U(p*,1,0)y, + ¥(g,0,1)y, > 1.
reRn”

Hence, (C.3) is valid for (C.1). o
By Theorem 3 with R = R™ and P = {p{, p5}, Vi (p3; p) is the infimum of A > 0
such that (C.3) is valid for (C.1). The result now follows from Claims 19 and 20. O

Appendix D. Proof of Proposition 13.
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Proof of Proposition 13. From (3.4) and (3.9), we have

RA (jv 'fn+1)

- {(rr ).(azi—ak)~T+rn+1((ak—ai)~p*)§Oand_ }
" (@t —aRf) (2 — 1) + (Zag1 — Tag)((@F —al) - p*) <0 VieT ’

where k € I is such that ¢(z) = a* - x. Therefore,

H;N RA(:f,fEnJrl)

- (r,t) : (CL a)r t((a® — at) - p*) <0 and
o (T 1)+ (Fngr —t)((aF — ') p) SO Viel

3 N (¢ ) 7<0a
a {(Htp’t)' (@' —a*)- (& = 7) + Zppa((aF —a’) -p*) <O Viel }

= (HoNRA(Z,Tps1)) +t(p*,1).
A similar calculation shows Hy N RA(Z, ZTpt1) = Re(T — ZTny1p*) X {0}. O

Appendix E. Proof of Theorem 14.

The first lemma required for Theorem 14 is an extension of the so-called ‘Collision
Lemma’ (Lemma 3.2 in [10]). In this appendix, set A := Pyr(B, Vi (p*), p*).

PROPOSITION 21. Let B be a maximal S-free convex 0-neighborhood in R™ of the
form (3.2). Let p* € R" and (T, Zp+1), (Y, Yn41) € AN (S X Z), and iy, iy € I satisfy
(a', Vip(p*) = a® - p*) - (T, Tnt1) = (a®, Vip(p") —a' -p*) - (§, Uny1) = 1. Let ka, ky € Z
be such that 0 < kg < Tpyy and 0 < ky < 7,41, and let (x,k;) € RA(T, Tpy1) and
(U, ky) € Ra(U,Ypy1)- If =y € Ws, then

(@, Vy(p*) —a' -p*) - (x, k) = (@, Vy(p*) — a™ - %) - (y, ky).
If (x,ky) € int (RA(T, Tpt1)) and (y, ky) € int (RA@, yn+1)), then (a'=, Vi (p*) —
a's -p*) = (a', Vy(p*) — a' - p*).

Proof. Let (2,ky) € RA(T,Tnt1) and (y,ky) € RA(Y,Ypqq). Assume to the
contrary that (a’, Vi, (p*)—a’s -p*)-(x, k) < (a', Vi (p*)—a®-p*)-(y, k,) and consider
(U, Yps1) + (& —y, ky — ky) (if the inequality is reversed then consider (%, Tn41) + (y —
x,ky — k) instead). Since v —y € Wy and ky < 7, ,, it follows that (2, 2,41) =
(U Ung1) + (@ =y, ke —ky) = @+ (x —¥), Tpy1 — ky) + k) € S x Z. We claim that
(2, zn41) € int(A), contradicting that A is (S x Z)-free. We will show this using the
half-space definition of A from (3.4).

Take i € I and define «; := (a’, Vi (p*) — a’ - p*). If i = i*, then

i - (2, 2n41) < 1= (y, ky) + = - (2, ky)  since (4,7,41) €S X Zy
<1—aw(y ky)+ o - (x,k:) since (y,ky) € RA(T,Tpy1)
<1 since a;e - (2, kz) < aiw - (Y, ky)-
If ¢ = 4¥, then
i, - (2,2n41) = 1 — 0y, (y, ky) + i, - (2, k) since (3,7,,1) € S X Zy

<1—a, (v, k) + i, - (x,ky)  since aje - (2, ky) < aw - (y, ky)
=1.
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If i e I\ {i% ¥}, then

(73N (27271-‘1-1) S 1 + (673 (l’,kw) — Q- (y7 ky) since (y7yn+1) € S x Z"F
<1tai- (@ k) —aw (k) since (yky) € Ra®Turs)
<1l+a; - (x,ky) — e - (z,ky)  since a - (2, kz) < aiw - (Y, ky)
<1 since (z,k;) € RA(T, Tnt1)-

Hence, (2, zn+1) € int(A) gives a contradiction.

Assume (z,k;) € int (RA(Z,Tpt1)) and (y,ky) € int (Ra(Y,¥,41)). Assume to
the contrary that o= # ajv. Since o= # v and (y, ky) € int (Ra(Y,7,,1)), we have
i - (y, ky) < auw - (y, ky) and
(El) Q- (y - yayn+1 - ky) < Qi - (y - yayn+1 - ky)

From the previous argument that o= (z, ky) = auw(y, ky). Let i € I. If i = i®, then
Qjz - (Za Zﬂ+1) = Q= - (y - yvy'n,+1 - ky) + e (‘Iv kI)
< (T=Y g1 — ky) + e - (2,kz)  from (E.1)
=1—apw(y ky) + o= - (2, k) since (7,J,41) €S X Zy
=1.
If ¢ = 4¥, then
iy - (2, 2n41) = 1 — quw (y, ky) + v - (2, kz) since (¥,7,41) € S X Zy
=1—=(z,ks) + - (2, k)
<1 since (z, ky) € RA(T, Tpt1)-

If i € I\ {i%,i¥}, then

;- (2, 2nt1)

= Q4 - (y_ yuyn-‘rl - ky) +a;- (:Eukw)

< gy - (y - yayn+1 - ky) + Q- (Ia km) Since (ya ky) € RA(ya yn+l)
<1—aw(y, ky)+ e (x,kg) since (z,kz) € RA(T, Tnt1)
~ 1.

This shows (z, z,+1) € int(A), which is a contradiction. O

LEMMA 22. [Theorem 9.4 in [26]] Let P, C R™ w € Q be a (possibly infinite)
family of polyhedra such that any bounded set intersects only finitely many polyhedra,
and |J,cq Po = R". Suppose there is a family of functions A, : P, — R",w € Q
such that A, is continuous over P, for each w € Q, and for every pair wi,ws € Q,
Au, (@) = Aw,(z) for all x € P, N P,,. Then there is a unique, continuous map
A:R"™ — R” that equals A, when restricted to P,, for each w € €.

Proof. This follows from a direct application of Theorem 9.4 in Chapter III of [26]
by noting that polyhedra are closed sets. ad

PROPOSITION 23. Let B be a mazimal S-free convex 0-neighborhood in R™ such
that int(B Nconv(S)) # 0. Then any bounded set U C R™ intersects a finite number
of polyhedra from X (B,p*) + Ws.
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Proof. Recall that B is a full-dimensional set, so, by construction, A is full-
dimensional. Also, int(conv(S) N B) # @ and 1nt(conV(S X Z)NA) #0. Set U:
U x [0,1] € R**!. U € R™"! is bounded, and by Theorem 2.7 in [10], U intersects
finitely many polyhedra from R(A)—i—WSX@ = R(A)+Wgx{0}. Sayfori=1,...,k,
U intersects P; + (w;,0), (wi,0) € Wg x {0} and P; is a polyhedron in R(A).

For t € Z, Proposition 13 states that the projection of H; N (P; + (w;,0)) onto
R™ is projga(Ho N Pl) + tp* + w;, where projg.(-) denotes the projection onto the
first n coordinates. By definition of X (B,p*) + Wy, all polyhedra in X (b, p*) + Wy
are of the form projg. (Hp N P) +tp* + w;, where t < x4 for some blocking point
(2, 2n41) € R" xR corresponding to A. Since U is bounded, H;NUN(P; + (w;,0)) # 0
for only a finite number of integral ¢, for each i = 1,..., k. Hence, U only intersects
a finite number of polyhedra from X (B , D). 0

For € > 0 and = € R?, define D(z;¢) := {y € R%: ||z — y|| < €}.

PROPOSITION 24. Let B be a maximal S-free convex 0-neighborhood in R™. For
p* € R™, the set X(B,p*) + Wg is closed.

Proof. Let x ¢ X(B,p*)+Ws and consider D(z,1). From Proposition 23, D(z, 1)
intersects only finite many polyhedra Pi,..., P from X(B,p*) + Ws. Each P; is
closed, so the finite union U¥_; P; is too. Since z ¢ U, P;, there exists ¢ > 0 such
that D(z;e) C D(z;1) does not intersect P; fori =1,...,k. So, D(z;e)N(X(B,p*)+
Wg) = 0. This implies R™ \ (X (B, p*) + Wg) is open, so X(B,p*) + Wy is closed. O

Let t be as in Theorem 14. For i € I, set ai := %{;t Observe

B+t={reR": al-r<1Viel},

and

A+ (t,0) = {(r,rn+1) eR™: al.r 4 (Vw(fl—_atp) Tntl SlViGI}.
at -

The apex of A + (¢,0) is m(p* + Vi (p*)t,1). Define
(E2) bi=p* + V(")
Foreach k € Z, k > 0, andze]deﬁneTk R™ — R"™ to be
T () =2 + (a', Vy(p*) — a’p*) - (2, k)t.

The next result follows from a direct calculation.

PROPOSITION 25. The function TF is invertible with the inverse defined by

(1)) = - (ot PSS
LEMMA 26. Let (T,Tp+1), (U, Upy1) € AN(S XZ) and iy,iy € I be such that
(a', Vi (p*) —a' - p*) - (T, Fny1) = (a0, Vip(p*) —a' - p*) - (7, Fp1) = 1. Assume
(2,kz) € RA(T, Tns1) + (we,0) and (2,ky) € RA(W,Tpy1) + (wy,0), where w,,w, €
Ws, ki € Zy, ky < Tpyr, and ky < 7,q. Then Tzlit(z — Wy, ky) + Wy = Tilzy(z —
wy, ky) + wy.
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Proof. A direct calculation shows

Tl’i”(z — Wy, ky) + Wy
= (2 — wg) + (a’ V¢( Y —a' p*) - (2, k)t wy by definition,

=2+ (a", Vy(p") —a™ - p*) - (2,ko)t
=z 4 (a",Vy(p*) —a" - p*) - (2, ky)t by Proposition 21,
= (2 —wy) + (a™, Vy(p*) — a™ - p*) - (2, ky)t +w, by definition,

k1
=T, (z —wy, ky) +wy

PROPOSITION 27. Let (T, Tpt1) € A. Consider Rp(T — Tp11p*) + kp* for k €
Ziyk < py1. If iy € 1 satisfies (a'=, Viy(p*) — a's - p*) - (T,Tpy1) = 1, then

TF (Rp(T — Tn41p*) + kp*) = Rp1t(T +t — Tpgrd) + ki,

where p is defined in (E.2).

Proof. Let y € Rp(T — Tp+10*) + kp*. Note that (y,k) € Ra((T,Tp+1)) by
Proposition 13. Also, TF (y) € Rp(T +t — Tny1P) + kp if and only if (TF (y), k) €
Ra4,0)((T +t,Tng1)). We will show this latter sufficient condition.

We first show that for i € I, if [(a?, Vi (p*) —a®-p*) —(a’=, Vi (p*) —a’s -p*)]-(y, k) <
0, then (at, M) (TF(y), k) < a'= -y +k (Vy(p*) — a’ - p*) with equality for

; ) 1+a®-t
i = i,. Observe that

(e W)—‘p) (T (), )

1+at-t

- a’ Ve(p*) —a'-p* in " io o
_<1+ai-t’ 1+ai-t (y+ (@ -y + (Vy(p®) — a™ - p k)L, k)

a'-y+k(Vp(p*) —a’-p*) + (@™ -y)(a’ - t) + (a" - )k (Vy(p*) — a™ - p*)

1+at-t

a'“ -y +k (Vp(p*) —a™ - p*) + (a™ -y)(a’ - t) + (a' - )k (Vi (p*) + a™ - p*)
- 1+at-t
(1+a-t)(a' y+k(Vw( ) —a - p*))

14+ at-
=a' -y +k (Vy(p*) —a* ~p*) ,

where the inequality holds because [(a’, Vi, (p*)—a’-p*)—(a’=, Vi (p*) —a’=-p*)]-(y, k) <
0. Equality holds if i = i,.

Similarly, for i € I such that [(a®, Vi (p*)—a®-p*)—(a’=, Vy (p*)—a's -p*)]-(y, k) <0,
it. follows that (at, W(fﬁ#) (TH+t— Ti’Z (Y), Tng1 — k) <1—(a' -y + (Vy(p*) —
a* - p*))k with equality for i = i,.

Since (y, k) € Ra((T,Tn11)), it follows that [(a’, Vi (p*) —a® - p*) — (a'=, Vi (p*) —
a‘=-p*)]-(y, k) < 0for each i € I. Applying the arguments to each i € I, with equality
for ¢ = i,, we see that

Vo) —a' - p* . Vo) —a' - p* K
g, ——) — (a}®, ——————) | - (T, k) <
(atv 1+al-t ) (at ’ l—l—azw-t ) ( (y)a )_Oa
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and

*

(@ Vw(p*)—ai-p*)_( o Vo) —a™ -p

i i “(Tn t_T'k T, —k) <0.
Ay, 14+a*-t to 1+ aie -t ) (I +1+ zz(y)qutl )_

Hence, (T} (y), k) € Ras(t,0)((T + t,Tny1)), s0
TF (R(T — Tnt1) + kp*) C Rpio(T +t — Tpyr1P) + k.

Using similar reasoning applied to (Tl’i )~1, we get the reverse inclusion. a

Proof of Theorem 1. Recall p in (E.2). We show if X(B,p*) + Ws = R", then
X (B +t,p) + Ws4: = R™. The converse is proved by switching the roles of (B, p*)
and (B +t,p).

A direct calculation shows that Wg = Wg,; (see Proposition 2.1 in [10]). If B
is a half-space, then the lifting region is equal to R™. The extended lifting region is
contained in X(B,p*) + Wg, so X(B,p*) + Wg = X(B +t,p) + Ws4: = R™. Thus,
assume that B is not a half-space.

Define the map A : R® — R™ by

Aly) := TZZ (y—uw)+u, ifyeRp(w(z))+kp*+u,
where z = (Z,Tn41) is a blocking point of A, k € {0,...,Tpy1},u € Ws, and
(a7, Vy(p*) — @’ -p*) - (T, Tpq1) = 1. Since X(B,p*) + Wg = R", each y is in
some Rp(T — Tpy1p*) + kp* + u. A is well defined from Lemma 26.
By assumption, R" = X (B, p*) + Ws. Using Proposition 27, we have

AR") = A(X(B,p*) + Ws)

A(( U (U ate—su) v +0))

Z,Zn+1) EAN(SXZy),ueWs ~ i=0
Tnt1
= U ( U ARp(Z — Tny1p") +ip" + U))
(Z,Zn4+1)EAN(SXZ4),u€eWs =0
Tnt1
= U < U RB+t(T+t—Tn+1ﬁ)+iﬁ+u>

(Z,Znt1)EAN(SXZy),u€Ws ~ i=0

Tnil
( U ( U Ree(@+t—Tni1p) —i—i]ﬁ)) + Wets
(

i,fn+1)€Aﬁ(SXZ+) =0
= X(B +m,p) + Wers.
So, A maps the translated fixing region to the translated fixing region.
Suppose A(y1) = A(yz) for some y1,y2 € R". Let a := A(y1) = A(y2). By
definition, for j = 1,2, there exists a blocking poipt (E_J,fflﬂ) €S XLy, kj €Ly
with k; <77, and w; € W such that y; € Rp(Z/ — T}, ,p*) + k;p* +w;. Moreover

a=A(y) = Tzill (Y1 —w1) +wy = TZZ (y2 — wa) + w2 = A(y2).

By Proposition 27, & € Rp4+(T7 +t — T, ) + k;jp +wy, for j € {1,2}. So, (a,k;) €
Ras,0) (@ + £,7, 1)) + (w;,0), for j € {1,2}. Lemma 26 applied to (Tiill)*1 and
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(TF2)=' shows
£

(Ti]zll)_l (Tzk;l (y1 —w1) + w1 — wl) +w = (TZIZ)_l (TZZ (Y2 — w2) + w2 — w2> +wa.

Applying the definition of (Tij) ' for j = 1,2, we see y; = y2. Hence, A is injective.

By Lemma 22 and Propos]ition 23, A is continuous. The Invariance of Domain
Theorem (see [11, 25]) states that A is an open map. So, the translated fixing
region is open because A maps R"™ to the translated fixing region. By Proposition 24,
the translated fixing region is also closed. Because the translated fixing region is
nonempty, this implies that it must be R”. Thus, B + t is one point fixable. ad

Appendix F. Case Analysis for K; from Claim 16.

Proof of Claim 16. To prove this claim, we first construct the half-space definition
of the spindles Ry (s*—p*), Ry(s®—p*), and Ry (s%—2p*). Consider the vectors ¢!, ¢2,
and ¢> that define T, see (4.1). Since (s*,2*) = (s*,1) € P is contained in the same
facet as (s',0) (see the discussion following (4.3)), we see that

(F.1) Rr(s'—p*) ={zr € R?: (¢'—¢")-= < 0,(¢" —¢")-(s"—p" —2) <0Vi € {2,3}}.

Similarly, because (s°,1) and (s%,2) share a facet with (s2,0) and (s3, 0), respectively,

(F.2)
Rr(s” —p") ={z €R*: (¢ —¢*) 2 <0,(¢" —¢*)- (s" —p* —x) <O Vie {1,3}}
Rr(s® —2p") = {2z € R?*: (¢ —¢*) -2 <0,(¢" —¢*) - (s® —2p* —2) <O Vie{1,2}}.

Consider the collection of points K; = conv{l,e!, g,u}. In order to prove K; C
Rr(s* —p*), is is enough to show that {l,e',g,u} C Ry(s* —p*). Consider the point
l € {l,e!,g,u}. Using the values in Figure 1 along with (F.1) and the definition
st = (1 41,2 + by), it is straight forward, yet tedious, to show that the four values
(@' —q') 1, (¢" —q') - (s* —p* —1), i € {2,3} are all contained in

0 -1 —71 —1+7s
> (Ly1) (X4b1,b+b2) 7 (Ly1)-(14b1,04+b2) 7 (—1,72)(b1,b2)
—2473 3 —1+vs
(—=2v3,—2)-(b1,b2)*  (—273,2)-(b1,b2)" (7v3,—1)-(b1,b2)’
—1-7 —b1(14+y17v3)—(1+71) b1 (=1473)+ba(=147v2)+72
(1,71)-(14b1,14b2) > (1+b1+71(1+b2))(=b2+b1v3)’  (b1—(1+b2)v2)(—b2+b1vs) ’

—(b14+1)+v1b2—(71+27773) Y2+b1(—1+7273)

(I4+b1+7v1 (1+b2)) (=b2+b17v3) > (b1 —(1+b2)v2)(—b2+b1v3)

Because v1,72,7v3 > 0, 72,73 < 1, and —1 < by < by < 0, a direct calculation
shows that every value in @ is nonpositive. Hence, from (F.1), ] € Ry(s*—p*). Similar
arguments show that when the four inner products defining (F.1) are evaluated at any
point in {l,e!, g, u}, the result is in Q. Hence {l,e!, g,u} C Rr(s* — p*).

The inclusions Ky C Ry (s® —p*) + (1,1), K3 C Rp(s* —p*) +p*, K4 C Rp(s® —
p*) + p*, and K5 C Rr(s® — 2p*) + p* use similar proofs. So, we only prove Ko C
Rr(s°—p*)+(1,1). For this, it is enough to show that {u—(1,1), m—(1,1),i—(1,1),g—
(1,1)} € Ry(s® — p*). However, substituting these four values in for z in (F.2) yields
values in Q. Hence, {u — (1,1),m — (1,1),i — (1,1),g9 — (1,1)} C Ryp(s® — p*). O
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