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ESTIMATION OF THE REGULARIZATION PARAMETER IN LINEAR

DISCRETE ILL-POSED PROBLEMS USING THE PICARD PARAMETER*
EITAN LEVIN' AND ALEXANDER Y. MELTZER'

Abstract. Accurate determination of the regularization parameter in inverse problems still represents an an-
alytical challenge, owing mainly to the considerable difficulty to separate the unknown noise from the signal. We
present a new approach for determining the parameter for the general-form Tikhonov regularization of linear ill-
posed problems. In our approach the parameter is found by approximate minimization of the distance between the
unknown noiseless data and the data reconstructed from the regularized solution. We approximate this distance by
employing the Picard parameter to separate the noise from the data in the coordinate system of the generalized SVD.
A simple and reliable algorithm for the estimation of the Picard parameter enables accurate implementation of the

above procedure. We demonstrate the effectiveness of our method on several numerical examples’.
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1. Introduction. The Tikhonov regularization method [34] is one of the most widely applied
methods for solution of linear ill-posed problems. It is well known that the accuracy of the solution
obtained using the Tikhonov regularization method depends crucially on the chosen regularization

parameter. This parameter is often obtained using either one of the following methods - the Gener-
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alized Cross-Validation (GCV) [37, 11], L-curve [15, 21], Quasi-optimality [1, 2], Stein’s Unbiased
Risk Estimate (SURE) [32, 30], or other methods. However, none of the above-mentioned methods
consistently finds a near-optimal regularization parameter for all test problems and noise realiza-
tions in our numerical examples. In particular for rank-deficient problems the above-mentioned
methods tend to produce solutions that significantly differ from the true solutions.

We can state the problem formally as follows. Given an ill-conditioned matrix A and vector b

contaminated by noise, we solve the linear system
(1.1) Az =b.

Linear discrete ill-posed problems of the form (1.1) arise in a variety of settings, including the
discretization of Fredholm integral equations of the first kind [23, 12, 5, 35, 16], image deblurring
problems [20, 8, 40, 4, 27], machine learning algorithms [3, 36, 31, 6, 39] and more. The method of

Tikhonov regularization replaces the original ill-posed problem (1.1) with a minimization problem
(1.2) min ||Az — b||* + A\?||Lz||?,

where || - || is the £2-norm, L is a regularization matrix and A is a regularization parameter. The
problem (1.2) is said to be in standard form if L = I, where I is the identity matrix, and in general
form if L # I [22, 13, 10]. The development of an accurate and reliable method for determination
of the regularization parameter A is the main subject of this paper.

The present work is closely related to that of O’Leary [26] and Taroudaki and O’Leary [33],
who suggest a method for near-optimal estimation of the regularization parameter for standard-form
Tikhonov regularization. The essence of this method is to determine the regularization parameter

by approximate minimization of the mean-square error (MSE)

(1.3) MSE(A) = [|ztrue — (NI,
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where Zi,4e is the least-squares solution of Ax = birye, birue is the unperturbed data vector and
x(A) is the regularized solution of (1.2). Since the vector @ty is not known in practice, the authors
of [33] approximate the MSE (1.3) by separating signal from noise using the coordinates of the
perturbed data b with respect to the basis of the left singular vectors of A, termed the Fourier
coefficients of b. Specifically, the authors of [33] demonstrate the existence of an index they term
the "Picard parameter’, which separates noise dominated coefficients of b from clean ones. Using
the Picard parameter, the SVD expansion of the MSE is split into two parts - one containing
the information about the unperturbed data and another containing the noise. The first part is
replaced with its expected value, while the second part is rewritten in terms of the known Fourier
coefficients of the data. The Picard parameter is either estimated manually in [33], representing
the index where the plot of the Fourier coefficients of the data levels off, or, in the case where the
noise is Gaussian, by the Lilliefors test, as we explain in subsection 3.3.

Although the method developed in [33, 26] provides accurate results in a large percentage of
cases and is shown to be competitive with standard methods, it holds two significant limitations.
First, it does not allow the use of L # I which is necessary in many applications in order to
incorporate various desirable properties in the solution [7, 14, 22, 13]. In particular, L is often chosen
to be the discrete approximation of a derivative operator to control various degrees of smoothness of
the solution. The second, and arguably more important limitation is that the method is inaccurate
for some noise realizations due to inaccurate estimation of the Picard parameter. This stems from
the algorithm’s reliance on applying statistical tests to noisy sequences, which often give inconsistent
results.

In this paper we strive to overcome the above limitations. To handle the case L # I, we replace

the SVD of A used in [33, 26] with the generalized singular value decomposition (GSVD) of the
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pair (A, L) [28, 18]. It is significantly more difficult, however, to minimize the MSE (1.3) in the
GSVD basis [33, sect. 2]. For this reason, we replace the MSE with the predictive mean-square

error (PMSE)

PMSE()\) = ||A($true - .I(A))”Q,

where Az()\) is the data reconstructed from the regularized solution, termed the ’predicted data’.
For simplicity, we assume that the unperturbed system is consistent, so that byrye = ATyrye, iMply-

ing that the PMSE can be written as
(1.4) PMSE(\) = ||btrue — Az(N)]]?.

The PMSE (1.4) has a simple expansion in terms of the GSVD basis, but it does not measure the
error in the solution directly as the MSE. In principle, it is therefore possible that an algorithm
successfully minimizing the PMSE will produce a suboptimal solution with high MSE in some
problems. Nevertheless, the PMSE has approximately the same minimizer as the MSE in a variety
of settings [25, 9] and the two minimizers were shown to coincide under certain assumptions [38]. To
the best of our knowledge however, full characterization of the cases in which the minimizers of the
MSE and PMSE are equal is unavailable. Therefore, we also provide a method for approximately
minimizing the MSE as in [33], but for the more general case of L # I. We then show that the
expansion of the MSE in terms of the GSVD is numerically unstable and hence the accuracy of its
approximation is limited. It is therefore advantageous to minimize the PMSE in cases where its
minimizer is known to be close to that of the MSE, as it can be approximated better and hence
leads to a better choice of A.

To determine A\, we write the PMSE in terms of the GSVD of (A, L) under very relaxed

assumptions about the sizes and ranks of the matrices involved in (1.2). Next, we approximate
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PMSE()) by estimating the Picard parameter, splitting the GSVD expansion and modifying the
noise-dependent terms as in [33, 26]. The regularization parameter A is found by minimization of
the resulting approximation of PMSE()A). We term this procedure for determination of A the Series
Splitting (SS) method.

As an alternative to the SS method, approximate minimization of (1.4) can be performed
using a more general two-step approach. Particularly, we can obtain an approximation b~ birye
by applying an accurate filter based on the Picard parameter to b, substitute b for byue in (1.4)
and minimize the resulting norm ||b — Az(\)||>. Our implementation of the filter employs the
Picard parameter to remove the noise-dominated components of the data in the GSVD coordinate
system. The advantage of this approach is its generalizability to other filters and regularization
methods beside Tikhonov (1.2), as it requires only a data filter and an algorithm for calculating
the regularized solution given a regularization parameter. We term this method the Data Filtering
(DF) approach.

According to our numerical examples, the accuracy of the Picard parameter estimation algo-
rithm [33] is somewhat limited. We suggest that this can be significantly improved by a simple
modification. Specifically, we propose to test the sequence of the Fourier coefficients in an order
reverse to the one proposed in [33] and at a higher confidence level. The performance of this al-
gorithm can also be improved by providing upper and lower bounds on the Picard parameter, to
limit the number of required tests. However, in spite of the improvement in accuracy, the algorithm
remains prone to errors due to its reliance on noisy series of the Fourier coefficient of the data. To
altogether avoid the dependence on noisy sequences, we proceed a step further to propose a new

method that relies on averages of the squared moduli of the Fourier coefficients. We prove that

the sequence of these averages decreases with increasing index of the Fourier coefficients, eventually
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converging to the value of the noise variance at the Picard parameter. In the resulting setting both
the noise variance and the Picard parameter can be estimated reliably by detecting the levelling off
of the above sequence of averages.

The SS method is closely related to the SURE and GCV methods, both of which approximately
minimize (1.4). In contrast to the SS and DF methods, GCV and SURE do not split the sum in the
GSVD expansion of (1.4). Moreover, we show that both of them rely on replacing the whole sum in
the expansion of (1.4) with its expected value, which results in an approximation less accurate than
the one that could be achieved using the SS and DF methods. We provide a detailed comparison
of the methods in a series of numerical examples.

The structure of this paper is as follows. In section 2 we formulate the problem of the Tikhonov
regularization and solve it using the generalized singular value decomposition (GSVD). In section 3,
we develop the SS and DF methods to approximately minimize the PMSE and the algorithms for
estimation of the Picard parameter. In section 4, we discuss the SURE and GCV methods. Finally,

in section 5 we present the results of the numerical simulations.

2. Formulation of the problem. We solve the linear ill-posed problem (1.1) by the Tikhonov
regularization using a general regularization matrix L. Throughout the paper, we make the following
assumptions:

1. The problem (1.2) has a unique solution for any A. This implies N'(A)NN(L) = {0}, where
N () denotes the null-space of a matrix (see [18, sect. 5.1.1]).

2. The nullspace of L is spanned by smooth vectors. This assumption holds in most practical
cases and is necessary to ensure proper filtering of the noise by the regularization, see [19,
sect. 8.1], [18, sect. 2.1.2], [13, sect. 3].

3. The data vector b is perturbed by an additive noise so b = byye + 1, and the components
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of n are independent random variables taken from a normal distribution with zero mean

and constant variance s2.

. The unperturbed system is consistent, so byye = ATprye-

. The generalized singular values of (A, L) decay to zero with no significant gap. The smallest

generalized singular values cluster at (machine) zero. This property is common for discrete

ill-posed problems - see [18, sect. 2.1.2].

. The problem satisfies the discrete Picard condition [14].

. The minimizers of the MSE (1.3) and the PMSE (1.4) are close to one another. This has

been demonstrated in numerous numerical experiments such as [25, 9] and can be proved
analytically for certain problems, as was done in [38] and [37, Sect. 8.4]. However, to the
best of our knowledge, no general characterization of cases in which the two minimizers
are close is available. Therefore, for the completeness of this presentation, we provide a

method for minimization of the MSE, in addition to the one minimizing the PMSE.

The Tikhonov minimization problem (1.2) is equivalent to the normal equation

(A*A+ NL*L)x = A*b,

where * denotes the conjugate transpose, thereby yielding the Tikhonov solution as

z(\) = (A*A+ N?L*L)" ' A%b.

We can express (2.5) in a more convenient form, using the GSVD [28] of the pair (4, L). To

do so, let A € C"™*" and L € CP*". Using these definitions, the GSVD of the matrices A and L
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is given by

(2.6) A=U Sy Y1, L=V Sy Y1,
Oa 15y
where
o U e Cm*m V € CP*P are unitary,
e Y € C™*™ is invertible,
o Sy = diag{oy11,0r42, ..., 0044} and S, = diag{ 41, thrt2, -, lr1q} are real diagonal ma-
trices (note that {o}} are not the singular values of A),
e Oy € Clm=—r=—a)x(n=r=a) O, e CPTr=m)X" are zero matrices,
e [ and I arer x r and (n —r — q) x (n —r — q) identity matrices, respectively.
Note that the above zero and identity matrices can be empty. The values {ak}:f{ are arranged in

decreasing order and {/‘k}:ﬁ in increasing order so that

(27) 1> Or41 2 Or42 2 2 Or4q > O, 0< Hr4+1 S Hr+2 S S Hr4q < 1.
The pairs (o, uy) satisfy the identity
(2.8) o +pi =1 +— SESs+SLSL = I,x,

The quantities v, = oy /py are the generalized singular values of the pair (A, L). According to (2.7)
the sequence {%}:H is arranged in decreasing order. Note, however, that the restriction of o} and
1k to (0,1) does not apply to ~i.

To relate the parameters r and ¢ to the ranks of A and L, we observe that

A A= (Y )" DaY™', L*L= (Y ')'DY !,
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where Dy and Dy, are diagonal matrices of the following form -

Dy =diag{1,...,1,00,1,....,07,,.0,...,0}, D =diag{0,...,0, 171, ..., fi7y 4 1, ..., 1}.
N~ ——— —~— ~—— —

T q n—r—q r q n—r—gq

Since D4 and Dy, constitute diagonalizations of A*A and L*L, it follows that the ranks of A*A
and L*L are equal to the number of nonzero elements in D4 and Dy, respectively, yielding the

relations

rank(4) =r + g,
rank(L) =n —r,

For simplicity, we denote the columns of the matrices Y and U by {yx}r_; and {ug}i-,
respectively. We also drop the indices from the column notations {-} when referring to the entire
column. The Fourier coefficients of the data and of the noise, with respect to the basis {uy}, are
denoted by Br = u;b and v, = ujn respectively. Using these definitions and the decomposition

(2.6), the Tikhonov solution can be written as

r+q
”Yk Bk
2.9 + .
(2.9) E BrYk k§r+17k+)‘20’“ k

If L is nonsingular, the generalized singular values {7} are the regular singular values of AL~1 [18,
sect. 2.1.2], [15]. In particular, if L = I the SVD of A is given by
SaS;t
A=U v,
O4
where r = 0, SASZI = diag{"1,...,7,} and the matrices O4, U and V are obtained from the
GSVD (2.6). Furthermore, denoting the columns of V' by {vs} it is easy to show that y; = u,v;

for j < rank(A) and y; = v; for j > rank(A). Thus, when L = I our expression for the Tikhonov



10 EITAN LEVIN AND ALEXANDER Y. MELTZER
solution (2.9) and the Fourier coefficients 8 and v, coincide with the ones given in [33, 26].

The factors 72 /(vZ + A?) in (2.9) can be viewed as filters applied to the noisy data coefficients
Bk, since they satisfy ¢.41 ~ 1 and ¢,44 =~ 0, and thereby dampen the coefficients for large k.
While these coefficients correspond to the noise, the coefficients for small k£ correspond to the true
data and remain almost unchanged. In general, as discussed in [33], the coefficients can be replaced
with more general filter factors ¢y (A, {0k}, {px}), with a similar dampening effect. While we shall
focus on the Tikhonov filters in this paper, all our subsequent derivations can be easily generalized

to arbitrary filter factors such as those considered in [33].

3. Estimation of the regularization parameter. In this section we consider the problem
of choosing a near-optimal value of the regularization parameter X in (2.9). The existence of such a
value of A is guaranteed by the discrete Picard condition [14], [18, sect. 4.5], [33, sect. 2.1], which
requires the sequence {|8r — vx|} to decay faster than the generalized singular values {~x}. Since
according to assumption 5, we have «; ~ 0 from some index j on, the discrete Picard condition
implies the existence of an index ko < j called the Picard parameter such that |8; — vi| < v = 0,
or equivalently, 8y ~ vy, for all k > ky. This property of the Picard parameter kg is used below to

approximate the PMSE.

3.1. The Series Splitting method. We assess the quality of z(\) by measuring the distance

(1.4) between the unperturbed data by = b — n and the predicted data
r+q
(3.10) Z Brurk + Z + 2 —5 3 Pk

k= r+1

We can rewrite (1.4) as

PMSE(\) = ||b —n — Az(\)]?

(3.11) — ([l + p(X) — 2C(N),
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where
r+q )\4 m
(3.12) p(A) = [[b— Az(N)|]* = Z w%lf + Z 1Bk|%
k=r+1 Tk k=r+4q+1
is the squared residual norm,
r+q )\2 m
(3.13) C(N) =R (b—Az(\)] = Y W%(Bkvk) + Y RB),
k=rt1 Tk k=r+q+1

and R(-) denotes the real part.
Noting that the term ||n||? in subsection 3.1 is independent of A and can therefore be neglected,

we find that it is sufficient to minimize

(3.14) g(A) = p(A) =2C(N).

A direct evaluation of g(\) is not possible since the function C'(\) depends on the unknown noise
vector n. Nonetheless, we can approximate C()\) accurately using the Picard parameter [33, 26].
Recalling that the Picard parameter kg is the smallest index for which £ = vy is satisfied for all
k > ko, we can split the sequence {8} into two parts - the first part {ﬂk}zo:_ll, which contains
the information about the unperturbed data and the second part {ﬁk}};‘:ko, which contains the
noise. Therefore, when k > ko we can approximate the unknown term in (3.13) by R(8k7x) =~ |Bk|?.
When k < kg however, the coefficients 8; and v, differ significantly, so we choose to approximate

the term R(Bx7%) in (3.13) by replacing it with its expected value. Denoting the expected value by

&(-), and noting that B = (Br — vk) + V& where B, — Vg = u}byryue is not random, we can deduce
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using assumption 3 that

ER(Br7E)) = R (E(BrTr))

(3.15)

see [20, sect. 6.6], [33, 26]. Therefore, for given ko and s? we can approximate C(\) by splitting

the series (3.13) similarly to [33] to obtain

koil AQ S )\2 i
(3.16) C(\) =~ s* - T 272|Bk|2 + |Br|?.
k=r+1 Mo T A k=ko Ve TA k=r+q+1

The regularization parameter is then found by minimizing (3.14) using the approximation of C'(\)
given by (3.16).

We can show that kg is limited to the interval [r + 1,7 + ¢] and therefore it is always possible
to split C'(\) as in (3.16). To justify the lower bound, we note that the nullspace of L is spanned
by the vectors {yx}s_;, as they constitute a set of r = dimN(L) linearly independent vectors
satisfying Ly, = 0. Since the vectors {yx}}_, are smooth (by assumption 2) and A has a typical
smoothing effect [18, p. 21], {ux}},_, are also smooth and satisfy Ay, = uy for k < r. Therefore,
the smooth vector by, is well-represented by vectors {uy}}._,, while the non-smooth noise vector n
is represented mostly by ug with & > r. Thus, we have v < B for k < r, implying that S —vi % 0
for k <r and so, kg > r + 1. To justify the upper-bound, we note that 7,4 is the last generalized
singular value of A which is numerically nonzero and, by assumption 5, v,4+4 ~ € where € is the
machine zero. Thus, by the discrete Picard condition, 8,44 — y44 = 0 and we can conclude that
ko <r+4q. If L =1 as in [33, 26], we have r = 0 and therefore only the upper bound ko < rank(A)

is nontrivial. The SS algorithm is summarized in Algorithm 1.
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3.2. Approximate minimization of the MSE. As discussed above, our approach approx-

imately minimizes the PMSE (1.4), in contrast to the approach of [33, 26] which minimizes the

MSE (1.3) assuming L = I. To illustrate the difference between the two approaches and to give an

alternative method of solution for problems whose PMSE and MSE minimizers may not coincide,
we repeat the above derivation for the MSE and approximate it in the general case, L # I.

We begin with the observation that 4, the least-squares solution to Ax = byye can be

expressed in the GSVD basis as

r r+q
B
(3.17) Ttrue = Z(ﬁk - Uk)Yk + Z - yk.
k=1 k=rt1 Ok

We can rewrite (3.17) as

Ttrue — :E(O) - /I\a

where 2(0) = xs is the least-squares solution of the perturbed problem (1.1) obtained by substi-
tuting A =0 in (2.9) and
r+q
/117\: kak + Z —yk,
k= T+1

is the least-squares solution for the pure noise problem Az = n. The MSE can then be expanded

as
(3.18) MSE(\) = p(A) + [[2]]* — 2D(N),

where

r4+q r+q

I 2 Y5 Yk A4 -
(3.19) PN = [l2(0) —z(V)]* = Z;Z; oo (E N E )
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and
T r4+q *
CURRURNIIES 3B o
(3.20) = k=1 7F Tk

RS _

j=r+1k=r+1

The first term in (3.18), p(\), can be readily evaluated while the second term, ||Z||?, can be dropped
entirely as it does not depend on A. The third term, D(X) cannot be evaluated as it depends on the
coefficients vy of the unknown noise vector n as shown in (3.20) and must therefore be approximated.

To approximate D(\) we first rewrite the sums in (3.20) as

T T‘+q * ko—l 2 2
_ Y; Yk ||yl A -
=3 3 B+ 3 2 s

, T%
j=1 k=r+1 k=r+1

(3.21)
ko—1 ko—1 r+q T+q

Yy A’ _
N Z Z +Z Z ojok%%-i-)@%(ﬂkyj)'

j=r+lk=r4+1  j=ko k=ko
k#j

When j > ko, we can approximate the coefficients of the noise, v;, by the coefficients of the data,
Bj, so that R (Bx7;) ~ Bkﬁj. However, when j < k¢ we approximate terms involving 7; in (3.21) by
replacing them with their expected value as we do for C'(\) in (3.16). The main difference is that
(3.16), in addition to the case j = k for which E(R(Bx7k)) = s? as in (3.15), contains cross terms

with j # k. However these terms can be neglected since assumption 3 implies

ER(BiT;)) = R (ET7)) = R (EW)E®)) = 0.

Consequently, we can drop the first and third sum in (3.21), approximate D()) as

= k|2 S e N2
3.22 D/\Q:DAZSQE § § J ,
( ) ( ) ( ) Nt U% V2 +)\2 Parderd Ugdk’y +)\gﬂkﬂj

and estimate the minimum of the MSE in (3.18) by minimizing

g\ = () — 2D(N).
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The problem with this approach is that (3.19) and (3.22) are numerically unstable due to the
division by oo, for k,j > ko. Specifically, due to the ill-conditioning of A, the values {o;} decay
quickly to zero” so that o,1, ~ €. Therefore, terms that include division by oyo; for large j
and k completely dominate the value of g(A) and, due to finite machine precision, eliminate the
contribution of the terms with small j and k. This contrasts with the fact that for a desirable
choice of A, the solution z(\) should be smooth and its error should therefore depend significantly
on terms with j, k < kg. To circumvent this problem, we drop the terms with j, k > k¢ in the sums
(3.19) and (3.22), similarly to [33], so that

ko—1 ko—1

ZOERERYS

j=r+1k=r+1

Y Yk M 8.3,
oo (Vi +A2) (g +A2)

D(\) ~ D(\) = s°

and minimize g(A) = p(\) — 213()\), thereby retaining only terms in which oy, is relatively large.
Note that if L = I, the above method of minimizing g(A) becomes identical to Algorithm 1 in [33]
(implemented with the Tikhonov filter factors).

In spite of the resulting numerical stability of the above scheme upon dropping of terms with
.k > ko, we lose information that might have improved the accuracy of the approximation of the
MSE if there was no instability. In contrast, no such division by o;0} is necessary for minimization
of PMSE(A) (1.4), in which case we can retain all the terms upon the series splitting in (3.16).
Thus, we expect our approximation (3.14) of norm (1.4) to yield a better estimate of A\ compared

to the approximation minimizing g(\), where there is no discrepancy between the minimal of MSE

2More precisely, assumption 6 requires v,4q & €, but since yp4+q = Optq/tr+q and prpq = /1 — of+q by (2.8),

we have o,y q ~ eVl — €2 me.
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and PMSE. This situation is quite common, as it is shown in [37, Sect. 8.4] and [38] that the
PMSE in (1.4) and the MSE (1.3) have approximately the same minimizer in a variety of settings,
and numerical results supporting this are available in e.g. [25, 9]. We therefore focus below on
minimizing the PMSE and not the MSE, and demonstrate in the numerical examples of section 5

that this approach yields superior results.

3.3. Estimating the Picard parameter and the variance of the noise. We begin with
a brief discussion of the methods for estimation of the Picard parameter kg, suggested in [33].
The Picard parameter can be graphically deduced from the plot of the sequence {8;} versus k.
Specifically, due to the discrete Picard condition, the plot of {3x} is expected to decay on average
with increasing index and to level-off at the Picard parameter. This levelling-off can be found
manually from the plot, see [33, sect. 2.2]. The drawback of this approach is that due to the
significant variance of plot {S;} the point at which the plot levels-off cannot be unambiguously
determined. In order to reduce this ambiguity, as well as to automate the method, it is suggested
in [33, sect. 2.3] to use the Lilliefors test for normality on subsequences of {fj}. Specifically, this
method sets kg to the smallest index for which the sequence {Bk}?:ko is dominated by Gaussian
noise. By applying the Lilliefors test at 95% confidence to the sequences {Bx};L; for j = m —
3,m—2,...,1, the Picard parameter kg is chosen to be the smallest index after which the test fails
10 consecutive times. If the test fails immediately at j = m — 3, it is proposed to set kg = m + 1
and s? = 0, which signifies that the data is noiseless. Alternative tests that assume distributions
different from the Gaussian distribution can be utilized in a similar way [33]. Once ko is found, the

2

variance s° can be estimated as the sample variance of the sequence {ﬂk}?:ko using the expression

1 i 5
3.23 EP
=ko
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where we note that, according to assumption 3, the noise terms {vy } have a zero mean, and therefore
the mean of the sequence {8y }jL, ~ {vik}iL,, is negligible.

One can improve the accuracy of the method described above by initializing the estimate of
ko to its lower bound r + 1 and applying the Lilliefors test to the sequences {Bk}Z‘:j for j =
r+1,7r+2,....,7+ q at a 99.9% confidence level. The value of kg is set to the smallest index j
for which the Lilliefors test indicates that the sequence is normally distributed. If the test fails for
j=r+q, weset kg =7+ ¢qand s? = 0. Once kg is estimated, we can find the variance using (3.23).
This modified algorithm is summarized in Algorithm 2.

The dependence of the estimation of the Picard parameter upon statistical tests can be avoided
using the following new method. This method is based on an averaging of the Fourier coefficients,
which reduces the variance of the sequence {|Bx|*} (see Figure 1(a)), enabling more reliable auto-
matic detection of the levelling-off of these coefficients. We note first that the sequence {|3x|?}
decreases on average until it levels-off at ko and oscillates about s? with a non-negligible variance.

To show this, we observe that

EWBL?) = € (I1Bk — vil®) — € (Jve]?®) +2 € (R (BeTR))

—g2 =52

=Bk — vi|* + %

Therefore, due to the discrete Picard condition, the expected value &(|Sk|?) must decrease on
average with increasing k and become constant at s? for k > k. While the actual curve of |3y
deviates from its expected value, these deviations are random and thus the curve of |3¢|? oscillates
about its expected value. This implies that the general trend of £(|8x|?) to decrease on average and

to level-off also applies to |3¢|?, which, in its turn, justifies the graphical method of [33]. However,

instead of flattening at ko as E(|Bk|?), the curve of |Bk|? oscillates about s? for k > ko with a
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non-negligible variance given by
(3.24) Var (|8x|?) ~ pa — s*,  for k > ko,

where g = E(|Bk[*) = E(|vk|?) is the fourth moment of the noise distribution. For the derivation
of (3.24) we again use By ~ vy for k > ko. In particular, for Gaussian noise we have py = 3s* and
therefore Var(|S;|?) = 2s*. Thus, due to the significant variance of the sequence {|3?}7-,, , any
estimation of kg from the levelling-off of {|Bk|?} is prone to error. Therefore, instead of {|Bx|?}, we

consider the sequence of averages {V(k)} given by

1 m
(3.25) Vk) = ——3 > 18"
j=k

Since the sequence {|3x|?} decays on average, so does the sequence {V(k)}. To demonstrate this,

we note that

R
(3.26) E(V(k)) = m_kr1 Z 85 — vj|* + 5%,
=k

and since {|3; — v;|} decays on average, so does V' (k), as follows from the inequality

ko ko

1 9 1 )

1 j —Vi|m > ———— i — i, for k1 < ke < ko.

m_k1+1]§|BJ VJ' m—k2_|_1];|ﬁ] VJ' or K1 2 0
—ky —ky

In addition, (3.26) implies that V (k) ~ s* for k > ko and therefore the sequence {V (k)} levels-

off at ko and oscillates about s2, similar to {|Bx|?}. However, the variance of V (k) for k > ko

is significantly smaller compared to that of |8|?, making its curve significantly flatter and more

suitable for the estimation of kg and s2. Specifically, the variance of V (k) for k > kg is given by

pra — s*

Var(v(k)):m—k—i—l :m—k—i—l

Var(|[3k|2), for k > ko,
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and for the Gaussian noise it is

254
m—k+1

Var(V(k)) =
Since the variance decays as 1/(m — k + 1) the curve of V(k) remains practically flat for a wide
range of indices k.

In Figure 1 we illustrate the difference between the sequences {|Sx|?} and {V (k)} for estimation
of the Picard parameter. Even though both sequences decrease on average until they level-off and
oscillate about s2, the plot of {V(k)} shown in Figure 1(a) remains almost constant for k > ko,
whereas {|3¢|?} shown in Figure 1(b) oscillates with a significant variance. Due to these oscillations
the exact point at which the plot of {|3x|?} levels-off cannot be unambiguously determined. In
contrast, V (k) in Figure 1(a) flattens almost completely and therefore the point at which it levels-
off is easily found to be kg ~ 17. Note that the nonzero variance of V (k) becomes significant at
about k &~ 940, where Var (V (k)) ~ s*/40.

To estimate kg from the flatness of V (k) we suggest the following simple rule. We set ko to the

smallest index for which the relative change in V' (k) is small enough, so that

[V(k+h) = V(K]

(3.27) v

<e,

for some bound e, where we require k < m — h in (3.27). If V(k) does not satisfy (3.27) for any
r+1 < ko <min(r +q,m —h) we set kg = 7 +q and s = 0. The upper bound of kg arises because
it should satisfy kg < r + ¢, as discussed in section 3, and kg < m — h due to (3.27). Once ky is
found using (3.27), we estimate the variance as s? ~ V (ko) which follows from (3.23).

Condition (3.27) depends on two free parameters, h and €. Step size h must be large enough
to ensure that the flattening of V' (k) is not due to random oscillations. However, it also needs to

be small enough, h < r 4+ ¢ — ko, so as not to exclude the flat part of V (k) from consideration.
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Similarly, the value of € has to be small enough to detect the levelling off of V (k) but large enough
to account for its small but nonzero variance. In practice however, we found the criterion (3.27) to
be robust to the choice of € and h. We summarize the above procedure for estimation of ky and s>
in Algorithm 3. Note that the estimate of ko from Algorithm 3 is used as input into Algorithm 1

of subsection 3.1.

Algorithm 1 The SS method
Input: A, L,b,e,h

Output: zgg
[m,n] < size(A) > size = [no. of rows, no. of columns]
r < n —rank(L)

q + rank(A) + rank(L) — n

{or}, {px}, {yr}, {ur}] + GSVD(A, L) > Perform GSVD of the pair (A, L)
{v} + {or/pr} > Define the generalized singular values
{Br} « {u;b} > Define the Fourier coefficients of b with respect to {ug}
() = 2221 Bryr + Z};ZH ﬁ%’%g—:yk > Define the Tikhonov solution as in (2.9)
p(\) = ||b — Az (N)||? > Define p(A) as in (3.12)

> Get ko and s2 from Algorithm 3 or alternative algorithms such as Algorithm 2:

[ko, 8] = Algorithm 3({Bx},7,q,¢,h)

~ ko— 2 r 2 m ~ . o 1¢

C(\) = s? Zk‘;ril {W + Ek—:fco w,fAWWkP + Y hrqin 1B > Define C()) as in (3.13)
g(\) = p(N) —2C(N) > Define the function to be minimized as in (3.14)
A found < argminy g(A) > Find A minimizing g(\)

rss < x(Afound)
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Algorithm 2 Estimating the Picard parameter using the Lilliefors test
IHPUt: {Bk}a r,q

Output: kg, s2
ko <+ r—+1 > Initialize the Picard parameter kg to its lower bound
while 1illiefors ({ﬂk}?:ko,O.QQQ) #0and kg <r+¢q+1do
>1lilliefors({-},.999) returns 1 if the Lilliefors test rejects the null hypothesis at 99.9%
> confidence level and 0 otherwise
ko ko+1
end while
if ko =r+q+1 then > Check whether kg exceeds the upper bound
520 > If yes, data is noiseless
ko —1r+gq
else
5% (nei, 18el?) /(m — ko + 1) > Otherwise estimate the variance s as in (3.23)

end if

3.4. The Data Filtering method. In this section we describe the Data Filtering (DF)
method for minimization of (1.4), which generalizes the SS method. In the DF method we minimize

the norm
(3.28) FO) =11b— Az(V)|P?,

where b is the filtered perturbed data. The Picard parameter is used to directly approximate the
true data b —n =~ I;, instead of approximating the noise-dependent terms in (1.4), as done in
subsection 3.1. We assume that the sequence {Bk}ﬁ";ll is dominated by the signal and can be

regarded as the true data in basis {ux}, while the sequence {fx}j", is dominated by noise. To
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k=r+q

Algorithm 3 Estimating the Picard parameter using the sequence {V'(k)};Z 1]

IHPUt: {Bk}u rq,¢, h

Output: kg, s>
ko+r—+1 > Initialize the Picard parameter kg to its lower bound
V(k) = (Z;n:k |ﬁ7|2) J(m—k+1) > Define V (k) as in (3.25)
while |V(ko + h) — V(ko)|/V(ko+1) >eand kg <r+¢g—h+1do
ko ko+1 > Increase ko as long as the condition (3.27) is not satisfied and ko is below
> the upper bound
end while
if ko =r+q¢g+1 then > Check whether kg exceeds the upper bound
520 > If yes, data is noiseless
ko —1r+gq
else

52 + V (ko) > Otherwise estimate the variance s? as V (ko)

end if

approximate b —n we drop the noise-dominated terms from the expansion of b in terms of the basis

{ug} to obtain the approximation

kofl
(3.29) b= Bru.
k=1

The norm (3.28) can then be written as

R ko—1 )\4 r+q 74
0= 2, mrmpt+ L e el



REGULARIZATION WITH THE PICARD PARAMETER 23
The DF method is summarized in Algorithm 4. Note that the DF method can be generalized to
use various data filters to obtain b and various regularization methods to obtain x(A). Therefore,
minimization of norm (3.28) represents a new general approach for the estimation of A and will be

addressed in more detail in a forthcoming work.

Algorithm 4 The DF method
Input: A, L b, h

Output: zpra
[m, n] < size(A) > size = [no. of rows, no. of columns]
r < n —rank(L)

q + rank(A) + rank(L) — n

{ow}, {urt, {ur}, {ur}] < GSVD(A, L) > Perform GSVD of (A,L)
{vet < {ow/pe} > Define the generalized singular values
{Br} « {u;b} > Define the Fourier coefficients of b with respect to {ug}

> Get ko from Algorithm 3 or from alternative algorithms such as Algorithm 2 or the algorithm
of [33].

ko < Algorithm 3({Bk},7,q,,h)

b ZZ‘;l Bt > Get filtered data as in (3.29)
z(N) = 3%, Bryk + E};ZH #’%g—:yk > Define Tikhonov solution as in (2.9)
FA) = [|b— Az(N)]2 > Define the function to be minimized
A found < argminy f(\) > Find A minimizing f()\)

Tpra < T(Afound)

4. Relation to other methods. In this section we describe the relationship between the SS,

the SURE and the GCV methods. In particular, we show that similarly to the SS method, the
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SURE and the GCV methods minimize an approximation of PMSE(X) in (1.4). As discussed in
section 3, the SS method approximates (1.4) by using the Picard parameter to split C(\) in (3.13)
and by taking the expected value of only part of the sum, as written in (3.16). In contrast, the
SURE method approximates PMSE()) by taking the expected value of ||n||? and of the whole C())

without splitting it. The SURE method thus minimizes the function

(4.30) SURE(A) = p(A) +ms? — 2s*T()\),
where
_ecew) = X

To conclude, the SS method uses a more accurate approximation of C'()) since the sums containing
|Bx|? in (3.16) capture at least part of the true, oscillatory behavior of $(37) in (3.13), in contrast
to the SURE method, which replaces these terms with a constant.

Another popular method for determining A is the GCV [37, 11], which relies on the minimization

of the function

(4.32) Gy = L

where p(A) is defined in (3.12) and T'()A) is defined in (4.31). Despite the difference in forms
between the SURE and the GCV functions, it can be shown that their minima are close to each

other. Specifically, it is easy to show that

T(\) = trace(I — H)),

where Hy = A(A*A+)2L*L)~*A*. To do so, we note that (2.5) implies Hyb = Ax()\) and therefore,
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recalling that 8, = u}b, we can rewrite (3.10) as

r+q
(4.33) Hyb = <Z upuy, + Z 2 + 2 ukuz> b.

k= r+1

Since (4.33) holds for any b € R™, we conclude that

r+q
HA—Zukuk—l— Z 2+)\2ukuz.

Since U is unitary, we can write

and therefore,

T+q 2 m
(434) I - H)\ = Wukuk + UrUp -
k=r+1 k=r+q+1

Expressing (4.34) in basis {uy}, we find that

r+q 2 m
* A * * * *
UI-H)U= Y =z (U"we) (uiU) + > (Uruk) (up)
k=r+1 ,yk k=r+q+1
> A 3
= 3 2e;€ek + €rChs
ke=rt1 Tk A k=r+q+1

where {ex}7, is the standard basis. Noting that ege} = diag{0,...,0,1,0,...,0}, we obtain the
——  N—

k—1 m—k
desired result

r+q 2

A
trace(l — Hy) = trace (U*(I — H)\)U) = 4+ m— (r4+q) =T\).
(1= Hy) = e (U (1 = H)U) = 3 g m = (1 49) =TV

=rank(A)

The function T'(A\) is equivalent to the residual effective degrees of freedom used in regression

analysis, see [37, p. 63]. Therefore, the approximation
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holds when A* is the argument of the minimum of (4.32), see [37, sect. 4.7], [15, sect. 6.3].
Differentiating (4.30) and (4.32) twice, and using the approximation (4.35) and the fact that
T(A), T'(N\),p'(A) > 0 for all X # 0, it is easy to show that the local minima of both SURE())

in (4.30) and G(\) in (4.32) satisfy

P/ (\*) = 25*T'(\*), and p”(\*) — 28*T"(\*) > 0.

This result implies that both the GCV and the SURE methods have a local minimum at A\*. In
practice, the global minimum coincides with this local minimum or is located very close to it.
Therefore, we conclude that the GCV method is approximately equivalent to the SURE method
and, consequently, that it too relies on replacing C'(\) in (3.13) with its expected value s2T'(\) in
(4.31). Thus, both the SURE and the GCV rely on an inferior approximation of C()\), compared
with our SS method as explained above. For additional analysis of the relation between the SURE

method and the GCV method see [24].

5. Numerical examples. In this section we present the results of the Tikhonov regularization
with the regularization parameter estimated using the following methods:

e Regularization with the optimal regularization parameter minimizing the MSE (1.3) (Tikhopr)§}

e The SS method minimizing the PMSE with ko and s2, estimated by either Algorithm 3
(SSp3), Algorithm 2 (SSp3) or the algorithm that uses the Lilliefors test from [33] (SSpr);

e The SS method minimizing the MSE with ky and s?, estimated by either Algorithm 3
(SShars), Algorithm 2 (SSps2) or the algorithm that uses the Lilliefors test from [33] (SSasr);

e The DF method with ky and s2, estimated using Algorithm 3;

e The GCV method;

e The SURE method with s2, estimated using Algorithm 3.
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To implement Algorithm 3, we set € = 5 x 1072 and h = [m/50]. The method however is generally
robust to changes of up to an order of magnitude in these quantities. We also note that occasionally,
the algorithm for estimation of k¢ given in [33] returns indices outside the interval [r+ 1,7+ ¢]. In
these cases we set kg to either r + 1 or r + ¢, depending on which is closer to the estimated k.
We test the above detailed methods on four test problems. The first problem is two-dimensional
while the other three are one-dimensional problems taken from the Regularization Tools package
[17]):

e The mri test problem, an image-deblurring problem with the test image of size 128 x 128
taken from Matlab’s image processing toolbox. The coeflicient matrix A is chosen to be the
separable Gaussian blur used in [22, Sect. 5], which has full rank with condition number
cond(A) = 3.13 x 1016, We set L = I to allow for a fair comparison to [33] and note that
this is a relatively large-scale problem.

e The gravity test problem for which we set L = DM where D™ is the finite difference
approximation of the mth derivative operator. This problem, while relatively small-scale,
is severely rank-deficient with rank(A4) = 45 for A € R1000x1000,

e The phillips test problem, first introduced in [29], for which we set L = D). For this
example, the coefficient matrix has full rank with cond(A4) = 2.64 x 10'° for A € R1000%1000,

e The heat test problem, for which we also set L = I. This problem is only mildly rank-
deficient with rank(A) = 588 for A € R1000x1000,

For each problem, we add white Gaussian noise of zero mean and a variance of s? = o max{|bsrve|?},
where a € {1072,1074,1076}. We thus present a total of twelve tests and for each test we generate
100 independent noise realizations.

To find the global minima of the functions associated with the above methods, we use the
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following algorithm. First, we evaluate a function on a sparse grid consisting of 1000 logarithmically
spaced points between 107!° to 10°. We then apply Matlab’s fminbnd solver with TolX of le-9 on
11 point intervals centered about each local minima found on the grid. Finally, we choose the value
of A corresponding to the global minimum found by the solver.

To assess the performance of each method, we use the mean-square deviation (MSD) defined
as
|I?

- ||33tme - 33(/\)

(5.36) MSD(A) =
| |$true | |2

The optimal solution is then defined as the one minimizing the MSD (5.36), which also minimizes

the MSE, since ¢4 does not depend on A.

5.1. Results. In Figure 2, we present the results of our simulations by means of boxplots of
the MSD values in log scale. Boxplots graphically depict the results by splitting them into quartiles
so that each box spans the range between the first and third quartiles, termed the interquartile
range (i.e., the middle 50% of the data). The horizontal line in each box denotes the median and
the error bars span 150% of the interquartile range above the third quartile and below the first
quartile. Any point outside this interval is denoted by '+’ and considered an outlier. We truncate
the y-axis at MSD = 1 and present the number of truncated points for each method in Table 1.
For the mri test problem and noise level & = 1072, we also show the reconstructed images and the
error images |Zrye — (A)| (with the absolute value applied pixel-wise) for all methods in Figure 3
and Figure 4, respectively.

From the results in Figure 2, we can make the following observations:

1. The SSp3 method performs consistently better than or very similarly to SSps, and both
outperform SSpy, which tends to fail in a significant percentage of cases, as can also be

seen in Table 1.
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2. For the heat problem with L = I (Figure 2(j)-(1)), the method SSyr coincides with
Algorithm 1 from [33], enabling a fair comparison to our methods. The MSE minimizing
algorithms S.Syse and SSys3 are more accurate than SSp,r, however they are far from the
optimal Tikhonov solution. Only by using both the minimization of the PMSE and our
novel Picard estimation algorithm we obtain an almost optimal solution.

3. The DF method performs almost identically to SSp3 when both methods employ the same
algorithm to estimate the Picard parameter.

4. The SS methods that minimize the PMSE with the Picard parameter, found using any of
the algorithms, performed similarly to or better than their counterparts minimizing the
MSE in the majority of cases. The exceptions are the gravity example in Figure 2(d)-(f)
and the phillips example with & = 1072 in Figure 2(g). In the gravity example, the
median of these methods is approximately the same, but the MSD values of the SS methods
minimizing the MSE deviate more from the median compared to those of the SS methods
minimizing the PMSE, both upwards and downwards. For the phillips example with
a = 1072, minimizing the MSE has a small advantage which is lost for lower noise levels.
However, minimization of the PMSE also produces good results.

5. In contrast to the consistent advantage of SSp3s over the SSps method, SS,s3 does not
consistently outperform SSjs5. For example, in the heat test problem with noise levels
a=10"2 and a = 1079 the SS9 is more accurate than the SSs3 method. This is due to
the fact that, contrary to the SS method minimizing the PMSE where the Picard parameter
is only used to split the sum C()), in the SS method that minimizes the MSE the sums p())
and IND()\) are truncated. The truncation, even at the exact Picard parameter, decreases

the accuracy of the approximation due to the lost terms. Hence, an overestimation of the
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Picard parameter will definitely decrease the accuracy of the PMSE approximation but may
improve it for the MSE approximation by including a small number of additional terms in

the minimized function, as long as division by small o0 does not cause instability.

. While the algorithm of [33] for estimation of the Picard parameter is inferior to Algorithm 2

and Algorithm 3, it performs better with the SS method minimizing the PMSE (SSpy,) than
the one minimizing the MSE (SSys1,), and as shown in Table 1 is also more consistent. This
difference is explained as above by the fact that truncation of the MSE approximation at the
estimated Picard parameter leads to exclusion of a part of the high frequency information

from the minimization target function.

. Both SSps and the DF method outperformed the GCV and the SURE methods, which

do not split the sums of the PMSE expansion as in (3.16). In addition, the GCV and the

SURE methods performed almost identically, as expected from the discussion in section 4.

To conclude, our numerical examples clearly demonstrate the advantage of our new algorithm

for estimation of the Picard parameter and of our approximation of the PMSE for both L = I and

L#1I

6. Conclusions. We generalized the approach taken in [33] to estimate the regularization

parameter for the general-form Tikhonov regularization. While the authors of [33] approximately

minimize the MSE, we show that such an approximation is numerically unstable in this generalized

setting and propose to approximately minimize the PMSE instead. We develop two algorithms to

stably approximate the PMSE, which we term the Series Splitting (SS) and Data Filtering (DF)

methods, using the concept of the Picard parameter. While the two methods perform very similarly

in the present framework, in which the SVD of the coefficient matrix A is available, DF can be

naturally generalized to large-scale problems, in which computing this SVD is prohibitive. This will
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be the subject of future work. We also present an algorithm similar to SS for a stable approximate
minimization of the MSE, although the resulting approximation is less accurate than that for the
PMSE due to the need to drop the numerically unstable terms. This algorithm can be used in
the rare cases when the minimizers of the PMSE and MSE are far apart. The accuracy of all of
these methods depends on the estimation of the Picard parameter, for which we proposed a novel
algorithm based on an estimate of the variance of the noise.

Our methods were tested on multiple numerical examples and compared to the methods of [33],
the GCV and the SURE. The numerical results indicate that, in contrast to other methods, the
SS and the DF methods consistently produce near-optimal results for all test problems and noise

realizations.

7. Acknowledgements. The authors would like to thank the referees and the editor for their

constructive criticism and helpful suggestions to make this paper better.

REFERENCES

(1] F. BAUER AND S. KINDERMANN, The quasi-optimality criterion for classical inverse problems, Inverse Probl.,
24 (2008), p. 035002, doi:10.1088/0266-5611/24/3/035002, http://stacks.iop.org/0266-5611/24/i=3/
a=0350027key=crossref.2d0cdda6924dd1bb11931d75cbbd67b5http: / /iopscience.iop.org/article/10.1088 /
0266-5611/24/3/035002.

[2] F. BAUER AND M. REISS, Regularization independent of the noise level: an analysis of quasi-optimality, Inverse
Probl., 24 (2007), p. 055009, doi:10.1088/0266-5611/24/5/055009, http://stacks.iop.org/0266-5611/24/
i=5/a=0550097key=crossref.177245ac30162cb980189dd5b0f8a704http: / /iopscience.iop.org/article/10.
1088/0266-5611/24/5/055009, arXiv:0710.1045.

[3] M. BELKIN, P. NiIvyoGl, AND V. SINDHWANI, Manifold regularization: a geometric framework for
learning from labeled and wunlabeled examples, J. Mach. Learn. Res., 7 (2006), pp. 2399-2434,
doi:10.1016/j.neuropsychologia.2009.02.028, http://dl.acm.org/citation.cfm?id=1248632.

[4] J. BiIEMOND, R. LAGENDIJK, AND R. MERSEREAU, Iterative methods for image deblurring, Proc. IEEE, 78


http://dx.doi.org/10.1088/0266-5611/24/3/035002
http://stacks.iop.org/0266-5611/24/i=3/a=035002?key=crossref.2d0cdda6924dd1bb11931d75cbbd67b5 http://iopscience.iop.org/article/10.1088/0266-5611/24/3/035002
http://stacks.iop.org/0266-5611/24/i=3/a=035002?key=crossref.2d0cdda6924dd1bb11931d75cbbd67b5 http://iopscience.iop.org/article/10.1088/0266-5611/24/3/035002
http://stacks.iop.org/0266-5611/24/i=3/a=035002?key=crossref.2d0cdda6924dd1bb11931d75cbbd67b5 http://iopscience.iop.org/article/10.1088/0266-5611/24/3/035002
http://dx.doi.org/10.1088/0266-5611/24/5/055009
http://stacks.iop.org/0266-5611/24/i=5/a=055009?key=crossref.177245ac30162cb980189dd5b0f8a704 http://iopscience.iop.org/article/10.1088/0266-5611/24/5/055009
http://stacks.iop.org/0266-5611/24/i=5/a=055009?key=crossref.177245ac30162cb980189dd5b0f8a704 http://iopscience.iop.org/article/10.1088/0266-5611/24/5/055009
http://stacks.iop.org/0266-5611/24/i=5/a=055009?key=crossref.177245ac30162cb980189dd5b0f8a704 http://iopscience.iop.org/article/10.1088/0266-5611/24/5/055009
http://arxiv.org/abs/0710.1045
http://dx.doi.org/10.1016/j.neuropsychologia.2009.02.028
http://dl.acm.org/citation.cfm?id=1248632

32

[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

EITAN LEVIN AND ALEXANDER Y. MELTZER

(1990), pp. 856-883, do0i:10.1109/5.53403, http://iceexplore.ieee.org/articleDetails.jsp?arnumber=53403.

D. CoLTroN AND R. KRESS, Integral Equation Methods in Scattering Theory, Society for Industrial and Applied

Mathematics (SIAM), 2013, doi:http://dx.doi.org/10.1137/1.9781611973167, http://epubs.siam.org/doi/

book/10.1137/1.9781611973167.

N. CRISTIANINI AND J. SHAWE-TAYLOR, An introduction to support vector machines and other kernel-based

learning methods, Cambridge University Press, 2000.

J. CuLLuM, The effective choice of the smoothing norm in regularization, Math. Comput., 33 (1979), pp. 149—

170, doi:10.1090/S0025-5718-1979-0514816-1, http://www.jstor.org/stable/2006033.

W. DonG, L. ZHanG, G. SHI, AND X. Wu, Image deblurring and super-resolution by adaptive sparse

domain selection and adaptive regularization., IEEE Trans. Image Process., 20 (2011), pp. 1838-57,

doi:10.1109/TIP.2011.2108306, http://www.ncbi.nlm.nih.gov/pubmed/21278019.

N. P. GALATSANOS AND A. K. KATSAGGELOS, Methods for choosing the regularization parameter and estimating

the noise variance in image restoration and their relation., IEEE Trans. Image Process., 1 (1992), pp. 322—

36, doi:10.1109/83.148606, http://www.ncbi.nlm.nih.gov/pubmed/18296166.

G. H. GoLuB, P. C. HANSEN, AND D. P. O’LEARY, Tikhonov regqularization and total least squares, STAM J.

Matrix Anal. Appl., 21 (1999), pp. 185-194, doi:10.1137/S0895479897326432, http://epubs.siam.org/doi/

abs/10.1137/S0895479897326432.

G. H. GoLuB, M. HEATH, AND G. WAHBA, Generalized cross-validation as a method for choosing a good ridge

parameter, Technometrics, 21 (1979), pp. 215-223, doi:10.2307/1268518, http://www.]jstor.org/stable/
1268518.

HACKBUSCH, Integral FEquations, Birkhduser Basel, Basel, 1995, doi:10.1007/978-3-0348-9215-5,
http://www.springerlink.com/index/10.1007/978-3-0348-9215-5http://link.springer.com/10.1007/
978-3-0348-9215-5.

C. HANSEN, Regularization, GSVD and truncated GSVD, BIT, 29 (1989), pp. 491-504,

doi:10.1007/BF02219234, http://link.springer.com/10.1007/BF02219234.

P. C. HANSEN, The discrete Picard condition for discrete ill-posed problems, BIT, 30 (1990), pp. 658-672,

doi:10.1007/BF01933214, http://dx.doi.org/10.1007/BF01933214.

P. C. HANSEN, Analysis of discrete ill-posed problems by means of the L-curve, SIAM Rev., 34 (1992), pp. 561—

580, doi:10.1137/1034115, http://www.jstor.org/stable/2132628.


http://dx.doi.org/10.1109/5.53403
http://ieeexplore.ieee.org/articleDetails.jsp?arnumber=53403
http://dx.doi.org/http://dx.doi.org/10.1137/1.9781611973167
http://epubs.siam.org/doi/book/10.1137/1.9781611973167
http://epubs.siam.org/doi/book/10.1137/1.9781611973167
http://dx.doi.org/10.1090/S0025-5718-1979-0514816-1
http://www.jstor.org/stable/2006033
http://dx.doi.org/10.1109/TIP.2011.2108306
http://www.ncbi.nlm.nih.gov/pubmed/21278019
http://dx.doi.org/10.1109/83.148606
http://www.ncbi.nlm.nih.gov/pubmed/18296166
http://dx.doi.org/10.1137/S0895479897326432
http://epubs.siam.org/doi/abs/10.1137/S0895479897326432
http://epubs.siam.org/doi/abs/10.1137/S0895479897326432
http://dx.doi.org/10.2307/1268518
http://www.jstor.org/stable/1268518
http://www.jstor.org/stable/1268518
http://dx.doi.org/10.1007/978-3-0348-9215-5
http://www.springerlink.com/index/10.1007/978-3-0348-9215-5 http://link.springer.com/10.1007/978-3-0348-9215-5
http://www.springerlink.com/index/10.1007/978-3-0348-9215-5 http://link.springer.com/10.1007/978-3-0348-9215-5
http://dx.doi.org/10.1007/BF02219234
http://link.springer.com/10.1007/BF02219234
http://dx.doi.org/10.1007/BF01933214
http://dx.doi.org/10.1007/BF01933214
http://dx.doi.org/10.1137/1034115
http://www.jstor.org/stable/2132628

21]

22]

[24]

[25]

[26]

[27]

REGULARIZATION WITH THE PICARD PARAMETER 33

P. C. HANSEN, Numerical tools for analysis and solution of Fredholm integral equations of the first kind,
Inverse Probl., 8 (1992), pp. 849-872, doi:10.1088,/0266-5611/8/6/005, http://stacks.iop.org/0266-5611/8/
i=6/a=005%key=crossref.63e77532ac1df490a4086ce1da335c79.

P. C. HANSEN, REGULARIZATION TOOLS: a Matlab package for analysis and solution of discrete ill-posed
problems, Numer. Algorithms, 6 (1994), pp. 1-35, doi:10.1007/BF02149761, http://dx.doi.org/10.1007/
BF02149761.

P. C. HANSEN, Rank-Deficient and Discrete Ill-Posed Problems, Society for Industrial and Applied Mathematics,
1998, doi:10.1137/1.9780898719697, http://epubs.siam.org/doi/book/10.1137/1.9780898719697.

P. C. HANSEN, Discrete Inverse Problems, Society for Industrial and Applied Mathematics, 2010,
doi:10.1137/1.9780898718836, http://epubs.siam.org/doi/book/10.1137/1.9780898718836.

P. C. HanseN, J. G. Nagy, aNnD D. P. O’LEARY, Deblurring Images, Society for Industrial and Ap-
plied Mathematics (SIAM), 2006, doi:10.1137/1.9780898718874, http://epubs.siam.org/doi/book/10.1137/
1.9780898718874.

P. C. HANSEN AND D. P. O’LEARY, The use of the L-curve in the regularization of discrete ill-posed problems,
SIAM J. Sci. Comput., 14 (1993), pp. 1487-1503, doi:10.1137/0914086, http://dx.doi.org/10.1137/0914086.

M. E. KiLMER, P. C. HANSEN, AND M. I. EsPANOL, A projection-based approach to genera-form Tikhonov
regularization, STAM J. Sci. Comput., 29 (2007), pp. 315-330, doi:10.1137/050645592, http://epubs.siam.
org/doi/abs/10.1137/050645592.

R. KRESS, Linear Integral Equations, vol. 82 of Applied Mathematical Sciences, Springer New York, New York,
NY, 2014, doi:10.1007/978-1-4614-9593-2, http://link.springer.com/10.1007/978-1-4614-9593-2.

K.-C. L1, From Stein’s Unbiased Risk Estimates to the method of Generalized Cross Validation, Ann. Stat., 13
(1985), pp. 1352-1377, http://projecteuclid.org/euclid.aos/1176349742.

R. M. MERSEREAU, Optimal estimation of the reqularization parameter and stabilizing functional for regqularized
image restoration, Opt. Eng., 29 (1990), pp. 446-454, doi:10.1117/12.55613, http://dx.doi.org/10.1117/12.
55613.

D. P. O’LEARY, Near-Optimal parameters for Tikhonov and other regularization methods, SIAM J.
Sci. Comput., 23 (2001), pp. 1161-1171, doi:10.1137/S1064827599354147, http://dx.doi.org/10.1137/
S51064827599354147.

J. P. OuvEIRA, J. M. Broucas-Dias, AND M. A. FIGUEIREDO, Adaptive total wvariation image de-


http://dx.doi.org/10.1088/0266-5611/8/6/005
http://stacks.iop.org/0266-5611/8/i=6/a=005?key=crossref.63e77532ac1df490a4086ce1da335c79
http://stacks.iop.org/0266-5611/8/i=6/a=005?key=crossref.63e77532ac1df490a4086ce1da335c79
http://dx.doi.org/10.1007/BF02149761
http://dx.doi.org/10.1007/BF02149761
http://dx.doi.org/10.1007/BF02149761
http://dx.doi.org/10.1137/1.9780898719697
http://epubs.siam.org/doi/book/10.1137/1.9780898719697
http://dx.doi.org/10.1137/1.9780898718836
http://epubs.siam.org/doi/book/10.1137/1.9780898718836
http://dx.doi.org/10.1137/1.9780898718874
http://epubs.siam.org/doi/book/10.1137/1.9780898718874
http://epubs.siam.org/doi/book/10.1137/1.9780898718874
http://dx.doi.org/10.1137/0914086
http://dx.doi.org/10.1137/0914086
http://dx.doi.org/10.1137/050645592
http://epubs.siam.org/doi/abs/10.1137/050645592
http://epubs.siam.org/doi/abs/10.1137/050645592
http://dx.doi.org/10.1007/978-1-4614-9593-2
http://link.springer.com/10.1007/978-1-4614-9593-2
http://projecteuclid.org/euclid.aos/1176349742
http://dx.doi.org/10.1117/12.55613
http://dx.doi.org/10.1117/12.55613
http://dx.doi.org/10.1117/12.55613
http://dx.doi.org/10.1137/S1064827599354147
http://dx.doi.org/10.1137/S1064827599354147
http://dx.doi.org/10.1137/S1064827599354147

34

31]

[36]

[37]

wn

EITAN LEVIN AND ALEXANDER Y. MELTZER

blurring: A majorization-minimization approach, Signal Processing, 89 (2009), pp. 1683-1693,
doi:10.1016/j.sigpro.2009.03.018, http://www.sciencedirect.com/science/article/pii/S0165168409001224.

. C. PAIGE AND M. A. SAUNDERS, Towards a generalized singular value decomposition, SIAM J. Numer. Anal.,
18 (1981), pp. 398-405, doi:10.1137/0718026, http://epubs.siam.org/doi/abs/10.1137/0718026.

. L. PHILLIPS, A technique for the numerical solution of certain integral equations of the first kind, J. ACM,

9 (1962), pp. 84-97, doi:10.1145/321105.321114, http://dl.acm.org/citation.cfm?id=321105.321114.

. Ramani, T. BrLu, AND M. UNSER, Monte-Carlo sure: A black-box optimization of regularization pa-

rameters for gemeral denoising algorithms, IEEE Trans. Image Process., 17 (2008), pp. 1540-1554,
doi:10.1109/TIP.2008.2001404.

. J. Smora, B. SCHOLKOPF, B. ScH, AND B. SCHOLKOPF, A tutorial on support vector regression, Stat.
Comput., 14 (2004), pp. 199-222, do0i:10.1023/B:STC0.0000035301.49549.88, http://link.springer.com/10.
1023/B:STC0.0000035301.49549.88.

. M. STEIN, Estimation of the mean of a multivariate normal distribution, Ann. Stat., 9 (1981), pp. 1135-1151,
doi:10.1214/a0s/1176345632.

. TAROUDAKI AND D. P. O’LEARY, Near-optimal spectral filtering and error estimation for solving ill-posed
problems, SIAM J. Sci. Comput., 37 (2015), pp. A2947-A2968, doi:10.1137/15M1019581, http://epubs.
siam.org/doi/abs/10.1137/15M1019581.

. N. TiIKHONOV AND V. Y. ARSENIN, Solutions of Ill-Posed Problems, vol. 32, 1978, doi:10.2307/2006360,
https://books.google.co.il/books/about /Solutions_of_ill_posed_problems.html?id=ECrvAAAAMAAJ&

pgis=1.

. TWOMEY, On the numerical solution of Fredholm integral equations of the first kind by the inversion of the

linear system produced by quadrature, J. ACM, 10 (1963), pp. 97-101, doi:10.1145/321150.321157, http://
dl.acm.org/citation.cfm?id=321150.321157.
. N. VAPNIK, The Nature of Statistical Learning Theory, vol. 8, Springer-Verlag, New York, NY, USA, 1995,
doi:10.1109/TNN.1997.641482, http://portal.acm.org/citation.cfm?id=211359.
WaAHBA, Spline Models for Observational Data, CBMS-NSF Regional Conference Serie
in Applied Mathematics, Society for Industrial and Applied Mathematics (SIAM), 1990,
doi:http://dx.doi.org/10.1137/1.9781611970128, http://dx.doi.org/10.1137/1.9781611970128.

. WAHBA AND Y. WANG, When is the optimal regularization parameter insensitive to the choice of the loss


http://dx.doi.org/10.1016/j.sigpro.2009.03.018
http://www.sciencedirect.com/science/article/pii/S0165168409001224
http://dx.doi.org/10.1137/0718026
http://epubs.siam.org/doi/abs/10.1137/0718026
http://dx.doi.org/10.1145/321105.321114
http://dl.acm.org/citation.cfm?id=321105.321114
http://dx.doi.org/10.1109/TIP.2008.2001404
http://dx.doi.org/10.1023/B:STCO.0000035301.49549.88
http://link.springer.com/10.1023/B:STCO.0000035301.49549.88
http://link.springer.com/10.1023/B:STCO.0000035301.49549.88
http://dx.doi.org/10.1214/aos/1176345632
http://dx.doi.org/10.1137/15M1019581
http://epubs.siam.org/doi/abs/10.1137/15M1019581
http://epubs.siam.org/doi/abs/10.1137/15M1019581
http://dx.doi.org/10.2307/2006360
https://books.google.co.il/books/about/Solutions_of_ill_posed_problems.html?id=ECrvAAAAMAAJ&pgis=1
https://books.google.co.il/books/about/Solutions_of_ill_posed_problems.html?id=ECrvAAAAMAAJ&pgis=1
http://dx.doi.org/10.1145/321150.321157
http://dl.acm.org/citation.cfm?id=321150.321157
http://dl.acm.org/citation.cfm?id=321150.321157
http://dx.doi.org/10.1109/TNN.1997.641482
http://portal.acm.org/citation.cfm?id=211359
http://dx.doi.org/http://dx.doi.org/10.1137/1.9781611970128
http://dx.doi.org/10.1137/1.9781611970128

REGULARIZATION WITH THE PICARD PARAMETER 35

function 2, Commun. Stat. - Theory Methods, 19 (1990), pp. 1685-1700, doi:10.1080,/03610929008830285,
http://dx.doi.org/10.1080/03610929008830285.

[39] C. K. I. WiLLIAMS, Learning with kernels: support vector machines, regularization, optimization, and
beyond, J. Am. Stat. Assoc., 98 (2003), pp. 489-489, doi:10.1198/jasa.2003.s269, http://www.tandfonline.
com/doi/abs/10.1198/jasa.2003.s269http: / /www.tandfonline.com/doi/abs/10.1198 /jasa.2003.s269%#.
VtWuqtBvCZN, arXiv:arXiv:1011.1669v3.

[40] L. Yuan, J. SuN, L. QuaN, AND H.-Y. SHUM, Image deblurring with blurred/noisy image pairs, ACM Trans.

Graph., 26 (2007), doi:10.1145/1276377.1276379, http://dl.acm.org/citation.cfm?id=1276377.1276379.


http://dx.doi.org/10.1080/03610929008830285
http://dx.doi.org/10.1080/03610929008830285
http://dx.doi.org/10.1198/jasa.2003.s269
http://www.tandfonline.com/doi/abs/10.1198/jasa.2003.s269 http://www.tandfonline.com/doi/abs/10.1198/jasa.2003.s269#.VtWuqtBvCZN
http://www.tandfonline.com/doi/abs/10.1198/jasa.2003.s269 http://www.tandfonline.com/doi/abs/10.1198/jasa.2003.s269#.VtWuqtBvCZN
http://www.tandfonline.com/doi/abs/10.1198/jasa.2003.s269 http://www.tandfonline.com/doi/abs/10.1198/jasa.2003.s269#.VtWuqtBvCZN
http://arxiv.org/abs/arXiv:1011.1669v3
http://dx.doi.org/10.1145/1276377.1276379
http://dl.acm.org/citation.cfm?id=1276377.1276379

36 EITAN LEVIN AND ALEXANDER Y. MELTZER

N (@)
< 10
>
10°® —
200 400 600 800 1000
k
100 -
(b)
~_ 1077 ]
o
10-10 L ]

200 400 600 800 1000

Figure 1: Comparison of (a) log V' (k) and (b) log |Bk|? for the test problem heat from [17], corrupted with white Gaussian noise with
52/ max{|btrye;x|?} = 107%. Here, we use L = I as in [33]. The non-negligible fluctuations of |By|? in (b) and in contrast, almost flat

V (k) in (a) are clearly seen.
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Boxplots of the MSD values of the reconstructions of the following examples, first row: mri; second row: gravity; third row:

phillips; fourth row: heat. The noise levels presented are first column: a = 1072; second column: o = 10™%; third column: o = 1076,
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Figure 3: Reconstructed images for the mri test problem for noise level & = 10~2. The MSD values (5.36) are listed in parentheses.
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Figure 4: Error images |&4,ye — x(\)| (black = 0) for the mri test problem for noise level @ = 1072 .
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Table 1: Number of points with MSD values larger than 1 out of a total of 100 points for each method. These points were truncated

from the boxplots in Figure 2. The row abbreviations are consistent with those in Figure 2.

Fig. Met. | SSps  SSpa  SSpr SSamrz SSm2 SSyr DF GCV  SURE
(a) 0 0 0 0 0 2 0 0 0
(b) 0 0 0 0 0 2 0 0 0
(c) 0 0 0 0 0 24 0 0 0
(d) 0 0 5 0 0 31 0 6 6
(e) 0 0 1 0 0o 32 0 3 3
(f) 0 0 5 0 0 29 0 5 5
() 0 0 2 0 1 25 0 8 6
(h) 0 0 2 0 0 31 0 4 4
(i) 0 0 1 0 0 24 0 1 0
() 0 0 1 0 0 30 0 1 0
(®) 0 0 3 0 0 2% 0 0 0
1) 0 0 2 0 0 2% 0 0 0
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