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Abstract

This paper establishes the existence of relaxed solutions to mean field games (MFGs for short)
with singular controls. We also prove approximations of solutions results for a particular class of
MFGs with singular controls by solutions, respectively control rules, for MFGs with purely regular
controls. Our existence and approximation results strongly hinge on the use of the Skorokhod M;
topology on the space of cadlag functions.
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1 Introduction and overview

Starting with the seminal papers [20, 27], the analysis of mean field games (MFGs) has received con-
siderable attention in the stochastic control and financial mathematics literature. In a standard MFG,
each player i € {1,..., N} chooses an action from a given set of admissible controls that minimizes a cost
functional of the form

T
Ji(u) = B / PO X0 )+ g(X BY) (L1)

subject to the state dynamics

{ AX] = b(t X[, i uf) dt + ot X[ il uf) AW, 12

XézlEo

Here W', ...,W" are independent Brownian motions defined on some underlying filtered probability

1 N)

space, u = (u',--+ ,u v

, ut = (Ui)te[o,T] is an adapted stochastic process, the action of player i, and

Y = % Zj\; 1 0 denotes the empirical distribution of the individual players’ states at time ¢ € [0, 7.
t

In particular, all players are identical ex ante and each player interacts with the other players only through

the empirical distribution of the state processes.
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The existence of approximate Nash equilibria in the above game for large populations has been established
in [4 20] using a representative agent approach. In view of the independence of the Brownian motions
the idea is to first approximate the dynamics of the empirical distribution by a deterministic measure-
valued process, and to consider instead the optimization problem of a representative player that takes
the distribution of the states as given, and then to solve the fixed-point problem of finding a measure-
valued process such that the distribution of the representative player’s state process X under her optimal
strategy coincides with that process

Following the representative agent approach, a MFG can then be formally described by a coupled opti-
mization and fixed point problem of the form:

fix a deterministic function ¢ € [0, 7] — p; € P(R?);
solve the corresponding stochastic control problem :

lnqu [fOTf(tht;,ut;ut) dt"'g(XT,,UT)} )

subject to (1.3)
dXy = b(t, Xy, pue, we) dt + o (t, X, pug, ug) dWy
Xo = z0,

3. solve the fixed point problem: Law(X) = pu,
where P(R?) is the space of probability measures on R? and Law(X) denotes the law of the process X.

There are essentially three approaches to solve mean field games. In their original paper [27], Lasry
and Lions followed an analytic approach. They analyzed a coupled forward-backward PDE system,
where the backward component is the Hamiltion-Jacobi-Bellman equation arising from the representative
agent’s optimization problem, and the forward component is a Kolmogorov-Fokker-Planck equation that
characterizes the dynamics of the state process.

A second, more probabilistic, approach was introduced by Carmona and Delarue in [4]. Using a maximum
principle of Pontryagin type, they showed that the fixed point problem reduces to solving a McKean-
Vlasov forward-backward SDEs (FBSDEs for short). Other results based on probabilistic approaches
include [I, B, B]. Among them, [3, 5] consider linear-quadratic MFGs, while [Il [0 consider MFGs with
common noise and with major and minor players, respectively. A class of MFGs in which the interaction
takes place both through the state dynamics and the controls has recently been introduced in [8]. In
that paper the weak formulation, or martingale optimality principle, is used to prove the existence of a
solution.

A relazed solution concept to MFGs was introduced by Lacker in [26]. Considering MFGs from a more
game-theoretic perspective, the idea is to search for equilibria in relaxed controls (“mixed strategies”) by
first establishing the upper hemi-continuity of the representative agent’s best response correspondence to
a given p using Berge’s maximum theorem, and then to apply the Kakutani-Fan-Glicksberg fixed point
theorem in order to establish the existence of some measure-valued process p* such that the law of the
agent’s state process under a best response to p* coincides with that process. Relaxed controls date back
to Young [31]. They were later applied to stochastic control in, e.g. [14, [15] 25], to MFGs in [26], and to
MFGs with common noise in [6].

Applications of MFGs range from models of optimal exploitation of exhaustible resources [10, [12] to
systemic risk [7], and from principal-agent problems [11] to problems of optimal trading under market
impact [8, [22]. Motivated by possible applications to optimal portfolio liquidation under strategic inter-
action that allow for both block trades and absolutely continuous trades as in [I6], this paper provides a

1The idea of decoupling local from global dynamic in large population has been applied to equilibrium models of social
interaction in e.g. [17} [18].



probabilistic framework for analyzing MFGs with singular controls. Extending [26], we consider MFGs
with singular controls of the form

fix a deterministic function ¢ € [0, 7] — p; € P(R?);
solve the corresponding stochastic singular control problem :
inf, z £ [fOT ft, X, pe,we) dt + g( X, pir) + fOT h(t) dzt} ,
subject to
dX; = b(t, Xe, e, ug) dt + o (t, Xy, pe, ug) dWy + ¢(t) dZy,

3. solve the fixed point problem: Law(X) = p,

(1.4)

where u = (ut)e[o,] is the regular control, and Z = (Zi)ic(o,4 is the singular control. When singular
controls are admissible, the state process no longer takes values in the space of continuous functions,
but rather in the Skorokhod space D(0,T) of all cadlag functions. The key is then to identify a suitable
topology on the Skorokhod space with respect to which the compactness and continuity assumptions of
the maximum and the fixed-point theorems are satisfied.

There are essentially three possible topologies on the space of cadlag functions: the (standard) Skorokhod
J1 topology (J; topology for short), the Meyer-Zheng topology (or pseudo-path topology), and the
Skorokhod M; topology (M; topology for short). The M; topology seems to be the most appropriate
one for our purposes. First, the set of bounded singular controls is compact in the M; topology but
not in the J; topology. Second, there is no explicit expression for the metric corresponding to Meyer-
Zheng topology. In particular, one cannot bound the value of a function at given points in time by the
Meyer-Zheng topology. Third, the M; topology has better continuity properties than the J; topology.
For instance, it allows for an approximation of discontinuous functions by continuous ones. This enables
us to approximate solutions to certain classes of MFGs with singular controls by solutions to MFGs with
only regular controls. Appendix B summarizes useful properties of the M; topology; for more details, we
refer to the textbook of Whitt [30].

To the best of our knowledge, ours is the first paper to establish the existence of solutions results to
MFGs with singular controls@. As a byproduct, we obtain a new proof for the existence of optimal
(relaxed) controls for the corresponding class of stochastic singular control problems. A similar control
problem, albeit with a trivial terminal cost function has been analyzed in [I5]. While the methods and
techniques applied therein can be extended to non-trivial terminal cost functions after a modification
of the control problem, they cannot be used to prove existence of equilibria in MFGs. In fact, in [15],
it is assumed that the state space D(0,T) is endowed with Meyer-Zheng topology, and that the spaces
of admissible singular and regular controls are endowed with the topology of weak convergence and the
stable topology, respectively. With this choice of topologies the continuity of cost functional and the
upper-hemicontinuity of distribution of the representative agent’s state process under the optimal control
w.r.t. to a given process p cannot be established. As a second byproduct we obtain a novel existence of
solutions result for a class of McKean-Vlasov stochastic singular control problems.

Our second main contributions are two approximation results that allow us to approximate solutions to
a certain class of MFGs with singular controls by the solutions to MFGs with only regular controls. The
approximation result, too, strongly hinges on the choice of the M; topology.

The rest of this paper is organized as follows: in Section 2, we recall the notion of relaxed controls for
singular stochastic control problems, introduce MFGs with singular controls and state our main existence
of solutions result. The proof is given in Section 3. In Section 4, we state and prove two approximation

2The recent paper [13] only considers absolutely continuous singular controls. Our notion of singular controls is more
general.



results for MFGs with singular controls by MFGs with regular controls. Appendix A recalls known results
and definitions that are used throughout this paper. Append B reviews key properties of the M7 topology.

2 Assumptions and the main results

In this section we introduce MFGs with singular controls and state our main existence of solutions result.
For a metric space (E, o) we denote by Pp(E) the class of all probability measures on E with finite
moment of p-th order. For p = 0 we write P(E) instead of Py(E). The set P,(E) is endowed with the
Wasserstein distance W, (g, o); see Definition [A1l For a given interval I we denote by D(I) the Skorokhod
space of all R%-valued cadlag functions on I, by A(I) C D(I) the subset of nondecreasing functions, by
C(I) C D(I) the subset of continuous functions, and by U(I) the set of all measures on I x U for some
metric space U, whose first marginal is the Lebesgue measure on I, and whose second marginal belongs
to P(U). For reasons that will become clear later we identify processes on [0,7] with processes on the
whole real line. For instance, we identify the space D(0,7T") with the space

Dor(R) ={z € D(R) : 2, =0if t <0 and 2, = a7 if t > T}.

Likewise, we denote by .ZO_’T(R) and C~07T(R) the subspace of 50_’T(R) with nondecreasing and continuous
paths, respectively. Moreover, we denote by ﬁO,T(R) all measures ¢(dt,du) on R x U whose restriction
to [0, 7] belongs to U(0,T'), and whose restrictions to (—oo,0) and (T, 00) are of the form ¢(dt, du) =
da; (du)dt and g(dt, du) = 657 (du)dt for some ug € U and ur € U, respectively. We occasionally drop
the subscripts 0 and 7T if there is no risk of confusion. Throughout this paper, C' > 0 denotes a generic
constant that may vary from line to line.

2.1 Singular stochastic control problems

Before introducing MFGs with singular controls, we informally review stochastic singular control problems

of the form:
. T T
infu,z B | [y £t Xeyue) di + g(X) + [y h(t)dZ:]

subject to (2.1)
dXt = b(t, Xt, ut) dt + U(t, Xt, ut) th + C(f) dZt,
Xo_ = 0.

where all parameters are measurable in their respective arguments and are such that the control problem
makes sense; see, e.g. [15] for detailsH The regular control u = (u¢)ie(o,7) takes values in a compact metric
space U, and the singular control Z = (Z;)¢cjo,1] takes values in R?. For convenience we sometimes write
Z € A(R) by which we mean that the sample paths of the stochastic process Z belong to A(R). Similarly,
we occasionally write X € D(R) and Y € C(R).

2.1.1 Relaxed controls

The existence of optimal relaxed controls to stochastic singular control problems has been addressed in
[15] using the so-called compactification method. We use a similar approach to solve MFGs with singular
controls, albeit in different topological setting. The following notion of relaxed controls follows [15] where
we adopt our convention that all processes are extended to the whole real line.

3Qur specific assumptions on the model parameters are introduced in Section below.



Definition 2.1. The tuple r = (Q, F, {F,t € R},P, X, Q, Z) is called a relaxed control if

1. (Q, F,{F:,t € R}, P) is a filtered probability space;

2. P(X, = 0,2 = 0,Q,(du) = 5 (du) if t < 0: X, = Xp, Zs = Zr,Q,(du) = gz (du) if t > T) = 1,
for some ug, ur € U;

3. Q:RxQ — P(U)is {Ft,t € R} progressively measurable, Z is {F;,t € R} progressively measurable
and Z € A(R);

4. X is a {F,,t € R} adapted stochastic process, X € D(R) and for each ¢ € C2(R%), the space of all
continuous and bounded functions with continuous and bounded first- and second-order derivatives,
M? is a well defined P continuous martingale, where

¢ = — t S u u)as — t — TC S
M= o) = [ [ 2ot X Q(au)s = [ 0,005, e(s)iz,
- Z (¢(Xs) - Qb(Xsf) - (ang(Xsf))TAXs)v te [OvT]

0<s<t

with Lo(t, z,u) := %Eij aij(t,x,u)gQLégj) + 3, bi(t, x,u)0y,9(x) and a(t,z,u) = oo (t, 2, u).

@

The cost functional corresponding to a relaxed control r is defined by

J(r) = E*

T T
/ / F(t, X, u) Q, (du)dt + / h(t) dZ, + g(XT)]. (2.2)
0 U 0

Let (0, F,{Ft,t € R}, P, X, Q, Z) be a relaxed control. If the process @ is of the form @ (du) = dy, (du),
for some progressively measurable U-valued process u, then we call (Q, F, {F,t € R}, P, X, u, Z) a strict
contro]@ In particular, any strict control corresponds to a relaxed control. Relaxed control can thus
be viewed as a form of mixed strategies over strict controls. In particular, both the cost function and
the state dynamics (more precisely, the martingale problem) are linear in relaxed controls. Furthermore,
compactness w.r.t. relaxed controls is much easier to verify than compactness w.r.t. strict controls. Under
suitable convexity conditions on the model data, the optimization problem over the set of relaxed controls
is equivalent to the one over strict controls as shown by the following remark.

Remark 2.2. 1. For (t,z) € [0,T] x R?, let
K(t,xz) = {(a(t,z,u),b(t,z,u),e): e> f(t,z,u), uec U}.

If K(t,z) is convex for each (t,x) € [0,T] x R%, then it can be shown that for each relaxed control,
there exists a strict control and a singular control with smaller or equal cost. Indeed, by the proof
of [I4, Theoerem 3.6], for any relaxed control r = (0, F, 73, P, X, @, Z), there exists a progressively
measurable U-valued process @ and a R*-valued process o such that for almost all (£,w) € [0,T] x £,

([ att. X0 Q, a0, [ 0, X)) @, [0, X)) Q)

= (a(tv Xy (W)v ﬂt(w))v b(tv Xy (W)v ﬂt(w))v f(tv Xy (W)v ﬂt(w)) + 0t (w)) .

(2.3)

Then « = (2, F, F,P, X, u, Z) is a strict control with smaller or equal cost.

2. If a(t,z,u) = Ky u?, b(t,z,u) = K| u?, f(t,z,u) = K/, u®, where |Ky,|, |K|,|, |K/,| <K for
some positive constant K, then the set K (t,z) is convex for each (¢,z) € [0,T] x R4.

el

4If there is no risk of confusion, then we call the processes Q, respectively u the relaxed, respectively strict control.



2.1.2 Canonical state space and disintegration

In what follows, we always assume that  is the canonical path space, i.e.
Q =D(R) x U(R) x A(R)
and that the filtration {F,t € R} is generated by the coordinate projections X, Q, Z. More precisely, for
each w := (x,q, 2) € Q,
Xw) =z, Qw)=¢q,  Zw)==z
and for t € [0,T], F; := FX x F2 x FZ, where
F=o(Xss<t), FP=0(Q(5),5€B(0,]xV)), F=o0(Zys<t);
if t <0, then F; := {Q, 0} and if ¢t > T, then F; := Fr.

The following argument shows that relaxed controls can be defined in terms of projection mappings. In
fact, since [0, T] and U are compact, by the definition of U(R), each ¢ € U(R) allows for the disintegration

q(dt, du) = q:(du)dt

for some measurable P(U)-valued function g;. By [26, Lemma 3.2] and by definition of the space U(R)
there exists a F2-predictable P(U)-valued process II such that for each ¢ € U(R),

I (q) = qi, a.e. t €[0,T7]; II;(q) = 0z, t < 0; IL(q) = 05z, t > T.
Hence, the process Q¢ :=1II; o ) is Fy-predictable. As a result, for each w = (z, ¢, 2),
Q(w)(dt,du) = g(dt,du) = g(du)dt = I1;(q)(du)dt = II; o Q(w)(du)dt = Q7 (w)(du)dt.
This yields an adapted disintegration of @ in terms of the {F;,t € R} progressively measurable process
Q°:RxQ—PW).

and hence allows us to define control rules. We notice that it is not appropriate to replace u (R) in the
definition of the canonical path space by the space of cadlag P(U)-valued functions as the definition of
relaxed controls does not assume any path properties of ¢ — @ -

Definition 2.3. For the canonical path space 2, the canonical filtration {F;,t € R} and the coordinate
projections (X, @, Z) introduced above, if r = (Q, F,{F;,t € R}, P, X,Q° Z) is a relaxed control in
the sense of Definition 2.1} then the probability measure P is called a control rule. The associated cost
functional is defined as

Let us denote by R the class of all the control rules for the stochastic control problem (21]). Clearly,

~

. > . T .
]1;272 J(P) > inf J(r)

relaxed control r

~ ~

Conversely, for any relaxed control r one can construct a control rule P € R such that J(P) = J(r).
The proof is standard; it can be found in, e.g. [I5, Proposition 2.6]. In other words, the optimization
problems over relaxed controls and control rules are equivalent. It is hence enough to consider control
rules. From now on, we let (Q¢)ier := (QF)ter for simplicity.

Remark 2.4. In [I5] - with the choice of different topologies and under suitable assumptions on the cost
coefficients - it is shown that an optimal control rule exists if ¢ = 0. Their method allows for terminal
costs only after a modification of the cost function; see [I5, Remark 2.2 and Section 4] for details. As a
byproduct (see Corollary BI0) of our analysis of MFGs, under the same assumptions on the coefficients
as in [I5] we establish the existence of an optimal control rule for terminal cost functions that satisfy a
linear growth condition. In Section [3.3] we furthermore outline a generalization of the stochastic singular
control problem to problems of McKean-Vlasov-type.



2.2 Mean field games with singular controls

We are now going to consider MFGs with singular controls of the form (I4]). We again restrict ourselves
to relaxed controls. Throughout the paper, for each p € Pp(ﬁ(R)), put u; = pom; b, where 1 : x €
5(R) — x¢. The first step of solving mean field games is to solve the representative agent’s optimal
control problem

inf’u,,Z E |:f0T f(t7 Xtu Mt ut) dt + g(XT7 MT) + fOT h(t) dZt:|

subject to
dXy = b(t, Xy, pue, ue) dt + o (t, X, pe, ue) dWy + c(t) dZy,
Xy =0

for any fized mean field measure p € Pp(ﬁ(R)). The canonical path space for MFGs with singular controls
is

2 :=D(R) x UR) x A(R).
We assume that the spaces D(R) and A(R) are endowed with the M; topology. We define a metric on
the space U(R) induced by the Wasserstein distance on compact time intervals by

¢ ¢
du(R)(ql,qz) = Wp,[o,T]xU ( >

T T
. (2.4
+ Z on+t {Wp,[f(nJrl),fn]XU(qla q2) + Wp,[TJrn,TJrnJrl]XU(qla q2)} .
n=0
The space u (R) endowed with the metric dz?(R) = dy(r) is compact. Furthermore, it is well known

[30, Chapter 3] that the spaces D(R) and A(R) are Polish spaces when endowed with the M; topology,
and that the o-algebras on D(R) and A(R) coincide with the Kolmogorov o-algebras generated by the
coordinate projections.

Definition 2.5. A probability measure P is called a control rule with respect to p € ’Pp(ﬁ(R)) if

1. (Q, F,{F:,t € R}, P) is the canonical probability space and (X, Q, Z) are the coordinate projections;

2. for each ¢ € C2(RY), M*? is a well defined P continuous martingale, where

ot — t s n u)ds — t NTe(s
ME% = §(X,) / /U L6(5, Xon 1) Qu(du)d / (0e6(X,))Te(s)dZ,
= Y (#(X) = (X)) = (0:0(X,))TAXL),  te[0,T]

0<s<t

(2.5)

with Lo(t, z, v, u) := % Zij a;;(t,z, v, u)%—i—zi bi(t,z,v,u)0,,¢(z) and a(t, z,v,u) = oo ' (t,7,v,u),
2 Or;
for each (t,z,v,u) € [0,T] x R? x P,(R%) x U.

For a fixed measure p € Pp(’ﬁ(R)), the corresponding set of control rules is denoted by R(1), the cost
functional corresponding to a control rule P € R(u) is

T T
Hu )= B | [ [0 X0 Qudwyit+ [ 10 a2 + 9 )|

and the (possibly empty) set of optimal control rules is denoted by

R*(p) = argminper ) J (1, P).



If a probability measure P satisfies the fixed point property
PeR*(PoX 1,

then we call Po X! or P or the associated tuple (2, F,F;,P, X,Q,Z) a relaxed solution to the MFG
with singular controls (I4). Moreover, if P € R*(Po X ') and P(Q(dt, du) = 8z, (du)dt) = 1 for some
progressively measurable process @, then we call Po X ~! or IP or the associated tuple (Q, F, 7, P, X, u, Z)
a strict solution.

The following theorem gives sufficient conditions for the existence of a relaxed solution to our MFG. The
proof is given in Section [3

Theorem 2.6. For some p > p > 1, we assume that the following conditions are satisfied:
Ai.  There exists a positive constant Cy such that |b] < Cy and |a| < C1; b and o are measurable in

t € [0, T] and continuous in (z,v,u) € REx P,(RY) x U; moreover, b and o are Lipschitz continuous
in x € RY, uniformly in (t,v,u) € [0,T] x Pp(R?) x U.

Ay.  The functions f and g are measurable in ¢t € [0,T] and are continuous with respect to (x,v,u) €

RY x P,(RY) x U.

As.  For each (t,z,v,u) € [0,T] x R? x P,(R?) x U, there exist strictly positive constants Ca, C3 and a
positive constant Cy such that

¢, (1 —fol? + [ Jol u(dm) < g(a,v) < Cs <1 ol + [ Lol u(dm) ,
Rd Rd
and
vl <0 (14l ke + [ o).
Rd
Ayg.  The functions ¢ and h are continuous and c is strictly positive.

As.  The functions b, o and f are locally Lipschitz continuous with p uniformly in (t,z,u), i.e., for
©=0b, o and f, there exists C5 > 0 such that for each (t,z,u) € [0, T] x RIx U and v',v? € P,(RY)
there holds that

|gD(t,$L‘, 7/17 u) - sD(t,CL', V27 u)' <Cs (1 + L(Wp(ylv 50)7 WP(V27 50)))WP(V17 VQ)?

where LW, (v, 80), W, (v%,80)) is locally bounded with W, (v*, 80) and W,(v?, &).

Ag. U is a compact metrizable space.

Under assumptions A1-Ag, there exists a relaxed solution to the MFGs with singular controls (1)

Remark 2.7. A typical example where assumption A3 holds is

g(z,v) =zl +g(v),

where [g(v)| < [oq [y[P v(dy). This assumption is not needed under a finite fuel constraint on the singular
controls. It is needed in order to approximate MFGs with singular controls by MFGs with a finite fuel
constraint. The assumption that ¢ > 0 is also only needed when passing from finite fuel constrained to
unconstrained problems, see Lemma[3. 13l Assumption As is needed in order to prove the continuity of the
cost function and the correspondence R in p. A typical example for As is [ |z|Pv(dz) or [ |z|Pv(dz) A K
for some fixed constant K if boundedness is required.



Remark 2.8. If we assume for each (¢,z,v) € [0,7] x R? x P,(R?), K(t,z,v) is convex, where
K(f,(E,V) = {(a(t,x,y,u),b(t,x,l/, u)ve) L€ Z f(t,(E,V,U), u € U}7

a strict solution to our MFG can be constructed from a relaxed solution. Let r* = (Q, F, F,P*, X, Q, Z)
is a relaxed solution to MFG. Let a*(t,z,u) = a(t,x, u},u), b*(t,z,u) = b(t, z, uf,u) and f*(t,z,u) =
f(t,z, uf,u), where pu* = P*o X ~1. Similar to Remark 2.2] there exist U-valued process @ and R*-valued
process o such that (2.3) holds with a, b, f replaced by a*,b*, f*, respectively. Define

Oé* = (Qu-}—a]:taQ*uXuﬂuz)u

where Q* = P* o (X, 6, (du)dt, Z)~1. Then, a* is a strict solution. The point is that the marginal
distribution p* does not change when passing from r* to a*.

3 Proof of the main result

The proof of Theorem is split into two parts. In Section [3.I] we prove the existence of a solution to
our MFG under a finite fuel constraint on the singular controls. The general case is established in Section
using an approximation argument.

3.1 Existence under a finite fuel constraint

In this section, we prove the existence of a relaxed solution to our MFG under a finite fuel constraint.
That is, unless stated otherwise, we restrict the set of admissible singular controls to the set

A (R) := {z € AR) : 20 < m},
for some m > 0. By Corollary B3 the set A™(R) is (D(R), dyy, ) compact.

We start with the following auxiliary result on the tightness of the distributions of the solutions to a certain
class of SDEs. The proof uses the definition of the distance | — [y, z]| of a point z to a line segment [y, 2]
and the modified strong M; oscillation function ws introduced in (B.4) and (BII]), respectively.

Proposition 3.1. For each n € N, on a probability space (Q™, F", P"), let X™ satisfy the following SDE
on [0,T7:
dX[ = by (t) dt + dM]" + den (), (3.1)

where the random coeflicients b,, is measurable and bounded uniformly in n, M™ is a continuous mar-
tingale with uniformly bounded and absolutely continuous quadratic variation, and ¢,, is monotone and
cadlag in time a.s. and sup,, E¥ (]c,(0)| V |cn(T)|)? < oo. Moreover, assume that X = 0 if t < 0
and X' = X2 if ¢ > T. Then, the sequence {P" o (X™)71},>1 is relatively compact as a sequence in
w

p.(D(R),dasy )

Proof. By the uniform boundedness of b,, EF" (|c,(0)] V |c,(T)])? and the quadratic variation of M™,
there exists a constant C' that is independent of n, such that

E™ sup |X!P < C < 0. (3.2)
0<t<T



By [29, Definition 6.8(3)] it is thus sufficient to check the tightness of {P" o (X™)~1},>1. This can be
achieved by applying Proposition [B.6l Indeed, the condition (B12) holds, due to (8.:2). Hence, one only
needs to check that for each € > 0 and n > 0, there exists § > 0 such that

sup P™*(ws(X",0) > n) < e.

To this end, we first notice that for each t and t1, to, t3 satisfying 0V (t —0) <1 <t2 <t3 < (t+0)AT,
the monotonicity of ¢, implies

Xt — (X6, Xl

+

IN

t2 t3
/bn(s)ds—i-Mt’;—Mg /bn(s)ds—i—Mt’;—Mt’;

tl t2
+ InEJen(ta) = Aea(t) = (1= e ()

t3
+/ bn(s)ds + M{, — M |.

to

to
/ bn(s)ds + M, — M

t1

Similarly, for ¢; and ¢5 satisfying 0 < 1 < to <4,

to
/ bu(s)ds + M. — M|

t1

(X5 = [0, X7l <

Therefore,

ta
/ bu(s) ds + M — M

t1

ws(X,6) < 3supsup
t ti,t2

)

where the first supremum extends over 0 < ¢ < T and the second one extends over 0V (t —§) < 1 <9 <
T A (t+0). By the Markov inequality and the boundedness of b,, and the quadratic variation, this yields

~ k(6
P07, 0) 2 ) < 2O (33
for some positive function k(§) that is independent of n and m with lims_,q k(5) = 0. O

The next result shows that the class of all possible control rules is relatively compact. In a subsequent
step this will allow us to apply Berge’s maximum theorem.

Lemma 3.2. Under assumptions Ay, Ay and Ag, the set | R(w) is relatively compact in Wy,

nEP,(D(R))

Proof. Let {s"}n>1 be any sequence in P,(D(R)) and P" € R(u"),n > 1. It is sufficient to show that
{P" o X },51, {P" 0 Q '}n>1 and {P" 0 Z~1},51 are relatively compact. Since U and A™(R) are
compact by assumption and Corollary [B.5 respectively, {P" o Q7 '},>1 and {P" o Z71},>1 are tight.
Since U (R) and VZm(R) are compact, these sequences are relatively compact in the topology induced by
Wasserstein metric; see [29, Definition 6.8(3)].

It remains to prove the relative compactness of {P" o X ~'},>1. Since P" is a control rule associated
with the measure ™, for any n, it follows from Proposition[A.2]that there exist extensions (Q, F, {f},t S
R}, Q™) of the canonical path spaces and processes (X™, Q™, Z™, M™) defined on it, such that

ax? = [ 000 X7 w0 Qi) + [ (6 X7 ) M ) + () a2
U U

and

P"=P"o(X,Q,2) ' =Q" o (X",Q", 2",
where M™ is a martingale measure on (Q, F, {F; € R},Q") with intensity Q™. Relative compactness of
{P" 0 X~1},>1 now reduces to relative compactness of {Q" o (X™)~'},>1, which is a direct consequence
of the preceding Proposition [311 O

10



Remark 3.3. For the above result, the assumption ¢ > 0 is not necessary. To see this, we decompose X"

as

xr= [ [uexrpwQi@odes [ [ ot o+ [z - [ ez
o Ju 0o Ju 0 0

where ¢t and ¢~ are the positive and negative parts of ¢, respectively. By the boundedness of b and o,

we see that
EY|K] — KJ|* < CJt — s,

where

K" ::/ / b(t,Xt",u?,u)Q?(du)dt—l—//U(t,Xf,u?,u)M"(du,dt).
o Ju o Ju

Kolmogorov weak tightness criterion implies that, for each € > 0, there exists a compact set K1 C C(R)
such that

nfQ" (K" eky)>1—e.

n

Define )

Ko := {/0 ¢t (s)dzs € AR) : 2p € VZm(R)}
" Ky = {_/0 ¢ (s)dzs € D(R) : 2 € KW(R)} .
Thus,

infP{we Q: X.(w) e K1+ K2+ K3}

Y

inf Q" {weQ:K_"elCl,/ c+(s)dZ:€K2,—/ ¢ (s)dzZ? €/C3} (3.4)
n 0 0
>1—e.

By Corollary [B.5] Ky and K3 are M;-compact subsets of 5(R) By Remark [B:2(1), K; is also a M;
compact subset. Note that the elements of K; do not jump and that [ c*(s)dzs and [ ¢ (s)dzs never
jump at the same time. Thus, Proposition implies that K1 + Ko + K3 is a Mj-compact subset of
D(R).
The next result states that the cost functional is continuous on the graph

iR = {(1,P) € P(B(R)) x Py() : P& R(u)}.
of the multi-function R. This, too, will be needed to apply Berge’s maximum theorem below.

Lemma 3.4. Suppose that Ai-Ag hold. Then J : Gr'R — R is continuous.
Proof. For each i € P,(D(R)) and w = (z, ¢, z) € €, set

T T
j(u,w):/o /Uf(t,:vt,ut,u)qt(du)dt—i—g(x:r,u:r)—f—/o h(t) dz. (3.5)

Thus
J(N,P)z/ﬂj(u,w)P(dw).

In a first step we prove that J (-, -) is continuous in the first variable; in a second step we prove continuity
and a polynomial growth condition in the second variable. The joint continuity of J will be proved in
the final step.

11



Step 1: continuity in p. Let ;ﬂi — pin Wp,(ﬁ(R),dMl) and recall that p = u” o 7rt_1 and py = po 7Tt_1,
where 7 is the projection on D(R). We consider the first two terms on the r.h.s. in ([B.5]) separately,
starting with the first one. By assumption As,

/T/ f(t,:Et,,Uf?aU)Qt(d’UJ)dt_/()T/Uf(t,xt,,ut,u)qt(du)dt

<c/‘1+L (10 80) W (16, 80))) Wy (12 1) dt (3.6)

1_% T %
§C</O (14 L W, (1f, 80), Wy (112, 80))) 7T dt> (/O Wp(u?,ut)pdt> :

The convergence u"™ — p in Wp (BR),dar, ) implies ™ — p weakly. By Skorokhod’s representation
- "Vp, sdary el
theorem, there exists X™ and X defined on some probability space (Q, €2, F), such that

W= Qo (XM, p=QoX!

and
dar, (X", X) =0 Q-a.s.
Hence, (B.6) implies that

/f (t, e, p1g', u) qi(du) dt—/ /f (t, @4, pie, w) i (du)dt

1 1
P P

§C</o (1 L (Wo(Qo (Xi)7, do) p<@oxt1,ao>>>“dt>

T
<E@/ | X7 — X4|P dt)
0

By Remark [B.2] we have
T
/ | X[ — Xy [P dt — 0 a.s. Q.
0
Moreover, we have

T
/ | X7 = X dt < 2°T (dar, (X",0)7 + dr, (X,0)) .
0

On the other hand,

E® (dar, (X7, 0)7 + dar, (X, 0)) = / da, (x,0)7 " (d) + / dar, (2, 0)" p(dz)
D[0,T] D[0,T]

9 / das, (2,07 p(dz) < 50
DI0,7]
Therefore, dominated convergence yields

T
EQ/ | X7 — X4|P dt — 0. (3.7)
0

Since sup,, W,(Q o (X7*)~1,80) < oo it thus follows from the local boundedness of the function L that

— 0, uniformly in w. (3.8)

/f (t, @4, p1y', u) qe(du) dt—/ /f (t, @, pie, w) g (du)dt

As for the second term on the r.h.s. in (F3) recall first that 2™ — z in My implies 2 — x; for each
t ¢ Disc(x) and 2% — xp. In particular, the mapping = — ¢(zr) is continuous for any continuous real-
valued function ¢ on R%. Since any continuous positive function ¢ on RY that satisfies p(z) < C(1+ |z|P),
also satisfies

pler) < C(1+Jor) < C(1 +du, (2,0))

12



we see that

_ n—roo O'

| e@ian = [ o i

/m) plor) w(do) ~ [ plor) uldo)

D(R)

More generally, we obtain pf. — pp from p™ — p, which also implies that g(zr, %) — g(zr, pr).
Step 2: continuity in w. If ™ = (z",¢", 2") - w = (x,¢, ), then 7 — zp. In particular,

g(xp, pr) = g(@r, pr).

Moreover, 2™ — z in M; implies z;' — z; for for all continuity points of z and 2z} — z7. By the
Portmanteau theorem this implies that

/OT h(t) dz{ — /OT h(t) dz;.

Next we show the convergence of fOT Jo F(t 2, e, w) g (du)dt to fOT Jor F(t, 2z, e, u) g (du)dt. By As-
sumption As the convergence of z™ to x yields f(t, z}, ue, u) — f(t, 2, g, w) for each ¢ ¢ Disc(z). From
the compactness of U it follows that sup,cy |f(¢, 27, pe, w) — f(t, x4, pe, w)| — 0 for each ¢ ¢ Disc(z).
Since Disc(z) is at most countable this implies

T T
0 U 0 U

T
S/ sup|f(t,:c?,,u,g,u)—f(t,xt,u,g,u)|dt—>0.
0 ueU

By [29, Definition 6.8], ¢" — ¢ in dz?(R) implies ¢" — ¢ weakly. Moreover, the first marginal of ¢" is
Lebesgue measure. Thus, by [2I, Corollary 2.9], g™ converges to ¢ in the stable topology (cf. [2I], Definition
1.2] for the definition of the stable topology). For fixed (z, ) € D(R) x P,(D(R)), the compactness of
U and the growth condition on f implies the boundedness of f. Hence the definition of stable topology
yields that

T T
lim / / f(t,It,/Lt,u) qzl(du)dt - / / f(t,It,/Lt,u) qt(du)dt =0.
n—=eo\Jo Ju o Ju
So we get the convergence
T T
lim / / f(tax?a,utau) q?(du)dt - / / f(taxthu‘tau) qt(du)dt =0.
n—e\Jo JuU o Ju

Step 3: joint continuity of J. Thus far, we have established the separate continuity of the mapping
(1, w) = J(u,w). We are now going to apply [29, Definition 6.8(4)] to prove the joint continuity of .J.

To this end, notice first that for each fixed u € Pp(ﬁ(R)), due to Assumption As,

/()T/Uf(t,a:t,ut,u) qt(du)dt+/0T h(t) dz

T
§O<1+ I (1+|xt|p+|u|p+ / |y|Put<dy>) qt<du>dt+zT>
0 U Rd

p T
sc(1+dMl<x,o>p+Wp,m,T]xU(%,60) w0+ [ f |y|m<dy>dt>
0 d

p
<cC (1 + dan, (2,007 + W, 01100 (%,50) + dag, (2,007 + /~ ( )dMl (y,O)Pu(dy)> .
DR
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Hence, using the uniform convergence [B.8)), it follows from [29] Definition 6.8] that (u™,P™) — (u,P)
implies that

B (/OT/Uf(t,Xt,H?,u)Qt(du)dt—F/OT h(t) dZt> _ (/ Ft X, o, w) Qu(du dt+/OTh dZt)‘
< ’E“’" </OT/Uf(t7Xt7M?7u)Qt(du)dt+/OT h(t )dzt> o (/ F(t Xe, e, w) Qe(du dt+/OTh dZt)‘
- ‘EP" (AT[]f(t7Xt7ﬂt7u) Qt(du)dt+/0T h(t )dzt) EF (/ F(t, X, e, 1) Quldu dt+/0Th dZt)‘

—0.

(3.9)

Since the terminal cost functions is not necessarily Lipschitz continuous we need to argue differently in
order to prove the continuous dependence of the expected terminal cost on (u,P). First, we notice that
for each p > p, by the boundedness of b, o and Z, we have that

sup E¥" dpy, (X,0)P < C < o0, (3.10)

which implies

lim sup dar, (z,0)P P™(dx) = 0. (3.11)

K—oo pn /{m:dM1 (z,0)0>K}
By Assumption As,

9(er,pur)| < C (1 +orl+ [ |y|PuT<dy>) <C(1+|arf).
Together with (BI1) this implies,
E¥ g(Xr, ur) — EFg(Xr, pr). (3.12)

By the tightness of {P"},,>1, for each € > 0, there exists a compact set K, C 5(R) such that

/~ o, k)P (d) — / g(er, )P (dz)
D(R) D(R)

< [ lgtor.n) - gorpn)B o) + [ lgar, i) - glor, pr)P"(dz)
K. D(R)/ K.
: 3
< sup [g(@r, py) — 9(@r, pr)| + </~ lg(xT, o) —g(IT,uT)IQP"(d$)> (suplP’”( (R)/ K- ))
zeK., D(R)/K
< sup |glar. p) — glar, pr)| + Cet - (by EI0).
(3.13)
Thus,
/~ g(xr, wp)P*(dz) — /~ g(xr, pr)P"(dx)] — 0 (3.14)
D(R) D(R)
The convergence (39), (B12) and (BI4) yield the joint continuity of J(-,). O

Remark 3.5. The preceding lemma shows that under a finite fuel constraint the cost functional J is
jointly continuous. In general, J is only lower semi-continuous. In fact, for each positive constant K, let
gk (+) :=g(-) N K and

T T
Tk (1, w) ::/O /Uf(t,:zst,m,u)qt(du)dt—|—gK(33T,uT)—|—/0 h(t)dz
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By assumption Ajs, we have

ool <20+ o (14 [ rutan) < ¢ (14 [ irutan).

So (812) and B13) still hold with g replaced by gx while (8.3 still holds for f and h. So (u™,P™) — (u, P)
implies

/ T (", )P (d) — / T (s ) P(dw).
Q Q

Thus, by monotone convergence theorem, we have

liminf | J(u", w)P"(dw) Z/QJ(u,w)IP’(dw).

n—oo Q

We now recall from [I5] Proposition 3.1] an equivalent characterization for the set of control rules R(u).
This equivalent characterization allows us to verify the martingale property of the state process by
verifying the martingale property of its continuous part. Since it is difficult to locate the proof, we give
a sketch one in Appendix

Proposition 3.6. A probability measure P is a control rule with respect to the given u € Pp(ﬁ(R)) if
and only if there exists an F; adapted process Y € C(0,T) on the filtered canonical space (2, F, F;) such
that

(1) PlweQ: X(w) = Yi(w) + [y c(s) dZs(w),t € [0,T]) = 1;

(2) for each ¢ € C3(RY), M™% is a continuous (P, ;) martingale, where

t
ﬂ?’¢=¢<m—/ /E¢(S,Xs,n,us,u)625(du)ds, te[0,T] (3.15)
0 U

with Lo(s,z,y,v,u) = >, bi(s,z,v,u)dy,¢(y) + %ZU aij (s, z,v, u)g2 éy) for each (t,z,y,v,u) €
i Yy
[0,T] x R? x RY x Pp,(R?) x U.

The previous characterization of control rules allows us to show that the correspondence R has a closed
graph.

Proposition 3.7. Suppose that A; and As4-Ag hold. For any sequence {u"}n,>1 C Pp(ﬁ(R)) and
€ Pp(D(R)) with p™ — p in Wp,(ﬁ(R),dMl)’ if P € R(u™) and P* — P in W, then P € R(u).

Proof. In order to verify conditions (1) and (2), notice first that, for each n, there exists a stochastic
process Y € C(0,T) such that

t
P" (Xt =Y +/ o(s)dZ,,t € [O,T]> =1
0

and such that the corresponding martingale problem is satisfied. In order to show that a similar decompo-
sition and the martingale problem hold under the measure P we apply Proposition[A.2l For each n, there
exits a probability space (2, F",Q") that supports random variables (X", Q", Z") and a martingale
measure M" with intensity Q™ such that

P" = Qn o (Xn, Qn, Zn)—l
and

dX]' = / b(t, X[, i, u) Q7 (du)ds + / ot, X[, uit,u) M™(du, dt) + c(t)dZ}".
U U
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Thus, for each 0 < s <t < T,

<Xt - / o) dZT) - (XS - / o) dZT)
=¥ ‘(xtn - /Otc(r) dzgf) - <X: - /0 e(r) de)

t t 4
/ / b(r, X7, ) Q7 (du)dr + / / o(r, X2 12 ) M (dus, dr)
s U s U

< Ot - s|?.

4
EP"|}/tn _ }/Sn|4 — EIFm

4

(3.16)

_ EQn

Hence, Kolmogorov’s weak compactness criterion implies the tightness of Y. Therefore, taking a sub-
sequence if necessary, the sequence (X,Q,Z,Y™) of random variables taking values in  x C(0,7T) has
weak limit (X, Q, Z,Y) defined on some probability space.

By Skorokhod’s representation theorem, there exists a probability space ((NZ, F ,Q) that supports random
variables (X™, Q™, Z™,Y™) and (X,Q, Z,Y") such that

Law()N(",Qv", Z",f’") = Law(X,Q,Z,Y"), Law()?,@, Z, 37) = Law()/f,@, 2, EA/)

and
(XnaQnaZnaYn) — (X;Q7Z,Y) Q—a.s.

In particular, Y € C(0,T) as the uniform limit of a sequence of continuous processes, and
~ ~ t ~
Q (Xt =Y +/ c(s)dZs,t € [O,T]> =1
0

Since P* — P, we have Po (X,Q,Z)"! = Qo ()?,@, Z)_l. Hence, there exists a stochastic process
Y € C(0,T) such that

]P’<Xt:Yt+/0tc(s)dZs,te [O,T]> =1

and Po (X,Q,Z,Y)"' =Qo (X,Q,Z,Y)"!. Finally, for each ¢ € [0,T], define

n t =
M = oy - /0 /UE(&XS,K",M?M Qs(du)ds,

t
M?)Hn7¢ = (ZS(Y;Sn) - / / E(Sv Xsnv stv /1'27 u) Q?(du)d‘sv
0 U
and

Wt = o)~ [ [ 26K Foopo) Qulayis
For each 0 < s <t < T and each F that is continuous, bounded and F;-measurable, we have
0= E*" (ﬂ?’“n"” - MZ’“”’¢) F(X,Q,7) = E® (/\7;““""1’ - /\72*#%) FX",Q", 7™
= B (M7 = M) F(R,Q,Z) = BF (M) = MU F(X,Q, 2). 10
O
Remark 3.8. Note that the proof of Proposition [3.7, does not require the finite fuel constraint.

The next corollary shows that the correspondence R is continuous in the sense of [2 Definition 17.2,
Theorem 17.20, 17.21].
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Corollary 3.9. Suppose that A;, A4-Ag hold. Then, R : Pp(’ﬁ(R)) — 2P»(Y) is continuous and compact-
valued.

Proof. The lower hemi-continuity of R can be dealt with as [26, Lemma 4.4] since b and o are Lipschitz
continuous in z. Lemma [3.2] Proposition B.7 and [2 Theorem 17.20] imply that R is upper hemi-
continuous and compact-valued. O

Corollary 3.10. Under assumptions A;-Ag, R*(u) # @ for each u € ’Pp(ﬁ(R)) and R* is upper hemi-
continuous.

Proof. By [23, Section 5.4], for each pu € P,(D(R)) the set R (1) is nonempty. Corollary B0 implies that
R is compact-valued and continuous. By Lemma B4 J : GrR — R is jointly continuous. Thus, [2]
Theorem 17.31] yields that R* is nonempty valued and upper hemi-continuous. o

Remark 3.11. Corollary B0l in fact shows that the stochastic singular control problem (2]) admits an
optimal control rule in the sense of Definition Using our method, we could have obtained Corollary
under the same assumptions of the coefficients as in [I5]. We will generalize it to McKean-Vlasov
case at the end of this section.

Theorem 3.12. Under assumptions Ai-Ag and the finite-fuel constraint Z € VZm(R), there exists a
relazed solution to (1.7).

Proof. From inequality (3:3) in the proof of Proposition B we see that for each € P,(D(R)) and P €
R(1), there exists a nonnegative function k(-) that is independent of y, such that P(w,(X,d) > n) < @
and lims_,0 k(6) = 0, where w; is the modified oscillation function defined in (B.IT)).

Let us now define a set-valued map 1 by

i Py(D(R)) = 27 P,

p—={PoX 1 :PecR* ()}, (3.18)
and let
. ~ KO) o :
S =P e P,(DR)):for eachn >0, P(ws(X,d) >n) < —=and E* sup | Xy’ <C
n 0<t<T

where C' < oo denotes the upper bound in [B2)). It can be checked that S is non-empty, relatively
compact, convex, and that ¢(u) € S C S, for each p € 5(R) Hence, v : S — 25. Moreover, by
Corollary BI0] ¢ is nonempty-valued and upper hemi-continuous. Therefore, [2] Corollary 17.55] is
applicable by embedding Pp(ﬁ(R)) into M(D(R)), the space of all bounded signed measures on D(R)

endowed with weak convergence topology. O

3.2 Existence in the general case

In this section we establish the existence of a solution to MFGs with singular controls for general singular
controls Z € A(R). For each m and p, define

Q™ = D(R) x U(R) x A™(R)

and denote by R™(u) the control rules corresponding to 2™ and p, that is, R™(u) is the subset of
probability measures in R(p) that are supported on Q™. Denote by MFG™ the mean field games
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corresponding to ™. The preceding analysis showed that there exists a solution P™* to MFG™, for
each m. In what follows,
pmr =P o XL
The next lemma shows that the sequence {P™*},,>; is relatively compact; the subsequent one shows
that any accumulation point is a control rule.

Lemma 3.13. Suppose Ay, As, Ay and Ag hold. Then there exists a constant K < oo such that

sup B | Zr P < K < 0.
m

As a consequence, the sequence {P™*},,>1 is relatively compact in Wp,ﬁ(R)xﬁ(R)xZ(R)'

Proof. We recall that ¢(-) is bounded away from 0. Hence, there exists a constant C' < oo such that, for
all m e N,
EF" | ZeP < © (1 + EPW|XT|75) (3.19)
and
EF X, P < C (1 + EP |ZT|p) L te[0,T). (3.20)

Moreover,

T T
(B = B / /U PO X 1 ) Qu(du)dt + g(Xor 1) + / h(t) dZ:

T T T
-C 1+/ / |x|Pu;gn*(dx)dt+Eﬂ“’m*/ |Xt|pdt+EPm/ /|u|th(du)dt
0 Rd 0 0 U
T
/ h(t) dZ,
0

T T T
-C 1+/ |x|Pu;n*(dx)dt+EP”*/ |Xt|Pdt+EPm*/ /|u|th(du)dt
0 R4 0 0 U

/O )z,

Now choose any Py € R™ (™" ) such that sup,,, J(u™*,Pg) < oo (e.g. Py € R(u™*) such that Po(Q|j0,7] =
g (du)dt|o,r1, Z = 0) = 1 for some u € U). Then,
XT|p>

/0 ! h(t) dZ,

< J(p™,Po) + C (1 +EF" | Zr| + B | Z7 P ) (by B20) and the optimality of P™*)

v

_EPm*

Xl + / laf? 12 (de) + B
]Rd

) (by assumption A3)

v

*/ P i (do) + B
Rd

- EPM*IZTI”> (by B.I9).

T
EF" | Zp|P < J (™ P™) 4+ C (1 +E" +E™ / | X, [P dt + EF"
0

< C(1+ B |z0] + B\ 2l
(3.21)

Since the measure P™* is supported on Q™, we see that EF" |Z|P is finite, for each m. In order to see
that there exists a uniform upper bound on EF™" |Z7|P, notice that, independently of m we can choose
M > 0 large enough such that

- 1 e
EF" | ZpPo < M+ —EF
|2 < tic

ZrlP (po=1,p)
Together with (B21]) this yields,
EF""\ZrP <201+ M) := K.

By [29, Definition 6.8] and Proposition B.I] the relative compactness of {P"*},,>1 follows. O
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The previous lemma shows that the sequence {P™*},,,>1 has an accumulation point P*. Let pu* = P*oX 1.

Clearly, p™* — p* in W, along a subsequence. The following result is an immediate corollary to

Proposition B.7] (see Remark B.8)).

Lemma 3.14. Suppose that Ay and As-Ag hold, let P* be an accumulation point of the sequence
(B V1. Then, P* € R(u*).

The next theorem establish the existence of relaxed MFGs solution to (L4 in the general case, i.e. it
proves Theorem

Theorem 3.15. Suppose Ai-Ag hold. Then P* € R*(u*), i.e., for each P € R(u*) it holds that

J(u*,P*) < J(u*, P).

Proof. Tt is sufficient to prove that J(p*,P*) < J(u*,P) for each P € R(p*) with J(u*,P) < co.

By Proposition [A.2] there exists a filtered probability space (Q, F, F;,P) on which random variables
(X,Q,Z, M) are defined such that P =Po (X,Q,Z)~! and

dX; = / b(t, X, py,u) Qi (du)dt + / o(t, X, i, w)M(du, dt) + c(t) dZ;, (3.22)
U U

where M is a martingale measure with intensity Q. Using the same argument as in the proof of Lemma
B.13] we see that, )
EFZE = EFZ] < 0. (3.23)

Define P =Po (X™,Q, Z™) € R™(u™*), such that X™ is the unique strong solution to
dX]" = / b(t, X", ™ u) Qi (du)dt + / o(t, X", ui™*  u) M (du, dt) + c(t) dZ]", (3.24)
U U

where for each @ € ,
Zy(w), ift<7Tm(w)
if t > r™m(w),

o= 2

with 77 (@) = inf{t : Z;(@) > m}. Similarly, we can define Z™. Furthermore, if Z is A™(R) valued, we
have Z = Z™. Hence,

_ t - t -
E¥ sup / c(s)dZs —/ c(s)dz
o<t<T |Jo 0
t t
= E" sup / c(s)dZs — / c(s)dzZT (3.25)
o<t<T |Jo 0

/Ot c(s) dZs(w) — /Ot o(s)dz™ (w)‘ P(dw).

= / sup
AR)\A™(R) 0<t<T

By Holder’s inequality,

t t
/~ ~ sup / c(s) dZS(w)—/ e(s)dZM(w)| P(dw)
A®)\Am(R) 0<t<T | Jo 0
T T
< /~ i / () dZw) Py + [ / o(t) dZ™ (w)P(dw)
ARNA™(R) /0 ARNA™(R) /0

< O (EPZ8)" PLAR)\A™(R))"F + C (EF(Zp)?)
< O (EFZ2) " P(A(R)\A™(R))' .



Since A™(R) 1 A(R) implies P(A(R)\.A™(R)) — 0 we get,

_ t - ¢ -
E¥ sup / c(s)dZS—/ c(s)dZ*| — 0. (3.26)
0<t<T |JO 0
Similarly,
| T - T -
E* / h(t)dZ; — / h(t)dZ™| — 0. (3.27)
0 0

By 322), 824) and [B.26]), the Lipschitz continuity of b and ¢ in z and p and the Burkholder-Davis-
Gundy inequality, standard estimate of SDE yields that

lim EY sup |X;"— X =0. (3.28)

m— 00 0<t<T
By B27), B25), 4™ — p* in W, (BR),dar, ) and the same arguments as in the proof of Lemma [B.4] we
) » My
get

(T _ _ T _
B (/O f(t,XZ”,uZ"*,U)Qt(dU)dt+g(X?,u?*)+/0 h(t) dZZ")

_ T - - - T -
0 0
This shows that
J(™ P = J (", P).
Moreover, by Remark BB lim inf,, o J(pu™*, P™*) > J(u*,P*). Hence,

J(p*,P) = 1131 J(p™ Py > limﬁinf J(E™ P > J(u”, P,

3.3 Related McKean-Vlasov stochastic singular control problem

MFGs and control problems of McKean-Vlasov type are compared in [5]. The literatures on McKean-
Vlasov singular control focus on necessary conditions for optimality; the existence of optimal control is
typically assumed; see e.g. [I9]. With the above method for MFGs, we can also establish the existence
of an optimal control to the following McKean-Vlasov stochastic singular control problem:

T T
miZn J(u,Z) = mi}lE / ft, Xy, Law(Xy), ug) dt + g( X, Law(Xr)) + / h(t) dZ, (3.29)
u, ©, 0 0
subject to
dXt = b(t,Xt,Law(Xt),ut) dt—'—O'(t,Xt,LCL?,U(Xt),Ut) th +C(t> dZt, te [O,T] (330)

To this end, we need to introduce relaxed controls and control rules similar to Section

Definition 3.16. We call (2, F,{F;,t € R}, P, X,Q, Z) a relaxed control to McKean-Vlasov stochastic
singular control problem B29)-(B.30) if it satisfies items 1, 2 and 3 in Definition 2] and
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4 (Mp’d’, {F,t >0}, ]P’) is a well defined continuous martingale, where
t
M? = ¢(Xy) —/0 /U(b/(Xs)b(s,Xs,]P’o X;I,U)Qs(du)ds
1 ‘ / —1
- 5/0 /U¢ (Xs)a(s, X, Po X7 u) Q (du)ds (3.31)

- /0 ¢I(Xsf)c(5) dZs — Z (¢(XS) - Qb(Xsf) - ¢I(X57)AXS) S [O,T].

0<s<t

For each relaxed control r = (Q, F,{F;,t € R},P, X,Q, Z), we define the corresponding cost functional
by

T T
J(r) = E* /0 /Uf(t,Xt,}P’oth,u) Qt(du)dt+g(XT,]P’oXT1)+/O h(t) dZ; (3.32)

We still denote by € := D(R) xU(R) x A(R) the canonical space, F; the canonical filtration and (X, Q, Z)
the coordinate projections with the associated predictable disintegration ()°, as introduced in Section
The notion of control rules can be defined similarly as that in Definition 2.3l Denote by R all the control
rules. For P € R, the corresponding cost functional is defined as in (3.32)).

Using straightforward modifications of arguments given in the proof of [15, Proposition 2.6] we see that
our optimization problems over relaxed controls and over control rules are equivalent. Once the optimal
control rule is established, under the same additional assumption as in Remark 2.8 we can establish
a strict optimal control from the optimal control rule. The next two theorems prove the existence of
an optimal control under a finite-fuel constraint. The existence results can then be extended to the
general unconstraint case. We do not give a formal proof as the arguments are exactly the same as in
the preceding subsection.

Theorem 3.17. Suppose Ay, As hold and A1 holds without Lipschitz continuity of b and o on x. Under

a finite-fuel constraint on the singular controls, R # ().

Proof. For each u € Pp(ﬁ(R)), there exists a solution to the martingale problem M*?¢, where M"® is
defined in (2.5)). Thus, we define a set-valued map ® on P,(D(R)) with non-empty convex images by

O:p—{PoX1:PecR(},
where R(u) is the control rule with p as in the previous section.

The compactness of ®(u) for each p € Pp(ﬁ(R)) and the upper hemi-continuity of ® are results of the
compactness of R(u) for each y € Pp(D(R)) and upper hemi-continuity of R(-), respectively, which are

direct results of Corollary By analogy to the proof of Theorem we can define a non-empty,
compact, convex set S C P,(D(R)) such that ® : S — 2°. Hence, ® has a fixed point, due to [2, Corollary
17.55). O

Theorem 3.18. Suppose As-Ag hold and that A1 holds without Lipschitz assumptions on b and o in
x, and that Aa holds with the continuity of f and g being replaced by lower semi-continuity. Under a
finite-fuel constraint, there exist an optimal control rule, that is, there exists P* € R such that

J(P*) < J(P) forall PeR.

5Note that we only need upper hemi-continuity of R(-), so Lipschtiz assumptions on b and ¢ are not necessary.
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Proof. Tt is sufficient to prove R is compact and J is lower semi-continuous. The former one can be
achieved by the same way to Corollary B9l As for the lower semi-continuity, note that f and g can be
approximated by continuous functions fy and gy increasingly. For fy and gy, by the same way as that
in the proof of Lemma [3.4] one has

lim inf E¥
n—o0

T T
/ / Nt X, P o X ) Qu(du)dt + gy (X7, P o X7t) + / h(t) dZ;
0 U 0

T T
— EF / /fN(t,Xt,]P’oX;l,u)Qt(du)dt—i-gN(XT,]P’oX;l)+/ h(t) dZ;
0 U 0

Thus, monotone convergence implies the lower semi-continuity of J. O

4 MFGs with regular controls and MFGs with singular controls

In this section we establish two approximation results for a class of MFGs with singular controls under
finite-fuel constraints. For the reasons outlined in Remark below we restrict ourselves to MFGs
without terminal cost or singular control cost. More precisely, we consider MFGs with singular controls
of the form:

1. fix a deterministic measure p € Pp(ﬁo,ﬂﬁ (R));
2. solve the corresponding stochastic singular control problem :

inf, z E UOT ft, Xy, ut)dt}

subject to

dXe = b(t, Xy, e, ug) dt + o (t, Xy, iy, ug)dWe + ¢(t) dZy, t € [0,T + €];
3. solve the fixed point problem: p = Law(X),

(4.1)

for some fixed € > 0 under the finite-fuel constraint Z € .ngT (R). The reason we define the state process
on the time interval [0, T + €] is that we approximate the singular controls by absolutely continuous ones
that are most naturally regarded as elements of Dy r4.(R) rather than Do 1 (R).

4.1 Solving MFGs with singular controls using MFGs with regular controls

In this section we establish an approximation of (relaxed) solutions results for the MFGs ([@.I]) under a
finite-fuel constraint by (relaxed) solutions to MFGs with only regular controls. To this end, we associate

with each singular control Z € Af'y (R) the sequence of absolutely continuous controls

t
Zi"]zn/ Zyds (teR,neN). (4.2)
(

1
t—21)

Then, ZI" € JZ’O’?T +(R) for all sufficiently large n € N. Since each ZI" is absolutely continuous and Z is
cadlag we cannot expect convergence of Z™ to Z in the Skorokhod J; topology in general. However, by
Proposition [B] (3.) and the discussion before Proposition [B:4 we do know that

Z 4 7 as. in (ﬁo,ﬂe(m),d%).
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For each n, we consider the following finite-fuel constrained MFGs denoted by MFG!":

1. fix a deterministic measure i € Pp(Do.r1c(R));
2. solve the corresponding stochastic control problem :
inf, z E UOT ft, Xt[n], e, ug)dt
subject to
ax ™ =v(t, X" g, we)dt + o (t, X pg, u)dWy + e(t) dZ™, t € [0,T + €]
xJM =0
zM = n ooy Zsds;
3. solve the ﬁxea point problem: pu = Law(X ™).

(4.3)

Definition 4.1. We call the vector 7" = (Q, F, {F,t € R}, P, X, Q, Z[") a relaxed control with respect
to p for some p € Pp(Do,r4e(R)) if (2, F,{Fi,t € R}, P, X,Q, Z) satisfies 1.-3. in Definition 2] with
item 4 being replaced by

4. X is a {F;,t € R} adapted stochastic process and X € 507T+€(R) such that for each ¢ € CZ(R?),
MU i a well defined P continuous martingale, where

M qS(Xt)—/O /UEQS(S,XS,us,u)QS(du)dS—/O (0u6(X,)) T els) dZI, (4.4)

with £ defined as in Definition

The probability measure P is called a control rule if (Q, F, {F;,t € R}, P, X,Q°, ZI") is a relaxed control
with (2, F, {F,t € R}) being the filtered canonical space with

Q= Do 1rie(R) x Up r1e(R) x ATp(R)

and (X, @, Z) being the coordinate projections on (2, F,{F:, t € R}) and Q° being the disintegration of
Q as in Section 2.1.2

Remark 4.2. If Z is discontinuous at 7', then Z!"! may not converge to Z in 250)T(R) but only in 50,T+6(R).
Likewise, the associated sequence of the state processes may only converge in 250,T+6 (R). The possible
discontinuity at the terminal time 7T is also the reason why there is no terminal cost and no cost from
singular control in this section. If we assume that T is always a continuous point, then terminal costs
and costs from singular controls are permitted. In this case, one may as well allow unbounded singular

controls.

For each fixed n and y, denote by RI™ (1) the set of all the control rules for MFGI[™ and define the cost
functional corresponding to the control rule P € RI" (1) by

T
JU () = EF (/0 /Uf(t,Xt,ut,u) Qt(du)dt> :

For each fixed n and u, denote by R["]*(,u) the set of all the optimal control rules. We can still check
that
JW () = inf I (u,P),

inf
relaxed control r™ PeRI (1)

which implies we can still restrict ourselves to control rules in analyzing MFG™.

The proof of the following theorem is very similar to that of Theorem [3.12] and is hence omitted.

23



Theorem 4.3. Suppose A;-Ag hold. For each n, there exists a relazed solution PI™ to MFG!™

By Proposition 3.1l the sequence {]P’[”] }n>1 is relatively compact. Denote its limit (up to a subsequence)
by P* and set u* = P* o X', Then, p* is the limit of u[ := P o X~1. The following lemma shows
that P* is admissible.

Lemma 4.4. Suppose A;-Az, A4-Ag hold. Then P* € R(u*).

Proof. By Proposition B.0] there exists, for each n, a {F;,0 <t < T + €} adapted continuous process Y™,
such that

t
pln] (Xt_ygw-/ c(s)dzl", t € [0,T+e]> =1
0

Arguing as in the proof of Proposnlonm there exists a probablhty space (Q ]—' Q) supportlng random
varibales (X", Y™, Q", Z") and (X,Y,Q, Z) such that (X", Y",Q",Z") — (X,Y,Q, Z) Q-a.s. and

Plo (X, ¥",Q,2)"  =Qo (X", Y™, Q",Z")
which implies

t
Q& =¥+ [ eaztin e pT+a) =1, (45)
0

where Zt[n]n =n f(i_l/n) Z™ ds. For each fixed & € € and for each ¢ which is a continuous point of Z(&),
by (B.f) in Proposition [B.Il we have

< n/t_l Z0(@) - Zs(c71)|ds+n/t_l |Z4(@) — Z,(@)| ds

n n

sup |Z§(@) - Zs@ﬂ + sup |ZS(<T)) - Zt(@)|

1 1
t—-<s<t t—<s<t

n/ti @) ds — Z,(@)

n

IN

— 0.

Then (@A) and right-continuity of the path yield that

t
Q(thYt—i—/ c(s)dZ,, te [O,T—i—e]) =1 (4.6)
0
The desired result can be obtained by the same proof as Proposition 3.7
O

Remark 4.5. In the above proof, the local uniform convergence near a continuous point is necessary. As
stated in Proposition [B.I] this is a direct consequence of the convergence in the M; topology. Local
uniform convergence cannot be guaranteed in the Meyer-Zheng topology. For Meyer-Zheng topology, we
only know that convergence is equivalent to convergence in Lebesgue measure but we do not have uniform
convergence in general.

We are now ready to state and prove the main result of this section.

Theorem 4.6. Suppose A1-Ag hold. Then P* is a relazed solution to the MFG (&]).

Proof. For each P € R(u*) such that J(u*,P) < oo, on an extension (Q, F, {F,,t € R},P) we have,

d)?t:/b(t,)?t,uf,u)@t(du)dt—i—/ o (t, Xe, it u) M(du, dt) + c(t) dZy,
U U
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and P =Po (X', @, Z)_l. Let Z{"] =n f:ﬁl/n Z, ds. By the Lipschitz Ncoritinujty of the Ncoefﬁcient b and
o, there exists a unique strong solution X" to the following SDE on (Q, F, {F;,t € R}, P):

ax? = [ b0t X7l 0) Qe + [ (e, X7 ) B dt) + clt) 217
U U

For each n, set P = Po (xXm, @, Z)’l. It is easy to check that P" € RI"(ul"). Standard estimates yield,

_ T ~ _ T gt ~ t ~

— X7 dt < c(s — c(s s

EF [ |XP—X,|2dt < CEF dz" dz
0 0 0 0

2
dt

S , (4.7)
4 CEF [ (1 LV 80), Wt 801)) Wil P .
0
ZInl 5 Z in M a.s. implies
_ T gt _ t 2
EP/ / c(s)dZM —/ c(s)dZs| dt — 0.
o |Jo 0
By the same arguments leading to (1) in the proof of Lemma [34]
B [7 200 (o
BF [ (1 OV (4" 800, W 80) Wyl ) dt 0,
0
This yields,
_ T _
lim Eﬂ”/ | X7 — X4|?dt = 0. (4.8)
n—oo 0
Hence, up to a subsequence, dominated convergence implies
lim JM(pM P = lim EP / / f&, X0 p [n], )@t(du)dt‘|
n—oo n—oo
[T _
7| [ [ st Xt Quanyas
0o Ju
=J(u*,P).
Moreover, by Lemma [3.4]
lim JM () PRy = g, PY).
n—oo
Altogether, this yields,
J(u*,P) = lim JU(u Py > tim g0 () P = (e, ).
n—oo n—oo
O

4.2 Approximating a given solutions to MFGs with singular controls

In this subsection, we show how to approximate a given solution to a MFG with singular controls of the
form (A1) introduced in the previous subsection by a sequence of admissible control rules of MFGs with
only regular controls.

Let P* be any solution to the MFG ([@I)). Since (Q,{F:,t € R}, P*, X,Q, Z) satisfies the associated
martingale problem, there exists a tuple (X, Q, Z, M) defined on some extension (Q, {F;,t € R}, Q) of
the canonical path space, such that

P*o(X,Q,2) ' =Qo(X,Q,2)!
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and
Q ()A( = / / b(s, Xo, w5, u) Qs (du)ds —i—/ / o(s, X, put,u) M(du, ds) +/ c(s) dZ) =1 (4.9)
o Ju o Ju 0
Let X be the unique strong solution of the SDE

ax™ = /U b(t, XM, ™ w) Qy(du)dt + /U o(t, X", p™ w) M(du, dt) + c(t) dZ™, (4.10)

where ZI" is defined by @2) and u™ is any sequence satisfying ul®l — p* in Wp) (B(R).dary )" One checks
immediately that
P = Qo (X", Q,Z)"" € RIM (ul).

Our goal is to show that the sequence {]P’["]}nzl converges to P* in W, along some subsequence, which
relies on the following lemma. Its proof uses the notion of a parameter representation of the thin graph
of a function z € D(0,T) introduced in Appendix [Bl

Proposition 4.7. On some probability space (Q, F,{F:, ¢t > 0},P), let X™ and X be the unique strong
solution to SDE,

X7 = [ bt X7 0) Qulaudt + [ ot X7 o) Mdusde) + a2, ¢ € (0.7) (4.11)
U U
respectively,
dXt = / b(f, Xt, Mt u) Qt(du)dt + / O'(t, Xt, Mt u) M(du, dt) + dZt, te [0, T"] (412)
U U

where T is a fixed positive constant, b and o satisfy A; and As. If Z" — Z in (A™(0,T),dur,) a.s. and
ut = pin Wp,(D(O,T),dMl)’ then

lim Efdy, (X", X)=0.

n—oo
Proof. By the a.s. convergence of Z™ to Z in M, there exists @ C Q with full measure such that
du, (Z™(w), Z(w)) — 0 for each w € Q. Furthermore, by Proposition [B1[2), for each w € £, there exist
parameter representations (u(w), r(w)) € lz(,) and (un(w), 7 (w)) € Hzn () of Z(w) and Z"(w) (n € N),
respectively, such that

[|tn(w) — u(w)]] = 0 and ||ry(w) — r(w)|| = 0. (4.13)

Parameter representations with the desired convergence properties are constructed in, e.g., [28, Section
4]; see also [28, Theorem 1.2]. A careful inspection of |28 Section 4] shows that the constructions of
(u(w),r(w)) and (un(w),r,(w)) only use measurable operations. As a result the mappings (u(-),7(-)) and
(un(-),rn(-)) are measurable.

We now construct parameter representations (ux» (w), rx»(w)) and (ux(w),rx (w)) of X™(w) and X (w),
respectively. Since X (w) (resp. X™(w)) jumps at the same time as Z(w) (resp. Z™(w)), we can choose

rx(w) =rw), rxn(w)=ry(w).

In the following, we will drop the dependence on w € Q, if there is no confusion. By [28] equation (3.1)],
parameter representations of X™ and X in terms of the parameter representations of Z™ and Z are given
by, respectively,

T (t) 7 (t)
wxn(t) = / /U b(s, X7, 1", u) Qu(du)ds + / /U o (s, X7, i u) M (du, ds) + un (),
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and

r(t) r(t)
0= [ [ b X Quawds+ [ [ ol X ) M(duds) + ult)
0 U 0 U

Hence, by the Lipschitz property of b and ¢ and BDG’s inequality, we get,

E sup~|an(t) —ux(t)]
0<t<T

T
< CE </O |X"(s) — X(s)|2ds>
7 3
+C ( / (14 LOV, (2, 80), W, (us,aom?wz(uz,us)ds) +CE sup |ra(t) —r()] (414

0<t<T
+ E sup

rn(t) r(t)
/ / 8, X, lhs, U) (du,ds)—/ / o(s, Xs, pus, u) M(du, ds)
0<t<T 0 U

+E sup_|ua(t) —ult)
0<t<T

=

The same argument as in the proof of Theorem [£.6] yields that the first two terms on the right hand side
of [II4)) converge to 0 while the last three terms converge to 0 due to (£I3). Thus,

lim E sup |ux~(t) —ux(t)|=0.
T 0<u<T

Corollary 4.8. Under the assumptions of Proposition E.7} along a subsequence P — P* in Wp.

Proof. For each € > 0, we extend the equations (L.9)) and (£I0) by

%= [ b Reptw Quandr+ [ [ 5% Mldudn) + [ 7t0)dz,
—eJU —eJU —€

respectively,

xf = [ [ bexil o Quande+ [ [ 3 xP o Mduan + [ w0 dzl?
—eJU —eJU —€

where

b(s, ) =b(s,), a(s,:) =0a(s,-), ¢(s) = c(s) when s > 0; E(s, ) =0, o(s,-) =0, ¢&(s) = ¢(0) when s < 0.

/ () dz" = / )zl - / & (1) dZl",
where a.s. in (A™(—€,T + ¢€),du, ),

/ #wdZ" - [ e@dZ, and / ewdZ" > [ =z,

-z
Since f;gE*‘ )dZ and f o dZ never jump at the same time, Proposition [B.7] implies that

~

/ atydz™ = | @t dz,

€ —€
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a.s. in (A™(—¢€,T + ¢€),dn, ). Hence, by Proposition [A.7]
E%dy, (XM X)) = 0.
Hence, up to a subsequence,
dar, (X" X) = 0in D(=&, T +¢); Q-as.,

which implies the same convergence holds in 507T+€(R). For any nonnegative continuous function ¢
satisfying
¢(‘T7 q, Z) < C(l + dMl (‘Tv 0);0 + Wg(q/Tu 60) + d]\/h (Zu 0)p)7

the uniform integrability of das, (X, 0)?, WE(Q/T, 8o) and dyy, (Z,0)P yields
E(X".Q.2) - E%(X.Q. 2).

This implies Q o (X, Q,2)~! - Qo (X,Q,Z)"" in W,q by [29, Definition 6.8], that is, P/ — P* in
Wp.a- O

A Wasserstein distance and representation of martingales

Definition A.1. Let (E, ) be a metric space. Denote by P,(E) the class of all probability measures on
FE with finite moment of p-th order. The p-th Wasserstein metric on P,(E) is defined by:

1

Wy,(8,0)(P1, F2) = inf { </ oz, y)" y(da, dy)> 2y(de, B) = Pi(dz),v(E, dy) = Pz(dy)} - (A
ExXE

The set P,(E) endowed with the Wasserstein distance is denoted by W, (g ) or Wy g or W, if there is

no risk of confusion about the underlying state space or distance.

It is well known [24) Theorem III-10] that for every continuous square integrable martingale m with
quadratic variation process [, [;; a(s, u) vs(du)ds, where a = oo " and ¢ is a bounded measurable function
and v is P(U) valued stochastic process, on some extension of the original probability space, there exists
a martingale measure M with intensity v,(du)ds such that m. = [ [,; o(t,u) M(du,dt). This directly
leads to the following proposition, which is frequently used in the main text.

Proposition A.2. The existence of solution P to the martingale problem (23] is equivalent to the
existence of the weak solution to the following SDE

dX; = / b(t, Xy, pre, u) Qs (du)ds + / o(t, Xy, pe, u) M(du, dt) + c(t) dZ;, (A.2)
U U

where X, M and Z are defined on some extension (Q, F,P) and M is a martingale measure with intensity
Po(X,0,2)L.

Q. Moreover, the two solutions are related by P =

B Strong M; Topology in Skorokhod Space

In this section, we summarise some definitions and properties about strong Skorokhod M; topology. For
more details, please refer to Chapter 3, 11 and 12 in [30]. Note that in [30] two M; topologies are
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introduced, the strong one and the weak one. In this paper, we only apply the strong one. So without
abuse of terminologies, we just take M; topology for short.

For x € D(0,T), denote by Disc(x) the set of discontinuous points of x. Note that on [0,T], Disc(z) is
at most countable. Define the thin graph of = as

Ge ={(z,t) eRY X [0,T] : 2 € [z, 4]}, (B.1)

where z;_ is the left limit of 2 at ¢t and [a, b] means the line segment between a and b, i.e., [a,b] = {aa +
(1—a)b:0 < a < 1}. On the thin graph, we define an order relation. For each pair (z;,t;) € G, i = 1,2,
(21,t1) < (22,t2) if either of the following holds: (1) 1 < to; (2) t1 =t2 and |21 — x4, —| < |22 — T,—|.

Now we define the parameter representation, on which the M; topology depends. The mapping pair
(u,r) is called a parameter representation if (u,r) : [0,1] — G, which is continuous and nondecreasing
w.r.t. the order relation defined above. Denote by II, all the parameter representations of x. Let

da, (1, 22) = (um)eifﬁi)i:m llur = u|| V [|r1 = r2]|- (B.2)

It can be shown that dpy, is a metric on D(0,T") such that D(0,T) is a Polish space. The topology induced
by das, is called M; topology.

For each t € [0,T] and § > 0, the oscillation function around ¢ is defined as

o(x,t,0) = sup |Tt, — 24, ], (B.3)
0V(t*5>§t1§t2§(t+5)/\T

and the so called strong M; oscillation function is defined as

Ws (CL‘, 2 6) = sup |xt2 - [‘Th ) $t3]|, (B'4)
0V(t—6)§t1<t2<t3§(t+6)/\T

where |z, — [z, , 24,]| is the distance from z;, to the line segment [z4,, xt,]. Moreover,

ws(x,8) = Oi?ETws(x,t,é). (B.5)

Proposition B.1. The following statements about the characterization of M; convergence are equivalent,
1. 2™ — x in M; topology;
2. there exist (u,r) € II, and (u",r™) € lzn for each n such that

lim [[u™ —u|| V ||r™ —r| = 0;
n— o0

3. xp(t) = x(t) for each ¢ € [0,T] \ Disc(z) including 0 and T', and

lim lim,,,oows (2™, 8) = 0.
61_I>I%J1m_>w(x )

Moreover, each one of the above three items implies the local uniform convergence of ™ to x at each
continuous point of x, that is, for each ¢ € Disc(z), there holds

lim limsup  sup  |z,(s) — x(s)| = 0. (B.6)

00 nooo t—6<s<t+d
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Remark B.2. (1) When restricted to C(0,T), the uniform topology is equivalent to the M; topology.
Indeed, when 2" € C(0,T) and ||z — z|| — 0, then « € C(0,T). For any r : [0,1] — [0,T], define
u"(t) == a7y, u(t) := ().

Thus, (u™,7) and (u, ) can serve as a parameter representation of ™ and z, respectively. Moreover,
it holds that ||u™ — u|| — 0. So we have ™ — z in M; by Proposition [B}(2). On the other
hand, when 2™,z € C(0,T) and 2z — x in My, by Proposition [B|2), there exist parameter
representations (u™,r™) and (u,r) of ™ and =z, respectively, such that

u"(t) = xfn(t), u(t) = Tr(t)s lu™ —u|| = 0 and || —r|| — O.

To show that ||z — z|| — 0, it is sufficient to prove that " — ¢ implies |z} — 2¢] — 0. Let
r™(s™) = t™ and r(s) = t. Then we have

[r(s™) = r(s)] < |r"(s™) = r(s")| + |r"(s") = r(s)] = 0.
So we get
| — 2| = [u" (") —u(s)] < [u(s") —u(s")[+[u(s") —uls)| = [u"(s") —u(s")[+]zr(sn) =2r(s| = 0.
(2) Proposition [B(3) implies that (D(0,T),dar,) convergence is stronger than L*[0,7] convergence,
for any a > 0. In fact, if 2™ — z in My, then z" — 2 for a.e. t € [0, T, due to Proposition [B.I}3).

Moreover,
|2} — @ < 2% (dfy, (2™, 0) + diy, (z,0)) = 2°T day, (2,0) < oo,

Thus, the assertion follows from dominated convergence.

Proposition B.3. A subset A of (D(0,T'),dar,) is relatively compact w.r.t. M; topology if and only if

sup ||z|| < oo (B.7)
z€A
and
lim sup w’,(z,8) = 0, B.8
o sup w, (z, 9) (B-8)
where
wh(z,8) = ws(x,6) Vo(z,0,0) Vo(x,T,0d). (B.9)
In [30], it is assumed that xg— = x(, which implies there is no jump at the initial time. For singular

control problems it is natural to admit jumps a the initial time. It is also implied by Proposition[B.3] that
the terminal time T is a continuous point of 2 € D(0,T'). This, too, is not appropriate for singular control
problems. In order to adapt the relative compactness criteria stated in Proposition [B:3] to functions with
jumps at 0 and T, we work on the extended state spaces D(R) and A(R). Convergence in D(R) can be
defined as convergence in D(R), where a sequence {z™,n > 1} converges to = in D(R) if and only if the
sequences {2"[(4 5,7 > 1} converge to z|(, ;) for all @ < b at which z is continuous; see [30, Chapter 3].

Relative compactness of a sequence {z",n > 1} C D(R) is equivalent to that of the sequence {2™[jap,n >
1} € Dla,b] for any a < 0 and b > T'. Specifically, we have the following result.

Proposition B.4. The sequence {z",n > 1} C 25(R) is relatively compact if and only if

n d 1 ~S k) = I’
sgplll’ | <oo an o sup (z,0)=0 (B.10)

where the modified oscillation function w, is defined as

Ws(z,0) = ws(x,8) + sup |zs — [0, 2] (B.11)
0<s<t<s
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We notice that the modified oscillation function w, is defined in terms of the original oscillation function
ws and the line segment (if it exists) between 0— and

Corollary B.5. Let A= {z € A(R) : z; < K} for some K > 0. Then A is (D(R), M;) compact.

Proof. This follows from Proposition B4l as ws(z,t,6) = 0 for each z € A, t € R and § > 0. O

Proposition B.6. A sequence of probability measures {P,, },>1 on 5(R) is tight if and only if
(1) for each € > 0, there exists ¢ large enough such that

sup P, (||z]] > ¢) < ¢ (B.12)
(2) for each € > 0 and n > 0, there exists § > 0 small enough such that

sup Py, (ws(z,0) > 1) < e. (B.13)

The following proposition shows that if two M; limits do not jump at the same time, then the M;
convergence preserves by the addition operation.

Proposition B.7. If 2" — x and y"™ — y in (D(0,T),dar, ), and Disc(x) N Disc(y) = @, then

2" +y" =z +yin M. (B.14)

C Sketch Proof of Proposition

It is sufficient to establish the equivalence of martingale problems in Definition and Proposition
Only the one-dimensional case is proved; the multi-dimensional case is similar.

Proposition 3.6l = Definition 225t Without loss of generality (see [23, Proposition 4.11 and Remark 4.12]),
we can take ¢(y) = y, y? and following the proof of [23, Proposition 4.6], we have that M is a continuous
martingale with the quadratic variation

= [ t [ ats Xeopec) Qu(cs,

MZK—f/M%%mmWMM%

By applying Itd’s formula to ¢(X;) and noting X =Y + fo s)dZs, the desired result follows from

where

o(Xy) = //gb b(s, X, ps, ) Qs(du)ds + = //(b" a(s, X, ps, u) Qs(du)ds
T / (X )els)dZs + 3 [9(X0) — (X, ) — F(Xo )AX,] + / #(X

0<s<t

Definition = Proposition By Proposition [A2] there exits (X,Q,Z) and a martingale measure
M with intensity @ on some extension (Q,F,P), s.t. (A2) holds and Po (X,Q,Z)"! =Po (X,Q,Z) "
Let

Y:X—Adgﬁ&

6Due to the right-continuity of the elements in ﬁ(R) there is no line segment between T' and T'+.
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Then

Y= X. —/ o(s)dZ, LY.
0

By applying Ité’s formula to ¢(Y),

Sv4 ! 1 (N7 < ) 1 [ ¥avd ¥ )
ORN N R ATES SN ATOTES Y A U ATES SR ATREE

is a martingale. Hence the following is also a martingale:

¢ / 1 k /!
o) = [ [ b X Quianas =5 [ [ o/ 0als Xoop) Qutatuyis.
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