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Abstract

We study the Vlasov-Poisson-Fokker-Planck system with uncertainty and multiple scales.
Here the uncertainty, modeled by random variables, enters the solution through initial data,
while the multiple scales lead the system to its high-field or parabolic regimes. With the help
of proper Lyapunov-type inequalities, under some mild conditions on the initial data, the
regularity of the solution in the random space, as well as exponential decay of the solution
to the global Maxwellian, are established under Sobolev norms, which are uniform in terms
of the scaling parameters. These are the first hypocoercivity results for a nonlinear kinetic
system with random input, which are important for the understanding of the sensitivity of
the system under random perturbations, and for the establishment of spectral convergence
of popular numerical methods for uncertainty quantification based on (spectrally accurate)

polynomial chaos expansions.
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1 Introduction

In this paper we are interested in the Vlasov-Poisson-Fokker-Planck (VPFP) system with
random inputs. The VPFP system describes the Brownian motion of a large system of particles
in a surrounding bath. One of the applications is in electrostatic plasma, in which one considers
the interactions between the electrons and a surrounding bath via the Coulomb force [4]. The

uncertainty in a kinetic equation can arise from the initial and boundary data, the forcing term,
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collisional kernels, etc, due to modeling and measurement errors. In this paper we will mainly
focus on the case in which the initial data contain random inputs, modeled by random variables
with given probability density functions. The goal is to understand the regularity of the solution
in the random space, as well as its long-time behavior. Such a study is important in order
to understand the sensitivity of the system under random perturbations. It is also the basis to
study the convergence of numerical schemes for such problems, for example, the popular methods
for uncertainty quantification, such as polynomial chaos expansion based stochastic Galerkin or
stochastic collocation methods [10, 13} [30] 29], which enjoy a spectral convergence, if the solution
has the desired regularity in the random space.

While there have been many developments in the regularity of the solution to elliptic or
parabolic equations with uncertainties [2] [B] [6], such study has been scarce for hyperbolic type
equations [IT], 27, 311 [3] [7] because of the poor regularity of the solution. The uncertainty quantifi-
cation, while popular in many types of partial differential equations, has seldomly been studied
for kinetic equations until very recently [33, 14l 21], 20]. Typically kinetic equations possess
multiple scales, leading to various different asymptotic regimes, demanding carefully designed
numerical methods to handle different asymptotic behavior of the equations. For deterministic
kinetic equations, one efficient multiscale paradigm is the Asymptotic-Preserving schemes, which
mimic the asymptotic transitions from kinetic equations to their diffusion or hydrodynamic limits
in the numerically discrete space [I6l [I7]. This concept was extended to random kinetic equa-
tions in [21], in the framework of stochastic Asymptotic-Preserving methods. Convergence study
of these methods clearly requires the understanding of the regularity of the solution. Moreover,
the correct asymptotic behavior of the numerical methods in various asymptotic regimes also re-
quire the understanding of the long time behavior, and how the decay rates depend on the small
scaling parameters. For linear transport equation with random isotropic scattering in diffusive
regime, such regularity and asymptotic behavior were first studied in [I§], in which the regularity
of the solution was established, as well as its exponential decay toward the local equilibrium,
all uniformly in the mean free path (or Knudsen number). Uniform regularity for the semicon-
ductor Boltzmann equation, in which the scattering is anisotropic and random, was established
n [19]. Called hypocoercivity by Villani [28], the property of uniform exponential decay toward
the global equilibrium [§] was further explored in [22] for general linear kinetic equations with
uncertainty. So far there has been no work on hypocoercivity for nonlinear kinetic equations
with uncertainty with uniform (in small scaling parameters) estimate. The purpose of this paper
is to conduct such a study for the nonlinear VPFP system with random initial input.

Depending on different scales, the VPFP system possesses two distinguished asymptotic
limits, the high field limit and the parabolic limit. We will treat these different scalings in a
unified framework. With the help of proper Lyapunov-type inequalities, we first develop two
energy estimates for the microscopic (VPFP) and macroscopic (limiting) systems, which allows
us to obtain the uniform-in terms of the scaling parameters-regularity in the random space of
the perturbative solution of the nonlinear VPFP system near the global Maxwellian. Under some
mild conditions on the initial data, we found that the solution will decay exponentially to the
global Maxwellian in a rate independent of the small scaling parameter. Our results also reveal
that the initial random perturbation will die out exponentially in time, uniformly in the scaling
parameter, thus the solution is insensitive to the initial random perturbation, in all asymptotic

regimes.



For the deterministic VPFP system, the regularity and convergence toward the global Maxwellian

or asymptotic limits were conducted in, for examples, [T, O} 12| 23] 26] 15, 25]. Our energy es-
timates rely on the hypocoercivity results of [9], and the energy estimates in [I5] with suitable
modification to effectively separate the microscopic and macroscopic scales in order to get better
estimates in the asymptotic regimes. When the small scaling parameters are involved, which
was not considered in [15], it is crucial to get rid of the bad dependence on these parameters in
the initial condition and rate of convergence to the global equilibrium. Therefore we have not
only extended the regularity results to the random space, but also improved the micro-macro
energy estimates by separating the microscopic energy from the macroscopic energy suitably,
so when the small scales are involved, we can get uniform convergence rate towards the global
equilibrium, and a milder initial condition at the same time. As a result, we get an exponential
decay of the perturbative solution—independent of the small parameter— under some mild initial
condition, which leads to a uniform regularity of the solution in random space for both high field
and parabolic limits.

In this paper, for clarity of the presentation and notations, we carry out all analysis in one
space dimension for all independent variables. Its extension to higher dimension in x,v and z is
straightforward with some changes of the constants (see [32] for example).

This paper is organized as follows. Section 2] gives an introduction of the VPFP system with
uncertainty and its two different asymptotic regimes. The main results are stated in Section [3
Then in Sections M- Bl we prove the energy estimates from microscopic and macroscopic systems

respectively. The uniform regularity of the perturbative solution is obtained in Section

2 The VPFP System with Uncertainty and Asymptotic

Scalings

2.1 The VPFP System with Uncertainty

In the dimensionless VPFP system with uncertainty, the time evolution of particle density
distribution function f(t,x,v,z) under the action of an electrical potential ¢ (¢, x, z) satisfies

8tf+ %Uamf - %az(bavf = é]:fa

(2.1)
—-2¢p=p—-1, t>0, x,veR, ze€l, CR,

with initial data:

f0,z,0,2) = fo%>z,v,2), z,v€ER, z€ I, CR. (2.2)

The distribution function f(¢x,v,z) depends on time ¢, position x, velocity v and random
variable z. ¢(t,x, z) is a self-consistent electrical potential and p(t,x, z) is the density function
defined as

p(t,x,z) = ft,z, v, 2)dv. (2.3)
RN



In the VPFP system, F is a collision operator, describing the Brownian motion of the parti-

Ff=0, (Mav (%)) , (2.4)

where M is the global equilibrium or global Mazwellian,

cles, which reads,

M= e 2. (2.5)

In the dimensionless system, ¢ is the reciprocal of the scaled thermal velocity, € represents
the scaled thermal mean free path [26]. There are two different regimes for this system. One is
the high ﬁeld2 regime, where 6 = 1. As e goes to zero, f goes to the local Maxwellian Mg =

_ [v—0z 0|

\/%e 2z, and the VPFP system converges to a hyperbolic limit [1} 12| 23]:

O¢p + 0x (pO29) = 0,

2.6

Another regime is the parabolic regime, where 6 = e. When € goes to zero, f goes to the global
Maxwellian M, and the VPFP system converges to a parabolic limit [24]:

Orp — Oy (aacp - pa;v(b) =0,

2.7
—03¢p=p— L. >0

In this paper, we are going to study both regimes together.

In the VPFP system with uncertainty, the random variable z is in a properly defined proba-
bility space (X, A, P), whose event space is ¥ and is equipped with o-algebra .4 and probability
measure P. Define 7(z) : I, — R as the probability density function of the random variable

z(w), w € ¥. So one has a corresponding L? space in the measure of,
dp = dp(z, v, z) = 7(z)dz dv dz. (2.8)

With this measure, one has the corresponding Hilbert space with the following inner product

and norms:
= T,V,2 r ) = ] T,z with norm - .
o= [ [ [ soauteve) o toiy= [ [ pidute.s), withnorm 1517 = (7.
(2.9)

For convenience of the readers, we list some elementary calculation on M which will be used

in later calculations:

9, M = —oM, 9,(vVM) = —%\/M; (2.10)
/ vV Mdv = / v*Mdv =0, for any odd a; (2.11)
R R
Mdv=1, / vPMdv =1, / v*Mdv = 3; (2.12)
R R R

/R|v|3Mdv - \/% <2, /R (2u(0vaD)) " a0 = 3. (2.13)



2.2 Notations

In this paper, we only focus on one space dimension. Without loss of generality, we assume
€ < 1. In order to get the convergence rate of the solution to the global equilibrium, we define,

7—f—M o= v u = v v
h = VTR /Rh\/Md, /Rh VM dv, (2.14)

where h is the fluctuation around the equilibrium, o is the density fluctuation, u is the velocity

fluctuation. Then the microscopic quantity h satisfies,

€8 Oyh +€vdph —8 8y ¢duh +8 = 0pdh +5 vV Myd = L, (2.15)
~— M~ —— 2 —_—— =~
I I IIT = v Vi
826 = —o, (2.16)

where L is the so-called linearized Fokker-Planck operator,

Lh= \/Lﬁf (M + \/Mh) - \/Lﬁav (M()v (\/LM» . (2.17)

We give each term a number, in order to make it clear where the term comes from originally
when doing the energy estimates later.
We further introduce projections onto v M and vv M,

I h=oVM, Toh=uvVM, TIIh=TIh+ Ih. (2.18)
These projections have the following properties:
~ 8,0,11 = 119,,0,
— Due to the mutual orthogonality of II; h, Iah, (1 — II)h in L? space, let 9% = 9¥19%2,
104n[, = [T A*A||;, + || T20*A]|, + |1 — D],
= [[9* a3 + 9ul7, + |1 — mE*], (219)
which also implies,

1%l .5 » |o%u]

£ 10 =R 1y < [|0%R]] - (2.20)

Multiplying v M and vV M to (2I5), and integrating the equation over v respectively, then one

has the equations for the macroscopic quantities o and u,

600 + Oru =0, (2.21)
€d Owu +€ 0,0 +e/v2v M1 —1)0,hdv 400,00+ u +6 Oy = 0. (2.22)
~— ~~ —_— ~—~
I II.1 IIT Vi A%
I1.2

We call [ZT5)-@I6) the microscopic system, and (Z2I))-[222) the macroscopic system. Note
221)-([222) are not a closed system since it contains the microscopic quantities h.
We also define the following norms and energies,



e Norms:
— |n? = Jgh?dv, ||f|| and (-,-) is defined in (23).
= [Bl} = Jo(L+ o) + (@uh)* dv, (1B} = fasy ], du(z, 2),
- ||f||fqu = Zﬁo HaifH2= ||f||§{;n(Hg) = Eign H@;inﬂn,
e Energy terms:
B = Ol B = Il = B+ R
— B = 0i0:0l 5 B = 1000l oy = B + ERY

e Dissipation terms:

Dhm7i = Zzgm ||a.lzaaic(1 - H)hHi, Dyt = Dhm70 + Dhva
= Dy = 05000y D =D+ DY
- Dt = |95

ull s D= D0+ D

- Dyt =|iol . D =DP0+ DI

3 Main Results

To get the regularity of the solution in the Hilbert space, one usually uses energy estimates.
In order to balance the nonlinear term 9,¢0, f, and get a regularity independent of the small
parameter € (or depending on € in a good way), one needs the coercivity property from the

collision operator. The coercivity property one uses most commonly is
—/hﬁhdeC|(1—H1)h|2, (3.1)
R

see [8 28]. However, this is not enough for the non-linear case. We need stronger coercivity as
listed in the following Proposition, see [9] for deterministic case. Here we extend the coercivity
into random space.

Proposition 3.1. For L defined in (2.3),
(a) = (Lh,h) = — (LA~ )h, (1 = TDh) + Jull*;
(b) = (LA =1Dh, (1 = 1Dh) = [[9,(1 = IA|* + § [o(1 = DA = 3 (1 — IA|I*;
(¢) —(£(L =IDh, (1~ 1A) > ||(1 — IA||*;
(d) There exists a constant Ao > 0, such that the following hypocoercivity holds,
— (Lh, by =)o [I(1 = A2 + [Jul, (3.2)

and the largest Ao = % in one dimension.



Proof. Here we only prove (d), see [9] for (a), (b), (¢). Since

—(L(1 = )h, (1 — TD)R)
>—a (L(1 —M)h, (1 —h) — (1 —a) (£L(1 — A, (1 — T)A)
>al|d,(1 - TA|* + % [v(1 = T)A||* - g (1 =TA|* + (1 — a) [|(1 - T)A|?

> min {a,

> min {a, . (1= 500} (1 - DA, -

for a to be determined later, where the second inequality is according to (b) and (c). Then the

largest Ay one can get is when a = %, Ao = % Therefore,
= {(Lh, k) 220 (1 = TDA] + [lul*. (34)
|

Before we go into technique details, we first summarize the main strategy of this paper here,
which is mainly based on [15]. We omit €, § to see the main structure of energy estimates first.
We want to use energy estimates to analyze the energy E™ = E;" + L', the goal here is to

obtain a Lyapunov-type inequality like,
OE™+ D™ < VET™D™ (3.5)

so that one can control the initial data to get an uniform regularity. However, if one only does
energy estimates for (ZI5) - (2I6), the dissipation from the linearized Fokker-Planck operator,
Dy + Dy, cannot bound the nonlinear term  /Ej* + EZ'(Dy + Dy + D' + D). So we involve
the microscopic system ([2.2I) - ([2.22)), where the dissipation terms D' + D' comes from /1.1
and V in (Z21)). Combine the microscopic and macroscopic energy estimates, one ends up with

a new energy estimates,
OE™ + D™ < VE™D™, (3.6)

where E™ ~ E™, and D™ = D'+ Dy 4+ D' 4+ D7, so the non-linearity can be fully controlled
by the dissipation terms, which gives what we want.

With € and ¢ involved, one needs to bound the nonlinear term more carefully, see Lemma
B7 which is the key difference from [I5]. See Remark for the importance of these careful
estimates for the nonlinear term.

Based on the coercivity ([B.2]), we have the following two estimates for the microscopic and

macroscopic systems respectively.

Lemma 3.2. The solution to system (2.13) - (218) satisfies the following estimates, for any
m>1,

Ao 1

1 m 5 m m m

ACE 2AC? 1
< m m m m _ m m
<= VE (3D +2Dy") + ; \/ B 4+ " D' + 4Dy
AC? AC?
+ 224 JEFDYT + “Tl ErDr. (3.7)

€



and

m—1 m
i l i I 92 i m i m l m
0y [?_0 (0L, 00, 0) + ?:0 (010, 0L070) + By’ | + 5505 + 0§
1o 1 ACE .
<sDU + 5= Di + Tl,/E¢ (3D +2D7), (3.8)

where

A=2\/m—+1(m>+\/m—+1 (3.9)

(%]
is a constant only depending on m and [m/2] is the smallest integer larger or equal to
C is the Sobolev constant in one dimension defined in [(A.3).

m
9

and

If one combines the above two inequalities, the ”bad terms” on the right hand side (RHS) can
be controlled by the dissipation terms on the left hand side (LHS) if the coefficients are carefully
balanced. Hence, one can come to the conclusion that the solution exponentially decays to the

global equilibrium.

Remark 3.3. The main difference between the energy estimates in Lemma and the one
obtained in [15] is that for both micro and macro systems, we separate the microscopic energy

E}" from the macroscopic energy EG' for Dy' and D', which gives us more flexibility to bound

o

the energies, especially when small parameters are involved.
Theorem 3.4. For the high field regime (6 = 1), if
1 203

EFO0)+ EN0) < ——, 3.10
PO+ Z B0 < s (3.10)
then,
m 3 _t m 1 m m 3 —t 2 m m
E(t) < 3¢ E0) + = 0)), EF@® < o (E(0) + EJ(0)) (3.11)
For the parabolic regime (6 =€), if
1 273 1
B “ET0) < (o) - 12
PO+ 15200 < (e ) + (3.12)
then,
m 3 -t m 1 m m 3 —t m m
0 0

Here A and C; are the same as in Lemmal32
Remark 3.5. Basically, Theorem[3.4] implies the following,

(a) For the High Field regime, as long as initially the electric field .¢ is O(€) small, and the
initial data f is suitably bounded by (310), then the solution will converge to the global
equilibrium exponentially, uniformly in €.

(b) For the Parabolic regime, the initial condition on both f and 0,¢ are independent of €.
Furthermore, when € become smaller, f don’t need to be near Maxwellian any more for the

solution to converge to the global equilibrium exponentially.



(¢) If one directly applies the conclusion of [15], then for the high field regime, E}*(0) and
E31(0) need to be O(e) and O(e3) initially, while for the parabolic regime, E(0) and
E7(0) need to be O(1) and O(e) initially, see Remark [61] for details. Our result allows
more general initial data for f while keeping the optimal convergence rate at the same time,

which is because of the new energy estimates we obtained in Lemmal3. 2.

(d) One notices that, the initial condition on the electric field 0.¢ for the high field regime
requires to be O(\/€), this is necessary because the limiting hyperbolic system won’t preserve
the regularity at a later time if the electric field doesn’t vanishes. On the other hand, for the
parabolic regime, the condition on the electric field is O(1), which is because when e — 0,
the VPFP system goes to a parabolic equation which enjoys better regularity compared to
the high field regime.

(e) Notice here, although ||o(t)| . decays in time, the mass is still conserved, that is, Jpo(t)dx =
fR o(0)dz holds for all t > 0. It is an interesting question to study the case when this con-

servation is not true for future research.

(f) Since f = M+~ Mh and M is the global Mazwellian without randomness, so the reqularity
of the perturbative solution h in random space implies the uniform regularity of the solution
f- More specifically, one knows the regularity of the initial data in the random space is

preserved in time. Furthermore, the bound is independent of the small parameter e.

One notices that the initial condition has a bad dependency on m. Actually this can be elim-
inated by defining a new energy norm. Since the main focus of this paper is uniform regularity

in €, so we just give a brief proof of the following Theorem in Appendix.

Theorem 3.6. Define

Jornl: = | oun| 314
B = S Nootnl B = X0 Y kol = B+ B (@315)
I<m i<l i<m
=S ool Bp =Y [kl = B0 B )
I<m i<1I<m
Theorem [3.4) still holds for the new energy norms with A = 8\/m
Proof. See Appendix [Bl u

The proof of the main Theorem requires some equalities and inequalities, which are given

below.

Lemma 3.7. Let 0¥ = (’9’“18’“2

x 0

and similar for O, 0",
(@) (0.0, 0/TT0*R) = 2o, |[9*0.9],
(b) (00,4 0,(0'h),0'h) — % (v9%9,¢ 9'h,0'h)

< O (10020 g1y 411 (a 0% + 2 [|o%u||” + 2| (1 — ma'n|” + (2 + %) [0%ul|” + 2|1 — malhui>,



(¢) (90:60,(0'), 0'h) — L (v0*0,00'h, ')

< 210,012 + |0%026]> | a 3" |00i0|” + 23 00l +2 3 | (1 - maiain|?

i<1 i<1 i<1

T (2 ; %) 6% + 2|1 - H)&‘h”i)
(@) (0%0.00,(5'h), 0'h) — 5 (v00,00'h, o'h)

§ 3 2 2 2 2
< U0 My (2 ol + 2 1 = matnl] + a oo ).

(e) (9%0,¢0,(0'h),0'h) — % (v0*0,¢ O'h, O'h)

: : ; 3 2
< c2\/|h)? + |9, (az e e L e [ n)@%}ﬁ) .

2
) |o*0.0.0]* < 3 [lo%ul*

where a can be any positive constant.

Proof. See Appendix [Al ]

Remark 3.8. Notice that in the inequalities (b) and (c), the dissipations of u and (1 —I)h are
related to both energies h and 0r¢. However, the dissipation of o is only related to the energy of
0. ¢ through (b), while the dissipation of 0y¢ is only related to the energy of h through (c). This
is why we can get the separation of the micro and macro energies in Lemma 33 for D' and

Dy

4 Energy Estimates on the Microscopic Equations

Now we prove the first part of Lemma 32 (87).

4.1 Energy estimates for H&lzhw

Taking 0! to ([ZI5), and multiplying by 9Lk, then integrating it over u(z,v,2), one has,

?at [0Lh|* + o <aiaz¢>, vmaih> —(L£OLh, 8Lh)

N———’
e VI
l
zsz(ﬁ) <6i_i61¢6vaih,6ih>—%<v8i_i8m¢6ih,6ih> . (4.1)
=0 IIT e

V and VI are ”good terms”, since by Lemma [377] (a) and Proposition Bl (d),

v=Sa oo, VIl - menll + ot (12

10



However, II1 and IV are "bad terms” here, and one wants to control it by the dissapations.
For i < I, by Lemma B (c),

. 3 2 .
1T =1V <Cy [[02h] gy 411 (5 [ o~ MaLh||” +a Haiﬂam”?) , (4.3)
For ¢ = [, by Lemma B (b),
11T~ IV <aC 10,0l g sy 1020 | + Co 1906 s s <(4+ > lota]® + 41 - )aghui) .

(4.4)

Here if one treats the case of ¢ = [ the same as the case of i < [, then the largest « = m leads
to |02 | g1 g1y, Which cannot be controlled by 0, £}, so we treat ¢ = [ differently from i <.

Therefore one has the energy estimate,

2o (e L]+ 6 ||aiaz¢||2) 20 (1 = L] + [0kl

<Chd Z MOAN gy sy (5 C ok’ +—H 1= LA, + |0 09]|")
1#1,i=0

+aC18\[EL [[0lo]® + 16,/ <<4+ )||aluu L4l )aghui). (4.5)

Summing [ from 0 to m, one gets,

5
S0u[eB +8E]| + 2D + Dy

m -1

i 3 2 2 2 n —i i 2
<C0 Y S0 10y (2 108l + 2 1 = 0082 ) +0C15 3 D 0L 0y, 02020

=1 i=0 =1 1i=1

+aC16,/EYD" + C16,/ E} ((4+ )Dm0+4Dm0)
= i 3 2 2 2
=C16 ) <Z 1020 1 1) ) <E 1O%ul|” + = |1 - H)&ih\]u>

=1 \i=0

153 (S20168 ) o0
=1 =1
+aC16,\/E}DJ0 + C16,/ E} (<4 + é) Dm0+ 4D;”’0)
<BC 5\/E_m §Dm,0 2 m,0 m ym,0 1 ym,0
<BC, m 0 4 Dh +aBC16\/E' D" + aC16,/ E; D]

+C164/E} ((4+ )Dm0+4pmo>
3015 m m,0 m,0 1 1 m,0 m,0
<2 VET (300 +2D7°) + oy [EL ( (44 5 ) D + 4Dy,

+aBC16\/EP Dy + aCy6,/EL DO (4.6)

where B = 2v/m ( i ), [%] represent the smallest integer larger than 7.
2

11



Before we move on to other estimates, let us first summarize what else we need. The goal of

the energy estimates is to get an inequality like
HE+ D <VED, (4.7)
so one can use the continuity argument to get the desired estimates. Therefore, one still needs
oEyt, D0, D7 on the LHS.
4.2 Energy estimates for H@i@xhw
Taking 9.0, to ([ZI5), and multiplying by 0.0, h, then integrating it over u(z,v, 2),

%at 10L0,h" + 6 <a§a§¢, vma;amw —(L£DLD,h, DLOh)

v VI

l
—53°0) <a§—iai¢ava;h + 050, ¢0,0,0 h — gag—iagqﬁa;'h - gai—iamagaxh, 8i81h> .

=0

II1.1 I111.2 V.1 1v.2
Similar to (£2)), for V and VI, one has,
v=Loiael, V12— maoun|? + ool 49

For the bad terms on the RHS, for ¢ < I, by Lemma 31 (d),
IT11 =1V < Cy[|O2h| s g (% [C % (1 =3 0,h|" +a Hai—iag(bw) . (49

For i = [, by Lemma [37] (e),

111 = 1V < G 0Lh)P + |00 g 16 0,u||” + % 11— mato.n| +a " 02026
i<l

(4.10)

Remark 4.1. If one treats i = | the same as i < I, then the term ||8glh|\§{1(H1) cannot be

controlled by E}", because the term H@;”"'l@zth is not included in the energy term E;*. That
is why we treat all these four estimates differently in {({-9) - (£-12).

For i > 0, by Lemma B7] (b),
I11.2 = 1V.2 <C1 05026 g 1) (al|020s0]|” +2 0200”4+ 2| (1 = OO0,
n (2+%) HaiamuHQJrzH(l—H)aiamh]m. (4.11)

For i = 0, by Lemma B.7] (¢),

1112 - 1v2 <3\ |910,0)° + 11010261 [0 3 0i0s0* + 23 (|00l

i<1 i<1

+22H(1—H)8§8MH5+<2+2) [0L0,u|” + 2| (1 —mala.n|’ | . (4.12)

i<1

12



Combining all the terms gives, Summing [ from 0 to m gives,

5
SO [eByt + ED | + aoD + D!

i ) (2080 2t kol sl

-1

<3 (S0l
=1 \1?

=0

m l
+C16) | D20 Hai_iawﬂﬁHH;m@) (al0:0.0]” + 2[j0:0.u]* +2 |1 - ma20,h
=1 1

1=

n (2 ; %) oo,ul® + 2|1 - H)&i@ﬁ“i)
+ c?si VIl + [0to.n)? 2 [0to.u]” + 2 |1 - mato.n|’ +a Y 0:026]
1 z z7T a z-T a z7x zYx

1=0 i<1

+ 026y l0o.0 + [0Loze? (aZ |020.0|* +2 3 0L0.u]
=0

i<1 i<1

23 - maia,n|? +(2+ )Hal ol +2 (1 - )6iamh\]i)

<1

2

<BC:16\/E}® ( D™l =

1
+ BC16 < D™ 4 2Dmt 2D 4 <2+ —> DMt +2D;”’1>
a

Dm1+ Dml)

2
+ C¥5\/E}" ( D™ty EDZ“) +aCisvm +1\/E Dy
1
+CPov/m +1,/ET (aD};l +2Dbt 4 2D,1;1) +Cis,/ED ((2 + —) DMl 4 2Dh’”71>

2
§7(3+1)016@(3D$=1+2D$’1) +(B+1)CPs ((4+ )Dm1+4Dm1>

a
a(B+Vm+1) C{6\/EFDy +a(B+ Vm+1) C{s\/EFD, (4.13)

where A is defined as ([B3]). Now combining (£0) and [@I3]) completes the energy estimates for
the microscopic system,

5at € Bi" 40 EJ' | + oD} + Dy
YOy T
< A(’;l‘s VEP (3D} +2D)) + 2ACHS <(4 + 1> D™+ 4Dﬁ)

I11+1v
+aACT8\/E' D + aACT6,/ET D) . (4.14)

II1+1v

Up to now, one still needs the dissipations D' and D' on LHS to balance the bad terms on
RHS. So next we turn to the macroscopic system.
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5 Energy Estimates on the Macroscopic System

We now prove ([B.8)) in Lemma B2l

5.1 Dissipation terms }}820”2 and H@i@xqﬁHz

Taking 9! to ([222) and multiplying by 0.0,¢, then integrating it over u(z, z), one has,

€6 (0,00, 8 0,8) +¢ (00,0, 0.0,0) + (8- u, 0 D, 0) +6 ||0L0,0”
—_———

1 I11.1 VI 14
l
= e((1 =300, v*VM3.0,6) ~5 Y (1) (0L 10,00%0,0.0,0) .

=0

I1.2 111

First one has,
I =0, (0Lu, 0 0,¢) — (OLu, 9,0.0,¢),
then by Lemma 3.7 (d),
(0w, 00,010) = 6 (0L0,0,0.0,0) = 6|0 0,0,0)" < % [0hal)”.

II.1 and VI are "good terms” here, since

1.1 = (o, —8'0%¢) = ||oLo],

VI=—{(8'0,u,0 ) = 5 (8.0,0,0.0) = 6 (0.0,0,6,0.0,0) = gat [
while I1.2 and II1 are "bad terms”,
wWMdo

—I1.2= <(1 — H)agh,vzx/ﬂaia§¢> < % ‘2 + % lv(1 - H)a§h||2

< 3 lloko]* + 5l ~ malll.

Note, for [ = 0,
—I11 = (0,60, 0:0) = = (020, (0:0)%) = (020, 20:00;¢) = —2 (0:0,0:9),
which implies,
—IIT =0.
For !> 0,and i =0,
~I1 = (0, (0:0.0)") = (8:6,0, (9:0.0)") = ~2 (9,60L0,010,0)

<C 10z sy (020 + (102020 )

and for 0 < i < I,

C —i 7 2 2
LT < (050,68 s (llozel + [[2-0.0] ") .

14
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Combining all terms in (51), one has,

50, | (0bu, 0 0,8) + % HaiangHQ] S s e R

l
<ellotul® + 5 |t = AA]; +2C16 >~ (D|0 Dbl gy (1020 + 0202 0]|") -

1#£0,i=1

Summing [ from 0 to m gives,

50, [GZ (0Lu, 0L0,9) + % E
=0

€ m,0 m,0
+ 5D 40D}

m,0 € m,0 m m,0 m,0
e+ SD0 + 24018, By (Dg0+ D7),

5.2 Dissipation terms H&i@maHz and H@i@ﬁ(ﬁ‘f

Taking 0! to (ZZI) and multiplying by 0'0,0, then integrating it over u(z, 2),

€6 (040Lu, 0L0,0) +e H@i@ma||2 +(0Lu, 0L0,0) +6 (9L 0y, 0L0,0)
N——— N———

I 1.1 VI 14

!
=—ec{(1=10)0,8 h, V>V M 0o )y =63 () (80,00 0, 0L Dy0) .
(1 -5, ' () (902000, ).
1=0

1.2 117

Note that,

'y zYr

I =0, {0Lu,0,0L0) — (0Lu,0.0,0,0) = 0y (0L0yu, 0L02¢) — % |0L0,ul
VI = (0lu,00,0) = 5 (0.0,0,0\0) = gat |0La||” = gat [CER

2
)

V =—(08.02¢,0L0) = ||0.029)

_ Ly 2 1 _ ! 2
I12< 5 |0L0z0]|” + 5 (1 H)&zathV,

Fori#0
C i P2 2
1< 71}!354 00| g1 a2y (1020]” + [|020w0]),
Fori=20
2
—111 < S floo.0l® + 0ozl (Z 2o + IIGiaxchIQ) -
i<1

Using (B.14) - (519) in (BI3]) implies,
00, e (0t0,u,01020) + 5 |02’ | + 5 oto.o” + 5 Jotoz

l

2
)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(&%) . )
<E 10 =m0t + ej0L0,ul + L S ) 00,6 oy (0] + 0202
=1
C(12 2 2 i 112 1 2
+ Il + lotazsl? | S |oto]* + otona* |
i<1

15



Summing [ from 0 to m — 1, one has,

- 1 €
l l 52 m,1 m,1 m,1
60, [ez (0L0,u,0L02¢) + 5B + 5D + D]
=0
<eD™! 4 %Dhm"l + AC}s,\ [En D (5.21)

Combining (512 and (B.21)), one finishes the energy estimates for the microscopic system,

m m

1 m € m m
00 €Y (0hu,0.0,0) + €Y (0L0,u, 0L076) + SE5 | + 5\Diﬁa\pﬁ/
=0 =0 \V’I" 111 v

I
<e DI' += Dy + AC?5, [E7 (3D + 2D . (5.22)
— 2~

1 11.2

111

6 Exponential Decay to the Maxwellian

Before we do the analysis for the two energy estimates, we first go through the process in a

more general framework. If one has the energy estimate,
%atE +aD < BVED, (6.1)
and one wants to get an exponential decay for E, then one requires,
REQUIREMENT 1: E~ E < D. (6.2)

On the other hand, one needs the dissipations on the LHS to balance the "bad terms” on the

RHS, so one requires,
REQUIREMENT 2: « > 0. (6.3)

Since ([6.1]) is equivalent to,
= 1 =
8\/E§—A ﬁ\/E—a D, (6.4)
WSz (VE )

therefore, if one assumes the initial data satisfies,

\/15 (ﬂ\/g— a) D < —ﬁD, or equivalently, 1/E(0) <O <%) , (6.5)

then by standard continuity argument, since \/E is decreasing, so for t > 0,

oVE < -——2_D, (6.6)

WE

and D > E, (66) implies the exponential decay,

E<e CE0) ~ E(t) <e “E(0). (6.7)

~
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Furthermore, if one wants to get the optimal convergence rate with least restriction on initial

data, then one needs,
REQUIREMENT 3: /E(0) <O <%> independent of small parameters.
REQUIREMENT 4:  « should be as large as possible. (6.8)

Remark 6.1. Without uncertainty, if one directly uses the energy estimates from [15]], for the

high field regime, where 6 =1 , then when the small parameter € are put in, the energy estimates

become,
1 1 1
=0, [E;T + —Eg‘} +—(Dy*+ D)
2 € €
1
SZ,/E,’I”—I—E(;”(DT#-D,T#-DZL#-D?), (6.9)
and,
Zm: 0L, 0.0, i<8l8u8l32 )+ B | + 2D+ 1Dy
pr — TR 2¢ ¢ 27 T ¢

<D+ Df + /Em + E7(D + D). (6.10)

Let G™ = Y70t (0bu, 0L0,0) + 3217 (0405, 0LO20) + o= E'. Since —eEj" + LET < G™ <

'y z¥x

et + %Egﬂ so if one combines the microscopic and macroscopic energy estimates (G.9) +
G10), one needs v < O(L) to satisfy REQUIREMENT 1. Furthermore, if one wants to get

the optimal convergence rate based on this energy estimate, then one needs the dissipation terms

to be as large as possible, that is v as large as possible, which means v = O(%) Therefore one

derives,
1, -~ 1 1 1
—0E™ + — (D" + D" -D" + =D7
50 +€(h+ u)+60+€2¢
<E1/Eh +E} (D7 +Dh)+6_21/Eh + E5'Dg +€—2,/Eh + EZ' Dy, (6.11)

where E™ = (E,T + %E;”) +1iGm ~ B + E%Egl So (611) leads to,
1 frm 1 m m 1 m 1 m 1 r m m 1 f m 1 n m
5a,gE + ;(Dh + D7) + ED“ + e_2D¢’ < Z\/EW(D" + D7) + G—QVEmDU + E—QVE’”Du :
(6.12)

Compare the term DI', one notes that V Em™ needs to be O(e) such that the bad term on the
RHS can be controlled by the O(1) dissipation on the LHS. That is one requires

1
E;*(0) + 6—2E$(0) < Ofe) (6.13)
to obtain the exponential decay

1 1
B+ —Ej' < e O (E,T(O) + ZE;”) : (6.14)

17



This means the initial data E}* = O(e), EJ' = O(€?). These conditions are much stronger than

the one in (F10) of Theorem[37)
However, if the coefficient of the D, only depends on Ej', like the estimates we obtained in

Lemmal32, then (611]) becomes,

1, -~ 1 1 1
-0 E"™ + —(Dj*+ D" -D"+ =D
2 t + 6( h + u ) + e + €2 @

SZ’/Eh + E Dy, +Dh)+2\/e_2E¢ Dy +e_2‘/Eh D}
1 /= 1 /= 1 /7
gZ\/Em(D,T + D)+ E\/EWD;” + 6—2\/EmD;”. (6.15)

Now the bad terms and good terms can be well balanced even if the initial data of Em™ s o(1).

6.1 The high field regime

For the high field regime, where 6 = 1, set

m—1 m
1
m m m m 1 1 1 1 a2 m
F™"=eE"+E}, G"=e ; (0L, 80, 6) +€§<8zamu,azaz¢> + 3B,
- 2\ 1
Em=F"+ 222G, E™=¢Ep'+-EJ, a=1 (6.16)
€ €

where F™ is the term inside J; in (87) and G™ is that in (B.g]).
By (2:20) and Young’s Inequality, one can bound G™ by

1 1 1 1
2 m m m 2 mm m
2rm 1 m m 21rm 3 m
Since A\g < %, thus one obtains,
m )\O 1 m fm m 3)\0 1 m

Ao A 3

- E"<E™ < E™ 6.18

27 =7 —av o (6.18)
or equivalently,

= 1 2 =
g\/Em < VB + 4| -Ep < —VE™ (6.19)
€ 0

So one has the equivalence between the energies E™ and Em, besides, the dissipation terms can
be lower bounded by E™,

1
E™ ~ E™ <e(Dy' + Dy + D) + =Dy (6.20)
€

18



By B) + 22(BX), one has the energy estimates,
1, -~ Ao A A
SO + ()\0——) D" + (1= Xo) D™ + ODm+ ODm

1

(%\/@Jr 2¢/e %E};) (5D + 4AD") + /e (1 - %) \/ED — < > \/eE—mDm]

€

\[Acl (3\/13—) (D + D) + 2= AC? < 2 \/E—m> D"+ 63%/10% <f \/E—m>

<ACE

Ve Ao
(6.21)
which implies
1, ~ Ao Ao )\0
O™ + Dy + D) + - Dg' + — Dy’
2& 5 (Dp'+ D) + — ) + —
2OA012\/— 4AC’1 4AC?
< Em(Dy" + D) VEmD™ + =L/ EmDM, 6.22
~ Xove (Dii" + )\0\/— Noe3/2 ¢ (6.22)
Therefore, by standard continuity argument, under the condition of,
Ao Ao Ao
o : 4 4 2¢
£™(0) < min 20AC2° 4ACZ° 1ACZ (°
)\061/2 )\061/2 )\063/2
which holds if,
A2e1/2\ 2
m) < 0
)< (SOACf) ’
or equivalently,
203
E(0 + E — 6.23
O+ ZER0) < (6.23)
one then has the estimate,
—(?tE + I(D + D, + D] + D¢) 0. (6.24)

which implies,

30 - 38m0 <% [ (Epe+ i) as

A <6E;y(t) + %E;”(t)) <2 0 (E,T(s) + 1B (s )) ds + 2 (eE,T(O) + %E};(O))
EP(t) < _%/0 EP(s)ds + % (eE,T(O) + %E;”(O))
Et) < %6*5 (E,T(O) + éE{;(o)) . (6.25)

Similarly, for EJ*(t),

/ B (s)ds + — (eE,T(O)—i—%EZ;(O))
Eg(t) < A_o ~H(EE(0) + B5(0)) .- (6.26)

This completes the proof of (BI1]) in Theorem B4l
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6.2 The parabolic regime

For the parabolic regime, where § = ¢, set

m—1 m
1
m m m m ! 1) 1 l 02 m
F" =eby" +eby', G™=e lg y (0Lu, 0L0:0) + € lg y (0.0,u,0.020) + §E¢ , (6.27)
E™=F"+2)G™, E™=cE'+E}', a=\/e (6.28)

Similar to (611), the bounds of G™ is,

and A\g < 7, so one obtains,
m A0S o 3o
(1 —2X\)eE}" + (e + 7)E¢ <E™ < (142X)eE}" + (e + T)
20 pm < fpm < 3 pm (6.30)
2 2
or equivalently,
2 /= 2 /=
§VEm <€ ER+ [EP < /\—\/Em. (6.31)
0
By 1) + Ao (B3), one has energy estimates,
Locam (A Ao om 1 m A0 m m
_6,5E +(e 2>Dh—|—(E )\0>Du+2DU+)\OD¢
AC
it (\/Em +2 Em) (5D +ADJ) + AC? (14 Xo) \/ EP DI + eAC? \JEF D + 200AC3 \ [EF D'
1 2 /= 2 /= 2 /=
gmAC% ——VE™ | (D} + D) + 2AC} ( =V E™ | DJ' + 2AC} ( —V E™ ) D},
€l/2 \g Ao Ao
(6.32)
which implies,
—BtE t o2 (eDh +eD)) + 9 (eDg") + Mo Dy
20AC ~ 4AC? 4AC’
g—l\/Em (eDJ + eD™)) + LV Em (eD™) LVEmDY. (6.33)
Aoed/2 Ao€
So if the initial data satisfies the condition
Ao 2o 2o
[, : 4e 4e 2
£™(0) < min 20AC2 * 1AC? ’ 1AC?
)\053/2 Ao€ Ao
. A2\
E™0) < | =—=—=
e
alently, B (0) + L B} (0) < 2% (6.34)
or equivalen — .
quivi Ys h ) (801401)
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then similar to ([6:24)) - ([G.26]), one has,

Ao

1Am m m
S+ (B + B) <0

B (t) + E(1) < — /0 E(s) + B (s)ds + % (B (0) + E(0))

3 1 3 m m
E;(t) < )\—067; (E,’L”(O) + ZE$(0)> , EFt) < )\—067 (eEh (0) + E (0)) . (6.35)

This completes the proof of (BI3]) in Theorem B4

Appendices

A The proof of Lemma [3.7
Proof.  (a) By the definition of v in (2I4]), and 216]), 221)),

(%000, 0VMO*R) = (90,6, 0%u) = — (90, 9*0,u) = 5 (6, 6*040)

2
’

= — 5 (%0, 05020,0) = 6 (950, 6, 0%0,0,0) = gat 0%, 6| (A.1)

where the last equality of the first line is because of ([221]), and the first equality of the
second line is because of (Z10)).

(b) First break 9¥h = 0¥ov/M + (0¥h — %o/ M), and then use 9%h — o/ M = 05uvv/M +
(1 — I1)d%h, one has,

(0%0.¢ 0,(0'h), 0'h)
= (00,6 0,(8'av/M), 'h) + (90,6 0,('h — Ho/M), 0oV M + (9" — 9'ov/M ) )
— % (040,000, ' hov/M ) + (90,6 0, (9°h), '/ M ) — (90,6 0, (9o V/AT), D' VAT )
+ <akaz¢, By (8iuvm F(1- H)aih) (alum/ﬂ F(1- H)alh)>
<- % (0%0,¢,0'00") — <akam¢ d'h, alaav(\/ﬂ)> + % (00, ¢,0'c0"av M )
+ 00,9 .. (H@iuav(v\/M)‘r + 0.0~ main” +||oruevan)|” + 1 - n)alhyf)
< - % (0%0,¢,0'00Mu) + % (00,0, 0"a0'u) + 0
+ 04006y gy (3 10%l + 10 = 00 + ol + o~ M) (a2)
where the last inequality comes from the Sobolev embedding for 1D,

1fllco < CENAlg s Wfllco < Cullflls s Ifllco . < Cullfllamy . V€ Hi(Hy),
(A.3)

21



for some constant C; > 1.

Next,
% (v9*0,¢ 0'h, O'h)
% <vakaz¢ 8o/ M, 8 > <v8k8x¢ (aih - aia\/ﬂ) 0o/ M + (alh - alam»
% (00,0, 000") — - <akam¢, v'h alam> + % <akam¢, v/ M 810\/M>
% <akam¢, (aiuv\/M +(1- H)aih) (aluum +(1- H)alh)>
< - % (0%0,¢,0'c0"u) — ! 5 (050:0,0'ud'o) +0
1

HakangHLoo (/|v duvV' M) d,u—l—/|v (1- m)o'h )

/ um/ﬂ)2du+/|v|((1 _H)alh)Qdu)
1
5

< — - (0%0,¢,0'00") — 1<8k8x¢,8iu810>

+ 5015020y gy (211081 + 3 10~ I + 2 0kl + 5 o~ ).
(A.4)
Therefore (A2) + (A4) gives,
(00,4 0,(9'h), 0'h) — % (v0%0,¢ 0'h, O'h)
— (00,0, D'00"u) + C1 07000 11 11 (2 0%|]” + 2| (1 = ma'n|” + 2]j0%|* + 2|1 - n)alhuj)

<Ci ||akaz¢||H;(H;)

<a||8ia||2 oot + 2| - mata| + <2+ ) 0%® + 2|1 - )alhui) ,
for a to be determined later.

For the term <8k6w¢, O (8‘uv\/_ + (1 -1 ) ( Ouvy/'M + (1 — )81h)>, one can also
bounded by,

<akaz¢, (8iuv\/_ r(1- n)aih) (aluvm r(1- H)alh)>
/ [%0,0 .. |00 (FuwvBI + (2~ ma'n)

: (aluU\/MJr (1- n)aih) HL H VI0<0.0]% + [9az6| Haluvm—i- (1- n)ath
2,

Lo MoV M + (1 —d'h , du(z)

x,v x,v

<y

<2\ |0%0,6] + |9%020)| 0, (0 uov/M + (1 = '91h) H2 + % |0t uwv/a + (1 - n)ath2

N———

<c2\/|0%0,0] + |9%020)

(1
24
<1
3 igi, |12 igiz |2 1112 17112
72 ll00zl” + > (|1 = oA, + [[0']” + || - mda],
i<1 i<1

(A.5)
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Similarly,

- % <akam¢, v (aiuU\/MJr (1- H)aih) (aluU\/MJr (1- H)alh)>

02 . 1 int
<< loaol? + o2l (2Z||ala;uu?+§zn<1—H>6‘6éhl|i

i<1 i<1

+2[0|” + % (1 - H)&%Hi) (A.6)

— (0%0,¢,0'00"u) < Cf\/nakamnz + ||0%a2¢|” (az Haia;'a]f + 2 H@lqu) (A.7)

i<1

which gives,

(00,4 0,(0'h),0'h) — % (v9*9,¢ 0'h, 0'h)

gcﬁﬂaﬁkw2+uﬁﬁ¢w(}E:H&@ﬂf+2§:H3@MF+2§:HQ—JD§@hﬁ

i<1 i<1 i<1

(z+ )H§M|+2H1—-)3Mﬁ),

for a to be determined later.

(d) Since

(00,4 0,(9'h), 0'h)

= (00,60,(9°), "0 VA ) + (90,6.0,(0"h), &' — D'/ M )

IN IN

IN
N =N =N =

- <akam¢ aih, 3103U(\/M)> - <akam¢ 9'h, 8, (D'uvv/M + (1 — H)alh)>

(0*0,0,0'ud'a) + (|0"h]

00,6 (0'ud, (/M) + 0, (1 — 'R ) )
: . 2
(00,9, 000 u) + [[|h]] (5 [[9%0.0]" + ! Halua (wvV/aD)|| + .1 ~ |9, (1 = ma")

(0%0,6,0'00"w) + Cu[|0]| gy 1y (5 000" + = Hal ¥ +—H (1 —ma'a|;),
(A.8)

Next, similar to (A8,

| /\

| /\

| /\

wl»—twly—lwl»—twl»—twl»—l

(v9*0,¢ O'h, O'h) = —% (0%, ¢, v0'h O'h)
8%, 6, v ala\/ﬂ> - % <akaz¢, vih (aluv\/ﬁ . H)alh)>

/\

%0y, D'odi) + - 5 ([0] 60,0 (0uv™V/M +v(1 —md'n)|)

1 2 1
(G 10 au0] + = |ou(*VAD)|| + - o — m&*a]*)

(
<6kam¢7 61081 > 1 HathHzl(H;)
(

. 3 1
00,0900 + T ||y ) (o [05020]+ 2 0l + 2 0 - matn]?)

(A.9)

(H3)
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Therefore (A.8) + (A9) gives,
(0%0,¢ 0,(0'h), 0'h) — % (v9*9,¢ 9'h,0'h)
. 3 2
<Cy Ha‘hHH;(H;) (a HakamquQ +o Ha‘uHQ +o (1 - H)athi). (A.10)

(e) Similar to the proof in (c), based on the estimates in (d), one can bound the same term

by,

(0%0,¢ 0,(9'h),0'h) — % (v0%0,¢ 'h, O'h)

. . - 3 2
sc%\/ualhu? +010:h) (Y ||0F0i0.¢| + - 6"l + “Jla- Ma'R|?).  (A.11)

i<1

(f) By (22I) and [2I5) one derives,
02 (0%0,01p) = —0*0,0 = az(%aku), (A.12)

integrating it from —oo to x implies,

%0, 01p(x) = %Bku(:v), (A.13)
Hence,
1
|0 a.00]" < <5 [[9*ul”. (A.14)
u

B The proof of Theorem

Proof. The proof of Theorem[3.8lis almost the same as the proof of Theorem [3.4] expect for the es-
timates on the nonlinear term Z;:O St 020 (0,0 Ouh — 80,9 h), and, Z;:O Sty 010k (9u¢0).
We first estimate the case of j = 0.
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Taking 9. on (2.15), and multiplying by (Jlr—) 0L h, then integrating it over u(z,v, 2), one has,

2 2
<Hl+1(9i >+Ao Hl+1
Lo l+1 I+1

: l—i i l
Z i <a 0,6 (9.~ )8h—8z>

1+1 l—i+1 i+1 I+1
a“ax)< a;), a;>
)<((l 0)! g

[+1
I (1-

Z

’Hlalaqu

+5‘

(l—i+1D(+1
1 l—i+1 1+1 l+1
8l zaz ot 8l
Z; ) (T ¢>< 0) S
-1 . 2 2
1 1 41, I+1
<50 Y —— | ;h‘ 3 + olu ‘L1_ oLh
= i+ 1| il HEy) \ @ y
l—i+1,,_ 2
ta || 000
(I —1i)! )
= 1 l—i+1 1 l+1 1, 2
Y e e N (G B I e
;l_l—"l (1 —14)! H1(HY) a 5
. 2 2 . 2
1. 1 1 ,
+a’¥a;a T L ) (S ) )
2. 1.
l+1 [+1 .
+6C2 \/HLa;h Hiala W {aS |0i0.0|
<1
B+t I+1 2
+2 H * HL (1 - oLk ) (B.1)
a v
where the last inequality comes from Lemma B.7 (d), (b), (e). Notice
2
1—21 a; B — i, <1 (i+1)?* af n (Gj+1)? af
Citl) A )G+ 2 NG+ 12 (G +1)?
-1 [f1-1 1 -1
= af < (A a (B.2)
. 2 — 79
i=0 \ j=0 (7+1) i=0
where A" = /372 (H_+)2 Then one can bound,
1, - .
Z “L ik <24'\[El <24'\/Em, (B.3)
=0 H}(H)
and,
Kb 1 l—i+1
ZZ By [ ’ ‘ it i
=i gy || (U= 1)!
m . ) 1 ~ ~
Z—H— oih Z g oo | <24 EpD7. (BA)
=0 H(Hy) i=0
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Here f)g is the corresponding new dissipation of J,¢ in the new norm, similar for D;”, f)ZT All
other terms in (Bl can be similarly bounded. Thus Y.;" ,(B.1)) gives,

§ - - - -
S0 [eBy 0 4+ 07| + Ao D0 4 Dy
—— (3 -~ 2 - ~ = 1\ - ~ ~
<20A'Ci\/ B (—DZT + =Dy + aD$> +20A'Ci\/ EY ((4 + —) D' + 4Dyt + aD?)
a a a
12 m MM 3 M 2 nm
+20A'CT/ E ( aD} + Dyt + =Dy
’ I 3~m0 2~m0 ym ’ [ 1 ym,0 1,0 rym,0
<ASA'Ci\ B =Dipt® + =Dy +aDy | +26A'CiyJED ( (44 = ) Dy’ +4Dp"" +aD0 ).
a a a
(B.5)

One can use similar method to bound other nonlinear terms. We omit the details here. Now
one can see that the constant A’ is independent of m, which leads to the independence of m in

the initial condition.
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