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Abstract We present a new stability and convergence analysis for the spatial dis-
cretisation of a time-fractional Fokker—Planck equation in a polyhedral domain, us-
ing continuous, piecewise-linear, finite elements. The forcing may depend on time
as well as on the spatial variables, and the initial data may have low regularity. Our
analysis uses a novel sequence of energy arguments in combination with a generalised
Gronwall inequality. Although this theory covers only the spatial discretisation, we
present numerical experiments with a fully-discrete scheme employing a very small
time step, and observe results consistent with the predicted convergence behaviour.
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1 Introduction

We consider the spatial discretisation via Galerkin finite elements of a time-fractional
Fokker—Planck equation [1,13],

Ou—V- (9} *xkaVu—F9!"%u) =0 forxcQand0<r<T, 1)
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with initial condition u(x,0) = u(x), where d; = d/dr and Q is a polyhedral domain
in R? (d > 1). The fractional exponent is restricted to the range 0 < o < 1, &y > 0
is the diffusivity coefficient. In our analysis, we put Ky = 1 for convenience, but it
is straight forward to extend our methods to allow for a spatially-varying diffusivity.
The fractional derivative is taken in the Riemann-Liouville sense, that is, 8,1*°‘u =
0, %u, where the fractional integration operator .# % is defined by

t tocfl

F%u(t) = 0g *u(t) :/0 o (t—s)u(s)ds, q(t)= T’

Though we impose a homogeneous Dirichlet boundary condition,
u(x,t)=0 forxedQand0<rt<T, 2)

the proposed stability and errors analysis remain valid for zero-flux boundary condi-
tion, see Remark 1.

The time-space dependent driving force F and it time partial derivative, J;F, are
assumed to be in L., (Q x (0,T),R? ) . When F is independent of ¢, the model problem
(1) can be rewritten in the form

I Qu) — V- (kg Vu—F(x)u) =0, (3)

where the first term is just the Caputo fractional derivative of order ¢. For a one- or
two-dimensional spatial domain £, numerical methods applicable to (3) have been
widely studied [2-5,7,9-11,14,19-22]. In all of these works, the solution u was as-
sumed to be sufficiently regular, including at ¢ = 0. Although (3) is in many respects
more convenient for constructing and analyzing the accuracy of numerical schemes,
only (1) is physically valid for a time-dependent forcing F [12].

Our earlier paper [15] presented an analysis of the semidiscrete finite element
solution of (1) that is limited to cases in which

1. the solution u is sufficiently regular,

2. the spatial domain € is an interval on the real line (thatis, d = 1),
3. the fractional exponent is in the range 1/2 < a < 1,

4. the boundary condition is of homogeneous Dirichlet type (2).

By employing a different approach that based on novel energy arguments, we are
able to relax significantly the regularity requirements on u, in addition to permitting
d>1,0< o < 1, and zero-flux (10) as well as Dirichlet boundary conditions. This
new approach leads to an error bound of optimal order in L, () at each fixed > 0,
even for non-smooth initial data uy. We consider only continuous piecewise linear
elements and (unlike our earlier paper [15]) do not analyse any time discretisation.

In Section 2, we define the semidiscrete finite element scheme and outline our
main results in the context of our previous work [15]. Section 3 gathers together
some technical estimates involving fractional integrals. Section 4 presents the new
stability result (Theorem 1) and Section 5 the new error bound (Theorem 2). Finally,
in Section 6, we discuss two numerical examples. The first confirms both the conver-
gence rate and the dependence on ¢ predicted by our theory. The second looks briefly
at how the method behaves when 1 is a point mass, and therefore does not even
belong to L, ().
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2 The finite element solution

The continuous solution u : (0,7] — H} () of problem (1) subject to the homoge-
neous Dirichlet boundary condition (2), satisfies the weak form,

(Gru,v) + <8,17°‘Vu, Vv) — (F&,lfau, Vv) =0 4)

for all v € H} (2), where (u,v) = [ouv and (u,v) = [, u-v. Let h denote the maxi-
mum element diameter from a shape-regular triangulation of €, and let S;, C H{ (2)
denote the usual space of continuous, piecewise-linear functions that vanish on 9Q.
The semidiscrete finite element solution uy, : [0,T] — Sy, is then defined by

(O, ) + (0}~ *Vup, V) — (FO}~%up, Vy) =0 forall y €S, (5

together with the initial condition uy,(0) = ugy,, where ug, € Sy, is a suitable approxi-
mation to u.

Previously, for 0 <t < T, we showed [15, Theorems 3.3 and 3.4] that,
C||uon||1 and, provided ugy, is chosen to be the Ritz projection of uy onto Sy,

up(1)]| <

t 1/2
o) )] < (Luoll+ [ 3as) ©

Here, ||v|| = \/(v,v) denotes the norm in L,(R2), u'(t) = d,u,

o 1/2
V]l = |~ V272 = ( ¥ AL (pm>2) forr >0,
m=1

and @1, @2, @3, ... is a complete orthonormal system in L, (£2) consisting of Dirichlet
eigenfunctions of the Laplacian: {@,,, ®x) = O, and

—V2Qn = An@n inQ, with @, =00ndQ.

The associated function space H'(Q) = {v € L,(Q) : ||v||, < e} is a subspace of
the usual Sobolev space H'(Q) for 0 < r < 1; in particular, H°(Q) = L,() and
H'(Q) = H}(Q). Also, H*(Q) = H*(Q) N H} () provided Q is convex (so the
Poisson problem is H>-regular).

We prove in Theorem 1 a stronger stability estimate,

lun(O)[| < Cllugnl|  for0 <z <T. )

Also, whereas the previous error bound (6) is meaningful only if uy € H?>(Q) and
u el ((O7 T),HZ(Q)), our new error analysis makes a much weaker regularity as-
sumption: for some r in the range 0 < r < 2 there is a constant K, such that

u()|]2+ 2] (0)]]2 < 1 *0-DPK, for0<t<T. (8)

When F = 0 and the domain £ is convex, it is known [16, Theorem 4.4] that such
an estimate holds with K. = C||u||» in the case of Dirichlet boundary conditions (2).
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Since the term of (1) involving F is of lower order in the spatial variables, we con-
jecture that the same is true for a nonzero (but sufficiently regular) forcing F. In
Theorem 2, we show that if u, is chosen to be the L,-projection of uy onto Sy, then

| (t) — u(t)|| < Cr*0=22p2K, for0<t<Tand0<r<2. )
For instance, in the worst case when r = 0, the error is O(t~%h?).

Remark 1 If we impose a zero-flux boundary condition,

u

atl —Oge an

—(F-n)d %u=0 forxcdQand0<t<T, (10)
where n denotes the outward unit normal to £, then u : (0,7] — H' (Q) satisfies (4)
forall ve H! (Q). Likewise, uy, is defined as in (5) but the finite element space S;, C
H'(Q) now consists of all continuous piecewise-linear functions (that is, the ele-
ments of S, need not vanish on dQ). The stability estimate (7) remains valid, and the
error bound (9) holds assuming u satisfies (8), where || - || is now the norm in H?(Q)
rather than H? (). Note that for either choice of boundary condition, the variational
equation (5) is equivalent to a system of Volterra integral equations [15, Theorem 3.1]
that admits a unique continuous solution uy, : [0,T] — S;,. Moreover, the methods
of Miller and Feldstein [17, Theorem 1] show that u, is continuously differentiable
on (0, T]. Finally, notice that in the case of the zero-flux boundary condition (10), the
total mass [, u(-,7) within £ is conserved.

3 Fractional integrals
In this section only, C is an absolute constant. Our analysis of the semidiscrete finite

element solution u;, will rely on the following technical lemmas, in which ¢ and y
are suitably regular functions of # > 0 taking values in a Hilbert space.

Lemmal If 0<u <v <, then

1 1
[1oveiras<cetw [omg)2as.

Proof If u = v then there is nothing to prove, so assume y < v. In a previous pa-
per [15, Lemma 2.3], we showed that for 0 < o < 1,

/ 7% (1) |2 dt < @t (T /a)a ft/||l]/ |2 dsd,

and the right-hand side is bounded by @q 1 (T)? Jy ||w(s)||>ds. Putting w = .7 ¢
and oo = v — , it follows that %y = V¢ and 0y41(T) <CT*=CT" " *. O

Lemma2 If 0< a < 1andée >0, then

formw

1 L T
_48( )2/<j ¢,d)>ds+£/0<f v, y)ds, (11)
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INES
JO
[ 0.r99yas <cie [ loPas (13)
0 0

Proof From a result of Mustapha and Schétzau [18, Lemma 3.1(iii)],

t
A (%, 0)ds, (12)

‘/ 4.759) ’ coS(Olm/Z)(/[w’]amds)1/2(./(:<V’afall’>ds)l/2,

so (11) follows because cos(am/2) > 1 — a. The same paper [18, Lemma 3.1(ii)]
showed that

| (6,740 ds > cos(na/2) / s s, (14)
0 0

and by choosing v = o and 4t = a/2 in Lemma 1 have

1 t
[ 1oeglPas < cee 7o) as,
0 0

proving (12). Instead choosing v = & and 4 = 0 in Lemma 1 gives

t 1
[ 17oPas <o [jo|as,

t 1 1/2 1 ]/2 1
[oreoas<([1oas) ([ 1oooitas) < [ofas

proving (13). O

SO

Lemma3 If O < a <1, then

CtOC /2

ot 1
[0 < T [ oupti—sn)as for 50 = [ (9.5%)ds
Proof From our earlier paper [15, Lemma 2.3],
T t
[N 17 v P < o) [ om0 [ 1w asar

so the result follows by letting v = o¢/2 and y = .#%*/2¢, and then using (14). O

Lemma4 If 0 < a <1, then

19(6) =90 < =5

Proof We showed previously [15, Lemma 2.1] that

100) 9O < 1 [ 152 () Pas,

so the desired estimate follows from (14) and the inequality cos(amw/2) > 1—o. O
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4 Stability

We seek to estimate the finite element solution uy,(¢) in terms of the initial data ugy,.
Throughout, the generic constant C may depend on ¢, T and the vector norms of
Fand F' = 9,F in L.(Q x (0,T)).

It will be convenient to define

M) =19(t), Bi(¢) = .7 (F9/~*9),

Ba(0) = (4 — s )Bi(9). Bs(9) = L4B(9)] )
and we will use the elementary identities
MIY— I M =T (16)
and
(9 9)(1) = (S 9)" = 0(0)wa (1) + (S “9") 0). (17)

Lemma$5 For0<r<T,
ot of t ot
[1Bi@Pas<c [ |oo%Pds. [ IBo)Pas<ce [ o)
1 1
[ iBs@)Pas <c |17 a0y P+ (a6) P+ |7%0|) ds.
Proof Integration by parts (in time) shows that
Bi(9)=F.s% — 7'(F.7%), (18)
and our assumptions on F imply
t
IF7%9|*> <C||.#%¢|* and Hfl(F’f%)IIZSCt/ |-7%|1*ds,  (19)
0

so the first estimate follows at once. The second estimate follows immediately from
the first one and the inequality

IB2(9)(s)[[> < Cs*[[B1(¢)(s)[I* + Cs.7 (| B1(9)]*) (s)-
With the help of the identities (18) and (16), we find that
MB(9) =M (FI%— I (FI%)) =F(I* M +as*¢)— 5" (F 7))
SO
B3(¢) =F'(S*Mp+as® o)+ F(I*(A9) +as™))
—~ IV W I%) — HMF 7%.
Thus,
B3 (9)|> <C(|£* 9|+ |7 9)|?) +C(1+17)||.7 %]
+Ct/0[||f°‘¢|\2ds,

which implies the third estimate. O
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In the next two lemmas, we prove preliminary stability estimates for u;, and .Z uy,.

Lemma 6 The finite element solution satisfies, for 0 <t <T,
1
[ Gnso )+ 179V ) ds < €y
0

and .
/0||f°‘uh|\2ds§Ct1+2a|\u0h||2.

Proof We integrate (5) in time to obtain

(un(t), 20) + (I Vup) (1), Vi) = (Ba(un) (1), V) = (uon x) (20)
and then choose y = .#%uy(r) so that
(up, 7 %up) + | I Vg ||* = By (un), I “Vuy) + (uon, 7 “up,)
< 5 1IBi () [I* + 5117 “Vuan||* + (uon, -7 *up).

Therefore, after cancelling the term ||.#*Vu,||%, integrating in time and applying
Lemma 5, we deduce that

t t t
/0(<uh,f"‘uh>+%||ﬂ“Vuh||2)ds§C/O Hf“uh||2ds+/o(uo;,,f“uh)ds. @1

From (11) with ¢ = ug, and ¥ = uy,
!

't t 1
/()(M()h,fauh>dS§C/0 <M0h,fau0h>ds+§/0 <Mh,fal/th>ds7

so if we define .
W) = /0 () + |5V |2) dis,

then
g 1
y(t) SC/ (u()h,fau()h)ds—i—C/ |7 %up||>ds for0<tr<T.
Jo 0

Noting that (& “ugy,)(t) = up,@g+1(t), and applying Lemma 3 with ¢ = uy,, it follows

that ) (t B s)(x/27l
3(t) < alt) + b(e) /0 U Yds for0<i<T, (22)

where
a(t) = Ct%V[ugy|> and  b(r) = Cr/2.

Let Eg(z) = Yo" /I'(1 +nf) denote the Mittag—Leffler function. A generalised
Gronwall inequality of Dixon and McKee [6, Theorem 3.1] (also stated in our earlier
paper [15, Lemma 2.6]) then yields

y(t) < a(t)Eq)s (b(t)t*?) < Ca(t) for0<t<T. (23)

The first estimate of the lemma follows at once, and the second is then a consequence
of (12). O
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Lemma7 For0<t<T,
!
/ (M, IO M)+ | I Vi) ds < CE+ g2
0

and

t
[ 17t ds < €2 g
0
Proof We multiply both sides of (20) by ¢, and then use (16), to obtain

(Mup, )+ (I MV, VY) + IV, Vy)
— (B (), V) = (Muon, ). (24)

By integrating (20) in time, we find that
(I, Vi) = (I (uon — un), ) + (7 B (un), V1),

and so, noting that % 'uy, = .# ugy,,

(M up, 1) + (I My, V) = Bo(uy), V) + (1 — o) M oy, + oI up, )
< 51B2u) >+ SVl + (1 — &)t uon + 00wy, 7).

Now choose y = .#*.# uy, cancel the term 1||Vx||? and integrate in time to arrive at
the estimate

t
[ (7t + 1.5V s
1/t 't
= 5/0 HBz(uh)szs—i—/O (1= &) Mgy + 09wy, I M uy) ds.

Using (11) twice, with € = 1 /4, we see that the second term on the right-hand side is
bounded by

1 1 '
E/ (///uh,fa///uh>ds+C/ (///uOh,fa///u()h>ds+C/ <fluh,faf]uh>ds
0 0 0

SO
[ (i, sty 15V ul?) s < [ B P
+C/0[<//1u0h,f“///u0h>ds—i—C/()[(fluh,f"‘f'u;,MS.
Since I A ugy, = ugp9 * @ = ugpWe2, we have
/Ot<///bt0h, I M uon)ds = Cr gy,
and, using (13) followed by Lemma 1 with v =1 and u = «,

g 1 1
[ s wyds < [ wlPds < e [ st as.
0 0 0



Time-fractional Fokker—Planck equation 9

Thus, by Lemma 5,

t
/ (M, IO M)+ | IV |?) ds < CE+ g2
0
15
£+ [ wPas

which, when combined with the second estimate from Lemma 6, proves the first
claim. The second follows at once thanks to (12). O

Next, we show that u, may be replaced with (.#uy)" in the first estimate of
Lemma 6.

Lemma8 For0<r<T,
[ (w7 V) ) ds < a2
Proof Differentiate (24) to obtain
((Au), 2)+ (9%t Vup, V) + (I * Vi, — B3 (), Vi) = (uon, X),
and note that
(0 Vuy — B3 (up), Vie) | < 5[Vl + [1B3 (1) | + 0|7 Vg |

We choose y = 9!~ *.#uy, = (I % #w,)', and observe that (.Zuy;)(0) = 0 so (17)
implies y = ./ *(.# uy,)'. Thus,

(M), I Muy)) + 5|7 (A Vuy)||?
< (uon, I (A uy)") + B3 (ur)[|* + | -7 Vg >

By (1D),

ot 1 t t
/ <u0h,fa(%uh)’)ds§ E/ ((%uh)/,f“(//uh)/>ds+C/ <u0h,ﬂau0h>ds,
0 0 0

so by Lemma 5,
t t
Y1) = /0 (M), I M) + | I (V) |?) ds < C /O (on, 7 “ugp) ds
ot r
+C [ (175 + |7t P+ |7 P) ds-+.C [t P s

The first integral on the right-hand side is bounded by Ct!*%||ug,||?, and so is the
second via Lemmas 6 and 7. It follows using Lemma 3 that y(¢) satisfies an inequality
of the form (22) with a(r) = Ct'*%||ug,||? and b(t) = Ct*/2, so (23) holds, proving
the result. O

The stability of u;,(¢) in L, () now follows.
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Theorem 1 There is a constant C, depending on o, T and F, such that
lun(0)|| < Clluon]  for0<z<T.

Proof Using Lemma 4 with ¢ = .# uy,, followed by Lemma 8, we obtain

1

lun (@) = || (A ) (0)]* < Ctl’“/ (M), (M wy))ds < CE|lugy]|.
0

O

Because some of the estimates of Section 3 break down as o — 1, the same is
true of the stability result above. That is, the proof of Theorem 1 yields a constant C
that tends to infinity as o¢ — 1. However, we can easily prove stability in the limiting
case when a = 1, that is, when (1) reduces to the classical Fokker—Planck equation,

u+V-(Vu—Fu) =0,
and the finite element equation (5) to

<3zuhal> + <V”havl> - <Fuh7vx> =0.

5 Error estimate

We now seek to estimate the accuracy of the semidiscrete finite element solution u;,.
Recall that the Ritz projection R;v € S, of a function v € H'(Q) is defined by

(VRy, V) 4+ (Ryv, x) = (Vv,Vx) + (v, x) forall y € Sy;

here, the lower-order terms are included to allow for a zero-flux boundary condi-
tion (10), in which case the functions in S;, do not have to vanish on dQ and so
the Poincaré inequality is not applicable. Since the Galerkin finite element method
is quasi-optimal in H' (), we know that ||v — R,v||; < Ch||v||, for v € H*(Q). As-
suming that £ is convex, so that the Poisson problem is H>-regular, the usual duality
argument implies that

|v—Ry|| < CR?||v||la forve H*(R). (25)
We now decompose the error into
ep=u,—u=06,—p, where 6,=u,—Ru and p,=u—Ryu, (26)
and deduce from (4) and (5) that

(6 2) + (9! ~*V 6, V) — (FI =6, V) = (p}, — ' *pu.x) — (F9~“py, Vx).

(27

With this equation, we can use the techniques of Section 4 to estimate 6, in terms
of pj,. The next lemma provides our basic estimate for the latter.
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Lemma9 Let B > 0and 0 <r <2.Ifu has the regularity property (8), then
-7P ol +1|.2P (a p})|| < CPHH=2212K, for0 <t <T.
Proof For the case § = 0, we see from (25) that
lon ()| + -2 pa ()| < CH* (Ju(t)ll2 + 2l (1)]2) < Ce*0~22K,,

whereas for f > 0,

7P o)+ 1177 (a2 py) | S/t g (1 =) (lPa(s) | + sllpz(s)Il) ds

<C/ [3 12D/ g .

and the result follows after making the substitution s =ty for0 <y <1. 0O

The proofs of Lemmas 10 and 11 below parallel those of Lemmas 6 and 7 from
Section 4. We let P, denote Ly-projector onto the finite element subspace Sy, that is,
forany v € L,(Q) we define P,y € S, by (Pyv, x) = (v, x) forall x € Sy,

Lemma 10 [f ug, = Pyug then, for 0 <t < T and 0<r <2,
t
/0 (6, 7%0) + || 7OV, ||?) ds < Cr' =Dtk

and .
/ .76, |2 ds < C1 K2,
JO

Proof We integrate (27) in time to obtain

(O 20) + (I VO, Vi) — (B1(61), Vi) = (en(0), ) + (Pn ) — Bu(pn), V),
(28)
where P, = pp, — #%*py,. Our choice of ug, means that (e,(0),x) = 0, so by letting
X = 70, and recalling the definitions (15), we see that
(61, 761) + | 7V, |1 < |[B1(6:) >+ [Bi (o) |I* + 57 *VE,|1> + (Br, 7 “60).-

Thus, by Lemma 5,
t t
/(<6h,ﬂ“9h>+%||f"‘V9h||2)dsgC/ 1726, ds
0 0

ot ot
+C/0 Hfaph||2ds+/0<ﬁh,fa9h>ds

After applying (11) with ¢ = pj, and y = 6, followed by Lemma 3 with ¢ = 6, we
see that the function

v = [ (877 00) +1.7°V0, ) ds
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satisfies an inequality of the form (22) with
't 1
a(t) = c/ (ﬁh,f“ﬁh)ds+C/ |.7%ps|[>ds and b(r) = Cr*/>.
Jo 0
For brevity, put = h>K,. By Lemma 9,
|<ﬁh,faﬁh>| < CT]z(l +tOC)l‘oc(r72)/2(1 +ta)toc+oc(r72)/2 < anta(rfl)

and ||.7%py||?> < C(11t"‘+"‘(”2)/2)2 =N, s0 a(t) <Cn*t* =D+ Thus, the two
estimates follow from (23) followed by (12). O

Lemma 11 [Ifug, = Pyug then, for 0 <t < T and 0 <r <2,
1
/ (M, T M) + 1|72V 8,|?) ds < CrH-D AR
0

and .
/ 700, ds < C 1K
0

Proof We multiply both sides of (28) by #, remembering that (e, (0), x) = 0, and then
use (16) to obtain

(MO x)+ (I MV, VY)+a(I*TIVO, Vi) — (B (6,),VY)
= (M Py, x) — (ABi(pn),VY). (29)

By integrating (28), we find that
(01N, V) = (I p— I 04, 2) + (Z'B1(6,) — 7 ' Bi(pa), V1),
and hence, with B,(¢) defined as before in (15),

(MO, x) +(I* MV, VY) = (Ba(6) —Ba(pn), V)
+ (M —aI Pyt a6, 1)

Now choose y = .#*.# 6, so that, after cancelling a term %HV}( |? and integrating,
t 1 g
[ (caenseaen v drmave?ds < 3 [ 18260 ~Ba(o)|Pds
t
+/ (M= @I \put 00T By, T ,) ds.
0

Using (11) with e = 1/4, ¢ = (# — a.#")p;, and y = .# 6, and a second time
with ¢ = a.#'6), we see that

t 1
/O((//leh,f‘x//leh>+||ﬂ°‘///V9h||2)dsg/0 IB2(6),) — Ba(pp)||>ds

ot ot
+c/ ((///—af')ﬁh,f“(///—aﬂ')ﬁh>ds+c/ (S16,,.7%.510,) ds.
JO JO
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Lemma 5 implies that
[ 18200~ Batpu) s < o2 [ (1o enl>+ 7%pulP) ds
and, putting 11 = h°K, as before, we find with the help of Lemma 9 that
[l = 0ty st — s )| < Crptal ),
Using (13), followed by Lemma 1 with v=1and u = «,
/Ol<fleh,f"‘fleh>ds§Ct“/0[ 1.7 6y)2ds < CtH/O’ 1.7% 6,2 ds,

s0, recalling that ||.#%p,||> < Cn?t®", the first estimate follows by Lemma 10. The
second is then an immediate consequence of (12).

Techniques like those of Lemma 8 and Theorem 1 now yield our error bound.

Theorem 2 If Q is convex and the solution of the fractional Fokker—Planck equa-
tion (1) has the regularity property (8), then the finite element solution, given by (4),
satisfies

n () = w(@)|| < Clluon — Puol| + Ct*" 0K,

for0 <t <Tand 0O <r <2. The constant C may depend on o, T and F.

Proof Suppose in the first instance that ug, = Pyug, as required for Lemmas 10 and
11. Differentiate (29) to obtain

(A 04) 2) + (0 MV 0, V) + I V6, VY)
= ((Apn)', 2) + (B3(6r) — B3(p1), V).
where B3(¢) is again defined as in (15). Noting that
|(B3(61) — B3(pn) — 0764, V)| < [[V|I* + 5 (IB3(64) — B3(pn) >
+307[T0VE|?),

we choose y = 9!~ *.# 6, = (S *.#6;)', and observe that (.7 6;)(0) = 0 so (17)
implies y = .#%(.# 6},)'. Thus, after cancelling || Vy||?,

(A6, (MO ) <((APY),I*(M6))
+ 5 IB3(6) — B3 (o) > + 30774V 6, ||,

Integrating in time, and then applying (11) to the first term on the right hand side,
withe =1/2, ¢ = (A4 py,) and y = (A4 6),)', it follows that

[caay,secanyyis<c [(amy, s cam))is

!
+ [ (1B3(81) = Ba(pn) -+ |7V ) ds.
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Since, using (16),

(A pn) = [ (pw—%Pn)) = pu+.Mpy— [T Mpy+ 05" py)
= pu+ A py— I AMpy) —aI%py,
= pn+ M py— I Mp,—(1+a)5%p,

we see from (25), (8) and Lemma 9 that ||(.#p;)'|| < Cnr®U=2)/2(1 +1%) where, as
before, 1 = h*K,. Consequently,

/Ot<(///ﬁh)’,f“(///ﬁh)’>ds < cniret-1),
and by Lemma 5,
[ IBsonIEas <c [ (L (ap) |+ 175 aplP+1.7%p]) ds
<cn? /O[ (t% 2T 4 1% ds < Cpe e

showing that
t
[ (o), oo ae)yas < cnprec
0

1 t
+C [[(17 V0P + | a0, + | 770 ds+-C [ .58, |ds.

Using Lemmas 10 and 11, we find that the second term on the right is bounded by
Ct”“(”l)nz. It follows using Lemma 3 that the function

o) = [ (0 5 a0) s

satisfies an inequality of the form (22) with a(r) = Ct'**"=1n2 and b(r) = Ct*/2.
Therefore, using Lemma 4 with ¢ = .# 6y, followed by (23), we have

|2 6,))> < Ct' =%y () < Ct'~%a(r) < > 2022,

which is equivalent to the estimate || || < Cr*"~2)/2h2K,. Recalling (26), the desired
error bound in the case ug;, = P,ug follows by the triangle inequality and the case § =
0 of Lemma 9.

The error bound for general ug, now follows from the stability result of Theo-
rem 1. In fact, if u; and u;, denote the finite element solutions satisfying u;(0) =
Puuo and uj,(0) = ugy, then the difference uj, — uj, is the finite element solution with
initial value uq;, — Pyug so

lun(2) — up(0)]| < Clluon — Pauto]] for0 <t <T.

We obtain the desired estimate for ||uy(¢) — u(t)|| after applying the triangle inequal-
ity, noting that |[u (1) — u(t)|| < Ct*"=2)/2p2K,. O

If r < 2, then the error estimate in the theorem becomes unbounded as ¢ — 0, but
the stability result of Theorem 1 shows that the error must in fact remain bounded.
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6 Numerical examples

We discuss experiments with two problems, using a fully-discrete scheme of implicit
Euler type. For time levels 0 =1y <t; <t <--- <ty =T, we denote the nth step
size by k, = t, —t,— and the associated subinterval by I, = (f,—1,t,), for | <n <N.
The maximum step size k = maxj<,<yk, is sometimes used to label quantities that
depend on the mesh. With any sequence of values V!, V2, ..., VN we associate the
piecewise-constant function V defined by

V(t) =V" fort,_1 <t<t,andn>1.
Integrating the finite element equation (5) over the nth time interval [, gives
(utn(tn) — upta—1), 2) + /, (91, V) dr — /, (F&} %y, V) dt =0,

for all y € Sy, and we approximate uy(t,) by U} € S, satisfying
Ur—ur %) +/ (3} -V, Vi) dr —/ (F3) =01, Vx)dr =0,  (30)
In In

for all y € S, and for 1 < n <N, with U}? = ugp. For 1 < p < Oy := dimSy, let x,
denote the pth free node of the spatial mesh, and let ¢, € S, denote the pth nodal
basis function, so that ¢,(x;) = 8,, and

On
Up(x) =Y Uyop(x) where Uy =Uj(xp) = up(Xp,tn) = t(Xp,tn).
p=1

We define Q), x O matrices M and G" with entries

Mpg = (9q,9p) and GZq = (Vy,Vop) — (F"9,VPp),
where F"(x) = F(x,1,), and the Qj-dimensional column vector U" with compo-
nents Uy, It follows from (30) that
n—1 )
- Y ®_,;,G"U/ =0 forl<n<N,
=1

n
MU"-MU""" + Y @,,G"U/
e £

‘17
with weights @,; = f,j o (ty — s)ds for 1 < j <n < N. Thus, at the nth time step we
must solve the linear system

n—1
(M+ 0, G")U" =MU""' = Y (@ — @,-1,)G"U’.
j=1
Although this fully-discrete scheme lacks a theoretical error analysis, we observed
numerically that first-order accuracy in time is achieved, for r bounded away from
zero, if we use a graded mesh of the form

th=m/N)'T for0<n<N,withy=1/a. (31)

Our earlier paper [15, Table 5.3] includes computations with smooth initial data, in
which we observed that the L, error is O(hz) uniformly for 0 <t < T, consistent with
Theorem 2 when r = 2. Here, we instead focus on the case of non-smooth initial data.
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Fig. 1 The Ly-projection P,up and the nodal interpolant Iuq, of the discontinuous initial data (32)
when Q) = 15.

6.1 Dirichlet boundary condition

In our first example, F(x,t) = —x+sint, T = 1 and Q = (0, ), with homogeneous
Dirichlet boundary conditions u(0,7) = 0 = u(7,#) and discontinuous initial data
given by

1, xe|x/4,3n/4

) — (7/4,37/4]

0, xe€l0,m/4)U(3m/4,1];
Figure 1 shows ug and its Lp-projection Pyug, as well as the nodal interpolant /,ug € Sy,
defined by

(32)

1, x,€[n/4,3n/4]

0, x,€0,7/4)U(3m/4,1]. (33)

Tnuo(xp) = {

The Dirichlet eigenvalues and orthonormal eigenfunctions of —V? = faxz are

o\ 12
Am=m? and (pm(x)<;) sinmx form € {1,2,3,...},

so for 0 < r < 1/2 we have

C
1-2r

SIS

s

ol = ¥, m (o, @) = = ¥ (2) 120 <
m=1

=1
If our conjecture that K, = C||lugl|, in (8) is valid, then applying Theorem 2 with
r=%—¢eande ! =log(e* +17!),sothatt ¢ <eand 0 < € < 1/2, gives

(1) — u(t)|| < Clluon — Pauo|| + Ct 3% 41\ [log(e2 +1=1) for0O <1 <1. (34)
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Table 1 Weighted errors (35) and convergence rates (36) for different o, when ug, = Pyuo.

o | a =025 | a=0.50 | a=0.75

7 | 7.98¢-03 7.77e-03 7.84e-03

15 | 1.96e03 2.024 | 1.91e03 2.024 | 1.94e03 2.017
31 | 4.88e-04 2.008 | 4.75e-04 2.008 | 4.82e-04 2.007
63 | 1.21e-04 2014 | 1.18e-04 2014 | 1.19e-04 2.015

Table 2 Weighted errors (35) and convergence rates (36) for different o, when ug;, = Iuo.

o | a =025 | a=0.50 | a=0.75

7 | 7.79e-02 7.46e-02 7.27e-02

15 | 4.04e02 0948 | 3.86e02 0950 | 3.76e-02  0.952
31 | 2.06e-02 0973 | 1.97e-02 0973 | 1.91e-02 0.974
63 | 1.04e-02 0.987 | 9.93e-03 0.987 | 9.65¢-03 0.987

In our computations, we employed nonuniform time levels given by (31), but a
uniform spatial mesh with 4 = 1/(Q;, + 1). In all cases, Q;, + 1 was divisible by 4
so that the points 7/4 and 37 /4 (where ug is discontinuous) coincided with two of
the nodes. We first computed a reference solution U}, = U using a fine mesh with
N = 10,000 and Q, = 511. We then computed U}’ for Q;, € {7,15,31,63}, again
with N = 10,000. The initial data was chosen as ug, = P,ug in each case. With such
a small k, the error,

Ejx=lUy = Ul for1<n<N,

was dominated by the influence of the spatial discretisation, and we sought to estimate
the convergence rates oy, ; such that

t3a/4En
Ejp= max ———"" ~ Cho, (35)
O=n=N log(e2 41, 1)
from the relation
Ok = 1025 (E3p 1/ Epy)- (36)

Table 1 shows the values of £, , and o},  for three different values of a.. The computed
values of oy, are close to 2, as expected from Theorem 2. Figure 2 shows how the
Ly-error Ej}) , varies with ¢, for different 2 when a = 0.75, again keeping N = 10,000.

Due to the log-log scale, the graph of a function proportional to r3a/4 appears as a
straight line with gradient —3 /4, indicated by the small triangle, and we observe
exactly this behaviour of the error for ¢ close—but not foo close—to zero.

Physically, the solution # must be non-negative, but the oscillations in the discrete
initial data P,uo mean that U}}(x) was negative for some values of (x,7,) near the
points of discontinuity (7/4,0) and (37/4,0). It is tempting to choose as the discrete
initial data uo, = Iyuo, the nodal interpolant (33). In this way, U = ugy(x) > 0 for
all x. However, since

(uon — Ppuo, X) = (uon — o, X) < |[uon — uol|||x|| forall x €Sy,
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Fig. 2 Plots of the error E}/, as a function of #,, for o = 0.75 and different choices of Qy,. The triangle

indicates the gradient —3a /4 for a function proportional to 173%/4; ¢f. (34). Note the logarithmic scales.

by choosing ¥ = ug, — Pyug we see that

||Lt0h—PhM()|| < letoh—u()H = \/gh when uop = Ihuo.

Thus, Theorem 2 now yields an error bound of order & +¢—3%/*h? (ignoring the log
factor), and Table 2 indeed shows only first-order convergence for this choice of
initial data.

At the end of Section 4, we remarked that in our stability estimate the constant
tends to infinity as o approaches 1. Since the finite element method is stable in the
classical case o = 1, we suspect that the dependence of the stability constanton o < 1
is an artefact of the method of proof. To investigate this question numerically, we
computed ||uy ()] for random initial data, that is, when the value of ug, at each node
was a random number from a uniform distribution in [0, 1]. In practice, we did not
observe any deterioration in the stability of the method for o close to 1.

6.2 Zero-flux boundary condition

In our second example,

v
Flef)=——-, @=075 T=20, Q=(-LL), L=4,

where V is a double-well potential perturbed by an oscillation in time,

V(x,t) = tx* — 1x* —xcost. 37)
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Fig. 4 Detail of the surface plot showing the spurious oscillations for (x,7) near the singularity at (0,0).

Gammaitoni et al. [8] used this potential for the classical Fokker—Planck equation
(a = 1) in their study of stochastic resonance. We imposed the zero-flux boundary
condition (10) and chose as the initial data uo(x) = 8(x). The solution u then gives
the probability distribution for a single diffusing particle initially located at x = 0.
Since the Dirac delta functional does not belong to L, (), our stability result (Theo-
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rem 1) does not apply, and P,ug is not defined. Nevertheless, the functions in S, are
continuous, so by extending the L, inner product to a dual pairing we can define the
discrete initial data ugy, € S, by

(uon, x) = (uo, x) = (8,x) = x(0) forall y €S,

Figure 3 shows a surface plot of the numerical solution using N = 4,096 time steps,
now with a stronger mesh grading ¥ = 2 in (31), and Q;, = 65 spatial degrees of
freedom. (Thus the delta function is centred on the node x33 = 0). We cut off the
initial part of the plot where # < 0.005 to avoid the oscillations, shown separately in
Figure 4, which are much larger than was the case for our first example. The total
mass should be constant and we observed in practice that [, U}' = 1 to ten significant
figures, for0 <n < N.
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