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GLOBAL SUPERCONVERGENCE OF THE LOWEST ORDER
MIXED FINITE ELEMENT ON MILDLY STRUCTURED MESHES

YU-WEN LI*

Abstract. In this paper, we develop global superconvergence estimates for the lowest order
Raviart—Thomas mixed finite element method for second order elliptic equations with general bound-
ary conditions on triangular meshes, where most pairs of adjacent triangles form approximate par-
allelograms. In particular, we prove the L2-distance between the numerical solution and canonical
interpolant for the vector variable is of order 1 + p, where p € (0,1] is dependent on the mesh
structure. By a cheap local postprocessing operator G},, we prove the L2-distance between the exact
solution and the postprocessed numerical solution for the vector variable is of order 1 4 p. As a
byproduct, we also obtain the superconvergence estimate for Crouzeix—Raviart nonconforming finite
elements on triangular meshes of the same type.
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1. Introduction. Let Q C R? be a bounded domain with Lipschitz boundary

09). For simplicity of presentation, we assume {2 is a polygon. The Sobolev seminorms
and norms are defined by

=

k

%
o= | 3 / 0w | ullepe = (Sl o)

la|=k =0

[ulk,o = [ulk2.09, [ulleo = [ullk2a0-

Sobolev norms with co-index, norms of vector /matrix-valued functions, and fractional
order norms are generalized in usual ways.
We consider the following second order elliptic equation:

(1.1a) —div(A(x)Vu + b(z)u) + c(x)u = f(x), =€,
(1.1b) u=g(x), x €,

where A is symmetric and uniformly elliptic, A, b, ¢ are sufficiently smooth on §. Let
p=A(x)Vu+b(z)u
and set
a=Ax)', B=ax)bx).

(1.1) can be written in the form of the first order system:

(1.2a) ap—Pu—Vu=0, xe€,
(1.2b) —divp+cu=f, xe€q,
(1.2¢c) u=g, €0l
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Denote
Q={qel?(0)?:divge L*(Q)}, V=L*Q).

Let (-,-) and (-,-) denote the L?*(Q) and L?(dQ) inner product, respectively. Let m
denote the outward unit normal to 9€2. The mixed formulation for (1.2) is to find
{p,u} € @ xV, such that

(1.3a) (ap,q) — (q,Bu) + (divqg,u) = (q - n,g),
(1.3b) — (divp,v) + (cu,v) = (f,v),

for each pair {g,v} € Q x V. Let {7} be a family of triangulations of €2, where
0 < h < 1 is the mesh size. Let P,(7) denote the set of polynomials of degree < p on
7. Denote

(1.4) RTo(r) :={a+ax:a cR? acR}
The lowest order Raviart—Thomas (RT) finite element spaces are defined by

Qn:={qn € Q:qnl- € RTo(7), V7 € Th},
Vi i={vp €V :vp|r € Po(r), V7 € Th},

The mixed finite element approximation to the problem (1.3) is to find {pp,un} €
On X Vy, such that

(1.5a) (apn, qn) — (qn, Bun) + (divqn, un) = (gn -, 9), qn € n,
(1.5b) — (div pp, vn) + (cup,vp) = (f,vn), vn € V.

Under the assumption that (1.2) is solvable for {f, g} € L2(Q) x H? () and that
(1.6) ullz.2 S 11 f1o.2 +1lgll2 o

Douglas and Roberts [13] proved the well-posedness and a priori error estimates for
the method (1.5).

In this paper, we shall prove supercloseness/superconvergence results for ||II,p —
Prllo.o and || div(Ilyp — pp)||o,o, where II;, and P, are the interpolation operators for
the lowest order RT element. In particular, we shall prove that

(1.7a) IM,p — prlloe S AP lJullaren, >0,
(1.7b) | div(IT,p — pi)llo.o S BP[ulls.o;

where p = min(1, «,5/2). (1.7b) holds on general shape regular meshes while (1.7a)
holds on quasi-uniform {7} satisfying the piecewise («, o)-condition. The («, o)-grid
or its simplified versions have been considered by many authors (cf. [21, 19, 3, 18, 28]
and references therein). Roughly speaking, 7, is said to be an (a,0)-grid if most
pairs of adjacent triangles in 7;, form O(h'*T%) approximate parallelograms except for
a region of measure O(h?) (cf. Definition 3.5). (1.7a) has several generalizations. For
example, the quasi-uniformity assumption can be removed under the pure Neumann
boundary condition or at the expense of a slower superconvergence rate p, see section 3
and Theorem 4.7 for details.
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(1.7) is closely related to the superconvergence of the finite element solution to
the exact solution. For example, by postprocessing p; by a simple local averaging
operator G}, proposed in [8], we achieve the following superconvergence estimate:

(1.8) lp — Grpulloo S P |ullase.0

The recovered flux Gpp, can be used to develop a posteriori error estimates. Due to
the superconvergence (1.8), ||Grpn — Prllo.o is known to be an asymptotically exact
a posteriori estimator for ||p — pnllo.a (cf. [8, 4, 1]), that is,

G —
i 1GnPr = Prllon _

h=0  [|p — pullo,e

As a byproduct, (1.8) also gives the following superconvergence estimate for Crouzeix—
Raviart (CR) nonconforming finite elements (cf. Theorem 5.6):

(1.9) IVu — GV ius ®llo.0 S A |ul|ate 0,

where ufR is the CR finite element solution of Poisson’s equation.

The study of supercloseness between the finite element interpolant and finite el-
ement solution has a long history. For the analogue of (1.7a) for standard Lagrange
elements on mildly structured grids, see [3, 28, 18] and references therein. For super-
convergence of the scalar variable u in mixed methods, see [2, 10, 24] and references
therein. In practice, it is frequently the case that the vector variable p is more impor-
tant than the scalar u. Superconvergence results of rectangular/quadrilateral mixed
finite elements for the vector variable p are well established (cf. [14, 15, 16]). How-
ever, corresponding superconvergence theory of triangular mixed finite elements are
much less sophisticated. To our best knowledge, the only proven superconvergence
estimate of triangular mixed elements for the vector variable are in [12, 8, 7]. In [12],
the authors postprocessed p;, and achieved interior superconvergence by convolution
with a Bramble-Schatz kernel [6] which is constructed on uniform grids, i.e. in the
case of &« = 0 = oco. For the lowest order RT element on uniform grids in the case
that b=0,c¢=0in (1.1), Brandts [8] proved

3 1 1
(1.10) [Mhp = prlloe S h2(IPll2 o + 2 [Ple + A2 |Pl20),

In [7], he also proved an analogue of (1.10) for second order RT elements on uniform
grids in the case that A = Ix2,b=0,c= 0.

Our result (1.7) improves existing results significantly in several ways. First, our
estimate holds on general mildly structured grids instead of uniform grids. As pointed
out in [3, 28], the («a, 0)-condition is very flexible and satisfied by many mature finite
element codes. Second, in the best case that p = 1, (1.7a) becomes

|rp — prllo.a < A?|ul|ate.0,

which shows that the estimate (1.10) is suboptimal. This improvement results from
carefully handling the boundary error, which is usually the trickiest part in global
superconvergence estimates if test functions have nonzero trace. In addition, due
to the cancellation of errors on boundary elements, (1.7a) holds on not only («, 0)-
grids but also piecewise (a, o)-grids (cf. Definition 3.6 and Remark 3.8). Third, our
superconvergence results allow the convection term b(z)-Vu and reaction term c(x)u.
Unlike the case of the standard variational formulation for elliptic equations, the error
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analysis of mixed methods with nonvanishing b, ¢ is much more involved than the case
b=0,c=0 (cf. [13] and Remark 4.6). Last, the superconvergence estimate (1.9) for
CR nonconforming elements is obtained. Since ugR has jump on each interior edge,
it is very difficult to prove superconvergence of nonconforming methods on triangular
grids directly (cf. [17] and references therein).

The key ingredient of the proof of (1.7a) is two fold. First, we develop the
variational error expansion for RT elements on a local triangle in terms of gy - ng,
the normal trace of g, € Q) on ey, where {e;}3_, are three edges of the triangle
and ny is the outward unit normal to e;. Due to the continuity of g - ny on e and
the («, 0)-condition, the lower order global variational error associated with interior
edges is canceled in a very delicate and transparent way instead of using soft analysis
tools (the Bramble-Hilbert lemma etc., cf. [8]). The aforementioned basic idea is
motivated by Bank and Xu [3]. But the technicality here is quite different because
of the apparent difference between Lagrange elements and RT elements. Second, we
split IIyp — pp, into two parts by the discrete Helmholtz decomposition Lemma 4.4.
The norm of one part can be estimated by (1.7b) and Theorem 4.1. To obtain optimal
order global superconvergence, the error associated with another part occurring on
triangles near the boundary is treated carefully by the Sobolev and discrete Sobolev
inequalities, see section 3 for details.

The rest of this paper is organized as follows: section 2 contains technical ge-
ometric identities and local error expansions. In section 3, we estimate the global
variational error that forms a basis for the estimate (1.7). The superconvergence re-
sult (1.7) and related results are presented in section 4. In section 5, we develop the
superconvergence estimate (1.8) and the related estimate (1.9) for CR nonconforming
elements. In section 6 we present a few numerical examples illustrating the optimality
and flexibility of our estimates.

Fic. 1. a local triangle and associated quantities

2. Preliminaries. We begin with geometric identities on a local element 7. It
has three vertices {ak}zzl, oriented counterclockwise, and corresponding barycentric
coordinates {\;}3_,. Let ex denote the edge opposite to ay, 6 the angle opposite to
ek, U, the length of ey, di the distance from ay, to ey, tix the unit tangent to ey, oriented
counterclockwise, ny the unit outward normal to eg, see Figure 1. Corresponding
quantities on 7 and 7" have superscripts / and /7 respectively. The subscripts are
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equivalent mod 3. From Bank and Xu [3], we have the following identities:

cos 011 cos i1
2.1 t, = ————— ey o
(2.12) % sin 6, 1 sin 6, M1
(2.1b) mp_1 = —sinOp 1ty — cosOp1ng, tp—1 = — cosBOpi1ty + sin O p1ny,
(2.1c) mngp1 =sinbg_1ty — cosby_1my, try1 = —cosbp_1t, —sinby_1ny,
0

(2.1(1) sin ek/ v)\k/\k,1 = sin 9k+1/ U)\k+1)\k—1 —/ v (1 — /\k—l))\k—l,

€k+1 ex T atk—l

. . ov

(2.1e)  sinb VAR Ag+1 = sinf;_q VAg+1 k-1 + (1 — Agg1) Akt

er—_1 ex T 8tk+1

(2.1f) V)\k = —’I’Lk/dk.

In addition, we have two planar curl operators

v ov\* dg2  Oq
?X’U—(a—xz,—a—xl), vxq—a—xl—a—xz

For convenience, we define the matrix

(2.2) rot = [_? _01} :

It’s clear that rot rotates a vector by degree 7/2 counterclockwise. By direct calcu-
lation, we have the following identities:

(2.3a) rotn, = t;, rotty = —ny,
(2.3b) V=rot Vx, Vx=divrot!,
(2.3¢) v x (vw) = vV X w+wV x v,
(2.3d) V x (vq)z—(?xv)-q—i—Uqu,

3
(2.3¢) /viq=Z/ vq-tk—i—/?xv-q,
T k=1 €k T

Now we introduce basic definitions for RT elements. On the element 7, the degrees
of freedom of the lowest order RT elements are defined by

Nk(‘l)z/ q-n,, 1<k<3.
ek

For g € Q, the interpolant II;q is the element in Qj whose restriction to 7 is the
unique element in R7¢(7) such that

(2.4) Ni(Ilhg) = Ni(q), 1<k<3.

For v € V, the interpolant Pjv is the LQ(Q)—projection of v onto V},. P, and II; are
connected by the following commuting diagram, which is crucial to the stability and
error analysis of mixed methods (cf. [22]).

(2.5) QI .y
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In addition, the following approximation properties hold:

(2.6a) llg — rqllo.o < 2IIVigllo,
(2.6b) || div(g — ITnq)llo,0 S P[|Vh divglfo,a,
(2.6¢) v = Prollo,e < AlIVrvllo0-

where V}, is the piecewise gradient.
The following facts can be checked in a straightforward way:

Ok = )\k+1€ X Ap—1 — )\k—le X Apg1, 1<k <3,

is the dual basis of {N3}3_,. {¢x}3_, in Cartesian coordinate are

r — ag

2.7 = 1<k <3

(2.7) o S 1<k
{¢r}3_, together with

(28) 1/}k = Ak+1€ X Ak,1 —+ )\k71€ X Ak+17 1 < k < 37

form a basis of Py (7). N; vanishes at 1; for 1 <i,j < 3.

It turns out that the CR interpolation is very useful in the analysis of RT elements.
For q € H'(7)?, the local CR interpolant I ® ¢ on 7 is the unique element in P; (7)?
such that

(2.9) /ISRq:/ q, 1<k<3.
€k €k

In addition, IfR and II; are connected by the following lemma.

LEMMA 2.1.
I, 15 % q = . q.

Proof. It follows from (2.4) and (2.9) that

NI 197 g — Tl,q) = / (197 g — q) -y = 0.

€k

Lemma 2.1 is then from the unisolvence of RT elements. a
Now, we expand the interpolation error for linear functions.

LEMMA 2.2. For pr, € P1(7)?,
pL—thL:?XT,

where

G 9pr
r=- Z ?nk : 8—t;€)\k_1)\k+l'
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Proof. First, it follows from N; (1) = 0 and N;(pr, — IIppr) = 0 that

3
pr —Ipr = Zaki/)k-
k=1

Then by (2.8), (2.3b), and (2.3¢), we arrive at

3
(2.10) rot(pr —Ilypr) =V (Z ak)\k—l)\kﬂ) =Vr.
k=1
It remains to verify that
62 8pL
2.11 T
( ) Qg D) Ny ot

Taking inner products with t; and then taking the directional derivative along t; on
both sides of (2.10) leads to

ny - (2Pr _ Opr _ O°r
P\ oty ot ) o2

(2.12)

The definition of RT(7) (1.4) implies that Ol pr, /Oty is parallel to ¢ and therefore

Ollypr

2.13 . =
(2.13) "0t
For the right hand side,

827" 8Ak,1 8)\k+1 2ak
2.14 G119y, Lokt O2kHL 20k
(2.14) ot? "ot Oty 02
Combing (2.12), (2.13) and (2.14), we obtain (2.11). O

3. Variational error expansions. The following is our main technical lemma
for estimating the global variational error of mixed methods.

LeEMMA 3.1. For q), € Po(7),

3 3
(3.1) /(PL —1lwpr) - qn = ZCOt 9k/ Ak—1Ak+1 Zoz,(f)Agf)PL qn - N,

k=1 €k j=1
where
1
1 2 3
(3.2) o) =l o =l o = (61— ),
and A,(Cj) are operators defined by
(1) 9 2) 9 (3)

3.3 :t - — = - —_ fr— - —_
(8:3) A =ty A =g Ad = e g

Proof. Using (2.3e) and Lemma 2.2, we have

3
/(PL—thL)'Qh :—Z/ rqp - ty.
T k:l €L



8 YU-WEN LI

Therefore, it follows from (2.1a), (2.1d), and (2.1e) that

/(PL —Iypr) - qn

3
5 0
= Z/ Ly PN Aean -
2 ), 2™

3

Z/ éin OpL, cosbr cosbe_y
en 2 k Oty Rl Ak sin 0y, Tn " Th+1 sin 0y, an - M-t

_ / éiqn COpr o\ cosby
er_1 2 k=1 8tk,1 b k+1sin9k,1

3 0 cos 6
_/ B g P A A = an
k41

2 atk_;,_l ! sin 6‘;€+1

3 2 2

0z 0 14 0

=3 Cotek/ Meti Aot (gnkl = pL_ lhgr, S pL >Qh -
— e i1 2 (78]

Then by (2.1b) and (2.1c¢) and following identities:

gk—l sin 6‘19_;,_1 = gk-{-l sin@k_l = dk,
2 2 2 2 2 2
ék*l COS 9k+1 _€k+1 COSs ekfl :gkfl —€k+1,

lgy1co80;_1 + li—1 cosOxi1 = U,

and direct calculation, we obtain (3.1). O

Now we state definitions of O(h'*%) approximate parallelograms and mildly struc-
tured grids in [3] below with a little generalization.

DEFINITION 3.2. Let e be an edge in the triangulation Tj,. Let T and 7' be the
two adjacent elements sharing e. We say that 7 and 7' form an O(h'*t%) approzimate
parallelogram if the lengths of any two opposite edges differ only by O(h'Te).

The boundary elements need more delicate treatment.

DEFINITION 3.3. Let z be a vertex in T, on ). Let e and €’ be the two bound-
ary edges sharing = as an endpoint, and let t and t' be the unit tangents, oriented
counterclockwise. Let T and T’ be the two adjacent elements having e and €' as edges
respectively. Number e and €' as a pair of corresponding edges. By going along the
boundaries of T and T counterclockwise, we have other two pairs of corresponding
edges. We say that T and 7' form an O(h'T%) approzimate parallelogram if the lengths
of any two corresponding edges differ only by O(h'*%), and |t — t'| = O(h%).

Remark 3.4. 7 and 7’ in Definition 3.3 don’t form an approximate parallelogram
in the usual sense, since they have no common edge.

DEFINITION 3.5. The triangulation Ty satisfies the («, o)-condition if the follow-
ing hold:
1. Let & = & |H & be the set of interior edges. For each e € €1, T and 7' form
an O(h'**) approzimate parallelogram, while Y- ¢ |7+ |7'] = O(h7).
2. Let P = P1lg P2 be the set of boundary vertices. The adjacent boundary
elements T,7' in Definition 3.3 associated with each x € Py form an O(h1Te)
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approximate parallelogram, and |Pa| = k is a finite number independent of h.

For example, we have a = 0 = 00, &3 = ), kK = 4 for the uniform grid in Figure 3(a).

DEFINITION 3.6. Let 2 be decomposed into N subdomains, where N is indepen-
dent of h. Ty, is said to satisfy the piecewise («, o)-condition if the restriction of Ty,
to each subdomain satisfies the (o, o)-condition.

With the above definitions, we can present the main lemma.
LEMMA 3.7. Let Ty, be quasi-uniform and satisfy the («, o)-condition. Let qp €

X Sy, where Sy, consists of continuous piecewise linear polynomials on Tp. Then

(3.4) |(p = Tp, @n)| S b1 1og h|2[|Vp|l1,00.0llgnl 0.0,

where
p = min(1, «, g).
2
Proof. By Lemmas 2.1 and 3.1 and passing through IgR p, we have
(p — up, qn)
=(p-1"pan)+ > [ p-TLI"p)-qn
TETLYT

=p-1"p,qn)

3 3
(3.5) + )0 cot 9k/ Ae—1Akt1 Za;(cj)Az(cJ)(IgRP—P) qn - M
k

TETH k=1 e j=1

3 3
+ Z ZCO‘BG%/ Ak—1 k41 Za;(f)«‘lg)ll qn - ny,
k

TE€Th k=1 € j=1
=I+I1I+1II

Parts I and II can be simply estimated by the standard finite element interpolation
theory:

(3.6) 1| < h*lpl2ellan]loe,

and

sy h/ VSR p— ) - gl +h2/ VP! - |an]
(37) TETh T T

< 12|pl2.gllgnllo.0-
The main task is to bound part I11. For e C 91, let 7 be the element having e as an
edge. For e € £, let 7 and 7’ be the two elements sharing e. Let t. and n. denote the

unit tangent and normal to e whose directions are consistent with 7. Let A(ej ) denote
the operators in (3.3) corresponding to t. and mn., 6. the angle opposite to e in 7,

£, the length of e, aéj) the quantity associated with e on 7 in (3.2). Corresponding
quantities on 7’ have a superscript /. Denote

be = Ap_1Mkt1, ﬂéj) = a(ej) cotf, — a(ej)’ cot 0.
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qn € Qp, implies that gp|, - ne = gl - me on e. Thus we can transform 111 from
element-wise summation to edge-wise summation:

NI =11hH+ 111, + 1113,

where

w

IILzZ/be D BDADp | ay-me, i=1,2,
j=1

ec&; V¢

3
I3 = Z cot@e/be Zafj)Ag)p qn - Ne.
e =1

eCON)
For e € &, the fact that 7 and 7/ form an O(h'*T%) approximate parallelogram implies
B9 < hPre.

Combining the above inequality with the trace inequality

(35) /a et i+ 1o

leads to
[IIL] S Y w*te {h_l/IVpl : Iqh|+/|V2pl : Ith}
ecé, T T
3.9 @
(3.9) <pre S / (Pl + [92p]) - lan]

ec&r VT
S Vel lanllo.o-

For e € &, there is no cancellation. Due to the small measure of the region covered
by elements near e € &, I11, is estimated by

[ITL| S 1Y ([VDPllo,00,r[nll0,00,-
e€els

(3.10) S hlVpllosn Y [ lanl

e€&y VT
< W E(|VDo,00.0llanl0.0-
The trickiest part of this proof is to bound I1I35. Let g, = ?x wp, where wy, € Sp.

We can assume that fﬂ wp, = 0 by subtracting a constant from wyp. Then by the
Poincaré inequality, we have

(3.11) llwallr.e < llgnllo.g-

Denote

BY) = oW AP pcoth,, BY) = %/Be.
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By (2.3a) and (2.3b),

- 8wh
Ot
Then part 1115 can be split into:

;=Y / ZB(J) BYW %wh

eC O

5wh 1 2
+ Z/ ZB - =1+ 1,

eCOoN)

The first term can be estimated by (3.11):

(IS S WP lplaen Y /|th|

eCoN
3.12
(8.12) SRplhoen S [ [Vunl
ecoN’T
S h2|p|2,oo,sz||Qh||0,Q-

11

For z € P, let e,e’ be the two edges on 9f) sharing = as an ending point. Then the

second term becomes

3
@ _ te S~ 5() Own
I = Z . ZBEJ 3.

For x € P, definitions (3.2) and (3.3) together with the (a,o)-condition along the

boundary imply cancellation and thus

(3.13) }BS) - BS)‘ S hH|VP||1 o 0
For xz € Py,
(3.14) ‘Bgﬂ - BY| < ‘B(” + ‘BS)‘ S B2|[VDllo,00.0-

It follows from the discrete Sobolev inequality

(3.15) l[wnlloco S [og hlZ[[wh]|1.0,

the quasi-uniformity, (3.11), (3.13), and (3.14) that

1117| < (Z WVl + Y h2||VP||o,oo,sz> l[w]]0,00,00

(316) zEP TEP2

< h1+a|1ogh|%||Vp||1,oo,ﬂ||wh||1vﬂ
1
< hH log |2Vl co.llgnl oo

Now, combining (3.5)—(3.7), (3.9), (3.10), (3.12), and (3.16), we obtain Lemma 3.7.0
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In the rest of this paper, p always denotes min(1, o, 0/2) unless confusion arises.

Remark 3.8. The proof of Lemma 3.7 is completely local and thus (3.4) holds on
piecewise (v, 0)-grids.

Lemma 3.7 can be easily generalized. By checking the proof of Lemma 3.7, one can
see that the quasi-uniformity is only used to guarantee the discrete Sobolev inequality

and bound the number of vertices lying on 9Q2. By test function g, € V xS, for
the Neumann boundary condition having zero normal trace, we have the following
estimate.

COROLLARY 3.9. Let Ty, be an (a,0)-grid without assuming adjacent boundary

elements form approximate parallelograms in Definition 3.5. Then for qn € V X Sy
and qn -m =0,

(P~ Thp, an)| S b ([[VPllo,c0.0 + lIpll2,2) [1gnllo.0-

Proof. The proof is basically the same as Lemma 3.7. But we get rid of bounding
1115, the error occuring on boundary elements. Then the regularity assumption is
weakened. d

Let diam7 denote the diameter of 7. The quasi-uniformity in Lemma 3.7 can be
replaced by

(3.17) min diamr 2 A7, > 1.
TETh

COROLLARY 3.10. Assume the condition (3.17) instead of quasi-uniformity in
Lemma 3.7. Then (3.4) holds with a smaller p:

p:min(l,l—l—a—’y,%).

Proof. The proof is basically the same as Lemma 3.7. (3.17) ensures the discrete
Sobolev inequality (cf. [9]). The number of boundary vertices is bounded by

PISh™.
Therefore, the only difference is that the bound for 17 I§2) becomes

[TTT7) S pHmin(ta=1)| 1og b1 2 || Vp| |1 00,0l |gn]l0.0-

Remark 3.11. The condition (3.17) also appears in pointwise a posteriori error
estimation (cf. [1]).

At the end of this section, we show that the logarithmic factor in Lemma 3.7 can
be removed by using the following lemma proved by Brandts [8].

LEMMA 3.12. Let Qp, = {x € Q : dist(z,0Q) < h}. Then

l[ullo,, S P°l[ulls 0<s<

~

DN | =

COROLLARY 3.13. Assume the same conditions in Lemma 3.7. Then Ve > 0,

I(p — Ip, an)| S K °)|VDl|24e0llanllo.q,
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Proof. The bounds for 1,11, 111y, I1L, ITIS" are the same as Lemma 3.7. The

bound for ITIS% is improved by the Sobolev embedding H2*+5(€,) € WL () and
Lemma 3.12:

2
1| < <Z R VDee0n + D h2||VP||o,oo,szh,> [lwllo,00,60
z€P1 TEP2

5 h1+0‘| log h|% | |vp||1,oo,ﬂh ||U]h||1,Q

1
< W log bl [[Vpl 2+ 5 9 lan oo
< W't E | log h|2 || Vp||24e.0llan]lo.0-

Therefore, |log h|'/? is compensated by he/2. O

Remark 3.14. The factor |log h|'/? appearing in Lemma 2.5 and Theorem 3.1 in
[3] can be removed in the same way.

4. Superconvergence results. From (1.3) and (1.5), we have the error equa-
tion

(4.1a) (a(p —pn), an) — (gn, B(u — up)) + (div gn,u —up) =0, gqn € Q,
(4.1b) — (div(p — pn),vn) + (c(u —up),vp) =0, v € V.

From [13], we have the following a priori error estimates:

(4.2a) llp — prllo.o S hllull2,0,
(4.2b) || div(p — pn)llo,2 S hllulls.0,
(4.2¢) lu = unllo,0 < hllull2,0.

The following is the well-known superconvergence result for ||Pru — upl|lo.o on
general unstructured meshes (cf. [13]).

THEOREM 4.1.
| Pau — unllo.o S h?||ulls,q.
Then we prove the superconvergence for || div(Ilpp — pn)||o.q-
THEOREM 4.2.
|| div(ITnp — pa)llo.o S A2|[ulls.0.

Proof. From (2.5), (2.6), (4.1), and (4.2) and Theorem 4.1, it follows that for
Vp € Vi,
= (P divp — div py,vn)
— (div(p - pr),on)
= (u — Ppu, cop) + (Phu — up, cup)

(div(Ilpp — pr), vn)

(4.3)
= (u — Pyu, cvp — Py(cvp)) + O(R®)|[ull3,0llvnllo.0
= O(hz)||U||3,Q||Uh||0,sz-

Therefore, Theorem 4.2 follows from setting vy, = div(Ilp — pp) in (4.3). O
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Before proving the superconvergence result for ||[IInp — prlo,, it is necessary to
state two lemmas. The first lemma is due to Raviart and Thomas [22].

LEMMA 4.3. For vy, € Vy,, there ewists qn, € Qp, such that

divgn = v, |lanllo S [lvklloo-

Another useful lemma is the discrete Helmholtz decomposition (cf. [11] and ref-
erences therein).

LEMMA 4.4. Qj has the following orthogonal decomposition with respect to (-,-):
Qy, = grad, Vi, ® ? X S,
where grad,, : Vi, = QF 1is defined by
(grad, v, gn) = —(vn,divan), qn € Qn.

The following is a result from Lemmas 4.3 and 4.4, Corollary 3.13, and Theo-
rems 4.1 and 4.2.

THEOREM 4.5. Let Ty, be a quasi-uniform and piecewise (o, o)-grid. Then Ve > 0,

IMp — pallog S B[ ullateq-
Proof. Let &, = llpp — pp. Lemma 4.4 gives
(4.4) &n = grad, v, @ ¥ x Wh,
where (vp,wp) € Vi, x Sp, and

(4-53) || grad,, Uh| |O,Q S ||€h||0,sz,
(4.5b) lwnllo.e S 11V x walloo < €rllo.o-

Let g € Qp, be the preimage of vj, under div in Lemma 4.3. Then

[[vn| |(2),Q = —(grady, vn, Gn)

< [l grady, vnllo,el|vnllo,0;
and thus
(4.6) llvnllo, < || grady, vallo.q-
By (4.4) and (4.6), we have

|| grad, vp| |(2),Q = —(vp, divgrad, vp)
= —(vh,divéh)
< |l grady, vallo,ell div &rllo,q-

Then it follows from Theorem 4.2 that

(4.7) || grady, vallo.0 < h2||u||319,
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It remains to bound ?x wp,. By the orthogonality in (4.4),

I V% w50 = xp — pn, V x wp)
=—(p— thvex wp)

(4.8) + (a(p—ph),Aex wp, — HhAex wp,)
+ (a(P—Ph),HhAex wp,)
=I1+1I+1I1I.

I is estimated by Corollary 3.13

(4.9) 1] S W) 9pl2 -0l | ¥ x whllo.
IT is estimated by (2.6) and (4.2)

(4.10) (1] S B2 ullal| ¥ 5 wnloo:
As for 111, setting q;, = HhAex wp, in (4.1) leads to

11T = (qn, B(u — up)) — (div gy, u — up)
=111 +11I.

By (1.4), (2.5), and (2.6a), we have

(4.11) lgnlloa S 11V x wnllog
and
(4.12) [IVranlloe < [l divarlloa S I V% whlo,q-

Then I11; can be estimated by (4.2), (4.11), and (4.12) and Theorem 4.1:
111 = (ﬁ - qp,u — Phu+ Ppu — uh)
= (B qn— PuB - qn,u— Pyu) + O(h)||ulls.0llanllo.o
= O(h*)|Vi(B - an)llo.allullr,e + O |ulls.llgnllo.q
= O(1)lulls.all ¥ x wallo..

(4.13)

1115 can be estimated by Theorem 4.2 and (4.12):
IIIQ = (diV qh, Phu — uh)

(4.14) )
= 01 [ullsll ¥ x whllog.

Combining (4.8)—(4.10), (4.13), and (4.14), we obtain

(4.15) 19 % whllogn < h4|lullaseq.

Then Theorem 4.5 follows from (4.4), (4.7), and (4.15).

15

O

Remark 4.6. If b=0,c =0 1in (1.1), then div(Il,p — pr) = 0, which implies that
II;,p — py, is a piecewise constant function. Then the superconvergence analysis in this
section simplifies. In particular, to prove Theorem 4.5, it is not necessary to employ

Lemma 4.4 and Theorems 4.1 and 4.2 in this simplified case.
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Theorem 4.5 can be easily generalized by Lemma 3.7 and Corollaries 3.9 and 3.10
respectively. Here we present a theorem from Corollary 3.9.

THEOREM 4.7. Let Ty, be an (a, 0)-grid without assuming adjacent boundary ele-
ments form approximate parallelograms in Definition 3.5. Then under the Neumann
boundary condition p-mn = g on OS2,

IMp — prlloe S B HP(IVDPlo,00.0 + lull3,0)-

Proof. The proof is basically the same as Theorem 4.5. The difference is from
function spaces. For the Neumann boundary condition, the test function spaces in
(1.3a) and (1.5a) are Qg = {g € Q : q-n =0} and Qo = {g € On : g1, - n = 0},
respectively. The numerical solution pj; is in Qp with the constraint p;, - n = g,
where

1
gh|e:€_/gv e C 0.

€

Thus

(4.16) /(th —pp)-n. =0.

€

The form of RT7o(7) (1.4) implies

Ollyp  Opn B
(4.17) ( ot ot ) ne = 0.

Combining (4.16) and (4.17), we have &, = IIpp — prn € Qon. By the discrete
Helmholtz decomposition for the Neumann boundary condition (cf. [7]), we have

(4.18) & = gradh Vp D ?X W,

where (v, wp) € Vi X Sp, and grad;, vy, € Qon, wnlog = 0. Then by following the
proof of Theorem 4.5 and using Corollary 3.9 instead of Corollary 3.13, we prove
Theorem 4.7. a

5. Postprocessing operator and connection with CR nonconforming el-
ements. In the gradient recovery framework, once supercloseness between the inter-
polant I}, p and numerical solution p;, are available, one can construct postprocessing
operator G}, to achieve superconvergence of Gppy, to p. Of course the construction
and analysis of Gy, is of independent interest (cf. [29, 4, 28, 5]). In this section, we
first discuss a cheap recovery operator G}, proposed in [8] and use it to achieve the
superconvergence (1.8). Then we prove the superconvergence estimate (1.9) for CR
nonconforming elements.

5.1. Postprocessing operator. To define G},, we introduce the nonconforming
finite element space:

VIR .= {v: v|, is linear on 7 € Ty, v is continuous

at the midpoints of interior edges of Tp}.

DEFINITION 5.1. The operator Gy, : Qp, — V,?R X V,?R is defined as follows:
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o0

F1G. 2. a local patch w near the boundary

1. For each interior edge e, let T and 7' be the pair of elements sharing e. Then
the value of Grqn at the midpoint m of e is

Ghan(m) = 5 anl-(m) + aul ().

2. For each boundary edge eC 02, let T be the element having e as an edge. Let
7' be an element sharing an edge ¢’ with 7. Let ¢’ denote the edge of T’ that
does not meet with e, ™" the element sharing " with 7'. Then the value of
G1nqn at the midpoint m of e is

Gran(m) = 2Grgn(m') — Grgn(m”),

where m’ and m/’ is the midpoint of €' and e, respectively, see Figure 2.
We have the following lemma.

LEMMA 5.2. Letw be the patch TUT' associated with the interior edge or TUT' UT"
associated with the boundary edge having the midpoint m in Definition 5.1. Assume
each pair of adjacent elements in w forms an O(h'T) approzimate parallelogram.
Then we have

(g — Grllngr)(m)| < ha||V(IL||0,w=

where qr, € P1(w)?.

Proof. First consider the case of interior edges. By the fact that IIqc = q¢ for
qgc € Po(w), we can assume qr(m) = 0 without loss of generality. Let my, be the
midpoint of eg. Then by (2.7),

(Grllngr — qr)(m)

1~ (m—ay / n m— a), / ,
=3 —o | et —5 | 9Ly
(5.1) 24\ 27l e, 2[7'[ Je

m — a),
2|7|

w |

Coqu(ml) n;) ,

N | =

m — ag
Y )
1( 2/7] kqr(my) - ny +

k=
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where my, is the midpoint of e;. From

qr(mi) = Var(m)(my, —m), qr(my) = Vqr(m)(m; —m),
and the O(h'*%) approximate parallelogram condition, it follows that

(5.2) |(Grllngr — qr)(m)| < h°IVaLllow-

As for the case of boundary edge, again assume g1, (m’) = 0 without loss of generality.
Then by

" "

qr(m) = Vqr(m/)(m —m’), qr(m”) = VqL(m')(m" —m/),

the O(h'*®) approximate parallelogram condition and (5.2), we have

l(qr. — Grllngr)(m)| = |qL(m) + Grllagr(m”) — 2G,11,qz (m)]
< lgr(m) + qr(m")| + |GiIlqr(m”) — q(m")]
+ 2|Grllngr(m') — qr(m')] < h*|IVaLllo.w-

THEOREM 5.3. Assume the triangulation Ty, satisfies the (o, o)-condition. Then

llg = Gullnglloe < W' ([[Vall1e + lgl.0.0)-

Proof. Because Gy, is defined locally, we only need to estimate g — G I, q element
by element. We partition the domain into three disjoint parts {Q;}3_,. Q; is covered
by interior elements whose three edges belong to &;. (13 is covered by boundary
elements 7 that forms an approximate parallelogram with one of its interior adjacent
element 7’ and 7' forms an approximate parallelogram with one of its interior adjacent
elements 7/, as in Definition 5.1, see the pattern Figure 2. Qg3 is the complement of
01 U, Then

3 3
(5.3) lg— Glngll§o=> > llg— Gullngqlls, = _I.
=1

i=1 7CQ;

For each element 7, let 7 denote the union of elements sharing a side with 7. For
T C Q4 or Qa, ||g — GrIlngllo,r is estimated by passing through a linear polynomial
qr, € P (%)2:

llg — GrIlngllor < llg — qrllor

5.4
(54) +||GrIlL(g — qr)l|o,r + |lar — GrIlngLl|o,-

By the Bramble-Hilbert lemma and scaling argument, there exists q;, € P1(7)? such
that

(5.5) llg —qclls,z S h*°lglaz, s=0,1,
and

||GhHh(q - qL)HOﬂ' S h”GhHh(q - qL)”O,oo,T

(5.6)
S hllg = qillo,co7 S B gla, 7.
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Then by Lemma 5.2 and (5.4)—(5.6), we have

2
L+L<$Y Y {Pel3: + 1l — GrlTqrllf o - }
=1 17CQ;
2

S h*|q|3 = + h* max (gr(my) — Gpllygr (my 2}
. Zzg{ al3+ 1 max (az(m) (1)

2
< p2+2min(1,a) Z Z (|q|§y7~_ + ||VQL||72”—)

i=1 17CQ;
< [V o.

By the («, 0)-condition and local quasi-uniformity of Ty, |Q23] is forced to be of the size
O(h?). Since GyIlqc = qc for qo € Po(7)?, I3 can be estimated by the Bramble—
Hilbert lemma with a scaling argument and the small measure of Q3:

Is= > llg— Gullnql[5

TCQ3
(5.8) 2( 12 2 2 <12 2
S 3 Wlaf S [ 1VaP S5l o
TCQs Qs
By (5.3), (5.7), and (5.8), we obtain Theorem 5.3. O

The supercovnergence of ||[p — Gpprllo,o is a direct result from Theorems 4.5
and 5.3.

THEOREM 5.4. Let Ty, be quasi-uniform and satisfy the («, o)-condition. Then
lp — Grpnllo.o S ) |ullate 0.
Proof. For qn € Qp and 7 € Ty,

1Granllo,r S PMIGranl0,00,7
<h G
S lrél]§§3| ngn(mg)|
S hllgnllo,co,7 S llgnllo 7,

and then

(5.9) lIGranllo.o < llanllo.o,

that is, Gy, is bounded in L? norm. Combining Theorems 4.5 and 5.3 and (5.9), we
have

llp — Grpnlloe S|P — Grllnprlloo + [|Gh(Tap — pr)llo.o
S P ulage g

5.2. Superconvergence for CR nonconforming elements. As one can see
in section 3 and subsection 5.1, the CR nonconforming method is closely related to
the RT mixed method. In this subsection, we prove the superconvergence estimate
for CR nonconforming methods on (a, o)-grids by Theorem 5.4. For simplicity, we
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only consider Poisson’s equation with the homogeneous Dirichlet boundary condition,
ie. A = Iyx9,b=0,¢c=0,9g=01in (1.1). In this case, p = Vu in (1.2). The
corresponding CR nonconforming method is to find ugR € VOC;LR, such that

(5.10) (thgR, Vior) = (f,vn), wvn € VOC;IR,

where

VGE == {v € V7T : v = 0 at the midpoints of boundary edges of 7.}

Marini [23] proved the following theorem.

THEOREM 5.5. Let u$F € V§GE solve
(5.11) (Vatf®, Vivn) = (Puf.on),  on € VG,
Let {pn,un} € Qn X Vy solve the following mized problem:

(ﬁha qh) =+ (le qhvah) = 07 qn € th
(divﬁh5vh) = _(fv ’Uh), Vp € Vh-

Then
pn(x) = Vat - LT

where x, is the barycenter of T € Tp,.

By Theorem 5.5 and (1.10), Hu and Ma [17] proved the following estimate for
Poisson’s equation on uniform grids:
3

(5.13) VU= G Vg Blloa S b7 ([ullg o + b2 [uls.o + 7| fl1,00,0)-

Based on the idea of [17], we can prove the following superconvergence estimate for
CR elements by Theorems 5.4 and 5.5.

THEOREM 5.6. Let Ty, be a quasi-uniform («, 0)-grid. Let u§T solve (5.10). Then
IVu — GuVnug Flloe S WP lullase 0.
Proof. Split ||Vu — GhvhugRHo@ as

||VU — GhvhugRHO@
(5.14) SIIVu — Gapnlloa + |Gr(Br — Vit ®)|[o.0
H|GL (Vs T = VuS ™) oo = T+ 1T+ I11.

I can be estimated by Theorem 5.4:
(5.15) ISR |lullases.

For the second term, first consider the patch w = 7 U 7’ associated with an interior
edge e having midpoint m in Definition 5.1. By Theorem 5.5, we have

Gn(pn — Vi) (m) = 5 ((m — @) Pufls + (m — 200)Pafl)
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If 7 and 7 form an O(h'*%) approximate parallelogram, then
(5.16) |Gr(Bn — Vaag ) (m)| S B f]l1,00,0-

Then consider the patch w = 7 U 7" U 7" associated with a boundary edge e having
midpoint m in Definition 5.1. (5.16) implies that
|G (B — Vaug ®)(m)| < 2|Gh(pn — Viag ™) (m)]

(5.17) _
+|Gr(Br = Vaug H)(m")| S A fl100,0

provided 7, 7" and 7/, 7 form O(h'*®) approximate parallelograms. Now we partition
Q) into U3_;Q; as in the proof of Theorem 5.3. By following the proof of Theorem 5.3
and using (5.16) and (5.17), II can be estimated by

(5.18) IS W2 | £l 00,0
As for I11, it follows from (5.10) and (5.11) that for v;, € VGE,

(Vras ® — Vpul® Vyon) = (f — Puf, o)
(5.19) = (f — Puf,vn — Pyon)
< B2\ 110l Vavsllo.q,

By setting v, = ﬂgR — ugR in (5.19) and using boundedness of G}, in L? norm, we
have

(5.20) 11T S 2 fl .

Then Theorem 5.6 results from combining (5.14), (5.15), (5.18), and (5.20). O

In the case of uniform grids (& = ¢ = 00), Theorem 5.6 implies that
IVu — GuVnui Fllo.a S 12[lullise 0.

which shows that is (5.13) suboptimal. However, Theorem 5.5 cannot be applied to
(1.1) with nonvanishing b and c. It would be interesting to develop a formula similar
to [23] in a more general setting,.

(a) (b) (c)

Fic. 3. Three different grids
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TABLE 1
Uniform grids

llp — pulloo [[Irp — prllo.o llp — Grpnlloo
Error Order Error Order Error Order

336 7.281e-1 | 0.9911 | 1.033e-1 | 1.979 | 2.629¢-1 | 2.094
1312 | 3.663e-1 | 0.9972 | 2.620e-2 | 1.995 | 6.157e-2 | 2.062
5184 | 1.835e-1 | 0.9998 | 6.574e-3 | 1.999 | 1.475e-2 | 2.035
20608 | 9.176e-2 | 0.9997 | 1.645e-3 | 1.999 | 3.598e-3 | 2.003
82176 | 4.589e-2 4.114e-4 8.976e-4

nu

TABLE 2
Piecewise uniform grids

llp — pnllo.o |[TTnp — pallo.o llp — Gupnlloo
Error Order Error Order Error Order

336 7.287e-1 | 0.9919 | 9.356e-2 | 1.937 | 2.898e-1 | 1.963
1312 | 3.664e-1 | 0.9976 | 2.449e-2 | 1.978 | 7.668e-2 | 1.790
5184 | 1.835e-1 | 0.9998 | 6.215e-3 | 1.993 | 2.217e-2 | 1.683
20608 | 9.176e-2 | 0.9997 | 1.561e-3 | 1.998 | 6.904e-3 | 1.607
82176 | 4.589e-2 3.907e-4 2.267¢-3

nu

6. Numerical experiments. In this section, we test our superconvergence re-
sults for ||II,p — prllo,e and ||p — Grpnllo,.o by the following equation:

—Aut+u=f, xe,
u=0, x€i,

where = (0,1) x (0,1) is the unit square. Let u = sin(2mz;)sin(7ra2) and f be
the corresponding source term. The numerical experiments were performed using
MATLAB, R2016. The linear system resulting from the mixed method (1.5) was
solved by the operation \. The ‘nu’ in Tables 1 to 3 stands for the number of unknowns.

We began with the 8 x 8 uniform grid in Figure 3(a), and computed a sequence
of meshes by regular refinement, i.e. partitioning an element into four similar subele-
ments by connecting the midpoints of each edge. In this case, « =0 =00, p = 1. As
shown in Table 1, the observed orders of convergence coincide with Theorem 4.5 and
Theorem 5.4.

Then we considered the (a, o)-grid with (a, o) = (00, 1) in Figure 3(b). The mesh
was refined regularly. Although it is not globally uniform, it can be decomposed into
four uniform subgrids. Hence the mesh is a piecewise (a, 0)-grid with (o, o) = (00, 00).
By Theorem 4.5, we still obtain 2nd order of convergence for ||[IIyp — prllo,q, which
was confirmed by Table 2. However, Theorem 5.4 cannot be applied to piecewise
(a,0)-grid. Thus the order of convergence for ||p — Gippllo.o approaches 3/2 in
Table 2.

In the last experiment, we generated the initial mesh in Figure 3(c) by ‘pdetool’ in
MATLAB and then refined it regularly. At first glance, it should be an unstructured
grid or a mildly structured grid with unknown « and o. Surprisingly, it is indeed a
piecewise uniform mesh, since each element in the initial mesh was refined uniformly.
On the other hand, it’s not hard to see that the sequence of grids are globally («, o)-
meshes with & = 0o and ¢ = 1 asymptotically. As predicted by Theorems 4.5 and 5.4,
the order of convergence for ||II;,p—pn||o,o approaches 2 while the order of convergence
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TABLE 3
Unstructured grids

llp — palloo [[Irp — prllo.o llp — Grpnllo.o
Error Order Error Order Error Order

800 4.585e-1 | 0.9934 | 5.152e-2 | 1.749 | 1.911e-1 | 1.724
3160 2.303e-1 | 0.9981 | 1.533e-2 | 1.823 | 5.783e-2 | 1.551
12560 | 1.153e-1 | 0.9990 | 4.334e-3 | 1.862 | 1.973e-2 | 1.532
50080 | 5.769e-2 | 0.9997 | 1.192e-3 | 1.885 | 6.824e-3 | 1.518
200000 | 2.885e-2 3.227e-4 2.383¢-3

nu

for ||p — Gupnlloo approaches 3/2. We didn’t obtain exact 2nd order convergence
for ||IInp — pullo.q, since the linear system eventually became extremely large. In
this case, both time cost and the condition number of the coefficient matrix became
unacceptable.

7. Concluding remarks. In this paper, we proved optimal order global super-
convergence for the lowest order RT element on mildly structured meshes for general
second order elliptic equations. As a byproduct, we also proved superconvergence for
the CR nonconforming method for Poisson’s equations. The results in sections 2 and 3
are PDE-independent and applicable to other numerical PDEs using lowest order RT
elements. The proof of Theorem 4.2 and most steps of the proof of Theorem 4.5 work
for higher order mixed finite elements.

In practice, the solution u does not necessarily belong to W2 () in Lemma 3.7
or H**¢(2) in Theorem 4.5 if 9 is not smooth enough. Hence our superconvergence
estimates become questionable in this case. In fact, the high regularity requirement is
a common issue shared by most superconvergence results (cf. [3, 8, 15, 18, 28]). There
are several possible ways to fix it. First, by modifying the proof of Lemma 3.7, one
can obtain smaller rate of superconvergence under weaker regularity assumptions. For
example, one can easily show ||[p—Gpprl|o.q = O(h!T™in(1/2:2:0/2)y on (, 0)-grids for
u € H3(Q)NW?2 (Q) if the error occuring on boundary triangles is not canceled in the
proof of Lemma 3.7. Second, u is smooth on any compact subdomain in 2. Hence it’s
meaningful to look for interior estimates (cf. [26, 27]). As far as we know, u should be
at least in W2 (£2) to prove interior superconvergence for linear Lagrange elements (cf.
[28]). Of course, the assumption u € W2 (€2) may not hold on domains with corners.
Third, for v € H'* with § > 0, it’s possible to prove superconvergence recovery for
RT elements under adaptive meshes by following the framework of this paper and
assuming certain mesh density function which is enough to resolve the singularity,
see [25] for the case of Lagrange elements. However, it’s difficult to prove that the
adaptively refined sequence of meshes actually satisfies the mesh density pattern.

We also point out that ||IIpp — pnllo.o might not superconverge in the case of
general mixed elements on triangular meshes, since part of finite element basis func-
tions become more localized in higher order methods (cf. [7, 20]). We will present
superconvergence results for higher order mixed elements on mildly structured meshes
in another paper.

Acknowledgments. The author would like to thank Professor Randolph E.
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