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Abstract

Moreau’s seminal paper, introducing what is now called the Moreau envelope and the prox-
imity operator (also known as the proximal mapping), appeared in 1962. The Moreau enve-
lope of a given convex function provides a regularized version which has additional desirable
properties such as differentiability and full domain. Forty years ago, Attouch proposed using
the Moreau envelope for regularization. Since then, this branch of convex analysis has de-
veloped in many fruitful directions. In 1967, Bregman introduced what is nowadays known
as the Bregman distance as a measure of discrepancy between two points generalizing the
square of the Euclidean distance. Proximity operators based on the Bregman distance have
become a topic of significant research as they are useful in the algorithmic solution of opti-
mization problems. More recently, in 2012, Kan and Song studied regularization aspects of the
left Bregman-Moreau envelope even for nonconvex functions. In this paper, we complement
previous works by analyzing the left and right Bregman-Moreau envelopes and by providing
additional asymptotic results. Several examples are provided.
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1 Introduction

We assume throughout that
X:=R/ , 1)
which we equip with the standard inner product (-, -) and the induced Euclidean norm || - ||.

Let 0: X — ]—o00, 40| be convex, lower semicontinuous, and propetﬂ The Moreau envelope
with parameter v € R,y is the function

. 1
envy: x ylg)f( (0(y) + ZHX —y?). ()
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Moreau only considered the case in which 7y = 1; the systematic study involving the parameter <y
originated with Attouch (see [2] and [3]]). If 6 = i¢, the indicator function of a nonempty closed
convex subset C of X, then the corresponding Moreau envelope with parameter v is ,-d%, where
dc is the distance function of the set C. While the indicator function has (effective) domain C and
is differentiable only on int C, the interior of C, the Moreau envelope is much better behaved: for
instance, it has full domain and is differentiable everywhere.

Now assume that
f: X — ]—00, +00] is convex and differentiable on U := intdom f # @. (3)

The Bregman distanceﬂ associated with f, first explored by Bregman in [18] (see also [25]), is

Dy: X x X = [0, +09] : (x,5) {f(x) —fy) = (VfW),x—y), ifyel; "

400, otherwise.

It serves as a measure of discrepancy between two points and thus gives rise to associated projec-
tors (nearest-point mappings) and proximal mappings which have been employed to solve convex
feasibility and optimization problems algorithmically; see, e.g., [1], [4], [6], [7], [9], [10], [11], [19],
[20], [211], [22], [23]], [24], [25], [26], [27], [28], [301, [32], [33], [34], [39], [40], and [43]. The classical
case arises when f = 3| - ||? in which case D¢(x,y) = 3||x — y||> = Df(y, x). This clearly suggests
replacing the quadratic term in (2) by the Bregman distance. However, because different assign-
ments of f may allow for cases in which D¢(x,y) # D¢(y, x), we actually are led to consider two

envelopes: the left and right Bregman—Moreau envelopes are defined by

&nvg: X = [oo,+oo] : y > inf (6(x) + in(x,y)) ®)
and
1
envj: X = [—eo, +eo] s x = inf (6(y) +_ Dy(x,y)), (6)

respectively. It follows from the definition (see also Example below) that if f = %H - ||?, then
Ds: (x,y) — 3|lx —y|* and &w) = env) = 60 (%H - ||?) is the classical Moreau envelope of 0
of parameter v; see [37], [38], and also [8, Section 12.4] and [42] Section 1.G]. When v = 1, we
simply write %9 for %é, and eﬁg for eﬁé, which were introduced in [9]. Bregman-Moreau
envelopes when v # 1 were previously explored in [27] and [32] for the left variant; the authors
provided asymptotic results when -y | 0.

The goal of this paper is to present a systematic study of regularization aspects of the Bregman—Moreau
envelope. Our results extend and complement several classical results and provide a novel way
to approximate §. We also obtain new results on the asymptotic behaviour when ¢ 1 +oco and
on the right Bregman—Moreau envelope. This opens the door to regularization and smoothing of
functions by employing the right Bregman-Moreau envelope. We also provide visualizations and
examples.

The remainder of this paper is organized as follows. In Section [2, we collect various useful
properties and characterizations of Bregman—Moreau envelopes. In particular, the minimizers of
the envelopes are also minimizers of the original function (see Theorem [2.20). Section3is devoted
to the asymptotic behaviour of the Bregman-Moreau envelopes when v | 0 (Theorem and
when 1y 1 +00 (Theorem 3.5). Finally, Section [4 provides examples and comments on future work.

2Note that D ¢ is not a distance in the sense of metric topology; however, this naming convention is now ubiquitous.
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2 Basic properties

In this section, we collect various useful properties of the Bregman—-Moreau envelopes.
We start by describing the effect of scaling the function.
Proposition 21. Let 0: X — |—o0,400|, let v € Ry, and let y € Ry . Then &nv” vo = 'yﬁg” and

ety = yend ]
Proof. This is analogous to the proof of [8, Proposition 12.22(i)]. |

We now turn to regularization properties. (For a variant of Proposition 2.2(i), see [32, Theo-
rem 2.2 and Proposition 2.1(i)].)

Proposition 2.2. Let 6: X — |—oco,+o00| be such that UNdom6 # @ and let v € Ry. Then the
following hold:

(i) dom énv) = U, and (Vy € U)(Vu
Consequently, inf 0(X) < inf ﬁ’e (X)
(ii) dom env} = dom f, and (Vx € U)(¥
Consequently, inff(X) < inf env) (X)

€ |7, +o0)) inf(X) < &nvh(y) < énvi(y) < O(y).
< infO(U), and &nv](y) | infO(X) as y T +oo.
i € Jy,+oo]) inf(X) < envh(x) < envy(x) < 6(x).
< inf@(U), and envy(x) | inff(X) as v 1 +oo.

Proof. We first show that dom %g = U. Lety € dom ﬁzg Then %g(y) = infyex (0(x) +
2Df(x,y)) < 400, and hence there exists x € X such that 8(x) + 7Dy(x,y) < -+oo. Since 6(x) >
—oo, this yields y € U.

From now on, let y € U, and pick u € dom6 NU. Then —f(y) < +oo, |[Vf(y)| < +oo,
f(u) < 4o0,8(u) < 400, and

3 () = inf (003) + 2 (F(0) = ) = (V1 @), x =) ), 7a)
< 00u) + 2 (F() = F(5) = (TF () u =) <+ (7b)

which gives y € dom mg Hence, dom %9 =U
Next, let pt € |y, +oo[. Then % < %, 0 <0+ %Df(-,y) <6+ %Df(-,y), and so

inf 0(x) < &nv!'(y) < &nv{(y) = inf (6(x) +}YDf<x,y>) < e<y>+§Df<y,y> —0y).  ®)

xeX xeX
Therefore,
inf(X) < &nv}(y) < &avy(y) < 0(y). )
Taking now the infimum over y € U yields inf 0(X) < inf %g(X) < inf@(U). Consequently,
inff(X) < lim &nvy(y). (10)
Y=o

On the other hand, (Vx € X) Wg(y) < 0(x) + %Df(x,y), which implies that (Vx € X)
lim,— oo ﬁg (y) < 0(x) and thus lim,_, 4 ﬁg (y) < inff(X). Altogether, lim,_, |« mg(y) =
inf 6(X) and the conclusion follows from (9).

This is similar to u



Denote by I'g(X) the set of all proper lower semicontinuous convex functions from X to
]| =00, +c0]. From now on, we strengthen our assumptions by requiring that

f € T'p(X) is a convex function of Legendre type and U := intdom f. (11)

This will allow us to obtain a quite satisfying theory in which the envelopes are convex functions.
Note that f is essentially smooth and essentially strictly convex in the sense of [41, Section 26]. It
is well known that

Vf:U— U" :=intdom f* is a homeomorphism with (Vf)f1 = Vf* (12)

We will also work with the following standard assumptions:

Al V2 f exists and is continuous on U;
A2 Df is jointly convex, i.e., convex on X x X;
A3 (Vx € U) Dy(x, ) is strictly convex on U;

A4 (Vx € U) Dy(x, ) is coercive, i.e., D(x,y) — +oo as ||y|| — +oco.

We also henceforth assume that

all assumptions A1-A4 hold. (13)
Example 2.3 (see [11, Example 2.16]). Assumptions and A1-A4 hold in the following cases,
where x = (&;)1<j<j and y = (1)1<j<; are two generic points in X = R/.

(i) Energy: If f: x + 1||x||% then U = X and

Df(x,y) = 3llx —y|* (14)

J
(ii) Boltzmann-Shannow|entropy: If f: x — Y_ &;In(¢j) — &, then U = {x € X | x > 0} and one
j=1
obtains the Kullback-Leibler divergence

2]].:1 G ln((f]'/ﬂj) —¢j+mn, ifx>0andy>0;

. (15)
+o00, otherwise.

Dg(x,y) = {

J

(ili) Fermi-Dirac entropy: If f: x — Y _&iIn(&j) +(1—¢;)In(1—¢;), thenU = {x € X |0 <x < 1}

j=1
and

Yl &In(E/m) +(1-g)In((1-¢)/(1—7n)), #0<x<land0<y<1;
o0, otherwise.

Ds(x,y) = {
(16)

The following result relates the Bregman-Moreau envelopes to Fenchel conjugates.

3When dealing with the Boltzmann-Shannon entropy and Fermi-Dirac entropy, it is understood that 0 - In(0) := 0.
For two vectors x and y in X, expressions such as x <y, x -y, and x/y are interpreted coordinate-wise.
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Proposition 2.4. Let 6: X — |—oco,+o00| be such that UNdom6 # @ and let v € Ry. Then the
following holaﬂ'

() yénvy o Vf* = f* — (10+ f)".

(i) yenvy = f — (f* + (v00 Vf))".

Proof. This follows from [32, Theorem 2.4] and (12). Note also that the case in which v = 1 is
related to [29, Theorem 1(i)] applied to (f*,6*) instead of (f,0).

Let x € X. Using the fact that f*(Vf(y)) = (Vf(y),y) — f(y) (see, e.g., [41] Theorem 23.5])
and that (V) 1 = Vf* (see ([2)), we obtain

e} (x) = inf (6(s) + - (F(3) = (1)~ (VF W), x =) (172)
= L84 L ot (000 + £ (V1)) — (95 @) ) a7
B2 int (0950 + 100 - 03) 079
LD Ly () (00095 + 7)) 7a)
y*eX
:@_}Y((ryeow*)”*)*(x). (17¢)
This completes the proof. |

In what follows, we shall require the following two facts.

Fact 2.5. The following hold:

(i) (vxe X)(Vye U) Df(x,y) =0 & x=y.

(ii) (Vy € U) Ds(-,y) is coercive, i.e., Df(x,y) — +o0as ||x[| — +oo.
Proof. See [5, Theorem 3.7.(iv)]. See [5, Theorem 3.7.(iii)]. [ |
Fact 2.6. Let 0 € To(X) be such that dom @ N U # @ and let v € R. Consider the following properties:

(a) UNdom 6 is bounded.

(b) info(U) > —oo.

(c) f is supercoercive, i.e., f(x)/||x|| — +o0as ||x|| — +oo.
)

(d) (Vx € U) D¢(x, ) is supercoercive.

Then the following hold:
(i) If any of the conditions (a), (b), or (c) holds, then

(Vyel) 6()+ in(-,y) is coercive (18)

4 Indeed, the proof does not require any of A1-A4.



or, equivalently,

1raangintdom <1f+6> . (19)
r i
(i) If any of the conditions (a), (b), or (d) holds, then
(Vxeld) 6()+ rlny(x, -) is coercive. (20)
Proof. Since %D r=D 1fs the result follows from [9, Lemma 2.12] applied to % f. |

The definition of proximal mappings relies on the following result. (For variants of Proposi-
tion see [32, Theorems 2.2 and 4.3].)

Proposition 2.7. Let 0: X — |—o00,+00| be convex and such that U N dom6 # &, and let v € R .
Then the following hold:

(1) ﬁ/g is convex and continuous on U, and
(a) if (18) holds, i.e., (Vy € U) 0(-) + LD (-, vy) is coercive, then &nv? is pro er;
y AW g IS prop
(b) if 6 € To(X) and 6(-) + LD (., y) is coercive for a given v € U, then there exists a unigue
AN 8 y q
point z € U such that mg(y) =0(z) + %Df(z,y).
(ii) eﬁg is convex and continuous on U, and
(a) if @0) holds, i.e., (Vx € U) 6(-) + LD« (x, -) is coercive, then env! is pro er;
v g s prop
(b) if 0 € To(X) and 6(-) + LD¢(x,-) is coercive for a given x € U, then there exists a unique
+Hf 8 q
point z € U such that envy)(z) = 6(z) + %Df(x,z).

Proof. Since %D r=D 1fs the result follows from [9) Propositions 3.4 and 3.5] applied to % f n

In view of Proposition 2.7, we define the following operators on U; see also [9, Definition 3.7].

Definition 2.8 (Bregman proximity operators). Let 6 € T'y(X) be such that U Ndom 6 # &. If
holds for v = 1, then the left proximity operator associated with 0 is

$gi U— U:y+— argmin (0(x)+ D¢(x,y)). (21)

xeX

If holds for v = 1, then the right proximity operator associated with 0 is

?9: U — U: x+— argmin (6(y) + Ds(x,y)). (22)

yeX
Remark 2.9. Suppose that f = 1||-||? and let 6 € Tp(X). Then U = intdom f = X and hence
UNdom6 = dom6 # @. Since f(x)/|x|| = L||x|| = +ooas ||x|| = +oo, Factimplies that

and hold for all ¥ € Ry . In this case, Ds: (x,y) — 3|lx —y||* and ?@ = ?9 = Proxg is the
classical Moreau proximity operator of 8 [37].

Given a closed convex subset C of X with CNU # &, we have that ic € T')(X), domic = C,

and hence UNdomic = UNC # & and also infic(U) = 0 > —oo, which together with Fact[2.6]
imply that and hold for all ¥ € R ;. This leads to the following definition.
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Definition 2.10 (Bregman projectors). Let C be a closed convex subset of X such that U N C # @.

— =
Then Pc := P, is the left Bregman projector onto C and P¢ := P,. is the right Bregman projector
onto C.

—
Remark 2.11. In view of Remark if f = 3| then Pc=P ¢ = Pc is the orthogonal projector
%
onto C. Note that P, , Pc, and P¢ are not, in general, the same when f # 1|| - ||2. Before we give a
corresponding example, let us show that these projectors are the same when X = IR.

Proposition _2).12. Suppose that X = R and let C be a closed convex subset of R such that UNC # @.
Then ?C = Pc=Pcon U.

Proof. Lety € U. Because X =R, (Vz € C) (IA; € [0,1]) Pcy = Az + (1 — A;)y. Since Dy(+,y) is
convex, nonnegative, and Dy (y,y) = 0, it follows that

(Vz€ C) Dy¢(Pey,y) < A:Df(z,y) + (1 = Az)Df(y,y) = A:Df(z,y) < De(zy).  (23)

This combined with Definition yields ?C(y) = Pc(y). The proof that F)c = Pcis similar. W

Example 2.13. Here we illustrate how Bregman projectors may differ from the orthogonal projec-
tor. We adapt [5, Example 6.15], which illustrates the setting in which f is an entropy function on
IR/ and C is the “probabilistic hyperplane” {x € R/ | ©_; §; = 1}. For simplicity, we work in X = IR?.
Suppose that f; is the energy from Example[2.3(i) while f; is the negative Boltzmann-Shannon en-
tropy from Example ii). Since we work in IR?, the probabilistic hyperplane is described by
¢» =1 —&1. We compute ?C(l,O) by substituting 71 = 1,772 = 0,¢2 = 1 — ¢; and minimizing the
resulting Bregman distance over ¢;. We obtain

(i) Pc(1,2) = (0,1) for Dy,

(i) Pc(1,2) = (1/3,2/3) for Dy,
We illustrate this in Figure|l} For i € {1,2}, we sketch the contour plot of D¢,(-, (1,2)) for the level
given by Dy, (?c(l, 2),(1,2)) together with the set C.

Remark 2.14. Let 6 € Tp(X) be such that UNdom 6 # & and let ¥ € R,.. Proposition2.1limplies
tﬁat HIW = ’ymg and eﬁw = 'yeﬁg. We thus derive from the definition that if holds,
then

3 (0) = 0(P0(v) + 2D (Pa(w). ) 42
and, by combining with Proposition
0(Pro(y) < &nv](y) < 6(y). (24b)
Similarly, if (20) holds, then
et (x) = 0(Pp(x)) + in (x, Pyo(x)) (25a)
and
0(Tp(x)) < env](x) < 0(x). (25b)
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Figure 1: Example is illustrated

The next result provides information on the proximal mapping when the parameter is varied.
For a variant of the last inequality in (26), see [32, Proposition 2.1(ii)].

Proposition 2.15. Let 6 € To(X) be such that UNdom6 # & and let v € Ry .
@ If holds, then (Yy € U)(Yu € |y, +o0[)

0(Py(v)) < 0(Pro(v) and Dy(Pua(v),y) = Dy(Pooly).). (26)

(ii) If @0) holds, then (Vx € U)(Vu € |y, +00|)
0(Po(x)) < 0(Pro(x)) and Dy(Pug(x),x) > Dy(Pro(x),x). 27)
Proof. This follows from Remark and [35] Proposition 7.6.1]. |

The left and right proximal mappings can be characterized in various ways:

Proposition 2.16. Let 6 € To(X) be such that dom6 NU # & and let v € Ry .

(i) Suppose that holds. Then for every (x,y) € U x U, the following conditions are equivalent:

(@) x = 79(]/)/

(b) 0 € y96(x) + Vf(x) = Vf(y),

@ (VzeX) (Vf(y)—Vf(x),z—x)+0(x) <76(z).
Moreover,

Po=(Vf+990)1ovf (28)

is continuous on U.
(ii) Suppose that holds. Then for every (x,y) € U x U, the following conditions are equivalent:
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T VRf(y)(y ),
X) (Vf(y)(x—y),z—y)+70(y) < 70(2).
~6 s continuous on U.

Proof. Apply [9, Proposition 3.10] to 6. |

Remark 2.17. Consider Proposition and its notation.
(i) In the case of item [(i))and when U* = X, we note that, by (12),

?79 oVf* = (Vf+99) = d(f +796)" is maximally (cyclically) monotone;  (29)

see also [32, Theorem 4.2] for a more general result.
(ii) In the case of item let us prove the variant of [32, Theorem 4.1] stating that

_>
Vfo P, is monotone. (30)

Indeed, let x1 and x; be in U, and set y; = ?79(9(1‘) fori € {1,2}. Then 6(y1) + %Df(xl,yl) <

0(y2) + %Df(xllyz) and 6(y2) + %Df(xz,yz) <0(y1) + %Df(xz, y1). Adding and simplifying
yields

0 < D¢(x1,y2) + Dg(x2,y1) — Dp(x1,41) — Df(x2,y2)- 31)

A direct expansion (or the four-point identity from [10, Remark 2.5]) shows that is the
same as

0 <(Vf(y1) = Vf(y2),x1 —x2); (32)

therefore, follows. We do not know whether or not in general the operator in (30) is the
gradient of a convex function.

Corollary 2.18. Let C be a closed convex subset of X such that UNC # @, let (x,y) € U x U, and let
p € UNC. Then the following hold:

M p= Ecy ® (V2€C) (Vf(y) = Vf(p)z—p) =0
(i) p= Pex & (Vz€C) (VXf(p)(x—p)z—p) <0.
Proof. In light of Definition [2.10} we apply Proposition[2.16|(see also [5, Proposition 3.16]). |

The derivatives of the left and right Bregman—-Moreau envelopes feature the corresponding
proximal mappings as follows.

Proposition 2.19. Let 6 € T'o(X) be such that U Ndom6 # & and let v € Ry.. Then the following
hold:

(i) If (T8) holds, then &nvy) is differentiable on U and

(yeu) Vénv)(y) = }Yvw)(y —Poe)). (33)



(ii) If @0) holds, then envy) is differentiable on U and

1 1 .
(VxeU) Venv)(x)= SVF) = SV (Pra()). (34)
Proof. Combine Remark [2.14with [9, Proposition 3.12]. [ ]

The following result, which is a variant of [31, Theorem XV.4.1.7], highlights the connection to
convex optimization.

Theorem 2.20. Let 0 € T'o(X) be such that U Ndom 6 # &, let v € Ry, and let x,y € U.
(i) Suppose that holds. Then the following are equivalent:
(@) y € argmin®,
(b) y € Fix Py,
(c) y € argmin mg,
(@ 6(Py0(y)) = (),

(e) &nvy(y) = 6(y).
Consequently,

U Nargmin @ = Fix P,y = argmin %g (35)

(if) Suppose that holds. Then the following are equivalent:
(@) x € argmin¥,
(b) x € Fix By,
(c) x € argmin Wg,

—>
(d) 8(Poe(x)) = 0(x),
() emf(x) = 0(x).
Consequently,

U Nargmin 6 = Fix ?79 = U Nargmin envy. (36)

Proof. [()} Using Proposition 2.16i), we have
y € argminf < 0 € 00(y) < 0€ v0(y) + Vf(y) — Vf(y) (37a)
& y= ?79 (y) & y € Fix ?79. (37b)

This proves that &

Assume that|(i)(b) holds, i.e., y = ?79 (y). Then V ﬁvg (y) = 0 by Proposition 2.141), and thus

(i)(c)| holds by the convexity of %g shown in Proposition Next, |(i)(d)|is obvious and |(i)(e)
holds due to (24a).

Now recall from (24) that

0(Poa(w) < (o)) + D1 (Prolt) ) = &3 0) < 0(v). (38)

If|(i)(c)|holds, then since inf ﬁ/g (X) < inf6(U) (see Proposition[2.2(i)), combining with yields
infO(U) < 0(P.g(y)) < &nv](y) = min &v] (X) < infO(U), (39)
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which implies that Df(?w (y),y) =0,s0y = ?Wg (y) due to Fact@ﬂ and we get|(i)(b)

1£[(i)(d)| holds, then by @8), Dy (P.(y),y) = 0, and|(i)(b)] thus holds.

Finally, if[(i)(e)| holds, then &nv) (y) = 68(y) + %D #(y,y), and using Propositionand (24a),
we must have y = $7g(y) and therefore get|(i)(b)

[} This is proved similarly to [(i)] by using Proposition Proposition Propo-
sition Proposition 2.I(ii)} and (25a). The difference between and is because
dom %9 = U while dom enV, = dom f. n

3 Asymptotic behaviour properties

The results in this section, almost all of which are new, extend or complement results for the classi-
cal energy case and for left variants studied in [27] and [32]. We will require the following lemma.

Lemma 3.1. Let C be a compact subset of a Hausdorff space X, let ¢: X — [—o00, +00] be lower semi-
continuous, let (xq)qca be a net in C, and suppose that ¢(x,) — inf p(X). Then argmin ¢ # & and all
cluster points of (x,)qe 4 lie in argmin ¢. Consequently, if ¢ attains its minimum at a unique point u, then
Xg — U.

Proof. This follows from the lower semicontinuity of ¢ and [8, Lemma 1.14]. |

What is the behaviour of Bregman-Moreau envelopes and proximity operators when ¢ | 0?
The next two results provide answers.

Proposition 3.2. Let 0 € To(X) be such that U N dom 6 # @ and let x,y € U. Then the following hold:

@ If holds for some y € Ry instead of vy, then EW (y) > yasy 0.
(ii) If 20) holds for some p € R instead of 7y, then P.g(x) — xasy | 0.

Proof. Noting that (Vy € ]0,u]) 6 + %Df(-,y) >0+ %Df(-,y), we have that holds for all
v € ]0, u]. In particular, g := 0 + %Df(-,y) is coercive. By Propositionand (24a),

1
(v elou) 6 = &) =8(Prv) + Dy (Pror)y) 2 s(Prolv)  @0)
and so ?79(y) € levegyy) & The coercivity of ¢ and [8, Proposition 11.12] imply that v :=

SUP.) ¢10,] ||$79 (y)|| < +o0. Now by [8, Theorem 9.20], there exist u € X and # € R such that
6 > (-,u) + 1. Using and Cauchy-Schwarz yields

(Vyelopu) 6(y) > G(ﬁe(y)) + }YDf(ﬁe(y),y) (41a)
> (Pra(w) )+ 1+ Dp(Pra(v).) (41b)
> vl + 1+ 2Dy (Pra(v). 1), (410
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which gives
0< Dp(Proly).y) < v(BW) +vlul —n) +0 as 710, (42)

and thus Df($79(y),y) — 0asy | 0. Observing that D¢(-,y) = f(-) — f(y) —(Vf(y),- —y) is
lower semicontinuous, that argmin D¢(-,y) = {y} by Fact[2.5(), and that SUP., o] ||$79 ()] <
+o00, it follows from Lemmathat ?79 (y) > yasy 0.
This is similar to u
Theorem 3.3. Let 6 € T'o(X) be such that UNdom @ # & and let x,y € U. Then the following hold:
@ If holds for some y € Ry and v | 0, then mg(y) T 0(y), 9(?79@)) 1 0(y), and
LD (Pra(y),y) 0.

(i) If 20) holds for some p € Ry, and v | 0, then emg(x) T 6(x), 9(?79(30) 1 6(x), and
1Df(x, Pho(x)) = 0.

Proof. |(i)f According to Proposition there exists € R such that %g (y) T Bp<6(y)asvy 0.
Combining with (24a)), we have

(Fyelou]) 6(y)=p= &vily) =o6(Pa) + in(ﬁe(yw) >0(Pp(y). @)

This together with the fact that lim,, |9 ?79 (y) = y by Proposition and the lower semiconti-
nuity of 6 implies

0y) 2 2 1m0 (Pr(y)) = 0(v) > T 0(Prav) (a4)
7
and then g = 0(y) = lim, | 9(?79 (v)). Now recall and Proposition
This is similar to |

For a variant of the result from Theorem that %g(y) 1 6(y) as v | 0, see [32, Theo-
2.15(i)

rem 2.5]. Note that D f($79 (y),y) is monotone with respect to 7, as shown in Proposition

but the same is not necessarily true for %D f($79 (y),y) (see Figure .
The two following results describe the behaviour when 7 1 +c0.
Proposition 3.4. Let 0 € To(X) be such that U N dom 6 # @ and let x,y € U. Then the following hold:
(i) If (T8) holds for all y € R, then 6( Po(y)) — infO(X) as v T +c.
(i) If holds for all v € R, then 9(?79(30) — inf0(X) as ¢ T +oo.

Proof. We shall just prove [(i)] because the proof of [(ii)| is similar. Assume that holds for all
7 € R44. Combining with Proposition 2.2(1) yields

inf0(X) < 0(Poe(y)) < &nv](y) — infO(X) as 71 +oo, (45)
which implies that 9($W9 (y)) — inf6(X) as y 1 +oo. [

12



Figure 2: D f($79 (y),y) (left) and %D £ (?79 (v),y) (right) when X = R, f is the energy, and 6 is the

function x — |x — §|

Theorem 3.5. Let 6 € Tg(X) be coercive such that U N dom 6 # & and let x,y € U. Then the following
hold:
(i) The net ($7g(y))7e]1{+ . 1s bounded with all cluster points as 7y T 4o lying in argmin 6. Moreover,
(a) if argmin 0 is a singleton, then ?79(]/) — argmin 0 as y T +oo;
(b) if argmin® C U, then ?79 (y) — ?argmingy as y 1 4oo.
(ii) The net (?w(x))AYEJR++ is bounded with all cluster points as <y T +oo lying in argmin 6. Moreover,
(a) if argmin 6 is a singleton, then ?vg(x) — argmin 6 as y T +oo;
(b) if argmin® C U, then ?Wg(x) — ?argmingx as y T +oo.

Proof. First, by assumption, [8, Proposition 11.15(i)] gives argmin @ # &. This combined with [8§,
Lemma 1.24 and Corollary 8.5] implies that argmin 6 = levi,¢g(x) 6 is a nonempty closed convex
subset of X. Now since 8 is coercive and since D¢ > 0, we immediately get that and (20) hold
forall y € Ry4.

It follows from that
(V')/ S R++) ?79 (y) c levgg(y) 9, (46)

and then from the coercivity of 6 and [8, Proposition 11.12] that (?79(}/))76111 ., is bounded. In

turn, Proposition and Lemma [3.1|imply that all cluster points of (?79 (¥))er,. asy T +o0
lie in argmin 6, and we get[()(a)}

Now assume that argminf C U. Let i’ be a cluster point of (?79(]/))7@12 ., asy T +oo. Then
y' € argmin 6 C U and there exists a sequence (7, )nen in Ry such that vy, T 400 and $%9(y) —
y asn — +oo. Let z € argmin 6. We have (Vn € IN) 6(z) < 9($7n9(y)), and by Proposition

(Vf ) = VF(Pro®)), 2= Pro()) <1 (6(z) —0(Pr0(y)) ) <0. (47)
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Taking the limit as n — +-co and using the continuity of V f yield

(VIly)-Vfy),z—y) <o. (48)

Since z € argmin 6 was chosen arbitrarily and since argmin 6 is a closed convex subset of X with

U Nargminf # o, in view of Corollary y = ?argmingy, and ?argmin gy is thus the only
cluster point of ( P,(y)),er,, as ¥ T +oco. Hence, ((i)(b) holds.

(11)f The proof is similar to the one of (1) |
p

Remark 3.6. Suppose that f = 1| - || and let 6 € T'y(X) be coercive. By Remark and Theo-
rem[3.5]

(Vx € X) Prox,g(x) = Pargmingx and 7 T +oco. (49)

Corollary 3.7. Let 0 € T'o(R) be coercive such that argminf C U and let z € U. Then ?79(2) —
PargminGZ and P'y() (Z) - Pargmin 0z as 7y T +oo.

Proof. As shown in the proof of Theorem argmin 6 is a nonempty closed convex subset of X
and hence U Nargminf # &. It now suffices to apply Theorem B.J()(b)| and [(ii)(b)| and to use
Proposition [2.12] |

4 Examples and function minimization

In this final section, we illustrate our theory by considering the case in which 0 is the nonsmooth
function x — |x — 1.

Example 4.1. Suppose that X = Rand let 0: R — R: x — |x — 1|. Then 6 € T'y(X), dom6 = X,
and 6 is coercive with argmin 6 = {%} It follows that U Ndom# = U # @ and, by Fact@ the
assumptions and (20) hold for all v € R, ;. We revisit Example 2.3|(with ] = 1) to illustrate
Theorem Proposition and Theorem Let v € Ry ;. We recall from Proposition 2.16]
that

B0 = (Vf+120) 0 Vf (50)
and that
(V(x,y) eUxU) y=TPypx) & 0€20(y)+V2f(y)(y—x). (51)
Note that
1, if x > 3;
90(x) = { —1, if x < 3; (52)
[-1,1], ifx=1.
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(i)

(if)

Figure 3: Bregman envelope from Example

EnergiSuppose that f is the energy. Then U = intdom f = IR. Since Vf = Id, by Re-

mark 2.9(and (50), ?79 = ?79 = (Id +796) L. We have that
xX—, if x < %,’
(Id+790) (x) =< x+ 7, if x > 1; (53)

-7 1+9], ifx=1

Then (Vf + 790)!(y) amounts to solving (Vf + 790)(x) = y piecewise. For example,
solving x —y = yforx < 1 yieldsx =y + fory+v < 1,50 (Vf++0)"1(y) =y + 7 for
y < % — 7. Continuing in this fashion,

y+’)’/ ify<%_’)/;

$QWF=?Mw=%M+%WYWw= y—v, ify>3+7 (54)

1

2 otherwise

and by (24a)),
—y+ iy <i-
qdwi(y) = enty(y) = {y— 1, ify>i+; (55)

42 —dy+1 .
%, otherwise.

It is clear that ?79(%) = 1, while (vy € R~ {3}) $7g(y) # y, and so Fix ?79 = {1} =

argmin . As expected, ?79@) — yasy | 0, and ?79(]/) — % = argmin® as y 1 +oo.
Moreover, mg(y) — 0(y) as 6 | 0; this is illustrated in Figure

Boltzmann—Shannon entropy: Suppose that f is the Boltzmann-Shannon entropy. Then
domf = Ry, U = intdom f = R4y, Vf(x) = Inx, and V2f(x) = 1/x. Again employ-
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Figure 4: Left Bregman envelope from Example

ing (50) and (24a), we have
exp(y+7), ify<-—-In2—1;
(Vf+700) " (y) = Jexpy—7), ify>—-In2+7 (56a)

1 .
L2/ otherwise,

(yexp(v), if0<y<lexp(—7);

?79@) = qyexp(—7), ify > lexp(y); (56b)
3, otherwise,
'@Jr%, if0<y<lexp(—7);

v (y) = y(lfyif”) -5 if lexp(y) <y; (56¢)
%ﬁln(z), otherwise.

Clearly Fix P,y = {1} = argmin6. It can also be seen that $Wg(y) — yasy | 0, and

$Wg(y) — 1 = argmin@ as 7 1 +oo. Moreover, once again ﬁg(y) — 0(y) as 6 | 0. This
example is illustrated in Figure[d]
Now implies that for every (x,y) € Ryy x Ry,

= 1
y=TPol) & 0€10y)+ (-1 & x € y(1+790(y)). (57)
Solving the induced system of equations yields

=, ifo<x <

1—v7

— . 1

Pro(x) = { 15, ifx> 37 (58)
%, otherwise.
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Figure 5: Right Bregman envelope from Example

Using (25a) and noting that ;% < lifx < 157 and T > Lif x > 27, we obtain

w;c—k%, if0<x<1_77;
envj(x) = § My 1 if x > 17, (59)

% (xIn(2x) —x+3), otherwise.

The right envelope is shown in Figure[5]
(iii) Fermi-Dirac entropy: Suppose that f is the Fermi-Dirac entropy. Then dom f = [0,1], U =
intdom f =10,1[, Vf(x) = In (%), and V*f(x) = 7. Again by (50),

x(1—x)
xp(y+7) . )
oty Y <=
(Vf+700)"H(y) = § GBIl ify > (60a)
%, otherwise,
(_ yexp(7) : exp(—7) .
yexp(y)+1-y if0<y< 1+exp(—7)’
— yexp(—7) e _exp(y) .
$79(y) yexp(—=7)+1-y’ if Trexp(y) <Y < L (60b)
%, otherwise.

A formula for &v] may be once again obtained by using (24a):

_ 2In(yexp(y)—y+1)—y : exp(—7)
if0<y< —

2y ’ Trexp(—7)’
%70 _ _21n(yexp(—23y)—y+1)+7/ if1>y> 13;2;7()7); 61)
2In(2)+In(1-y)+In(y) e _ep(=) exp(7)
- 2y ’ if 1+exp(—7) Sy= 1+exp(y)”

We illustrate this envelope in Figure[6]
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Figure 6: Left Bregman envelope from Example

Next we have from (51)) that for every (x,y) € ]0,1[ x ]0,1],

y=Tulx) & 0c120(y)+ ! )W—X) & xeqy(l-y)b(y)+y. (62)

y(l-y
Solving the induced system of equations gives

v—=14+/(y—1)2+47yx

, ifo<x< Y

2y
f) +1—/(7+1)2—dyx 2 63
70(x) = Q2 277 2 <x <1 (63)
%, otherwise
and, in turn, (25a)) gives
( 293 (y 41—/ 72 Fayx—2y+1)* ! )
Zln( i +1—+/ 2 +4yx—27+1
_ 2 _ _ -1 . _
(r=14+V/ 72y zwnxuz;)x if0<x< 247;
X(n_ \/ﬁx—l
enzw(x) = 2]n<(fj;iil:ilj\/‘l;jzg)H)x)“*\/72*47”2”/“ Lo (64)
T i 7277 , 1f—47<x<1;
xIn(x)+(1—x) In(1—x)+In(2) , otherwise.

Y

The right envelope is shown in Figure[7]

We conclude this section with some remarks concerning the minimization of the (nonlinear)
functional

1
.71 .
I:: L'[0,1] > R: x — /o 7(x(s))ds, (65)

where T is a convex, lower semicontinuous, and proper, and subject to finitely many constraints

(a, x) = /01 ag(s)x(s)ds = by, forke{l,...,n}, (66)
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Figure 7: Right Bregman envelope from Example

and where a; € L*[0,1] and p was used to generate the (consistent) data: (ax,p) = by. Under
appropriate assumptions (for details, see [12], [13], [14, Section 7], [15, Theorem 6.3.4], [16], [17,
Section 4.7]), recovering the (primal) solution x = x; amounts to first obtaining a dual solution by
solving the finite system of nonlinear equations

1 n
/ (%) <Z pjai(s) | ax(s)ds = by, wherek € {1,...,n}, (67)
0 j=1
followed by computing
Xp = (T*)/< ) y]-a]-(s)>. (68)
j=1

As a numerical illustration, we assume that 7 = mg is the left Bregman envelope from Exam-
ple[d.1[iii)]and p is the step function pictured in Figure[§|(right). We clearly observe the influence of
the parameter -; smaller values of -y lead to primal solutions that are closer to the step function that
was used to generate the data. Were a different, smoother p to be used, a larger value of y might
be more appropriate. The reason for the varying extent to which the primal solutions for different
choices of y resemble step functions may be gleaned from Figure|8|(left), where (7*)'—upon which
the primal solution depends—is shown.

Similarly attempting to compute with T as the right envelope from Example {4.1{iii), we are
unable to symbolically invert the gradient. We leave the numerical attempt at inversion as future
work.
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