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Blind Source Separation with outliers in transformed domains*

Cécile Chenot T and Jéréme Bobin'

Abstract. Blind Source Separation (BSS) methods are well suited for the analysis of multichannel data. In
many applications, the observations are corrupted by an additional structured noise, which hinders
most of the standard BSS techniques. In this article, we propose a novel BSS method able to
jointly unmix the sources and separate the source contribution from the structured noise or outliers.
This separation builds upon the difference of morphology between the components of interest, often
encountered in imaging problems, by exploiting a sparse modeling of the components in two different
domains. Numerical experiments highlight the robustness and precision of the proposed method in
a wide variety of settings, including the full-rank regime.

Key words. Blind Source Separation, Sparse Modeling, Robust Recovery, Morphological Diversity.

AMS subject classifications. 68U10

1. Introduction. Blind Source Separation (BSS) is a powerful tool to extract the mean-
ingful information of multichannel data, which are encountered in various domains such as
biomedical engineering [39] or remote-sensing [3] to cite only a few. Notably, it has played a
key role in the analysis of the multispectral observations of the ESA-Planck mission [7], [30]
in astrophysics. Its instantaneous linear mixture model assumes that n sources {S;},_; ,, of
t samples are mixed into m > n observations {X;} This model can be conveniently
recast in the following matrix formulation:

j=l.m’

(1) X = AS +N,

where X € R™*? designates the linear observations, A € R”*" the unknown mixing matrix,
S € R™ ! the sources and N € R™*! a Gaussian noise term accounting for model imper-
fections. BSS aims at recovering both A and S from X. This is an ill-posed problem as
the number of solutions is infinite. Recovering the relevant sources and mixing matrix then
requires additional prior information on the sources and/or the mixing matrix such as: the
mutual independence of the sources in the ICA framework [17], the non-negativity of S and A
for Non-negative Matrix Factorization (NMF) [35], or the compressibility of the sources in a
given domain [57]. Further details on standard BSS can be found in [17] and references therein.

This model is too simple to represent accurately some complex processes. In the ESA-
Planck mission for instance, the observations deviate from the above model 1 because of
the presence of point-source emissions with unknown position and amplitude as well as the
spectral variability of some components [30]. The spectral variability of some components is
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2 C. CHENOT, AND J. BOBIN

also a major issue in hyperspectral imaging and has encountered a growing interest during the
last years [52],[21]. More generally, deviations from the standard model 1 are encountered in
numerous applications and encompass the presence of unexpected physical events [44], [47],
instrumental artifacts [31] or non-linearity of the physical process [21]. These large errors will
be designated in the following as outliers. In order to take into account these deviations in
the data model, we propose to model the observations with the following expression:

(2) X =AS+0+N,

where O € R"™*? gtands for the outliers.

Robust BSS in the literature. Most standard BSS methods lead to inaccurate or erroneous
results in the presence of outliers [22]. This mandates the development of robust BSS methods,
which should tackle both following tasks:

e Unmixing of the sources, i.e. estimating precisely the mixing matrix A.
e Separating the source contribution AS from the outliers O so as to return non-
corrupted sources.

Only few robust methods have been proposed in the literature. They can be classified
into three different groups according to their strategies: replacement of the sensitive metrics
in the cost-functions of optimization based-methods (i.e. only task i)), removal of the outliers
prior to the unmixing (i.e. task ii) followed by task i)), and joint estimation of O, S and A
(i.e. tasks i) and ii) simultaneously).

A robust unmixing of the sources without an explicit estimation of the outliers has been
proposed in several works. This approach consists of replacing the most sensitive metrics of
the cost functions of the usual optimization-based BSS methods. In the NMF framework for
instance, the authors of [25] and [27] opt respectively for the ¢; and the ¢3; norms for the
data fidelity term, instead of the common Frobenius norm which is sensitive to large errors.
In the ICA framework, the authors of [32] promote the mutual independence of the sources
by using the robust S-divergence in place of the Kullback-Leibler divergence [17]. The major
drawback of this class of methods is that only the mixing matrix can be recovered precisely,
while the sources are still contaminated by the outliers.

The second popular approach consists in: first, estimating and discarding the outliers from
the observations, and then, performing the BSS on the denoised observations. In order to un-
mix the sources accurately in the second step, the estimation of the outliers should be very
precise. However, this step is challenging and necessitates further assumptions (see Section 2).
A popular strategy for discarding the outliers assumes that m > n so that AS has low-rank.
In [11], it has been proven that an exact separation between the outliers and AS is possible if
the support of the outliers is, in addition, uniformly distributed. This approach has been in
particular used in hyperspectral imaging for which the assumption on the low-rankness holds
true [53]. The major drawback of this strategy is that it does not take into account explicitly
the clustering aspect of AS and the assumption made on S for the following unmixing (e.g.
independence or sparsely represented in a given dictionary) since A and S are not estimated
explicitly. This can greatly hamper the unmixing by propagating the error made at the first

This manuscript is for review purposes only.



78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

100

101

102

BLIND SOURCE SEPARATION WITH OUTLIERS IN TRANSFORMED DOMAINS 3
step.

The third class of methods estimates jointly A, S and O. This allows to constrain all
the components and limits the propagation of errors encountered with the previous two-steps
methods. This strategy has been developed essentially with non-negativity [40], [54] and
low-rank priors for hyperspectral unmixing [1], [21], [33]. In [14], we proposed a robust BSS
method assuming that both the outliers and the sources are sparsely represented in a same
domain. The proposed method estimates reliably the mixing matrix, but was however unable
to separate precisely the sources and the outliers without additional assumption (see Section
2) in the full-rank setting.

Contributions. To the best of our knowledge, there is currently no BSS method able to

estimate the mixing matrix, the sources and the outliers in a general framework i.e. without
the low-rank assumption.
In this paper, we propose to exploit the difference of morphology/geometrical content between
the outliers and the sources to separate precisely the two contributions [20]. This difference of
morphology is often encountered in imaging problems: stripping lines due to malfunctions of
captors have a different morphology than natural images in multi/hyperspectral imaging or
point-source emissions fig.1b have a different geometry than the sought-after signals fig.1a in
the ESA-Planck mission. By only assuming that the outliers and the sources have a different
morphology, our new strategy coined tr-rGMCA (robust Generalized Morphological Compo-
nent Analysis in transformed domains), preliminarily presented in [15], is able to separate
precisely the sources and the outliers, in a wide variety of problems, including in the challeng-
ing determined case (n = m).

(a) Simulated synchrotron (b) Simulated point-source
emission. emissions.

Figure 1: Simulated components of the ESA-Planck mission: synchrotron’s map (one row of
S) (a) and observation of the point-sources contamination at a given frequency (one row of
O) (b).

The structure of this article is the following: in Section II, we focus on the separation of the
outliers from the sources contribution for which we explain why the morphological diversity
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4 C. CHENOT, AND J. BOBIN

is a powerful assumption, in Section ITI, we introduce the tr-rGMCA problem, the associated
algorithm and the strategies used for the automatic choice of the parameters, and last in
Sections IV to VI, the results of numerical experiments on 1D Monte-Carlo simulations and
2D simulated astrophysics data are displayed for the comparison of tr-rGMCA with standard
robust BSS methods.

Notations.

Matrix notations. Matrices are denoted by uppercase boldface letters. The ith row and
jth column of a matrix M are designated respectively by M; and M7, and its 7, jth entry by
M, ;. The Moore-Penrose inverse of M is noted M and its transpose M7
The notation M denotes the estimate of M and, M®*) designates the estimate at the kth
iteration of a loop.

Norms. Three ‘entrywise’norms will be used: |[M]|; = > |M, ;
/L"j

My =225 M|, and

|M]|,, the Frobenius norm of M.

Operators. The operators ®, ®, ® designate the Hadamard product, the convolution, and
the tensor product respectively.
The proximal operator of a real-valued, convex, proper and lower semicontinuous function
f o+ R — R, (p,r € N), is noted proxy, such that prox, : RP*" — RP*",
X — argminy % |IX — YH% + £ (Y).
In particular, the soft-thresholding operator of M, with threshold A, is denoted S\(M), where

M ; —sign(M ;) * A j if [Mi ] > X
0 otherwise

[SA(NI)]@'J = {

Last, the operator mad designates the median absolute deviation.

2. Separation between the outliers and the sources. Robust blind source separation
can merely be split into two distinct problems: i) the robust estimation of the mixing matrix
from the data without considering outliers removal and ii) the exact or accurate separation
between the outliers O and the sources AS. In this section, we discuss the properties needed
to tackle these two problems.

2.1. Spectral diversity.

A robust PCA perspective. In this paragraph, we first focus on the second problem: sep-
arating the contribution of the sources AS from the outliers O. If one defines L = AS, the
data can be described as

X=L+O

Assuming that the outliers have a sparse distribution and are in general position (they do
not cluster in a specific direction), and that L is low-rank (i.e. the number of observations
is much larger than the number of sources m > n), this separation problem refers to robust
PCA (rPCA - [11], [13]). To illustrate this particular setting, we display in fig.3, the scatter
plot of the observations in a determined setting fig.2b and an over-determined setting fig.2b.
Intuitively, the fact that corrupted samples do not lie in the span of L facilitates their detection
as illustrated in fig.2b. This is however not a sufficient condition for the identifiability of the
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BLIND SOURCE SEPARATION WITH OUTLIERS IN TRANSFORMED DOMAINS 5

two components.

—40F
60}

_80 L L L L
—100 —50 0 50 100 150
X1 Y, 20

50 —40

(a) Determined case. (b) Over-determined case.

Figure 2: On the left, 2 sources are mixed into 2 corrupted observations. On the right,
2 sources are mixed into 3 observations. For both, the red star symbolizes the corrupted

sample, at the kth column and the arrows symbolize the two contributions to this sample OF
and (AS)*.

It was shown in [11] and [13] that the identifiability of the components can be proved if
i) the entries of O are sparse, in general position and independently distributed (O is row
and column sparse) and ii) the component L lies in a low-dimensional subspace, with broadly
distributed entries (L is not row or column sparse).
The PCP algorithm, designed to perform this separation [11], estimates both components by
solving:

(3) Lomin LI +A[O],.

where ||L||, stands for the nuclear norm of L (i.e. the sum of its singular values).

However, in the framework of rPCA, the exact or accurate [56] separation between the
sources and the outliers is guaranteed as long as the entries of O are independently distributed,
which excludes column-sparse outliers. For this case, PCP has been extended in [49]. The
outliers pursuit (OP) algorithm minimizes:

@ Lomin Il + A0,

Interestingly, it has been shown that the OP algorithm allows retrieving the support of the
outliers and the column span of A. However, the separation of L and O is not guaranteed
since the contribution of the outliers that lies in the span of A cannot be recovered exactly.

This manuscript is for review purposes only.
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6 C. CHENOT, AND J. BOBIN

In the framework of robust BSS. Both the rPCA and OP algorithms strongly rely on the
low-rankness of the source contribution in the data. This assumption makes perfect sense in
applications such as hyperspectral imaging [21, 45], where few sources (typically n < 10) have
to be estimated from a large number of observations (i.e. m ~ 102). However, the so-called
hyperspectral unmixing methods take advantage of additional constraints to improve the sep-
aration between AS and O [3], [26]: i) the non-negativity of the mixing matrix A and the
sources S and ii) the sources samples (i.e the columns of the sources matrix) are assumed to
lie on the ¢ simplex.

Unfortunately, neither the low-rankness nor the non-negativity assumptions are valid in
a broad range of applications such as the Planck data. For that purpose, we introduced in
[14] a robust BSS algorithm coined rAMCA that jointly estimates A, S and O. The rAMCA
algorithm builds upon the sparse modeling of the sources and the outliers in the same dic-
tionary. If the rAMCA algorithm has been shown to outperform the state-of-the-art robust
BSS methods including in the determined setting, it only provides a robust estimation of the
mixing matrix and fails at accurately separating the sources and the outliers. Indeed, whether
the low-rankness of the sources holds or not, column sparse outliers are not identifiable, which
makes the sources/outliers separation impossible without additional assumptions.

2.2. Combining spectral and morphological diversity. In this section, we introduce an

additional property that helps differentiating between the sources and the outliers: morpho-
logical diversity. While spectral diversity refers to the relative distributions of the sources and
the outliers in the column-space, morphological diversity deals with their relative distribution
in the row-space. Morphological diversity has first been exploited in the monochannel case to
separate multiple images that share different geometrical structures. In that context, it has
been quite successful at separating contour and texture parts in images. This concept is at
the origin of the MCA algorithm (Morphological Component Analysis - [20, 6]).
In a large number of applications, the sources to be retrieved and the outliers share different
morphologies, such as in Planck data fig.1. In this case, spurious points sources are the perfect
example of column sparse outliers. These components are local singularities that are morpho-
logically distinct from more diffuse astrophysical components. Therefore, building upon the
concept of morphological diversity, we hereafter propose to reformulate robust BSS as special
case of multichannel MCA problem. In the remaining of this paper, we will make use of the
following assumptions:

e Morphological diversity between the sources and the outliers: We assume
that the sources are sparsely represented in the transformed domain or dictionary ®g
and that the outliers have a sparse representation in ®q:

Oj = aojq)o, Vj € {1m} and S, = asi(I’s, Vi € {1..71},

where {aoj}

and {as,},_, ,, are composed of few significant samples. These
dictionaries should be chosen according to the main structural characteristics of the
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BLIND SOURCE SEPARATION WITH OUTLIERS IN TRANSFORMED DOMAINS 7

components to assure that the expansion coefficients are sparse, e.g. wavelets for piece-
wise smooth signals, curvelets for curves like cartoons or DCT for oscillating textures
[43]. A toy example is provided in fig.3. It highlights the benefits of exploiting the
morphological diversity: in ®g, the outlier contribution is broadly distributed with a
very small amplitude fig.3d,3f, whereas in ®o, they can be easily detected fig.3a,3c
(and reciprocally for the sources samples).

Sparse modeling of the outliers: We also consider that the sparse representations
of the outliers corrupt entirely some columns and are broadly distributed in all the
directions. For this purpose, we will assume that O@g is column sparse such as in
fig.3. For instance, in the applications for which the outliers are sparse in the domain
of observation, it amounts supposing that most of the sensors record the spurious
outliers at a same instant/position: that is the case of the point source emissions in
astrophysics fig.1b. We point out that assuming that the outliers are column and row
sparse in ®g only requires minor changes, which will be indicated in the following.

80 80
60 .
40 40 2o Vo
=20 -~ : S
S 0 [No 0 Loy
& 20 < B, ol
S —10 % 40 ST :
—60
—80} . . 80} - . .
10089 =60—10-20 0 20 40 60 &0 80 40 0 20 80
(0®"), (X®0"),
T T
(a) (O<I>O)1 versus (O@o)g. (b) (s«r%)l versus (S*Pg)z. (c) (x¢g)1 Versus (X‘I’g)Q.
z 300 - 150
, 200 . .
~ 4 75 ~ i
<2 =100 o .
n ., & &~ .
& 0 & 0 & O :
Sh 2 100 % . C o
—4 —200 75 : T
-6 . !
R T S S R R R S w ~3056-300-100 0 100 200 300 400 150156 0 100 200
(08", (S®s”), (X®s"),;
T T T T
(d) (0@5)1 versus (0@5)2. (e) (SQS)I versus (S@S)z' (H) (X(I)S)1 versus (X(I)S)z'

Figure 3: Two sources sparse in DCT are mixed into three observations, corrupted with sparse
outliers. (a): scatter plot of the two first rows of O in ®¢g, (d): scatter plot the same rows of
O in ®g, (b): scatter plot of the first two sources in @0, (e): scatter plot of the same sources
in ®g, (c): scatter plot of the two first corrupted observations in ®o and last, (f): scatter
plot of the same observations in ®g. The source contribution is represented with the blue
dots and the outliers with the red stars.

2.2.1. Robust (non-blind) source separation as a sparse decomposition problem.
A special case of sparse decomposition in an overcomplete dictionary. Following standard
212 sparse BSS approaches [57, 5], the sources are assumed to be sparsely distributed in a signal
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representation or dictionary ®g such that S = ag®s. The sources’ contribution L = AS to
the data X is therefore sparsely represented in the multichannel dictionary: A ® ®g, whose
atoms are composed of tensor products between the columns of A and the atoms of ®g.

Similarly, the rows of the outlier matrix O are assumed to be sparse in some dictionary ®o
so that O = ap P, where the coefficients g are column sparse. Let Op be the submatrix
made of the normalized non-zero columns of g, built so that the kth non-zero column of g
at the position ¢ equals O’B = ﬁ. We then denote ag, the expansion coefficients of O
in Op ® ®o, such that Opaop, = ap. The matrix ap’ is then column and row sparse and
|aorl; = llexoll ;- With this parameterization, the outliers are sparsely represented in the

multichannel dictionary Op ® ®g.

The observations are consequently sparsely represented in the multichannel dictionary
D= [A®@S,OD®‘I)0]:

as 0 q)s
x=[a o] | 0 ) las)
Assuming that A and Op are known, estimating the sources S and the outliers O from
X boils down to tackling a sparse decomposition problem in the overcomplete multichannel
dictionary D. In the very large literature devoted to sparse decompositions in overcomplete
dictionaries (see [9] for a review), different approaches have been proposed to investigate the
identifiability and recovery of sparse decompositions. In the next, we make use of the so-
called mutual coherence of the dictionary to provide a deeper insight into the proposed robust
component separation.
Assuming that the components are K-sparse in D with K = |las]|, + ||a@o/||,, a sufficient
condition for the identifiability of ag and g/ [19] is given by:

k<l d)
2 KD

where up designates the so-called mutual coherence of the dictionary D. The mutual coher-
ence of D is defined as yup = max; ;|(d;,d;)| where d; stands for an atom of the multichannel
dictionary D (i.e. multichannel atoms are composed of tensor products of atoms from the
spectral dictionaries and morphological dictionaries). Furthermore, the same condition also
guarantees that ag and a/ can be recovered by solving the following basis pursuit problem
[19]:

(5) argmin ||ao/||1 + ||asgl/i s.t. X = Aag®s + Opao/Po.

ao/,as

The term of interest in the above recovery condition is the mutual coherence up, which is
equal, in this specific case, to:

(6)

max| max [(AY, A))||(®L, ®L)|, max |(O}, O w ®Y)| max [(Al, Ok s, ®L) |,
<<i,p>¢(j,qﬂ< (P S>(ln7u)¢(n7‘v<) D, OD)[(®6 O>|(l,c),(k,dg< D) [{®s, 0)|

This manuscript is for review purposes only.
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where the columns of A, o and ®g are normalized to have unit #» norm. In this expres-
sion, the cross-terms max o) (x.q) |(Al, OF)||(®§, )| are the most relevant to discriminate
the outliers and the sources’ contribution and provide a different way to re-interpret robust
(non-blind) source separation:

e Spectral diversity or rPCA regime: In case the outliers and sources share a
same morphology, (see [29] for more precise recovery guarantees), only the cross-term
between the mixing matrix and the outlier columns max ) [(A!, Of,)| is relevant for
the separation. In the framework of rPCA, whenever the source contribution AS has
low rank, max ) |(A!, O%)| vanishes when Op lies in the subspace that is orthogonal
to the span of A, which naturally ensures the identifiability of both the sources and
the outliers. In the general case, assuming that O has independently and sparsely
distributed entries and that A is broadly distributed such as in the setting of rPCA,
leads to spectral dictionaries A and Op with low coherence. This is precisely in this
regime that rPCA can ensure the identifiability of the components.

e Morphological diversity or MCA regime: When the low-rankness of the obser-
vations is not a valid assumption or when the span of A and Op are not incoherent,
such as in the determined case, only the morphological diversity can help identifying
the components. In that case, the dictionaries o and ®g are assumed to be inco-
herent, which makes max( q) [(®§, ®¢)| the relevant term for the separation. The is
precisely in this regime that the MCA can ensure the separation between components
that can only be identified thanks to their difference of morphologies. In this case
only, robust component separation can be solved in the determined case.

e Morpho/Spectral diversity: In the general case, both the spectral and mor-
phological dictionaries are incoherent, the relevant coherence term is the product
max q), (k,d) [(AL, OF) (@5, @¢)|. In this regime, robust component separation bene-
fits from incoherence of both the morphological and spectral dictionaries:
max(,c (rd) | (A, Op)|[(®§, 4)| < min(maxgy) (A, Of)|, max(.q) [(®E, BH)]).
This is expected to greatly improve the accuracy of the separation. For instance,
in this regime, column-sparse outliers can be identified while methods that only make
use of the spectral diversity like Outliers Pursuit [49] can only ensure the identification
of the support of the outliers and not their amplitude.

In the framework of robust blind source separation, the spectral dictionary {A OD} is
not known and has also to be learned. For this purpose, we describe in the next section a novel
algorithm coined tr-rGMCA that makes use of both spectral and morphological diversity to
estimate jointly A, S and O given the two dictionaries ®g and ®¢o so as to build upon the
spectral and the morphological diversities between the components. Based on whether they
rely on spectral or morphological diversity, currently available blind separation strategies are
summarized in table.1.

This manuscript is for review purposes only.
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10 C. CHENOT, AND J. BOBIN

Estimation | Diversity Regime | Methods Advantages Weaknesses
AS and O | Morphological m>n MCA [20] No assumption on | AS should be
the collinearity of O | sparse in ®Pg.
and A. The spectral
structure may
not be preserved.
Spectral m>n | PCP [11], | Proven separability. | O®§ column
or  refine- and row sparse.
ments such
as [55], [34]
OP [49] O®J column sparse. | No identifiability
of O.
A, S and | Spectral m>n | tINMF [21] Well adapted for | Non-negativity,
o hyperspectral ~ un- | sources samples
mixing. in the simplex
and presence
of almost pure-
pixels.
m>n | rTAMCA Estimation of A No identifiability
[14] of O.
Morphological | m >n tr- Identifiability in all
& spectral rGMCA regimes

Table 1: Strategies able to separate AS and O.

3. Robust GMCA in transformed domains. In this section, we introduce the tr-rGMCA
(rGMCA in transformed domains) algorithm that builds upon both spectral and morpholog-
ical diversities to estimate simultaneously A, S and O. The tr-rGMCA algorithm performs
the separation by minimizing a cost function whose elements are based on the following as-
sumptions:

e Data fidelity term: The data are assumed to be described by the linear mixture model

X = AS 4+ O + N. The squared Frobenius norm |[|[X — AS — O[3 is used as fidelity
term to measure a discrepancy between the data and the model. This distance is well
suited to account for the additive Gaussian noise N that usually contaminates the
data.

e Penalty term for the sources: In the spirit of sparse BSS [57, 5], the sources are as-
sumed to be sparsely represented in some dictionary ®g. The compressibility of S in

Pg is enforced with a weighted £; norm of the expansion coefficients of S: HA ® S<I>:SFH1.

The weighting matrix A € R™*®s includes both the regularization parameters and
the weights defined in standard re-weighting ¢; penalization [12].

e Penalty term for the outliers: The outliers are assumed to be column-sparse in ®q.
This structure is enforced in the cost function using the composite 3 1 norm [21, 28]:

[t 0|

Again the matrix T € R*®o | taille a relier aux dimensions des

2,1
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BLIND SOURCE SEPARATION WITH OUTLIERS IN TRANSFORMED DOMAINS 11

dicos where contains the regularization parameters as well as weights in the sense of
re-weighting ¢> 1. The morphological diversity assumption implies that ®o and ®s
are somehow incoherent.

e Scaling indeterminacy: In order to control the scaling indeterminacy between A and
S, the columns of A have an energy bounded by 1. The columns of A are constrained
to lie in the ¢9 ball with unit radius: Xy |y (A).

<1k

Therefore, the algorithm tr-rGMCA estimates jointly A, O and S by minimizing the
following cost function:

(7) mg{isx’rgze; |X ~ AS O[3+ |[A© S@E|| + |1 © OBF||, | + vy, ye| <1 (A)-

The resulting cost function is a multi-convex non-smooth optimization problem: it is glob-
ally non-convex but subproblems with all variables fixed except one are convex. Hence, it
is customary to optimize this type of cost function by iteratively and alternately minimizing
it for each variable A, S and O assuming the others are fixed (namely the Block Coordi-
nate optimization strategy, see [41] for a review). In particular, this is used by two standard
strategies: the Block Coordinate Descent method (BCD - [46]), and Proximal Alternating
Linearized Minimization (PALM - [8]).

3.1. Block Coordinate Minimization. Updating each block A, S and O alternately at
each iteration can be carried out in different ways. In the BCD setting, each block is updated
by exactly minimizing Problem 7 assuming all the other blocks are fixed to their current
values:

1

(8) Py: mingnizei X —AS — OH% + XY:HY’CHQSI,W@ (A).
1

9) Ps: minismize§ |X — AS — O3 + HA ©) S@ng _
1

(10) Po: minjmize | X — AS - O||; + |T © 0|, .

These three problems can be written as argminy fy (Y)+ gy (Y), where fy (.) is related to the
differentiable data-fidelity term (whose gradient noted V fy is Ly-Lipschitz) and gy (.) is the
proximable regularization associated with the component Y App. A. In general, they do not
admit a closed-form solution and therefore require resorting to iterative minimization proce-
dures such the Proximal Forward-Backward Splitting algorithm (FB) [16], [36]. In that case,
BCD yields a computationally intensive minimization strategy. In the sequel, we therefore
opted for the prox-linear approach, which is at the origin of the PALM algorithm [8]. In this
framework, the PALM strategy updates each variable using a single proximal gradient step
(it minimizes exactly the proximal linearization of each subproblem P4, Pg and Po, [50]).
Whether it is based on BCD or PALM, it is possible to design a minimizer that provably
converges to a local stationary point of Problem 7. In this context, either the BCD or the
PALM algorithm can be chosen. However, the PALM procedure seems to generally converge
faster: this can be understood with the fact that the components are updated with only one

This manuscript is for review purposes only.
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12 C. CHENOT, AND J. BOBIN

proximal descent step, and not until convergence of each variable independently as done by
BCD. For that reason, we opted for a prox-linear or PALM-based approach to design the
algorithm.

3.2. A prox-linear implementation. In the framework of PALM, each component is up-
dated with one proximal gradient step eq.11 at the kth iteration:

b

(11) Y®) — prox 1
Ly

Ly gy

(Y= Vi ((YED)).

From this generic update, the three steps that compose the tr-rGMCA algorithms are de-
scribed as follows:

e Update of the sources. Assuming ®g is orthonormal, the proximal operator of the
function S — HA ® S<I>gH1 is exactly S — SA((S) <I>£) ®g. Therefore, at iteration k of

the PALM procedure, the update of S®*) is given by:

(12) Skt o S, ((g(k) + LLA(k)T (X _AkgH _ ()(’“))> <I>£> Bs,

Lg S

where the step size Lg is chosen to be equal to the Lipschitz constant of the gradient,
i.e. the maximal eigenvalue of AT AK),

When ®g is not orthonormal, the proximal operator of the function S + HA ® S<I>:SFH1
does not admit a closed form. However, in the next experiments, the dictionaries used
of ®g will be tight frames (e.g. undecimated wavelets) whose Gram matrix is close to
the identity matrix. In that specific case, the update (12) provides a good approxima-
tion for the proximal operator.

e Update of the outliers. Assuming ®¢g is orthonormal, the update of the outliers
at the kth iteration of the PALM procedure is given by:

(13) O+ « aip®o where, Vj = 1.t and Vi = 1..n :
. ,rj

o) _AWE®) L) _ 1
do? | (X - AMSM) @F)" x max | 0,1 H((X_Mf)S(k))@(T))j

2

In contrast to S, the proximal gradient step eq.13 exactly solves Pp. If ®¢ is not
orthogonal, but has a Gram matrix close to the identity, this update provides also a
good approximation of the proximal gradient step. Besides, in this paper, we assume
that the outliers corrupt entirely few columns of the observations in their associated
transformed domain. However, it would be straightforward to account for row and
column sparse outliers in ®g by replacing the f5 1 norm with the ¢; norm. In this

case, (13) is simply replaced by: O ST((X — AS) <I>:6> Po.
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BLIND SOURCE SEPARATION WITH OUTLIERS IN TRANSFORMED DOMAINS 13

e Update of the mixing matrix. The proximal gradient step for A is two step: ((a)
corresponds to the gradient step, and (b) to the proximal operator of the characteristic
function):

,Vi=1..n,

ma (1, A0 ]

where L4 is chosen to be equal to the Lipschitz constant of the gradient, i.e. the
maximal eigenvalue of S®SHE)T

Algorithm. The prox-linear minimization of (7) can be found in Alg.1.

Algorithm 1 PALM

1: procedure PA~L1\fI(X, SZ Pg, (N)i@(), f‘:, AT)
2 Set S© +~ S, 0%+ O and A? + A
3 while p < P do
4: Compute L4
5: AW+ AP LL(X — APSP) _ oP)SPT
A

X i(pal Ai(p+1) .
6 Ailet]) max(1,||Ai(P+1)||2)’w =1l.n
7 Compute Lg
8 Sr+1) 3% ((S(p) + A AGDT (X _ AP0 _ o(p))) Q)g) g
9: oW+l agp+)Po where Vj = 1..t and Vi = 1..m :

. 5 ] _ A+ Qp+1) T J _ If
10: ao(erl)Z < (( (X. A. S ) Qo)z X max(o, 1 H ((}( ~ (P+1)S(P+1)) T)7
2

return S(P_l), A(P_l), or-1,

Limitations of the standard block coordinate minimizers. The proposed prox-linear imple-
mentation is sensitive to the setting of the parameters and the initialization, which makes
the joint estimation of the regularization parameters and the components highly challenging.
In practice, algorithms like GMCA for standard sparse BSS [5], are based on BCD but with
additional heuristics, which play a key role to provide robustness to the initialization and an
automatic setting of the parameters. If these heuristics, which are detailed in Section 3.3,
yield more robust minimization procedures, they lack provable convergence. Therefore the
global optimization strategy used in the tr-rGMCA algorithm is composed of two successive
steps:

e The warm-up step: a solution of Problem (7) is approximated using a BCD-based
algorithm with heuristics. This first step, which is described in Section 3.3, aims at
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14 C. CHENOT, AND J. BOBIN

providing a robust first guess of the components as well as the parameters values for
the next, provably convergent, step.

e The refinement step: The goal of this stage, which we described in Alg.1, is to provide
a local stationary point of (7).

We point-out that the efficient warm-up procedure is key to the matrix-factorization prob-
lem, and prevents the computationally intensive and inefficient multi-starts method. We would
like to highlight that the need for appropriate heuristics to build reliable matrix factorization
procedures has also been pointed out in the framework of NMF in [24].

3.3. Warm-up procedure. In this section, we describe the so-called “warm-up”stage of
the tr-rGMCA algorithm. This procedure aims at providing an approximated solution of
Problem (7) as well as robustly determining the regularization parameters. The proposed
strategy builds upon an appropriate choice of the variables to be updated based on either
morphological or spectral diversity, that leads to the following BCD-like procedure:

e Joint estimation of O and S based on morphological diversity. Jointly es-
timating O and S for fixed A amounts to solving the following convex optimization
problem:

1 gy} 5 AS - 0ff s 058+ 10 08,

which we previously interpreted as a multichannel extension of Morphological Com-
ponent Analysis. This step, which is detailed in Section 3.3.1, essentially exploits the
morphological diversity between the outliers and the sources.

e Joint estimation of A and S based on spectral diversity. Updating A and S
boils down to tackling the sparse BSS problem from the residual term X — O:

o] 2 T
(15) minimize 5 X —AS - OJ; + HA ® Se®g Hl + X[ YE ||, <1,k (A).

While being non-convex, algorithms like GMCA [5] or AMCA [4] provide efficient ap-
proximate minimization that have been shown to be robust to spurious local stationary
points. This stage is described in Section 3.3.2.

The warm-up procedure alternates between these two problems to minimize (7), such as
presented in Alg.2. As it will be described in the remaining of this subsection, the warm-up
procedure involves key heuristics that rely on particular parameter strategies and approxima-
tions which are made to fasten the process and improve its robustness with respect to the
initialization and the spurious local stationary points.

In the numerical experiment section 5, we provide a comparison between the performances
of the warm-up step alone, the refinement (PALM-based) step alone, and the combination of
both (tr-rGMCA), showing the robustness of the warm-up procedure as well as the benefit in
term of accuracy for using the refinement step.
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BLIND SOURCE SEPARATION WITH OUTLIERS IN TRANSFORMED DOMAINS 15

Algorithm 2 WarmUp Procedure

1: procedure WARMUP(X, A, &g, ®g)
2 Initialize S*=0) +— 0, A#=0) +— A and O*=0) 0.
3 while k£ < K do
4 Set ag(=1F) « SE=D@L A(=1k) ( A=) and ax_o + (X - (~)(’“*1)) oL
5: while i < I do > Joint estimation of A and S
6 as(i’k) — SA(A(ifl’k)Ta(X_oD
. AP  ax_oyasi=101
8 Decrease A
9: Set S®) « ag(=I-1k)Pg and A*)  AU-1F)
10: Set SU=0=0k) . §(k) and OW=07=0k) . Q(k—1)
11: for / < L do > Reweighting Procedure
12: while j < J do > Joint estimation of S and O
13: Update S3F) with FISTA using the proximal gradient step (12)
14: Update OJ*) with the closed form (13)
15: Update A and 7 for the reweighting procedure according to (16)
16: Set S(éJrl,O,k) — S(K,J,k)’ (~)(€+1,0,k) « 6(@,],16)
return A(K), g(L’JﬁK), OLJK),

3.3.1. Estimating O and S using the morphological diversity. For fixed A, the outliers
O and the sources S are the solutions of Problem (14). Since, for fixed sources, updating
the outliers allows a closed-form expression, we opted for the BCD strategy that alternates
between estimations of O and S:

e Updating the sources. The estimation of S is given by Pg (9). As stated in
Section 3.2, Pg can be solved with the FB algorithm: S is updated with the proximal
gradient step eq.12 until convergence. This algorithm is also known as Iterative Soft-
Thresholding (ISTA). We point out that in practice, the accelerated FISTA [2] is
preferred.

e Updating the outliers. The estimation of O is given by Py (10). The correspond-
ing update with the FB algorithm is the closed form eq.13.

Parameter updates. In this subproblem, an adapted setting of the parameters A and T is
important to control the leakages between the two components and so achieve a good separa-
tion between AS and O.

e Reweighted scheme: The ¢; and ¢ norms introduce some biases [38], which can be
detrimental to the BSS problem in the presence of outliers, or at least lead to inaccurate
solutions with artifacts. For this reason, a reweighted scheme is implemented [12, 38]:
the values of the parameters A and T depend on the values of the estimated variables.
More precisely, we will set A = ApWg and T = v x Wq, where A\p € R"*™ is a
diagonal matrix, whose diagonal coefficients {\;};—=1., set the sparsity level of each

This manuscript is for review purposes only.



S
N

S Ot

J

co

>
ot Ot Or Ot Ot Ot

W~

160
461
162
463
464

465

166
467

168

469
170
471

472
473
474
175
476
77
478
179
480
181
482
483
484
485
186
487
188
489
190
491
192

16 C. CHENOT, AND J. BOBIN

source, and Wg € R™™!®s corresponds to the varying weights. Similarly v is a scalar
setting the global sparsity level of the columns of O®%, while Wo € R™*'®0 contains
the weighting parameters. Since we assume that the Gaussian noise N is constant from
one channel to another, the parameters Wgo do not vary from one row to another.

e Fixed parameters A and v Similarly to the algorithms using sparse modeling in the
presence of Gaussian noise in [43], the values {\;}i=1.,, are fixed to ko;, where o; are
obtained with the mad of (AT (X — O — AS) &) .

The value of v is set so as to limit the impact of the remaining Gaussian noise on
the estimation of O. Outside the support of O<I>g, the ¢ norm of the columns of

the centered Gaussian residual follows a y-law with m degrees of freedom, whose
r(zs)

L 5 . :
expectation is given by o x /2 x r(Z) where ¢ can be estimated with the value of

m+1
the mad of (X — AS — O) ®}. The parameter v is set to v =k x 0 X V/2 x FIE(EL))
2
o Weights Wg and Wq. At every iteration ¢ > 1 such as in Alg.2, the parameters Wg
and W are updated according to the current values of S and O respectively such as:

A _ v
e T (owg) T,

(16) Ws Vg =1.t.

We point out that Wg and W are reset to 1 for £ = 1 so as to limit the propagation
of the errors and make full benefit of the new estimation of A by not enforcing the
solutions to be similar to the previous ones.

3.3.2. Sparse BSS for the joint estimation of A and S. The joint estimation of A and
S with fixed O amounts to perform a standard sparse BSS on the current denoised obser-
vations X — O. For that purpose, we will make use of either the GMCA [5] or the AMCA
(Adaptive Morphological Component Analysis [4]) algorithm to update these variables. The
algorithm AMCA, compared to GMCA, further implements an iterative weighting scheme
when estimating A. This weighting strategy aims at penalizing the samples of X — O which
behave as corrupted samples, and which can be traced using the sparsity level of the estimated
expansion coefficients of the sources [4]. The AMCA algorithm has been used to improve the
separation of A and S in the presence of outliers when no morphological diversity can help
distinguishing between the sources and the outliers [14].
During the very first iterations of the warm-up stage, a large large part of the outliers is very
likely to be misestimated and still present in the residual X — O, which will eventually hamper
the unmixing process. Choosing the BSS algorithm that is the most robust to this residual
will help enhancing the estimation A. For that purpose either GMCA or AMCA will be used
based on the relative choices of ®g and ®g:

e Highly incoherent dictionaries: If ®g and ®g are highly incoherent, the outlier resid-
ual is likely to be dense in ®g, similarly to the case displayed in fig.3. Using the
standard fast GMCA, which is robust to the presence of Gaussian noise, and more
generally to dense noise, is the best choice.
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BLIND SOURCE SEPARATION WITH OUTLIERS IN TRANSFORMED DOMAINS 17

e Mildly incoherent dictionaries: In this case, the algorithm AMCA should be preferred
[7]. Indeed, the representations of the outliers and their residues in ®g are likely to
be mildly sparse. In that case, we showed in [14] that the AMCA algorithm provides
a more robust estimate of A.

e Additional priors on the sources: Besides the morphology of the residual of the outliers
in ®g, another additive knowledge on the data may justify the use of a specific sparse
BSS algorithm. For example, if the sources are correlated, the algorithm AMCA, which
was originally developed to handle partially correlated sources, should be preferred to
GMCA, even if the residual of the outliers is dense in ®g.

Since AMCA and GMCA only differ by this weighting scheme, we will present the warm-
up procedure using GMCA. The AMCA algorithm is implemented by adding the weighting
proposed in [4].

Component updates. The fast version of GMCA performs the separation directly in the
transformed domain ®g. The returned results are exact if ®g is orthonormal, and provide
a good approximation if ®g is diagonally dominant [5]. The GMCA algorithm estimates
alternatively A and ag by minimizing:

minimize% H ((X - 0)®L - Aas) Hz + A © as]|; -

Aag

The algorithm estimates alternatively A and the coefficients aug with projected least-squares
to fasten the unmixing process [5], [4].
The corresponding updates are given in Alg.2 and further details can be found in [5], [4].

Parameter updates. The strategies used for the setting of the parameters involved in GMCA
are crucial for the robustness against the noise and local minima. They are presented below:
e The values of A = A\®@Wg plays a key role in AMCA and GMCA. In order to adopt the
efficient scheme used in [5] and to limit the propagation of the errors due to a previous
misestimation of S, the weights Wg are set to 1 during the unmixing process.
In [5], the authors propose a decreasing strategy for A. At the beginning, only the
largest coefficients, which are the most discriminant for the separation, are selected.
Then, the solutions are refined by decreasing the value of A. This “coarse to fine strat-
egy ”[5] improves the robustness of the algorithm against local minima. In practice, an
increasing number of entries is selected at every iteration. The final threshold A; for
each ag; is ko; where o; corresponds to the standard deviation of the noise corrupting
the coefficients of the ith source, and k € (1,3)[5]. The value of oy, if not known, can
be estimated with the value of the mad of the coefficient ag; before the thresholding
operation.
Convergence and stability of the tr-rGMCA. Ajouter un paragraphe ?

4. Numerical experiments: algorithms for comparison and performance criteria. We
compare tr-rGMCA with standard robust BSS methods. These methods as well as the different
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18 C. CHENOT, AND J. BOBIN

criteria used to compare the algorithms are presented in this section. The different strategies
are compared first with simulated data allowing Monte-Carlo simulations (40 runs for each
varying parameter). Last, they are compared on realistic simulated data from the ESA-Planck
mission in the presence of additional point-sources emissions which act as outliers.

4.1. Algorithms for the comparison. Only few methods presented in the literature can
handle the considered problem. Most of these methods require additional assumptions, which
will not be always valid in the following experiments. In this section, we present the selected
strategies for the comparison explaining in which experiments they will be used.

Proposed optimization strategy. In order to highlight the robustness of the proposed mini-
mization strategy, we will compare it with the following other implementations:
e Oracle with A known. In this case, we assume that A is known, and we separate
O from AS using the morphological diversity between the two components:

ar%nslin; |X — AS - O3 + HA O] S'I%Hl + HT © O<I>7(;H2’l :

The difference between these results and the ones of tr-rGMCA illustrates the loss of
accuracy led by the blind unmixing process.

e The PALM procedure only. In order to underline the advantage of using the
initialization procedure, we also minimize 7 using only the refinement step in Alg.1.
Since a reweighted procedure is implemented in tr-rGMCA, the refinement procedure
is run three times: first, it is initialized with null S and O and the matrix A used
for tr-rGMCA', and for the second and third times, the regularization parameters
are updated given the current estimates of S and O with the weighting procedure eq.
(16)), see Alg.?7.

Algorithm 3 Reweighted PALM

1: procedure REWEIGHTED PALM(X, A, &g, ®g)

2 Initialize S*=0) +— 0, A+=0) «— A and O*=0) 0.

3: for £k < 3 do > Reweighting Procedure
4

5

Sk AK OF)  PALM(X,S* -1 &g, Ok &g, A-D A T)
Update A and Y for the reweighting procedure according to (16)
return A(2), §2)7 0®,

e The warm-up step only. The intermediate performances, obtained by the initial-
ization step only, will be also displayed. A difference between these results and the
PALM procedure would bring out the robustness of this initialization step, and the
dissimilarity with the all process tr-rGMCA would show the gain of using a more pre-
cise refinement step.

!The mixing matrix is initialized with PCA on X, for all algorithms
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Methods used for the comparisons.
e The combination Outlier Pursuit (OP)4+GMCA. The outliers are first esti-

mated by applying the Outlier Pursuit algorithm [49] on X‘I’%, eq.17. Then the
algorithm GMCA [5] is applied on the denoised observations (X — 0), eq.18:

(17) i)O,L + argmin HL@% +A HO(I%H
O,L:X=0+L * 21
(18) i)A, S <—mn£nsnze% HE—ASHE+ HA@S<I>£H1

This strategy requires the term AS to be low-rank, and thus, it will only be used
when m > n. Given that the value of A proposed in [49] does not return satisfactory
results, we choose to tune its value: we select the best A among the ones obtained

from GMCA after the Outlier Pursuit for which we set the parameter A between —-

1 oVt
e
The rNMF algorithm [21]. This method was initially proposed for robust unmixing
of terrestrial hyperspectral images. It assumes that the components are non-negative,
and that the sources samples lie in the simplex with almost pure pixels. This last
assumption is not valid in the following experiments, and we will instead assume that
the columns of A are normalized:

and % with a step-size of

-~ 1
A.8,0« minimize X~ AS = O[3+ 5[0l + xvivi,<i(A)
This method will be used in the experiments of Section 6, in which the components
are all non-negative and the outliers sparse in the direct domain ®o = I. All the
conditions required for the rNMF to be efficient will not be valid.

ICA based on a 3 divergence minimization [32] 2. This ICA-based method
looks for an unmixing matrix B € R™*" such that the corresponding sources S = BX
are mutually independent. The independence of the sources S is measured with the

p-divergence Dg between the product of their marginal []i; ps(S;) and their joint

distribution pg(S), which is null if and only if the sources are independent. The cost
function to be minimized is given by:

n
minimize Ds(ps (S)| [ [ ps(S:))
B:S=BX il
We will only use this method when m = n since otherwise, a dimension reduction
technique is needed (and is challenging in the presence of outliers). Besides, it only
returns A, and thus, does not perform the separation between the outliers and the
sources contribution.

In contrast to the other methods, a strong morphological diversity makes the unmixing
more challenging for this method. Indeed, it should be performed in a domain in which
few samples are corrupted, and so in ®o. However, if the morphological diversity is

2python implementation from [23]
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strong, then the expansion coefficients of the sources in ®o are highly non-sparse
(see for example fig.3(c), the sources coefficients in ®o almost follow a Gaussian
distribution): this is difficult to handle for ICA-based methods. On the other hand,
if &g and ®o are not highly incoherent, then the outliers are likely to not corrupt all
the samples in ®g. It is then preferable to perform the minimization in ®g since the
sources are better represented and the outliers do not corrupt all samples.

Last, setting the value of  is challenging in practice. We select the best A for the 20
preselected values of 3, starting from 10™* to 0.85.

GMCA [5]. This a standard sparse BSS algorithm. It will be performed on X®L. Its
results illustrate the sensitivity of the standard (non-robust) methods to the outliers.
The combination MCA [20]4+GMCA. Similarly to the combination OP+GMCA,
the outliers are first discarded from the observations with MCA, Problem 19, and the
unmixing is then performed on the cleaned data with GMCA 20:

(19) Vi=1...m, O, L; + minjgliize; IIX; — L; — OzHg + o HLi@gHO +v H()i@gHO
(20) A8« mirg%ize; |~ 0)— S| + |40 SBE| + xyvi,<i(A)

Instead of using the spectral diversity such as done by the OP algorithm, this combi-
nation only exploits the morphological diversity to discard the outliers. It is indeed
possible to separate AS from O, without regarding the ratio -, as long as AS is
sparse in ®g. We point out that this hypothesis can be valid only in the presence
of a small number of sources. Besides, this approach does not take into account the

clustered, structural aspect of the product AS.

4.2. Performance criteria. In this section, we present the different criteria used to com-

pare the algorithms. In the context of robust BSS, they should assess the unmixing of the
sources (recovery of A), the separation between the outliers and the sources as well as the
reliability of the separation (especially because the problem is not convex).

Unmixing.

- ATA-T
e For each recovered A, the global quantity A4 = —101log 10 (‘712,”1) is computed

[5]. A large value denotes a good estimation of A.

e For each recovered A, the maximal angle between the estimated and actual columns

of A is computed: max;_; ,arccos(A7, A7) (in degree).

For every considered parameter, we sum the number of runs for which an algorithm
has returned a mixing matrix whose maximal angle is smaller than 5 degrees. This
quantity, normalized to 1, provides a good indicator of the reliability of the algorithms.

Estimation of the sources and outliers.
e In [48], the authors decompose each retrieved audio source s as the sum:

S = Starget + Sinter ference + Snoise + Sartifacts-
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614 A similar decomposition can be employed for more general signals and images [38],
615 where s¢4rge¢ denotes the projection of the retrieved source on the sought-after one,
616 Sinter ference the residue due to the interferences with the other sources, s,4ise accounts
617 for the part due to the presence of noise (the outliers in our case), and last, sS4 facts
618 represents the remaining artifacts (coming from the leakages from S towards the es-
619 timated outliers, and the bias). This decomposition is used to derive the following
620 indicators [48]:
621 - Signal to Distortion Ratio SDR(s) = 201log lstargerll, :
|’Sinte'rference+5noise+5artifacts H 2
622 - Signal to Interference Ratio STR(s) = 20log (HS Iscargeclly I
inter ference ||
623 - Signal to Noise Ratio SNR(s) = 20log (HStargdtsm_m]{:mmeH2
624 - Signal to Artifact Ratio SAR(s) = 20log (HSmgetJrﬁl"mfmn’c‘e+S"°iseH2
artifacts ||y
625 In Section 5, we will only display the median over the n sources of the SDR: it pro-
626 vides a global criterion on the precision of the source estimation. In Section 6, the
627 medians as well as the minima for the n sources of the SDR, SAR, SIR and SNR will
628 be displayed, so as to describe more precisely the obtained estimations.
629
630 e The sources can be erroneously estimated whereas the outliers and AS are correctly
631 estimated (for the Frobenius norm). To measure the quality of the separation between
632 AS and the outliers, the two components of interest for MCA and OP, we also com-
0-0
633 pute the following metric for the outliers: Ogg = —101log %, where O denotes
634 the initial outliers, O the estimated ones.
635
636 5. 1D Simulations. We start by comparing the different strategies on 1D data allowing

637 Monte-Carlo simulation, with varying parameters. For this purpose, we will generate two
638 kinds of data sets which are described in the next part.

639 5.1. Dataset.

640 e Dataset 1: we consider n sources whose expansion coefficients are exactly sparse in
641 DCT. They are drawn from a Bernoulli-Gaussian law, with an activation parameter
642 of 5% and a standard deviation of 100. These sources are mixed into m observations,
643 which are corrupted by outliers and an additive Gaussian noise. The outliers are
644 sparse in the direct domain (®o = I). The support of the active columns of O follow
645 a Bernoulli law, with varying activation rates fig.5. The amplitude of the active entries
646 are drawn from a centered Gaussian distribution, with a standard deviation equal to
647 100 x % (so that for the two considered numbers of observations m = 8 and m = 40, it
648 will remain quite constant relatively to the amplitude of AS). The number of samples
649 is fixed to 4096. For the two data-sets, the entries of the mixing matrix are drawn
650 from a Gaussian distribution and the columns of A are then normalized for the /5
651 norm. Besides, A is generated so as to have a condition number smaller than 100.
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e Dataset 2: this is a more realistic setting, with a same number of samples ¢t = 4096.
The sources are first generated from a Bernoulli Gaussian law in the direct domain,
with an activation rate of 2% and a standard deviation of 100. The sources are then
convolved with a Laplacian kernel (FWHM equal to 20), fig.8. They can be sparsely
represented using redundant 1D wavelets [42], fig.4c. The outliers are generated so
as to correspond to a high frequency structured noise- approximately column sparse
in the DCT domain. First, we generated a 1 x 4096 vector whose entries are drawn
from a generalized Gaussian distribution, centered, with an unit variance and scale
parameter 0.1. In order to obtain a high frequency texture, the amplitude of the DCT
coefficients are scaled (from 10~ for the lowest frequency to 1 for the highest one, with
a logarithmic range), and the lowest 500 coefficients are manually set to 0. Last, this
vector is multiplied (dot-wise) by a matrix generated from a Gaussian distribution,
whose columns are normalized for the f5 norm, so that O<I>(T) is approximately column
sparse, fig.4d.

The first dataset is almost ideal since the expansion coefficients are exactly sparse and the
mutual coherence between the DCT and the direct domain is very low - see for instance fig.
3 which based on this setting. On the other hand, the second one is more realistic: the ex-
pansion coeflicients are approximately sparse and the mutual coherence between the wavelets
and the DCT is larger than the one between DCT and the direct domain, fig.4.

5.2. 1D Monte-Carlo simulations - Optimization strategy. In this first set of experi-
ments using the first data-setting for 8 sources and 8 observations, we consider an easy setting
to compare different optimization strategies which can be used to minimize (7). The SNR for
the additive Gaussian noise is set to 30dB.

First, one can notice in Fig.5 that in the presence of very few outliers (percentage of cor-
rupted columns equal to 1%), the different strategies perform similarly in term of precision
and reliability. Moreover, their corresponding values of the SDR Fig.5 is also close to the one
obtained by the oracle: the unmixing task does not hinder the estimation of the sources. How-
ever, in the presence of numerous outliers, some disparities appear: the different strategies do
not perform similarly and as well as the oracle. The PALM implementation (refinement step
of tr-rtGMCA) is more precise than the initialization step for the unmixing (A4 has larger
values Fig.5), but it is not as robust: except when there are only very few outliers, it can-
not recover A for all the runs, contrary to the initialization step (with a percentage smaller
than 30%) Fig.5. However, adding the refinement step after the initialization step (the pro-
posed strategy for tr-rGMCA) allows a significant gain in term of precision: all the values of
the performance indicators are higher with tr-rGMCA than with the initialization step only.
Moreover, the SDR and the error for the outliers Fig.5 obtained with tr-rGMCA are very
closed to the ones of the oracle: the unmixing of tr-rGMCA is robust and does not deteriorate
the estimation of the sources while the percentage of corrupted columns is smaller than 30%.
On the overall, tr-rGMCA is almost not influenced by the percentage of corrupted columns
while this one is smaller than 30%. However it quickly fails, similarly to the oracle, in the
presence of a larger percentage. Even if the dictionary chosen for O is not the most adapted
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set.

Figure 4: Scatter plots of two expansion coefficients of the sources (left), and illustrations of
the expansion coefficients of the outliers (right). The top row corresponds to the first data-set,
with exactly sparse coefficients, and the second row, to the second data-set, with compressible
signals.

one (O does not have a very sparse representation), the separation between the outliers and
the source contribution can be good as long as the components have sparser representation in
their associated dictionary than in the other one.

These results support the proposed strategy used for tr-rGMCA. In the following, only the
results obtained by the oracle and tr-rGMCA will be displayed.

5.3. 1D Monte-Carlo simulations - Comparison in the determined case. Only few meth-
ods able to handle the presence of outliers in the determined case are present in the literature.
We propose to compare these methods with tr-rGMCA in this challenging setting.

Influence of the percentage of corrupted columns - 2 Sources. In this experiment, the data
are generated with the first data-set with 2 sources and 2 observations. The SNR, for the

This manuscript is for review purposes only.



707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722

24 C. CHENOT, AND J. BOBIN
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Figure 5: Performance indicators for a varying percentage of corrupted columns in the deter-
mined case for different optimization strategies.

Gaussian noise, is set to 60dB. In the determined setting, one can envisage using the minimiza-

\*—* Oracle  +— trrGMCA == GMCA e— MCA+GMCA +— § — div.
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% corrupted columns % corrupted columns % corrupted columns % corrupted columns

Figure 6: Performance indicators for a varying percentage of corrupted columns in the deter-
mined case for 2 sources.

tion of the S-divergence, and the combination MCA+GMCA (which can also be used in the
over-determined setting). The results obtained by the minimization of the S-divergence, fig.6
are better than the ones of GMCA but not as reliable or as precise as the ones of tr-rGMCA
or MCA+GMCA. However, we explained in the presentation of the different methods used
for the experiments, that this setting is challenging for the minimization of the S-divergence.
Besides, the parameter 5 needs to be finely tuned, and we only tried 20 different values for
this parameter.

The second comment that can be made regarding fig.6, is on the impressive performances of
the combination MCA+GMCA which performs very similarly to tr-rGMCA and the so called
oracle. We will see in the next experiments that the combination MCA4+GMCA is nonetheless
not able to handle the presence of a larger number of sources.

Influence of the amplitude of the outliers - 8 Sources . The data are generated from the

second data-setting. We consider that 8 sources have been mixed into 8 observations. The
SNR for the Gaussian noise is set to 50dB. In this experiment, we observe the influence of
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the amplitude of the outliers. For this purpose, we define the SOR (signal to outlier ratio),

similarly to the SNR: SOR = 20log ”ﬁ)S”H;. The support of the outliers remains constant for

a given run, and only their amplitude is modified, by setting the SOR, according to the value
of the x-axis of Fig.7.
On the overall, the values of the different performance indicators are smaller than with

‘*—* Oracle — tr-rGMCA =—a GMCA e—e MCA+GMCA —o 3 — div.
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Figure 7: Performance indicators for a varying amplitude of the outliers in the determined
case for 8 sources.

the first data-set: the second data-set, more realistic, is indeed more complicated. More
specifically, one can note the significant gap for the SDR between the oracle and the other
methods fig.7, whereas the outlier estimations have a similar precision fig.7: the additional
unmixing clearly affects the results. The discrepancy between the minimization of the -
divergence and tr-rGMCA is reduced in this setting: the minimization of the g-divergence is
performed in ®g, which is favorable to the unmixing.

With this data set and this number of sources, MCA fails to separate the outliers from the
source contributions, and the consecutive GMCA returns erroneous solutions. It fails because
the component AS is not sparse enough in ®g (the number of sources is too large), and that
it does not take into account the structure, the clustered aspect of the product AS. This is
illustrated in Fig.8: the estimation of AS obtained by MCA+GMCA is fair, but the resulting
sources are clearly not correctly estimated. On the other side, the proposed tr-rGMCA is

robust to outliers having a large amplitude, at least, much more than the standard BSS
method GMCA.

5.4. 1D Monte-Carlo simulations - Comparison in the over-determined case. In Sec-
tion 2, we underline the importance of the ratio 7* in robust BSS. To illustrate it, we vary
the number of observations, for 6 sources, with the two data-settings. The SNR is fixed to
50 dB and the SOR to —10dB for the first data set and 10dB for the second. Besides, the
condition number of A, which plays a crucial role in robust BSS, is very likely to decrease
with an increasing m. In order to limit the influence of this parameter, the condition number

of A is limited to 5.

First data-set. We start with the first data-set. The results obtained by the different meth-
ods are improved if m > n, fig.9. Given that the outliers in ®g are broadly distributed, they
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(a) Restoration of the first observation. (b) Estimation of the first source.

Figure 8: Illustrations of the estimated signals for a SOR equal to —10dB. On the left,
restoration of the first observation, on the right, estimation of the first source. In blue, the

initial signals, in black, the ones recovered by tr-rGMCA and in green by the combination
MCA+GMCA.
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Figure 9: Performance indicators for a varying number of observations, m, for 6 sources for
the first data set

behave similarly to an additive Gaussian noise with a large variance. Most of the methods
used for the comparison used GMCA which is robust to the presence of a large Gaussian noise
thanks to the thresholding operator whose threshold value varies according to the current
noise level. However, this large threshold value leads to the presence of artifacts and biased
source coefficients. When the number of observations becomes large, the projection of outliers
in the span of A has a smaller energy, and so, the corresponding apparent noise level becomes
also smaller: the artifacts become also smaller, and both A and S are more accurate. That is
why, most of the methods are able to estimate A, and S fairly when m > n.
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It can also be noticed that even if m is close to n, the combination Outlier Pursuit (OP) +
GMCA is able to retrieve A, while GMCA alone cannot. The sources and the outliers are not
precisely retrieved, but the results are the second best after tr-rGMCA. With the strong mor-
phological diversity, the outliers are very sparse in ®o while the source contribution is very
dense: sparsity is discriminative enough, and OP can discard a part of the outliers. Removing
the largest outlier contribution is sufficient, since this data set is very favorable to GMCA.

Second data-set. The different methods are on the whole less performing with the second
data set, even if an improvement is also noticeable if m > n, especially for the combination
OP+GMCA fig.10. The proposed tr-rGMCA is the only method able to estimate precisely

‘*—* Oracle — tr-rGMCA =—a GMCA e—e MCA+GMCA v—v OP+GMCA
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Figure 10: Performance indicators for a varying number of observations, m, for 6 sources.

and reliably the three variables, including when the number of sources is close to the number
of observations. The combination MCA+GMCA struggles to solve the problem because the
number of sources is too large (AS is not sparse enough). The algorithm Outlier Pursuit (OP)
cannot identify precisely the outliers and the term AS, but can discard efficiently the part of
the outliers that are detrimental for the unmixing (the results obtained for A are fair).

6. Application to simulated astrophysical data. In the field of astrophysics, BSS plays
a central role to analyse the data from now widespread multi-wavelength instruments. More
particularly, it made possible the estimation of high accuracy estimates of the Cosmologi-
cal Microwave Background (CMB) from multi-wavelength microwave Planck data [7, 30]. In
this context, each observation measures a linear combination of various components of our
Universe. These emissions are essentially dominated by galactic components: the free-free
emission, galactic synchrotron emission, spinning dust and thermal dust emissions — see [18]
for more details about astrophysical microwave emissions.
However, the presence of point-source emissions and spectral variabilities of some of the galac-
tic foreground emissions are not precisely described by the standard linear mixture model.
That is why most of the component separation methods only seek for a partial CMB map,
in which the galactic center and the point source emissions of known locations are masked.
Since each point source has a specific spectral signature, they cannot be modeled as indi-
vidual components and are rather considered as outliers. We therefore propose applying the
tr-rGMCA algorithm to robustly estimate the galactic emissions (once the CMB is estimated
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and its contribution discarded from the observations) in the presence of unknown point source
emissions.

6.1. Simulated data. In the following, we simulate 20 realistic CMB-free observations
X € R29x1638 (each image of size 128 x 128 is vectorized) in the microwave range at the
proximity of the galactic center, which have been produced using the Planck Sky Model [18].
These observations correspond to the mixture of 4 galactic emissions, namely, synchrotron,
spin dust, free-free, and thermal dust, so that S € R**163%4Gince the rank of AS is 4 and the
number of observations is fixed to 20, it will make sense to apply as well separation methods
that assume the low-rankness of the sources’ contribution. The signal-to-noise ratio (for the
Gaussian noise N) is set to 60 dB. Ten extra point source emissions with different emission
laws are added, O € R20%16384. O is composed of 10 different active columns {txk }k=1.10-
These point sources, modeled as Diracs, are then convolved with a same Gaussian kernel
h € R1¥16384 with varying width w, accounting for the point spread function (beam) of the
instrument fig.11: X; = A;S + h %« O; + N;. In the following, we will note H ® O, this
observation-wise convolution.

(a) Synchrotron emission. (b) Spin dust emission. (c) Free-free emission. (d) Thermal dust emission.
0.6 — Outliers
Zo05
E = Free-free
Z 0.4
§0.3 = Synchrotron
¥
0.2
[ == Thermal dust
501
“ —— Spinning dust
0.0 pimnning dust
1 5 10 15 20
Channel Number
(e) Normalized spectra of the emissions. (f) Xi. (g) O1.

Figure 11: Top row: the 4 initial emissions. Second row: (left) normalized spectra of the
emissions (i.e. columns of A and active columns of O), and then illustrations of the first
observation and corresponding outliers, for a width of the kernel equal to 1.

6.2. Upgrades of tr-rGMCA. In contrast to the tr-rGMCA algorithm we used so far,
additional properties can be accounted for in the separation:
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e Non-negativity of the mixing matrix and the sources. In this application, all the
variables are non-negative. Taking into account non-negativity of S and O is par-
ticularly efficient to limit the leakages and artifacts between the two contributions.
Non-negativity is constrained in the version of the tr-rGMCA algorithm that we used
in the next experiments.

e Convolutive model for the point sources. The outliers are sparse in the direct domain.
However, each one is perfectly described as the convolution of the instrument PSF and
a Dirac with unknown position and amplitude. Therefore, the tr-rGMCA algorithm is
extended so as to account for this convolutive model. We underline that even if the
outliers are sparse in the direct domain, the morphological diversity occurs between
the Gaussian kernel and ®g. In the following, by an abuse of notation, we designate by
P the set of all possible shifted Gaussian kernels: the observed point source emissions
are sparsely represented in ®g - once deconvolved with the Gaussian kernel.

Consequently, we slightly modify the cost function of tr-rGMCA as follows:

1
(21)  minimice o [ X~ AS — H® O[3+ [T © Ol + A © S| + xy v o (A)-
The non-negativity constraints and the deconvolution are taken into account during the joint
estimation of O and S of the warm-up procedure as well as the refinement step. This does not
change the structure of the algorithm and the BSS method that is used to estimate jointly A
and S (AMCA). Only the updates of O and S are changed during their joint estimation in
the warm-up and the PALM algorithm.

The cost function of the subproblem associated with the update of O is composed of one
differentiable term, with a Lipschitz gradient, and a regularization term (non-negativity and
¢31 norm) whose proximal operator has a closed form: the update of O can be efficiently
tackled using the FB algorithm.

On the other hand, the minimization problem associated with the update of S is also composed
of a differentiable term with Lipschitz gradient, and two regularization terms (non-negativity
in the direct domain and sparsity in a transformed domain such as in [38]), having both
explicit proximal operators. This subproblem is well handled by the Generalized Forward
Backward Splitting algorithm [37].

6.3. Experiments.

6.3.1. A challenging setting. First, we underline that the proposed problem is particu-
larly difficult to tackle:
e [t has first been noticed that the large scales of these astrophysical sources are par-
tially correlated [4], which dramatically hampers the performances of standard BSS.
This is precisely for this type of sources that the AMCA algorithm [4] has been de-
signed. Therefore, the AMCA algorithm will be used in the warm-up stage to provide
robustness with respect to these partially correlations.

e Some features of the thermal dust emission 11d have morphologies that are close to

the one of the outliers 1b. The dictionary ®g should be chosen so that all the sources
are well represented, and also so that ®o and ®g are incoherent. More precisely,
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the astrophysical sources admit an approximately sparse representation in the wavelet
domain. The spurious outliers are modeled as the convolution of Dirac functions with

the point spread function of the instrument (PSF). More precisely, the convolution
(@=20)2+(y-v0)%))
kernel is modeled as a Gaussian function exp™ w , where (z,y) denotes

the position of the pixel , and (zg,y0), the pixel in the center of the image (the
kernels are then normalized). In the following, the amplitude of O is fixed from one
experiment to another (and so their energy increases with w). Consequently, this
setting makes the particular choice of wavelet functions critical since it will largely
impact the coherence between the ®g and ®g. On the one hand, highly oscillating
wavelet functions (i.e. with a large number of vanishing moments) will yield more
incoherent dictionaries but at the cost of slightly less sparse representations for the
sources. On the other hand, more localized wavelet functions are likely to provide
better sparse representations but at the cost of lowering the morphological diversity
between the dictionaries. Therefore, in this particular robust BSS problem, one needs
to make a trade-off between the compressibility of the sparse representations, which
is essential for source separation, and the morphological diversity between ®g and
P, which is of paramount importance for the separation of the sources and the
outliers. In the next experiments, ®g will be chosen as undecimated Daubechies
wavelet transforms with varying vanishing moments.

6.3.2. Influence of the dictionary ®g. To further highlight the role played by the mutual
coherence in the proposed tr-rGMCA algorithm, we propose to investigate the influence of the
vanishing moments of the Daubechies wavelet functions used for ®g. We only compare the
different methods that are influenced by the choice of ®g: the so-called oracle, tr-rGMCA,
AMCA performed on X and X — O (the combination MCA+AMCA performs so poorly that
the influence of ®g cannot be commented, and the influence of ®g on OP+AMCA can be
deduced by the performances of AMCA).

Vanishing Moments: 4 8 12 16 20
T
:zil 143.36 | 142.18 | 142.48 | 143.06 | 143.64
S ll2
T
HflizHl 21.97 | 31.48 | 3842 | 45.13 | 52.19
2

Table 2: Influence of the number of vanishing moments on the representation of S and the
outliers.

First, the choice of ®g does not significantly impact the AMCA algorithm that is per-

formed by X — O fig.12: the representation coefficients of the sources are sufficiently sparse,
[s®5]],

[sesll,
measures the level of sparsity of the sources in ®g, does not significantly change in table 2).
However, one of the sources, the thermal dust emission is not very accurately recovered: it is

for the different dictionaries, to perform the unmixing (the ratio , which somehow
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Figure 12: Performance indicators for a varying number of vanishing moments.

hampered by the correlations between sources and as well as their spectra, which are displayed
in fig.11.

The influence of ®g for the oracle and tr-rGMCA are similar. The SIR and SAR decrease
when the number of vanishing moments increases. Indeed, the largest scales of the astro-
physical sources are partially correlated. Therefore, the most discriminative coefficients in the
wavelet domain are located in the finest wavelet scales, which is however the most coherent
with ®g. This is especially true when the number of vanishing moments is low. On the other
hand, the SNR values, especially the minimal SNR, increase: the outliers do not leak towards
the estimated sources when the number of vanishing moment is large enough (the outliers are
less sparsely represented in ®g, table 2).

In the following, we will make use of the Daubechies wavelets with 20 vanishing moments so
as to recover all the sources fairly while providing an improved separation with respect to the
outliers.

6.3.3. Influence of the kernel width. In this experiment, ®g is fixed and the width of
the Gaussian kernel w, which also tends to alter the coherence between ®g and ®o and as
well the morphological diversity between O and S, is varying. The kernel width w varies in
Fig. 13.
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Figure 13: Performance indicators for a varying variance of the Gaussian kernel.

Variance - parameter w: | 0.1 0.5 1 1.5 2

sel
SaT L * 105.7 | 104.5 | 96.9 | 79.6 | 76.9
Oll2

Table 3: Influence of the width of the Gaussian kernel on the representation of S. * the
sources are artificially deconvolved with H.

As illustrated in fig.13, all the methods are impacted by the width of the kernel (i.e. the
morphology of the outliers).
First, we recall that the unmixing is very difficult when w is small: the outliers contaminate
the high frequency content of the sources, which is discriminant for the unmixing (the large
scales of the sources are correlated). That is why the results are on the overall improved when
w increases but is small.
On the other hand, we can notice that the methods are hindered by a large w. In that case,
the “low-frequency ”(similar to the kernel) content of the sources, which contains most of
their energy, become highly sparse in ®o tab.3: they leak towards the estimated outliers.
Consequently, the SAR fig.13 decreases as w increases. This is especially true for the thermal
dust emission (associated with the minimal SAR), whose singularities have a morphology very
similar to the one of the kernel. The leakages are also reinforced by the fact that the large
scales of the sources are correlated: the ¢ ; penalization in @ is less expensive than the ¢; in
®g for the correlations. Besides, the energy of the outliers on the coarse-scale of ®g increases,
but is not thresholded (because it is not sparse): this is clearly hampering the SNR when w
is large.
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Figure 14: Estimated sources with tr-rGMCA (top row), OP+AMCA (second row) and INMF
(third row) with w = 1 and 20 vanishing moments for the wavelets.

Only the combination OP+AMCA is able to outperform tr-rGMCA in term of highest SDR,
while the kernel is not too large. However, only tr-rGMCA is able to fairly recover the thermal
dust emission, as well as AMCA performed on X — 0. We underline that the parameter of OP
was manually tuned knowing the ground truth, and there is no doubt that if the parameters
involved in tr-rGMCA were similarly tuned, its performances would be, at least, similar to
the ones of OP+AMCA. The rNMF method, even if it is initialized from the ground truth
A, was not able to correctly unmix the sources and separate the outliers from the source
contribution: the fact that the sources samples do not lie in the simplex makes this method
inefficient in this experiment since O cannot be separated from the AS.

Ilustrative results are provided in fig.14 and 15. Outlier residuals are present in the sources
estimated by rNMF and OP+AMCA, fig.14. On the other hand, the highest frequency contri-
butions of the sources is not correctly recovered by tr-rGMCA (the SAR are quite low fig.14),
and have leaked towards the estimated outliers. The spectra recovered by tr-rGMCA are the
most precise, in particular the other methods have fail to recover the thermal dust spectrum
precisely fig.15.
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Figure 15: Estimated spectra, with w = 1 and 20 vanishing moments for the wavelets. Red
lines: estimated spectra, black dashed lines: ground truth.

Code. Following the philosophy of reproducible research [10], a python implementation of
the algorithms introduced in this article will be available at
https: //www.cosmostat.orq/software/gmcalab.

7. Conclusion. In this article, we introduced a new solution for the BSS problem in the
presence of outliers that allows a robust estimation of the mixing matrix and an accurate
separation of the sources and the outliers. The proposed tr-rGMCA algorithm estimates
jointly the mixing matrix, the sources and the outliers so as to simultaneously unmix the
sources and separate the outliers from the source contribution. Building upon sparse modeling,
it first exploits the morpho-spectral diversity between the outliers and source contribution to
distinguish between them, including in the challenging determined setting. The tr-rGMCA
algorithm builds upon a two-stage optimization procedure: i) a warm-up stage based on
heuristics that yield a reliable algorithm with enhanced robustness and ii) a refinement step
based on the PALM algorithm that provably converges to a stationary point to the problem.
Numerical experiments have been carried out on Monte-Carlo simulations which show the
robustness of the proposed approach which provides state-of-the-art results. Future work
will focus on extending the proposed approach to detect and estimate spectral variabilities in
hyperspectral imaging.
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Appendix A. Proximal Operators. Let f : RP*? — |—00,400|, where p,q € N, be
a proper, lower semi-continuous and convex function. Its proximal operator is given by
prox; : RP*? — RP*9 x s argmin,, 3 llz— ylls + £ (y) [16].
In the following table, we present the different functions that are used in this article and their
associated proximal operators.
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Function Proximal operator

Xy, <t (X) X' (X) = ey ¥ [16]

1A © X, SaX) [16]

[A© XL, SA(X®T) ®s [43] (exact if @g is orthonormal and good approximation

if transformation with diagonally dominant Gram matrix)

T o X, X (X) = X x (1 - m)+7Vi, [28].

|7 o X2 X'®o : (X)) = (X®L) x (1- =L ) Vi (exact if ®o is or-
2,1 [[x®Z), N

thonormal and good approximation if transformation with diagonally
dominant Gram matrix)

170 X|ly ; +xv:vzo0 (X) | X' (X') =X x (1 - |(XT):||> ,Vi , [61, Theorem 1].
+l2 /4

Similarly to [A.®F]| , we do not find a closed form formulation for 7.5 when ®o

is not orthonormal. In the spirit of the approximation made for the ¢; norm, we propose
to threshold the columns of the expansion coefficients, and then come back to the domain
of observations. In practice, these approximations made to handle sparsity in a transformed
domain give better results than the synthesis formulation and supports the use of these ap-
proximations.
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