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HYBRID DISCONTINUOUS GALERKIN METHODS WITH
RELAXED H(DIV)-CONFORMITY FOR INCOMPRESSIBLE FLOWS.
PART I*

PHILIP L. LEDERER', CHRISTOPH LEHRENFELD?!, AND JOACHIM SCHOBERL*

Abstract. We propose a new discretization method for the Stokes equations. The method is
an improved version of the method recently presented in [C. Lehrenfeld, J. Schéberl, Comp. Meth.
Appl. Mech. Eng., 361 (2016)] which is based on an H(div)-conforming finite element space and a
Hybrid Discontinuous Galerkin (HDG) formulation of the viscous forces. H (div)-conformity results in
favourable properties such as pointwise divergence free solutions and pressure-robustness. However,
for the approximation of the velocity with a polynomial degree k it requires unknowns of degree k
on every facet of the mesh. In view of the superconvergence property of other HDG methods, where
only unknowns of polynomial degree k—1 on the facets are required to obtain an accurate polynomial
approximation of order k (possibly after a local post-processing) this is sub-optimal. The key idea
in this paper is to slightly relax the H(div)-conformity so that only unknowns of polynomial degree
k — 1 are involved for normal-continuity. This allows for optimality of the method also in the sense of
superconvergent HDG methods. In order not to loose the benefits of H(div)-conformity we introduce
a cheap reconstruction operator which restores pressure-robustness and pointwise divergence free
solutions and suits well to the finite element space with relaxed H (div)-conformity. We present this
new method, carry out a thorough h-version error analysis and demonstrate the performance of the
method on numerical examples.
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1. Introduction and structure of the paper. In the recent paper [24] a new
finite element discretization method for the incompressible Navier-Stokes equations
has been presented. It is based on an efficient time integration scheme which allows
to split the Navier-Stokes problem into two simpler subproblems, a Stokes-type prob-
lem and a hyperbolic transport problem. For both subproblems specifically taylored
methods have been applied. In this work we turn our attention to the numerical
treatment of the Stokes problem in a velocity-pressure formulation:

—vAu +Vp =f inQ, (1.1)
div(u) =0 inQ, '

with boundary conditions u = 0 on I'p C 02. Here, v = const is the kinematic
viscosity, u the velocity, p the pressure, and f is an external body force. At the
heart of the present contribution lies the modification of the previously considered
H (div)-conforming hybrid discontinuous Galerkin finite element method resulting in
a reduction of the gloablly coupled unknowns occuring in the linear systems.

Beside other purposes, the aim of abandoning H '-conformity and consider an H (div)-
conforming discontinuous Galerkin (DG) method instead is to find a suitable approx-
imation of the incompressibility constraint. This leads to a discontinuity only for the
tangential part of the velocity and was introduced in [10, 11] and for the Brinkman
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Problem in [19]. Nevertheless DG methods are considered to be much more expen-
sive compared to a continuos Galerkin (CG) method when it comes to solving linear
systems. This is mainly due to the dramatically increased numbers of globally cou-
pling degrees of freedom. An approach to overcome this drawback is the concept of
hybridization. In a hybrid or hybridized methods, discretizations are separated into
two parts: local problems (with only local approximation spaces) and transmission
conditions that are formulated in terms of facet unknowns on the skeleton of the
mesh. Hence, even more unknowns are introduced on the skeleton but nevertheless
this leads to two major benefits. First, the coupling between elements is reduced and
secondly, the structure of the coupling allows for static condensation of the element
unknowns, see [8, 24, 23]. Hybrid discontinuous Galerkin (HDG) methods are also of
interest due to their capability of providing a superconvergent post processing. This
step allows to reconstruct interior element unknowns resulting in an accuracy of order
k + 1 in the volume when we use polynomials of order k on the skeleton. In [24] a
similar result was achieved by the usage of projected jumps. The idea is to use only
polynomials of order k—1 on the skeleton and introduce a projection on the occurring
jump terms. This reduction of the polynomial order has no impact on the accuracy
of the method, thus can be seen as an approach to obtain superconvergence. Still,
this technique only results in a reduced coupling of the tangential part. This work
considers an approach how to reduce also the coupling with respect to the normal
component. Where an H (div)-conforming method demands normal continuity of the
velocity, i.e. [urn]r = 0, we only impose a relaxed continuity H’}_l [urn]p = 0. This
allows facet jumps of the normal components in the highest order modes resulting in
discrete divergence free approximations with optimal order of convergence.

A weak treatment of the incompressibility constraint using mixed finite element meth-
ods results in velocity error estimates which dependent on the pressure, i.e. they are
not pressure robust, [16]. This may result in a bad velocity approximation when
the irrotational part of the right hand side is dominant. Under this perspective one
also speaks of poor mass conservation, since large velocity errors are accompanied
by large divergence errors. In [26] the problem is analyzed and a reconstruction is
presented to retrieve pressure robustness. This reconstruction maps discrete diver-
gence free testfunctions onto exactly divergence free test functions and is applied
only on the right hand side. This approach was performed for several elements using
discontinuous pressures [26, 7, 25, 16, 27] and recently continuous pressure elements
[21, 20]. For H(div)-conforming finite element methods discrete incompressibility
implies pointwise incompressibility and render the methods automatically pressure
robust. These methods have been investigated for incompressible flow problems in
a.o. [11, 18, 17, 24, 13, 33]. A relaxed H(div)-conformity results in only discretely
divergence free approximations and thus leads to a lack of pressure robustness. For
this we present a simple reconstruction and provide numerical examples revealing the
benefits of the modified Stokes discretization.

We note that we only treat an h-version error analysis here. The hp-version error
analysis of the method will be treated in a forthcoming paper. Furthermore we want
to refer to section 1.2 in [24] for a more detailed summery of works considering a
discontinuous Galerkin approach.

Main contributions and structure of the paper. In section 2 we introduce new
finite element methods. We start with a basic method using an HDG formulation
with relaxed H(div)-conformity. Further, we introduce a reconstruction operator to
restore solenoidal velocity fields. Based on this operator we then define a modified
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pressure robust discretization. The relaxed H(div)-conforming finite element space
and the use of the reconstruction operator represent the first main contribution of
this manuscript. Together, both allow to improve the computational efficiency of
the underlying method while recovering the desirable properties of corresponding
H (div)-conforming formulations. To the best of our knowledge, the method is the
first HDG method for the Stokes equations that provides solenoidal solutions, pressure
robustness and superconvergence properties simultaneously.

The second main contribution of this paper is the presentation and characteriza-
tion of a basis for the (relaxed) H(div)-conforming finite element space. We devote
section 3 solely to aspects of these spaces, their bases and a reconstruction operator
to map relaxed H (div)-conforming functions to H(div)-conforming functions. The
construction of the basis is non-standard and the efficient realization of the recon-
struction operator heavily relies on the choice of basis functions. This section is the
most technical part of the paper. We note however that the remaing part of the work
can be understood without it. A thorough a priori error analysis of the proposed
methods, which represents the third main contribution of this paper, is carried out in
section 4. We conclude our work with numerical examples in section 5 which confirm
the theoretical findings.

2. Relaxed H(div)-conforming HDG methods for the Stokes problem.

2.1. Preliminaries and Notation. We begin by introducing some prelimi-
nary notation and assumptions. Let 7;, be a shape-regular triangulation of an open
bounded domain Q in R? with a Lipschitz boundary I'. By h we denote a character-
istic mesh size. We note that h can be understood as a local quantity, i.e. it can be
different in different parts of the mesh due to a change in the local mesh size. The local
character of h will, however, not be reflected in the notation. The element interfaces
and element boundaries coinciding with the domain boundary are denoted as facets.
The set of those facets I is denoted by F5 and there holds Uycr. 0T = Upcz, F. We
separate facets at the domain boundary, exterior facets and interior facets by the sets
Fxt ) Fint - For sufficiently smooth quantities we denote by []r and {-}r the usual
jump and averaging operators across the facet F' € Fi*t. For F € F** we define [-]r
and {-}r as the identity.

We restrict to the case where the mesh consists of straight simplicial elements 7.
Further, in the analysis we consider only the case of homogeneous Dirichlet boundary
conditions to simplify the presentation. By P™(F') and P™(T') we denote the space of
polynomials up to degree m on a facet F' € Fj;, and an element T' € T}, respectively.
By H™() we denote the usual Sobolev space on €2, whereas H™(T},) denotes its
broken version on the mesh, H™(T3,) := {v € L*(Q) : v|lr € H™(T)V T € Tp}. At
various parts we use the notation (-,),, as the L? product on a given domain w.

In the discretization we introduce element unknowns which are supported on ele-
ments (in the volume) and different unknowns which are supported only on the skele-
ton of facets. We indicate this relation with a subscript F for unknowns supported
on the skeleton of facets and a subscript 7 for unknowns that are also supported on
volume elements. For the discretization of the velocity we use both type of functions
and denote the compositions of volume and facet functions by up = (uy,ur). For
restrictions of a function uy (ur) to individual elements T' € T}, (facets F € F},) we
use the subscripts T (F), ur = ur|r(ur = ur|r).

At several occasions we further distinguish tangential and normal directions of
vector-valued functions. We therefore introduce the notation with a superscript ¢ to
denote the tangential projection on a facet, v = v — (v-n)-n € R% where n is the
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normal vector to a facet. The index k which describes the polynomial degree of the
finite element approximation at many places through out the paper is an arbitrary
but fixed positive integer number.

For the analysis we use the symbol 0, for the partial derivative with respect to x
and in a similar manner we use the sub indices (u); as symbol for the first component
of a vectorial function u. At several occasions we use the notation a < b for a,b € R
to express a < c¢b for a constant ¢ that is independent of h.

In this section we consider a new Hybrid DG discretization of the Stokes problem
in velocity-pressure formulation. The well-posed weak formulation of the problem is:
Find (u,p) € [H3(Q)]% x LE(), s.t.

/uVu:Vvdx —I—/ div(v)pde = / fvdr for all v € [HY ()],
Q Q Q

(2.1)
/ div(u)q dx =0 for all ¢ € L2(Q).
Q
Here, we have L§(Q) := {q € L*(Q) : [,qdx = 0}. In the discretization we take
special care about the treatment of the incompressibility condition which is closely
related to the choice of finite element spaces, which will be introduced in the next
subsection.

2.2. Finite element spaces. In this subsection we introduce the finite element
spaces that we require for our discretization. This involves several steps. First, we
introduce finite element spaces for the velocity and the pressure as they have been
used in DG discretizations for Stokes and Navier-Stokes problems in (among others)
[11, 14]. In a second step, we introduce facet unknowns for the velocity that facilitate a
more efficient treatment of arising linear systems in the spirit of Hybrid DG methods,
cf. [23, 9, 12, 24]. We then introduce a modified velocity space which represents
the essential novelty of our discretization. Compared to the previously introduced
space this modified velocity space is more involved. Details on the construction and
realization of this space are separately treated in the subsequent subsection 3. We
also discuss an alternative approach which allows to circumvent the construction of
this space in Section A.1 of the appendix.

2.2.1. H(div,2)-conforming finite elements: the BDM) space. Although
the velocity solution of the Stokes problem will typically be at least H!(f2)-regular, we
do not consider H!(2)-conforming finite elements. Instead, we base our discretization
on (only) H(div,)-conforming, i.e. normal-continuous, finite elements. These are
very well-suited for a stable discretization of the incompressibility constraint [23,
11, 24]. Note that the non-conformity with respect to H! will be dealt with using
Discontinuous Galerkin formulations in the discretization. We recall the definition of
H(div, 2):

H(div, Q) := {v € [L2(Q)]? : div(v) € L*(Q)}.

We use piecewise (vector-valued) polynomials for the approximation of the velocity,
so that on each element the functions are automatically in H(div,T), T € T;. For
global conformity, continuity of the normal component is necessary. We consider the
well-known BD M. space:

Wi o= {ur € [] [P*D))?: [ur-n]p =0, VF € Fy} C H(div, Q). (2.2)
TETh
4



2.2.2. Tangential facet unknowns. The space W}, is not H'-conforming so
that tangential continuity has to be imposed weakly through a DG formulation for
the viscosity terms, for instance as in [11]. However, the incorporation of tangential
continuity in usual DG schemes leads to a huge amount of couplings between neigh-
boring elements which increases the costs for solving the linear systems. To approach
this problem, we decouple element unknowns by introducing additional unknowns
on the facets through which tangential continuity is implemented weakly. We note
that such a mechanism is not necessary for the normal direction as normal-continuity
is implemented (strongly) in the space Wj. We introduce the space for the facet
unknowns

Fy, :={ur € H [PFYF)]? :up -n =0, VF € Fint}, (2.3)
reFn

which can be seen as an approximation to the tangential trace of the velocity on the
facets. Note that we only consider polynomials up to degree k — 1 in Fj, whereas we
have order k polynomials in W},. Further, functions in F} have normal component
Zero.

2.2.3. The pressure space. For the pressure, the appropriate finite element
space to the velocity space W), is the space of piecewise polynomials which are dis-
continuous and of one degree less:

Qn:= ] P* (D). (2.4)

TETh

This velocity-pressure pair W, /Q), fulfills div(W},) = @ and we hence have that if a
velocity ur € W}, is weakly incompressible, it is also strongly incompressible:

(div(ur),qn)a =0V, € Qr, < div(ur) =01in Q. (2.5)

Hence, this choice of the velocity-pressure pair easily results in a pointwise divergence
free solution. This property is crucial to obtain energy-stable schemes for Navier-
Stokes discretizations, cf. [10]. We further note, that this finite element pair further
has the remarkable property of providing an LBB-constant that is robust in the mesh
size h and the polynomial degree k, cf. Lemma 4.4 and [21].

2.2.4. A modified BDM,; space. With the velocity unknowns in W and Fj
we have polynomials up to degree k associated to the normal direction of a facet,
but only polynomials up to degree k — 1 for the tangential direction of a facet. As
these unknowns are the globally coupled unknowns, they essentially decide on the
computational costs associated with solving linear systems. The question arises if
we can reduce the polynomial degree for the normal direction also to degree k — 1.
We can achieve this only by relaxing the normal continuity of Wj,. To this end, we
introduce a modified Finite Element space with “relaxed H (div)-conformity”,

Wy = {ur e [[ PR T furnlp =0, ¥V F € Fu} ¢ H(div,Q),  (2.6)
TETh

where TI5 !« [L2(F)]? — [P*=1(F)]? is the L?(F) projection into [P*~1(F)]%:

(HI;;I ’U}7’Uh)F = (’LU,Uh)F Yo, € [Pk_l(F)]d. (27)
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Details on the constructions of the finite element space W,  are given below, in sec-
tion 3. Functions in W, are only “almost normal-continuous”, but can be normal-
discontinuous in the highest orders. The relaxation reduces the number of unknowns
that are shared by neighboring elements which improves the sparsity pattern of the
linear systems. However, this modification comes at a price. We obviously have
Wy ¢ W, and Wy|r = W, |p, VT € Tj, but the pair W, /Qj, only has the local
property div(W, |r) = div(Wy|7) = Qn|r VT € Tj. If a velocity ur € W, is weakly
incompressible (in the sense of the left hand side of (2.5)), we only have

div(ur) =0in T € Tj, and ¥ up -n]p =0, VT € Tp. (2.8)

In order to obtain mass conservative velocity fields we are missing normal continuity
in the higher order moments, (id —I1*~1)[ur - n]F = 0.
For the discretization of the velocity field we use the composite space

Uh = Wh_ X Fh. (29)

and define the tangential jump operator [u}]r = ul|p — up, F € Fi", T € Tp.
We notice that the jump [u},]F is element-sided that means that it can take different
values for different sides of the same facet. Further, note that for F' € F** we have
ur = 0 so that [u},]r = u|p.

A suitable discrete norm on Uj, which mimics the H!(Q) norm and a suitable
norm for the velocity pressure space Up, X @y are

1,
llunllf:= {IIVUTII%Jth’fw 1[[UZ]]FI%T} Il Cns o)l - —f\IIUhHIﬁfllphlle

TETh
(2.10)

2.3. Relaxed H(div)-conforming HDG formulation. The basis of our Hy-
brid DG formulation is the formulation in [24] which is based on the spaces W,
Qn and Fj,. In contrast to that formulation, we now replace W), with W, . This
will lead to an order-optimal basic method with a reduced number of globally cou-
pled unknowns. Due to the relaxation of the normal-continuity velocity solutions will
(in contrast to the discretization in [24] with W},) be neither exactly solenoidal nor
pressure robust, i.e. the error in the velocity solution will depend on the approxi-
mation of the pressure. However, both drawbacks can be dealt with using a simple
and computationally cheap reconstruction operator. In section 2.4, we address the
issue of restoring normal-continuity strongly (after the solution of linear systems) by
a reconstruction operator. In section 2.5, we discuss how to also restore pressure
robustness.

The basic discretization is as follows: Find uj, = (ur,ur) € U, and py, € Qp, s.t.

{Ah(Uh,Uh) + Bu(vn,pr) = f(on) Yon €Uy, (B)
Br(un,qn) = 0 Vagne€Qn,

with the bilinear forms corresponding to viscosity (Ap), pressure and incompressibility
(Bp) defined in the following. For the viscosity we introduce the bilinear form A;, for
up, vy € Uy as

Ap (un, vp) Z /VVuT Vur da:—/ 6UTH’“ Mokl r ds (2.11)
TETh or  On
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—/ ‘%Tn’f Yub]r ds +/ AR o | P ok ] ds,
or On or h

where A is chosen, such that the bilinearform is coercive w.r.t. |-||; on Uy, see Lemma
4.3 below. The L?(F)-projection I} !, c.f. (2.7), realizes a reduced stabilization [24,
Section 2.2.1]. If we replace TI% ' with id in (2.11) we obtain the usual hybridized
interior penalty formulation of the viscosity as used in [23, 29]. In the literature of DG
methods many alternatives to the interior penalty method are known. For many of
these alternatives there is a corresponding HDG version which is also applicable, we
however restrict to the interior penalty method for ease of presentation. Implemen-
tational aspects of the projection operator H’;‘l have been discussed in [24, Section
2.2.2].

The bilinear form for the pressure part and the incompressibility constraint is

By, (wh, pr) Z /ph div(ur) de  for up € Up, pn € Qp. (2.12)
TeTh

We denote the discretization in (B) as our basic discretization. Note that despite
the naming, the method is hybrid only with respect to the tangential velocity trace.
In Section A.1 of the appendix we discuss an equivalent hybridized formulation based
on scalar finite element spaces. In the next subsections we introduce modifications
related to the relaxed H (div)-conformity.

2.4. A reconstruction operator for strong H(div)-conformity. Velocity
solutions to (B) are in general not solenoidal as (id —IT% )[ur - n]F can be non-
zero. In Navier-Stokes or other coupled problems where the velocity solution serves
as an advective velocity it is benefitial to have an exact solenoidal field. Similarly
to the approach in [10] we propose to use a reconstruction operator for the velocity
solution which restores H (div)-conformity. We denote such a reconstruction operator
as Rw : W,_ — W), and define the canonical extension to W}, x Fj, as

Ru : W,: X Fyp, = Wy X Fy, Ruup, = (RWuT,UJ:). (2.13)

We make the following assumptions on this reconstuction operator:
ASSUMPTION 1. We assume that the reconstruction operators Ry and Ry, re-
spectively, fulfill the following conditions:
Rwor € Wy, for all vr € W, (2.14a)
(Rwor-n,0)p = (vr-n,o)p  forall o € PP1(F),vr € W, , FeFn, (214b)
(Rwur,o)r = (vr,0)r for all ¢ € [Pka(T)]d, vre W, , T €Ty, (214c)
IRvvrlly < llvnlly for all vy, € Up. (2.14d)
Here, (2.14a) ensures H (div)-conformity, (2.14b) ensures that the modes up to order
k—1 of the normal component are not changed by the operator Ry, (2.14c) describes
a constistency property in L?(£) and (2.14d) ensures stability in the discrete energy
norm. A reconstruction operator with these properties maps weakly divergence free
velocities (in the sense of (B)) onto pointwise divergence free velocities, cf. Lemma
4.8 below.
One possible choice is a (Discontinuous Galerkin) generalization of the classical
BDM interpolation [5, Proposition 2.3.2], REPM : [H(T},)]? — Wj,. It has also been
used in [14]. The interpolation is defined element by-element for ur € [H(T3)]¢ by

(REPMurn, o) = {urtrn,o)r  forall o € PH(F), F C 0T, (2.15a)



(REPMuyr, o)r = (ur, @)1 for all ¢ € N*72(T), (2.15Db)

with N*=2(T) := [P*=2(T)]?+[P*~2(T)]? x x. We note that the definition of the DG-
version BDM interpolation is slightly different from the one used in [10]. We note that
this reconstruction operator satisfies all the previously mentioned assumptions. The
assumptions (2.14a), (2.14b) and (2.14c) are satisfied by construction and stability
— in the sense of (2.14d) — has also been shown already in [10]. The reconstruction
operator in [10] is designed for a fully discontinuous velocity space.

Based on the finite element basis that we discuss in section 3 we propose a simple
and efficient realization of a similar, but different, interpolation operator (see section
3.4) which also fulfills assumption 1.

2.5. Pressure robust relaxed H(div)-conforming HDG formulation. It is
well known that irrotational parts (in the sense of a continuous Helmholtz decompo-
sition) of an exterior force f are L2-orthogonal on exactly divergence free velocities
v € [HE(Q)]?. Nevertheless this orthogonality may not hold true in the discrete case
leading to a velocity error estimate which depends on the pressure approximation [26].
Recent works [7, 22, 25, 27] considering different velocity and pressure spaces have
shown that a modification of the right hand side allows to obtain pressure-robust, thus
pressure independent, error estimates. This is achieved by mapping weakly divergence
free test functions to exactly divergence free functions resulting in a restored L? or-
thogonality with respect to the irrotational parts of f. Note that H(div)-conforming
methods as for example [24, 11] provide exactly divergence free velocities and thus
do not suffer from the described problems. Due to the modification (2.6) functions
up, € Uy, are only weakly divergence free, see equation (2.8). The reconstruction op-
erator introduced in the Section 2.4 allows to obtain a pressure robust discretization
also for our new method. The discretization then takes the form: Find u; € U and

ph € Qp, s.t.

{Ah(uhyvh) + Bn(vn,pn) = f(Ruvn) Y vy € Up,

PR
Bi(un,qn) = 0 Yane Q. (PR)

Solutions u, € U, to (PR) are not exactly divergence free but provide a pressure
independent velocity error estimate. This involves a Strang type consistency estimate
and is proven in section 4.3. Furthermore, solutions to (PR) can be post-processed
with a subsequent application of Ry to obtain an exactly divergence free solution.

3. On the construction of the finite element spaces. In this section we ad-
dress the construction of the finite element spaces W, ", F},, an efficient reconstruction
operator Ry and the realization of the projected jumps operator H’Iffl‘

In the subsections 3.1 and 3.2 we introduce the finite element basis functions on
a reference element and explain how these are composed to a global finite element
space W, in subsection 3.3. Based on these preparations we can introduce an effi-
cient reconstruction operator Ry which meets the requirements of Assumption 1 in
subsection 3.4.

3.1. Construction of a local H(div)-conforming FE Space. In this section
we define shape functions to construct a basis of a local space /Wh on the reference tri-
angle T given as the convex hull of the vertices V = {V;}?_, := {(—1,0),(1,0), (0,1)}
and V = {V;}1_; = {(~1,0,0),(1,0,0),(0,1,0),(0,0,1)} for two and three dimen-
sions respectively. Using a proper transformation we can then construct the global
spaces W), and W, , see section 3.3. For the construction of the local space W) we
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refer to [3] where the basic concepts presented in [35] are combined with some adapta-
tions leading to a sparsity optimized high order basis. The novel choice of the element
basis functions is such that their normal component form a hierarchical L? orthogo-
nal basis on faces, see Lemma 3.1. The idea in [35] is to construct conforming finite
element spaces for H', H(div), H(curl) and L? which fit in the setting of the exact
de Rham Complex. This construction allows to split the space W;, C H(div) into
divergence free basis functions given by the curl of basis functions in Sy, C H(curl)
and functions with a non zero divergence. On the reference triangle this leads to the
following decomposition

Wi, = RTy & W @ Wiiviree T g jpdiv.T. (3.1)

with the lowest order Raviart-Thomas subspace RTp, see [28], the subspace of higher

order divergence free facet functions Wf the subspace of cell based divergence free

/W;ilivfree,T

basis functions and the subspace of cell based functions that have a non

_ SN
zero divergence W, """

Now let p%a’ﬁ ) be the n-th Jacobi polynomial and pS{”ﬁ ) the n-th integrated Jacobi
polynomial, cf. [1, 2, 4],

1 dar

(@h)(z):= —((1—2)*(1+2)? (z*-1)" N —1
x
et = [ Do n> 1) = 1
-1
In our case we use 8 = 0 so we skip to the simpler notation pﬁ{”o) (x) = p%(z) and
ﬁgf 0 (x) = p%(x). Note that there holds the following orthogonality property.
1 ) 2a+1
[1(1 —z)p§ (z)p;'(z) dov = c§o; with ¢} = Y ratl (3.2)
1
/ (1 —2)%p5 (z)p;'(z) dv =0 for |j—1]> 2. (3.3)
-1

Furthermore we define \; € P* (f ) as the barycentric coordinates uniquely determined
by )\1(VJ) = 5”

3.1.1. Basis for two dimensions. For a fixed order k£ we use the same construc-
tion of the basis as presented in chapter 3 in [3]. Let [f1, f2] be the edge running from

vertex Vy, and Vy, and define u; := p (AQ—A1> (A2 +A1)" and v;; := ﬁ?i_l(Q)\g —1).

T\ A2+
Then we have:

o The lowest order Raviart Thomas basis functions q%el’ez] = curl(Ae, ) Ae, —
Ae, curl(Ae,) such that

RTo = span({o5"", &, 6""'}).
e High order edge based basis functions defined by
¢£f1-,f2} = curl (ﬁ?+1 (ig;iﬁ) (Afa —|—)\fl)i+1) and @Al .= {¢£€1’62]} for
1 < i <k, such that
W,f = span(®1?) @ span(®?%)) @ span(®l1).
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e Divergence free cell based basis functions ¢§;1) := curl (u;v;;) with o) .—
{(157(;)} fori>2,j>1,i4+j <k+1, such that
W}Lliivfree,T _ Span(@(“)).

e Cell based basis functions with a non zero divergence gb (b~ 2¢>([)1 2 A3(2)\3 1)

and 67 = curl(u;)v;; with @) := {¢{?} for 1 <1 < k—1and @ = {¢{7}
fori>2,5>1,i4+j <k+1, such that

Wsiv’T = span(®®) @ span(®©)).
3.1.2. Basis for three dimensions. Let k be a fixed order. For our local

basis we nearly use the same construction as presented in chapter 4 in [3]. Let F =
[f1, f2, f3] be the face defined as the convex hull of V,,Vy, and V, and define

A 24
u; 1= P ( Ch )()\24-)\1), Wij =p3+2j 220 — 1),

Ao+ A\
i1 (225 — (1= \s) ‘
vy =i (A=A gy
Af, — A '
ul = p! (h) A +A5), NEPL= WA A, — AL VA,
f2 AR

oF = il (/\fs — )‘fz - )‘

=S Afs + A + A1),
“ ’ )‘f3+>‘f2+)‘f1>( fs ! f)

where No[f 82l s the lowest order Nedéléc function for the edge [f1, f2]. Then we have:
e The lowest order Raviart Thomas basis functions ¢B{)1’f 2hs] = A, Vg, X
VAf, + A VA X Vg + A, Vg X Vg, such that

RTo = span(®g) with @ = {pfy>™, gll?4 plz4l 42541

e High order face based basis functions ¢f;, := V x (N(J[fl’fQ]vg) and d)f; =

V x (vuﬂlvg+1)(j+1)) = —Vulyy x Vol with @7 = {65} U {67}
for 1 <I<kandi>1i+j <k, such that

WF = span(®12?]) @ span (@34 @ span(®124) @ span(®234),

o divergence free cell based basis functions qbg‘;g =V x (Nél’z]vgngﬂ) and
d)g]l) =V X (Vul-vl-jwijl) and d)gjcl) =V x (V(uivij)wijl) with (I)(a) = {(j)g(;g}

for j,0 > 1,j+1 <k, and ®® = {¢{)} fori >2,j,0 > 1,1+ j+1<k+2,
and ®©) .= {¢{)} for i > 2 and j,1 > 1,i+j +1 < k + 2, such that

W\SMYCC’T = span(®?) & span(®®) @ span(d().

e Cell based basis functions with a non zero divergence ¢ o = 4¢[1 2’3]11)211, and

¢1gl = 2./\/1 2l Vwojiva;, and ¢ = w;;; Vu; x Vu;; with <I>(d) = {(b%)l

for 1 <1<k—1and ®© := {¢(6)}f0rj,l>1 j+1<k, and o) = {¢{/)}
for222,j,lzl,z+j+l§k+2 such that

gl -

W}‘ji"’T = span(®?) @ span(®(®)) @ span(®)).
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REMARK 1. Due to the decomposition (3.1) we can conclude that for an arbi-
trary function vy, in /V[7h with div(vy) = 0 the coefficients corresponding to the basis
functions of the subspace W,;m’ T, which have a non zero divergence, are equal to zero.
We can use this for the approzimation of the saddle point problem (B) keeping in
mind the pressure variable can be interpreted as a Lagrangian multiplier to fulfill the
incompressibility constraint div(uy,) = 0. Where the lowest order piece wise constant
pressure basis functions compensate the divergence of the Raviart Thomas basis func-
tions of the wvelocity, the high order part of the pressure space is needed to handle
the divergence of velocity basis functions in W 4T In order to reduce the size of the

problem one can now simply remove the basis functions of W,‘ljw T and use the pressure
space Qn = [Iper, P°(T) instead. Note that this has no influence in the (optimal)
error estimation of the velocity and furthermore one can use a simple element-wise
post processing to obtain a high order approximation of the pressure.

REMARK 2. The differences of the presented basis compared to the one given in
[3] are the high order face based basis functions ¢gl where we have chosen a different
index and a proper scaling into the direction of the opposite vertex of the face function
vf; Note that this has no influence on the linear in dependency, thus the presented
set of basis functions is still a basis for Wh. Furthermore we still have div(¢f;) = 0,
thus we have the same sparsity pattern of the div div-stiffness matriz and even a better

sparsity pattern of the mass matriz (see Lemma 3.2) as in [3].

3.2. Properties of the local basis. Beside the sparsity properties of the stiff-
ness and mass matrix (see [3]) for the basis introduced in section 3.1.1 and 3.1.2 in
this section, we proof properties that are important for proving Assumption 1 for the
reconstruction operator that we present below, in section 3.4.

LEMMA 3.1 (L2-normal orthogonality). The basis presented in section 3.1 has a
L2-orthogonal normal trace. In two dimensions there holds (c=c(i,j)>0)

(@F -n,¢f -n)p=cdy; Vij=0,..k VFCIT. (3.4a)
In three dimensions there holds (c = c(i,j,1,m) > 0)
(6F -n, b, - n)p = Bubjm, Vi, j,l,m <k, i+jl+m<k, YFCOT. (3.4b)

¥

Proof. We start with the two dimensional case and the lower edge F' = [1,2]. For
i,7 > 1 the basis functions are given by ¢£1’2] = curl (ﬁ?H (iz-s—k ) (Mo + )\1)”1) In
two dimensions the curl times the normal vector equals the tangential derivative, thus
for F' the partial derivation with respect to x

(6 )| = 8up0, 1 (2) = 2 (2),

where we used that Ao + A1 = 1 and Ay — A\; = z on F'. Next note that for 7, j = 0 the
normal component of the lowest order Raviart Thomas basis function ¢{ is constant
on F thus equivalent to p3. Using property (3.2) it follows

1
/ ((;51 2 )((;S[1 2l -n) ds = / Py (2)p)(z) do = ¢;6;; for 0<i,j<k
F -1

The other two edges follow analogue. For the proof in three dimensions let F' = [1,2, 3]
and start with ¢ > 1. The normal vector on F is given by n = (0,0, —1), so we have
x [ 13
O] e =(=Vuly X Vo) - n= P?(m)(l —y)'p T 2y —1)2.
11



Using a Duffy transformation from D : (—1,1) x (0,1) — F, with Dy (&,9) = (£(1 —
9),9) we get

1 1
P (8) 90 (2) di / P (29 — 1) pEH (25— 1) (1 - )"+
1 0

( 5-n,¢5n~n>F:4/

Using a transformation Dg : (—1,1) — (0, 1) for the second integral and (3.2) we see
that the first integral vanishes for ¢ # [ and the second integral for ¢ = [, and so

(610, Ol ) p = (i, 5,1, m)0u8m Vil > 10+ j,l+m < k.

For i = | = 0 we have with J\/‘éfl’fz] =z(y+2z—1,—z,—x), thuson F as z =0,

1
2

Ol =V x WE ol on = 53 (29 = 1) — (1= w1 (2 — 1),
Using the Duffy transformation D; and D> we have as before

F F ' g (1-9)°
(€051 Pom M) F = 1(1 = 9)B5 ()P (9) — 5
(1-9)?°

4
The integral of the last term is equal to J;,, due to property (3.2). For the first of
the mixed terms we get with integration by parts and ﬁ;’?(—l) =0

(B3 (9)p3, 1 (9) + B3, (D)p>_1 ()

+ P51 (9)0m -1 (9) di.

B /_1 %ﬁ? (9)Pm-1(9) dif = /_ (-a-a@+ %pil@))ﬁi@(@) aj,

Putting all terms together we have

The orthogonality between functions with with ¢ = 0 and ¢ > 1 follows similar by
using the Duffy transformation and (3.2). The orthogonality with respect to the
lowest order Raviart Thomas functions ¢ follows with the same arguments as in the
two dimensional case. The other faces follow analogously. O

LEMMA 3.2. The highest order facet basis functions from section 3.1 are Lz(T)—
orthogonal on polynomials up to degree k — 2. There holds

67, 9)7 =0 Vge[P*2(T)¢, VFedl.

for ¢oF = ¢f (in two dimensions) and ¢. € {¢};}isj—r (in three dimensions).
Proof. We start with the two dimensional case and the lower edge F' = [1,2]. The
highest order edge basis functions is given by ¢k1’2] = curl(ﬁ%_‘_l(ﬁ)(l —y)F+L); thus

. 1-0)).

11—y

0= (p%(lfym — )" =Bl (=) (R + D = )", =i

x
L—y
Using a monomial basis for Pk_Q(f), so ™y" with m+n < k—2, we get for the first
component

/fwi“ D™y d(z, y)

12



= [ (D=0 = () D= ) ) " o)

With the Duffy transformation D; as in the proof of Lemma 3.1 we get
1 1
| @bnamy ) = [ @it as [ o - dg
-1 0
1 1
0 [ @ i [ -t dg—o,
-1 0
due to m < k—2 and equations (3.2) and (3.3). For the second component we proceed
similar. For the proof in the three dimensional case let F' = [1,2, 3] and start with

i > 1 such that ¢ + j = k. The first component of —(bfj = Vufjrl X VU(FiH)(jH) is
given by

F F F F F
(=0ij)1 =0yu(i1) 00011y (+1) — O=U(it1) Dy Wity (j+1) = @€ = be,

with 9, u (i+1) = =0, u (i41) = @ — band c = 621)5“)(].“) — 8yv(1‘:.+1)(j+1)7 thus
=0 2 — oy — )it =0 (— 2\ —y— )
a-—pz(lfyfz)x(l y—2) b pm(lfyfz)(Hl)(l y—2)
and

. 20+2z—1 . 2 20+ z—1\, . .
ci= (0 (P ) -2 = (P )G 0 -2y

J 1— Jj+1 1
i 204+2z—1 .
- (=) - ).

Using a Duffy transformation D3 : (—1,1) x (0,1) x (0,1) — T, with Ds(z,9,%) =

(Z(1=9)(1L = 2),9(1 — 2),2) we get for the integral of ac multiplied with a monome
z™y"2" withm+n+r<k-—2

1 1
[ac 2"y d(z,y, z) = / Y (z)zm Tt di‘/ (1 — g)ititmant2er gz
T —1 0

- / (1= )R (21— (29 — 1) + (G + DEEE25 — 1)) di

For m < i — 2 the integral with respect to & vanishes, so it remains the case
m>i—2 < 4 < m+ 1. For the integral with respect to § we get using integra-
tion by parts

1
| == a0 - g 20 - 0+ G D - 1) dg
0
1 1
:/ 72(17y)z+m+2gnp2z+1( )dy / (]‘i’l)(l* )Z+m+1gnﬁ?ltl(2§l*1) d@
0 0
1
:/ _2(1_y)1+m+2gn 2z+1(2y 1) d:l)
0

Jj+1

1
- [ a2 = 1)+ 25 20— Dng ) di
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Now as 20 +1 <i+m+2and (i+m+2)— (204+1) +n < j — 1 we can write
7" (1—9)Fm+2 = (1—9)?*+w(f) where w is polynomial of order less or equal j—1. By
this the integrals of the Jacobian polynomials vanish due to (3.2), and with a similar
argument also the integral of the integrated Jacobian polynomial vanish due to (3.3).
Using the same techniques one shows that also the integral ff be x™y"z" d(x,y, 2)
vanishes what leads to the orthogonality of the first component (qbf;)l In a similar
way one proves the orthogonality also for the other two components. It remains the
proof for the face based basis functions with ¢ = 0, thus ¢ := V x (Néfl’f%i). We
start with the second component

3, 2y+z—1 2y+2-—1 _

(961)2 = BHET=—=)(1 = =) + (y+ 2 = Dpi 1 (FT=——)y(1 = 2)*2
k a3 2y+z—1 _
—§(y+z—1)pi(%)(1—z)k g

Again using the Duffy transformation D3 and the monome x™y"z" with m+n+r <
k — 2 we get

1 1
™ di / (1 — z)ktmint2zr gz
0

/T(ngk)Q "y 2" d(x,y, 2) = /

1
1 1
(= [ =i i s [0 -0 rae -1 di

kot g )
- 5/0 (1= §)" 25529 ~ 1) dj).
For m = 1 the integral with respect to & vanishes, and for m > 1 all integrals with
respect to ¢ vanish due to (3.2) and (3.3). For m = 0 we proceed similar as for the
proof of the first type of face based basis functions. First apply integration by parts
for the second integral with respect to ¢
' N AN A3 (6 - YO=9) ) i n, 3 . .
(1 =9)9"pi(29 — 1) dy = T(ny Pr(20 = 1) +§"pe_1 (20 — 1)) dg.
0 0

Adding up all integrals then gives

/fwé;» Py d(z,y, 2)

1 1
. / G(1— 975"}, (20 — 1) dg + / (1= §)%"p} (2§ — 1) dj
0 0

k [* Dy A3 e n on [t D 1 A3 e n .

- 5/ (1= 9)*9"pr(29 — 1) dy + 5/ (1= 9)%9" "pi(29 — 1) dy.
0 0

The first two integrals can be summed up leading to a coefficient (1 — )3, thus vanish

due to (3.2). For the other two terms one uses integration by parts once again and uses

(3.3) to finally conclude the orthogonality of the second component. For the other

two components (¢, )1 and (¢} )s one proceeds similar, what finishes the proof. O

3.3. Construction of the global FE Spaces. As usual with hp finite elements,
we associate element basis functions in W), (or W) with facets or cells. Cell type
basis functions have zero normal trace while the normal trace of the basis functions
associated with one facet span the polynomial space up to order k. The novel choice

14



of the element basis functions is such that their normal component form a hierarchical
L? orthogonal basis on facets. In three dimensions facet basis functions depend on
indices 1, 7, i.e. ¢>1Fj (for the two-dimensional case we remove the index j, i.e. ¢f'), and
we have

span({¢f; -n:i+j <k})=PFF) and span({¢);-n:i+j=k}) LP*(F).

This follows due to the hierarchical structure of integrated Jacobi polynomials and
Lemma 3.1 on the reference element. By applying the Piola transformation this
property carries over to the physical elements in the mesh.

REMARK 3. The normal trace of the Piola mapped basis functions are biorthogonal
to trivially mapped basis functions, also on curved elements.
To obtain the different spaces W}, and W,  we use the same local basis functions but
put them together differently to define the global functions. For the construction of
W}, we associate all the degrees of freedom to facet basis functions (bf‘; with mesh facets
to obtain normal continuity. For the space W, with relaxed H(div)-conformity we
only associate degrees of freedom with i 4+ j < k with facets. The remaining degrees
of freedom with i + j = k are associated with cells and are treated as locally (on only
one cell) supported functions. This means that the every facet basis functions in W,
with ¢ + 7 = k is split up into two (locally supported) basis functions: For a facet
F € Fy and i + j = k the basis function (;55 with supp( 5) =TUT €Ty, is replaced

with the basis functions qbZ’T = ¢sz|T and (bZ’T/ = £|Tf which have supp(¢f;’T) =T

and supp(d)f;’T,) = T’. We note that the new functions d)Z’T and ¢£’T, (with non-zero
normal trace on F') can be treated as interior bubble functions. From this construction
we observe that a realization of the non-standard space W, is not more difficult than
the construction of Wj,.

The split-up functions form bases for the local and global spaces

Wi = P span({¢);" :i+j=k}), TeTn Wi:=p Wi (3.5)
FeoT TET

Note that Lemma 3.2 implies that

/ ¢-qdr =0 forall p € Wy, forall qc @ [PF=2(T)]4. (3.6)
Q TETh

3.4. A simple and fast realization of the BDM interpolation. Due to
the different association of the degrees of freedom of facet based basis functions (see
section 3.3) a discontinuity of the normal component of a function uyr € W, only
appears in the highest order components. The idea of the reconstruction operator Ry
is to exploit the origin of this discontinuity in the basis functions. It simply reverts
the break-up of one basis function into two by applying an average on each facet of
the corresponding coefficients. Let F' € Fj, be an arbitrary facet with 7,7 € T,
such that FF =T NT’. In three dimensions we have the local representation (in two
dimensions we again remove the index j) of the normal components

F
(ur -n)|rp = Z aijgbf;-n—&- Z ag;- ij’T ‘n

i+j<k i+j=k
F T FT'
(ur -n)|lp = § Q¢ - n+ § Q5 Qi Ty
i+j<k i+j=k
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and its jumps [ur - nlr = >, (af; — al})¢f; - n. Here ayj, af; and of;
coefficients, and ¢5—’T, qbZ’T are the highest order basis functions associated to the
elements T and T’. Note that (;Sf;- -n = d)Z’T -n = ¢5’T, -non F fori+j = k.
With @;; = %(ag; + ozg;-/) we define the reconstruction operation Ryyuy such that for

T € {T,T'} we have

(Rwur|f-n)|p = Z aijqﬁfj ‘n+ Z aiquf;- n. (3.7
itj<k itj=k

are given

In the reconstruction we thus only apply this averaging which only affects the highest
order facet degrees of freedom. Hence, the reconstruction can also be characterized
as a perturbation in the space W;'. In Figure 3.4 we see a sketch of the averaging on
one facet of two neighboring elements.

T (FT T FT _ FT | FT'\ _ —
Qi Pij a;; ¢ @ij(d;" + @i ) =ijdy;

4D R )

T T T T

’
F1G. 3.1. In the left picture we see two highest order facet functions ¢5T and QSZ’T and the

continuous low order facet functions of two neighboring triangles T and T'. The reconstruction Ry,
uses the average value of the corresponding coefficients to remove the normal discontinuity in the
highest order, see on the right.

LEMMA 3.3. The reconstruction operator Ry, defined by the averaging (3.7)
fulfills Assumption 1.

Proof. (2.14a) follows by construction, (2.14b) follows directly from Lemma 3.1
and (2.14c) from Lemma 3.2. It remains to show (2.14d). Let Fp,(T") denote the set

of facets surrounding T' € 7p, and || - ||z be the element-local version of || - || with
lonllg = [IVorllF + 4 105 [v; 1 rll3r- We have
IRvvrllr < lwrllr + llowllr, (3.8)

with w, = (wr,wr) := Ryv, — v, and notice that wy € Wi, wr = 0, cf. (3.5).
With transformation to the reference element and equivalence of finite dimensional
norms, one easily shows that the norms | - ||z, ||V - ||z and || - ||z« with [Jvy, |||2T* =

HGd —15 Y (vr - n)||3p are equivalent on Wi x {0} with constants independent of
h. Hence,

IRvorlE S lwnld + lonllz = IRwonll} < lonlli + > lwnl..
TeTh

Due to the averaging in (3.7) we have

1, .. _ 1. _
> lwnllz. =D EH(ld—Hlfw Dwr-n)3r S D EH(ld—Hlfv Doz - n)l37-
TeTh TeTh TeTh

With a simple Bramble-Hilbert argument we obtain %H(ld —H’Iffl)(vT )i <
|[Vur|/2 from which we conclude (2.14d). O
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4. A priori error analysis. In this section we consider the a priori analysis of
the discretizations (B), (PR), both with and without a subsequent application of the
reconstruction operator Ry that fulfills Assumption 1.

Preliminaries. In order to compare discrete velocity functions uj, = (ur,ur) €
Uy, with functions u € Uyeg := [Hg(Q) N H?(T3)]¢ we identify (with abuse of notation)
u with the tuple (u,u|r) where u|x is to be understood in the usual trace sense
(which is unique due to the H*(f) regularity). For the purpose of the analysis it is
convenient to introduce the big bilinearform for the saddle point problem in (B) for
(u,p), (v,q) € (Up + Upeg) x L*():

Kn((u,p), (v,q)) := An(u,v) + By (u, q) + Br(v, p). (4.1)

On top of the discrete norms for u, € Uy and pp € Qp, cf. (2.10), we introduce the
following stronger norms for u € Uy, + Uyeg and p € L*(Q):

1
bl o= Rulf+ 3 BIVuldr, )= Vil + 2= bl
TETh
These stronger norms || - |1, allow to control the normal derivatives also for the exact

solution.

4.1. Analysis of the basic method (B). In this subsection we take a closer
look at the analysis of the basic discretization method (B), cf. section 2.3. The
analysis follows standard Strang-type arguments based on consistency, continuity,
inf-sup stability (induced by coervitiy of A (-, -) and LBB-stability of By,(-,-)).

LEMMA 4.1 (Consistency). Let (u,p) € Urey x LE(Y) be the solution to the Stokes
equation (2.1). There holds for (v, qn) € Up X Qn

Kn (s ), (ono 1)) = / for dz — £%(u, p,vn), (4.2)

0
with — E°(u, p,vp) Z / (id —T1%71) ya—z +pn) - (id —IT% Yor ds.  (4.3)
TETh

For (u,p) € [HY()) N [HY(TH)]E x H=Y(Ty), 1 > 2 and m = min(k,l — 1) we get
1
X (upvn) <0 (VBllullnss y + ol ) VPl (@)
Proof. As div(u) = 0 and [u']r = 0 we get by an element wise partial integration

Kn((u,p), (v7,qn))

- Z / div(—vVu) + Vp)ur d:c—i—/

u
(vp — T vl ] F) — pur -1 ds

TETh oT a
ou k1 . ou n
= Z fvT dx + Z/a—n( — I UT+UF)—(—Va—n~n+p)(UT~n) ds.
TeTh

On interior facets we have [ug—Z] F = 0 and on boundary facets we have v = 0 so that

Z/T g 45 = Z/ vk ds ) /v;wdszo (4.5)

TET FeFint FeFpe
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Further we have, with o, = —2% Snn+p
Z / opU - ds = Z / on(id =TT 1) (w8 - n) ds. (4.6)
TETh TETh

In the last step we used that on the interior facets we have H];,_l [vr - n]F =0 due to

vy € W, and on the boundary facets we have HllfflvT -n = 0. For the proof of (4.4)
we start with the estimate of the velocity part. Using the Cauchy Schwarz inequality
and properties of the L? projection on one element T € T}, we get for m = min(k,l1—1)

)
/aT(id —H’;:l)(—u£ +pn) - (id —TT% Yor ds

< (VI -~ ) Tullor + 6d 115 pllor) d ~T5 Yo lor
_ 1 1
S0 2 (VT ulanry + ol ) 0EVEITorl.

Summing over all elements concludes the proof. The pressure estimate follows with
similar techniques. O
LEMMA 4.2 (Continuity). There holds

An(u,vn) S VYUl VVllonlls  Yu € Uy + Ureg, vn € Un, (4.7a)
1
and By (u,p) S Vvlul WHQHO Yu € Up + Ureg,p € L*(Q), (4.7b)

which implies for all (u,p) € Up, + Ureg x L*(), (v, qn) € Up x Qp :

Kn((u,p), (vn, qn)) S Il p) 1+l (0ns g 1 (4.8)
Proof. Using the Cauchy Schwarz inequality on each triangle we get

An(u,on) <> {VIIVUIITIIWTHT + V|| Vullor [T [vh]llor
TETh

_ A _ _
+ V|| Vor|or | T 1[[ut]]||aT+VEHHIfw "u'Fllor| T 1[[”2]]“%}-

All terms except the third term on the right hand side can naturally be bounded by
the element contributions of the norms and ||vgl1. With an inverse inequality
for polynomials and Young’s inequality we also get a suitable bound for the third
term:

IVorlor |5 [u]rllor < | Vorllrh™ 2 I [u']|or

Finally, with the Cauchy Schwarz inequality in RI7» (4.7a) is proven. Property (4.7b)
also follows by simply using the Cauchy Schwarz inequality. O

LEMMA 4.3 (Coercivity). There exists a positive number cx € R such that for
the stabilization parameter A > cy there holds

Ap(un,un) Z vllupll} Vun € Un.

Proof. Using the Cauchy Schwarz inequality we first get

8uT

A
An(un,up) > > v|[Vur|f - v2ll— - H6T||Hk 1[[%]]FH@TJH/ T Tub D el 3
TeTh
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For the second term we first use an inverse trace inequality (with constant c,., [34])
for polynomials and Young’s inequality, thus

dur k—1p, ¢ 1 o 260 ki en 2
2|5, - lor Iy [un]rllor < 5IVurlly + —=I1TE [un]rlor-
This leads to Ay (un,un) > veallup||f with ¢y =2¢2. 0
LEMMA 4.4 (LBB). There holds

B (un, pn) 1
sup —=——— 2 —=|prll2, V pn € Qn.
unet, VV|unlli ~ Vv

Proof. We refer to [23, Proposition 2.3.5] where the DG analysis of [15] is applied
to the H(div)-conforming Hybrid DG method. A polynomial robust LBB estimate
for the two dimensional DG case can be found in [21]. O

LEMMA 4.5 (Strang). Let (u,p) € Uy x L3(Q) be the exact solution of (2.1)
and (up,pr) € Up X Qp be the solution of (B). Then there holds

(4.9)

. E(u,p,vp
Wu—wnp—pllie S inf  Bu—onp— gt sup SliaPaVn)

(4.10)
(Vh,qn)EURXQp vp€UR |||Uh

1,

Proof. We use a standard Strang-type approach for the proof. We first apply a
simple triangle inequality for (vn,qn) € Up X Qp,

ll(w = wn,p = pr)lls < 1w —vn,p = an)llvs + I(0n = un, gn = pa)llas

With Lemmas 4.2, 4.3, 4.4 we can apply Brezzi’s theorem to obtain inf-sup stability
(with a constant independent of h and v) for the bilinearform K}, on the discrete space
Un X Qp, so that

I (un = vn.pn — an)ll sl (wn, ra) s S Kn((wn — viepr — an), (Wi, 7))
= Kn((u—vn,p—qn), (wn, 1)) + Kn((up, — u,prn — p), (Wh, 78))
S w = vp,p — qr)ll sl (wn, i)« + E€(u, pywh).

1,%

Dividing by ||(wn, 74)||1,«, the claim then follows as (vy, gs) was arbitrary. O
LEMMA 4.6. Foru € [HY(Q)]*N[H(T,)]%, | > 2 there holds for m = min{l—1, k}

inf Jlop —ull1,« SR ull g7y (4.11a)
v €U
If further p € H'=(T,) N LE(Q2), then

m 1
1o S Il + ol ) (4110

inf vy — U, Qp —
. I (v =, an — p)|

Proof. The proof is build around usual Bramble-Hilbert type arguments, cf. [23,
Proposition 2.3.10]. O

PROPOSITION 4.7. Let (u,p) € [HY(Q)]4N[H (Tp)]4 x H=YH(TR)NLE(Q) forl > 2
be the exact solution of (2.1) and (up,pr) € Up X Qp be the solution of (B). Then
form = min{l — 1, k} there holds

1
N
Proof. Combine Lemma 4.1, Lemma 4.5 and Lemma 4.6. O
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4.2. Analysis of the reconstruction operator. With the solution of the basic
discretization (B) we obtain only weakly divergence free solutions, but can apply the
reconstruction operator Ry in a subsequent step. In the following we show that we
thereby obtain solenoidal solutions while preserving optimal order convergence.

LEMMA 4.8. Let ur € W, with div(ur) = 0 for all T € T}, and Assumption 1
be true for Ry . Then there holds

Rwur € Wy,  and div(Rwur) = 0. (4.13)

Proof. From (2.14a) we have that Ryyur € Wp,. To show that Ry ur is globally
divergence free it only remains to show div((Rwur)|r) = 0 for any element T € Tp,.
From partial integration and (2.14a), (2.14b) and (2.14c) we have for ¢ € P*=1(T)
(with Vg € [PF=2(T")]%)

/ div(Rwur)gde = — / Rwut - Vgdx + Rwur -nqds
T T aT

:f/u;,quder/ uTonqd:s:/diV(uT)qu
T aT T

From div(ur) = 0, T € T, we can conclude that the first term vanishes. Choosing
q = div(Rwur) concludes the proof. O
LEMMA 4.9. If Ry fulfills Assumption 1, there holds for u € Uyey:

-R < inf - - . 4.15
fo=Rounlh S _inf o= vl + =l (415)

Proof. We have that |Ryvn|l1 < ||lvnlli for every vy, € Uy. Hence, there holds

lu = Rounll < flu = vnlly + IRv (un —vi)lly
Sl =wnlly + llow — unlly S flw = wvall + llw = ually,

for any vy, € Wy, x Fy, C U. O

PROPOSITION 4.10. Let (u,p) € [HE(Q)]? N [HY(TH)]E x H=Y(T,) N L3(Q) for
I > 2 be the solution of (2.1), (up,pn) € Un x Qp, be the solution of (B) and Ry
fulfill Assumption 1. Then there holds Rwur € H(div,Q), div(Rwur) = 0 and for
m =min{l — 1, k}

m 1
I(w = Roun,p = p)lle S 0" (Vollullgme () + WIIPIIHw(m)- (4.16)

Proof. With Lemma 4.6 and Proposition 4.7 this follows from Lemma 4.9. O

4.3. Analysis of the pressure robust method (PR). In this section we an-
alyze the pressure robust method given by equation (PR). The approach is based on
another Strang-type argument, similar to the pressure robust error analysis in [26, 22].
Like in section 4.2, we also address the analysis of the the subsequent solution of (PR)
given by an application of the reconstruction Ry .

LEMMA 4.11 (Velocity consistency). Let u € Uy, be the velocity solution to (2.1).
For vy, € Uy, there holds

Ap(u,vp) = / —vAuvy dx — ES(u, vp)
)
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with &g (u, vp) g / (id —T1%71) g) (id —T1% " Hor ds.
n
TeTh

Proof. This follows similar lines as the proof of Lemma 4.1. O
THEOREM 4.12.  Let u € [HZ(Q) N HY(Ty)]4, 1 > 2 be the velocity solution
of (2.1) and up, € Uy, be the velocity solution of (PR) where Ry fulfills Assumption
1. Then there holds Rywur € H(div,Q), div(Rwur) =0 and for m = min{l — 1, k}
we have
lu —uplli < A" |ull w7,y (4.17a)

lu = Rownlly < 5™ [full s 7 (4.17b)

Proof. We start with (4.17a). For an arbitrary v, € UY := {v, € Uy, : Bp(vn, qn) =
0 Vgp, € Qn} we have |Jlu —up|l1 < lun — vrll1 + ||l — vr|l1- Using Lemma 4.3 and 4.2
and wy, := up, — vy, leads to
vifwalli < An(un — vn, up —vi) = Ap(u — v, wy) + Ap(up — u,wp,)
S vllu —onllsllwally + An(un, wi) — An(u, wh)
Svfu—vnll1llwnll + f(Ruwn) — Bu(wn, pr) — An(u, wh).
As Rywy, = Ryup+Ryvp, is exactly divergence free we have f(Rywy) = (—Au, Rwwy)

and further wy is element-wise divergence free so By, (wp, pr) = 0. Using Lemma 4.11
for the last term and property (2.14c) we have for all &, € [P*=2(T)]?

Viwall} S llu = vnllisllwnlly + (—vAu, Rwwr — wr)a + E5(u, wy)
Svllu—vplslwnlls + v[[Au = 0l L2 (@) IRwwr — wrllL20) + &5 (u, wh).

Next note that the operator (id —Ry ) is orthogonal on constants so by using the
Bramble-Hilbert Lemma, choosing &, = IT*¥"2(Au) and a scaling argument it follows

viwnll} < vllw = onllallwnlls + vh™Hullgmsr oy Allwnll +vh™ [ull s o) lwsll
Dividing by [Jwp |1 finally leads to

o —unlly S inffhu—villse + B ull s 73
}LEUS

The first term is then estimated by the infimum over the set of exact divergence free,
thus normal continuous functions {vy, € Wp, x F, : Bp(vn,qn) = 0 Vgi € Qr}, and by
using remark 4.10 from [6] and the Bramble-Hilbert Lemma we conclude the proof of
(4.17a). Finally, (4.17b) follows from || - [l < || - ||1,+, Lemma 4.9 and (4.17a). O

5. Numerical examples. In this section we investigate the numerical solutions
of the Stokes problem on 2 = [0,1]¢ and a right hand side f := —vAu — Vp with the
exact solution

1
u=curl¢( with ¢:=2%z—1)2%*@y—1)? and p::w5+y575 for d=2,
u=curl(¢,(,¢) with ¢ :=a2%(x —1)%y2(y — 1)%2%(z — 1)?
1
and p:=x5+y5+z5—§ for d=3,

and different values of v. All implementations of the numerical examples where per-
formed within the finite element library NGSolve/Netgen, see [31, 32].
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5.1. Pressure robust error estimates. As addressed in section 2.5 we verify
the impact of pressure robustness of the proposed methods. For this we compare
different polynomial orders and distinguish between the solution u}, of problem (B),
the pressure-robust solution up® of problem (PR) and their exact divergence free
reconstructions Ryuj, and Ryup~. We further choose a fixed viscosity v = le 3.
Figure 5.1 shows the L? error and the error of the gradient for the two dimensional
case. Both methods (B) and (PR) lead to optimal convergence orders as expected by
the theory see Proposition 4.7 and Theorem 4.12 but the order of magnitude is much
larger for the solution of problem (B). Note that the scaling between the respective
values is always approximately 1/v. Furthermore we have a proper convergence order
of the errors with respect to the exactly divergence free reconstructed solutions Ry u5-
and Rwu7" as expected by Theorem 4.12. Where the plots of the L? error of the
reconstructed solutions and their discrete divergence free counterparts nearly can’t
be distinguished when the polynomial order is increased we can see a very small
difference in broken H' (semi) norm. Similar conclusions can be done for the three
dimensional case, see Figure 5.1. To clarify the consequences of pressure-robustness,
Figure 5.2 shows the broken H! (semi) norm error for different values of v = 107 with
j = —6...2. For v > 1 the irrotational part of the right hand side is of the same
magnitude as the divergence free part, thus the errors ||Vu—Vu5||g and |[[Vu—Vu5s||o
are in a close range. When v gets smaller the irrotaional part of f tends to dominate
resulting in a bad velocity approximation, thus a big error ||Vu—VuZ-|[o. In contrast,
the pressure-robust solution is not affected by the decreasing viscosity and the error
[|[Vu — Vu5™||o stays constant.

[lu = ()llo

T TTTTIT

IVu =V ()llo

T T TTTTTT

T T TTTITT T T 1T T T 11T

T TTTTITT

T T T T T TTT

10713 I 1 o S W 1 I T O N A T lHHI - - = RUU;R
10t 102 1035 10 |7 10 102 1035 10 |7
[lu=()llo IVu =V ()llo
T T T T T T T T T T TTTTT T T T T T T T T T T T
10* |- 10° "
10—1 - 101 B
10—3 - 1071 B
10—5 - 1073 |
| _5
1077 |- L 1107
. L. Up
— L] —7 |- il
10 9L A T A Y N 1 O R AT 10 I T N N 11 I W WA Rl - == RUU'ZR
100 102 103 10% |T] 10t 102 103 10% |T]

FiG. 5.1. L? norm and the H' (semi) norm error for d =2 (top) and d = 3 (bottom,).
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FIG. 5.2. The broken H' (semi) norm errors for varying v and different polynomial orders k.

5.2. Timings. We discuss the computational benefits of the method on an ex-
ample. To this end we compare three methods: First, the H(div)-conforming HDG
method introduced in [23] with unknowns of order k involved in the normal-continuity
and the (weak) tangential continuity through facet unknowns (method [n|t]). Sec-
ondly, the H(div)-conforming HDG method with reduced stabilization (projected
jump) where (only) the tangential facet unknowns are reduced to order k — 1, as
presented in [24] (method [n[tf]). Thirdly, the method that we introduced in this
contribution with a relaxed H (div)-conformity so that the only globally coupled ve-
locity unknowns are facet unknowns of order k¥ — 1 (method [n|t"]). Note that the
costs for the reconstruction steps for solenoidal solutions and pressure robustness are
negligible and are not discussed here. For a comparison between the computational
effort of an H(div)-conforming DG and a corresponding HDG method we refer to
[24].

The following measures have been taken to compare the methods’ computational
effort. We consider the number of (velocity and pressure) unknowns that appear in
the three methods (dofs). Note that, in order to simplify the presentation, we do
not make use of a possible a priori reduction of the velocity and pressure spaces,
cf. Remark 1. Prior to solving the linear systems we apply static condensation, i.e.
we eliminate all unknowns that have only element-local couplings. The remaing un-
knowns are denoted as the globally coupled degrees of freedom (gdofs) which already
give a better indication of the computational effort as these are the only ones for
which a large linear system has to be solved. We note that all pressure unknowns
except for one constant per element can be eliminated, i.e. the pressure unknowns
in the condensated system are independent of k. Not only the number of (globally
coupled) unknowns is important for the computational effort in linear solvers, but
also the sparsity pattern and the number of non-zero entries in the matrix (nze).
Finally, we use a direct factorization method to prepare the solution of linear systems
and measure the computation time on a shared-memory machine with 24 cores for
the three methods (f.time). We note that the factorization time is much larger than
forward and backward substitution which we neglect in the timings. As examples we
take the finest meshes from the 2D and 3D Stokes problems from the previous section.
The results are shown in Table 5.1.

First, we observe that the number of unknowns for the methods with relaxed
(weak) continuity are larger due to break up of a globally coupled basis functions into
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k=1 k=2 k=3 k=4
2D [ e mjt] E]DtIRit] DETRE] Dt] D] D[] o]t]
dofs 249K 215K 182K 430K 396K 362K 678K 644K 611K 994K 960K 927K
gdofs 91K 125K 159K 159K 193K 227K 227K 261K 295K 295K 329K 363K
nze 970K 2M 3.3M  3.3M 4.9M 6.9M  6.9M 9.3M 11.9M 11.9M 14.9M 18.3M
f.time 0.3s 0.7s 1.2s 0.9s 1.3s 1.9s 1.8s 2.3s 3.0s 3.1s 3.9s 5.0s
k=1 k=2 k=3 k=4
3D ]t mft] IRt Rit] DI RE] Dit]  [E] D[] 0]t]
dofs 461K 406K 296K 941K 859K 694K  1.7M 1.6M 1.3M 2.7TM 2.6M 2.3M
gdofs 104K 163K 283K 283K 372K 551K 551K 670K 909K 909K 1.1M 1.4M
nze 2.2M 5.6M 17M 17M 30M 67M 67M 100M 185M 185M 251M 414M
f.time 0.7s 1.2s 4.5s 4.4s 7.6s 19.0s 18.8s 31.9s 73.9s 73.9s 114s 227s
TABLE 5.1

Measures for the costs of solving linear systems for different H(div)-conforming HDG dis-
cretization methods for the (2D and 3D) test cases from Section 5.1.

two only locally coupled unknowns. Accordingly the globally coupled unknowns are
much less for these methods which also decreases the number of non-zero entries in
the Schur complement and thus the computing time for the factorization.

The computational effort spend in the linear systems for [n|t] for some order k
is as muss as [of|tY] with k£ + 1, i.e. we obtain an increase in accuracy (cf. previous
section) with the cost of a method of order & only. The benefit is especially strong for
low orders k. Let us mention that the time to form the Schur complement and later
to reconstruct the interior unknowns is negligible compared to the costs of solving
the Schur complement. Further, both operations are element-local and can easily be
done in parallel.

There is no consistent DG discretization with & = 0. However, after static con-
densation, for [n|t] and k = 1, only unknowns of degree 0 remain for the velocity,
i.e. one degree of freedom per facet and dimension.

Appendix A.

A.1. An equivalent formulation to (B) based on scalar FE spaces. We
present a different discrete formulation which results in the same discrete solution but
uses the much simpler finite element spaces for velocity and pressure:

Vo= [T PR an= [T P )

TeTh FeF

and Qp = H PEL(T).

TETh

We note that the velocity spaces are product spaces of scalar-valued finite element
spaces for element and facet unknowns without any continuity between elements. The
facet space Ay, is responsible for two tasks: The tangential components of the function
in Ay, take the role of the facet variables in F}, in (B). The normal component is a
Lagrangian multiplier introduced to enforce the weak H (div)-conformity of solutions.

We define the bilinear forms

Z / vNVur:Vor dx—/ 3;;—1_[,; okl r ds

TETh

_/ avTHk 1[[ ﬁ]F d8+/
oT on oT
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k2
A SN [ P op ] ds,



for up, = (ur,up), vy, = (vr,vr) € Vi x Ay, and for up, vy € Vi, X Ap, pn € Ap,

E;(uh,(vh,ph)) = Z —/ pp div(ur) dx—|—/ upvp ds. (A.2)
Ty, JIT T

Then the alternative discretization takes the form: Find up € Vi, X Ap, pn € Qp, s.t.
for all vy, € Vi, X Ay, qn € Qp there holds

An(un,vn) + Br(vn, (un, pn)) + Br(un, (vn, an)) = f(vn)- (B)

The conditions By, (un, (0,¢4)) = 0, ¥ g € Qp and By, (u, ((0, v1),0)) =0, Vup € Ay
enforce divergence free solutions within every element 7', div(ur) = 0 and a relaxed
normal continuity, H’;Tl [u-n]F = 0, respectively. This implies that velocity solutions
to (B) will be in W, . We note that on the subspace of functions in W, C V4
we have that Ap(-,-) = Ap(-,-) and By(-,-) = Bu(-,-) so that we obtain the same
functions ur, ut, and py, as solutions to (B) and (B). The additional unknown u% is
an approximation to the normal stress p—vn®-Vun as u'y is the Lagrangian multiplier
for the (weak) normal continuity.

We note that although the solution to the equivalent formulations (B) and (B) are
the same, the sparsity pattern is different, cf. [24, Remark 7]. Also, we note that while
the implementation of the finite element spaces is easier in (B), the implementation
of the projection H’f;l is still required, cf. the discussion in the previous subsection.
Furthermore, the usual basis for the simpler space V}, does not provide the simple and
fast realization of the reconstruction operator that we discussed in section 3.4 so that
the reconstruction and the pressure robust variant (PR) will be more involved and
computationally more expensive.

In [29] a discretization similar to (B) is considered for a Navier-Stokes problem,
with the important difference that instead of one facet space Ay, two separate facet
spaces Ay and A} are used where A} = []pcx[P"(F)]* is the facet space for the mo-
mentum conservation in the velocity discretization (and thus no projection is needed)
while A} = [[zcP* ' (F) implements the weak H(div)-conformity. In a similar
fashion different discretizations can be derived when varying different polynomial de-
grees in A¥, A} or Ap. When choosing degree k in A} and A} (and removing the
projection H’Iffl) we obtain yet another formulation with divergence free solutions
that has recently been proposed in [30].
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