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SOLITON-POTENTIAL INTERACTIONS FOR NONLINEAR SCHRODINGER
EQUATION IN R3

QINGQUAN DENG, AVY SOFFER AND XIAOHUA YAO

ABsTRACT. In this work we mainly consider the dynamics and scattering of a narrow soliton of
NLS equation with a potential in R, where the asymptotic state of the system can be far from the
initial state in parameter space. Specifically, if we let a narrow soliton state with initial velocity vg
to interact with an extra potential V(x), then the velocity v, of outgoing solitary wave in infinite
time will in general be very different from vg. In contrast to our present work, previous works
proved that the soliton is asymptotically stable under the assumption that v, stays close to vg in a
certain manner.
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2 QINGQUAN DENG, AVY SOFFER AND XIAOHUA YAO
1. INTRODUCTION

Consider the following nonlinear Schrodinger (NLS) equation in R?,

1
i = —5 Ay + Vi = Fe(lyPy
(1.1) Y(,0) = ¥o.

Here € is a small positive number which will be fixed later and V is a positive smooth bump
function supported in unit ball B(0, 1) in R*. The nonlinear term is of form

zfiblp
O »" + f(s)

where 1 < p < %, f is a homogenous function of degree » > 0 such that % <r+p<4andfisa
fixed small positive number. The initial data i is a narrow soliton of form

(1.2) Fe(lsl) =

. . 1
(13) eI B~ (x = ), € o)
€
with given parameters {do, U, Yo, o} of order O(1) and ¢ = ¢(-, 1), the ground state satisfying

1
(1.4) ~5A¢ - F(g1))¢p = —us,

we use F(|s]?) to denote F;(|s]?) in (1.2). We refer to Rodnianski, Schlag and Soffer[34] for the
existence of such solution to (1.4).

In this work we mainly focus on the dynamics and scattering of a narrow soliton of equation
(1.1) in a setting which is not asymptotically stable. That is, we allow the asymptotic state of the
system to be far from the initial state in parameter space. Specifically, if we let soliton state of
form (1.3) with initial velocity 7 to interact with an extra potential V(x), then the velocity v, of
outgoing solitary wave will in general be very different. Previous works ( see e.g. [12], [20], [30],
[34] ) required that v, stay close to 7y in a certain manner and then the soliton is asymptotically
stable, which in contrast to our work, we allow v, to be very different from .

To introduce our main result, we first make change of variables
2
(1.5) u(x, 1) = ery(ex, 1),
then equivalently, the equation (1.1) describing a narrow soliton interaction with a normal poten-
tial, becomes the following NLS equation

1
i0u = —EAM + EZV(E')M - F(|u|2)u

(1.6) u(-,0) = 1y = MGy - “—E‘) 110).

which describes actually a normal solitpn interaction with a flat potential. Set o = {a,v,y, 1}
and oy = f{ao, vo, Y0, U0} Where ay = “—E" and vy = ey. Let V. = €2V(e), we introduce the

time-independent one-soliton linearized Hamiltonian
(1.7) H(o) = Ho+Vie+ V(o)

where
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V)= #~ F (I¢(({)|2) - 1; ’(I¢((T2)|2)¢((7)2 -F ’(|g2ﬁ((r)|22¢((r)2 ) ) )
F'(l¢(a)")g(0) —p + F(I¢(0)) + F'(I¢()")¢(0)
and ¢(0) = ¢(x, ) satisfying (1.4). Denote by
(1.8) A = Ao+ Ve
and
(1.9) H(o) = Hy+ Vo),

We introduce some spectral assumptions on J%3 (o).

Spectral assumptions: For |0 — 0| < ¢ with some constant ¢ > 0, one has

(1) 0 is the only point of the discrete spectrum of .74 (o) and the dimension of the correspond-
ing root space is 8.

(i1) There are no embedded eigenvalues in spec
+( are not resonances.

(H5(0)) = (=00, —u]U [, +00) and the points

ess

Remark 1.1. +y are said to be a resonances of .77 (0) if there exists solutions .. to equation
(J5(0) + s = 0 such that {(x) ™y € L? for any s > 1/2.

Theorem 1.1. Let € < 1 and F as in (1.4) with a small fixed parameter 6 > 0. Assume that
the linearized operator 56 (o) defined by (1.9) satisfy the spectral assumptions for all o € R®
satisfying |o — 0| < ¢ for some ¢ > 0. Then the solution to NLS equation (1.6) exists globally
and there exist o, € R® and u, € H" such that

(1.10) llu — w(x, t;04) — e uslln — 0, t— +oo.

The proof of Theorem 1.1 is actually a direct corollary of Theorems 2.1 and 2.2 given in
Section 2. In order to understand some key-points of our result, we would would like to give
more explanations by the following two steps:

(1) We first solve the soliton dynamics up to large but finite time T (see Theorem 2.1 of
Subsection 2.2), so that after time T, the new outgoing solitary wave is far from the support of
potential V. and its velocity is pointing away from V. Since one can use the classical dynamics to
describe the leading order behavior of such soliton-potential interaction (see Frohlich, Gustafson,
Jonsson and Sigal[15]), we follow the same idea of [15] to conclude that after an appropriate time
Ty, the above condition on the outgoing solitary wave applies.

(i) It follows from the finite time results that the solution is the state of the solitary wave
with some parameter o7, plus a perturbation rz,, as well as the solitary wave moves away from
potential. Next, we begin with a new system with initial conditions on (o77,, rr,), and establish
the long time behavior of the new system, i.e. Theorem 2.2 of Subsection 2.3, which is an optimal
version of previous works on asymptotic stability (see e.g. [12], [20], [30], [34] and references
therein).

To implement this strategy, we encounter and overcome new technical difficulties. To do step
(i1), we have to know that besides the solitary wave moving away from potential (with nonzero
speed), the radiation part rz, of the solution is small. For this we assume that in the original
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NLS equation (1.1), the soliton (1.3) is narrow which by scaling is equivalent to the potential
is small and flat in new NLS equation (1.6). By applying the method of [15], one has after
time Ty of order O(¢~?), the H' norm of the radiation will be of order O(e>-). To proceed, we
linearize around soliton gives a time-dependent matrix charge transfer Hamiltonian depending on
parameter vector o () and e. Moreover, the initial data is only small in H', but in general is large
in weighted spaces such as L*>({x)*dx) and L'. Then we would investigate the optimal Strichartz
estimates in € for the time and € dependent charge transfer Hamiltonian to take advantage of
the smallness of radiation in H' norm. Furthermore, since only Strichartz estimates is applied,
we may have to use L' norm for the derivative of parameter vector ¢<(f). This is in contrast
with the proof in [34] for example, where the authors had the L” decay estimates in hand and
hence the localization at least in L? for radiation is needed (as well as smoothness in higher
Sobolev norms) and the decay bounds for d(¢) is also used. It should be noted that the Strichartz
estimates (homogeneous and inhomogeneous) for the following time and € dependent matrix
charge transfer Hamiltonian

H(1,0(1) = Ao+ Vie+ Valt,0(1)

would be the most important part of this work. We prove these estimates are uniformly for € <« 1.

Theorem 1.2. Let Z(t, x) solve the equation

i0,Z = H(t,5(t))Z + F
(1.11) Z(-,0) = Zo,

where the matrix charge transfer Hamiltonian 7 (t,0(t)) satisfies separation and spectral as-
sumptions. Assume that the bootstrap assumption (4.3) holds for € < 1 and Z satisfies

(1.12) IPo(DZDl 215 < B,
with some constant B. Then for all admissible pairs (p, q) and (p, )

(1.13) 1Z1],510 < 1Zollz +11F Il + B.

Moreover, the constants in both estimates (1.12) and (1.13) are independent of €.

One can see Sections 4.1 and 5 for proof details. For € = 1, the charge transfer models has been
extensively studied. Scattering theory and the asymptotic completeness was proved by Graf [19],
Wiiller [35], Yajima [36] and Zielinski [37]. The next significant step is made by Rodinianski,
Schlag and Soffer [33] and Cai [9], who proved the point-wise decay estimates. Recently, the
Strichartz estimates has been proved in Chen [10], Deng, Soffer and Yao [14] and partially in
Cuccagna and Maeda [12]. The main idea used previously is to deduce the Strichartz estimates
from local decay estimates. In [14], the authors used the following logic:

Decay estimates = Kato—Jensen = Local decay = Strichartz estimates,

whereas in [10] and [12], they used channel decomposition and proved local decay directly. If
we apply the same argument as the one in [14], it is necessary to trace down the e-dependence
in each step, which is way to complicated. On the other hand, the procedures in [10] and [12]
would lead to e-dependent in a bad way, in fact, the bound in (1.13) blows up as € goes to zero.
In our work, we still reduce Theorem 1.2 to proving local decay and then by using L3 o [0
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estimates for the solutions of linear and nonlinear Schrodinger equation with one potential (see
[6]) to prove for solution Z(x, ) to equation (1.11) in Theorem 1.2,
2
V220 2, + V202 2y < 1Z0lLz + IFI 2 + B,

le

where (p, ¢) and (P, §) be admissible pairs and the constant above is e-independent. Moreover, V,

is obtained by scaling, it is small in L? for p < %, large in L? for p > % when € < 1 and invariant

in L?. Thus one cannot just deal with it as a small perturbation to get the desire estimates as in
3. . .. .

[6]. In fact, LZ is to some extent considered as the critical space for L7 decay estimates even for

scalar and one potential Schrodinger flow (see for example [7] and [17]).

Finally, let us review some of the history of soliton-potential interaction of NLS equation.
Frohlich, Gustafson, Jonsson and Sigal in [15] considered finite time results for soliton interacting
with a flat potential (equivalently, narrow soliton interacting with normal potential), they proved
for large but finite time, the soliton moves along almost the classical trajectory and only radiates
small energy. Their results has been improved later in one dimension by Homler and Zworski
[22]. Also, similar results for soliton interacting with a flat time-dependent potential are obtained
by Salem [3]. As far as the long time behavior, Perelman [31] considered a slow varying soliton
hits a potential in one dimension and show that such soliton would split into two parts when time
t — oo, which is totally different from our problem. Cuccagna and Maeda [12] proved that the
ground states are asymptotically stable if it interact with non-trapping potential weakly. There
still exist some other significant works and we will not list them all, one can see for example
[21, [5], [8], [13], [16], [18], [20], [21], [23], [24], [38] and references therein. Our work is also
related to the analysis of multi-soliton problem, see [4], [11], [27], [28], [29], [30], [32], [34].

2. THE ANALYSIS OF SOLITON-POTENTIAL INTERACTIONS

2.1. Some spectral results. In this subsection, we will introduce results related to the spectrum
of Hamiltonians .77 and .7 (o). Notice that V, is positive and compactly supported, there is no
eigenvalue for 777, which leaves us to consider the spectral properties of .74 (o). The continuous
spectrum of % (o) would be (—oo, u] U [u, +00). Additionally, spec(.74(0)) C R and may have
finite and finite dimensional point spectrum. Moreover, it has been proved in [33] that if ¢(x, 1)
is the solution of (1.4), the convexity condition

<aﬂ¢("#)’ ¢(,ﬂ)> >0
holds for |u — uo| < c.

Zero is always a eigenvalue and admits a generalized eigenspace. It has 4 eigenvectors

o ¢0) ey — | Oj26(0) .
2.1 r]l(x,O')—( (o) ), nj(x; o) = z( (3/]-,2¢(0') ), 3<j<5,
and 4 generalized eigenvectors

oy = i Oud(0) ey _ [ Xj-sP(0) .
(22) TIZ(-x’ 0-) - _l( 6Z¢(0_) )’ T]](-x’ 0—) - ( _-;j—S(p(U-) ), 6< ] < 8.

One can easily see that

(2.3) HG(o)mp = i and S (0)njes = —inj, 3 < j<S.
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Proposition 2.1. Let F be defined as in (1.2) with € = 1 and F6(0) be defined by (1.9).
Assume that the above spectral assumption holds. Then

(I) Let L(c) = ker(5(0)?) and L* (o) = ker(%*(a)z), one has
L*(R*) x LA(R?) = L(o) + L*(0)*.

The space L*(0) has dimension 8 and can be expanded by £j(x,0) j=1,2,...,8, where

- ‘
2.4) &j(x; 0) =( zgg ) £j(x;0) =( —liéif(;gy)) ) 3<j<s,
and

| i0ug(0) ooy | xjsé(o) )
(2.5) EH(x o) = ( —i(;,l(p(O') ), Ei(xyo) = ( x;_5¢(0') ), 6<j<8.
with

I (0)é1(50) =0,

G (0)ér (5 0) = —ié1 (5 0),

A ()éj(no) =0, 3<j<5,

H () 0) = i€j3(h0), 6<j<8.

Moreover, there is a natural isomorphism

2.6) T = ( O )
between L(0) and L* (o) and

(2.7 nj=J&, 1<j<8.

(II) Let P () denote the projection onto L*(0)* and set Py(c) = I — P.(0), let nj and &; are
defined by (2.1)-(2.5) and (2.4), respectively. Then

H3(0)Pe(0) = Pe(0) H5(0)

and

1 1
(2.8) Ppo)f = n_l(m<f’ &) +mlf.é) + Z — el S, Eex3) + nes(f, E0))

5
=
where ny = (n1,&) and ne = (¢, €3) 3 < € <5).
(111) The linear stability property for (o) holds. That is,

sup [P (o)|| < 0.
teR

Proof. One can see the proof for (/) and (/1]) in [34, section 12] and references therein. As for
the statement (/1), we refer to [30] for its proof. ]
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2.2. Interactions on finite time (0, 7.]. We first consider equation (1.6) for finite time, that the
soliton-potential interaction happens. Notice that ¢ in initial data is the groundstate satisfying
(1.4) and € is small enough, applying similar argument as in [15], one could find solution to
equation (1.6) which will stay close to a solitary wave of form

(2.9) P(x, 1;0) = €V P(x — a, p),

where o := {a,v,y,u},a = vt +ap and y = ut — %t + yo with yg € [0, 27), ag € R. Specifically,
we have the following results which will be proved in the next section.

Theorem 2.1. Assume F is given by (1.4) and € < 1. Let Iy be any closed bounded interval
in (0, 00). Then there is a constant C > 0, independent of € but possibly depend on Iy such that
for2 <6 < 3 and times 0 < t < Cmin{e?, €829} the solution to equation (1.6) with initial
data for some parameter

o0 = {a0, vo, 0, o} € R" X R" X [0,27) X Iy, ap = @, v = o€
€

is of form

(2.10) u(x, t) = eV (Pp(x — a, ) + r(x — a, 1))
where

@11 Irll,;i = 0Ce™)

and the parameters v, a, 'y and u satisfy the following differential equations

U= = (VV)(ea) + O(¥2%)

a=v+0E)

L lol* 2 8-26

’}/—M—T—E V(ea) + O(€°°)
(2.12) [ =O0(%).

Remark 2.1. Since our potential V, is flat of size O(e™") and also small in L* of size O(€?),
the existence time interval of solution and the estimates for the remainder terms in (2.10) and
(2.12) are slightly better than the ones in [15], where the authors only assume potential is flat and
not necessarily to be small.

2.3. Post-interactions after 7. The modulations equations (2.12) for parameters o~ in Theorem
2.1 shows that the moving solitary wave hits a small and flat potential, it moves almost along
classic trajectory. Since the potential is a smooth bump function (one can even make it radial),
we would expect that the solitary wave will move out of the impact of the potential. In fact,
by using the modulation equation (2.12), it could be realized by the time O(e?) if one choose
quantity of initial position ag and velocity vy are of order 1.

Thus in the following we assume |ag| = |7g| = O(1) and choose § = §y with some 2 < &y < %
and € < 1 in Theorem 2.1. Now we consider equation (1.6) from time Ce% to +co. Let us begin
with the equation (1.6) at time Ty = Ce>~%¢e 2 = Te 2 for large constant T,

1
iOu = —EAu + V(e — F(luPu

(2.13) u(-, To) = ug, = V0o (¢(x — ar,, r,) + r(x — ar,, To)).
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with
|UTO| = lv(TO)l = o€ 0 + O(E730) > Cre
laz,| = [a(To)| = capv €% + O > Cre™!
yr, = ¥(To) = yo + O(* )

(2.14) pir, = u(To) = po + O( %),

where C; and C, are large constants. We start (2.13) at # = 0 and rewrite it as
1
i0u = _EAM + Veu — F(Iulz)u

(2.15) u(-,0) = ug = V0 (¢(x — ar,, pr,) + r(x — ar,, To)),

where V.(x) = €*V(ex), the parameter o7, = {ar,, vr,, ¥r,, 11,} satisfies (2.14) and r satisfies
(2.11) with 6 = 8.

Notice that the support of V, is of ! with € < 1, by (2.12), (2.14) and the observation that
the solitary wave moves almost along classic trajectory, we know that at the solitary wave moves
away from the potential and at + = 0 in equation (2.15) they almost separate from each other.
Thus it is reasonable to assume

(2.16) ar, + UTUI| > cre! + cpet,

with some large positive constants ¢y and c¢;. This also means in equation (2.15), the soliton
already sits out of the impact of potential at time ¢ = 0 and the distance between the centers of
moving soliton and potential become far away from each other as time goes.

To deal with equation (2.15), we first linearize it around soliton. Let u(x, f) be the solution
near moving soliton and make ansatz

Q.17)  u(x, 1) = 9D p(x —y(t; 07(1)), u(1)) + R(x, 1) := w(x, t; 0(1)) + R(x, 1).

Here

. _ s , v (s)?
O(x, 5, 0(1) = v(t) - x — ; (W(s) - y(s;50(s)) + > — u(s))ds + (1)
(2.18) y(t; o (1)) = f u(s)ds + a(s).
0

We will write

(2.19) w(o(1)) = wx, 1 o(1)) = "D (o (1))

where

(2.20) (o (1)) = O(x, t;0(1))

and

(2.21) #(o (1) = p(x — y(t; (1)), (1)),

It is easy to see
1

i0,(w(o(®) + R(x,1)) = —(0@) - (x=yt; o)) - Elv(t)l2 + u(t) + y(O)w(o (1)

— ie™ O (1) + a(1)) V(o (1))
+ ™7 (10, p(o (1)) + i0,R
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and
Aw(or (1) + R(x, 1)) = [u(O)Pw(o (1)) — €7D Ap(or (1)) - 2ie™ D u()V(or (1)) — AR,
which imply the equation for R(x, 1),
iR = —%R + VeR = F(w(a ()R = F' (w(a () PIw(a ()R = F' (Iw(e ()P )w(o(1)’R
+ (V1) - (x = y(t: ()W (D) + F(OW(T (1))
+ ia(ne™ V(o (1) — e ()3 (o (1))
(2.22) + Vew(or (1)) + O(R|?) + O(RPIw(o (D)4 7).
Rewriting the equation (2.22) as a system for Z = (R, R,
(2.23) 0,2 = (t,0()Z + N (o(1)) + V(o (D)) + O(Z]?) + O(|Z|2|w(o-(t))|q’2).

Here % < g < 5 and the matrix charge transfer model

(2.24) FO(t,0(t) = FG + Vie + Valt, (1))
with matrixes
-iA 0 ) (w 0 )
2.25 ) = 2 s, Vie=
(2.25) 0 ( 0 la 1 0 -V,
and
Va(t, o(1))
_(F (Iw(o)*) - F '(IW((T(I))IZ)ZIW(U(I))I2 —F'(w(a(0)P)w(o (1)) )
F'(w(o (1) P)w(or (1)) F(w(o ) + F'(Iwo @)W )
We would take both .4 (o7(f)) and ¥¢(o(f)) as nonlinear terms, which are interpreted as
(2.26) N (o(1)) = ( _f? )
with

f=0(t) - (x = y(t; c(O)W(o (1)) + F(OW(o (D) + ia®)e” TPV p(o (1) — i (D)0, p (o (1))

and

(2.27) Velo (1) = (

Vew(or(1))
—Vew(o (@) )

Definition 2.1. Let o (t) be an admissible path and 0(x, t, o(t)) and y(t; o (1)) be defined as in
(2.18). Then we define

£ 0 (0) =( T (x = (13 07(1), 1)) )

e OEETO) g (x — y(t; o7 (1)), (1))

ieie("’t;”(t))ay(ﬁ(x - y(t; (1)), ,U(f))
i e—i(?(x,t;o'(r))ay(p( x —y(t;o(6), u(t)) |’

i€ 5T, p(x = y(t; o(1)), (D))
—ie PETOVG b (x — y(t; (1)), p(D))

&(x, 10(0) = (

fj(x,t;tr(t))=( ) 3<j<5

and

(xj=s = yj-s5(2:07(1)) 7D p(x — y(1; 07(1)), (1))

S Bo) = ( (x5 = vys(6 o (D)e MO B = y(15 (1), (1)

y 6<j<8
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Proposition 2.2. Let Z satisfy the system (2.24) and & be defined as in Definition 2.1. Suppose
forallt >0,
(2.28) (Z0).&j(x, t;0(1))) = 0

where & is defined as in Definition 2.1. Then we have the following system for parameter vector
o),

=2ip(1{0u (o (1), Pl (1)) + (Z(1), (D) 1(0(1)))
= (Vo). &1, 15, 0(0)) + (O(ZI) + O(ZPIw(or()IT2), (-, 1; (1)),

2iy(D{0ud(o (1), plo (1)) + (Z(1), (D)2 (07 (1)))
= (Vo) &, 1,51))) + (0217 + ONZP (o))", &£, 15 07(1))),

030 ¢} + (2@, FOD ()
= (Vo ®), &, 1;0(0)) + (OUZI7) + ONZP (T ()72), &, 1 0(1)), 3 < j <5,

aj-s[ ¢}, + (Z@0). 7DD (1))

= (V(a(0)), &;(- ;D)) + (OUZI7) + OUZPIW(a ()12, £;C, ;7(1)), 6 < j <8,
(2.29)

where % < q <5, w(o(1) and ¢(o (1)) are defined by (2.19) and (2.21) respectively and for all j
(2.30) |© ()] < Cp(o ()] + DS (D))] + |D*$( ()] + DB, p(o(D))]).

For post-interaction region, we have the following statement:

Theorem 2.2. Let F as in (1.4) with a small fixed parameter 6 > 0. Assume that the linearized
operator /65(c) defined by (1.9) satisfies the spectral condition for all o € R® with |o— o(0)| < ¢
and € < 1. Then solution to equation (2.15) is of form

(2.31) u(x,t) = wix, t;0(t)) + R(x, t)

with w(x, t; o°(t)) defined as in (2.17),

(2.32) IRl ytegep S € and [0y s €7,

forsome 0 < @ <4 -0y, 2<0dy < % Moreover;, there exist oy and u, € H' such that
(2.33) llu —wix, t;04) — e®upllyr = 0, 1 — +oo,

where w(x, t; o,) = €D p(x — fot u(s)ds — ay, i) with

lu(s)I?
2

O0.(x,))=v, -x— f ((s) - y(s;0(s)) + —u(s))ds + yy.
0

3. THE PROOF OF THEOREM 2.1

In this section, to make our paper self-contained, we will sketch the proof of Theorem 2.1 by
using the method of [15]. We first note that by the spectral assumptions, it is easy to verify all the
assumptions in [15]. And then the proof of Theorem 2.1 will be divided into several subsections.
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3.1. Hamiltonian and solitary manifold. Consider nonlinear Schrodinger equation (1.6)
i0u = —%Au + eZV(e-)u - F(|u|2)u

and define its associated Hamiltonian functional on H'(R3, C)

(3.1) W) = % L 3 |Vuldx + % fR 3 Velul*dx — F (u)

where V.(x) = €2V (ex) and ¥ (u) = F(lu]*)u. Here let us review some basic facts of H'(R?, C).
It is equipped with form

3.2) w(u,v) = Imf uvdx,
R3
which is considered as a real space
(3.3) H'RR?) = H'(R*,R) @ H'(R*,R), u — (Reu,Imu).
It also has real inner product
3.4) (u,vy := Ref uvdx,
R3

so that w(u, v) = (u, T~'v), where
(3.5) UE ( O )

is an complex structure on H'(R?, R?) corresponding to the operator i~! on H'(R?, C) and we
also use J = i~!. Thus the equation (1.6) can be written as

(3.6) O =JW (u).

The Hamiltonian ‘W (u) enjoys the conservation of energy and mass, that is, W (u) = const and
N(u) = const with

(3.7) N = f lul*dx.
R3
Notice that the groundstate ¢, = ¢(-, u) defined by

1
—500. - Fl¢) by = —udy

for some u € I C R is the critical point of the functional

(3.8) S = - f Vul? + Elufdx - F ).
4 R3 2

The Hessian of E(u) at ¢, is the operator

1 ,
(3.9) L= =50+ pu=(Fllg)g) -
and

[ Ly O

(3.10) L —( 0 L. )

in complex and real expression, respectively. Here

1
(3.11) Lo =—3A+p=F(gl")
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and
3.12 Lo=-2a 2F (17 — Flgul*
(3.12) + = =5 A+ = 2F (16N = Ful)-

Now we introduce the manifold of solitary waves. Let o := (a, v, i, y) and
(3.13) o = by = Sanybu = TaTuTybu(x) = " (x — a)
where

(B.14)  Tau(x,0) = u(x - a, 1), Tyu(x,t) = eV u(x, 1) and Tou(x, 1) = e”u(x, 1).

The manifold of solitary waves is defined as

(3.15) M = {ayy = (a,v,p1,7) € R¥ X R? x [0, 27] X I},
and then the tangent space to this manifold at ¢, € M, is given by
(3.16) Ty, My = Span(zq, Zus Zy» Zu)s

where

(3.17) Za = ~Vu, 2y = ~JxPy, 2, = ~J ¢, and z, = 0,¢,.

Here we have to note that J = i~! if one takes the complex expression of £, and [ is of
form (3.5) and ¢, = (¢,,0) if one uses the real representation of £, we will use the complex
representation of £, in the rest of Section 5. Moreover, it follows

(3'18) Lpza = 0’ L/.lz’y = O, ‘L/JZU = in, L/JZH = iZ'y
and
(3.19) £22,=0, L2, =0.

3.2. Skew-orthogonal decomposition. In this subsection, we will decomposition the solution to
equation (1.6) along manifold M; into a solitary wave and a fluctuation which is skew-orthogonal
to the soliton manifold and derive the equations for the fluctuation and parameters o = (a, v, i, y).
To this end, let us define the 6— neighborhood

(3.20) Us={ueH": inf [lu = gl < s},
gEL)

where
%o := R* xR x [0,27] x (I \ 8I).

Then we have the following so called skew-orthogonal decomposition for all u € Us with small
enough ¢ and refer the reader to [15, Proposition 5.1] for the proof.

Lemma 3.1. Let u € Us for sufficiently small 6 > 0. There exists a unique o = o(u) €
C(Us, X) such that

(3.21) Wt = ¢po,2) = (U= ¢, T '2) =0, Yz Ty M.

Now given a solution u to equation (1.6) such that u € Uy, it follows from Lemma 3.1
(3.22) u— e LI Ty M.
Set
(3.23) u—¢s = Sauyr and ¢ := Sa_lfyu.
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We introduce operators
(324 (K1, K K3) =V, (Ka, K5, Ke) = =T (x1, X2, x3), K7 = =T, Kg =,
with coefficients
(a1, m,@3) =a—-v, (a1, @,a3)=-v-VVa),

(3.25) @ =pu— %vz +a-v-Va) -y, ag=—f.

Lemma 3.2. The fluctuation r defined as in (3.23) satisfies the equation

7 8
(3.26) F= (T L+ Y K+ Rr+ Ny + T Y. Ko + Ry
j=1 j=1

and the parameter o satisfy the equations

8
a = v + (m) " (e, TN(r) + TRyr) + Z(Qﬂ(jxk(ﬁw )

J=1

8
Uk = =0 Ve(a) + (m() ™ Oy Nu(r) + Ryr) — Z(a i KiOkbu, I 1) + Ok, Rvy)

j=1
1 8
F =l SV U= V@) = 0 (@) @ N (1) + Ryr) = D (@K, T 1)
j=1

+ <6;1¢y, RV¢#>

8
o= ' ()G TNu() + TR = > (Kb 7),
Jj=1

(3.27)

where

(3.28) Ry := Ve(x +a) = Ve(@) = VWVela) - x,  m(u) = fR |8uPdx
and

(3.29) Nu(r) = F(r + ¢,)(r + ¢,) = F(8ul*) (@) = (F(l*) (@) 7.

(3.30) lal = O(allirllen + €* + I3,

Proof. Actually, (3.26), (3.27) and (3.30) are obtained by the same procedures as the ones in
[15]. Precisely, one only need to substitute V by V. and correspondingly use the estimate

Ry := Vox +a) — V(a) = VV.(a) - x = O(e* ).

in the whole proof. O
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3.3. The completion of proof. We will use an approximate of Lyaponuv functional to obtain
an explicit estimates for » and o and then finish the proof of Theorem 2.1. The whole process
is based on the analysis in [15], except we have to keep track of extra e which comes from the
potential V. Let recall the decomposition for u € Uy,

N T
(331) Y= Sav‘yu _¢H+r’
and then we prove that the Lyapunov functional &(¢) — E(¢,,) is approximately conserved.

Lemma 3.3. Let u € Us be the solution to equation (1.6) and ¢, r and ¢,, be defined as in
(3.31). Then

(3.32) 01 E(p) — &) = Olalllrz, + € lirllm + €Nl
Proof. Let u be the solution to equation (1.6), we first notice that

d, f Veluldx = (VV.iu, Vu)
R3

and the Ehrenfest’s theorem
0u, —iVuy = =((VVu, u),

which follows from the nonlinear Schrodinger equation (1.6). Then by using the same trick as
the one in the proof of [15, Lemma 3], we have

1 1
(3.33) 9,E(p) = Eﬂllwlliz = @+ VVe( + a))g, Vo).

On the other hand, since ¢, is the critical point of functional &(¢) and thus

1

(3.34) &) = S plgull7>-
Applying (3.33) and (3.34), we obtain

1 1

WE@) = E@) = Sl = lIgulliz) = 54 + TVl + @), V)

(335) = Jl - Jz.
It follows from the skew-orthogonal decomposition (3.31) that

1
(3.36) Ji = E/:‘”V”iz = O(allIrll7.).-
As for J>,

20, = @+ VVe(- + @), Vr)y + {(VVe(- + )iy, V1) + {(VVe(- + a))ir, V)

W+ VVe(a)r,Vr) + (VV(- + a) = VV(a)r, Vr)
+{(VVe(- + @) = VV(a)igy, Vi) + ((VVe(- + a) = VV(a))ir, Vi),

where in the first equality above we use (iV¢,,r) = (iz;,) = 0 and (igr, Vr) = O for any real-
valued function g € L™, and in the second equality we apply

VVe(a)ir,iVe,) = VV(a)ig,, Vr) = 0.
Notice that
VV. = 0() and VV.(x + a) — VV.(a) = O(e*|x]),
it is easy to see

(3.37) J2 = O(adlirliz, + €l + €Nl
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Combining (3.36) and (3.37), we finish the proof. O

Next we introduce the lower bound for &(¢) — E(¢,,) due to [15].

Lemma 3.4. Let u € Us be the solution to equation (1.6) and ¢, r and ¢,, be defined as in
(3.31). Then there exist positive constants p and c independent of € such that for ||r||g < 1,

(3.38) 8@y + 1) = &) = pllF, = clirll,, -

Now we present our main result.

Proposition 3.1. Let u € Us be the solution to equation (1.6) and ¢, r and ¢, be defined as in
(3.31). Assume that € is sufficiently small. Then there exist positive constants ¢, C independent of
€ such that for2 <6 <3 and t < Cmin{e%, 32},

Il < ce*™

(3.39) el < ce¥2.

Proof. Notice that for ||r||5: < 1, it follows from Lemmas 3.3 and 3.4
(3.40) PlrIE, < et € lr @l + (€ +aDlIrdlE,) + eallrdl,
where p defined as in Lemma 3.4 and ¢, ¢, are positive constants. We rewrite (3.40)
(3.41) Clr®l < (e Ol + (€ + 1aDlr@llz) + IO
for some constant C > 0. For 1 < $(€% + |a)™! := 7 with 2 < 6 < 3, it follows from (3.41) that
Cq C
207 = Z IOl + @l = 0.
Take X = sup,(o o 10|, and then we have $7572 — $X? + X3 > 0, which leads to
(3.42) X <ce*?,
with some constant ¢ > 0 for sufficiently small e. Now putting (3.43) back in (3.30), we have
sup |a(f)] < ces™,
1€[0,7]
which finishes the proof. O

The proof of Theorem 2.1: Choose € such that ce*™ < %h where the constant c is the one in
(3.39) and & is given in Lemma 3.1. Then there exists a maximal 7y > O such that the solution
u of equation (1.6) belongs to Uy, for all r < Ty. It follows from Lemma 3.2 and Proposition 3.1

that Theorem 2.1 is true for ¢ < min{T, ce®~%°}, which combined the inequality ce*™? < %h imply
Theorem 2.1 holds for ¢ < ce®~%.

4. THE PROOF OF THEOREM 2.2

This section is devoted to the proof of Theorem 2.2, the asymptotic behavior of the solution for
post-interaction region. First of all, we have obtained the following matrix Schrodinger equation
(see also equation (2.23))

i0,.Z = A1, (t)Z + N (0(1) + Ve(a(0) + O(ZI%) + OUZFIw(o())]T2),
4.1 Z(0) = (R(0), R(0))",
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with % < g <5, /(o)) and V(o (1)) defined by (2.26) and (2.27) respectively, and
[z, = 0™,
as well as the ODE system for o (see Proposition 2.2).

Bootstrap assumptions: There exist a sufficiently large constant Cy such that for soma 0 <
a<4- 50
<Cyle.

(4.2) ”ZHL}W}%L/“HJ =0

(4.3) il < €,

where 0y € (2, %) defined in Section 2.3.

4.1. End-point Strichartz estimates. In this subsection, we always assume that the bootstrap

assumption (4.3) holds for € <« 1 which will be verified in the next subsection. let us introduce a
new charge transfer Hamiltonian,

“4.4) F(t,0(1) = IG5 + Vie + Vaolt, 5 (1))
where %) and V. are defined as in (2.24) and
Va(t,0(1)
_( —Fw@@)P) = F'(Iw@@)P)w@ @) —F(w(@(0)PIw(@ (1))
- ( F'(w @0 @0) F(w@ o)) + F' ((w@0)P)w(@ (o) )
with
(4.5) W@ () = €M TOg(x (e, 7)),

— 2 t _ 2
O(x,t;0()) = vr, - x +y1, + (#To - |U;]| )t - f (M = (u(s) —#To))d&
0

(4.6) Y, () = f (v(s) — vr,)ds + ar, + vr,t.
0

Let Ty(f) and T'(¢) be operators defined by the following formulas:
@7 To® = Bawywe TO) = Baoyno. (Beyuf)(x) = 5 f(x = y)

where
(1 0
Q - 0 _1 )
Bo(t) = +( - |UT°|2)I (t) = ar, +vr,t
0 =7 MT, 2 > Yo = ar, Tols
t _ 2 t
(4.8) B = j; (- M +p(s) = pry)ds, y(t) = j(; (v(s) = vr,)ds.

Thus defined, we have
B,B,y,uf = B,B,O,UBO,y,Of
and
By of = B-g-y0Boo-uf.
Denote

(4.9) Py(t) = To(OT (t)Pp(o 1, )T ()T (1)
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and
(4.10) P.(t) = To(OT O)Pc(or,)T*(t)To(1)

where P.(o7,) defined as in Proposition 2.1 is the projection onto the subspace of the continu-
ous spectrum of 7% (or,) (see (1.9) for definition) and Py(o7,) = I — P.(0or,) defined by (2.8).
Moreover, let

£i(x, 1;5(0) = To(OT(DE,(x, o)
and
nj(x, t;a(t) = To(OT (On;(x, o1,),
where &;(x, o7,) and 17;(x, o7,) are defined in section 2.1. It follows from (4.9) and (2.8) that

1 _ — ~ — — — ~ —
Py(f = n—(m(x,t;tT(t))<f,§2(x,t;tT(t)))+nz(x,t;tf(t))<f,§1(x,t;tf(t))>)

5
1
(4.11) + Z — ([0 (x, 5 TN a3 (5, 5, TW)) + Tesa(x, 1, TO) S, Ex(x, 1, T(D)))-

= 1

Now we introduce the end-point Strichartz estimates for the new Hamiltonian (4.4). The
admissible pair (p, g) for Strichartz estimates satisfies

2
(4.12) —=§—§, 2<p<oo.
P 2 q

In particular, the endpoint admissible pair (p, g) = (2, 6) is crucial in our paper.

Since we study the soliton-potential problem in H', it is necessary to consider the end-point
Strichartz estimates in the following form which will be obtained by applying Theorem 1.2.

Proposition 4.1. Let Z(t, x) be the solution of equation (1.11) and satisfy (1.12). Then for all
admissible pairs (p, q) and (p, 4)

(4.13) 12, 1o < WZollin + 11F N 1 + B,

where B is the constant in (1.12).

Proof. Our main idea is apply the Strichartz estimates Theorem 1.2 for 0;Z (k = 1,2, 3). To this
end, differentiating the equation (1.11) we obtain the following equation for 9;Z,

(4.14) 10,012 = (¢, E(t))akZ + (6;{\/15 + 0, Va(t, E(I)))Z + O F.

On the other hand, it follows from (4.11) that

1, — ~ — — — ~ —
PuDOZ(@0) = == (e 5 FON 0, 020, 15T(0)) + ol 1 FONZ(0), 41 (x,1:50)))

.
1
= D5 (e 5 FO)EO. i v £:50)

=3
e+, 5 TONZW), O, £;TD))).
which combined the endpoint Strichartz estimates for Z (see Theorem 1.2) lead to

(4.15) 1Po@Z0)] 21 < 2] 206 < 120ll2 +1IF N, + B := B.
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That is, 0,Z (k = 1,2,3) satisfies (1.12) for some constant B. Finally, Using the endpoint
Strichartz estimates (1.13) again we have

10ullyyy = [l0cZoll,e + [@Vie + 0Vat.FONZ 05 + [0 1 + B
< Nozolls + 1251 + 106F 15 + B
(4.16) < 2ol +IFll g1 + B,
Thus we finish the proof. O

4.2. The completion of proof. We first close the estimate for o by the following proposition.

Proposition 4.2. Assume the separation(2.16) and spectral assumptions hold. Let o, Z be any
choice of functions that satisfy the bootstrap assumptions for sufficiently small € > 0. Then

. 1,
ol < 5 €.

Proof. By the convexity condition (see (II) of Proposition 2.1) and the bootstrap assumption
(4.2), the left hand side of the system (2.29) is of form B(¢)o with B(f) an invertible matrix of
order O(1). Then we have for % <q<5,

lolly < (o éi¢ 0o, + 00219 + 0ZPMwa @I, £i¢. 00 ,)
J

Notice that for each % < g <5, we can always choose n > % such that 2 < n(q — 2) < 6 and then

<0121 + 0ZP w2, &C. @),

< C”|Z|2”L}L§ + C”|Z|2”L}L§ |Z|‘1_2||L;”Lfl
<l + Clzl ezl

< CCazez" < %62‘1,

where we use the fact that Cy is a sufficiently large constant in the last inequality. On the other
hand, by bootstrap assumption, we have o(f) ~ o, for all #, which combined the exponentially
decay of ¢, supp V C B(0, 1) and the separation inequality (2.16) lead to

Koo, &, 5000, < f AT
< f e HOUAO DY, ()]
- ; ¢ L}
(4.17) < Cé
for any k£ > 0. Hence we finish the proof. O

It remains to verify the bootstrap assumption (4.2) for the perturbation Z. We first rewrite the
equation (4.1) for Z as follows,

10,2 = 7(t,0(1))Z + F(1),
(4.18) Z(0) = (R(0), R(0))”,
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where
F(t) = (S(t, (1)) — H(t,5(D)Z + N (D) + Ve(o (D) + O(ZI9) + O(ZP[w(o ()" %)

with 2 < g < 5 and A (0(¢)) and ¥ (o (r)) defined by (2.26) and (2.27), respectively. And then
by using the already proved bootstrap estimates for o and the Strichartz estimates for matrix
Schrodinger equation (4.18) (see Theorem 1.2 and Proposition 4.1), we could finally finish the
proof. To do this, let us begin with the following lemma which verifies the assumption (1.12) in
Theorem 1.2.

Lemma 4.1. Let Z satisfies the bootstrap assumption (4.2) and the orthogonality condition

(4.19) (Z@),¢i(x, t;0(1))) = 0
with respect to an admissible path o (t) obeying the bootstrap estimates (4.3). Then we have
(4.20) 1Py ZD 215 < €

Proof. Notice that for all > 0
|6Cx, £, o(1)) = B(x, 1, 5(0))|

< @ = O] + |w®) - vO)(x = y(t; 70))| + fo |(w(s) = v(0))a(s)|ds
(4.21) < el (1 + 161l + |x = y(t, (@)
and
(4.22) (5 (1) = 5(t: 7(0)| < Il

On the other hand, it follows from (4.11) and the orthogonality condition (4.19) that

Pyp(D)Z(1)

1 n o £ o oy e = —_
n—l(m(x, 1 F(ONZ(D), E(x, 1, 510)) + T (x, 15 TONZ(1), & (x, 1 0'(1‘))))
5
+ ; n% (e, 1: FONZ(1)., Era(x, 1:5(0)))
043 (%, 15 TONZ(@), Erlx, 1 5-(;))))
! 7 -~ = —_
= n—l(nl(X, t, T (ONZ(1), E(x, 1T (1)) — E(x, 15 0(1)))

T ETONZ(0. 61 (1, 65(1) = é1(x,1.0(1))))

5
| — ~ —
+ D o (e BFONZD, £ (6, 1,70 = s 1:0(0)
=3

(4.23) + 32, 1 TONZ0, Ex, 155(0) — En(x, 1 0(1))).
Moreover, by using (4.21)-(4.22), we have

B T —E1Cnro )] 5 M T =T FW)) - T px = (1o (1)
S MO0 F0)) = T x y(a, o 0)
+ [T = 31,0 @) = g = (1 00|
(4.24) S ol @+ 1l + |x = y(t, o (@) p(x = y(1, (D)),
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similar estimates also hold for 2 < j < 8. Thus by (4.23)-(4.24), it follows
(4.25) [PsOZO] 215 < WLz gl e < €
O

Proposition 4.3. Let Z be a solution of the equation (4.18) satisfying the bootstrap assumption
(4.2). We also assume (due to Proposition 4.2) that the admissible path o (t) obey the estimate
(4.3). Then we have the following estimates

(4.26) ||Z“L,2Wj-5mL,°°H} < Cal %

Proof. Notice that when % <q<5,

5-¢ 3¢-17
2 2

, 5
1z ||L%Wi,g < 21z allZI1 2 V21 2

and similarly to (4.24)
O R A OV )

IA

[(Va(t. o) = Va.50))Z] |
LW,

s 1.6
5 ’5
¢

A

lorll 2] 0 < €57
Moreover, by using Proposition 4.2 and similar procedures as in (4.17), we obtain
| @)y ye < €
and for any k > 0
[Feo @], 5 5 €
Then it follows from the endpoint Strichartz estimates (4.1) and Lemma 4.1 that

[

||Z||L}Wj~6mL7°H; ”Hl

< +||7 @ o) - 2, E(t)))Z”L%WYI.g + A @) y2
e #1282, L+
S TN CET + M + €+ C e + CRE + €
< ¢ e—a,
where B is defined as in (1.12). O

Finally, we prove the scattering. To this end, we rewrite the solution to equation (2.15) as
4.27) u(x, t) = wix, r; oy) + (w(x, 1, 0(£)) — w(x, t; 1)) + R(x, )
where
wix, £;0y) = e 0(x - fo ()5 - avop)

with
[u(s)?
2

6. (x.0) = vy - x — f (W(s) - y(5:0(s) + — W($))ds + s
0

Take o4 = lim,;_,,. o and notice that

w(x, t; o(2)) = w(x, t; )
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< |e"9(”;‘7(’» - eig*(x")|¢(x - f v(s)ds — a(t), u(t))
0
+ g~ fo u(s)ds = a(t), u(0) = $(x fo u(s)ds = dp, u(1)|

+ o - fo u(s)ds = ay, u() = d(x - fo u(s)ds = ay, 1)),

it is easy to see
[lw(x, t; () —w(x, t; 04|yt = 0, t — +o00
in H'. On the other hand, R(x, 7) verifies an nonlinear Schrodinger equation

1
i0,R = =3 AR+ V(x.OR + F

(4.28) R(x,0) = V0o p(x — ag,, To) := Ry,

with spatially exponentially localized potential V and F the scalar version of the one in (4.18). It
has been shown that R satisfies
||R||L%Wl"°an°Hj s €’
Then it follows from a standard small data scattering theorem, there exists u, € H I constructed
by
4 .
(4.29) uy = Ry— lim e 2 (V(x, )R(x, ) + F(x,))ds
t—>+o0 Jo

such that
u—wx,t,o, —e"Au+ 1 =0, t— +oo.
H

Thus we finish the proof of Theorem 2.2.

5. THE PROOF OF THEOREM 1.2

5.1. Some key lemmas. We introduce one soliton adiabatic propagators Z5(t, s):
%1, s) = WO, ), W1 =1, J1) =+ Vat, o) + E1)
(5.1 E(1) = iTo(O[P.(), Po(0)|Ti(1), Pu(t) = T(t)Pe(op,)T*(2).
Here P.(or,) defined as in Proposition (2.1) is the projection onto the subspace of the continuous

spectrum of 7% (o7r,) (see (1.9) for definition), ﬁ;(t) is the derivative of the projector ﬁc(t) with
respect to ¢ and the operators T(f), T(¢) are given by (4.7). It is known that (see [Per])

(5.2) U (1, $)Pe(s) = Po() (1, ), Pc(t) = To(P()T(0)
and

(5.3) Va(t,a(1) = To(OT (V2o 1) T (OT (1)
Moreover, one has

(5.4 U1, 5) = To(OU(t, 5)T(s)

where Us(t, s) is the propagator associated to the equation

(5.5 iUy(t, s) = Hy(H)Uas(t, s), Ux(t, 1) =1,

Hy (1) = 5+ TOVaor)T @) +i[P.0), P.(D)]
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= T+ Valor,)T* (@) + i[P.(2), P(1)]

(5.6) = TOHy(01,)T* (1) + i[P.(2), Pe(0)].

The adiabatic theorem (see [1], [26], [30] for exmple) says that

(5.7 Po(t)Us(t, 5) = Un(t, $)Pc(5).
Lemma 5.1. Let ¢(t) be the solution of Schrodinger equation

(5.8) iy (1) = (1) + G(1)

with initial data $(0) = f and € < 1. Then have

(5.9) [P f|| 2 2nprs < Ifle2

and

(5.10) [ fo 1, PG ozs S Gz

Moreover, '

(5.11) fR |25, $)Pe(9) f]| 5.t < N1 fllpssss

uniformly for all s € R.

Proof. Let us first consider (5.9). Notice that by using (5.4), it suffices to prove that (5.9) hold for
P.(H)Us(t) with U(t, s) defined as in (5.5) _and Us(t) = Us(t, 9). To this end, consider the linear
equation (5.5) and and denote by ¥ () = P.(t)Ux(t)f € RanP.(¢), it follows from [6, Theorem
1.7] that

(5.12) WOl rznze < WAz + PO PO 205 + P OWD 215
The last terms in (5.12) disappears naturally. On the other hand,
(5.13) [P.(0), P.(0)] = [P(0), P (D],

with Py,(t) = T(t)Py(o7,)T*(¢) and
T'(1) = TG (1) = y' )V).
As a consequence, we have
[Py(0). Py(0)] = TOILB (1) = Y OV, Py(or,)]. Polop )T (0)

and there exist some localized functions ®; and ‘¥; centered at b(7) such that

(5.14) [P0, Poo)) f = (B (1) =¥ 0) Y @ (¥ ),
ik

where J

(5.15) b(1) = yo(1) + (1),

and the sum is finite. Moreover,

(5.16) 1B Oliy + Iy Dl < lo@llyy < €.

Thus,

1

7.0, W] 2,05 < €1 921 < e, 9z
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which combining (5.12) lead to desire estimates.

As far as (5.10). Notice that

f Us(t, $)Pe(5)G(5)ds € RanP.(1),
0

applying [6, Theorem 1.7] for equation (5.8) with initial data f = 0 and the same argument as
above we obtain (5.10).

C_oncerning (5.11), we only need to prove it for U,(t, $)Pe(s). Let y(t) = P(OUx(Df €
RanP.(¢) be defined as before, it follows from [6, Theorem 1.7] that

W@l e s Wllsss + [P0, PeOWO|y s + PoOW@I e

The last term disappears and

”w(t)”L/ILE/iI P

N —

PO, Pl o5 < €M@ 0 <
which imply that
(5.17) [PVl o s Iflgors.

We now prove (5.11) uniformly in s € R. Consider the linear equation (5.5) and denote by
U(t,s) = P()Us(t, s)f, it follow from Duhamel’s formula and the commutative property (5.7)
that

[t o < (%0 = )10 + | f U(t = DT (@ Valor)T (O] 6

+ f Ut = DP(0). P W@ o

(5.18) < NS llgsss -

Here %(t) is the linear propagator of %) and in the second inequality, we use the fact that
”%(t)||L6/5'1—>L6‘°° € L' (see [6, Proposition 1.2]), (5.17) and Young’s inequality.

Lemma 5.2. Let % (t) be the linear flow of Schridinger equation
Wi (1) = (A + Viep(n) + G(1)
with initial data y(0) = f. Then we have for admissible pairs (p, q) and (p, §),

!
(5.19) 124@1] 0 < 1A and | fo U 9G(5)s |, 5 1G g y-
Moreover,
(5.20) fR |2, 5)1]| 6.t < 1 llgss:

uniformly for all s € R.

Proof. 1t suffices to prove this lemma for s = 0 and the proof would be done by using scaling
since Ve(-) = €2V(e-). Specifically, it is easy to see that () = Y(e 'x, € %¢) is the solution of
Schrodinger equation

10 e(t) = (J4 + V(D) + G(2),
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-1
Ye(s) = f(€ ) = fe.
Notice that for admissible pairs (p, g), it follows from [6, Theorem 1.3]
Wellprie < Il fellze + IIGEIIL()’LZ',

which imply the desire Strichartz estimates (5.19). Furthermore, we have (see [6, Theorem 1.3])

fR ([l et < W fellgsiss + IGell, -

which combing the same argument as the one in the proof of Lemma 5.1 lead to (5.20). O

5.2. The completion of proof. In order to finish the proof of Theorem 1.2, we divide the proof
into several steps as follows:

Proof. Step I. Reduce to local decay estimates. Let (p, q) and (p, §) be admissible pairs. Assume
that

2
(5.21) [ViZZO[,22 + |V 02 2,2 < 12011z +FIp 3 + B

le

We write equation (1.12) as
10.Z(1) = FHZ(1) + V2(DZ(1) + V1 Z(1) + F(1),

the Duhamel formula leads to

t
2@l < %@y, + | fo Ut F()ds|) , ,
!
| [ o vz,
0 ¢ Lox
s ol +IF @l o +lVie + V2220,
s Noll +IF @l + B,

where in the last inequality we the fact (follows from (5.21)) that
(Vi +Vae)Z@)|| | o
2L

) H(V}f L (VKZZ(I)”;L.% * ”(vé/z(t)”L,“’Li (vé/z(t)Z(I)HL,sz
S Zollz +IFll p 7 + B

Step II. Local decay estimates. We will prove for arbitrary compact supported smooth function
V', and localized function V,, the local decay estimates hold. Let 6 > 0 be some fixed small
number and b(7) be defined by (5.63) we introduce a partition of unity associated with the sets

Bser(0) = {x : |x] < et} Bse(b(2)) = {x : |x = b(1)| < Set}
and
R\ (Bser(0) U Bier(b(1))).
Let y1(¢, x) be a cut-off function such that
x1(t,3) = 1, x € Bo(0) and x1(1,%) = 0, x € R? \ Byser(0)
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and define

XZ(t’x) :Xl(t’x_ b(t))’ X3(t’x) =1 _/\/l(t’-x) _XZ(t’x)'

Observe that the supports of y» (7, -) and V(-) are disjoint and V, (¢, o(1) )x1 (¢, -) is arbitrary small
since the separation condition (2.16) holds, which will be used in the further.

It follows the decomposition of the solution Z(7):
Z(1) = x1(t, VZ() + x2(t, YPy(DZ(1) + xa(t, IP(DZ(1) + x3(t, VZ(D).
Thus it suffices to estimate the L2L2 norm of
VYTt V2@, VY (6. FOWa(t, IPHOZ(D),
(5.22) VY2, Tt YPOZ(D), V) (1, T (0)x3(t, VZ(D)
and
VIPx1(t.)Z@), VP xa(t, )Py OZ(0),
(5.23) V\Pxalt, YPOZ(t), V| Pxs(t, ) Z(0).
Notice that
1V, T Ot APy OZO| 2,2 + [ V122t IPEOZO 2,2
< 12T 1P OZO] 2 g + [V 22 s IPHOZO] 5

we only need to estimate the rest of the terms in (5.22) and (5.23). Here and in the following, we
will use V,(¢) and y; instead of V, (¢, o(¢)) and y;(¢) (i = 1,2, 3).

Consider the homogeneous equation
i0,Z(t) = H(t,0(0)Z(1) + F(1) = F60Z(1) + V1Z(t) — EMZ(t) + F(1)
(5.24) Z(0) = Zy

with ||P,(1)Z(1)]| s S B where Py(¢) is defined by (4.9). Denote by7 (¢) the propagator of the
homogeneous equation (5.24) (with F' = 0).

By using Duhamel’s formula

Z(t) = U(nZo - if U (1, $)(Va(s) + Vie)Z(s)ds — if U (1, )F (s)ds,
0 0

(5.25)
we obtain
r
lvilzol, < |viPuwz),, + fo |
r
v [ oF ] s
0
< ViU, + [V f 20, 1o V2205 s

1/2 1/2

+||v

le

o [t s

(5.26) +”(V1/2||L‘” f Up(t, )F(5)ds| -
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Denote by
(5.27) g = [V2Z|,; + [V 0z
!
do) = |[VIP%02||, + [ Vi %02, + | fo U\t F(5)ds]|
and

ho(r) = ”%(I)”Lg/il_lg,m,
it follows that do € L? with

ol

A

(ve
1Zoll + IIF

!
o VOl IH02] 0+ | [ e 9F s,

A

1205
he Ll and
t
2(t) < C(do(1) + f ho(t = 5)g(s)ds).
0

Then for fix large enough 7', by using Gronwall’s inequality we can find a large constant C(7)
such that

T T
(5.28) fo lVi2zo||.dr + fo 1V} 020)| ade < CAONZoIR, + |l o).

which combing Duhamel’s formula (5.25) further imply that for any localized function V and
c(t) = 0 or b(1),

T
(5.29) fo 1VC = ez de < CHTIZoI2, + ||F||iﬁ/d/ .

Next we will show that the constant C(7) in (5.28) can be taken independent of 7', this could
be done by following the bootstrap argument in [RSS] which is based on the observation that it
is enough to show if (5.28) holds for C(T), it also hold for C(T)/2. Actually, one only need to

prove (5.28) for f; for some large positive constant M < T which is independent of 7. We will
do it channel by channel and begin with the estimates for "Vé/ 2(t))(zPC(t)Z(t).

11. Local decay for (Vé/ 2(t)/szC(t)Z(t). Assume that A is a large constant to be fixed later and
A <« T, it follows from Duhamel’s formula that

1—A
VP02 P2 = VYO P02 — iVY (x> fo U1, $)P(5)V1Z(5)ds
— V(0 f D1, YP(sYV1Z(5)ds
1—A
+iVY (2 f U (t, $)P(s)E()Z(s)ds
0

(530) - iV, (0x f Wit )P F(s)ds
By using Lemma 5.1, we have ’

1V3 2 wpea Pty 21,01 .
(5.31) < V2ol o P21 0120y < 1Z00122-
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and

[viox [ w.opioreas,,

(5.32) < ||(Vé/2(t))(z||LfoLi|| j; r Ut YPHF($)ds|| 26 < 1|5
Now let us give the formula for E(¢),
(5.33) E(1) = iTo(0[PL(0), PO T3(0) = iTo0) [P (). PO T3 ),
with Py(t) = T(t)Py(o7,)T*(¢) and
T'(t) = T (1) =y (OV).
Then similarly to (5.16), there exist some localized functions @ ; and ¥j centered at b(#) such that

(5.34) E®f =B ®) -y ) ). d(TP £,
Jik
where the sum is finite. Thus it follows Lemma 5.2, (5.16), (5.28) and Shur’s Lemma that

[ fo 1VY2 (01, )P E)Z(5) s

5

!
< ViR, f ot SIEZ(3)ygs1ds
>, :
!
< ot [ meolvzo)af,
a/ C(T)
(5.35) < € CWollz +[|Flly ) < == 2ol + [Fll o),
with some localized function V and
(5.36) ha(t, ) = || (1, $)P(S))[ s s
For the second term in (5.30),
t—A
V(s | Wt HPs)ViZ(s)ds
0
A 1—A
537 = Vox( f Us(t, 5)P(s)V1eZ(s)ds + f (1, $)Po(8)V1Z(5)ds).
0 A

It follows from Schur’s Lemma and the bootstrap assumption (5.28) that

T A
f 1V} (0 f Wt P V1Z(5)ds| i
0 0 )

2A A
f ”(Vé/z(t)Xzf U (t, S)Pc(s)(Vng(S)dS”izdt
0 0 '

<
T A 5
+ fz NACRUE fo Us(t, )P(5)VieZ(5)ds|
2A A
s [viPolf, [viE];. fo ( fo |20, 9P oo | VILZ) o)

12

le

o,

2 T A 2
o fz A( fo ho(t, $)|VI22(s)| o ds) di
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A

A
2
(Ca + ki (A)CHT)) f |V, 22(9)|),.ds
o z
CX(T)
2
where C4 is independent of 7" and it follows from the proof of (5.18) that for sufficient large A,

IA

(ol + 171l ).

(5.38) kl(A)z( sup f Ahz(t,s)ds)( sup f Thz(t,s)dt)
0

2A<t<T 0<s<A J2A

is small. Similarly,

T 1—A
f [Vt f U1, )P(sYVrZ(s)ds| .t
0 A :

T t—A
< Vol 2 [ e lviEze), )
A
1
(5.39) S k(ACHT) fo [Vilzlds < @z, + [1Flly )
where
1—A T
(5.40) ka(A) = (_sup f ho(t, s)ds)( sup f ho(t, s)dt)
2A<t<T JA A<s<T-A Js+A

is also a small constant for large A.

For the third term in (5.30),
! !
VY (x> f U1, $)P(5)VieZ(5)ds = VY *(t)x» f Us(t, $)P(s)V1eW (5)Zod's
—A —A
! S
£V [ weorom [ weovmzmdds
t—-A 0

(5.41) + Vi (xs f Us(t, $)Pe(5)V1e f ' U (s, T)F (t)drds.
t—A 0

By using Lemma 5.1 and Young’s inequality (Schur’s Lemma), we have

[virwe [ weoromiamozds

212

1

o S W N R e
(5.42) s |ViPunnz|,,. s [RAGYA ey A1
and -
[V f s r i, [ s or@ds
< Vol el [ el [ Ve ored a,
43 < | fo ViPaG oFad,,, < | fo s oFe| < F -
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It remains to estimate

Vi2(xs f Us(t, $)Pe(5)V1e fo ' U\ (5, 7YV (T)Z(1)d7ds
1—A

!

s—B
= Ve A%(r, S)P(5)Vie fo U (s, 7YVa(1)Z(t)drds

-
f S
+ V(e f Us(1, )Pe(5) Ve f % (s, V2(DZ(t)drds
—A s—B
(5.44) = Ji+ D

Here B which is a large constant independent of C(T') so that 7 > B > A will be chosen later.
For Jy, it follows from Young’s inequality that

”‘11||L,2L§
t s—B
< V"ol llVi21 f | t.9) f |7 5. 0 Va@z(x)| pdrds|
: i, 2
s—B
< ” fo [vi22 s, 0 va@2@)| par]
s—B
< el VL) [ e ooz,
where
(545) /’ll(l‘, S) = ”%1@, S)HL2/57‘—>L§-°°'

And then by using Lemma 5.2 and the same argument as in (5.38)-(5.40), we obtain

1
(5.46) ”Jl“L}L} < §C(T)(”Z°”L§ + ||F||Lqu)

As far as J,, let M be large positive constant and M < T,

S

!
L= Vo f Us(t, $)P(HKuVie | (s, 0)Va(D)Z(D)d7ds
1—-A

s—B
¢ S
+ V(s f Us(1, )P (K Ve f % (s, V2D Z(v)drds
-A s=B

(5.47) JE+ T8,

where K<y, := K(|iV| < M) and K., := K(|iV| £ M). The estimates for Jﬁ will be accomplished
by using the following inequality,

AM

(5.48) sup [V (0x2a(t, IPUKar V|2 o < ==

[t—s|<A

It is proved by [RSS] for € = 1, we will prove that it holds uniformly for e small later. Then it
follows from the bootstrap assumption (5.28) and Holder’s inequality that

15l = || sop V202 9KVl
2 t—s|< l
s S
X f |V f (s, DYVo(D)Z(v)dr]| - ds| |
—A s—B = L
< Jlanmo) 4" f ‘B(V}f%(s,r)%(r)z(r)df -
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1
(5.49) < SCOZolz +[|Fl, -

Here as mentioned before that one only need to prove (5.28) for f; for some large positive

constant M < T, therefore we can choose ¢ large enough such that A3?M¢¢ are small for any
&> 0, as well as 7!7® € L2, On the other hand,

3 S
Jo= viPay, f Us(t, PV IPKon V)P | (5, D)Va(0)Z(v)d7ds
t—A

s—B
‘ S
+ V.0 f Us(t, $)Pe() Ko, Vi ]V f Ui (5. 7Y Va(Z(D)drds
-A =B
= J;Il + 1512

It follows from the Fubini theorem and Holder’s inequality that

!
1520 < || f NP oll Nz 9Pl ViEN,: e
: tﬁ : N
x| f y V2%, T)(Vz(T)Z(T)dT||L§ds E
< Avem( f Il f Vs o Va@zdifads) | |
A Js-B . L
< Aem”| f 7B”(Viéz%l(s,T)(Vz(T)Z(T)”LEdT p
< ABeZM’l||"V;/2(T)Z(T)”L%L3
(5.50) < ABeZM*C(T)(uZolIL;+||F||L7/Lz/,

To deal with Jf’l, we claim that forall 7 > 0 and a > 0,

T
(5.51) f f [ VIV 22 (s, 0) f dxds < €T = 0)(1+ [Ville)IfIR.
T R3 v

Similarly to (5.50),
172" 2.2
< | f (t.9) f jBHK>M(V¥202/1(S,T)(VZ(T)Z(T)”LEdes p
< | f jB||K>MV}£2%(s,Tm(r)Z(r)uLidT p
< sl [T IR o o) ezl
Notice that by (5.51), T

T+B
[ IaviPas oyl s

T

T+B
_ _ 2
< M f IV 2V 2% (s VY@ s
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T+B
M_lf vy 2, v 21245, V3@l s

<
T+B
+M71f H(ViézV(VYl/ng/l(s,T)(V;/Z(T)Hi%HL%ds
< €M 'B. '
Thus,
15 0 < €P2BM VP @Z)
<

e2BM ™ PCT)(1Zollzz + || Fl,p ).
which combining (5.50) lead to
(|73 ||L%L§ < (ABEM™ + EPBM A2l + ||F||L{,/LZ,)

IA

1
(5.52) SCMUZollz + [|F, 7 1),

here we choose M > A, B.

It remains to prove the claims (5.48) and (5.51). For (5.51), we only need to prove it for 7 = 0.
Denote by ¥(f) = %, (1) f and then P(e'x, €721) satisfies the homogeneous Schrédinger equation

i0,¥(t) = (5 + V1)¥(®),
(5.53) ¥(r) = f(e ).

Therefore, by using (3.29) in the proof of [33, Lemma 3.1], we have for any constant 7 > 0 and
a >0,

T
f f (1 + I Ve Dy 120, 620 dxdt < ET(1+ [Vill)lFe I,
0 R3 *

which leads to

T
(5.54) f f (1+Iexl")_(”‘””|V(V)_”2‘P(x,t)|2dxdtSeT(l+|I‘V1||Lm)||f||iz.
0 R3 ‘X

Thus
T 2
f f |V PV 2P, 1) dxcd
0 R3

T
f f [VI2(1 4+ et M1+ exty D9y 2 x, )| dxdr
0 R3

A

555 < ETA+[Vill)IfI;-
Let us turn to (5.48), the proof follows from a commutator argument. Assume that e < 1,

sup ||V (0221, )P()Ke VP2
|t—s|<A * *

(5.56) < [Kem sesi

el
L2122 (Vle L

where K<y f = (ﬁ(f/M)f({;‘))v with some smooth bump function n. If e > 1, we use P(s) =
P.(s) and the intertwining identity (5.2), consider

[De20. Pl = (D2, Poo) 12
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8
= H Z Ei(x, , TS, (xa () — DEj(x, 1;T(D))
=

— (xa2(t) = DEj(x, 1 TN, E(x, 1; T(1)))
(5.57) S €Sl
with some constant ¢ > 0 and then
VY2 0l2), P12t P KV 2 1,2

L

A

e K mllz e llViE Az

(5.58) s e “Iflle < NSl
Notice that
a2 (), 2%(t,9)] = Ut s)(U(s, 2 (W1, 5) = x(1))
AT f W5, D[ A4) 2D 21, )
(5.59) = (Ut s) f U (s, T)[0, x2(D] + [E(T), x2(O)]) 2a(x, s)dT,

where 74 (1) = 74 + Va(t,0(r)) + E(f) with E(f) = iTO(t)[F:.(t), Fc(t)]T(’;(t) is defined as in (5.1).
Then it follows

VY200 a0, 22, $)Pe)Kerr V) 22

s eAsupl|l A 2012 (x. )P()Kew |2 2

(5.60) + eAsup ||[E(D), x2(0)] 2(x, s)PC(s)KSMHLE_)L%.
Observe now that
1 1
V(D) S —, [Axv2(H)] S ——
V0] s —. M) s Gar
and then
<

sup |46, x2(0) 26t )Pe()K<u|| 2, 2 sup |[Vx2 (V2 (5, $)Pe(5)K <2 12

+ sup[|Ax2 (02 (x, $)Pe()Kem ) 12 -

(5.61) < M(L+ !

Set  (Oet)? )

where we use the fact that

sup [V 24(t, $)Pe()K |2 2 < M.

12
and it is obtained by interpolation between

sup ||%(T, S)PC(S)KSM” pop S1
7,8 h

and

sup A% (x, s)Pe(s)K<u f|) 2

A

sup [ 402 (@, )P(s)K<u f]| 2 + sup || VoD (, )Pe(s)K<mf]] -
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+ sup||[E(0)2(t, s)Pe()Ku f] 2
7,8 *

(5.62) < |[AKauf|l, + K]z < M2IANz-

Here for the first term in the first inequality of (5.62), we use the following identity which is
obtained by differentiation both side of (5.2) with respectto s at s = ¢,

iP(t) = H5(DP (1) = P(1)H5(1).
On the other hand, notice that the formula (5.34) for E(7) and
[E@e0lf = BO-¥©0)),@LTuxa0f) — 200 (¥, £))
ik

= B0 -Y©0) ) @00 - DT f) = (o) - DO(Tr £))
Jik

with @; and P centered at b(7), similarly to (5.57),
IEE@. 2012 < e Uf iz
where we use the fact that 7 € [s,f] and s € [t — A, t]. Then we obtain

(5.63) sup [[[E(0). 20124t )Pe()K<ul| 2,2 < eIfllzz-

Therefore, it follows from (5.60), (5.61) and (5.64) that
[V 2OP(0)x2(0), 252, )| P()K<pV, || P
M M e AM
— +t——+e ) g —.
oet  (0et)? ot

Now we proceed to Vi () Po($)Z(t, )[x2(1), Pe()|K<uV, %, since s € [t — A, 1], similarly to
(5.58),

(5.64) < €A(

/1122

(5:65) |11 OP) (1 )ra(0), PeIK Vi f]] 2 5 ee™“fllz £ =

Finally,

1
”[XZ(I)’KSM]”L'ZYHLE < M Vxallr < Mﬁla,

which leads to
VY2 OP D21, $)P()lx2(0), Kewd VI P £ 2

1 _
(5.66) s eM —lIfll; < (M8l

One concludes from (5.58), (5.64), (5.65) and (5.66) that for ez > 1,

[ V32 (w2t )P() Kt V)P = VY202 (t, )P(5) Ky 2V, S AM(H™,

iz
which combining the observation y>V . = 0 finish the proof of claim (5.48).

II,. Local decay for "V}é 2)(1(t, )Z(t). This will be done by using similar argument as the one
in /1;, we will not write in detail and only sketch the proof. For large A < T to be fixed later, it

follows from Duhamel’s formula that

—A
VIPZt)y = V2% 0z - iV Py f (1, 5)Va(s)Z(s)ds
0
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(5.67) —ivV,Px f Ui(t, YVa()Z(s)ds + iV} Py f U (1, 5)F(s)ds.
1—-A

By using the endpoint Strichartz estimates for % (¢) (see Lemma 5.2), we have

”(ViézXl%(t)ZO“L%L,% < ”(Vl/ HL“’L’”@/l(t)ZO”LZL6
(5.68) < |1Zollge.
and
t
if)af % OF(s)s| . < [Vi2x 0 fA%l(t,s)F(s)ds e
L - a8
(5:69 < Pl

The proof for the second term in (5.67) is essentially similar to the one in (5.30). More precisely,
one only need to estimate it with

ho(t, ) = |28, $)Pe(s))| s s
replaced by
hi(t,5) = || 24 9] s o
in (5.38)-(5.40). We omit these repeated procedures. As for the third term in (5.67),

V,\%xi f Ui, 5)Va()Z(s)yds = V,"xi f U1, 5YVa($)Py($)Z(5)dss

+ Vi Ut Va(s)Pu(s)Z(s)ds
—A
(5.70) = 4+

It follows from Shur’s Lemma and (1.12) that

Wsllzre < || Vi2x

al
v, LoLY?

Voo

!
/e hi(t, $)IPy(8)Z(s) o
—A

L
(5.71) < IPHHZ(S)lzis S B.
On the other hand,

L= vy f Y1, V()P () Zods
— iV, f U\ (t, )Va(s) f - B%(s TPAT)V 1 Z(T)drds
- iV\x f U1, )Va(s) f Us(s, TP (1) V1 Z(T)d7ds
+iV| Py j; ) U\ (t, )Va(s) j; U (5, T)P(T)E(T)Z(T)d7ds

1t S
Vi [ #esvas) [ s nrmF@dsds
1-A 0
= N+ P+ P n.
Then by using Shur’s Lemma and Lemma 5.1, we obtain

1
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t
< Vil [Vl o oo [V o f NP Zolgds],
572 5 %SPLZllz1s < 1Zollz.
Similarly,
12 sp
W2lz2z + Wz + Wl < [[v3P f Us(s, PV 2Dy, .
0 s
172 '
+ ||fv2 (s) fo Us. POE@ LD
1/2 )
+”(v2 () fo U5 DPOF @),
1
(5.73) < SOz + [1Flp ),

where we use (5.37)-(5.40), (5.35) and (5.32) in the last inequality.
13 S
i = Vil f Uit $)K<uVa(s) f (5. )P (1) V1 Z(T)dTds
t—A s—B

8 X
LYy, f W1, YKo Va(s) f D5, DIP(TYV, Z()deds
—A s—B
(5.74) = Ly

Now we follow the same arguments as the ones treating JZL and Jg’ in (5.47) and reduce the proof
to the following two claims:

AM

(5.75) sup ||V, s)Kstv;/z(s)||LH§ <=

[t—s|<A

and forall 7T >0and a > 0,

T
f f [V (V) (s, TP f| s
T R3

(5.76) < (T =D+ V2l

The proof for (5.75) shares exactly the same method as the one used in the proof of (5.48). As
for (5.76), we here will sketch the proof by using the idea in [33, Lemma 3.4]. By using the trick
in (5.55), it is enough to prove that for all 7 > 0 and @ > 0,

T
f f (1 +x = b)) VoD |V(Vy 2% (s, )P (o) f dxds
T R3
(5.77) < (T-0(+ ||(V2||L”°)||f||z%-
To this end, denote m := w(x — b(s))(x — b(s))<—§> and Y(s, 1) = %(s,7)P.(7)f, where
wx) = (1 + 7V, a>0.
One has

dimw(s, . 0(5, 1)
)

. \Y
= b(s)(Vw-x+w)(- - b(S))ﬁlﬁ(S, ), Y(s, 7)) — i[m, H() Y (s, 7), (s, 7))
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b(s){(Vw - x + w)(- — b(s))ﬁw(s ,T), Y(s, 7))
+i f w(- = b(s)IV(VY 2y (s, T)[dx

R3
+i f Vw - x(- — b())NIV(YY 2y (s, 7)) Pdx

— (VY2 w( — b(S))]—lﬁ(s ), V() 2y(s, 1))

(V)

— (VY% V- x(- - b(s)))]mu/(s ), V() (s, 1))

+ <A(w x(- = b(s))) <V>z,b(s L), Y (s, 1)) = i[m, Va()1Y(s, 7), Y(s, 7))
(5.78) = 1 +12 + I3+ 14+ 15+ I + I7.
By using the estimates in the proof of [33, Lemma 3.4], we have
(5.79) L+1> f (1 +|x = b(s)|") " Ve D|v(wy 2y s, T)lzdx

R3
and
Iy + 15

(5.80) < ClGs, Dl: + f (1+1x = b)) Ve D[Tw)y 2y s, 1) dx.

Moreover, since the multipliers 1, b(s)(Yw-x+w)(- —b(s))m and A(w-x(- —b(s)))m are bounded
in L? uniformly in s, it follows

(5.81) L+ 16+ 17 < CA + [Vl )l (s, Dl 2.
Now integrating both sides of (5.78) in time and using estimates (5.79)-(5.81) and the fact
[Kmy (7, 7), (7, 7) + (T, 0, (T, DO + (s, DIz < Cllf 2,
we obtain (5.77).
II5. Local decay for Vi, E(I)))(l(t, VZ(t) and V,xa(t, )P()Z(1). The local decay for
(Vl/ X2(t, )P(1)Z(1) is easy since "V ( W2(t,-) = 0 and

[V, 702 2 [ Rz O PTC BN [ S (R ) YAC e

IA

1
(5.82) < SCMWZoll + [Flly1)-

A

where we use (5.29) and the fact that H(V 1/ 4(t, o)) (t, - is arbitrary small.

][
114. Local decayfor(Vl/ (t, (D)3 (t, )Z(1) and"V )(3(t )Z(t). It is enough to consider
—A
VA2 = V(s %)Zo — VY (13 ) U(t, $)(Va(s) + V1) Z(s)ds
!
Vs f Z(t, ) Vas) + Vi) Z(s)ds
1—A

!
+ V3 (Oxs f U, $)F(s)ds.
0
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We mainly focus on the third term of the above identity since the rest can be dealt just as the
corresponding ones in //; and I1,. Notice that

Vi (s A%(r, HVa()Z(s)ds = Vi (t)ys A%(r, $)Va(s)Py($)Z(s)ds

+ V(s f tA U1, $YVa($)P(5)%(5)Zods

— iV, (0 f Tl Vals) fo (s PV 2y

— Vi (Oxs f ) U (t, 5)Va(s) f jB Us (5, T)P(T)V1Z(T)drds
+iVi(Oxs j: tA U (t, $)Va(s) j; S%(S,T)PC(T)E(T)Z(T)des

(5.83) +V) (1) fr tA U (t, s)Va(s) fo ' U (5, T)P(T)F(T)dtds

and
V,(0xs f Wl ViZ(s)ds =V, (0 f U IPUViA () Zods
+ Vi (s fr tA Ut )V e fo ‘PB U\ (5, T)Va2(1)Z(1)drds

t

+VPtws | %t Ve f U (s, V)Va(1)Z(7)drds
A s—B

1—

13 3
(5.84) + V(03 f U (t, )V e f U (s, T)F(7)drds.
t—A 0

for some large B < T. As before, for (5.83) we only need to consider
3 S
V(s f U(t, $)Va(s) f U (5, T)P(T)V'1Z(T)dTds
—-A s—B
3 S
= V(0w f Uo(t, $)K<pVa(s) f U (5, T)P(T)V'1Z(T)dTds
—-A s—B

f S
V(s f Y1, Kot V(s) f W5, 0PV, Z(D)dxds
—A s—B
(585) = Jp+Jy.

The local decay estimate for Jy can be conclude by using (5.76) and the same argument as the
one for Jg’ in I1; (or JS.”H in I1;). Moreover, it follows from bootstrap assumption (5.28) and
Holder’s inequality that

el < o eA' B2V, 2 (s %t ) KV G| o oL 122 @Z0) 2
1—s|< 7 L
< 4B o v @zl sy
1
(5.86) < SCZoll + [|Fll -
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where we use the estimate

sup | VY22 (t, )KenVy ()] oo s 07

[t—s|<A

and the argument mentioned in (5.49) that one only need to prove (5.28) for f; for some large

positive constant M < T, therefore we can choose ¢ large enough such that A'/?B'/2¢7¢ are small
for any & > 0, as well as 179 € L2, The corresponding term

8 S
V(15 f t, Ve f V(5. VoD Z(D)drds
—A s—B

in (5.84) can be dealt similarly. Hence we finish the proof.
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