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Abstract. Solutions for waves travelling transversely in a layered medium satisfy an exact3
recurrence relation when the transit time across each of the layers is the same. Using such solutions4
in an alternating-direction splitting method, high accuracy solutions can also be computed for wave5
propagation parallel to the layers. An asymptotic analysis uncovers the remarkable result that6
dispersion of waves parallel to the layers is very similar to the dispersion observed in the transverse7
case. This result is confirmed by the numerical solutions. The results are in general agreement with8
similar observations reported in the literature using di↵erent numerical and analytical methods.9

Key words. wave propagation, periodic media, multiple scales, homogenization, dispersion10

AMS subject classifications. 35B27, 34E13, 35L53, 35P2511

1. Introduction. Many authors have studied scalar wave propagation in layered12

media, both theoretically and numerically. The simplest configuration is the propa-13

gation of one-dimensional waves perpendicular to a periodic layered medium and for14

this case it has been shown that, over distances large compared to the layer thickness,15

the dominant signal propagates dispersively at a ‘homogenised’ wave speed which is16

slower than the speed of the leading disturbance. However, the wave reflections in a17

layered medium are more di�cult to analyse when the signals are transmitted parallel18

to the layers and this is the problem that we address in this paper.19

The results of [8] suggest that, in a layered medium in which the wave speed20

varies periodically from layer to layer, a source emits a signal which travels with a21

homogenised wave speed that is usually anisotropic. However in this paper we will22

mainly consider waves governed by the simple dimensionless scalar wave equation23
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where c is piecewise constant and periodic in Y with period 2. Even though the25

homogenised wave speed for (1) is isotropic, the detailed structure of the wave field26

generated by an impulse at T = 0 is remarkably complicated.27

A näıve asymptotic argument suggests that, in order to consider the disturbance28

over distances large compared to the width of the layers, we should set29

(2) X =
x

✏
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y

✏
, T =

t

✏
,30

where ✏ is some small parameter. We then write � ⇠ �
0

+ ✏�
1

+ .... where the �i31

depend on x, y, t and Y . Then, as in [7], we find that �
0

and �
1

are independent of32

Y and �
2

satisfies33
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Then we can avoid secular terms that grow as |Y | ! 1 only if �
0

satisfies the35
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isotropic homogenised equation36
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where38

(5)
1

c2H
=

✓
1

c2

◆
,39

and the overbar denotes averaging over a period 2 in Y .40

For definiteness we now consider the solution in x cos ✓ + y sin ✓ > 0 when the41

given boundary data is � = 1 on x cos ✓+ y sin ✓ = 0 for t > 0 and the Cauchy data is42

� =
@�

@t
= 0 at t = 0. The case ✓ =

⇡

2
was considered in [7] and in this paper we will43

mainly consider ✓ = 0, but, in general, the solution can be rewritten in terms of the44

variables z = x cos ✓ + y sin ✓, t and Y and then the homogenisation process leads to45

(6)
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We can continue the formal multiple scale asymptotic analysis for larger times47

exactly as in section 2 of [7]. In order to study the solution near the wavefront, we48

write ⇠ = z� cHt and regard � as a function1 of ⇠, Y and t̄ = ✏2t, which are all O(1).49

Then we can follow the earlier analysis to find that, if � ⇠ �
0

+ ✏�
1

+ ✏2�
2

+ ..., then50

�
0

will satisfy51

(7) A
@4�

0

@⇠4
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0

@⇠@ t̄
52

exactly as in (2.18) in [7] where A =
cH
4

Z
1

�1

✓
c2H

c(Y )2
� 1 + 4 sin2 ✓

◆✓
F (Y )� F̄

◆
dY53

with F (Y ) =

Z Y

�1

Z Y 0

�1

✓
c2H

c(Ỹ )2
� 1

◆
dỸ dY 0. Hence we can see immediately that the54

term involving ✓ vanishes identically. When55

(8) c(Y ) =

(
c
1

, �1 < Y < 0

c
2

, 0 < Y < 1
,56

we find that57

(9) A =
cH
24
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c2H
c2
2
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◆
,58

where
2

c2H
=

1

c2
1

+
1

c2
2

.59

The validity of (7) and (9) for all ✓ between 0 and ⇡/2 is interesting and this60

isotropy is in accordance with some of the results illustrated in Figure 2 of [8]. How-61

ever, in section 4, we will see that the detailed wave interactions that occur when62

1Since ✏ is an arbitrary small parameter, instead of going to even longer times by scaling T with
1/✏3, we could equally well have ‘focussed’ in on the narrow region where x � cH t = O(✏1/3) while
keeping x, t of O(1).
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WAVE PROPAGATION ALONG PERIODIC LAYERS 3

✓ = ⇡/2 di↵er appreciably from those when ✓ = 0. It can also be shown that the dis-63

persion relation for (7, 9) is a special case of the dispersion relation (34) of [8], which64

was obtained by a systematic homogenisation in powers of the length-scale ratio.65

The results of [8] also apply to the more general model66

(10)
@

@X

✓
µ(Y )

@�

@X

◆
+

@

@Y

✓
µ(Y )

@�

@Y

◆
= ⇢(Y )

@2�

@T 2

67

which, with a change of notation, is (1) of [8] for waves in a shear-free elastic medium.68

The same equation also describes Love waves in antiplane strain, when � is the elastic69

displacement, µ is the shear modulus and ⇢ is the density. We now apply the same70

homogenisation procedure as before to (10). Assuming that µ and ⇢ have the same71

periodicity as c, our homogenisation procedure gives72

(11) �
0

= �
0

(x, y, t)73

and74
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1

= M(Y )
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0
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where76
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This leads to the equation78

(14)
@

@Y

✓
µ
@�

2

@Y

◆
+


d(µM)

dY
+ µH

�
@2�

0

@y2
+ µ

@2�
0

@x2

= ⇢
@2�

0

@t2
79

and the condition that the solution for �
2

should have no secular term as Y ! 180

yields the anisotropic homogenised equation81

(15) µH
@2�

0

@y2
+ µ

@2�
0

@x2

= ⇢
@2�

0

@t2
.82

Note that this equation reduces to (4) when µ is constant.83

When we continue the multiple scale analysis as above we now need to generalise84

the definition of ⇠ to85

(16) ⇠ = x cos ✓ + y sin ✓ � cHt86

where cH is here given by87

(17) c2H =
µ

⇢
cos2 ✓ +

µH

⇢
sin2 ✓88

which is in accordance with Figure 4 of [8]. Finally we find that (7) still holds, but89

that the coe�cient A now depends linearly on cos 2✓ and cos 4✓ with coe�cients that90

are complicated integrals of µ and ⇢. Henceforth we will only consider (1).91

In [7] we were able to exploit the fact that when the wave speeds c
1

and c
2

are such92

that waves take equal times to traverse each layer, as in a Goupillaud medium [4], an93

exact discretisation was possible so that we had complete confidence in the numerical94
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4 C. L. FARMER, H. OCKENDON, AND J. R. OCKENDON

predictions. Based on this experience with one-dimensional transverse wave propa-95

gation, we begin in section 2 by proposing an algorithm to shed light on the mathe-96

matical properties of waves propagating parallel to the layers in alternating-direction97

Goupillaud media, for which an exact discretisation is no longer possible. This algo-98

rithm allows us to compute high-resolution numerical solutions on relatively coarse99

spatial grids. The results are of su�cient quality to corroborate detailed asymptotic100

calculations.101

Next, in section 3, we will address the problem of a ‘leaky’ waveguide where the102

wave speed c is constant and homogeneous Dirichlet boundary conditions are applied.103

Our principal reason for devoting a section to this problem is the fact that it gives us104

many clues about the waves generated when solving the bilayer problem, where we105

will find that the wave in the fast layer will leak energy into the slow layer and create106

a disturbance travelling at an intermediate speed cH .107

Sections 2 and 3 are precursors to the principal results of the paper in section 4,108

where we consider wave propagation in periodic bilayers.109

2. An alternating-direction Goupillaud medium. Our strategy for con-110

structing approximate numerical solutions for the wave equation will use operator111

splitting, in particular the method of dimensional splitting. This uses solutions of one-112

dimensional wave equations in each direction, and weaves them into a two-dimensional113

solution. Recalling that a Goupillaud medium is a layered medium in which waves114

take the same time to cross each layer, we first show how a Goupillaud medium leads to115

an exact discretisation of the one-dimensional wave equation. Then a general method116

of constructing an ‘alternating-direction Goupillaud medium’ will be proposed and117

we close this section with a description of the dimensional splitting algorithm used in118

our subsequent numerical experiments.119

Note that in this section, superscripts x and y are used to denote directions.120

2.1. Wave equations in conservation form. Consider the system of conser-121

vation laws122

(18)
@q

@T
+A

@q

@X
+B

@q

@Y
= 0,123

where124

(19) A =

2

4
0 c2 0
1 0 0
0 0 0

3

5 ,125

126

(20) B =

2

4
0 0 c2

0 0 0
1 0 0

3

5 ,127

and128

(21) q =

2

4
�
u
v

3

5129

so that � satisfies (1)2. Also suppose that q = 0 at T = 0, X > 0 and � is prescribed130

at X = 0, T > 0.131

2Our alternating-direction Goupillaud algorithm generalises in the obvious way to the model
(10).
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WAVE PROPAGATION ALONG PERIODIC LAYERS 5

2.2. One-dimensional Goupillaud media. When q = q(Y, T ), we let ⌧ be a132

positive time interval called the ‘time step’, and let Yj , j = 0, 1, ..., ny be a sequence133

of ny +1 mesh points with Y
0

= 0, Yj �Yj�1

= hj > 0 for j > 0 and Yny = Ly. From134

now on we assume that c is piecewise constant such that c(Y ) = cj for Y 2 (Yj�1

, Yj)135

with,136

(22) cj⌧ = hj .137

In a Goupillaud medium with piecewise-constant initial data which is constant on138

the cells (Yj�1

, Yj) and in which any time dependence in the boundary data is also139

piecewise constant with discontinuities at the times Tn = n⌧ for n = 0, 1, ..., it is140

possible to discretise the equations exactly [6],[7]. The solutions have a particularly141

simple form at each time Tn when they evolve to a new spatially piecewise-constant142

state and this exact property is also enjoyed by the Godunov method for solving143

first-order linear hyperbolic systems when the Courant number is unity. However144

we stress that the piecewise solutions in one dimension are exact. We note that in145

numerical experiments a boundary condition is needed at Y = Ly. By choosing Ly146

to be su�ciently large that, for the chosen final time of the experiment, no wave147

has reached the far boundary, any reasonable boundary condition will su�ce and, for148

definiteness, we set � = 0 at Y = Ly.149

We also note that, if the Goupillaud medium is refined by dividing each cell into r150

equal segments and the time step ⌧ is also divided into r equal time steps of duration151

⌧/r, then the refined system also has the Goupillaud property.152

2.3. An alternating-direction Goupillaud medium in two dimensions.153

In two dimensions it is no longer possible to build a Goupillaud medium with piece-154

wise constant wave speeds such that the Goupillaud property holds in any direction.155

It is, however, possible to build a medium with an alternating-direction Goupillaud156

property if we choose the time steps in each direction appropriately. In fact it is pos-157

sible, with little extra complication, to consider an alternating-direction Goupillaud158

medium whose geometry is more general than just periodic layers. The scheme for159

this general case is as follows.160

Consider a two-dimensional rectangular strip (0, Lx)⇥ (0, Ly) for strictly positive161

Lx and Ly. Introduce two sequences of points 0 = X
0

< X
1

< ... < Xi < .... <162

Xnx = Lx and 0 = Y
0

< Y
1

< ... < Yj < .... < Yny = Ly. These points characterise163

a rectangular grid of cells !i,j = (Xi�1

, Xi) ⇥ (Yj�1

, Yj). Let hx
i = Xi � Xi�1

and164

hy
j = Yj � Yj�1

.165

In the following construction we take as given (i) Ly, (ii) the number of cells nx166

and ny in the x and y-directions, (iii) the wave speed, c
1,1 in the first cell and (iv)167

two sequences of strictly positive integers mx
j , j = 1...ny and my

i , i = 1...nx such that168

these integers are less than min{nx, ny}.169

The values of hx
i , h

y
j and the length Lx, are chosen to satisfy the geometrical170

conditions171

(23)
nxX

i=1

hx
i = Lx172

and173

(24)
nyX

j=1

hy
j = Ly.174
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6 C. L. FARMER, H. OCKENDON, AND J. R. OCKENDON

We also require the wave speeds ci,j in each of the cells (i, j) 6= (1, 1) and the time175

step ⌧ to be such that176

(25) ci,j
⌧

mx
j

= hx
i ,177

and178

(26) ci,j
⌧

my
i

= hy
j .179

These are the Goupillaud conditions along each i-strip or j-strip when considered as180

a one-dimensional medium.181

It follows from (25) and (26) that,182

(27) hy
j =

hx
i m

x
j

my
i

,183

and then, using (24), that hx
i /m

y
i is a constant independent of i. Thus184

(28)
hx
i

my
i

= � =
Ly

Pny

j=1

mx
j

,185

where � is a constant.186

It then follows that ⌧ =
hy
1

my
1

c
1,1

, hx
i = �my

i , hy
j = �mx

j , and ci,j =
hy
jm

y
i

⌧
. The187

length Lx is found from (23). The quantities ⌧/mx
j and ⌧/my

i can than be used188

as local time steps in each row or column of the alternating-direction Goupillaud189

medium, thus leading to a one-dimensional recurrence relation in each direction.190

As in the one-dimensional case, a refinement can be made whereby the time step,191

⌧ can be divided into r intervals of ⌧/r and the cells can be divided into r2 equal192

rectangles with sizes hx
i /r and hy

j /r. The wave speed in each of the cell divisions is193

set to the wave speed in the parent Goupillaud cell.194

Now assume that (i) q
0

is a piecewise-constant initial condition, (ii) that c defines195

an alternating-direction Goupillaud medium and (iii) that at time Tn = n⌧ an ap-196

proximate solution qn has been found. To find an approximate solution qn+1

at time197

Tn+1

= (n+ 1)⌧ , we solve the following four equations:198

✓
@

@T
+A

@

@X

◆
qxx = 0, with qxx(X,Y, Tn) = qn,(29)199

✓
@

@T
+B

@

@Y

◆
qxy = 0, with qxy(X,Y, Tn) = qxx(X,Y, Tn+1

),(30)200

✓
@

@T
+B

@

@Y

◆
qyy = 0, with qyy(X,Y, Tn) = qn, and(31)201

✓
@

@T
+A

@

@X

◆
qyx = 0, with qyx(X,Y, Tn) = qyy(X,Y, Tn+1

).(32)202
203

Each of these one-dimensional problems can be solved exactly by virtue of the Goupil-204

laud property, where the appropriate local time step is used over the appropriate205

number of time steps according to the direction and the row or column in which we206

are solving the equation. In each special problem it is necessary to impose partic-207

ular boundary conditions. This is done using formulae derived from the associated208

Riemann problems as described, for example, in [6].209
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WAVE PROPAGATION ALONG PERIODIC LAYERS 7

c1 = 1

c2 = 2

Wave travel distance 
in timestep = 1 
in the x - direction 
 
Wave travel distance 
in timestep = 1 
in the y - direction

Fig. 1. An alternating-direction Goupillaud grid where c1 = 1, c2 = 2. The shaded region
indicates c1 = 1. In rows of cells where c2 = 2 the time step is split so that two time steps are
performed for each x-direction solution.

The approximate solution qn+1

at time Tn+1

is finally found from the equation,210

(33) qn+1

=
1

2

⇥
qxy(X,Y, Tn+1

) + qyx(X,Y, Tn+1

)
⇤
.211

This formula, as far as we know, was first given as equation (25) in [10]. In the212

next two sections we will apply this algorithm to wave propagation along layers3.213

Figure 1 shows an example of an alternating-direction Goupillaud grid, where214

c
1

= 1, c
2

= 2, ny = 6 with mx
j = 1 for j = 1 : 4 and mx

j = 2 for j = 5 : 6 and my
i = 1215

for all i.216

3. Wave propagation along a single layer. As a preliminary to our main217

objective of understanding waves in bilayers we now consider (1) when c is constant,218

subject to the ‘leaky’ boundary conditions219

(34) � = 0 on Y = 0, 2220

and221

(35) � = H(T ) on X = 0;222

here H(T ) is the Heaviside function, and223

(36) � =
@�

@T
= 0 at T = 0, X > 0.224

Henceforth in this section we take Y 2 (0, 2). We first present some numerical results,225

then the analytical solution for small times and finally some asymptotic results for226

large times. In section 4 we will follow the same plan for the bilayer problem.227

3This particular splitting method does not seem to have been widely used, if at all. In preliminary
numerical experiments using more common schemes which require less storage than (33), instability
occurred in the corners of the domain where there is a singularity in the boundary conditions. By
using (33) we found that such instabilities were absent and the agreement with analytical early-time
solutions was satisfactory.
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8 C. L. FARMER, H. OCKENDON, AND J. R. OCKENDON

3.1. Numerical predictions. In the special case that c = 1 throughout a228

rectangular domain, an alternating-direction Goupillaud medium results by setting229

mx
j = 1 and my

i = 1 in all cells, which are then square with sides h such that230

hy
j = h = 1/ny and hx

i = h. The time step is then ⌧ = h in all of the rows and231

columns of the grid. Figures 2 and 3 show the numerical solution after the wave has232

propagated a distance 1/2 and 50 in the X-direction. In this simulation ny = 50. The233

figures have a di↵erent scale in each direction, and show one half of the domain, the234

solution being symmetric about Y = 1.235

Fig. 2. Plan and perspective views of � at T = 0.5.

3.2. Exact solution for T < 1/c. Initially a step function � = H(T � X/c)236

propagates from X = 0 and the e↵ect of the boundaries at Y = 0, 2 is only felt near237

the corners (0, 0) and (0, 2). Near (0, 0) we can find a similarity solution by writing238

This manuscript is for review purposes only.



WAVE PROPAGATION ALONG PERIODIC LAYERS 9

Fig. 3. Plan and perspective views of � at T = 50.

r = X/T and s = Y/T so that (1) becomes239

(37) (r2 � c2)
@2�

@r2
+ 2rs

@2�

@r@s
+ (s2 � c2)

@2�

@s2
+ 2r

@�

@r
+ 2s

@�

@s
= 0.240

This equation is hyperbolic or elliptic depending whether r2 + s2 is greater or less241

than c2 respectively, and the structure of the solution is sketched in Figure 4. For242

T < 1/c there are two elliptic regions A and C on either side of a hyperbolic region243

B which is bounded by r = 0, c and the two quarter circles. In the hyperbolic region244

the characteristics are the tangents to these circles and hence the solution in B is just245

� = 1. In region A we need to solve (37) subject to the boundary conditions246

(38) � = 0 on s = 0;� = 1 on r = 0 and r2 + s2 = c2.247
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10 C. L. FARMER, H. OCKENDON, AND J. R. OCKENDON

X = cT

! = 0

! = 0

! = 1

A

B

C

X

Y

(0,0)

(0,2)

Fig. 4. The early time analytical solution for the wave guide problem.

This is similar to a problem solved in, for example, [5] and we can transform (37) into248

Laplace’s equation by writing249

(39) tan ✓ =
s

r
, and cosh� = c(r2 + s2)�1/2,250

so that (37) and (38) become251

(40)
@2�

@�2

+
@2�

@✓2
= 0,252

with � = 0 on ✓ = 0 (� > 0), � = 1 on ✓ = ⇡/2 (� > 0), and � = 1 on � = 0253

(0 < ✓ < ⇡/2). By conformally mapping this semi-infinite strip onto the half-plane,254

we find that255

(41) � =
1

⇡
cos�1


c2(r2 � s2)� r2(r2 + s2)

c2(r2 + s2)� r2(r2 + s2)

�
,256

which is in good agreement with the numerical solution shown in Figure 2. However,257

when T = 1/c, the two quarter circles in Figure 4 meet and thereafter the similarity258

solution is no longer available. Nonetheless, we note that the wave fronts from the259

corners can only travel with speed c, so that for all time there will be a region where260

� = 1 bounded by the front X = cT and two circles of radius cT centred on (0, 0)261

and (0, 2).262

3.3. Long time asymptotics. Although the similarity solution (41) is only263

valid for T < 1/c, an exact solution can always be written down using transform264

methods. We take a complex Laplace transform in T and a Fourier sine transform in265

X to reduce the problem to an ordinary di↵erential equation in Y . We define266

(42) �̃ =

Z 1

0

Z 1

0

�ei!T sin kXdXdT,267

with =! > 0 and k real, and then (1), (35) and (36) lead to268

(43)
d2�̃

dY 2

+ �2�̃ = � ik

!
,269

where �2 = !2

c2 � k2 and, from (34), �̃ = 0 on Y = 0, 2. Hence270

(44) �̃ =
�ik

!(!2/c2 � k2)
(1� cos�Y � csc 2�(1� cos 2�) sin�Y ).271
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WAVE PROPAGATION ALONG PERIODIC LAYERS 11

The inversion formula for � is272

(45) � =
1

⇡2

Z 1

0

sin kX

Z

�

e�i!T �̃d!dk,273

where � is a Bromwich contour on which =! > 0. Since �̃ is an even function of �,274

it has no branch points as a function of ! and we can invert the Laplace transform275

by closing the contour in the lower half of the !-plane and calculating the residues of276

�̃e�i!T at its poles which occur where ! = 0 and ! = ±c
q
(k2 + n2⇡2

4

), where n is277

an odd integer. At ! = 0, �2 = �k2 the residue is278

(46) R
0

(k, Y ) =
i

k
[1� cosh kY � (1� cosh 2k)

sinh 2k
sinh kY ],279

and at ! = ±c
q
(k2 + n2⇡2

4

), �2 = (n⇡)2

4

, the combined residue is280

(47) Rn(k, Y, T ) = �
4ik sin n⇡Y

2

cos c
q
k2 + n2⇡2

4

T

n⇡(k2 + n2⇡2

4

)
.281

Hence, from (45),282

(48) � = �2i

⇡

Z 1

0

✓
R

0

(k, Y ) +
X

n odd

n>0

Rn(k, Y, T )

◆
sin kXdk,283

the convergence of the integral being non-uniform as X ! 0. The first term in (48)284

is the steady solution of the problem which is the ‘harmonic footprint’ which remains285

for finite X as T ! 1 and it can be shown that this integrates to286

(49) �
0

=
4

⇡

X

n odd

n>0

1

n
sin

n⇡Y

2
e�

n⇡

2 X .287

In order to study the large-time asymptotics in the other terms in (48), we write288

� = �
0

+
P

n odd

n>0

�n sin
n⇡Y
2

and note that289

@�n

@T
= � 8c

n⇡2

@

@X

(Z 1

0

sin c
q
k2 + n2⇡2

4

T cos kX
q
k2 + n2⇡2

4

dk

)

=

(
� 4c

n⇡
@

@X J
0

(n⇡
2

p
c2T 2 �X2), 0 < X < cT

0, cT < X

(50)290

as shown in [2], where J
0

is the Bessel function. Hence using (36), for 0 < X < cT ,291

(51) � = 1� 2X
X

n odd

n>0

(Z cT

X

J
1

(n⇡
2

p
⌧2 �X2)

p
⌧2 �X2

d⌧

)
sin

n⇡Y

2
.292

We note that for an energy-conserving waveguide, in which (34) is replaced by293

@�/@Y = 0 on Y = 0, 2, the solution is � = H(cT � X) which corresponds to the294
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12 C. L. FARMER, H. OCKENDON, AND J. R. OCKENDON

first term in (51). However for the leaky waveguide, even the large-time asymptotic295

behaviour is not easy to discern. From (51) we see that we need to consider the296

integrals297

(52) In =

Z cT

X

J
1

(n⇡
2

p
⌧2 �X2)

p
⌧2 �X2

d⌧ =

Z p
c2T 2�X2

0

J
1

(n⇡
2

⌘)
p
X2 + ⌘2

d⌘,298

where ⌘ =
p
(⌧2 �X2). We will see that there are three di↵erent regimes when T is299

large, depending on the magnitude of X/T .300

(i) When X/T ⌧ 1, we can approximate In by301

(53) In ⇠
Z 1

0

J
1

(n⇡
2

⌘)
p
X2 + ⌘2

d⌘ =
1� e�

n⇡

2 X

n⇡
2

X
302

using [3] and, using (51), we retrieve the steady solution (49).303

(ii) When X/T is O(1) but not close to c, writing ⌘ = X ⌘̃ in (52) gives304

(54) In =

Z q
T

2
c

2

X

2 �1

0

J
1

(n⇡
2

X ⌘̃)
p

1 + ⌘̃2
d⌘̃305

and, ignoring a small contribution from the region ⌘̃ = O(1/nX), we can use the306

asymptotic representation of J
1

to write307

(55) In ⇠
r

4

n⇡X
<
"
e�3i⇡/4

Z q
c

2
T

2

X

2 �1

0

ei
n⇡

2 X⌘̃

p
⌘̃(1 + ⌘̃2)

d⌘̃

#
,308

which, as X ! 1, tends to309

(56)

r
4

n⇡X
<
"
e�3i⇡/4

 
ei

n⇡

2

p
c2T 2�X2

(c2T 2 �X2)1/4
+O(T�1)

!#
.310

When the Y -dependence is reinstated using (51), terms such as (56) correspond to311

combinations of plane waves travelling obliquely across the layer as can be seen in312

Figure 3.313

(iii) The final regime is close to the wave front where ⇣ = X � cT = O(1) and so314

c2T 2/X2 � 1 ⇠ �2⇣/X. Then we can approximate In by315

(57)

Z p
�2⇣
X

0

J
1

⇣n⇡
2
X ⌘̃
⌘
d⌘̃ =

2

n⇡X

✓
1� J

0

⇣n⇡
2

p
�2⇣X

⌘◆
.316

As expected In = 0 when ⇣ = 0, but this expression exhibits rapid oscillatory decay317

to 1/n⇡X as ⇣ decreases, eventually matching with (56) as ⇣ ! �1. These three318

regimes can be seen clearly in Figure 3. We note that the major contribution to In319

as T ! 1 will come from values of ⇣ which are between zero and the first zero of320

J
0

(n⇡
2

p
�2⇣/X). The fact that the integral of In over this short region is of O(1/n2)321

as n ! 1 reveals that the local average of � near X = cT has a roughly parabolic322

shape, thus explaining the profile seen near X = cT in the numerical solution in323

Figure 3. We will now see that wave propagation in a bilayer leads to a similar324

3-regime asymptotic structure.325
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4. Wave propagation along periodic bilayers. In this section we consider326

the solution of (1) in a periodic medium where, for analytical convenience, we now327

set328

(58) c(Y ) =

(
c
1

, �1 < Y < 0

c
2

, 0 < Y < 1
,329

where c
2

> c
1

. We take � and @�
@Y to be continuous at Y = 0, but we note that if we330

were solving (10) and µ(Y ) was not constant, we would need instead to take µ @�
@Y to331

be continuous at Y = 0. We also take as boundary and initial conditions332

� = H(T ) on X = 0,

� =
@�

@T
= 0 at T = 0, X > 0.

(59)333

To exploit the symmetry of the problem we use homogeneous Neumann conditions at334

the midpoints of the layers and solve the problem in �1/2 < Y < 1/2 with335

(60)
@�

@Y
= 0 at Y = ±1

2
,336

which is equivalent to imposing periodic boundary conditions.337

4.1. Numerical predictions. We consider the case where c
1

= 1 and c
2

= 2.338

For the numerical simulations, an alternating-direction Goupillaud medium results by339

setting ny = 300 with mx
j = 1 for j = 1 : 200 and mx

j = 2 for j = 201 : 300 and340

my
i = 1 for all i. The cell dimensions are then such that hy

j = 1/400 for j = 1 : 200,341

hy
j = 1/200 for j = 201 : 300 and hx

i = 1/400. The overall time step is then ⌧ = 1/400342

in both layers, but is split into two equal sub-steps in the fast layer when solving the343

x-direction equations. Figures 5 and 6 show the numerical solution at T = 0.24 and344

T = 50; note that the figures, which show one half of each layer, are scaled di↵erently345

in the X and Y directions. Figure 7 shows � at T = 50 along the lines Y = �0.5 and346

Y = 0.5.347

4.2. Small time analysis, T = O(1). Because of the wave transmission and348

reflection between the layers, we cannot find an explicit small time solution as was349

possible in section 3.2. However we can still formulate the problem as a similarity350

solution in terms of r = X/T and s = Y/T which will be valid for c
2

T < 1/2. In this351

case we need to solve (37) with c replaced by c
1

in s < 0 and by c
2

in s > 0. Once352

again the equation near X = Y = 0 will be hyperbolic or elliptic according as r2 + s2353

is greater or less than c2i and, as shown in Figure 8, � will be unity in the shaded354

regions. There is now an additional region APC where (37) is hyperbolic but in which355

� is neither 0 nor 1. This region is bounded by (i) the Mach line AP which makes an356

angle � = sin�1 c
1

/c
2

with the interface, (ii) the elliptic/hyperbolic boundary on CP357

and (iii) the interface between the layers AC. There will also be a jump of magnitude358

1 along the line BC. In this region we can rewrite (37) in terms of the characteristic359

variables360

(61) ✓ = tan�1

s

r
, ↵ = sin�1

c
1p

r2 + s2
361

so that, when r2 + s2 > c2
1

, (37) becomes362

(62)
@2�

@✓2
� @2�

@↵2

= 0.363
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14 C. L. FARMER, H. OCKENDON, AND J. R. OCKENDON

Fig. 5. Plan and perspective views of � at T = 0.24 and where c1 = 1, c2 = 2.

In the elliptic regions Ei, the appropriate canonical variables are ✓ and364

(63) �i = cosh�1

✓
cip

r2 + s2

◆
,365

where i = 1, 2 and then (37) becomes Laplace’s equation in both regions. Although366

it is still possible to map the regions E
1

and E
2

into the upper and lower half-plane367

with conditions given on the real axis, it is no longer possible to solve the problem368

analytically. However the numerical solution shown in Figure 5 for T = 0.24 conforms369

to the structure described in Figure 8 and helps us to understand how the solution370

will evolve for larger times.371

In the light of the above discussion, we can anticipate certain general features of372

the solution over longer times. First, we expect the leading wave fronts to be as shown373

in Figure 9; there will be jumps of unity in � across X = c
2

T in 0 < Y < 1 and across374
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Fig. 6. Plan and perspective views of � when T = 50 and where c1 = 1, c2 = 2.

X = c
1

T in �1 < Y < 0, but the numerical solutions suggest that � will decay rapidly375

behind these fronts. However, we do not expect that the numerical scheme will be376

able to capture these very thin spikes at all accurately. Furthermore � vanishes on the377

Mach lines DE and EF , which make an angle of � with the X-axis, but � will have a378

jump in its normal derivative on these lines. The homogenisation described in section379

1 suggests that for times that are long compared to unity the main variations in � will380

travel with speed cH in both layers and this can be seen in the numerical solutions in381

Figures 6 and 7. However the field elsewhere will, as time increases, contain multiple382

reflections and transmissions at the interfaces between the layers and these are not383

well described by the homogenised solution even using the dispersive equation (7).384

We will now address the full problem using transform methods as in section 3 and385

show how the multiple reflections observed above are associated with the singularities386
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(b) Y = 0.5

Fig. 7. Plot of � against X when T = 50 with c1 = 1, c2 = 2.

in the transform of the solution.387

4.3. Transform analysis. Just as in section 3, we can employ the double trans-388

form (42) for real values of k and positive values of =! to obtain a representation of389

the solution valid for all T . Using (59), we find that390

(64)
d2�̃

dY 2

+ �i
2�̃ = � ik

!
,391
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Fig. 8. Analytical structure of the solution for the bilayer problem at small times.
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X=c1T
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Fig. 9. Schematic of the leading fronts in the bilayer problem.

where392

�2

1

=
!2

c2
1

� k2, �1/2 < Y < 0,

�2

2

=
!2

c2
2

� k2, 0 < Y < 1/2,

(65)393

and, for definiteness, we define �i ⇠ !/ci as |!| ! 1. Hence394

�̃ = � ik

!�2

1

+ P cos�
1

Y +Q sin�
1

Y, �1/2 < Y < 0,

�̃ = � ik

!�2

2

+R cos�
2

Y + S sin�
2

Y, 0 < Y < 1/2,
(66)395

where P ,Q,R and S are determined by imposing continuity of � and @�
@Y at Y = 0 and396

using conditions (60). These functions all depend on !, �2

1

and �2

2

and are set out in397
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18 C. L. FARMER, H. OCKENDON, AND J. R. OCKENDON

the Appendix. In particular, we note that the only singularities of these functions are398

poles in the !-plane at points where ! = 0, c
1

k, c
2

k or where399

(67) � = �
1

tan
�
1

2
+ �

2

tan
�
2

2
= 0.400

As a check, in the homogeneous case when c
1

= c
2

= c, we find that401

(68) �̃ =
�ik

!(!2/c2 � k2)
,402

and using (45) to invert this transform leads to403

(69) � = H(cT �X)404

as expected. Also we note that, in this case, (67) is satisfied when405

(70) !2 = c2(k2 + 4n2⇡2),406

although �̃ only has poles when n = 0.407

In general when c
1

and c
2

are distinct, the curves given by the dispersion relation408

(67) need to be plotted in the (k,!) plane numerically in order to determine the409

position of the poles of �̃ in the complex !-plane. Guided by (70), we label the410

branches by ! = ⌦n (n � 0) where411

(71) ⌦2

n ⇠ c2
1

k2 + (2n+ 1)2⇡2c2
1

+ · · ·412

as k ! 1. As shown in Figure 10, these branches all develop points of inflection. For413

large values of ! and k, the emergence of a so-called pseudo-branch close to the line414

! = c
2

k can be discerned. This is similar to the dispersion relation described in [9]415

which includes both pseudo-branches and quasi-crossings. The detailed structure of416

the branches near ! = c
2

k for large !, k can be revealed by writing417

k =
2n⇡

S
+ , ! =

2n⇡c
2

S
+ ⌦,418

where S =
p

c2
2

/c2
1

� 1, and noting that, with419

µ
1

=
1

2S

✓
c
2

⌦

c2
1

� 

◆
, µ

2

=

r
n⇡

S

✓
⌦

c
2

� 

◆
1/2

,420

where µ
1

and µ
2

are O(1), (67) becomes421

(72) n⇡ tanµ
1

+ µ
2

tanµ
2

= O

✓
1

n

◆
422

as n ! 1. This relation between µ
1

and µ
2

is plotted in Figure 11 for n = 10 where423

µ
2

is real. The lattice of ‘quasi-crossings’ that emerges when µ
2

is real corresponds424

to the parallelograms apparent in Figure 10 above the line ! = c
2

k for large k.425

When we consider the inversion of (66), we see, from (45), that the solution in426

�1/2 < Y < 0 is427

(73) � =
1

⇡2

Z 1

0

sin kX

Z

�

e�i!T

✓
�ik

!�2

1

+ P cos�
1

Y +Q sin�
1

Y

◆
d!dk.428
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Fig. 10. Dispersion relation of ! against k for the bilayer problem from (67) with c1 = 1, c2 = 2.

Then, applying the calculus of residues, we see that the integrand has poles at ! = 0429

and ±⌦n(n = 0, 1, 2, .....) as defined in (71). Interestingly, the contributions from the430

poles at ! = ±c
1

k in the second term of (66) cancel out those from the poles in the431

first term. Thus432

(74) � = 1 +
4i

⇡

Z 1

0

sin kX

✓ 1X

n=0

Pn(k) cos�1nY +Qn(k) sin�1nY

◆
cos⌦nTdk433

where434

(75) �
1n

2 =
⌦n

2

c2
1

� k2,435

and Pn(k) and Qn(k) are the residues of P and Q at ! = ⌦n. A similar result holds436

for 0 < Y < 1/2. We note that �
2n is imaginary when c

1

k < ⌦n < c
2

k, but that �
1n437

is always real.438

4.4. Large-time asymptotics. The first term in (74) is the steady state so-439

lution and the rest of the cumbersome expression in (74) is only useful in practice440

when we are considering the limit X,T ! 1. With X/T = O(1) we can then use the441

method of stationary phase to determine the leading-order terms. An observer moving442

with speed V = X/T will see a complicated combination of leading-order waves which443

decay with amplitude O(T�1/2) and travel with the group velocity V = d⌦n/dk. How-444

ever, if V is such that d2⌦n/dk2 = 0, the amplitude of these waves will be enhanced.445
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Fig. 11. Curves in the µ2, µ1 plane given by zeros of the left-hand side of (72) when n = 10
and µ2 is real.

From Figure 10, we see that such inflection points in the dispersion relation occur446

at the origin, where ! = ⌦
0

, and that the number of points of inflection on ! = ⌦n447

increases with n. As shown in [7], the contribution to � from the neighbourhood of448

each inflection point is simply proportional to an Airy function of the first kind whose449

argument is proportional to (X � cHT )/T 1/3. It thus represents a wave packet of450

width O(T 1/3) and amplitude O(T�1/3). All these waves are, however, dwarfed by451

the contribution from the inflection point at the origin of the (!, k) plane where the452

local dispersion relation is453

(76) !2(k) = c2Hk2 � (c2
2

� c2
1

)2

(c2
2

+ c2
1

)2
k4

12
+O(k6),454

which is in accordance with (34) of [8].455

The new feature is that the stationary phase contribution from k = 0 is amplified456

by the presence of a pole in the first term of (74). Using the same stationary phase457

method that was described in [7] to evaluate the contour integral in (74), the dominant458

contribution to � is the integral of an Airy Function whose argument is proportional459

to (X � cHT )T�1/3 and is given by460

(77)
@�

@⇣
⇠ (const.)

� 2

T!000(0)

�
1/3

Ai

✓✓
2

�T!000(0)

◆
1/3

(X � cHT )

◆
,461

where ⇣ = X � cHT . From (76), !000(0) is negative and hence � consists of a smooth462
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jump, which does not decay in time, followed by a decaying dispersive wavetrain. This463

is consistent with solutions of the homogeneous equation (7) and also the numerical464

solution in Figures 6 and 7.465

In summary, this analysis not only corroborates the homogenisation theory of466

section 1 but also reveals further interesting features. In particular for !, k of O(1)467

it indicates the presence of trains of wave packets corresponding to the stationary468

phase contributions from the inflection points in Figure 10 which propagate behind469

the dominant wave (77) in both layers. In particular, for !, k large, the geometry of470

the curves in Figure 10 shows how these contributions combine on ! = c
2

k to create471

a spike at X = c
2

T . Also from Figure 10 it can be seen that the series (74) has472

singular behaviour near the branch ! = c
1

k which is due to the unit jump in this473

layer at X = c
1

T which continues to propagate with speed c
1

even though the wave474

form decays rapidly immediately behind the jump. This thus generates a spike that475

gets thinner as T increases.476

5. Conclusion. Possibly the most surprising result to emerge from this investi-477

gation is the close similarity between the detailed waveform in the far field for waves478

propagating parallel and perpendicular to the strata in a periodically layered medium.479

Not only is the speed cH of the dominant wave the same in either case, but the wave-480

form adopted by an initial step-function pulse is always the integral of an Airy function481

in a frame moving with cH .482

There are marked di↵erences between the exact and homogenised solutions when483

we compare parallel and transverse propagation. In both cases the long-time solution484

contains bursts of localised waves that spread out behind the leading homogenised485

wavefront, but, in the parallel case, we also see localised decaying pulses travelling486

with the wave speed in each layer; however, as shown in [7], for the transverse case the487

leading disturbance travels at a speed


1

c

��1

, and its amplitude appears to decay488

exponentially with time. The behaviour of the pulses for the oblique case remains an489

open question.490

A new phenomenon in the parallel case concerns the large-time limit of the local491

wave forms in the wavefront regions X = ciT . These waveforms always contain a492

jump of unity at the wavefront. In the fast layer, there is no precursor ahead of the493

front X = c
2

T where � = 1, but the region behind this front becomes increasingly494

narrow and is followed by an oscillatory region where the amplitude is exponentially495

small as T ! 1. In the slow layer, there are oscillations both ahead of and behind496

the jump at X = c
1

T , and the wavefield tends to unity as (c
1

T �X) increases.497

We also remark that our numerical and asymptotic analyses have been accurate498

enough to reveal that the only regions in which � exhibits rapid change of O(1) as499

T ! 1 are the spikes near X = ciT and the jump near X = cHT . We conjecture500

that these near singularities in the waveform tend to what is called a wave front set501

in the limit as T ! 1 [1].502

On the basis of the numerical evidence in [8], we confidently expect that a similar503

scenario will apply to general two-dimensional wave propagation in a layered medium.504
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Appendix. The expressions for P , Q, R and S in (66) are as follows:505

P =
�ik!(c2

2

� c2
1

) tan �2
2

c2
1

c2
2

�2

1

�
2

�

Q =
ik!(c2

2

� c2
1

) tan �2
2

tan �1
2

c2
1

c2
2

�2

1

�
2

�

R =
ik!(c2

2

� c2
1

) tan �1
2

c2
1

c2
2

�
1

�2

2

�

S =
ik!(c2

2

� c2
1

) tan �1
2

tan �2
2

c2
1

c2
2

�
1

�2

2

�

(78)506

where507

�2

1

=
!2

c2
1

� k2, �2

2

=
!2

c2
2

� k2,508

and509

� = �
1

tan
�
1

2
+ �

2

tan
�
2

2
.510
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