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Abstract

In this paper, we propose a Riemannian steepest descent method for solving a blind de-
convolution problem. We prove that the proposed algorithm with an appropriate initialization
will recover the exact solution with high probability when the number of measurements is,
up to log-factors, the information-theoretical minimum scaling. The quotient structure in our
formulation yields a simpler penalty term in the cost function compared to [LLSW16], which
eases the convergence analysis and yields a natural implementation. Empirically, the proposed
algorithm has better performance than the Wirtinger gradient descent algorithm and an alter-
nating minimization algorithm in the sense that i) it needs fewer operations, such as DFTs and
matrix-vector multiplications, to reach a similar accuracy, and ii) it has a higher probability of
successful recovery in synthetic tests. An image deblurring problem is also used to demonstrate
the efficiency and effectiveness of the proposed algorithm.

1 Introduction

We consider the problem of separating two unknown signals w € CF and x € C! given their
circular convolution y € C%, which is an instance of blind deconvolution. Blind deconvolution is
of interest due to many applications, e.g., astronomy, medical imaging, optics and communications
engineering [JC93, [WP98, [CEQT, (WBSJ15]. The blind deconvolution problem is ill-posed
without any additional assumptions. One commonly-used assumption is to suppose that the two
signals w and x belong to known subspaces [LLJB15], ILS15]. Specifically, the signal w and
X can be written as
w = Bh,h € CK and x = Cm, m € CV,

for some matrices B € CE*K and C € CY*N, where overbar denotes the complex conjugate.
Therefore, the blind deconvolution model with noise e € CF is to find h amd m such that

y=wsx+e=BhxCm+e, (1.1)

given y € CI,B € CK and C € CEXN, where * denotes circular convolution, i.e., y; =
Z]Ile W;X;+1—; and the subscript i+ 1 — j of x is understood to be modulo {1,2, ..., L}. For theo-
retical and numerical purposes, we express ([1.1]) in the Fourier domain, see e.g., [ARR14, [LLSWTG].

“huwst08@gmail.com, Department of Computational and Applied Mathematics, Rice University, Houston, TX
77005-1827, USA
tDepartment of Computational and Applied Mathematics, Rice University, Houston, TX 77005-1827, USA



Let F denote the L x L unitary Discrete Fourier Transform (DFT) matrix. Taking Fourier transform

for both sides of (1.1]) yields
Fy - Fe
— = (FBh) © (FCm) + —,
VL (FBR) O ) VL

where ® denotes the P_Iadamard product. Throughout this paper, we denote Fy/ VL, FB, FC,
and Fe/v/L by y, B, C, and e respectively. Therefore, (1.2) becomes y = Bh ® Cm + e and the
blind deconvolution problem is equivalent to

(1.2)

find h € CX,m € C¥ such that y = Bh® Cm + e. (1.3)

In recent years, two important frameworks [ARRI14], LLSW16] have been proposed to solve (|1.3)
and to admit a rigorous recovery guarantee. In [ARRI14], a convex optimization framework is
proposed for the blind deconvolution problem. Specifically, the problem is reformulated into a
problem of recovering a rank-one matrix from an underdetermined system of linear equations by the
well-known lifting trickﬂ Replacing the rank-one constraint with a nuclear norm penalty converts
the original problem into a semidefinite program. Theoretical results given in the paper show that
this program enjoys a recovery guarantee under reasonable condition, such as appropriate sample
complexity. The primary drawback is that the computational cost of the semidefinite program is
high for large-scale problems since the lifting trick squares the dimension of the problem. The
paper indeed proposes an algorithm which is based on the matrix-factorization in [BM03]; however,
the convergence guarantee to the solution is not provided therein. The paper [LLSW16] overcomes
the difficulty by resorting to a nonconvex approach directly. The idea closely follows from [CLS16],
which shows that with high probability i) a point sufficiently close to the solution can be computed,
and ii) the proposed algorithm converges to the desired solution with the computed point as the
initial iterate. The cost function in [LLSW16] is

F(h,m) = |ly — Bh® Cm|3 = ||y — diag(Bhm*C*)||5. (1.4)

The minimizer of F(h,m) is not unique since a solution (hy, my) implies that (hyp~!, myp), for any
p € C, p # 0 is also a solution. To ensure numerical stability, the authors in [LLSW16] add a
penalty function to so that || hy||2 and ||mgl|2 are roughly equal in magnitudeﬂ Note that
hm™*, h £ 0,m # 0 is a rank-one matrix. The cost function is well-defined as a function:

f PN SR
X = |ly — diag(BXC™)]3,

where CE*V = {X € CK*N | rank(X) = 1} denotes the set of rank-one matrices. In practice,
working CE*V is usually inefficient especially when K and N are large. Therefore, we resort to the
quotient manifold CX x CIV /C, since this manifold is a diffeomorphism to C{( *Nwhere C” denotes
a non-zero n-dimensional vector (the subscript n is dropped when n = 1), and the definition of
CK x ClN/C, is given in Sections [2| and A representation of a point in CX x CY/C, is in the
space CEK x CI, which requires much smaller storage than CX*Y . By slightly abusing notation,

n [ARR14], the vectors h and m are in real domain, i.e., h € RE and m € RY.
>The penalty term in [LLSWI6] also includes a term for coherence between h and the rows of B. This will be
discussed later.



the cost function defined on the quotient manifold is

fckxclc,-R
m(h,m) = |ly — diag(Bhm*C")|3, (1.5)

where 7(h, m) denotes the point in the quotient manifold corresponding to (h,m). We refer to
Sections [2| and for the more detailed discussions about the quotient manifold. One can apply
manifold optimization techniques to find the minimizer of directly.

In this paper, we propose a Riemannian steepest descent method for solving the blind decon-
volution problem . We prove that the proposed algorithm with an appropriate initialization
will recover the exact solution with high probability when the number of measurements is, up to
log-factors, the information-theoretical minimum scaling. The quotient structure in our formula-
tion yields a simpler penalty term in the cost function compared to [LLSW16], which eases the
convergence analysis and yields a natural implementation. In addition, unlike the cost function
in [LLSW16], the objective f is strongly convex in a neighborhood of the solution, which yields
efficiency in optimization algorithms since the convergence rate of a steepest descent method is
related to the condition number of the Hessian at the minimizer [NWO06, [AMS08]. Empirically,
the proposed algorithm has better performance than the Wirtinger gradient descent algorithm
in [LLSWI16] and an alternating minimization algorithm, see e.g., [YK94] in the sense that i) it
needs fewer operations, such as DFTs and matrix-vector multiplications, to reach a similar accuracy,
and ii) it has a higher probability of successful recovery.

Applying Riemannian optimization methods for solving signal processing problems, of course,
is not new. To name a few, a Riemannian trust-region Newton method is used in [BSA13] to
solve the synchronization of rotations problem. Various Riemannian methods are used to solve the
matrix completion problem [BATITl [Vani3, Mis14, HAGHI6, WCCL16]. A limited memory version
of Riemannian BFGS method with adaptive rank strategy is used to solve the phase retrieval prob-
lem [HGZI7]. It has been shown that Riemannian methods perform very well and are competitive,
and sometimes the best, methods in many applications.

In this paper, we will use the following notation. CX*" = {X € CK*V | rank(X) = r} denotes
the set of fixed rank matrices. C; ¥ = {X € C"™P? | rank(X) = p} denotes the noncompact Stiefel
manifold. In particular, C} denotes the set of non-zero vectors. GL(r) = {X € C™*" | rank(X) = r}
denotes the generalized linear group. Superscript = denotes the conjugate transpose operator.
Overbar - denotes the complex conjugate. B is denoted by [b1by . ..br]* and [b1bs ... bk]; C denotes
[cica...cp]* and [c1ca. .. cn]; A denote the linear operator A(Z) = {bj Ze;}., = diag(BZC*). The
adjoint operator A* therefore is A*(z) = Zle zibjc; = B* diag(z)C. Given a function f : M — R
where M C C" is a Riemannian manifold, Vf denotes the Euclidean gradient of f, i.e., with respect
to the metric (1, ), = Re(trace(n*¢)) and grad f denotes the Riemannian gradient of f, i.e., with
respect to the Riemannian metric of M. Given a function h : M; — My, notation D h(x)[n,]
denotes the directional derivative of h at z along direction 7, € T, Mj, where M7 and My are
two manifolds, and T, M is the tangent space of M; at x.

This paper is organized as follows. Section [2| presents the Riemannian framework. Section [3]
gives the initialization, proposed Riemannian method and its convergent results. Section [4 derives
the Riemannian ingredients of the quotient manifold. Section [5|reports numerical experiments and
Section [0] states the conclusion.



2 Problem Statement

In order to state the method, we first introduce coherence. As observed in [ARRI14, [LLSW16],
the number of measurements required for solving the blind deconvolution problem depends on
how much hy is correlated with the rows of the matrix B. This phenomenon also holds for the
Riemannian framework. The coherence between the rows of B and hy is defined asE|

PRI
e

Note that a small coherence py, is preferred.

For a fixed-rank manifold in real space, multiple representations have been proposed to represent
a point in REXN see [VanI3, MisI4]. The same idea can be applied for the fixed-rank manifold
in complex space. In this paper, the quotient manifold CX x CY/GL(1) = CE x CY/C, is used,
where CE x CY/C, = {[(h,m)] | (h,m) € CE x CN}, and [(h,m)] = {(hp~!,mp*) | p € C.} is the
orbit of an element (h,m) € CK x CY under the the group C. The group action of C, on CX x CY
is (h,m)ep = (hp~t, mp*), where p € C, and (h,m) € CK x CV. Note that the manifolds here are
over R, i.e., it has a real parameterization.

The cost function that we consider in the Riemannian framework is

fCExcV/c,—»R
m(h,m) — ||y — diag(Bhm*C*)||5 + G(r(h,m)), (2.1)

where
L|b;h[> ||m|!2
G(m(h,m) —pE G< S , (2.2)

Go(t) = max(t — 1,0)? is a C! function, p > d* + 25|lel|3, {§di < d < hde, p > pp =
V'L||Bhy|oo/||h4]|2 and d. = Hhﬁmﬁ |lF = |hg]|2]lms]l2. The penalty term G promotes a small
coherence. The parameter d can be computed by a spectral initialization (see Algorithm ' The
value of p can be selected by p > d? + 2. 5||e||2 and in the case that e is Gaussian, we choose

~ d? + 2.502d? where ||e|3 ~ 22}11 Xar, X3 is the y-squared distribution and therefore ||e||3
concentrates around o2d?. The parameter u can be selected as described in the last paragraph
of [LLSW16, Section 3.2].
The framework (2.1))- (2.2)) is a simplified version of that in [LLSW16], where the cost function
is
Fc¥xCcV¥ —R
(h,m) = F(h,z) = |ly — diag(Bhm*C*)||5 + G(h,m), (2.3)

11113 H2 Lb;h?
G Go Go ! 24
0 ( 2d )" * Z 8dyi? (24)
is the penalty term, Go, p, d, u are defined as those in (2.2). The first two terms in G penalize
large values of ||h|2 and ||m||2. It follows that the norms of h and m are not different too much,

where

é(ha m) =p

3In [LLSWI6] (3.2)], the authors use the term ’incoherence’ rather than ’coherence’.



which avoids a numerical stability problem. The third term in G' comes from an earlier work [ST.16]
for matrix completion. Note that a discussion about the choices of Gy, p, d and p has been given
in [LLSWI6, Sections 3.1 and 3.2].

The framework in [LLSW16] and the Riemannian framework are similar in the sense that their
cost functions, and , are non-convex. Here, we emphasize their differences:

e the penalty term in (2.1)) scales by ||m||3 so that it is well-defined on the quotient manifold.

e the penalty term in (2.1) does not directly penalize ||m|l2 and ||hlj2 because the iterates
{m(hk, my)} generated by an optimization algorithm is invariant to the representation in
orbits {[hg, mg]}. Therefore, one can choose any representation, such as (hg, my) satisfying
1Pz = llmll2-

3 Optimization Algorithm and Theoretical Results

In this section, we state the proposed optimization algorithm for minimizing the function ([2.1))
as well as the main theoretical results. Because the cost function (2.1) is nonconvex, the pro-
posed algorithm has two phases: initialization and Riemannian steepest descent method stated in

Sections [3.1] and [3.2] respectively.
We consider the following model:

e the noise e is drawn from the Gaussian distribution N(0, U;ZE 1) + v—1N(0, U;zlz Ir);

e (' is a complex Gaussian distribution, i.e., Cj; ~ N(0, %) + v/ —1N(0, %), and
e B satisfies B*B = I and ||b;||3 < ¢& i =1,..., L for some constant ¢.

The Riemannian steepest descent method that we use requires an initial iterate sufficiently close

to the desired solution. Two neighborhoods of the desired solution in the quotient manifold CX x
cy /C, are defined as

Q. = {r(h,m) | VI|Bhllolmlle < 4d.js} and TL. = {x(h,m) | | m* — hymi|| < ed.},
where d, and p are defined in ([2.3)) and ¢ is assumed to be smaller than 1/15 throughout this paper.

3.1 Initialization

We consider the initialization by the spectral method in [LLSW16]. The following algorithm and
theorem have been given therein and we give them here in Algorithm [I] and Theorem for
completeness.

Algorithm 1 Initialization via spectral method and projection
Output: (hg,mg) and d
1: Compute A*(y);
2: Find the leading singular value d, left singular vector hg and right singular vector mg of A*(y);

3: Find ho = argmin, ||z — v/dhol|3 such that vL|Bz|s < 2vdp and set mg = V/drg;




Theorem 3.1 (Initialization [LLSWI16|). The initialization obtained via Algorithm satisﬁeﬂ
W(ho,mo) EQ%MOH%E (31)

and 9 11
T YWk < < — *
10d sds 10d

holds with probability at least 1 — L™7 if the number of measurements satisfies
L > Cy(pp + %) max(K, N)log*(L) /e,

where ¢ is any predetermined constant in (0, 1—15], and Cy 1is a constant only linearly depending on
v with v > 1.

3.2 Convergence Analysis

The proposed algorithm is stated in Algorithm [2| which is an implementation of a Riemannian
steepest descent method. Theorem states that if the initial iterate is close enough to the desired
solution and has sufficiently low coherence, then with high probability, the sequence {7 (hj, my)}
generated by Algorithm [2] converges to the desired solution linearly, up to noise. The proof of
Theorem is given in Appendices [A] and [B]

Algorithm 2 An implementation of a Riemannian steepest descent method
1: Given hg, mg, and set k < 0;
2: for k=0,1,2,... do

3: Set
hk my
di, = ||hel2llmgll2, hi \/@m, my, < \/CTka2H2 (3.2)
and
o ~ -
(s ma1) = (s mg) = = (Vi F (i), Vo (e ) (3.3)

~ * 1|2 2
where Vj, f(h,m) = Jym+ Min'ZQ NGy (%W) (b;bih|/m||3) is the Euclidean gradient
* 1|2 2
M) (m|bfh|?) is the Euclidean

with respect to h, Vp, f(h,m) = JFh+ M@—fﬁ Yk al ( L
gradient with respect to m, and J; = 2 (B* diag(diag(Bhm*C*) — y)C).
4: end for

Theorem 3.2. Suppose the initialization m(ho, mo) € Q1 ,Nl2_ and L > Cy(p?+0?) max(K, N)log?(L)/<2.
2 5

Then the iterates generated by Algom'thm@ convergence linearly to m(hy, mg) in the sense that with

probability at least 1 — 4L~ — %exp(—(K + N)), it holds that

2 aag\ k/2
[ hemi = hymi |l < 5 (1= 552) " ede 4 50A°(@)]]
It follows from [LLSWT6, Theorem 3.1] that one representation in the orbit [(ho,mo)] is in the neighborhood
LN H%E. Since Q%u n H%E is independent of representation, (3.1)) holds.

Q
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where ag = 1/1500, oo < 1/(2ayr,) is a fized step size, ay, is the smoothness constant of the Rieman-
nian objective as defined by Condition [A.F),

i

2
4@l < Yod, max (\/(”y—i—l)max(LK, N) log(L) (’y—i—l)\/Ileog (L))

and ¢ > 0 is a constant.

(K+N)log? L
and p ~ d*> 4 2.5|le||3, then ar = O((1 + 02)(K + N)log?L). See more details in Section
and [LLSW16, Page 13].

We emphasize the differences between Algorithm [2/and the algorithm in [LLSW16]. The steepest
descent method in [LLSW16] is stated in Algorithm where (Vﬁkﬁ' Vi F) denotes the Wirtinger

derivatives. It can be shown that the Wirtinger derivatives (V,‘fkp(hk,mk), V%kﬁ’(hk, mk)> and

The convergence rate of Algorithm [2is determined by the step size a. If p? = O(-—E—u—)

Euclidean gradient (thﬁ'(hk,mk),mGﬁ’(hk,mk)> satisfy

- - 1 . .
(vng(hk,mk),v:vnkp(hk,mk)) =3 (thF(hk,mk),mGF(hk,mk)) , (3.4)

which yields (3.5). The differences are given as follows:

1. The gradient of f in Algorithm [2|is different from the gradient of F in Algorithm [3| due to
the differences in their penalty terms;

2. The coefficient of the Euclidean gradient in Algorithm [2]is related to the norms of hy and my
while the coefficient in Algorithm [3|is a constant;

3. The hj; and mj are normalized in Algorithm [2[so that hi and my have the same norm while
the norms of h; and my can be different in Algorithm

Algorithm 3 The steepest descent method in [LLSW16, Algorithm 2]

1: k <+ 0;
2: for k=0,1,2,...do
3: Set
(hg1, Mper1) =(hi, my) — (V. F(hy,mi), Vi, F(hg,my))
a ~ ~
=(hg, my) — g(vhkF(hk,mk),mGF(hk,mk)). (3.5)
4: end for

In order to understand the behavior of a generic Riemannian optimization algorithm, such as
Newton method, quasi-Newton method, CG method etc, in a small neighborhood of the solution,
we give the following remark, which will be formally stated and proven in Theorem after we
introduce appropriate Riemannian tools.



Remark 3.1. With high probability provided L large enough, i) a Riemannian version of the
Hessian of f in at (hy, my) is positive definite, ii) there exists a lower bound, not dependent
on K and N, of the smallest eigenvalue of the Riemannian Hessian, and iii) the condition number
of the Riemannian Hessian at w(hy, my) is small.

The results in Remark have important implications. Positive definiteness of the Hessian
at m(hy, my) implies that there exists a neighborhood of m(hy,my) in which f has a unique min-
imizer. Therefore, if an optimization algorithm generates iterates that converge and stay in the
neighborhood, then the limit must be m(hy, my). The independence of the lower bound of the small-
est eigenvalue from K and N indicates that it is worthwhile investigating whether the size of the
neighborhood depends on K and N. Note that it is unknown if the neighborhood is in the basin of
attraction Q1 N1IIz_ in Theorem (3.2, We leave this work for future research. The good condition
number of the He881an at the minimizer implies that a Riemannian steepest descent method can
converge quickly.

4 Riemannian Optimization

Recently many Riemannian optimization methods have been systemically analyzed and efficient li-
braries have been designed, e.g., Riemannian trust-region Newton method (RTR-Newton) [Bak08],
Riemannian Broyden family method including BFGS method and its limited-memory version
(RBroyden family, RBFGS, LRBFGS) [RW12) Hual3, [HGAI5, HAGI§|, Riemannian trust-region
symmetric rank-one update method and its limited-memory version (RTR-SR1, LRTR-SR1) [Hual3|
HAGI15], Riemannian Newton method (RNewton) and Riemannian non-linear conjugate gradient
method (RCG) [AMSO08, [SI15] [Sat16, [Zhul7].

This section follows the optimization framework on quotient manifolds in [AMS08] and uses it
to derive the tools for optimization problems on CX x CY /C,. Specifically, we describe the repre-
sentation of the manifold Cff *N for r > 1, and the ingredients which are required in Riemannian
optimization, such as tangent space, retraction, vector transport and gradient. We use only r =1
in this paper for the blind deconvolution problem. The results for r > 1 are also provided since
deriving them does not require much more work and is interesting for future researchﬂ

4.1 Fixed-rank Manifold and Two-Factor Representation

A point on a quotient manifold is an equivalence class, which is often cumbersome computationally.
In practice, choosing a representative for an equivalence class and definitions of related mathemat-
ical objects have been developed in many papers in the literature of computation on manifolds,
e.g., [AMSOg].

Let A denote the total space CE*" x CIV*" and Q, denote the quotient space N,/ GL(r). Define
a function 7 : N, — Q, : (H,M) — w(H,M). Let w(H, M) denote [(H,M)] = {(HP~!, MP*) |
P € GL(r)} viewed as an element of Q, and 7~ !(w(H, M)) is used to denote [(H, M)] viewed as a
subset of N;.. Let T ) N: denote the tangent space of N, at (H, M). Given (g ary € T (g0 Nos
denote the first and second components of (g ) by (g and Cur, i-e., (g ary = (Ca,Car), where

The following provides an example of a problem where taking r > 1 is useful. As shown in [IGZI7], it is known
that the desired solution for the phase retrieval problem by a lifting approach is a rank-1 matrix. If the number of
measurements is small, then optimizing over a fixed-rank manifold with rank greater than 1 is empirically shown to
be more efficient and more effective than r = 1.



Cg € CK>" and (r € CVX7. The vertical space at a point (H, M) € 7~ (w(H, M)) is defined to
be the tangent space of 7! (7 (H, M)) at (H, M). That is

Vian = {(—HA, MA®) | A € C™7}.
The Riemannian metric of N, that we use is
gatan (Mman) s €many ) = Re (trace (njy€ (M M) + i ar (H*H))) (4.1)

where 1y ar), S,y € T N;.. Tt follows that the induced norm is

HU(H,M)Hg(H,M) = \/Q(H,M) (TI(H,M),TI(H,M))-

We remove the subscript (H, M) of g in |[n
confusion.

The idea of using the Riemannian metric is not new. A similar metric on the real fixed-rank
manifold has been used in [Mis14]. The Euclidean metric <n(H,M), §a, ) >2 = Re (trace (56 + n3EMm))

)HQ(H,M)7 ie., use Hn(HyM)Hg, when there is no

on N, is not used here since it is not invariant to the representative in 7! (7 (H, M)). This can be
verified by Lemma The Riemannian metric (4.1)) is not equivalent to the Euclidean metric in
CEXN e,

getn (Mnan)» €y ) # Re (trace (na M + Hngp)* (6aM* + HERY)))

in general. Note that the tangent vector (ng,na) of N, at (H, M) corresponds to the tangent
vector g M* + Hnh, of CEXN at HM*.

The horizontal space at (H, M), denoted by H (1, 18 defined to be the subspace of T'g, ) N
that is orthogonal to Vg ps) with respect to the metric . That is

H(H,M) = {([H HJ_] |:I;:| , [M MJ_] |:Ig ]) ‘ K e (CTXT,T c (C(K_T)XT,Q c C(N—r)xr}7

where H | denotes a K x (K — r) orthonormal matrix such that H*H; = 0 and likewise for M .
The horizontal space H 7 ar) is a representation of the tangent space Tz ) Qr. It is known that
for any nr(mar) € Tr(m,ar) Qr, there exists a unique vector in H g, ar), called the horizontal lift of
N,y and denoted by my,, ., satisfying Dw(H, M)[nt ;1] = Nem,an). see e.g., [AMS08]. The
relationship among horizontal lifts of a tangent vector n. (g ) is given in Lemma The result
follows from [Hual3l, Theorem 9.3.1].

Lemma 4.1. A vector field (é, 19) on N, is the horizontal lift of a vector field on Q, if and only if,
for each (H, M) € N;, we have

(éprl,&Mp*) _ (éHP—l,éMP*) : (4.2)
for all P € GL(r).

The Riemannian metric (4.1)) on N, defines a Riemannian metric on Q,..



Lemma 4.2. The following defines a Riemannian metric on Q,:

G (H,M) (nn(H,M)a §7r(H,M)> = Re (trace (9}, &y (M*M) 407, &4, (H* H))) . (4.3)

Proof. Tt can be easily verified that the right hand side of (4.3) is invariant to representions in
7 Y= (H, M)). O

The orthogonal projections onto the horizontal space or the vertical space are similar to those
in [Mis14l Table 4.3]. We give them below for completeness.

Lemma 4.3. The orthogonal projection to the vertical space Vg, vr) 15 P(UH,M) (U(H,M)) = (—HA,MA"),
where A = 0.5(n%,M(M*M)™' —(H*H) " H*ny). The orthogonal projection to the horizontal space

; h _ v
Hmy 18 Py apy (77(H7M)) = 1My — Pl an (n(#,01)) -

Proof. 1t is easy to verify that g (P(UH,M) (U(H,M)) aP(}}],M) (n(H,M))> = 0 and P(UH,M) (U(H,M)) n
P(hH,M) (77(H,M)) = N(H,M)- :

4.2 Retraction and Vector transport

Retraction is used to update iterates in a Riemannian algorithm and vector transport is used
to compare tangent vectors in different tangent spaces. Specifically, a retraction R is a smooth
mapping from the tangent bundle T M, which is the set of all tangent vectors to M, onto a
manifold M such that (i) R(0;) = = for all z € M (where 0, denotes the origin of T, M) and
(i) LR(t&)|1—0 = & for all & € T, M. The restriction of R to T, M is denoted by R,. A
vector transport 7 : TM @& TM — TM,(n.,&) — Tp.& with associated retraction R is a
smooth mapping such that, for all (x,7;) in the domain of R and all £, € T, M, it holds that (i)
Tnele € Triny M, (il) To,& = &, (iii) Ty, is a linear map. A retraction in the total space N is

R any (o) = (H +nm, M+ ). (4.4)

It follows from Lemma that m(R v (Naary)) = m(Rigp-1 pps)(Map-1,0mp+)))- Therefore,
(4.4) defines a retraction in the quotient manifold Q,, i.e.,

R aan) (e, any) = (B an (1 g.n)))- (4.5)
The vector transport used is the vector transport by parallelization [HAGI6]:

Ty = ByBL, (4.6)

10



where y = R;(n;), B is a smooth tangent basis field defined on an open set of a manifold M and
Bl denotes the pseudo-inverse of B;. A smooth orthonormal basis of H g a) is

1 1 .
{(\@HLH eie?LMl,ﬁML ej lL ) t=1,...,r5 = 1,...,7“}
L HL e LT, —— o tv-1 =1
U ﬁ H@i@j M —,—E 6]2 LTy =14 00T
U{(HLEe] Ly Onsy) yi=1,.. K =7 j=1,...r}
U{(HL e Ly vV=1,0nx) i=1,... K =1, j =1,...7}
U {(O0kxr, Miésel Ly) yi=1,...N—rj=1,...7}
{0k wr, Miéie] Ly vV=1) i=1,...N—r,j=1,...r},
where (e1,...,e,) is the canonical basis of R", (€1,...,€é_,)) is the canonical basis of RE-T
(é1,--.,€(N—r)) is the canonical basis of RN=" and H*H = LyL% and M*M = LyL}, are

Cholesky decompositions. Therefore, the vector transport (4.6) with the above orthonormal basis
yields locally smooth, linear mapping from H gy to HR(H Ay (T A1) In the case of r = 1,

one can choose h to be the last K — 1 columns of the Householder matrix I — 2vv*/||v||3, where
v = h—||h|le1, and similarly for m . It follows that any corresponding pair of tangent vectors 7, )

and (pp-1, Mmp+) in bases By, ,,) and Bhp—1 mp+) satisfies 14.2)), i-e., (pp-—1s Mmp) = (mp~ Y, mp*).
Therefore, the mapping

(ﬁmh,m) fn(h,m))T(h . =B, m)B(h m) (4.7)

defines a vector transport on Qj, where (h, (UT(h m))

4.3 Riemannian Gradient

The Riemannian gradient of a function f : M — R : x — f(z) is defined to be the unique tangent
vector grad f € T, M satisfying

Df(l‘) [7733] = g(grad f(:L‘), 77:]0)7 Ve € Ty M,

where g is the Riemannian metric of M. The Riemannian gradient of (2.1)) is derived in Lemma

Lemma 4.4. Given any w(h,m) € Qy, the gradient of fﬂ(h,m) is
(srad Fx(hom))) = B (Vaf(hom)m*m) Vo fhom)(h°0) 7). (48)
(h,m)

where Vi f(h,m) = Jym + 4dL27pz Zfil G (%) (bibrh||m|3) is the Euclidean gradient with

respect to h, YV f(h,m) = Jih + d2 Sk Gy (M) (m|b:h|?) is the Buclidean gradient
with respect to m, and J; = 2(B*diag(diag(Bhm*C*) — y)C). Moreover, if the representation
(h,m) satisfies ||hll2 = ||m||2, then

(grad f(w(h,m)))ﬂh,m) = (Vaf (e m)m m) ™ Vo f () (07R) 7). (4.9)
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Proof. Taking directional derivative along any direction 0y m) € Tr(nm) Qr yields

_ . P LIbsh|?|m|3
D f (7 (hy 1)) a(my) =D | lly — diag(Bhm*C*)[3+p Y Gy ) | mn,)
=1

=2Re trace ((diag(Bhm*C*) — )T diag(Bny, m*C*))
+ 2Re trace ((diag(ma*C’*) —y)T diag(Bhny, C*))

(4d2 22 <W (1, bib7 hm|l3)

Lp o (LIERPImIZN o
+ Re <4d2'u2 — GO <8d2,u2 (nTmm|blh| )

=Re (1t Vi f (h,m) + 57, Vi f(h,m))

Combining the above equation with the definition [AMS08, (3.31)] and (4.3)) yields (4.8]). If ||A]|2 =
|lm||2, then the projection is not necessary since <Vhf(h,m)(m*m)_1,me(h,m)(h*h)_1> is in
H (h,m) already. O

4.4 A Riemannian Steepest Descent Algorithm

Algorithm [2]is an instance of a Riemannian steepest descent method. A Riemannian steepest de-
scent iteration for optimizing a real-valued function f on M is 11 = Ry, (—« grad f(zx)), where
a > 0 is a step size and R is a retraction. In the case of optimizing f in , the iteration
is m(R(gr1), Mk41)) = Rﬂ(hk my) (grad f(w(hi, my))), which yields 1mplementat10ns stated in Algo-
rithm {4l The update (4 is the generic Riemannian steepest descent update formula and (4.11] - is
for this specifical problem Since the iteration 7(h(g41), Mk41)) = Br(hy,my)(grad f(mw(hg,my))) is
independent of representations chosen in equivalence class, we can choose hi and mg such that they
always have the same norm. In addition, the projection onto the horizontal space is not necessary
due to . It follow that we have the update formula , which is used in Algorithm

4.5 Local Convexity

In this section, we give the complete version of Remark [3.1] in Theorem [£.I] We consider the
Riemannian Hessian of the function f oRﬂ(hﬁ my), Which is defined on the tangent space Tr( hy,m Q1
Since a tangent space is a vector space, the Riemannian Hessian with respect to the metrlc is

(HGSS f © Rw(h,m) (gw(h,m)) [nw(h,m)])T( )
h,m

=P,y (Js(m + &) + Jime, ) (mm) ™ (J5(h+ &) + Jing, ) (R*h) ™)

where J; is defined in (4.8)) and J3 = 2Re <B* diag(diag(B (mh (m—+m,,)" + (h+ —i—fﬁb)?ﬁm) C*))C).
The complete version of Remark [3.1] is given below.
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Algorithm 4 A Riemannian steepest descent method
1: k<« 0;
2: for k=0,1,2,...do
3: Set

(Phtr, My 1) = Ry <—Oé (grad f(w(h’m))%(h )) ; (4.10)

or equivalently

(hkr, mii1) = (hieymi) — aP, (thf?(hk,mk)(mzmk)ily Vi f (B mk)(hzhk)A) ;

(4.11)
or equivalently dy = ||hgll2]|mell2, b + \/dik”:ﬁ, my \/@Hn’?ﬁ and
a ~ ~
(Pky1, mpy1) = (hg, my) — o (vhkf(hlmmk)7vmkf(hk7mk)) ; (4.12)

4: end for

Theorem 4.1. With probability at least 1 — L™7, the eigenvalues of the Hessian of f o f%ﬂ(hﬁ’mﬁ) at
O (hy,my) are between 9d2/5 and 22d%/5 up to noise, i.e.,

22d? .
— T4l (e)ll2ds 2

g (nw(hﬁ,mﬁ)vHeSSf ° Rw(hﬁ,mﬁ)(Ow(hu,mﬁ))[nw(hﬁ,mﬁ)]) 9d2
5

> 2% 4 A% (0) o,

g(nﬂ(hu,mu) ) nﬂ(hu,mu)>

for all Na(hymy) € Tr(hymy) Q,, where R is defined in (4.5)).
Proof. Without loss of generality, we assume | hy||2 = ||my2 = v/di. We have

~ 2 ~
g (nw(hu,mu)vﬂess fo Rw(hﬁ,mﬁ)(On(hﬁ,mn))[ﬁw(hﬁ,mﬁ)]) = 22 0 Ba(ymy) Wiy my) =0

d2 3 * *
=3lly — diag(B(hy + tur, ) (my + tny,,, )" C)I3li=o
=Re (trace (v, (Jomy + Jim,,) + s, (Jshs + Jim,)) )

where Jp is defined in (4.8) and J, = 2Re (B* diag(diag(B <mhﬂ m* + hn}kmﬁ> C*))C). It follows
from the definition of m(hy, my) that J; = 2.4%(e). Thus,

d2 D * * *
@f © Rw(hﬁ,mu)(tnw(hﬁ,mﬁ)”t:o = Re(trace@?ﬁhﬁ J177Tmu + JQ (nThﬁm + hﬁnTmu )))
—4Re trace (n;hﬁ A*(e)mmu) + 2| A, m* + by, 3. (4.13)

It holds that

[4Re trace (i, A*(@)m,,, ) | SAIA" @)l Iz, Iz < AA @)z (s, 15 + 193, ]12)
S4”A*(e)H2d*g(nﬂ(hﬁ,mu)7 nﬂ'(hu,mu))' (414)
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Using [LLSW16, Lemma 5.12] yields

Sl g+ R, 3 2 20 Al + byt I3 = Cling,mg + et |3 (4.15)

with probability at least 1— L~ provided L > Cy max(K, u2 N) log?(L). Note that this probability
is independent of e (hy )
Decompose My, = ahy + bny, - and 1y, = a*my + B, » where hiny, =0, [lny, [2 =1,
m3my,, =0, and |[ny,, |l2 =1. Therefore, we have
I, " + by, || =|12ahgm |5 + llbng, w5 + 18hgnt, N = 120°d; + b*d. + B2d.,
>2|al?d? 4+ v?d, + B%d. = (|a]*d, + b* + |a|*d, + B%)d,
=ds (I, 13 + 101,0,113) = dZg (g mg)> D gym))- (4.16)

Similarly, we have

||nThﬁm*+hﬁ’r];mu H%‘ = ‘2a|2d3+b2d*+ﬁ2d* < 2(’a|2d*+b2+‘a|2d*+ﬁ2)d* < deg(nw(hﬁ,mﬁ)anﬁ(hﬁ,mﬁ))‘

(4.17)
Combining (4.13)), (4.14), (4.15), (4.16) and (4.17) yields
292 9\ Mr(hy,m ),HGSSf 0 Rw(h ,m )(Oﬂ(h ,m ))[nﬂ(h ,m )] 92
T A (0)od > (1 Ot 1) > = — 4 A (0) 2k
D g(nﬁ(hn,mn)v nﬂ(hﬁ,mu)) 5
O

5 Experiments

In this section, numerical simulations are used to illustrate the performance of the proposed method.
Section gives the experimental environment, synthetic problem settings, parameters and com-
plexities. The synthetic problems are used in Sections Specifically, Section [5.2| compares
the efficiency of the proposed method to the method in [LLSW16] and an alternating minimiza-
tion method; Section [5.3| presents an empirical estimation for the probability of successful recovery
against the number of measurements; and Section [5.4]shows the robustness of the proposed method.
In Section an image from FLAVIA dataset [WBX™07], rather than a synthetic data, is used to
show the performance of the proposed method in an image deblurring problem.

5.1 Environment, Step Size, Problem Setting and Complexities

The codes of Algorithm [4] are written in C++ using the library ROPTLIB [HAGHI6] through its
Matlab interface. All experiments are performed in Matlab R2016b on a 64bit Windows system with
3.4GHz CPU (Intel(R) Core(TM) i7-6700). The DFT is performed using the library FFTW [EJ05]
with one thread. The code is available at www.math.fsu.edu/~whuang2/papers/BDSDAQM.htm.
In signal recovery problems, including the blind deconvolution problem, theoretical results usu-
ally require the step size to be a sufficiently small constant. However, in practice, a too small step
size slows down algorithm significantly while a too large step size makes algorithm fail to converge.
Therefore, heuristic ideas have been used. In [CLS16], the step size is given by a predetermined
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nonincreasing sequence. In [LLSW16], the step size is chosen by backtracking with initial step size
1/d, where d is the singular value in Algorithm In this paper, the step size is given by the
backtracking algorithm with BB initial step size [BB88|. Specifically, suppose the iterates gener-
ated by Algorithm [2]is {z}} and 7, = R;!(z11). We use the initial step size g(sk, yk)/9(Yk, Yr),
where s, = Ty, n, and y, = grad f(zx4+1) — Tn, grad f(zx) and the vector transport 7 is defined
in (4.6)). Note that this initial step size may or may not be smaller than 1/(2ay,), which is assumed
by Theorem
The matrix B is the first K columns of a unitary L x L DFT matrix. The matrix A is a Gaussian
random matrix. The initial iterate, p, and p are given using the same method as [LLSWI6],
i.e., the initial iterate is the normalized leading singular vectors of A*(y), p = d?/100 and u =
6y/L/(K + N)/log(L). Unless otherwise indicated, the measurements y are noiseless, i.e., y =
A(hum&k), where hy and my are Gaussian random vectors. The stopping criterion requires ||y —
A(hm*)||2/[lyll2 < 1075, .
Since B = VLFB and C = \/EFC, the cost function f isﬁ
%
F(x(h,m)) =lly — L diag (FBR)(FCm)*) |3+ p ZG (L’bglzl’Q ”m”2>.

If B has K nonzero entries, C' is a random dense matrix and the order of computations of multi-
plications is to compute Bh and then apply FFT to the resulting vector F(Bh) and likewise for
F(Cm), then the complexity of a function evaluation is 2FFT + 2LN + O(L) flops, where a flop
is a float point operation [GV96, Section 1.2.4]. Using the same idea, the complexity of a gradient
evaluation after evaluating the function value at the same point is 3FFT + 2LN + O(L) flops. The
complexity of the vector transport is O(K + N) using the intrinsic representation (see detailed
discussions about intrinsic representation in [HAGIG6]).

5.2 Efficiency

Algorithm [2|is compared to the algorithm in [LLSW16] and an alternating minimization algorithm.
The alternating minimization algorithm is stated in Algorithm [5| which approximately optimizes
over h and m alternatively. Specifically, when one of h and m is fixed, the function F' in (1.4)) is
quadratic and the step size in Steps|3| and [4] has a closed form which can be compute cheaply. Let

Algorithm 5 An alternating minimization algorithm
1: k<« 0;
2: for k=0,1,2,... do
3: ty = argmingo F(hg, mi — tV, F(hg, my)) and set myi1 = my — 6.V, F(hg, my);
4
5

ty = argmingso F'(hy — tVpy, F(hg, mg41), miy1) and set hpyy = hy — 6.V, F(hg, mg41);
: end for

NCBT denote the algorithm in [LLSW16], NCBB denote the algorithm in [LLSW16|] with modified
initial step size: using BB step size rather than 1/d; AMA denote the alternating minimization
algorithm; and ROBB denote the proposed Algorithm [4] with the BB initial step size. NCBT,
NCBB, and AMA are implemented in Matlab. The parameters K, N are set to be 100 and 100
respectively.

SF can be done similarly and therefore its complexity is not discussed here.
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Table [T] reports the results of an average of 100 random runs for L = 400 and 600. Since
the algorithms are performed on different languages, it is unfair to compare their computational
time. Therefore, the machine-independent operations are reported. It is shown that using BB step
size as the initial step size improves efficiency significantly. Increasing the number of measurements
reduces the difficulty of the optimization problem in the sense that the numbers of various operations
decrease. ROBB method outperforms the other methods in the sense that it needs fewer number
of all the operations to reach a similar accuracy.

Table 1: An average of 100 random runs. nFFT denotes the number of fast Fourier transforms

(or inverst FFT). nBh and nCm denote the numbers of matrix vector multiplications Bh and Cm
||hmT—hﬁm;‘rH

respectively. Note that nBh = nCm. RMSE denotes the relative error I

k indicates a scale of 10¥. The algorithms NCBT, NCBB, AMA, and ROBB are introduced in the
first paragraph of Section [5.2

. The subscript

L =400 L =600
Algorithms | NCBT NCBB AMA ROBB | NCBT NCBB AMA  ROBB
nBh/nCm 1040 349 718 208 403 162 294 122
nEFFT 2533 865 1436 518 984 401 588 303
RMSE 3.73_g 224_g 3.67_g 220_g | 239_g 148_g 234_g 142_3

5.3 Number of Measurements vs Success Rate

Both parameters K and N are set to be 50. L/(K-+L) takes 21 values: {1,1.05,1.1,...,1.45,1.5,1.6,
We consider an algorithm to successfully recover m(hy, my) if the RMSE of the final iterate m(h, m)
is less than 1072, i.e., |hm* — hymj|[p /| hgm}]|F < 1072,

Figure [I] shows an empirical phase transition curves for the four algorithms: NCBT, NCBB,
AMA, and ROBB. NCBT and NCBB perform similarly while AMA and ROBB outperform NCBT
and NCBB. Given the same number of measurements, the Riemannian method ROBB has the
largest successful recovery probability among the four methods.

Transition curve

Prob. of Succ. Rec.
o
~

o
N

o
2

LI(K+N)

Figure 1: Empirical phase transition curves for 1000 random runs. The algorithms NCBT, NCBB,
AMA, and ROBB are introduced in the first paragraph of Section [5.2
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5.4 Noisy Measurements

Figure [2] shows the relationships between RMSE and SNR for Algorithm 4| with L = 500 and 1000,
and K = N = 100. The algorithm stops when the norm of the initial gradient over the norm of the
last gradient is less than 1072, The noise measurements y are given by A(hﬁma‘) + e, where the
noise e is m for some positive value 7. Clearly, increasing the number of measurements

improves the accuracy, i.e., reduces the RMSE. In addition, the curves indicate that inreasing SNR
in dB reduces the RMSE in dB linearly.

10 Reconstruction stability of Riemannian method

N —&— =500
* —%— L=1000

RMSE(dB)
&
o
/
/

-90 I I I I I I
10 20 30 40 50 60 70 80

SNR(dB)

Figure 2: Performance of Algorithm [2] under different SNR.

5.5 Natural Image

A leaf image (Figure [3) with 1024 x 1024 pixels from FLAVIA dataset [WBXT07] is used to test
the performance of Algorithm [3|on an image deblurring problem.
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Original image

|

Figure 3: The tested image

A blurred image is a convolution of the original image with a blurring kernel. Let y, ¥ and &
denote the vectors obtained by reshaping the blurred image, original image and the blurring kernel
respectively. The measurement y is therefore the vector Fy/ VL. The matrix B is formed by a
subset of columns of a reshaped 2D frequency Fourier matrix, where the columns correspond to the
nonzero entries in k. Since most natural images are approximately sparse in Haar wavelet basis, the
columns of C € CY*N are set as the N most-significant columns in Haar wavelet matrix W, where
the N most-significant columns denote the columns corresponding to the N largest coefficients of
Haar wavelet transform of the original image (the N largest entries in W’'§). However, the original
image, or equivalently ¥, is unknown. Thus, we use W'y instead to form C.

The number of measurements L is 1024 %« 1024 = 1048576. The number of columns N in C is
chosen to be 20000. The number of nonzero entries in a blurring kernel is given later.

Motion kernel with known support: The motion kerneﬂ and the corresponding blurred image
are shown in (a) and (b) of Figure |4, We assume that the support of the blurring kernel is known.

"The blurring kernel is obtained by Matlab commands: “fspecial("motion’, 50, 45)”.
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(a): Blurring kernel (b): Blurred image (c): Reconstructed image (iter=80)

Figure 4: Left: the blurring kernel; middle: the blurred image; right: the reconstructed image

The number of nonzero entries in the blurring kernel is K = 109. The most-significant wavelet
subspaces with N = 20000 are able to capture 97% of the energy in the original image. Algorithm
stops when the number of iterations is 20, 40, 60, 80, 100, 120, 140, 160, or 2000. The reconstructed
image using 80 iterations is given in (c) of Figure El As shown in Table [2| a higher accuracy does
not improve the recovery performance in the sense that the relative error relerr, defined in Table[2]
does not necessarily decrease as the number of iterations increases. In the later experiments, the
number of iterations is set to be 80.

Table 2: The computational costs for multiple values of N in Figure @l nBh, nCm, and
nFFT are defined in Table [l ¢ denotes the computational time in seconds. relres denotes

ly — diag(Bhm*C*)||2/||y|l2. rellerr denotes Hy— %ny /l¥]], where y¢ denotes the vector
obtained by reshaping a reconstructed image.
num. of iter. | 20 40 60 80 100 120 140 160 2000
relres 3.9_3 26.3 25.3 243 233 23.3 223 22_3 203
nBh/nCm 43 85 125 168 210 253 294 335 4055
nFFT 107 211 311 417 521 627 729 831 10111
relerr 415 382 382 382 41, 425 43, 445 64

Other kernels with known supports: Two blurring kernels, their corresponding blurred im-
ages, and the reconstructed images are shown in Figures [f] and [6] The blurring kernel in Figure

is from_the function sin and has 153 nonzero entries. The covariance of the Gaussian kernel in
1 .
Figure |6|is V = 0.8 018 and the number of nonzero entries is 181.
The number of iterations is 80 and their computational times are approximately 48 seconds.
The relative errors relerr, defined in Table[2] of the “sin” kernel and the Gaussian kernel are 0.0398
and 0.0890, respectively. We can see that the Riemannian method is able to recover a reasonable

image for a more complex kernel.
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(a): Blurring kernel (b): Blurred image (c): Reconstructed image

N

_— i

Figure 5: Left: the blurring kernel; middle: the blurred image; right: the reconstructed image

(a): Blurring kernel (b): Blurred image (c): Reconstructed image

~ B

Figure 6: Left: the blurring kernel; middle: the blurred image; right: the reconstructed image

Motion kernel with unknown support: The motion kernel in (a) of Figure {4] is used. In
practice, the true support of the kernel is unknown and an estimation is usually not exact. Figure
shows the recovery performance of the Riemannian method when an inexact support is used. We
use four inexact supports, which are obtained by enlarging the true support by 1, 2, 3, and 4 pixels.
Unsurprisingly, the better the estimation of the support is, the better the reconstructed image is.
The Riemannian method is able to recover the image reasonably in these tests.
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Enlaged by 1 pixels Enlaged by 2 pixels Enlaged by 3 pixels Enlaged by 4 pixels

Reconstructed image Reconstructed image Reconstructed image Reconstructed image

my [ _ o  a

Figure 7: Deconvolution results for unknown supports. Top: the estimated support of the blurring
kernel. Bottom: the reconstructed images using the corresponding above supports. The relative
error relerr from left to right are 0.0440, 0.0484, 0.0522, and 0.0673, respectively.

6 Conclusion

In this paper, we proposed a Riemannian steepest descent method for blind deconvolution. By
inspiring the proofs in [LLSW16], it is proven that the Riemannian method with an appropriate
initialization has high probability to successfully recover the desired signal. Since a quotient mani-
fold is considered, the penalty term that is used to control the norm of A and m is not necessary. The
Hessian at the desired solution is proven to be well-conditioned with high probability and therefore
the optimization is not difficult locally. Numerical experiments show that the Riemannian steepest
descent method is robust to noise, is the most efficient algorithm, and has the empirical largest
successful recovery probability among the alternating minimization algorithm and the algorithm

in [LLSWI6].
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A Four Conditions and the Proof of Theorem

The convergence analysis of the Riemannian steepest descent method follows the spirit of the anal-
ysis in [LLSW16] and the analyses both rely on the four conditions: local RIP condition, robustness
condition, local regularity condition and local smoothness condition. There exist differences and
the main ones are highlighted as follows. The differences ease the proofs of the Riemannian method
in general.

e The cost function f does not include the penalty terms for the norm of i and m. Therefore,
the penalty terms are not considered in the convergence analysis.

e Since any representation in 7! (7(h,m)) can be used and this does not influence the sequence
{m(hg, my)} of Q1 generated by Algorithm {4 we can always assume ||hy||2 = ||mg||2 without
loss of generality.

e The Riemannian gradient is different from the Wirtinger derivative. For the cost function F

in (1.4)), if ||h]l2 = ||m]|2, then by (4.9) and (3.4)), we have
2

grad F(h, m) = mvwF(h, m)

Let 7(hy, my) denote the ground truth and Y 7 denote {m(h,m) | f(m(h,m)) < 1e2d? + ||e|3}.

Condition A.1 (Local RIP condition). The following local Restricted Isometry Property for A
holds uniformly for all (h,m) € Il.:

3 * * * * ) * *
Mam = hgmi || <A™ = hgm)|5 < L |hm” = hymy ][

Condition A.2 (Robustness condition). If L > C,(0?/e?+0/e) max(K, N)log(L), then with high

probability, it holds that
edy

10v/2°

Condition A.3 (Local regularity condition). There exists a reqularity constant ag > 0 such that
| grad Fr(hm)I2.,, ., = aolf(x(hom)) - ds

for all w(h,m) € Q, N1, where ¢ = ||e||3 + 1700||.4*(e)||3 and ap = 1/1500.

A ()]l2 <
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Condition A.4 (Local smoothness condition). Define the lifting function fw(h,m) : Tr(hm) Q1 —
R 0rhm) = fo Rﬁ(h’m) (Mx(h,m))- There exists a constant ay, such that

Il grad Frhm) (En(nim)) — &18d Frhmy () lggrm < GLtr(hm) lggm> YO <t <1,

for all w(h,m) and nxnm) € Trnm) Q1 such that Rﬂ(h,m) (tr(h,m)) € Tf~ N1, V0 <t <1, where
R is defined in (£.5).

Conditions and are the same as [LLSW16, Conditions 5.1 and 5.2] and have been proven
therein. Conditions and are different from|LLSW16, Conditions 5.3 and 5.4] since we use
different penalty term and different gradient and norm. The proofs of Conditions and [A4] are
given in Section [B]

Lemma generalizes [LLSW16, Lemma 6.1] and is used in Lemma

Lemma A.1 (Riemannian descent lemma). Suppose Condition holds. Then
fﬂ(h,m) (nﬂ(h,m)) < f(ow(h,m)) + 9r(h,m) (nw(h,m)7 grad f(ﬂ-(ha ’I’)’L))) +ar, Hnﬂ(h,m) ||52]a
where O () denotes the origin of Ty m) Q1.

Proof. Define ﬂ(t) = fﬂ(h,m)(tnﬂ(h,m))' We have %ﬂ(t) =49 <grad fﬂ(h,m)(tnﬂ’(h,m)),nﬂ(h,m)) It
follows from the Fundamental Theorem of Calculus that

~

" La 1 "
fw(h,m) (nﬂ(h,m)) - f(O) = /0 aﬁ(t)dt = /0 g (grad fw(h,m) (tnrr(h,m))a nﬂ(h,m)) dt

1
=9 (grad fﬂ(h,m) (07T(h,m))7 nﬂ(h,m)) + /0 g (grad fﬂ(h,m) (tnﬂ(h,m)) — grad fﬂ(h,m) (Oﬂ'(h,m))a 7]7r(h,m)> dt
<g (grad Frthn) On(hm))» nﬂ(h,m)) + apl|nx(hm)ll2-

Therefore, the result holds since grad fﬂ(h,m) (Ox(n,m)) = grad f(m(h,m)), see [AMSOS, (4.4)]. O

Lemma is used in the proof of Theorem Note that this lemma follows from [LLSW1G,
Section 5.1].

Lemma A.2. The following properties hold under some of the four conditions.

1. Under conditions and function f in (1.5) satisfies

eAd, eAd,
)

5

3 5
||€||%+ZA2— < f(w(h,m)) < ||€||§+ZA2+ (A.1)
for all w(h,m) € Q, N1l where A = [[hm* — hymy||p.
2. It holds that Y 7 C ; under conditions (mdlﬂ;ﬁr we have T;N1L C H%E.

3. Under conditions[A.1 and[A.3, if m(h1,m1) € Il. and w ((1 — A)h1 + Aha, (1 — \)mq + Amg) €
T for all A € [0,1], then m(ha, m2) € Il..
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4. Under conditions |A.Z|, |A4 and |A.4l, suppose the step size a < ﬁ, where ay, is defined in
Condition M and w(hi,my) € 1T N Tf, then it holds that w(hgy1, mpa1) € e N Tf and

Fr (s mpen)) < f(m(hi,my)) — %ll grad f (m (hy, my))5-

Proof. ([I): This has been proven in [LLSW16, (5.5), (5.6)].
@): If 7(h,m) ¢ Q,,, then G(x(h,m)) > pGg(ZjE). It follows that

~ 2
Fln(h,m)) 2pGo( 52

242 2
)2 @+ 251e1B) (% - 1)

242 2 242 21
2 (2 -1) weslel (B -1) 2 e+ pelt
where p > d? + 2.5|e||3, € < 1/15, and 0.9d, < d < 1.1d,. Therefore, 7(h,m) ¢ Tjand T; C Q.

For any m(h,m) € T§NIL, it ho{ds that w(h,m) € Q, NIl.. It follows from (A.I) that
lel3 + 3A2 — % < f(r(h,m)) < f(m(h,m)) < %e2d? + |e||3, which can be simplified into

45A2% — 12ed, A — QOszdz < 0. This implies A < 0.9¢d, and hence T]; NIl C Il ..
10
(B): Prove by contradiction. If 7w(hga, ma) ¢ Il., then there exists Ag such that

| (1 = X)hy + Aha) (1 — N)ymq + Ama)™ — ham]|| = ed.,
ie, m((1 = A)h1 + Ahg, (1 — A\)my + Amg) € OII.. Therefore, it follows from
m((1 = A)h1 + Ahg, (1 = A)my + Amg) € T
that 7 ((1 — A)h1 + Ahz, (1 — A)mq + Amg) € 9. This is a contradiction. .
@): 1f grad f(7(hi, mi)) = 0, then 7(hgy1, mg41) = m(hi, M) € II.NY . Suppose grad f(m(hi, mu)) #

0. Define the function X 3
A(N) = Fr(hg,me)(—Agrad f(m(hg, mg))).

It follows that ¢/(0) = —|| grad f(w(hk,mk))ﬂg < 0. By Lemma we have
S(N) <¢(0) — All grad f (m (g, mp)||; + arX?| grad f(m (b, my,))|I; (A.2)
=6(0) + (arA? — V)| grad f(x (hy, m)) |3 < $(0) (A.3)

for all A € [0, . Therefore, by (3)) in Lemma we have m(hjt1,me+41) € Il N Y7 Using (A.3)
yields

Jr (i, i) < Flr(hmi)) = 5 grad Fr (o mi) |1
O

Now, we are ready to prove Theorem With the four conditions, the proof follows from the
proof in [LLSW16] and we give here for completeness.
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Proof. Since (hg, mg) € Q%u N H%E, we have

LibthoPllmoll3 _ L Adip® _ di
< < ’
8d?u? T 8d*u? L T 242

where v/L||Bho|loo|[m|l2 < 2dsp. Therefore, the penalty term G(m(hg,mg)) = 0. Combining (A1)
and A < %al* yields

eAd,
5

which implies 7(ho, mo) € T ;. It follows from (4) in Lemma and Condition that

Flar(h,m) = F(,m)) < [lel3 + 5% + 555 < 222 4 e,

Fr(hnenmien)) < Jw(he,me) = 550 [ Fr (e, mi)) = e]
and m(hg,my) € Q, NI, for all k. Therefore, we have
Fr(hsrsmesn)) = < (1= %50) [Fr(nmi)) — ] |
which implies
[Forthurnmin) — o] < (1= %52) [Frtimm) <]

Thus, we obtain

(1 — %y e2d?,

[t me) — ] < (1= 250Y" [Fmho,mo)) =] < 5 (1- %5

2

where we use f(x(ho, mo)) < 422 + el and ¢ =[]} + 1700].4*(e)[} > [le3. We also have
Flrtnsme)) — el = AGrum — hgm) [ — 2Re((A*(e), hymi — hgm),)
> i, — g% — 23] A°() o wm, — e
It follows that

1 aa r 3 * * * *
5 (1= 250) 22 2 [Fmhnm)) =] | 2 S —hym3 [—2VEIA° ()l i — g | ~1700].A°(e) B,

which is equivalent to

2

42

[y, = hymi || — fHA*( )l

4 aap\! 6800 32 N
<5 (1-52) @+ (- + DA

2 3

Solving for ||hym} — hﬁmﬁ | F yields

2 aag\ k/2 .
e = hgm lr < 5 (1= 252) " ede +50[LA(e) |2

The upper bound for || A*(e)||2 has been proven in [LLSW16]. O
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B Proofs of Conditions [A.3] and [A.4] and Theorem [3.1]

Define function fr = fom, fr = fom, and Gr = G o7, which is defined in the total space
REXRY. Since the function value fr(h,m) and || grad fr(h,m)|, are independent of representation
in 771 (7(h,m)), we can always choose h and m such that ||h||2 = ||m|2. For all w(h,m) € II., we
have [|h]|2|lmll2 = [[hm*||p < ||hm* — hgm}[|p + [|hgm}|[F < (1 + €)ds and [[h][2|m]l2 = [hm*[|F >
[hgmi[|p — [hm* — hymi||p = (1 — €)d.. 1t follows that

14 /16
(h,m) € Qg := {(h,m) [\ 15 < lIBllz = [Im]l2 < 15d*}’ (B.1)

for all w(h,m) € Il and € < 1/15. There are unique orthogonal decompositions
h:ﬁhﬁ—kﬁandm:mmﬁ—l—rh,

where B*hﬁ = 0 and m*my = 0. Let

ﬁ:h—Thﬁ andm:m—f_lmﬁ,

1
(=500
Lemma B.1. For all (h,m) such that (h,m) € Qq and w(h,m) € Il. with e < 1/15, it holds
that ||h]|2 < 6.1A2/d,, ||m|2 < 6.1A%/d,, and ||h|2|m|3 < 8.4A%/d2. Moreover, if we assume
mw(h,m) € Q,, additionally, we have VL|B(h)||so < 6p/ds.

where 7 =

Proof. Inequalities ||2]|3 < 6.1A2/d,, |m|3 < 6.1A2/d,, and ||k|3||7m|3 < 8.4A%/d? have been
proven in [LLSWI6, Lemma 5.15|. Note the definition of €2, and (B.I), we have {(h,m) |
VL|Bhllso|mllz < 4dspa, Bl = [[mll2} € {(h,m) | VL||Bhllso < 4.5v/dups}. We also have |ri 7| >
1—e by [LLSW16, Lemma 5.9] and |71 | < ‘MIE = ”|]|l]; 2 ZL‘ﬁQ < \/Hhm h’imu”FJr”hﬁmuHF <Vite
Therefore, it holds that

VL|B(h)]|eo <VLIB(R)|oo + 17\FIIB(%)IIOO

(1= 1ag;)7

NGl
—4.5u/ds + te o su/dL,
(- B2

where A/d, <e < 1/15. O

Lemma [2.3is the [LLSW16, Lemm 5.16] and is used in the proof of Condition

Lemma B.2. For all (h,m) such that (h,m) € Qq and w(h,m) € II. N Q, with ¢ < 1/15, it
uniformly holds that

Re ((Vifrh), + (V8 fri),) = 2 2|4l

provided L > azp®(K + N)log?(L) for some constant az, where V' denotes the Wirtinger deriva-
tive (13.4)).
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Lemma B.3. For all (h,m) such that (h,m) € Qq and w(h,m) € I, with ¢ < 1/15 and 5d. <
d< %d*, it uniformly holds that

A

w 7 w A~ >
Re (<vaT, h>2 (Ve G, m>2) > oo VeG((hm).
where p > d? + 2.5||¢||3.
Proof. We have
; L{b; b2 |Iml|3 —_— >
(V4G ), + (V.G 1), =1 > <W (i, ) I3
L

Lp L{bshf*[lml3 N e 2
+ 4212 - Go ( 8d2 2 (m, 1), |b; Bl

When Lbih[?||m||3 < 8d*u?, we have

L
Lp , (( LIbER?[Im]3 . G o o P ((LIOFRPIm]3
e Gl ( S <blbih, h>2Hm||2 =0=£Gh (“ g, and

L
Lp , ( LIbi R |Iml I3 T P ((LIb;RI|Im]I3
422 v Go ( 8d2:2 <m7m>2’bzh’ =0= gGO 8d22

When L|bfh|?||m||3 > 8d%u?, by [LLSWI16, Lemma 5.9] and (B.1)), it holds that |77 — 1] < dé
|71| < 2, which yields

_ |71|
— - -
(-l Q- 10d 7| — (1 - ﬁ)(l - )

By pup < pand A/d, < e <1/15, we obtain

Re(<bibjh, h>2) —Re(|bth|2 — 7(bh, b hy)y)

* * 2 *
* * 2/«5 dy "
8 = s\ ) (O Bk < AL

- 8d? 2 8d? 2 24 dy
Vo \VLimi3 - 2ha-V I
> 5 (I-gm)d-3)

8d2 2 8d2 2 2 1041610 d
> = 2 ) (by (B1) and d. < 224)
\/ Llml3 (\/ Llml3 (1 - )@ — )\ 9L 159 [m]3 g

2,2
> 4d° .
SL|mll3

29



Therefore,

Lolmll3 -, ( LIbfR[?|Im|f3 , P [ LIb;RP[Imll3
2 .b* > L B S b i Ui L I
4d2 12 Co 82 12 Re (<blbzh’h>z) = 5G0 8d2 2

We also have

A —|m||5 + = [ A Iml3
= 10q, "2 = Toq, ) M2 = g limila:
It follows that

Lp LI hf[m|13 V2 s P
Gy (AL e b > 76

P L|b; h[?|lm |13
= 7500 8d2 2

L‘b*h’ HmHZ A Hm”2 8d2ﬂ2
8d2 2 10d, " " L|jm)| 2

Therefore, we have

Re ((VaGr,h)_+ (VG in)y) 2 i#’ <W>

L
32P L|b;h|?[lm]l3 32p LIbh)?|Im||3 32
ot et el I 0 1 R i ZA% T2 ) 90~
Z ( 82,2 = 75 ;GO 82,2 75 VPGm(hm))

The final result follows from the above inequality, (3.4) and A/d, < 1/15. O

Proof of Condition[A.3. Suppose (h,m) satisfies (h,m) € Qq and w(h,m) € IL. N Q, with
e < 1/15. Since Lemmas and are exactly the same as [LLSWI16, Lemma 5.15,
Lemma 5.16, and Lemma 5.17], we have the same result as [LLSW16, Lemma 5.18], i.e

IV* fr(h,m)|3 > oo [f(m(hym)) — ]

2= 5000
By Lemma [1.4 and (3.4), ||h||2 = ||m||2 implies that

[z ]2

- 1 ~
VY fr(hym) = S P, )V fr(hm) = ===

(grad f(w(h,m)))

Tty
By definition of the induced-norm, we have
GO0 p—— PR
m(um) b |2l

> s f(hm) = (B2)

Since || grad f(w(h,m))”iﬂh .y and f(w(h,m)) are independent of representation in 7~ (x(h, m)),
we have that (B.2)) holds for all w(h,m) € II. N Q, with e <1/15. O
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Proof of Condition[A.7] By [LLSWI6, Condition 5.4], we have

| (Vrtnng,)) = (V50 |, < @ctlingg,,l YO<t<1,

for some positive ar. Choosing (h,m) such that ||h|2 = ||m|2 yields that

Bd*HgT(h,*m) HQ < Hé’r(h’m)”g < Bd*H&\(h,m)HQ’

and V fr(Er, n,) = Ibll2llmll (8rad foghom) (Ennm)), T8 @l Exgum) € Trnghn) Q1. Therefore,

(h,m)
we have

. A 8 15 _
|| grad fw(h,m) (tnw(h,m)) — grad fw(h,m) (O)HQ(h,m) < ? 14d aLtHnTr(h,m)Hg(h,my VOo<i<l,

where ||h||2]|m||2 > 14d,/15 from (B.1)) is used. Note that both sides are independent of represen-
tation of (h,m) € 7~ 1(x(h,m)), we completed the proof. O
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