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Abstract. We study an iterative low-rank approximation method for the solution of the steady-state stochastic
Navier—Stokes equations with uncertain viscosity. The method is based on linearization schemes
using Picard and Newton iterations and stochastic finite element discretizations of the linearized
problems. For computing the low-rank approximate solution, we adapt the nonlinear iterations to
an inexact and low-rank variant, where the solution of the linear system at each nonlinear step is
approximated by a quantity of low rank. This is achieved by using a tensor variant of the GMRES
method as a solver for the linear systems. We explore the inexact low-rank nonlinear iteration with
a set of benchmark problems, using a model of flow over an obstacle, under various configurations
characterizing the statistical features of the uncertain viscosity, and we demonstrate its effectiveness
by extensive numerical experiments.
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1. Introduction. We are interested in the efficient computation of solutions of the steady-
state Navier—Stokes equations with uncertain viscosity. Such uncertainty may arise from
measurement error or uncertain ratios of multiple phases in porous media. The uncertain
viscosity can be modeled as a positive random field parameterized by a set of random variables
[23, 28, 31], and, consequently, the solution of the stochastic Navier—Stokes equations also
can be modeled as a random vector field depending on the parameters associated with the
viscosity (i.e., a function of the same set of random variables). As a solution method, we
consider the stochastic Galerkin method [1, 12] combined with the generalized polynomial
chaos (gPC) expansion [34], which provides a spectral approximation of the solution function.
The stochastic Galerkin method results in a coupled algebraic system of equations. There has
been considerable progress in the development of solvers for these systems [7, 22, 24, 29, 32],
although costs may be high when the global system becomes large.
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One way to address this issue is through use of tensor Krylov subspace methods, which
operate in tensor format and reduce the costs of matrix operations by exploiting a Kronecker-
product structure of system matrices. Variants of this approach have been developed for the
Richardson iteration [14, 18], the conjugate gradient and the BiCGstab methods [14], the
minimum residual method [30], and the generalized minimum residual (GMRES) method [2].
Efficiencies are also obtained from the fact that solutions can often be well approximated by
low-rank objects. These ideas have been shown to reduce costs for solving steady [6, 11, 16, 18]
and unsteady stochastic diffusion equations [4].

In this study, we adapt the low-rank approximation scheme to a solver for the systems
of nonlinear equations obtained from the stochastic Galerkin discretization of the stochastic
Navier—Stokes equations. In particular, we consider a low-rank variant of linearization schemes
based on Picard and Newton iteration, where the solution of the nonlinear system is computed
by solving a sequence of linearized systems using a low-rank variant of the GMRES method
(I'lGMRES) [2] in combination with inexact nonlinear iteration [5].

We base our development of the stochastic Galerkin formulation of the stochastic Navier—
Stokes equations on ideas from [23, 28]. In particular, we consider a random viscosity affinely
dependent on a set of random variables as suggested in [23] (and in [28], which considers a
gPC approximation of the lognormally distributed viscosity). The stochastic Galerkin for-
mulation of the stochastic Navier—-Stokes equations is also considered in [3], which studies
an optimal control problem constrained by the stochastic Navier—Stokes problem and com-
putes an approximate solution using a low-rank tensor-train decomposition [21]. Related work
[31] extends a proper generalized decomposition method [20] for the stochastic Navier—Stokes
equations, where a low-rank approximate solution is built from successively computing rank-
one approximations. See the book [15] for an overview and other spectral approximation
approaches for models of computational fluid dynamics.

An outline of the paper is as follows. In section 2, we review the stochastic Navier—Stokes
equations and their discrete Galerkin formulations. In section 3, we present an iterative low-
rank approximation method for solutions of the discretized stochastic Navier—Stokes problems.
In section 4, we introduce an efficient variant of the inexact Newton method, which solves linear
systems arising in nonlinear iteration using low-rank format. We follow a hybrid approach,
which employs several steps of Picard iteration followed by Newton iteration. In section 5,
we examine the performance of the proposed method on a set of benchmark problems that
model the flow over an obstacle. Finally, in section 6, we draw some conclusions.

2. Stochastic Navier—Stokes equations. Consider the stochastic Navier—Stokes equa-
tions: Find velocity (z, &) and pressure p(z,§) such that

—

-V V($7£)Vﬁ(:ﬁ7£) + (ﬂ(x¢§) ’ v)ﬂ($7§) + VP(xvg) = f(x>§)7
=0

in D x I'; with boundary conditions
’lj:(l’, ) = g(xag) on aDDir X Fy
v(@,)Vii(,8) - 7i — p(x,£)ii = 0 on ODyeu x T,

where 0D = ODpi; U 0DNeu. The stochasticity of (1) stems from the random viscosity

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 10/22/21 to 69.143.89.86 Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

LOW-RANK APPROXIMATION FOR NAVIER-STOKES EQUATIONS 1277

v(z, &), which is modeled as a positive random field parameterized by a set of independent and
identically distributed random variables £ = {&1,...,&,,}. The random variables comprising
¢ are defined on a probability space (2, F, P) such that £ : Q@ — I' C R™, where Q is a
sample space, F is a o-algebra on {2, P is a probability measure on Q, and I' =17 x--- x T,
is the joint image of £. For each ¢, I'; is a finite interval symmetric about the origin. The
joint probability density function (PDF) of £ is denoted by p(§) = [, pi(&), where p;(&;) is
assumed to be symmetric about 0, i.e., p;(— 5) = pl(é) for all 5 € I';. The expected value of a
random function v(&) on I is then (v), = E[v] = [ v(

For the random viscosity, we consider a random ﬁeld that has affine dependence on the
random variables &,

(2) v(z, f)—VoJrUuZVk )€k
k=1

where {1g,02} are parameters characterizing the statistical properties of the random field
v(z,§). The random viscosity leads to the random Reynolds number

UL
(3) Re(§) = ——.
v(§)
where U is the characteristic velocity and L is the characteristic length. We denote the
Reynolds number associated with vy by Reg = [{/—OL In this study, we ensure that the viscosity

(2) has positive values by controlling {vy, o2} and only consider small enough Rey so that the
flow problem has a unique solution.

2.1. Stochastic Galerkin method. In the stochastic Galerkin method, a mixed varia-
tional formulation of (1) can be obtained by employing Galerkin orthogonality: Find (4, p) €
(Ve,Qp) ® L*(T") such that

(4) </Dyva:vq7+[(ﬁ-vm].ﬁ—p(v-v)>p:</Df-a>p Vi € Vp @ LA(T),
(5) </Dq(v-a)>p=o Vg € Qp ® LA(T).

The velocity solution and test spaces are Vg = {@ € H'(D)?|i = §on dDp;} and Vp =
{7 € H'(D)?|¢ = 0 on dDpy,}, where H'(D) refers to the Sobolev space of functions with
derivatives in L?(D), for the pressure solution, Qp = L?(D), and L?(T") is a Hilbert space
equipped with the inner product

(o) = [ u€u©p(e)de.
The solution of the variational formulation (4)—(5) satisfies
(6) R(i,p;0,q) =0 Vi€ Vp® L*I), Vg € Qp ® L*(I),
where R (i, p; U, q) is a nonlinear residual
AT Vﬁ' — [(u-
(= Jpa(V
(6

To compute the solution of the nonlinear equation

v+poV 7)),

@ mapng=[lbS ol

), we employ linearization techniques
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based on either Picard iteration or Newton iteration [9]. Replacing (, p) of (4)-(5 ) ith
(461, p+6p) and neglecting the quadratic term ¢(6u; 01, ¥), where ¢(Z; 4@, 0) = [, [(Z- V)d] - 7,
gives

([pvVou : VT + c(0u; @, 0) + c(i@; 0, 7) — [ 0p(V - 7)),
(8) 0,

= R(u,p; U, q).
q(V - 610)), (@5 %q)
In the Newton iteration, the (n + 1)st iterate (@"*!,p"*!) is computed by taking @ = @",
p=p" in (8), solving (8) for (6u™, p™), and updating

—n+1 n

U =q" 46", pthi=p" 4 5pn.
In the Picard iteration, the term ¢(0%; @, ¥) is omitted from the linearized form (8).

2.2. Discrete stochastic Galerkin system. To obtain a discrete system, the velocity
ii(x, &) and the pressure p(x, £) are approximated by a generalized polynomial chaos expansion
[34]:

ng L3
9) iz, &) = Y ili(x)i(€), pl,€) = > pil)di(§)
i=1 i=1

where {1;(£)};5, is a set of n,-variate orthogonal polynomials (i.e., (11;), = 0 if i # j)
consisting of products of univariate orthogonal polynomials ;(&§) = H}Zl Cq,5)(&;), where
d(i) = (di(i),...,dn,(i)) is a multi-index consisting of nonnegative integers and £, (;) is the
d;(i)th-order polynomial of &;. In this study, we set the total degree space, A, 4., =
{d(z) € Ny¥ : [ld(i)[i < diot}, where Ng is the set of nonnegative integers, [|d(7)]1 =

dk(‘), and dyo defines the maximal degree of {1;(€)};¢,. For ordering the index set
{d() =1, we consider the graded lexicographical ordering [33, section 5.2], where i > j
if and only if ||d(2)|l1 > [|d(4)]]1 or ||d(¢)|l1 = [|d(j)]]1 and the rightmost nonzero entry of
d(i) — d(j) is positive (e.g., Az2 = {(0,0,0), (1,0,0), (0,1,0), (0,0,1), (2,0,0), (1,1,0), (0,2,0),
(0,1,1), (0,0,2)}). This set of orthogonal polynomials gives rise to a finite-dimensional approx-
imation space S = span({;(£)},,) € L?(T'). For spatial discretization, a div-stable mixed
finite element method [9] is considered, the Taylor-Hood element consisting of biquadratic
velocities and bilinear pressure. Basis sets for the velocity space V£ and the pressure space

Q" are denoted by .
) ool

and {¢;(z)};7,, respectively. Then the fully discrete version of (9) can be written as

PDATD I ufjwm(s)] ne mp

(10) ﬁ(l’,f) = [ s p(l‘aé) ~ Zzpw%(iﬂ)ﬂh(f)

uy(‘r7 6) Z Z] 1 uzj (x)wl(é.) i=1 j=1
Let us introduce a vector notation for the coefficients, uf = [uf,...,u%, |7 € R™, ! =
[wly, ... ul, 7 € R™, and p; = [pi1, ..., Pin,)” € R™ for i =1,...,ng, which, for each gPC

index i, groups the horizontal velocity coefficients together followed by the vertical velocity
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coefficients, and then by the pressure coefficients, giving a vector

(11) i = [(af)", @), pi 1"

1

Taking v(z, ) from (2) and replacing @(z, £), p(z,€) in (8) with their discrete approximations
(10) yields a system of linear equations of order (2n, + np)ne. The coefficient matrix has a
Kronecker-product structure,

g

(12) J=> G®FR,
=1

where G refers to the “stochastic matrix”
[Gl]lj = <¢l¢ﬂ/’]>p, l= 17 s 77'1,5,

with o1 = 1, ¥ (€) =v€-1, 1 = 2,...,n, + 1, where the scalar ~ is chosen so that (1?), = 1,
and

leac Flwy B:cT F'lxx ley 0
(13) Fo= P B BT R= R OB 0| 1=2..n,
B* BY 0 0 0 O

where some of the block entries in (13) depend on whether Newton or Picard iteration is used,
with F* = A+ N+ W, FY = Ay + Np+ WY, FY = W™, F/* = W}" for the Newton
iteration and Fj** = A;+ Ny, F"Y = Aj+N;, " =0, F* = 0 for Picard iteration. We denote
the matrices of (12) and (13) derived from the Newton iteration and the Picard iteration by
JN, ]-'ZN and Jp, ]:lP , respectively. Here, A; is a symmetric matrix defined as

OyVi—1
Y
N is a discrete convection operator, which depends on the coefficient i of the current velocity

.
)

estimate and is derived from the convection term, c(; du, ¥)

(14) [A1]ij = /DVO(V@"V%% [Ai]ij = /D (Véi-Vej), 1=2,...,n,+1,

[Ni]ij = /D(ﬁl‘vﬁbj)ﬁbia

Wi, W W', and WY are matrices representing weak derivatives of the current velocity
)

estimate in the x and y directions, which are derived from ¢(d; @, ¥), for example,

x ouf
(Wi = /Duldh‘%‘,

dy
and B* and BY make up a discrete divergence operator,
0p; 0¢;
15 BE.. = — .7J’ By,.E_/ 1T
(15) Bl == [ oot B=- [ e

If the number of gPC polynomial terms in (10) is larger than the number of terms in (2)
(i.e., ng > n, + 1), we simply set {Al};l:gny 4o as matrices containing only zeros so that for the

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.
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Newton iteration Fj** = Ny + W/*, FY = Ny + WY and for the Picard iteration F; = N; for
l:n,,—i—2,...,n5.

The discrete system of equations to be solved at each iteration then has the form
(16) JMou" = -,
n )T
€ R@rutm)ne with 47 as in (11), and 7 is the discrete version of the residual (7) evaluated
at u™.

where J = J or Jp as appropriate, evaluated at the nth discrete iterate " := [(a})” ... (4

2.3. Nonlinear iteration. For the nonlinear iteration, we consider a hybrid Picard—Newton
strategy. An initial approximation for the nonlinear solution is computed by solving the pa-
rameterized Stokes equations,

—

-V V(l‘,g)VJ(fL‘,g) + Vp(‘rv&) = f(xag)a
V- i(z,&) =0.

The discrete Stokes operator, which is obtained from the stochastic Galerkin discretization as
shown in section 2.2, is

ny+1
(17) (Z CTYl & Sl) Usy = bsta

=1

where r
_[A B 40
51_[13 0]’ 51_[0 0

with {4;}}" defined in (14) and B defined in (15). After this initial computation, updates
to the solution are computed by first solving m,, Picard systems with coefficient matrix Jp and
then using Newton’s method with coefficient matrix Jy to compute the solution. The Newton
iteration is performed until a certain stopping criteria is satisfied, i.e., either the nonlinear
residual norm meets a relative error tolerance €, or a maximal number m,, of Newton steps
is performed. Algorithm 1 summarizes the hybrid nonlinear iteration method.

At each nonlinear iteration step, the update du™ is computed by solving (16). The order
of the system (2n, +ny)ne grows fast as the number of random variables used to parameterize
the random viscosity increases. Even for a moderate-dimensional stochastic Navier—Stokes
problem, solving a sequence of linear systems of order (2n, + n,)n¢ can be computationally
prohibitive. To address this issue, we present an efficient variant of nonlinear iteration using
the Kronecker-product structure in the following sections. See [26] for adaptive strategies for
switching from Picard iteration to Newton’s method, and [17] for an alternative approach of
hybridizing Picard iteration and Newton’s method.

], l=2,...,n,+1,

3. Low-rank Newton—Krylov method. In this section, we outline the formalism in which
the solutions to (16) can be efficiently approximated by low-rank objects while not losing
much accuracy and we show how solvers are adjusted within this formalism.

3.1. Approximation in low rank. In order to develop a low-rank variant of Algorithm
1, we begin by introducing some concepts to define the rank of computed quantities. Let

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.
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Algorithm 1 Nonlinear iteration—The hybrid approach

1: compute an approximate solution of Agtisy = bg in (17)
2: set an initial approximate for the Navier-Stokes problem @° := g
3: for k=0,...,mp —1 do {Picard iteration}
4:  solve J’g suk = —7k
5. update ! = aF + ou”
6: end for
7. while k < m, and ||7*||2 > eu]|7°|]2 do {Newton iteration}
8  solve Jl’\“I duk = —7k
9: update @*t! = aF + suF
10: end while
X =[ZT1,...,Tn,] € R™*™ and z = [z],...,71,]7 € R"™"2, where Z; € R™ fori =1,...,ny.

That is, Z can be constructed by rearranging the elements of X, and vice versa. Suppose X
has rank «,. Then two mathematically equivalent expressions for X and z are given by

(6% Qg
(18) X=yz"'=)wz & z=) z0u
=1 =1

where Y = [41,...,Ja,] € RM*¥ 7 =[Z1,..., Za,] € R"*% with g; € R™ | and z; € R™ for
i=1,...,az. The representation of X and its rank is standard matrix notation; we also use
o, to refer to the rank of the corresponding vector Z.

With this definition of rank, our goal is to inexpensively find a low-rank approximate solu-
tion ¥ satisfying ||7*||2 < €n||7°||2 for small enough e,;. To achieve this goal, we approximate
updates 6@”* in low-rank form using a low-rank variant of the GMRES method, which exploits
the Kronecker product structure in the system matrix as in (12) and (17). In the following
section, we present the solutions @ (and du) in the formats of (18) together with matrix and
vector operations that are essential for developing the low-rank GMRES method.

3.2. Solution coefficients in Kronecker-product form. We seek separate low-rank ap-
proximations of the horizontal and vertical velocity solutions and the pressure solution. With
the representation shown in (18), the solution coefficient vector u € REmutnp)ne - which con-
sists of the coefficients of the velocity and pressure solutions (10), has an equivalent matri-

cized representation U = [U*T, yvT PT|T ¢ REnutnp)xne  where U = [af,... ,ﬂﬁg],Uy =
[@f,... un] € R™*", and P = [p1,...,Pn,] € R™*"¢. The components admit the following
representations:

o age
(19) Ut => (@) (@))" = (VW) & at =) af @],

i=1 i=1

gy [e%73]
(20) vv =) @@t =(vHwH' e w=) ale,

i=1 i=1

ap Ap
(21) P=Y @) @) =W & p=> ale,

i=1 i=1

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 10/22/21 to 69.143.89.86 Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

1282 KOOKJIN LEE, HOWARD C. ELMAN, AND BEDRICH SOUSEDIK

where V* = [o]...v5 .|, W* = [w]...wg_,],

interpretation can be applied to @Y and p.

age is the rank of @* and U®, and the same

3.2.1. Matrix operations. In this section, we introduce essential matrix operations used
by the low-rank GMRES methods, using the representations shown in (19)—(21). First, con-
sider the matrix-vector product with the system matrix (12) and vectors (19)—(21),

g
" roe- (o)
=1

The expression (22) has the equivalent matricized form Z?ﬁl FPUGT, which can be evaluated
using the componentwise representation of F; as in (13), for example,

Fimﬂynvz,n(Glev,n)T +F117yvnvy7n(G1Wy,n)T _i_BxTVP,n(Gle,n)T
(23) FU"G] = | F{orven(Gawen) Nyt yvn(Gywym)T 4 yTyen(qywem)T
B:vvz,n(lex,n)T+Byvy,n(ley,n)T

Equivalently, in the Kronecker-product structure, the matrix-vector product (23) updates each
set of solution coefficients as follows:

ng

(24) Z (G ® Ff"™Mu™™ + (G @ FY™)a"") + (G1 ® B*T)p"  (a-velocity),
=1
ng

(25) Z (Gr® F/"™Ma™" + (G, @ F™Mu¥™) + (G1 @ BY))p"  (y-velocity),
=1

(26) (Gh1 @ B")u™" 4+ (G1 ® BY)u¥" (pressure),

where each matrix-vector product can be performed by exploiting the Kronecker-product
structure, for example,

ng 3 agz ng age
=1 =1 i=1 =1 i=1

The matrix-vector product shown in (24)-(26) requires O(2n, + np + n¢) flops, whereas (22)
requires O((2n, + np)n¢) flops. Thus, as the problem size grows, the additive form of the
former count grows much less rapidly than the multiplicative form of (22).

The addition of two vectors u® and @Y can also be efficiently performed in the Kronecker-
product structure,

agx gy agrt+ogy
(28) af‘f+uy:§ wf@vf—i—i w! @ v = E W; ® 05,
i=1 i=1 i=1
where 0; = vf, w; = wf fori =1,...,age, and ¥; = v}, W; = w] for i = ag=+1,..., age +ogy.

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.
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Inner products can be performed with similar efficiencies. Consider two vectors z; and
T9, whose matricized representations are

YHZﬂ Yélzgl
(29) X; = | Y1224 |, Xy = | Yoo Z4,
Yngfg }/23Zg;),

We consider the Frobenius inner product [19] between X; and X, (X7, Xo2)p, as
jf’{.fQ = trace((YuZ;‘q)TYngQTl) + trace((Yng;‘g)TYggZ;‘g) + trace((Yngi‘g)TYgg,Zg;),

where trace(X) is defined as a sum of the diagonal entries of the matrix X. An efficient
implementation of this inner product does not use the trace formulas, but instead constructs

V= VY 2, = 23,75, for j = 1,23, and

(X1, X2)F = sum (5/}1 o 21) + sum (?’2 o 22) + sum ()7'3 o 23) ,

where Y o Z is the elementwise (Hadamard) matrix product and the sum is over all matrix
elements. We used this construction in our implementation.

Although the matrix-vector product and the sum, as described in (27) and (28), can be
performed efficiently, the results of (27) and (28) are represented by n¢og= terms and gz +agy
terms, respectively, which typically causes the ranks of the computed quantities to be higher
than the inputs for the computations and potentially undermines the efficiency of the solution
method. To resolve this issue, a truncation operator will be used to modify the result of
matrix-vector products and sums and to force the ranks of quantities used to be small.

3.2.2. Truncation of U™™, UY™, and P"™. Consider the velocity and the pressure rep-
resented in a matrix form as in (19)—(21). The best a-rank approximation of a matrix can
be found by using the singular value decomposition (SVD) [14, 18]. We define a truncation
operator for a given matrix U = VIW7T whose rank is oy,

’Etrunc : U — U7

where the rank of U is larger than the rank of U (i.e., ay > ag7). The truncation operator
Teoune compresses U to U such that ||[U — Ul|p < €gunc||U||r, where || - || is the Frobenius
norm. To achieve this goal, the SVD of U can be computed (i.e., U = VDWT, where
D = diag(dy,...,d,) is the diagonal matrix of singular values).! Letting {¢;} and {w;}
denote the singular vectors, the approximation is U= Z?:Ul ﬁiu?iT with v; = d;0; and the

In computing the SVD, we follow the approach used in [10], where, based on complexity analysis of costs,
one can adaptively choose a method to compute the SVD of U either by computing QR decompositions of the
factors V = Qv Ry and W = Qw Rw, and computing the SVD of Ry RY, as in [14], or by computing the SVD
of U directly when that is less expensive.
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truncation rank oy is determined by the condition

(30) \/d§g+l+"'+d%§€trunc d%"’""l‘d%,

3.3. Low-rank GMRES method. We describe the IrGMRES method with a generic linear
system Ax = b. The method follows the standard Arnoldi iteration used by GMRES [25]:
construct a set of basis vectors {v; ;Zglm by applying the linear operator A to basis vectors,
ie., w; = Avj for j = 1,...,mgy, and orthogonalizing the resulting vector w; with respect

to previously generated basis vectors {vl}f;ll . In the low-rank GMRES method [2], iterates,
basis vectors v;, and intermediate quantities w; are represented in terms of the factors of
their matricized representations (so that X in (18) would be represented using Y and Z
without explicit construction of X), and matrix operations such as matrix-vector products
are performed as described in section 3.2.1. As pointed out in section 3.2.1, these matrix
operations typically tend to increase the rank of the resulting quantity, and this is resolved
by interleaving the truncation operator 7 with the matrix operations. The low-rank GMRES
method computes a new iterate by solving

(31) “min ||b— A(zo + Ving B)|l2
BER™em

and constructing a new iterate 1 = xo+Vin,,, 3, where xq is an initial guess. Due to truncation,
the basis vectors {v;} are not orthogonal and span(Vy,,,, ), where V. . = [v1 ... U, ], is not
a Krylov subspace, so that (31) must be solved explicitly rather than exploiting Hessenberg
structure as in standard GMRES. Algorithm 2 summarizes the IrGMRES method. We will

use this method to solve the linear system of (16).

Algorithm 2 IrGMRES(mgm) (restarted low-rank GMRES method)

1: set the initial solution xg
2: for k=0,1,... do
3: rgm =b— Axy,

4 f [rgll2/[1bll2 < €gmres OF [[7gmll2 > |75t (|2 then
5: return xy

6: end if

7: 1_}1 = 7;trunc (rgm)

8: V1 = 171/”171”2

9: forj=1,..., mgy do

10: wj 1= Avj

11: solve (VjTVj)@ = VJ-ij where V; = [v1,...,vj]
12: 17]“1‘1 = 7;trunc (w] - ZZZI alvl)

13: Vi1 = Uit/ [| U542

14:  end for

15:  solve (Wg;gmAVmgm)ﬁ = Wg;gmrgm where W = [wy, ..., wj]
16: xk‘Fl = 7;trunc (xk + Vmgmﬁ)

17: end for
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3.4. Preconditioning. We also use preconditioning to speed up convergence of the IrGM-
RES method. For this, we consider a right-preconditioned system

Jn(Mn)_l(Sﬁn — _77",

where M" is the preconditioner and M™§u" = 44" such that J"éu"™ = —7". We consider
an approximate mean-based preconditioner [22], which is derived from the matrix G; ® F;
associated with the mean 1 of the random viscosity (2),

M7 BT
no_ A
(32) M =G ® [ ; _MA ,
where
Aww + Nn 0 . . .
M = [ ! ! ] Picard iteration),
A 0 AW 4Np ( )
n __ 1 1 1
MA - |: 0 A?{y + Nln + ley,n (NeWtOn lteratlon).

For approximating the action of the inverse, (M™)~!, we choose the boundary-adjusted least-
squares commutator (LSC) preconditioning scheme [9],

M = BF'BT ~ (BH'BTY(BM'F,H'B") "\ (BM ' B7),

where M, is the diagonal of the velocity mass matrix and H = DY/ 2M*D_l/ 2, where D is a
diagonal scaling matrix deemphasizing contributions near the boundary. During the iteration,
the action of the inverse of the preconditioner (32) can be applied to a vector in a manner
analogous to (24)—(26).

4. Inexact nonlinear iteration. As outlined in Algorithm 1, we use the hybrid approach,
employing a few steps of Picard iteration followed by Newton iteration, and the linear systems
(lines 4 and 8 in Algorithm 1) are solved using IrGMRES (Algorithm 2). We extend the
hybrid approach to an inexact variant based on an inexact Newton algorithm, in which the
accuracy of the approximate linear system solution is tied to the accuracy of the nonlinear
iterate (see, e.g., [13] and references therein). That is, when the nonlinear iterate is far from
the solution, the linear systems may not have to be solved accurately. Thus, a sequence of
iterates a" ! := @" + du" is computed where Ju" satisfies

[JROU"™ + 7|2 < €gmpresl|T"|l2 (Jp for Picard iteration),

where the IrGMRES stopping tolerance ( of Algorithm 2) is given by

6grnres
(33) 6gmres = pngeSHFnHQ?

where 0 < pgmres < 1. With this strategy, the system (22) is solved with increased accuracy

as the error becomes smaller, leading to savings in the average cost per step and, as we will
show, with no degradation in the asymptotic convergence rate of the nonlinear iteration.
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In addition, in Algorithms 1 and 2, the truncation operator 7. is used for the low-
rank approximation of the nonlinear iterate (i.e., truncating u*, @Y, and p at lines 5 and
9 in Algorithm 1) and updates (i.e., truncating é6u®, du¥, and dp at lines 7, 12, and 16 in
Algorithm 2). As the IrGMRES stopping tolerance is adaptively determined by the criterion
(33), we also choose the value of the truncation tolerances €trunc,sol and €fyype corrs adaptively.
For truncating the nonlinear iterate, the truncation tolerance for the iterate €f,,. ;o is chosen
based on the nonlinear iteration stopping tolerance,

€trunc,sol *= Pnl€nl,

where 0 < py < 1. For truncating the updates (or corrections), the truncation tolerance
for the correction € ne corr 18 adaptively chosen based on the stopping tolerance of the linear
solver,

€trunc,corr = Ptrunc,P€gmres  (fOT the nth Picard step),

€trunc,corr = Ptrunc N€gmpes  (for the nth Newton step),

where 0 < pirunc,P; Ptrune,N < 1. Thus, for computing nth update éu", we set €qunc
in Algorithm 2. The complete computation is shown in Algorithm 3.

= 671
trunc,corr

Algorithm 3 Inexact nonlinear iteration with adaptive tolerances

set €trunc,sol *= Pnl€nl
compute an approximate solution of Agtst = bgt using Algorithm 2

set an initial guess for the Navier-Stokes problem @® := g
for k=0,...,mp —1 do {Picard iteration}
set Elgmres = PgmreSHFkH% and efrunc,corr = PtrHHC,PHFk||2
solve Jﬁ duF = —7* using Algorithm 2
update @**! = T, (a* 4 sa*)
end for
while |72 > eu]|7°|]2 do {Newton iteration}

trunc,sol

10: set 6Igfnnres = png‘ESHFkHQ? and 6écrunc,corr = ,Otrunc,N”FkH2
11:  solve Jf\? du¥ = —7* using Algorithm 2

12: update aFt! =T, - (aF+ su")

13: end while

5. Numerical results. In this section, we present the results of numerical experiments on
a model problem, flow around a square obstacle in a channel, for which the details are depicted
in Figure 1. The domain has length 12 and height 2, and it contains a square obstacle centered
at (2,0) with sides of length .25.

For the numerical experiments, we define the random viscosity (2) using a stochastic
expansion with v;(z) = V/A;i7;(z),

(34) v(@, &) =w+0o, Y VAibi(x)é,
=1

where {¢;} are uncorrelated random variables with zero mean and unit variance, vy and o2
are the mean and the variance of v(z,§), and {(\;, 7;(z))} are eigenpairs of the eigenvalue
problem associated with a covariance kernel C(z,y). We consider two types of covariance
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4 6 8 10 12

Figure 1. Spatial domain and finite element discretization.

kernel: absolute difference exponential (AE) and squared difference exponential (SE), which
are defined via

2 i — i zi — yi)®
(3) Oy =ew (—2; ’ly') Oy = e (— )3 (ly)> ,

=1

where z = (z1,22) and y = (y1,y2) are points in the spatial domain, and [ is a correlation
length.? We assume that & (for i = 1,...,n,) follows a uniform distribution over [—v/3,v/3].
With this choice, v = 1 in (14). For the mean of the viscosity, we consider several choices,
vy = {5—10, ﬁ, ﬁ}, which correspond to Rey = {100,200,300}. We will also refer to the
coefficient of variation (C'oV'), the relative size of the standard deviation with respect to the
mean,

(36) cov =722

)

To ensure the positivity of the random field, we check v(1— @COV) > 0, which holds for all
benchmark problems tested. In most experiments, we use a truncated stochastic expansion of
(34) with the largest five eigenvalues (n,, = 5). For constructing the finite-dimensional approx-
imation space S = span({t;(£)}.<,) in the parameter domain, we use orthogonal polynomials
{dji(f)}?il of total degree diot = 3, which results in ng = 56. The orthogonal polynomials
associated with uniform random variables are Legendre polynomials. For the spatial dis-
cretization, Taylor—-Hood elements are used on a stretched grid, which results in {6320, 6320,
1640} degrees of freedom in {u”,uY,p}, respectively (i.e., n, = 6320 and n, = 1640.) The
implementation is based on the Incompressible Flow and Iterative Solver Software (IFISS)

package [8, 27].

5.1. Low-rank inexact nonlinear iteration. In this section, we compare the results ob-
tained from the low-rank inexact nonlinear iteration with those obtained from other methods,
the exact and the inexact nonlinear iteration with full rank solutions, and the Monte Carlo
method. Default parameter settings are listed in Table 1, where the truncation tolerances only
apply to the low-rank method. Unless otherwise specified, the linear system is solved using
a restarted version of low-rank GMRES, IrGMRES(20), which generates 20 basis vectors at
each GMRES cycle.

We first examine the convergence behavior of the inexact nonlinear iteration for two model
problems characterized by Rey = 100, CoV = 1%, | = 32 and Reg = 100, CoV = 5%, | = 1.

?Note that the expansion (34) has covariance given by ¢2C, where C is one of the functions in (35).
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Table 1
Tolerances and adaptive parameters.

Nonlinear iteration stopping tolerance €n = 1075
GMRES tolerance (Stokes) €gmres = 1074
GMRES tolerances (Picard and Newton) €pmres = Pgmres||T" |2 (Pgmres = 107°°)
Truncation tolerance for solutions €trunc,sol = Pul€nl (pn1 = 1071)
Truncation tolerance for corrections €frunc,corr = Ptrunc€gmres (Ptrunc = 107

© 1

10°% | ] ¥

o 107°
% : :
= .
T ‘E
. —=a&— Full rank, Exact 10| —=— Full rank, Exact
107" F —o— Full rank, Inexact 1 LU SN 2| rank, Inexact
—— Low rank(107°%), Inexact —s— Low rank(107%), Inexact &
Low rank(10~), Inexact 5 Low rank(1079), Inexact
—4— Low rank(10~7), Inexact —<&— Low rank(1077), Inexact
Low rank(1078), Inexact . Low r?,nk(IOfs), Inexact
1 2 3 4 5 6 7 1 2 3 4 5 6 7
k (step counts for the nonlinear iteration) k (step counts for the nonlinear iteration)
(a) CoV =1% and | = 32 (b) CoV =5% and I =1

Figure 2. Convergence of both exact and inexact nonlinear iterations (full-rank) and the low-rank inezact
nonlinear iteration.

Also, the SE covariance kernel in (35) is considered for both problems. We compute a full-
rank solution using the exact nonlinear iteration (€yyes = 10712 and no truncation) until
the nonlinear iterate reaches the nonlinear stopping tolerance, ;1 = 107, Then we compute
another full-rank solution using the inexact nonlinear iteration (i.e., adaptive choice of €g, e
as shown in Table 1 and no truncation). Last, we compute a low-rank approximate solution
using the low-rank inexact nonlinear iteration (i.e., adaptive choices of €y e aNd €fync corr
as shown in Table 1 and for varying €yuncsol = {107°,1075, 1077,1078}). Figure 2 shows
the convergence behavior of the three methods. We use a hybrid approach, in which the
first step corresponds to the Stokes problem (line 2 of Algorithm 3), the second—fifth steps
correspond to the Picard iteration (lines 4-8 of Algorithm 3, and m, = 4), and the sixth—
seventh steps correspond to the Newton iteration (lines 9-13 of Algorithm 3). The choice of
my = 4 (number of Picard steps) was derived from our empirical observation (also made in
[28]) that with this choice the following Newton iteration always converged. We also allowed
a maximal number of Newton steps m,, = 4, which was not reached in any of the experiments.
Figure 2 confirms that the inexact nonlinear iteration is as effective as the exact nonlinear

iteration. The low-rank inexact nonlinear iteration behaves similarly up to the sixth nonlinear
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Mean velocity in z-direction g i Variance of the velocity in z-direction o2 x10
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T Variance of the velocity in y-direction o2, ><1150
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Figure 3. Mean and variances of full-rank velocity solutions v (z,£), u¥(z, &), and pressure solution p(z, )
for Reg = 100, CoV = 1%, and Il = 32.

Mean velocity in z-direction M x1079 Variance of the velocity in z-direction 1% %1010

0 2 4 6 8 10 12
Mean velocity in y-direction 7}

1
ol 000‘3@6
100000QO@ONY
-1 . vilhid : S
0 2 4 6 8 10 12 0 2 4 6 8 10 12
| Mean pressure nﬁ
==
6 8 10

Figure 4. Difference between the means and variances of the full-rank and the low-rank solutions for
Reo = 100, CoV = 1%, and I = 32.

step but when the truncation tolerances are large, €iuncsol = {107°,107%} in Figure 2(a) and
€trunc.sol = {107°,1076,1077} in Figure 2(b), it fails to produce a nonlinear solution satisfying
€ = 1075,

Figure 3 shows means and variances of the components of the full-rank solution of the
problem with Reg = 100, CoV = 1%, and | = 32, given by

(37) frur = Elu*), s = Efu?), = Elp),

(38) ohe = E[(u” — pu=)?), ony = E[(u — pw)?), oy =E[(p — 1p)?].

These quantities are easily computed by exploiting the orthogonality of basis functions in the
gPC expansion. Figure 4 shows the differences in the means and variances of the solutions
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computed using the full-rank and the low-rank inexact nonlinear iteration. Let us denote
the full-rank and low-rank horizontal velocity solutions by u®™! and u®!, with analogous
notation for the vertical velocity and the pressure. Thus, the differences in the means and the
variances are

T — _ Yy — _ yZp— _
77# - ,Uzu;c,full ,uua:,lr, 77‘u - Huy,full ,uuy,lr, 77# - Mpfull ,LLplr,

r __ 2 2 y 2 2 p __ 2 2
770- - Juz,full - O-uz,lry 770- - O-uy,full - Uuy,1r7 770- - Upfull - Jplr'

Figure 4 shows these differences, normalized by graph norms [Vl + ||pen| for the

means and [|[Va2, || + HaifunH for the variances, where ||Vi| = ([, V4 : Vﬁdw)% and

ol = (Jp pzdm)%. Figure 4 shows that the normalized differences in the mean and the variance
are of order 10710 to 1072 and 10712 to 10719, respectively, i.e., the errors in low-rank solutions
are considerably smaller than the magnitude of the truncation tolerances €runc,sol; €trunc,corr
(see Table 1). This outcome is typical of our experience. For example, in another experiment
with CoV = 5% and | = 1, the normalized differences in the mean and the variance are of
order 107 to 107® and 10~ to 107Y.

5.2. Characteristics of the Galerkin solution. In this section, we examine various prop-
erties of the Galerkin solutions, with emphasis on comparison of the low-rank and full-rank
versions of these solutions and development of an enhanced understanding of the relation be-
tween the Galerkin solution and the polynomial chaos basis. We use the same experimental
settings studied above and describe the result mainly with the model problem with CoV = 1%
and [ = 32.

We begin by comparing the Galerkin solution with the solution of the parameterized dis-
crete system via Monte Carlo simulation. For the latter approach, spatial discretization of the
Navier—Stokes equations (1), using the same Taylor-Hood element described in section 2.2,
produces a deterministic parameterized nonlinear algebraic system whose finite element veloc-
ity (uf(z,€),ul(z,€))T and pressure pj,(z, &) solutions for ¢ comprise discrete approximations
to solutions of the parameterized system (1). We can use these discrete solutions to esti-
mate PDF's at a specific point in the spatial domain. For Monte Carlo simulation, we solve
nyc = 25000 such deterministic systems associated with nyc realizations {f(k)}zl\:/llc in the
parameter space. Using the MATLAB function ksdensity, the PDFs of (uf(x,&), uf(x,¢),
pr(z,§)) are estimated at the spatial point with coordinates (3.6436, 0), where the variance of
uf (x,€) is large (see Figure 3). The results are shown in Figure 5, where the same sampling
points & (k) are used with the Galerkin solutions and the Monte Carlo simulation of the pa-
rameterized discrete system. They indicate that the PDF estimate of the Galerkin solution is
virtually identical to that obtained from Monte Carlo simulation of the parameterized discrete
system, and there is essentially no difference between the low-rank and full-rank results.

Next, we explore some characteristics of the Galerkin solution, focusing on the horizon-
tal velocity solution; the observations made here also hold for the other components of the
solution. Given the coefficients of the discrete velocity solution in matricized form, U”, the
velocity solution is then approximated by

u(z,6) & T (1)U (E),
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Figure 6. Norms of the gPC coefficients ||af||2 for Reo = 100, CoV = 1%, and | = 32.

where ®(z) = [p1(2), ..., ¢n, (2)]T and V() = [¢1(), ..., ¢¥n(§)]". Consider in particular
the component of this expression corresponding to the jth column of U?,

(fj uzg-@(x)) 5(6)
=1

so that this (jth) column uj = [U®]; corresponds to the coefficient of the jth polynomial
basis function ;. Figure 6 plots the values of the coefficients ||uf|2. (This data is computed
with Rep = 100, CoV = 1%, and SE covariance kernel with [ = 32.) Note that the gPC
indices {j} are in one-to-one correspondence with multi-indices d(j) = (di(j),...,dn,(4)),
where the element of the multi-index indicates the degree of univariate Legendre polynomial.
The multi-indices {d(j )};Lil are ordered using the graded lexicographic order [33, Chapter 5.2].
In Figure 6, the blue square is associated with the zeroth-order gPC component (d(1)), the red
circles are associated with the first-order gPC components ({d(j )}?:2), and so on. Let us focus
on three gPC components associated only with &1, {12(§) = €1(&1), ¥7(§) = 2(&1), VYa2(§) =
l3(&1)}, where, for j = 2,7,22, the multi-indices are d(2) = (1,0,0,0,0), d(7) = (2,0,0,0,0),
and d(22) = (3,0,0,0,0). Figure 6 confirms that the gPC components {12(§), ¥7(§), ¥22(£)}
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Figure 7. Plots of coefficients of gPC components 2-7 of u®(x,&) (left) and coefficients vi of 07 (&) for
1 =2,...,7 (right) for Reo = 100, CoV = 1%, and | = 32.

associated with the input variable &;, which has the highest impact on the input (34), also
have the highest impact in the output.

We continue the examination of this data in Figure 7 (left), which shows two-dimensional
mesh plots of the second through seventh columns of U®. These images show that these
coefficients are either symmetric with respect to the horizontal axis or reflectionally symmetric
(equal in magnitude but of opposite sign), and (as also revealed in Figure 6) they tend to have
smaller values as the index j is increased.

We now look more closely at features of the factors of the low-rank approximate solution
and compare these with those of the (unfactored) full-rank solution. In the low-rank format,
the discrete solution is represented using factors (®7(x)V®)(WT(&)W*) Let us introduce a
concise notation for the approximation of u*(x, &),

gz

ut(z,§) = 25 ()" 07, () = Z G ()07 (5),

where ZZ (2) = [(F(@),....Z,(2)] and O (&) = [6(S),....65,,(€)] with
¢ (x) = [@T(2)V*]; and 67(¢) = [(WT(E)W?™)]; for i = 1,...,ag. Figure 7 (right) shows
the coefficients of the ith random variable 67 (£). As opposed to the gPC coefficients of the
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11 23

Figure 8. Heat maps of (W=)T for CoV = 1% and | = 32 (left) and CoV = 5% and 1 = 1 (right).

full-rank solution, the norms of the coefficients v} of 67 (&) decrease monotonically as the index
i increases. This is a consequence of the fact that the ordering for 67(&) comes from the sin-
gular values of U”. Figure 7 (right) shows the second—seventh columns of V*. Figure 7 shows
that the coefficients v} of 67 (§) are comparable to the coefficients u of the gPC components.
Each pair of components in the following parenthesized collection is similar: (ug,v2), (us, vs),
(u7, —vq), (ug, —v7), (us,vs), and (ug, —vg).

Figure 8 shows a “heat map” of (W*)” where values of the elements in W* are represented
as colors and the map shows that very few elements of W,* are dominant and a sum of those
elements is close to 1. Using the fact that 67(¢) = ¥T(&)w?, the figure shows how 6%(¢) is
represented in terms of ¥(&). For the case CoV = 1% and [ = 32 shown on the left, W?
tends to act as a permutation matrix. In particular, many dominant elements of W% are
located in its diagonal, with a value approximately 1, which results in 67 (&) ~ £¢;(§) (e.g.,
i=1,2,3,5,6,8). For the fourth column of W?, the most dominant entry is the seventh with
a value close to —1, which results in 07 (¢) ~ —17(£). As shown in Figure 6, ¢7(¢) has a larger
contribution than most other gPC components, and 67(£), which consists mainly of 7 (§),
has a smaller index in the new solution representation. For the case of CoV = 5% and [ =1
depicted on the right side of Figure 8, the dominant modes determined from the SVD, i.e.,
67 (£) for small ¢, tend to correspond to multiple gPC components with larger contributions;

for example, 67 (&) = [W*]ga06(§) + [W*]gav0s(&).

5.3. Computational costs. In this section, we assess the costs of the low-rank inexact
nonlinear iteration under various experimental settings: two types of covariance kernels (35),
varying CoV (36), and varying Reg. In addition, for various values of these quantities, we
investigate the decay of the eigenvalues \; used to define the random viscosity (34) and their
influence on the rank of solutions. All numerical experiments are performed on an Intel 3.1
GHz i7 CPU, 16 GB RAM, using MATLAB R2016b, and costs are measured in terms of CPU
wall time (in seconds). For larger CoV and Reg, we found the solver to be more effective
using the slightly smaller truncation tolerance pirunc = 1079 and used this choice for all
experiments described below. (Other adaptive tolerances are those shown as in Table 1.)
This change had little impact on results for small CoV and Reg.

Figure 9 shows the 50 largest eigenvalues \; of the eigenvalue problems associated with
the SE covariance kernel and the AE covariance kernel (35) with [ = 8, CoV = 1%, and
Reg = 100. The eigenvalues of the SE covariance kernel decay much more rapidly than those
of the AE covariance kernel. Because we choose a fixed number of terms n, = 5, the random
viscosity derived from the SE covariance kernel retains a smaller variance.
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Figure 9. Eigenvalue decay of the AE and the SE covariance kernels.
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Figure 10. Computational costs and ranks for varying correlation lengths with SE and AE covariance kernel.

Figure 10(a) shows the computational costs (in seconds) needed for computing the full-
rank solutions and the low-rank approximate solutions using the inexact nonlinear iteration for
the two covariance kernels and a set of correlation lengths, I = {1,2,4, 8,16, 32}. Figure 10(b)
shows the ranks of the low-rank approximate solutions that satisfy the nonlinear stopping
tolerance €., = 107°. Again, Rey = 100 and CoV = 1%. For this benchmark problem, 4
Picard iterations and 1 Newton iteration are enough to generate a nonlinear iterate satisfying
the stopping tolerance e,). It can be seen from Figure 10(a) that in all cases the use of low-rank
methods reduces computational cost. Moreover, as the correlation length becomes larger, the
ranks of the corrections and the nonlinear iterates become smaller. As a result, the low-rank
method achieves greater computational savings for the problems with larger correlation length.
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Figure 11. Computational costs and ranks for varying correlation lengths and varying CoV with Reo = 100.

Next, we examine the performances of the low-rank approximation method for varying
CoV, which is defined in (36). In this experiment, we fix the value of Reg = 100 and the
variance o, is controlled. We consider the SE covariance kernel.

Figure 11 shows the performances of the full-rank and the low-rank methods for varying
CoV = {1%,5%,10%}. We use Algorithm 3 with four Picard steps, followed by several
Newton steps until convergence. For CoV = {1%,5%}, one Newton step is required for
convergence and, for CoV = 10%, two Newton steps are required. Figure 11(a) shows the
computational costs. For CoV = {1%, 5%}, the computational benefits of using the low-rank
approximation methods are pronounced whereas, for CoV = 10%, the performances of the
two approaches are essentially the same for shorter correlation lengths. Indeed, for higher
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Figure 12. Computational costs and ranks for varying correlation lengths and varying Reg.

CoV, the ranks of solutions @ (see Figures 11(b)-11(d)) as well as updates 0a" at Newton
steps become close to the full rank (ne = 56).

Next, we study the benchmark problems with varying mean viscosity with SE covariance
kernel and CoV = 1%. As the mean viscosity decreases, Reg grows, and the nonlinear problem
tends to become harder to solve, and for the larger Reynolds numbers Reg = 200 or 300, we
use more Picard steps (5 or 6, respectively) before switching to Newton’s method.

Figure 12 shows the performances of the low-rank methods for varying Reynolds num-
ber, Rey = {100,200,300}. For Rey = 200, after five Picard steps, one Newton step leads
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to convergence (and six Picard steps and one Newton step for Rey = 300). As the Figures
12(b)-12(d) show, the ranks of the solutions increase slightly as the Reynolds number be-
comes larger and, thus, for all Reg tested here, the low-rank method demonstrates notable
computational savings (with CoV = 1%). Note that overall computational costs in Figure
12(a) increase as the Reynolds number becomes larger because (1) the number of nonlinear
steps required to converge increases as the Reynolds number increases and (2) to solve each
linearized systems, typically more IrGMRES cycles are required for the problems with higher
Reynolds number.

Finally, we study how the total degree dio; of the gPC basis and the number of random
variables n, effect the performance of the low-rank methods. In these tests, we used the SE
covariance kernel, CoV = 5%, and Rey = 100; Algorithm 3 with four Picard steps followed
by one Newton step led to convergence.

Figure 13 shows performance results for diot = 3,4, and 5 and n,, = 5,7, and 9. For these
choices of dyot, we fixed n,, = 5, which results in ng = 56,126, and 252. For varying n,,, we
fixed dior = 3, which results in n¢ = 56,120, and 220. Figure 13(a) shows that the benefits of
the low-rank methods are enhanced as d;t increases; this is because increasing dio; has small
impact on the ranks of the low-rank solutions (Figures 13(c)—13(e)). Similarly the increase in
n, does not greatly affect the ranks of the solutions (Figures 13(c)-13(e)). (Note in particular
that as either dio or n, is increased, the ranks of the solutions increase less dramatically than
ng¢.) The effectiveness of low-rank methods is enhanced as n, grows (Figure 13(b)).

6. Conclusion. In this study, we have developed the inexact low-rank nonlinear iteration
for the solutions of the Navier—Stokes equations with uncertain viscosity in the stochastic
Galerkin context. At each step of the nonlinear iteration, the solution of the linear system
is inexpensively approximated in low-rank format using the tensor variant of the GMRES
method. We examined the effect of the truncation on the accuracy of the low-rank ap-
proximate solutions by comparing those solutions to the ones computed using exact, inexact
nonlinear iterations in full rank and the Monte Carlo method. Then we explored the ef-
ficiency of the proposed method with a set of benchmark problems for various settings of
uncertain viscosity. The numerical experiments demonstrated that the low-rank nonlinear
iteration achieved significant computational savings for the problems with smaller CoV and
larger correlation lengths. The experiments also showed that the mean Reynolds number
does not significantly affect the rank of the solution and the low-rank nonlinear iteration
achieves computational savings for varying Reynolds number for small CoV" and large corre-
lation lengths. Last, the experiments showed that the low-rank nonlinear iteration performs
better for problems with a larger total degree in the gPC expansion and for larger numbers
of random variables.
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