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Abstract

We consider an advection-diffusion equation that is advection-domin-
ated and posed on a perforated domain. On the boundary of the perfo-
rations, we set either homogeneous Dirichlet or homogeneous Neumann
conditions. The purpose of this work is to investigate the behavior of
several variants of Multiscale Finite Element type methods, all of them
based upon local functions satisfying weak continuity conditions in the
Crouzeix-Raviart sense on the boundary of mesh elements. In the spirit
of our previous works [23], [24] introducing such multiscale basis functions,
and of [26] assessing their interest for advection-diffusion problems, we
present, study and compare various options in terms of choice of basis
elements, adjunction of bubble functions and stabilized formulations.

1 Introduction

We consider a regular bounded open set Q  R?, in dimension d > 2, and its
subset Q° < ), a domain perforated by holes of presumably small size £ > 0.
We denote by B = Q\Q¢ the set of perforations (see Figure[below). Although
this is by no means a limitation of our computational approaches, B will often
be, in the sequel, and in particular for our theoretical results, a periodic array of
perforations, each of them of diameter of order € and separated by a distance also
of order €. On the perforated domain 2°, we consider the advection-diffusion
equation ~
—aAu® +b°-Vu® = f in QF,

where o > 0, for a right-hand side f € L?(2) and for an advection field 5 on
which we make a variety of assumptions. On the outer boundary 052, we impose
homogeneous Dirichlet boundary conditions. On the other hand, the equation is
supplied either with homogeneous Dirichlet or homogeneous Neumann boundary
conditions on the boundary of the perforations. More precisely, we concurrently
consider the two problems

—QAUE + b5 VuE = f in Q°, (1)
uf 0 on 09Q°,
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and

—aAUE 4 b VU = [ in Q°f)
aVu®-n = 0 on 0Q°\09Q, (2)
u® = 0 on 0Q° n oN.

| Perforations B.

| Boundary 0B of the perforations
O—

.1 Domain Q.

Figure 1: The domain 2 contains perforations B, some of which may intersect
09Q). The perforated domain is 2. = Q\B.. The boundary of €). is the union of
0B. n Q. (the part of the boundary of the perforations that is included in €.)
and of 0Q N Q..

We study a regime where advection dominates diffusion. In the absence of
perforations, it is well-known that numerical instabilities arise for classical Fi-
nite Element methods [32], and stabilization methods are in order. The case of
perforated domains deserves a specific attention, since the perforations are pre-
sumable many, and asymptotically infinitely many. It will be seen, and this is
not unexpected, that the choice of the boundary conditions on the perforations
drastically affects the nature of the flow, and therefore the conclusions regarding
which numerical approach performs satisfactorily or not. In short, homogeneous
Dirichlet boundary conditions on the perforations damp the effect of advection,
making the flow more stable than it would be in the absence of perforations,
while this is not the case for homogeneous Neumann boundary conditions. This
intuitive fact, which we will investigate thoroughly at the numerical level, is
particularly well exemplified, at the theoretical level, by the comparison of the
respective homogenization limits of the problems (1)) and (2) when ¢ vanishes.

It = b (—) is an oscillatory advection field with b periodic, then the solu-
€

tion u® to () converges to zero as 2. Once renormalized by a factor e=2, u®

converges, in the limit ¢ — 0, to the nontrivial solution of a problem where
the advection field b has disappeared. We recall below the classical statement,
Theorem [6] that formalizes this result. To reinstate advection in the (rescaled)
homogenization limit, which in the numerical practice formally means keeping

advection dominant in () for & small, we therefore consider b = =b (—) (see

the theoretical result stated in Theorem []) and then the problem is of practical
interest. In sharp contrast, for the Neumann problem (2] and the advection

field b° = b (L), not only the solution u® stays of order 1, instead of €2, but
3

it converges, in a suitable sense, to the solution of an homogenized equation
that does contain advection, as shown by the classical result we recall below in
Theorems [§ and



The numerical approaches we consider are variants of the Multiscale Finite
Element method (MsFEM). We recall that MSFEM (see e.g. [16]) encodes the
multiscale character of the problem to be solved in the finite element basis
functions by defining the latter as the solutions of independent local problems
involving a differential operator identical, or close to that of the original equa-
tion. The finite element basis functions are defined independently of the source
term and therefore are precomputed. A Galerkin approximation on the resulting
approximation space is then performed. The choice of the boundary conditions
imposed on the local problems is a critical issue. In [23], the first two authors
of the present article have introduced Crouzeix-Raviart type boundary condi-
tions for the local problems, in the case of the prototypical diffusion problem
—div (a. Vu®) = f, for an highly oscillatory coefficient a. = a(-/¢). The ap-
proach has next been enriched with bubble functions to address the case of
the same diffusion equation posed in a perforated domain, see [24]. The main
advantage of this particular choice of Crouzeix-Raviart type boundary condi-
tions has been shown there to be the robustness of the approach with respect
to the location of the perforations. The approximation remains accurate, ir-
respective of the fact that the boundaries of the mesh elements intersect or
not the perforations, a sensitive issue for other types of boundary conditions.
We also refer to [29] 22] for a similar study for the Stokes equation. The next
step, performed in [26], has been to consider the advection diffusion equation
—div (a. Vu®) +b5-Vus = f instead of a pure diffusion equation, and to assume
that the advection dominates diffusion to make the case strikingly different from
pure diffusion and more interesting practically. A question of specific interest
is whether or not the advection term must be introduced in the equation defin-
ing the local basis functions, and whether or not this brings more stability to
the approach. Two of our main conclusions in [26] were (i) that the multiscale
character of the problem is actually reduced when advection considerably dom-
inates diffusion and (ii) that, when the multiscale character is still important, a
stabilized version of the MsFEM using basis functions defined by the diffusion
operator only is one of the most effective and accurate approaches. The present
work elaborates on all those previous works for advection-dominated advection
diffusion equations in perforated domains.

Our article is articulated as follows. We make precise the various numerical
approaches we consider in Section 2l Some elements of theoretical analysis for
the problems (1)) and (2)) (assuming the perforations are periodic) are provided in
Section[3l In particular, we identify the homogenized limits for these two equa-
tions. We also state some rates of convergence towards the homogenized limit
in the case of (). The detailed proofs of our theoretical results are postponed
until Appendix [Al Our numerical tests, and our conclusions, are presented in
Section @l We explore there periodic test-cases (in Sections @] and E2]) as well
as a non-periodic test-case (in Section .3]). In short, these conclusions are the
following:

e for both problems (I]) and ([2]), the method using a basis of functions built
upon the full advection-diffusion operator enriched with bubble functions
built likewise is the best possible approach whatsoever, and it does not
require any additional stabilization, even in the case of problem (2] for
which instabilities may arise for very large advection fields.



e if one does not wish to include the transport field in the definition of
the basis functions, because this might be a difficulty either from the
implementation viewpoint or in the context of varying advection fields,
then

— for problem () (i.e. with homogeneous Dirichlet boundary conditions
on the perforations, where the flow and the numerical solutions are
both stable, even for considerably large advection fields), a possibility
is to use an approach enriched with bubble functions, with all basis
functions built upon the sole diffusion operator, and without any
stabilization. However, this latter approach is not robust in the limit
of large Péclet numbers (i.e. small values of o in () or small values
of €.

— for problem (2) (i.e. with homogeneous Neumann boundary condi-
tions on the perforations, where instabilities due to the dominating
advection arise), the best to do is to use a stabilized formulation
with basis functions built with the sole diffusive part of the operator,
with no enrichment by bubble functions. All other approaches are
significantly less efficient.

These conclusions will be substantiated and commented upon in the sequel.

2 Presentation of our numerical approaches

We introduce in this section the different variants of the MsFEM we will con-
sider. All the variants use the Crouzeix-Raviart boundary conditions (that we
have introduced in the previous works of ours [23] 24]) on the boundary of mesh
elements for the definition of the basis functions, including bubble functions.
However, for the sake of comparison, we incidentally compare these approaches
with approaches using other (e.g. linear) boundary conditions.

We will consider MsFEM approaches with Crouzeix-Raviart type conditions
that

e use basis functions defined with the full advection-diffusion operator (we
abbreviate this into Adv-MsFEM), or only the diffusive part of that op-
erator (we abbreviate this into MsFEM, and sometimes standard MsFEM
to avoid any ambiguity);

e possibly enrich the approximation space spanned by these functions by
adding bubble functions, the latter being either defined with the full
advection-diffusion operator, or only the diffusive part of that operator;

e possibly have stabilized variational formulations, with various options for
the stabilization terms.

We have considered in our investigations all combinations of the above options,
but we will only report here on the most useful ones.

Our approaches share the following setting.

First of all, at the continuous level, we note that, extending by zero inside
the perforations B¢ a function in H{ (2°), we can see this function as a function



in H}(2). In the case of Problem (Z)), the choice of an extension in Hg () is
more delicate. One example of such an extension procedure can be found in [I3]
p. 603].

For the discretization, we consider a uniform regular mesh 7y of 2, with
mesh size H. This mesh size is presumably much larger than what would be
in order for a classical FEM applied to a problem with small scale €. Some
actual range of values will be made precise below. We denote by £ and £8,
respectively, the set of inner and outer edges/faces of the mesh Ty (5 is the
set of edges lying in Q).

For the study of Problem (), we define the following infinite-dimensional
functional spaces:

u e L?(Q) such that u|x € HY(K) for all K € Ty,

Wi = /[[u]]zOforallEEE}}‘, uw=0in B® U 00 ’ (3)
E
Wgz{ueWH suchthat/u=0for auEeg};;}, (4)
E
and
ue Wy suchthat/u=0f0radlEe€}§l
Wg,bubble = B . (5)

and/u=0forallKeTH
K

In the case of Neumann boundary conditions, we introduce the same functional
spaces Wiy, W% and W%,bubble as above, except that in their definitions, K
and FE are respectively everywhere replaced by K n Q¢ and F n ¢, while the
homogeneous Dirichlet boundary condition is set only on the portion 0Q¢ n 02
of the outer boundary.

The variational formulation of the Dirichlet problem (1)) reads as follows:
find u® € Hg(Q°) such that, for any v € H}(QF),

a(u®,v) = F(v)

with
a(u,v) = / aVu-Vu+ (38 : Vu) v and F(v) = fo. (6)
1 Qe

Since u® vanishes on 02, we can also consider the bilinear form
1/~ 1. /~
c(u,v) = / aVu- Vv + 5 (bs : Vu) v— §d1V (bsv) u
1/~ 1/~ 1 .o~
= / onu~Vv+§ (bE-Vu)vf§ (b€~V1})u—§uvd1Vb€,

with a skew-symmetric formulation of the advection-term. For any v and v in
H}(©QF), we have a(u,v) = c(u,v). The variational formulation of () can thus
be equivalently written: find u® € Hg(Q°) such that, for any v € Hg (Q°),

c(u®,v) = F(v).

The finite dimensional approximation spaces (that we introduce below) are
not included in Hg(Q°), since Crouzeix-Raviart boundary conditions allow for



discontinuous functions. Our approximations of ({I]) are therefore not conformal
approximations. For the discrete variational formulations, we therefore intro-
duce the following three bilinear forms:

ag(u,v) = Z / aVu - Vv + (55 : Vu) v, (7)
KeTy KnQs
aqifr, g (4, v) = Z / aVu - Vo, (8)
KeTy KnQs
and
CH(ua ’U)

1/~ 1/~ 1 ~
= 2/ aVu~Vv+—<b5~Vu)vf—(b8~V1})u7—uvdivb8, (9)
& ko 2 2 2

which all involve broken integrals.
We easily observe that, on the broken space

{ve L*(Q°), ve HY(K nQ°) for any K € Ty, v=0ond0},
and under the (classical) assumption div b° < 0, we have

cu(v,v) = a D Vol Fagage): (10)
KeTu

Under mild additional constraints on the broken space (such as weak continuity
of functions across element edges), we will obtain that ¢y is coercive. This is
not the case for the bilinear form ay. For this reason, we will favor the bilinear
form ¢y over ay when considering the problem (I (in that vein, see Remark
below).

We next turn to the Neumann problem (@), the variational formulation of
which reads as follows: find u® € V¢ such that, for any v € V¢,

a(u®,v) = F(v)
with a and F defined by (6]) and
Ve = {ue H'(QF) such that u = 0 on 0Q° N dQ}. (11)

For this problem, there is no reason to consider the bilinear form ¢, as in general
a(u,v) # c(u,v) for v and v in V¢, Only the bilinear forms ap(u,v) and
aaqif, 7 (u, v) will be considered in that case.

The finite dimensional approximation spaces we use (and which are in the
sequel generically denoted by Vy with various additional subscripts or su-
perscripts) are spanned by functions ®¢¥ associated to the inner edges/faces
E € €1 and bubble functions U= ¥ associated to each mesh element K € Ty.
For the notation of these functions, we again use additional subscripts that de-
pend on the specific situation considered. The reader should bear in mind that,
in practice, only numerical approximations (on a fine mesh) of the functions
®=F and U5¥ can be manipulated.



2.1 MSsFEM approaches using only the diffusion operator,
and their stabilized version

We successively consider the Dirichlet problem () (with the functional spaces
Wi, Wi and Wiy, e defined by @), @) and (@) and the Neumann prob-
lem [2) (with the corresponding functional spaces W, Wi and Wi i, pp1e)-

2.1.1 Dirichlet problem (1)

Variational formulations. The variational formulation of the standard Ms-
FEM approach with Crouzeix-Raviart type boundary conditions reads as

Find upy € Vi such that, for any vy € Vi, cg(upg,vn) = F(vy), (12)

with ¢y defined in (@) and the finite dimensional approximation space Vg ¢ Wy
given by

Vg = {u € Wy such that agig, g (u,v) =0 for any v € Wg} . (13)
The variational formulation for the variant using bubble functions is

{ Find ug € VH,bubble such that, (14)

for any vy € Vi pubble, cu(um,vm) = F(va),
where the finite dimensional approximation space Vg nubble € Wh is

VH bubble = {u € Wy such that aqig, g (u,v) = 0 for any v e Wg,bubble} . (15)

The stabilized version of ([d]) (or, mutatis mutandis, of ([I2))) that we use
reads as

Find Ug € VH,bubble such that, for any vg € VH,bubble; (16)
cu (U, vi) + astab (um, vn) = F(on) + Fiab(vh),
where the stabilization terms are defined by
astab(Upr,vy) = Z (TK (—aAuH L e VuH) ,55 . VUH) Le(K )] (17)
KeTy
Fiab(vr) = ) (TKf,EE : VUH) :
K L2(K nQF)
B&(z)] H
H 2
with 7 (z) = ——— | coth — — e . In the case when
2 be(:c)‘ 20 bf(z)‘ H

div = 0, the skew-symmetric part of the operator Lv = —aAv + b° -V is
Lssv = b° - Vv and thus (7)) corresponds to a SUPG stabilization.

Description of the basis functions. We now make precise the definition of
the basis functions (the well-posedness of the problems (I8) and (I9) below is



established in [24]). For any E € £, we introduce the function @8’E which is
such that, for all mesh elements K € Ty,

— aAd)g’E =0 in K nQ°,
5" =0 in K n B,

if B' e &8 N 0K, o5 —6pp  and  aVOST .n = NEF on B A QF,
El
if B'e &' n oK, ®5 =0 on E' nQ°,
(18)
where M¥E is constant. The function <I>8’E is supported in the elements K for
which F c 0K.

We also define, for K € Ty, the bubble function \IIE’K, the support of which
is reduced to K n QF, as the solution to

— aA\IIE’K =1 in K nQ°,

Ue =0 in K n B,

if B/ € &2 A 0K, UeK =0 and  aVUSF .n=pfF on B A OF
E/

if B' e £5 n 0K, \IIS’K=O on B’ n QF,

(19)
where MK’E is constant.

Remark 1. In the very particular case when some E € E0 satisfies E < BE,
then we simply set @8’E = 0 (and likewise for \IIS’K if some K € Ty satisfies
K < B®). The same remark holds for the other approaches presented below.

We then have .
Vi = Span {QE’E, Ee 8}?}

and
VH,bubble = Span {@E’E, \PS’K, FE e Sihr;, Ke TH} . (20)

Details on the stabilized formulations. Given the above basis functions,
we can obtain a simpler expression of the term (I7) by decomposing upy €

VH bubble as
E K
ug = Y UF®GE+ > Uf g™,
Eegin KeTu

Following the definition of the basis functions, we have

Astab (UH, Vy) = 2 (TK (85 . VuH) ,gg . VUH)

2
Kot L2(KnQe)

+ Z Uﬁ/mm TK <B€~V0H). (21)

KeTy

In practice, we make use of a discrete approximation of the basis functions
on a fine mesh K}, and () may not be defined in general. For example, if we



use a P! approximation on a fine mesh K}, for the local problems, then Vugy p
may be discontinuous at the interfaces of K. As a consequence, we have that

~Augp ¢ L*(K 0 QF)

and the stabilization term (7)) has no natural expression when we work with
the discretized approximation space (Vi bubble)n rather than Vi pbubble- There
are (at least) two options to circumvent the difficulty.

The first option is to use

Ustab (WH b, VER) = Z Z (TK (—OéAUH,h + - VUH,h) N VUH,h)
KeTy keKy, L2(x)
(22)

rather than (7). This yields a strongly consistent stabilized method.

The second option, and this is the variant we adopt, is to use the stabiliza-
tion term (2I)) rather than (I7). In contrast to (I7), the quantity (2I)) is also
well defined on (Vi bubble)n. We point out that this stabilization approach is
not strongly consistent. We however note that we have already used (for the
same reasons as here) this type of non-strongly consistent stabilization approach
in [26], where we were able to show the convergence of the approach (see [26]

Section 3.2]).

2.1.2 Neumann problem (2)

Variational formulations. The variational formulations for the Neumann
problem read as (I2), (I4) and (I6), with cp replaced by apy defined in ().

Basis functions and stabilized formulations. For problem (2)), the sys-
tems (I8) and (I9) are respectively replaced by the following two systems (we
temporarily use the same notation for the Dirichlet and the Neumann problems):

—aAD;” =0 in K n O,
aVey® n=0 in K noBe,
if B € & n 0K, o5 —opp  and  aVOST . = NSF on B A QF,

E'nQ¢

if ' € &5 n 0K, @S’E =0 onE nQF,

(23)
where ME ig constant, and
— aA\II(EJ’K =1 in KnQ°,
aVUsH .n =0 in K noB°,
if B'€ ER M 0K, UeK =0 and  aVUSK 0= pfF on E' A Q°,
E'nQ¢
if B'e & n oK, W5% =0 on B n @,
(24)

/.
where pF is constant.

For ([2), we again work with the stabilization term (2IJ).



2.2 MSsFEM approaches using the full advection-diffusion
operator, and their stabilized version

In this variant, we use basis functions that depend on the advection field.

2.2.1 Dirichlet problem ()

Variational formulations. When no bubble functions are used to enrich the
approximation space, the variational formulation, for the study of Problem (II),
reads as

Find ug € V3 such that, for any vy € VA, cu(um,vy) = F(vy), (25)
with ¢y defined by (@) and
VAl = {u e Wy such that cy(u,v) = 0 for any ve W5}, (26)

Note that, in contrast to Vy defined by (I3)), the space V3V is defined by
orthogonality using the bilinear form cg, and not aqifr, 7.
When using bubble functions, we consider the variational formulation

{ Find uy € V4V bubble qych that, (27)

for any vy € Vj_}d" bubble "¢ (up,vg) = F(vy),
where

Vv bubble — fo e Wy such that cy(u,v) =0 for any v e Wi bubble} - (28)

The stabilized version of the formulation (27)) reads as

(29)

Find uy € VALY bubble qych that, for any vy € VAdv bubble
CH(U’H’ UH) + astab(uHa UH) = F(’UH) + Fstab(UH),

with again ngv bubble defined by (28). For the same reasons as those for which
we favor ([21]) over (22), we choose the stabilization defined by

Gstab (UH, vy ) = 2 U}f/ TK (gs . VUH) . (30)
KeTu KnQe
Note that, for the formulation (23]), the stabilization is void as astan (wpr, ver) = 0

ad
for any upg € V.

Description of the basis functions. Similarly as in Section 2.1.0], we now
make explicit a basis of functions for our approximation spaces. For any E € £},
the function @%E is defined by

— AT £ 57 VO5F =0 in K A Q7
5% =0 in K n B,

. / in e, B _ ,
if & EgHﬂaK, E/(I)D —6E,E (31)

1/\ /
and (awng - §b€c1>%E> n =M on B~ O,

if B'e £ n oK, ®57 =0 on B nQF,

10



while the bubble function \IJ%K is the solution to
—aAUEE 17 VS =1 in K~ O,
5% =0 in K n B,

if B'e &R A 0K, Elng=o

1’\ ’
and (aV\II%K - §bE\II%K> -n=pT on E' N QF,

(32)

if B'e & n oK, W5 =0 on B n @,

where MF" and pSF" are constant. The well-posedness of BI) and (B2) is
established in Appendix [C] under the assumption that div ° < 0.

In the case of the Dirichlet problem, we then have

ngv — Span {(I)%E’ FEe 5}3} (33)
and .
pady bubble _ g {@%E, U5R, Eeéd Ke TH} : (34)

The method obtained is similar to the approach of [I5]. The difference lies in
the definition of the bubble functions since [15] use homogeneous Dirichlet con-
ditions on the boundary of elements whereas we impose here Crouzeix-Raviart
conditions. The work [I5] shows the added value of bubble functions (which
are, we emphasize it, defined using the full advection-diffusion operator, as we
do here). It also explores numerically how non-periodicity of the location of the
perforations affects the quality of the numerical approach, an issue which we
ourselves also examine in the present article (see Section A.3)).

2.2.2 Neumann problem (2]

Variational formulations. The variational formulations for the Neumann
problem read as ([23)), (Z7) and (29), with ¢y replaced by ap both in the vari-
ational formulations and in the definitions (26]) and (28] of the discretization
spaces, and taking into account the modification mentioned underneath (3) of
the functional spaces Wy, W§, and Wg’bubble.

When no bubble functions are used to enrich the approximation space, the
variational formulation thus reads as

Find ug € Vi3 such that, for any vy € VA,  ap(um,vy) = Flvg), (35)

where, instead of (26), the approximation space VA1¥ reads as

VAl = {u e Wy such that ag(u,v) = 0 for any v e W }.
When using bubble functions, we use the variational formulation

{ Find upy € V34V bubble gych that,

for any vy € Vadvbubble g (up vy) = F(og), (36)

ngv bubble

where, instead of (28], the approximation space reads as

Vidv bubble — fo e Wy such that ay(u,v) = 0 for all v e W&bubble} . (37

11



The stabilized version of the formulation ([B6]) reads as

{ Find ug € VAL bubble qych that, for any vy e VAady bubble

38
st (s, 011) + st (s, Vi) = F(or) + Fuean(0r1), (38)

with again V34V Pubble defined by (37) and agtap given by @B0). As in the Dirichlet
case, the stabilization is void for the formulation (B3]).

Remark 2. In principle, from a practical viewpoint, it is possible to work with
the bilinear form ap instead of cy when considering the Dirichlet problem ().
This variant is briefly examined in Section[{.1.4), where it is shown that it poorly
performs.

Description of the basis functions. Similarly as in Section 22T.21 we now
make explicit a basis of functions for our approximation spaces. For any E € £3},
the basis function @IE\I’E is defined by

— oY +1F - VOR" =0 in K Q7
(avag®)n=0 in K noB,
if F' € £ A 0K, " =0p (39)

E'nQs
and (thl)IE\I’E) ‘n=AF on B A QF,

if ' € &5 n 0K, <I)'IS\I’E=O on E' n QF,
while the bubble function \I/IE\I’K is the solution to
[ —aATSE 457 VOSE =1 in K O,
(ave3)-n=0 inKnoB,
{if B' e €8 0K, oy =0 (40)

E'nQE
and (aV\I@K) n=pF on B A QF,

if B'e£5tn oK, U5 =0 on B/ A QF,

)\K,E’

/
where and " are constant.

In the case of the Neumann problem, we then have, instead of (33]) and (34)),
Vi = Span {05", EBe gy}

and
VY b — Span {037, WK, Eeel, Ke Tl

Remark 3 (A mixed approach and its stabilized version). In the current section
and in the previous one, we have considered basis functions that are all built
using the same operator: either the full operator (in the current Section[Z3), or
only the diffusion term (in Section[Z1), for both ®F and VK. The question

12



arises to build separately functions ®5F associated to edges and bubble functions
Ve K associated to elements using two different operators for each category. We
do not detail here the construction of such a mized approach, which is an easy
adaptation of the constructions described above.

For the sake of completeness, we have considered such mixed approaches in
some of the numerical tests reported on in Section[f} As will be seen there, we
have not found any cases where such a mized approach was the one providing
the best results.

3 Elements of theoretical analysis

In this section Bl we consider periodic perforations. More precisely, let Y =
(0,1)4 be the unit square and O < Y be some smooth perforation (by simplicity,
we denote O a perforation, although O may be the union of several disconnected
sets). We scale O and Y by a factor ¢ and then periodically repeat this pattern
with periods ¢ in all directions. The set of perforations is therefore

B. = QN (Upega €B) with By =k+ 0O (41)
and the perforated domain is 2. = Q\E We also introduce

7) = Ugkezd (k/’ + Y\@) . (42)

3.1 Homogenization results

For self-consistency and for the convenience of the reader, we include here some
results of homogenization for the problems (I]) and (2) considered. These results
are useful to bear in mind the different scalings involved, and the asymptotic
behavior of the solutions u® we approximate in the various cases. The proofs of
these results are essentially contained in the literature, although some details
may vary (for some specific cases we had to consider, we were not able to explic-
itly find the relevant theoretical results in the literature with all the generality
we were after). For convenience, we include the proof of these results in the
Appendix [A] of this article. In any event, we do not claim any originality for
these results.

There is indeed a considerable body of literature for the homogenization of
diffusion and advection-diffusion problems set on perforated domains. The be-
havior obtained in the homogenization limit drastically depend on the bound-
ary conditions set on the boundaries of the perforations and on the density
and size of these perforations. For the diffusion problem itself, we wish to
cite [6l @, 1T}, 12], 14} 27, 30], and more specifically |10, 12| 14, 24} 27| [30] for
the case of Dirichlet boundary conditions. The advection-diffusion equation is
studied in |5 [7, 8, 21, BI]. We also mention, for completeness, some of the
many studies of the (Navier) Stokes equation in this setting, such as [2] [4 [28§].
A general reference on such topics is the textbook [20].

In the case of homogeneous Dirichlet boundary conditions, that is prob-
lem (), two different results, depending on the choice of the advection field %,
may be established, using standard arguments of the literature. Both results
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have proofs readily adapted from the already classical proofs of the same esti-
mates for the pure diffusion operator (dating back to [27] and slightly extended
in [24, Appendix A.2]).
As we briefly mentioned in the introduction, the only interesting case is
~ 1 /-
when b* = —b (—) Then, Theorem M below holds. Its proof is postponed until
€
Appendix ﬁ The advection field b does affect the homogenized behavior,
since the cell problem (4] defined below depends on b.
Theorem 4 (adapted from [27,24]). We assume (@) and that O < Y. We also
o~ 1 4.
assume that the right-hand side f belongs to L®(2) n H?(Y). Let b = —b (—)
€ \e

where b belongs to (WP (Y\O))* for some p > d, is Y -periodic and is such that
div b < 0 in Y\O.
Then Problem () is well-posed and its solution u® satisfies

v sw(l)s

for some C independent of € and f, where w is the solution (actually in C1(Y\O))
of the cell problem

< CEPN(f), (43)

H(Q#)

—aAw+b-Vw=1 1inP,
(44)

w is Y -periodic, w =0 on 00,
where we recall that P is defined by @2). In the above bound, we have denoted
by vl g1 (qey = [Vl g1 (qe) and

N(f) = If o) + IV fllz2@) + [AflL2@)- (45)
We recall that the assumption
be (WHP(Y\O))? and b is Y-periodic
means (here and throughout the article) that
be {b e WLP(P), bis Y—periodic} ,
where P is defined by (@2).

Remark 5. We have not looked for the lowest possible regularity of b ensuring
that our theorem above holds. We have chosen to work with b e (W1P(Y\O))?
with p > d for the sake of simplicity.

On the other hand, when b =b (;), Theorem [6] below describes the asymp-
€

totic behavior of the solution to (), which does not depend at the dominant
order upon the advection field b.

Theorem 6 (adapted from [27, 24]). Under the same assumptions as those of

Theorem [, except that here =0 (;), estimate ([@3J) holds, where w is now
€

defined as the solution to the cell problem

{ozszl mn P,

w is Y -periodic, w =0 on 00,

instead of ([@4]).
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We skip the proof of Theorem [l that follows the same lines as the proof of
Theorem [

For Neumann boundary conditions, the situation is different, as briefly men-
tioned in the introduction. No rescaling of the solution, which stays of order
one, is necessary, and no enhancement of the advection field by a factor ¢! is
required for the advection to affect the homogenized limit. In the case of the
diffusion problem, the problem was first solved in the case of isolated (meaning
that O < Y) holes in [13]. The generalization to nonisolated holes was addressed
in [I1[6, 11]. The homogenization limit for the advection-diffusion equation (2)),
in the periodic case, is the purpose of the following theorems. In Theorem [&
we consider the case when

div b<0 in Y\O and b-n>=0 on 0. (46)

The proof of that theorem, which is postponed until Appendix [A.2] is an easy
adaptation of the proof of [3, Theorem 2.9], that uses two-scale convergence and
addresses the case without advection on a periodically perforated domain.

Remark 7. Since b is periodic, the assumption [@G]) is equivalent to the as-
sumption -
divb = 0in Y\O and b-n =0 on 00. (47)

Indeed, we check that

/ divbz/ b~n+/ b~n=/ b-n,
Y\O oy 20 00

the last equality being a consequence of the periodicity of b.

Theorem 8 (adapted from Theorem 2.9 of [3]). We assume @I)), that O 'Y
and that Y\O is a connected open set of RY. We also assume that, uniformly in

€, we have
HY(QF) — HY?(00¥), (48)

i.e. there exists some C independent of € such that

Vv e HY(QF), HUHHl/Z(aQE) < Clv] g

Let b° = b (—) where b belongs to (WLP(Y\O))? for some p > d, is Y-
€

periodic and satisfies {@8) (i.e. [@7)). We assume that f € L*(2).
Then Problem (2) is well-posed and its solution u® satisfies

d

gi_)n% ue—u*—agwi (E) O, u* =0,

1= Hl (QE)

where u* is the solution to the problem
. Y\O| .
—div (A*Vu*) +b* - Vu' = —— f in Q,
Y (49)
u* =0 on 09,
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where the matriz A* and the vector b* are constant and given, for 1 <i < d, by

1

A e, = — e} (61' + Vwi), (50)
Y Y\O
1

b* e = — b- (61' + le), (51)
Y] Y\O

and where w; is the solution to the cell problem

— A’LUZ =0 7),
(52)

wj; is Y-periodic, (Vw; +¢€;)-n =20 on 00.

As the perforations are smooth and @ — Y, there exists a continuous em-
bedding from H'(Y\O) to H'Y?(0). The assumption @) thus amounts to
a geometrical assumption on the perforations that intersect the boundary of €2
(see Figure [2)).

Figure 2: Left: a situation when (@8] holds. Right: a situation when (&) does
not hold (the boundary 92 is tangent to the boundary of some perforations,
including those shown in black; the domain Q¢ is thus singular).

Note that, under the above assumptions, we have, when ¢ is sufficiently
small, that [0Q° N Q| = ¢|d9| for some ¢ > 0 independent of &.

We next address in Theorem [ the case of a general advection field b. The
proof of that theorem is postponed until Appendix [A.3] and is essentially per-
formed by showing that one can get back to a situation where (@6, and thus (7)),
holds.

Theorem 9. We make the same assumptions as for Theorem [8, except that

here b does not satisfy {6) or (@).
Then Problem () is well-posed and its solution u® satisfies

lim
e—0

=0,
H(QF)

ut —ut—e ) w; (—) O, u*
€

where u* 1is the solution to the problem [{@3I) and w; is the solution to the cell
problem (B2). In the homogenized problem ([@9), the matriz A* and the vector
b* are constant and given by BQ) and (BII).
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3.2 Error analysis for the Dirichlet problem

For the Dirichlet problem, we have announced at the end of the introduction
that the best numerical method among those that we have considered is the
Adv-MsFEM approach with advective bubble functions, the variational formu-
lation of which is (Z7) (see Section 1] below for the numerical results). The
error estimate of that approach is the purpose of the following theorem. It is
the extension of a similar result for the diffusion problem [24, Theorem 2.2]
establishing for that case the exact analogue estimate as (B4 below. This is not
unexpected since, in both cases, the same differential operator is present in the
original equation and in the definition of all the basis functions. The proof of
Theorem [[{ is postponed until Appendix

Theorem 10. We assume that d = 2 and that the assumptions of Theorem [
hold. We furthermore assume that divb € L*(Y\O). Let u® be the solution
to ().

We assume that, for any mesh element K, we have K n B, # (&, where B,
defined by @) is the set of perforations. We also assume (and this is a purely
technical assumption that does not matter for the numerical practice) that the
slopes of the edges of the mesh elements are rational numbers. More precisely,
we suppose that the equation defining any internal edge E of the mesh reads as

To = p—Ezl + cg for some cg € R, pg € Z and qg € N* that are coprime, with
qE

lge| < C, (53)

for a constant C independent of the edge considered in the mesh and of the mesh
size H. Then, the Adv-MsFEM approzimation uS;, solution to (27)), satisfies

g
[ — w5yl ey < Ce <¢g+ Ha+ /ﬁ> T (54)

for a constant C' independent of €, H and f, where we have used the notation

HUHH;I(QE) = Z HUH%n(KmQE)'
KeTy

Note that the constant C in (54]) a priori depends on « (in particular through
the dependency of the solution to (@] upon «).

The assumption that all the elements of the coarse mesh intersect the per-
forations is a mild assumption. Recall indeed that the size H of the elements is
expected to be much larger than the distance ¢ between perforations, and that
the perforations are periodically located.

Remark 11 (Relative error in the L2-norm). The proof of Theorem [0 actually
shows that

g
[u® — uy|my o) < Ce (\@ +H+4/ E) 11 E2(2)-

Recalling that [u®|g1(qey is of the order of ¢ (see ([A3))), we observe that the
relative error (in morm | - |g1 =)) between u® and ug; is of the order of /e +

H + \/e/H, and thus small.
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Using the Poincaré inequality recalled in (B8) below, we get that |u®| 2o <
Celuf| (e, and thus |[uf| L2z is of the order of €*. Likewise, using the
Poincaré inequality recalled in (0) below, we get that |u —uf| p2(e) < Celu® —
Uyl (s, and thus [u® — u|L2:) is of the order of e2(ye + H + +/e/H).
The relative error in the L?-norm is hence also of the order of \/e + H ++/¢/H,
and thus also small.

Although we suspect that a similar estimate to that of Theorem [I0 above
can be established for the problem with Neumann boundary conditions (2]), we
have not pursued in this direction.

4 Numerical results

This section presents our numerical results. They have all been performed with
FreeFem++ [19], on the following test case. We consider the two-dimensional
domain Q = (0,1)2. Except for Section F3] its subdomain QF is a periodically
perforated domain defined by

Q‘E:{er, X(§)=1}, (55)

where y is the extension by Y-periodicity, for the periodicity cell Y = (0,1)2,
of the characteristic function ]ly\5, where O c Y defines a perforation.

For either of the problems considered ((d) or (2)), and for either of our ap-
proaches, based on the diffusion operator only or the full advection-diffusion
operator, we will investigate several issues. The first issue is how enriching the
approach with bubble functions affects the accuracy. Of course, this enrichment
comes at the price of increasing the number of degrees of freedom. We will
observe that the gain in accuracy is much higher than that obtained by, say, re-
ducing the size of the coarse mesh by a factor two. Other issues are the influence
of the Péclet number (measuring the relative amplitude of the advection with
respect to the diffusion) and that of the small scale ¢ defining both the size of
the perforations and their typical distance. Many of these issues are examined
upon considering a range of mesh sizes H for the coarse mesh. This range is
typically chosen as H varying from /10 to 10e. One must bear in mind that
capturing all the details of the oscillatory solutions u® using a standard FEM
approach would require choosing a mesh size in any event smaller, and in most
cases much smaller, than £/10. At the other end, choosing H larger than 10e
would result in a prohibitively expensive offline cost. Thus the choice of our
typical range of values of H.

Beside comparing the various approaches considered, and assessing their
performance in function of the various parameters of the problem, we will also
specifically assess their robustness with respect to the location of the perfora-
tions. To this aim, we consider two locations for the perforation within the
periodicity cell Y = (0,1)%

O =0, = (0.25,0.75)*

and
O =05 =(0,0.25) x (0.25,0.75) U (0.75,1) x (0.25,0.75).
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The shape of the perforations is the same (squares of size 0.5¢). The difference
lies in the relative position of the mesh with respect to the perforations (see
Figure ). One set of perforations is obtained from the other by shifting the
perforations by 0.5¢ in the = direction. When O = O;, the perforations do
not intersect the edges of the mesh elements (which are taken aligned with the
periodicity cells). In contrast, when O = Os, many edges are intersected by
the perforations. In doing so, we have in mind, like in our previous work [24],
to use these two specific periodic geometries to emphasize which approaches
can easily carry over to the case of non-periodic perforations, where a typical
mesh may often intersect the perforations (we recall that such a non-periodic
case is addressed in Section 3)). To some extent, the two periodic geometries
we consider respectively represent the best case scenario (when perforations
are all interior to mesh elements) and the worst case scenario (when “half” the
perforations intersect the boundaries of mesh elements).

Figure 3: Representation of one coarse element in dimension 2 (of size H x H)
containing 4 periodic cells (we assume on this figure that e = H/2). Perforations
are represented in grey. Left: the perforation O; does not intersect the mesh
edges. Right: the perforation Os intersects some mesh edges.

The advection field 5 we consider is proportional to the constant field b =
(1,1)T. Depending on the situation considered, the proportionality constant is
either 1 or 1/, for reasons that have been made clear above.

The reference solution u,ef, and all the relative errors that will be defined
with respect to that reference solution, are computed on the fine mesh. The ref-
erence solution itself is computed using the standard P! Finite Element method
on this fine mesh. We measure the accuracy using, on domains w < QF, the H!
broken norm

1/2
lul () = ( > VU%Q(Kr\w)) ; (56)
KeTy

and the relative errors

lu — uref'H}q (w)

eHl(w)(u) = 5 (57)

|Uref|H1(w)

in the whole domain (w = Qf) and, possibly, separately inside and outside the
boundary layer when there is such a boundary layer close to some portion of
the boundary of the domain  (see Section E.2)).
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The results for Problem (), where we impose homogeneous Dirichlet bound-
ary conditions on the perforations, are presented in Section 1] while Section4.2]
contains those for the Neumann problem (2]). We next turn to a non-periodic
test-case in Section - -

In all what follows, we choose f(z,y) = sin (530) sin (§y) as right-hand

side for the advection-diffusion equation considered (we have checked that our
results and conclusions do not sensitively depend on the choice of f).

4.1 Homogeneous Dirichlet boundary condition

This section is devoted to the comparison of our MsFEM variants for prob-
lem (). In short, the conclusion of the numerical tests discussed below is the
following. By far, the best possible approach is the one using a basis of functions
built upon the full advection-diffusion operator enriched with bubble functions
built likewise (namely, the approach that we denote “Adv-MsFEM + adv Bub-
bles”), without requiring any additional stabilization. However, it may be the
case that one does not wish to include the tranport field in the definition of the
basis functions. One can then use an approach enriched with bubble functions,
with all basis functions built upon the sole diffusion operator, and without any
stabilization (namely, the “MsFEM + Bubbles” approach). However, the latter
approach is not robust in the limit of large Péclet numbers or small values of €.

We now proceed with more details. Throughout the section, except in Sec-
tion [£.1.4], the Adv-MsFEM and its variants are defined by using the bilinear
form cg, as detailed in Section .21l In Section EI1.4] we will compare these
variants with the variants defined by using the bilinear form az (see Remark [2).

In Section LT11 we study the added value of bubble functions. Sections[ZT.2]
and respectively explore the influence of the Péclet number and that of
the small scale €.

4.1.1 Adding bubble functions

We fix € = 0.03 and a = 0.25. The perforations are defined by the set O = O;.
We have explicitly checked, alternately choosing O = s, that all our results
and conclusions in this section are qualitatively insensitive to the location of the
perforations (results not shown).

To start with, we consider the (standard) MsFEM approach. We observe
on Figure M that adding bubble functions significantly improves the accuracy,
and that the best option is that with advective bubble functions. The same
comparison holds for the Adv-MsFEM approach (see also Figure H).

We next focus on Adv-MsFEM, possibly complemented (in view of the con-
clusions drawn from Fig. M) by advective bubble functions. Only here in the
present article, we temporarily include in our comparison multiscale basis func-
tions built with boundary conditions other than Crouzeix-Raviart, namely ele-
ments with linear boundary conditions and elements using oversampling (specif-
ically with an oversampling ratio equal to 3, see [16] for the definition). In the
case of the Adv-MsFEM CR approach (with Crouzeix-Raviart boundary con-
ditions), the bubble functions are defined by ([B2), also with Crouzeix-Raviart
boundary conditions. In the case of the Adv-MsFEM lin approach (with affine
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Figure 4: [Dirichlet Problem ()] Addition of bubble functions to MsFEM and
Adv-MsFEM (all basis functions satisfy CR boundary conditions).

boundary conditions on ¢K) and of the Adv-MsFEM OS approach (with over-
sampling), the bubble functions are defined using homogeneous Dirichlet bound-
ary conditions on 0K, that is as the solution to

—aAUEE 17 VUEK =1 in K~ O,
U5 =0 mKnB, U5¥=0 ondkK.

Figure [ displays the relative H' broken error of the different approaches. We
again observe that adding advective bubble functions significantly improves the
accuracy, and that Adv-MsFEM a la Crouzeix-Raviart with advective bubble
functions is the best of all the approaches considered.

4.1.2 Influence of the Péclet number

We now study the influence of a large advection, quantified by the Péclet num-
ber, on the accuracy of our approaches. We fix ¢ = 0.03125 and the mesh size
H = 1/16. We choose O = 01, the configuration where the perforations do not
intersect the coarse mesh. In order to vary the Péclet number, we let the diffu-
sion parameter take the values a = 2*, for the integers k = —5 through 2. When
« decreases, Problem () increasingly becomes advection-dominated. Given the
results of our previous section, we only consider MsFEM and Adv-MsFEM with
advective bubble functions (as well as the stabilized formulations of these two
approaches), all basis functions satisfying Crouzeix-Raviart boundary condi-
tions. Figure Bl shows that the latter approach (with or without stabilization)
stays accurate when o decreases while the error blows up to a hundred percent
for the former approach (with and without stabilization).
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Figure 5: [Dirichlet Problem ()] Addition of bubble functions to Adv-MsFEM

and influence of the boundary conditions.

100

T T 1]

—F—

- - Stab (Adv-MsFEM + adv Bubbles)

Adv-MsFEM -+ adv Bubbles
MsFEM + adv Bubbles

Stab (MSsFEM + adv Bubbles)

H! relative error

Figure 6: [Dirichlet Problem (I)] Sensitivity to the Péclet number (all basis

functions satisfy CR boundary conditions).

We have checked that our conclusions are not modified when considering
shifted perforations O = O3, many of which now intersect the edges of mesh

elements (results not shown).
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4.1.3 Influence of the small scale ¢

We fix a = 1/16, H = 1/16, and, in order to evaluate the influence of the small
scale €, let € take the values ¢ = 27% for k = 3,...,8. Since we know from the
previous observations that stabilization does not bring any added value, we only
consider our approaches without stabilization. In Figure[fl we observe that the
most accurate method is the Adv-MsFEM with advective bubble functions.

100 L T T T T T T 7 ﬂ‘
i —&— Adv-MsFEM + adv Bubbles
L MsFEM -+ adv Bubbles
é - -
5 L |
Q | N
2
=
8 . -
T
1071 | i
1 Lol [T | :

10—2 w 10—1

Figure 7: [Dirichlet Problem ()] Sensitivity to the small scale ¢ (all basis func-
tions satisfy CR boundary conditions).

The results are shown for O = Oy, in which case the perforations do not
intersect the coarse mesh. We have also checked that the exact same conclusion
holds for O = Oz (results not shown).

4.1.4 Comparison of two variants of Adv-MsFEM

In the previous sections, we have always used the formulation 27)—(28) (with
the bilinear form ¢y defined by (@) for the definition of Adv-MsFEM. As briefly
mentioned in the introduction and in Remark 2] a formulation such as (36)—(31)
(which we introduce and use for the Neumann problem) can also be considered
for the present Dirichlet case (up to, evidently, an adequate modification of the
variational spaces). The difference between the two approaches is the use of the
bilinear form ay instead of ¢y in the definition of the local and global problems,
which in particular implies different boundary conditions prescribed on the inner
edges/faces of the mesh elements for the basis functions (see Section [Z2)).

We first compare the two methods as in Section [L.1.2] that is for varying
Péclet numbers (i.e. varying o). We first fix O = Oy, and next fix O = Os.
In both cases, we have observed (results not shown) that the behavior of the
methods (27) and (B6]) when « decreases is similar.

23



We then consider again the setting of Section We start with O = O,.
In Figure[8, both methods yields a reasonable accuracy for small values of e. We
now set O = Oy, all the other parameters being unchanged. We see in Figure
that the method (BE) is much less accurate than the method (21) for small
values of . This provides a practical motivation (in addition to the theoretical
motivation outlined above) to use the method (27).

100 [T T 77 T T T 171 j
| —5— Adv-MsFEM + adv Bubbles: variant (27])
| —— Adv-MsFEM + adv Bubbles: variant (36])
S | ]
g
<) [ -
2
=
5 | |
T
1071 ]
L L1 R | |
102 . 101
=
€

Figure 8: [Dirichlet Problem (IJ)] Comparison of the Adv-MsFEM variants when
O = O, (all basis functions satisfy CR boundary conditions).

4.2 Homogeneous Neumann boundary condition

This section presents our numerical tests and conclusions for problem (2)), in the
same vein as Section ] above presented those for problem (). As announced
in the introduction, the method of preference is again here a classical, non-
stabilized approach using a basis of functions built upon the full advection-
diffusion operator enriched with bubble functions built likewise (namely, the
“Adv-MsFEM + adv Bubbles” approach). As in Section [£1] if, for some reason,
one does not wish to include the tranport field in the definition of the basis
functions, then there is an alternate possibility. The best to do is to use a
stabilized formulation with basis functions built with the sole diffusive part of
the operator (that is, the “Stab-MsFEM” approach). All other approaches turn
out to be significantly less efficient.

We proceed similarly to Section Il Sections [£.2.1] and respectively
investigate the influence of the Péclet number and of the small scale ¢. In

Section 2.3, we study the effect of adding bubble functions. R
We consider the Neumann problem (@) for a constant advection field b7,

namely b = (1,1)T. As expressed by Theorem [ the homogenized problem is
an advection-dominated problem posed in 2. In contrast to the situation with
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Figure 9: [Dirichlet Problem (IJ)] Comparison of the Adv-MsFEM variants when
O = Oy (all basis functions satisfy CR boundary conditions).

homogeneous Dirichlet boundary conditions, the flow is not slowed down by the
boundary conditions set on the boundary of perforations. It however has to
comply with the Dirichlet boundary conditions on the outer boundary of the
domain 2. Given the orientation of 0°, a boundary layer is expected close to

the upper right corner of 2. We denote by Qayer = ((0, 1) x (1 — drayer; 1)) U

((1 — Olayer; 1) x (0, 1)) this expected boundary layer, of approximate width

/(2a).

Lo (Q9)

85

1
5layer = P_e log(Pe), with Pe =

We first consider methods without bubble functions, and only consider the
addition of bubble functions in Section E.2.3]

4.2.1 Influence of the Péclet number

As already mentioned, one consequence of the Neumann conditions (as opposed
to the homogeneous Dirichlet conditions) set on the boundary of the perfora-
tions is that the flow is not slowed down around the perforations. Thus, when
advection dominates diffusion, the effect of advection is all the more acute. Since
advection is more extreme, it is therefore important to primarily investigate how
the approaches perform on Problem (2]) when advection increasingly dominates
diffusion (a study we presented in Section for the Dirichlet problem). In
practice, we perform our tests fixing ¢ = 0.03125, H = 1/16 and varying o = 2,
for integers k = —9 to —2.

It is well known that all discretization methods poorly perform within the
boundary layer in the advection dominated regime. The only exceptions are
methods specifically tailored to the boundary layer and we do not wish to go in
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that direction. We have checked that all our approaches essentially fail in the
boundary layer, the error for some of them even blowing up to more than a hun-
dred percent. Therefore, in order to discriminate between the approaches, we
only consider the region outside the boundary layer (we have also adopted such
a strategy in [26]). Figure [[0] shows the relative error (1) (for w = Q%\Qjayer
in (B6)) calculated there, in the configuration where the perforations do not
intersect the coarse mesh, i.e. when O = O;. We observe that Adv-MsFEM
performs well. As is the case for MSFEM, provided it is stabilized. Figure [I1]
shows the results of the same tests for @ = 5. It confirms the same con-
clusions, qualitatively, and therefore the flexibility of our approaches all based
upon Crouzeix-Raviart type boundary conditions.

100 T T T T 1717 T T T T 1717

1 Adv-MsFEM
—— MsFEM
-+~ Stab (MsFEM)

10!

H' relative error outside the boundary layer

Figure 10: [Neumann Problem (2])] Sensitivity to the Péclet number: error out-
side the boundary layer when O = O; (all basis functions satisfy CR boundary
conditions).

4.2.2 Influence of the small scale ¢

We fix o = 1/256, H = 1/16 and we vary ¢ = 27% k = 5,...,8. We only
show here the results when the perforations do not intersect the coarse mesh,
i.e. when O = O;. The results for O = O are similar (results not shown).

Figures[I2land [[3] both show that the relative error, respectively throughout
the domain and outside the boundary layer, is essentially insensitive to the small
scale e. The comparison of the actual size of the error in each of the two figures
shows that the error within the boundary layer significantly dominates that
outside the layer and is often prohibitively large, as is usually the case in the
advection-dominated regime and as was mentioned in the previous section. In
both figures, we observe that MSFEM is outperformed. Overall, Adv-MsFEM
performs the best, but Stab-MsFEM is the most accurate method outside the
boundary layer.
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Figure 11: [Neumann Problem (2])] Sensitivity to the Péclet number: error out-
side the boundary layer when O = O (all basis functions satisfy CR boundary
conditions).

10°] T
—
2
S 10792 - : Adv-MsFEM
.E — MsFEM
o] RN
< s | Stab (MsFEM)
=
10—0.6 [ |
| | | |
1072° 1072 10717 i
T
&

Figure 12: [Neumann Problem (2])] Sensitivity to the small scale e: error in the
whole domain (all basis functions satisfy CR boundary conditions).

4.2.3 Adding bubble functions

In this section, we study the added value of bubble functions for Adv-MsFEM
and, given the conclusions of the previous sections that show the inaccuracy of
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Figure 13: [Neumann Problem (2))] Sensitivity to the small scale €: error outside
the boundary layer (all basis functions satisfy CR boundary conditions).

MsFEM itself, for the stabilized variant Stab-MsFEM.

Adv-MsFEM with advective bubble functions We consider the test
cases of Section 2.1l Figure [[4ldisplays the relative H! broken error of our dif-
ferent approaches outside the boundary layer, when O = O;. The case O = Oy
is shown on Figure[I[8l We observe that the Adv-MsFEM with advective bubble
functions outperforms the Adv-MsFEM and the Stab-MsFEM (without bubble
functions). It in fact also gives reasonable results in the whole domain (results
not shown).

We next turn to the test cases of Section In Figure [I6 we observe,
for O = Oy, that the Adv-MsFEM with advective bubble functions yields a
reasonable accuracy. Choosing next O = Os, we see on Figure [[7] the relative
H' broken error of the Adv-MsFEM with advective bubble functions inside and
outside the boundary layer. Comparing Figures [I6] and [[7, we infer that:

e inside the boundary layer, the Adv-MsFEM with advective bubble func-
tions is sensitive to the location of the perforations with respect to the
coarse mesh;

e outside the boundary layer, the Adv-MsFEM with advective bubble func-
tions is robust to the location of the perforations with respect to the coarse
mesh.

Stab-MsFEM with bubble functions We consider the test cases of Sec-
tion 2T in the case O = O,. Figure[I§ shows the error outside the boundary
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Figure 14: [Neumann Problem (2)] Adding bubble functions: error outside the
boundary layer when O = O; (all basis functions satisfy CR boundary condi-
tions).
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Figure 15: [Neumann Problem (2)] Adding bubble functions: error outside the
boundary layer when O = O (all basis functions satisfy CR boundary condi-
tions).

layer. We observe that adding bubble functions (either computed with the dif-
fusive part of the operator or the full advection-diffusion operator) does not
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Figure 16: [Neumann Problem (2))] Sensitivity to the small scale e: Adv-MsFEM
with advective bubble functions (all basis functions satisfy CR boundary con-
ditions; O = Oy).
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Figure 17: [Neumann Problem (2])] Sensitivity to the small scale e: Adv-MsFEM
with advective bubble functions (all basis functions satisfy CR boundary con-
ditions; O = Os).

improve the accuracy of Stab-MsFEM (it may even degrade it). The results for
O = O are similar (results not shown).
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Figure 18: [Neumann Problem (2] Adding bubbles to Stab-MsFEM: error out-
side the boundary layer (all basis functions satisfy CR boundary conditions;

0=0).

4.3 A non-periodic case

A major motivation for using MsFEM approaches is to address non-periodic
cases, for which homogenization theory does not provide any explicit approxi-
mation strategy. In this section, we assess the performance of our approaches
on the non-periodic geometry €, depicted in Figure [[9 (we again assume ho-
mogeneous Neumann boundary conditions on the perforations).

With the aim to investigate the robustness of our approaches with respect
to the geometry of the perforations, we compare the results obtained in this
non-periodic case with those obtained for a periodically perforated domain €27
defined by (55) with ¢ = 0.03125, Y = (0,1)? and O = rO; where r > 0 is such
that Q5] = |Qf,|: the size of the small scale and the amount of perforations is
thus identical for the two problems.

We perform a test similar to the one described in Section A2 where we
study the influence of the Péclet number. We recall that we fix ¢ = 0.03125,
H = 1/16 and we vary a = 2F, for integers k = —9 to —2. Figure dis-
plays the relative H! broken error outside the boundary layer of our most accu-
rate approaches, namely the Adv-MsFEM with advective bubble functions and
the Stab-MsFEM. We observe that the Stab-MsFEM is insensitive to the non-
periodicity of the geometry. The Adv-MsFEM with advective bubble functions
is more sensitive to the non-periodicity of the geometry but still outperforms
the Stab-MsFEM in both cases.
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Figure 19: Non-periodic geometry. Let M, be the set of perforations obtained by
periodically perforating the domain Q = (0, 1) by the motif Oy (we again denote
Y = (0,1)? the periodic cell and set ¢ = 0.03125). Each of these perforations is
next removed with a probability 1/2, independently of all the other ones.

—_
(e}
|
_
<
<

10—2

—— —
—o— Adv-MsFEM + adv Bubbles: Qf
—eo— Adv-MsFEM -+ adv Bubbles: 27
- e Stab-MsFEM: Qf
- .- Stab-MsFEM: Qf

H' relative error outside the boundary layer

102

101

Figure 20: [Neumann Problem ()] Sensitivity of the approaches to the non-
periodicity of the geometry (all basis functions satisfy CR boundary conditions).
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A Homogenization results

We include here the proof of the homogenization limit for some of the problems
we consider.

A.1 Homogeneous Dirichlet boundary condition

We prove here Theorem Bl The proof of Theorem [6] follows the same pattern
and we therefore omit it. A key ingredient in the proof below is the following
Poincaré inequality (see [24, Appendix A.1]): there exists C' > 0 independent
of £ such that

Vo e Hy (), [¢lrzos) < CelVelrzas) = Celdlmi(os), (58)
where we recall the notation |v|g1(ge) = [Vv[ r2(qs) for any v e H'(QF).

Proof of Theorem [} We adapt the proof of |24, Appendix A.2|, where we con-
sidered a purely diffusive problem. We first prove that Problem @) is well-
posed. Consider

V ={we H.(P), wisY-periodic, w =0 ondO},

where P is defined by ([@2)). The variational formulation of (@4) reads as: find
w € V such that

YoeV, a(w,v) = / v
Y\O
with
a(w,v) = / aVw - Vv + / (b- Vw)w.
Y\O Y\O
The bilinear form a is well-defined on V' x V. Recall indeed that
be (WHP(Y\0))? < (C°(Y\0))* (59)

since p > d. Furthermore, a is coercive on V. Indeed, for any v € V', we compute
that

a(v,v) =/ a|Vv|2+/ (b-Vv)v
Y\O Y\O
'U2
=/ a|vU|2+/ b-V(—>
Y\O Y\O 2
,02
=/ a|VU|2—/ (divb) (—)
Y\O Y\O 2

where we have used the periodicity of v and b and the fact that v = 0 on 0O in the
integration by part. Note that the regularity of b (namely here divb e LP(Y\O)
with p > d) and Sobolev embeddings ensures that the last term in the above
equality is well-defined.

Using now that divb < 0 in Y\O and a Poincaré inequality for functions in
V', we get that, for any v e V,

a(v.0) > o] Vol g = Clol: o)
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and thus the coercivity of a on V. The solution w of [@d)) is thus well defined.

Since the perforations are isolated, we can consider the cell problem on a
smooth bounded open domain Y*\O such that Y < Y+ and Y+ n O* = O,
where O* is the domain obtained by Y-periodicity from . Using standard
elliptic regularity results (see e.g. [I8]) and the fact that b € (L*(Y\O))4, we
get that w e W24(Y\O) for any finite g. This implies that

we CHY\O). (60)
Using similar arguments, we observe that (II) is well-posed for any f € L?(£2).

We now prove ([@3)). Let n° be a regular function, vanishing in the neighbor-
hood of the boundary of €2, such that 0 < 7° < 1 on £, and which is equal to 1
on {z € Q, dist (z,00) > ¢} (see Figure[Il). Since the domain € is regular, we
can construct n° such that it satisfies

[ lpe@ <L 1 =n%r2e) < CVe,

C C C
V1| o < — Vel e < —, V2 ey < 7
V0]l Lo o IVn©llzz(o) NG V0| L2 =7

where C' > 0 is a constant independent of . We define ¢° = u° — e?w (—) fn
€

and compute
qu‘E:VuE—EVw(é)fn —52w( ) V(fn©),
A¢ = Auf = Aw (2) frF —2eVw (2) - V(f77) — 2w () A7),

~ 1
Recalling that b° = ( ) we get
e \e

—QA¢E+3€~V¢E
—f+aAw< )f?] +2504Vw< )'V(fﬁg)

25 (2) - (= evan (2) o =<t (2) V) + < () a)
=i+ (aAw (2 ) w(3) )0 209w () - ¥(s1)
—ew () (2) Uy + o (2) )

=f<1—n>+€(2Ww(;)—w(;)b(;))- Vi) = o (2) M)

H—aA¢€ I

L2(99)
< | flze@ll =7l o)

+el2aVw —w b”m(y\@) (HfHLOO(Q) anEHLz(Q) + HVfHLZ(Q) H77€|\Lw(n))

+ 52anHL°O(Y\5) (HfHLOO(Q) 1A | 20) + 20V fllL2@) IV [ o) + [Afl L2 HUEHLOO(Q))
< OVE (Iflzoen + 19 Flay + 187 |ra).
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where C is independent of ¢ and f, and where we have used that w € W5*(Y\O)

(see @0)) and b e (LP(Y\O))? (see (5)). -
Noticing that ¢° vanishes on the boundary of Q¢ and that divd < 0 on Y\O,
we obtain

[ alvef < [ (~ane +5 V) o < OVE 6o V(). (61
Qs Qs
Combining (61I]) and the Poincaré inequality (E8) we recalled above, we get

|6 11 ey < CEYPN(f). (62)

To estimate

uf — e%w (—

) f‘ , we use the triangle inequality and write
e/ " IH1 Q=)

(63)

uf — 2w (—) f

9

<1y + € fw (2) £ = 7)

H(QF) H(Qe)

We are thus left with bounding the quantity 2 ‘w (—) f(1—=n% . To this
€

H(Qe=)
aim, we compute

2V |w(2) F1 =) | = eV (2) FO—07) + 22 (2) VF =% (2) V().
We then have

o () 501

<e HVw (E) F—=n% L) +¢e? Hw (E) Vf

e 2) wn

L2(Q9) L2(Q9)
< C*2N(), (64)
where we again used ([60). We infer from (63]), (62) and (64) that
u — 2w (—) f‘ < CEPN(f).
e/ " lH(Qf)
This concludes the proof of Theorem [l O

A.2 Homogeneous Neumann boundary condition and as-
suming ([46)

We prove Theorem Bl using two-scale convergence, as in [3, Theorem 2.9]. The
problem considered in 3, Theorem 2.9] is a diffusion problem with a zero-order
term, while the problem we consider here is an advection-diffusion problem
without zero-order term. Although the problems are different, the arguments of
the proof are essentially similar. We thus only detail the steps in the argument
different from those in [3] Theorem 2.9].

As a preliminary step, before we are in position to prove Theorem [8 we
establish the following Poincaré inequality. We recall (see (II)) that

Ve = {ue H'(Q°) such that u = 0 on 0Q° N dQ}. (65)
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Lemma 12. We assume 1) and @) (uniformly in ), that O 'Y and that
Y\O is a connected open set of RY.
Then there exists C' independent of € such that

Yue Ve |ulr2e) < O Vu|r20-. (66)

Proof of LemmalI2. The result is intuitively clear. Since there is no boundary
conditions on the perforations for functions in V¢, these perforations can be
ignored and the Poincaré inequality is that of the domain 2. The proof indeed
consists in extending u € H(QF) into v € H*(2) and applying the Poincaré
inequality to the latter. We provide the detailed proof of (66, which falls in
two steps, for consistency.

Step 1. For any uw € V¢, we show here how to build a suitable extension v
of u in the perforations B¢. We recall that, in view of (&I]), we have B® =
Qn (Ukezd(fo + Ek))

Let 7 e H'(Y\O). We claim that there exists v € H*(Y) with ¥ = @ in Y\O
and

IV 22(vy < CIVE[ 12315 (67)
for some C independent of w and .
1
Consider indeed the function @ — ¢, where ¢ = —— . This function
IY\O| Jy\o

admits a trace on 4O which belongs to HY2(00). By surjectivity of the trace,
there exists w € H'(O) with W = @ — ¢ on 00 and [W]|x1(0) < CouwjlT —
c| 1250y We then define 7€ L*(Y) by =% in Y\O and T = W+ ¢ in O. By
construction of w, we have that 7€ H'(Y). Furthermore, we compute

IVol3ay = IVB12a) + 1958 0)

IValZ: 5, + IVTI72(0)

A

IV 3 + @130 o)

N

IVl 20y + ConnillT = el o)

Using the trace inequality and the Poincaré-Wirtinger inequality in Y\O, we
deduce from the above that

HVEH%Z(Y) < HvaHiZ(y\o) + C2urJC rdce“u Cqu(y\o)

< HVUHiZ(y\O + CSQurJCthaceCPWHVUHL2 (Y\O)’

which concludes the proof of (67]).

By scaling, we next deduce from ([67) that there exists C independent of €
such that, for any u € H'(¢(Y\O)), there exists v € H'(¢Y) with v = u in
e(Y\O) and

IVUllzzeyy < ClVul 2 vvo))-
Consider now u € V¢, defined in Q°. We extend u in 2 as follows:

e For each perforation such that €O + ¢k is included in €2, we extend w in
€0 + ¢k as above.
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e For each perforation O + ¢k that intersects the boundary 0f2, we extend
uwin QN (€O +¢k) by a function that is equal to u on 0(cO + €k) N Q and
that vanishes on 0€2. To build this extension, we use the assumption (@8],
the fact that u = 0 on 02 N 0Q2° along with the same arguments as above.

Doing so, we thus construct v € H}(Q2) such that v = u on Q° and
IVllL2 o) < CVul 200 (68)

where C' is independent of €, u and v.
Step 2. Let u e Ve and let v € H}(Q2) be the extension built in Step 1. Using
the Poincaré inequality in Hg () and (68)), we write that

|ulz2(0e) < [vl2@) < CIVY|L20) < C|Vulr2(0:)-

This concludes the proof of Lemma O

Proof of Theorem[8 We recall that the variational form of (2] reads as
Find «® € V*® such that, for any v e V=, a°(u®,v) = fo, (69)
QE

where V© is defined by (65) and the bilinear form a® is defined (see (6); we now
make explicit the dependency of the bilinear form with respect to ¢) by

af(u,v) = /g aVu - Vo + /g (36 : Vu) . (70)

The proof of the theorem falls in 3 steps.

Step 1: well-posedness and a priori estimates. In view of the regularity
of b (see [@9)), the bilinear form a® is well-defined on V¢ x V=. In view of (48]
and (B6), a° is coercive on V¢, uniformly with respect to e. Indeed, for any
u € V¢, we have

a®(u,u) = / a|Vul? + %/ (/I;‘E n) u? — %/ (div/l;a) u?
E 00- .

> a|Vulis g
> Cllulin ey, (71)

successively using that div b < 0in Y\O, b-n > 0 on 00, u = 0 on 0 N 0N
and the Poincaré inequality shown in Lemma The bilinear form (0) is thus
coercive, uniformly with respect to . This of course implies that Problem (2]
is well-posed, and also that u® is uniformly bounded in H!(Q?).

Let %€ € L?(f2) be the extension by zero of the solution u to (2)), and let
likewise Vu< € (L2(€2))% be the extension by zero of Vus. We thus have that %
(resp. Vuf) is uniformly bounded in L%(Q) (resp. (L%(2))%) with respect to e.

Step 2: homogenized limit. Because of the above bounds, we know that
there exists ug € L2(Q2 x Y) (resp. & € (L*(Q x Y))?) such that the sequence %°
(resp. Vu®) two-scale converges, up to the extraction of a subsequence, to wug
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(resp. &o). Following the proof of [3 Theorem 2.9], we obtain that there exists
u* € H}(Q) and uy € L? (Q, H.(Y\O)/R) such that

uo(z,y) = u' (@) Ly \p(y) and &o(z,y) = 1y \5(y) (Vu'(z) + Vyui(z,y)). (72)

To identify the equation satisfied by u* and u;, we consider, following [3], the

test function .
¢ (2) = 6(z) + 261 (2, %),

where ¢ € C(Q2) and ¢1 € CL(Q;CL,(Y)), the gradient of which reads

) ¥per

Vs () = Vo(z) + Vyor (m —) +5V¢1( i)

Choosing v = ¢° in the variational formulation (€9) of (2]), we obtain

a/Q%E-Vqsw/Qb(é)-%%f: Qiqu:/gnp (g)fqﬁ (73)

where we recall that P is defined by ([@2)).

We check that the function V¢ (z)+ V,¢1(x, y) is an admissible test function

in the sense of the two-scale convergence (indeed, it belongs to L*(, Cp,.(Y)),

and such functions are admissible in view of |3, Lemma 1.3 and Definition
1.4]). Likewise, in view of ([B9), we see that b (y) ¢(z) is also an admissible test
function. Passing to the limit e — 0 in (73)) and using (72)), we thus obtain

a / Lyo (VU + Vyur) - (Vo + Vyér) + / Ly (Vu* + Vyur) b
QxY QxY

= / 1Y\5f¢'
QxY

By a density argument, we have that this variational formulation holds for any
(¢, 1) € HE(Q) x L2( H!, (Y)). We thus have

per
Von € Hl(Y), / (VU + Vyur) - Vyr = 0 (74)
Y\O
and
Vo e HY(Q), a/ (Vu* + Vyu) - Vo
Qx(Y\O)

Vu* +V b= |Y\O . 75
+/Mm< W+ Vyu) b = [V |/Qf¢ (75)

Let w;, 1 < i < d, be the corrector, solution to (B2). We deduce from (7)) that

d

U1(.T,y) = ﬂl(‘r) + Z wi(y) aﬂcZU*(m)

i=1

where w; only depends on z. Inserting this expression in (73], we get that u*
satisfies

V¢ € Hy (), /QA*VU*-V(bJr(b*.V "= |}|/}\,(|9|/f¢,
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where A* (resp. b*) is defined by (B0) (resp. (5I))). This is exactly the variational
formulation of (9.

Since w* is uniquely determined (note indeed that b* is constant, hence
divergence-free) and V,u; is as well uniquely determined, we infer that the

whole sequence %€ (resp. Vu©) two-scale converges to ug € L2(2 x Y) (resp. to
§o € (L2(Q x Y))9).

d
Step 3: H' convergence. Let u®! = u* + ¢ Z w; (—) Oz, u* and & (x,y) =
5
i=1

(e + Vw;(y)) 0z, u*(x), so that Vu®! = & (-, ) +eé& (-, E) with & (z,y) =

3

=10

Il
—

wi(y) 62,V (). We note that &(z,y) = 1y,o(1) & (,1).

K3
We note that u®! does not vanish on 0f2. This is a usual difficulty in ho-

mogenization, which is standardly addressed by introducing a truncation func-
tion 7° as in the proof of Theorem [ (see Appendix [Adl), and considering

d
¢t = w4+ enf Z w; (—) Oy, u* € V. Under sufficient regularity assump-
5
i=1

tions on O, we have w; € W1*(Y\O). Furthermore, since f € L2(Q) and  is
smooth, we have u* € H2(2). We thus have

H1(Qe) = 0. (76)

lim Hua,l _ ga,ll
e—0

We are now left with estimating [u® — ¢='| g1 (o). Using (D), we write

CHUE _9571‘@{1((25) < as(us _gs,l,us _gs,l)

— /g f(ug 795,1) + as(gs’l,gs’l) _ as(gs’l,ug)

— / f(ug o us,l) + as(us’l,ug’l) o ag(us’l,ug) + Rs; (77)
(5

where
limR. =0 (78)
e—0
as a consequence of ([7G]).
We successively pass to the limit in the three terms of (77]). For the first

one, we write fu® = [ fu®, thus
Qs Q
lim [ fu® = / Juo = !Y\@/ fu, (79)
e=0 /- Qxy Q
while / Fust = / 1p (—) Fus!, hence
Qe Q €
lim fust = / Lyofu" = ’Y\@‘/ fu*. (80)
=0 Jqe QxY Q
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For the second term of (7)), we write

I I
S~ S
Q
Q
Q I
VS ~
ot Y /N
™| - |
. N—
Q I
/N -
/N
™ | o™ |
N———
[\}
m
S~
Q
Iy
s
—
™| o
N——
Iy
[\v}
/N
|
N———
+
o
[V}
S~
m
Q
7203
[NV}
—
™| -
N———
Iy
[\v}
S
|
N——

Passing to the limit ¢ — 0, we get that

lim a®(u®!, u®t)
e—0

=/Qxy0‘€0($ay)-§o(fc,y)+/Qxy[b(y)-€o(x,y)] u*(z). (81)

For the third term of (T), we write

aa(ue,l, ua)

Jpomewes | b @) v
[0 (1) % ve [ aa (1) -9
ACCRIEEATC R IE

Passing to the limit ¢ — 0 and using the two-scale limits of u¢ and %ug, we get
that

;1_)1% as(us’l, us)
- / abr(,y) - Eola,y) + / [b(y) - €1(2,9)] ()
QxY QxY

- / abo(z,y) - Eola,y) + / b(y) - oz, 9)] u*(z).  (82)
QxY

QxY

Collecting (T0), ([8), @), (), (RI) and (B2), we deduce that

1' € _ g5t ) — 0.
813(1) | g HHl(Q )

Collecting this result with (7€), we deduce the claimed H' convergence. This
concludes the proof of Theorem O
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A.3 Homogeneous Neumann boundary condition, the gen-
eral drift case

We now prove Theorem [@ by essentially showing that we can reduce the case
of a general drift to the case considered in Theorem [8l The proof of Theorem
is based on the following decomposition result.

Lemma 13. Let Y = (0,1)? be the unit square and O <Y be some smooth
perforation. We assume that O < Y and that Y\O is a connected open set of
R4,

Consider a vector-valued function bye, € (L2 .(P))¢ which is Y -periodic (we
recall that P is defined by [@2)). There exists ¢per € HL.(P) and Bper €
(L2 _(P))?, which are both Y -periodic, such that

loc

bper = Vper + Bper i P, div Bper =0 in P, Bper - =0 on 00.
(83)

Proof. Consider the space V = { ¢ € H} (P), ¢ is Y-periodic, ¢ = 0}
Y\O

and the problem: find ¢per € V such that

Vo e Va / V(lsper -V = / bper -Vo. (84)
Y\O Y\O

The bilinear form on the left-hand side of (&4)) is coercive on V thanks to the
Poincaré-Wirtinger inequality (note that Y\O is connected). The problem (&4])
is thus well-posed. Setting Bper = bper — V@per, We observe that div Bper = 0
in Y\O and Bper - n = 0 on 00. Using the periodicity of bper, we furthermore
deduce that div Bpey = 0 in P. O

Proof of Theorem[d The well-posedness of ([2)) can be established using the inf-
sup theory, with arguments similar to those used in [25] (the proof is actually
b @) is small, or when b° is irrotational).
IL® QE

To study the homogenized limit of (2)), we start by using Lemma and
write b = V¢per + Bper. By construction, we have A¢per = divd in P and
V¢per -n = b-n on d0. The WP regularity of b implies that ¢pe, € VVli’Cp(’P)7
which implies that Bper € (VVéf(P))d. Of course, we also have that ¢per €
Lige(P).

£
Introduce now o.(z) = exp (——qﬁper(x/s)). A simple calculation shows
o
that ([2) can be written as

simple in the case when

—adiv (0.Vu®) + 0c Bper (—) -Vu® = o.f inQF°,
€
aoc:Vu®-n = 0 on dQ°\0Q, (85)
u® = 0 on 00Q° n oN.
Since ¢per € L*(Y\O), we deduce that
;i_r)% loe = 1| oo ey = 0. (86)
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We are thus led to introduce the following problem:

—aAv® + Bper (—) Vot = f in Qf
€
aVve-n = 0 on dN°\Q, (87)
v® = 0 on 0Q° n 0,

which is well-posed in view of (83]). We claim that

lim u® — 0% 1 e = O.

i " 0% s ey = 0 (59)
Indeed, we see that

— aA(v° —u®) + Bper (g) -V (v° — uf)

= f(1—0:) + (0 — 1)Bper (g) -Vu© —adiv((oe —1)Vu®)  in Q°.

Multiplying by v® — u®, integrating by part and using (83) and the fact that
Bper € (L®(Y\O))4, we deduce that

o V(v = u) 720
< o = Ulgqony Io# = v zaae) (IF]c2@e) + [Bperl ooy IV 5c0e)
+afoe = 1w g V(07 = u?) |2 00) [ VeS| L2y
For ¢ sufficiently small, we deduce from (G6]) and (86) that
[0° = w|m1(0e) < Clloe = pe(oey (L+ Vo7 2(s)) -

A simple a-priori estimation in the coercive problem (87) shows that v® is
bounded in H'(02) uniformly in ¢. The limit (86) thus implies (8S]).

We now identify the homogenized limit of (7). We observe that the advec-
tion field in that equation satisfies all the assumptions made in Theorem [§ In
particular, it is divergence-free. Using Theorem [ we thus deduce that

d
: e _ * - * _
ili?% v (u + EZ w; (E) Oz, > 0, (89)
i=1 H1(Qe)
where u* is the solution to the problem
Y\O
—div (A*Vu*) +b* - Vu* = % f inQ,
u* =0 on 0,

where the matrix A* and the vector b* are constant and given, for 1 < i < d, by

1

A e = — a(e; + Vuwy),
|Y| Y\O ( )
1
b*'eiZ— Ber-(ei+Vwi),
|Y| Y\O P
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and where w; is the solution to the cell problem (B2). We eventually observe
that

1

b* c € = T
|Y| Y\O

b (e; + Vw;) Voper - (i + Vw;).

|Y| Y\O

The second term of the right-hand side vanishes. Indeed, we compute

/ . v¢per . (ei + sz)

Y\O

= / Gper (€;+Vw;) -n+ Oper (€ +Vwi)-n—/ _ Pper div (e; + Vw;).
oy 20 Y\O

In the above right-hand side, the first term vanishes using the periodicity of ¢per
and w;, while the last two terms vanish in view of the corrector equation (G2)).
We thus obtain that, for 1 < i < d,

_ 1
Y1 /ywo

*
b * €5

b- (ei + V’LUZ)

Collecting (88) and (89) yields the claimed convergence result. This concludes
the proof of Theorem O

B Proof of the error estimate (4)

B.1 Some preliminary material

Before being in position to present the proof of Theorem [I0, which follows that
of [24, Theorem 2.2|, we need some preliminary results.

We recall (see (B8)) that
Vue Hy (),  [ufr2s) < Celulgi(ae,

where C' is a constant independent of €. In view of [22, Lemma 4.5|, and under
the assumption that all coarse elements intersect the perforations, we also have

Yu € )(']-]7357 HUHL‘Z(QE) <Ce |’U,|Hb(gs), (90)

where C' is a constant independent of €, where |u|§1}1(95) = Z HVUHQLQ(nga)
KeTy

and

Xp,pe = {ue L*(Q) such that u|x € H'(K) for any K € Ty and u = 0 in B°}.

The proof of ([@0) is actually performed element per element.

We now recall three lemmas, borrowed from [24] Section 3|. The first lemma
is a trace inequality. For any domain w < R?, it is classical to define the space

HY2(w) = {u e L}(w), /w/w%dxdy < +oo},
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and the norm

/2
Jullraoy = (lul3ago) + [0l )

/2
Ju(z) — uly)|? '
|U|H1/2(w) = (/w /w 7|1‘ — y|d+1 dmdy .

Lemma 14 (Lemma 3.2 of [24]). There exists C' (depending on the regularity
of the mesh) such that, for any K € Ty and any edge E c 0K, we have

where

e HYK), [vliem < C(H olieg0 + HIVolRa) - (91)

Under the additional assumption that / v = 0, we have
E

[0172 ) < CHIVV|L2 ) (92)

and
[0y < O+ H)[V[Za(x)-

Lemma 15 (Corollary 3.3 of [24]). Consider an edge E € £, and let Kg < Ty
denote all the triangles sharing this edge. There exists C (depending only on
the regularity of the mesh) such that

Yoe Wi, [[[v]] 72 <CH )Y, |Volia, (93)
KeKg
and
voe Wi, |0l ey < CA+H) S [Volda,  (94)
KeKpg

where we recall that Wiy is defined by (3]).

Lemma 16 (Lemma 3.4 of [24]). Let g € L*(R) be a g-periodic function with
zero mean. Let f € WHY(0, H) < C°(0, H) be a function defined on the interval
[0, H] that vanishes at least at one point of [0, H]. Then, for any e > 0,

[ o(2) s

B.2 Proof of Theorem

<2eqglrom) 1f 121 0,m)-

To simplify notation, we denote by u, instead of u®, the solution to (), and ug,
instead of w5, its approximation, solution to (21).

We first note that (27]) is well-posed in view of the Lax-Milgram lemma and
the estimates (I0) and (@0).

Let Il f be the L2-orthogonal projection of f on the space of piecewise
constant functions. We recall that we have the following estimate: there exists
C independent of H and f such that

If —afllre) < CH|V flL20)- (95)
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We define

@)= 3 s 055 @ + Y (/Eu) 5P (),

KeTh Eegin

where ®57 and WS are respectively solutions to BI) and (B2). We see
from (34) that vy € VA4V Pubble. We next decompose the exact solution into

u=vg + ¢.

Notice that vy satisfies

/UHZ/U, hence/¢=o, for all E e £,
E E E
1/\ .
(a9 = om ) -n = X7 forall (96)
— aAvy —I—EE-V’UH =Ilgf onKnQ, forall KeTy,

where A\¥ is a constant (possibly different on each side of E).
In what follows, we make use of the notation g.(z) = g (E) for any function

g. The constant C denotes a constant independent of ¢, H and f, that may
vary from one line to another. We begin by estimating ¢.

Step 1: Estimation of ¢ = u —vy: Using the approximation of u given in
the homogenization result (3)) and denoting ¢ = 62’w‘€ f — vy, we have

cr(¢,¢) = cu(u—wf, ) + cu(wi f — v, ¢)

= CH(U’ - 52w|€fa ¢)

+ K;H /;<sz (—add+5-Vd) o+ /Mﬁgs) (w% - %355) ng

= CH(U’ - 52w|€fa ¢)
3.V 5 L3a).
+K;H /Kﬁﬂg (~anrd+ 5 Vo) ¢+/(6Kms <av¢ >0 ¢) no

— cn(u— 2w f,¢) + K;H /;<sz (famz + 0 VZS) ¢

ter ) /@K) . <aV<waf)§36(w8f>) e, (97)
KeTu [l

where we used the fact that ¢ = 0 on dQ° in the third line and (@6]) in the last
line. Using ([@) and next that div b < 0, we write that

cn(0.0)= [ alef -5 (v ) o > aloly e (99)

KeTy
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Combining [@7)) and (@), we get

a|¢|?q}q(gs) <cu(u— 52w\afa ¢) + 2 /

KeTy K

» (—amE + b v{a) ¢

We successively bound the three terms of the right-hand side of (@9). Roughly
speaking:

e the first term is small because of the homogenization result (Z3);

) the second term is small because, at the leading order term in ¢, fozA(,b +
V(,b f — g f, which is small due to ([@3));

e estimating the third term is more involved, and uses the fact that w is a
periodic function. We are thus in position to apply our Lemma

Step la The first term of the right-hand side of ([@9) is estimated as follows.
Denoting @ = u — 52w|,3f7 we write

H(a,gb):K;H/Kﬁmaw Vo + = ( Vu)d)f—(A .v¢)a

1 ~
-] / ~ G pdiv Ve,
KeTu KnQs 2
thus

ler (0, ¢)| < 04|U|H1(QE)|¢|H (=)
bl e iy ([l (00 |8l 2(00) + 18]y ) [ 220
+ 572HdiVbHL°0(Y\5) |8l L2900 Sl 200
< Cli] g0y 9] a1, (00
< CEPN(f ol s (100)

where C'is independent of ¢, H and f. We have used (@0) and the assumption
divb e L*(Y\O) in the third line, and {@3)) in the last line.

Step 1b  We now turn to the second term of the right-hand side of ([@9). Using
the corrector equation (IEI), we get

—aA (€2w|6f) +65V (52w|5f) = f+5(—2an+bw)|E-Vf—52aw‘gAf. (101)
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Using (@6), we deduce that

5 o (o84 53)

KeTy

< (If = Tt fla2c@) + 26| V0] o 13|V F L2200

+ 20wl e i) | | 2(0) + eIl om0 e i) |V F 200 ) 6] 22
< Ce(H|V {20y + &N () 16l 0

where C' is independent of ¢, H and f, and where N (f) is defined by &). In
the last line, we have used ([@0), [@3) and (60). We infer that

Y AR ROL

KeTy

< Ce(H +e) N () 19wy, 02 (102)
for some C independent of ¢, H and f.

Step 1c  We now consider the third term of the right-hand side of [@d)). In view
of the assumptions on the mesh, we first observe that, for any edge E € £, the

1
functionx € £ — n- (an -3 bw> (E) is periodic with period € qg, for some
€

qr € N* satisfying |¢g| < C for some constant C' independent of the mesh edges

1
and of H. We denote <<an -3 bw) . n> the average of that function
le

E
over one period, and decompose the third term of the right-hand side of (@) as

follows:

2 3 [ (aVen) - 35 wen ) nliel

Eegin
B EEéH /EmQE ((an - %bw) e e <<avw B %bw) le n>E> el
+ €E§H (an — %bw) . n>E [EAQE fllell

For some formulas below, we extend the function ¢ = u — vy by 0 inside the
perforations B?, so that we can understand ¢ either as a function in Hg () or
in H}(Q9).

We consider the first term of the right-hand side of (I03]), which we evaluate
essentially using the fact that it contains a periodic oscillatory function of zero
mean. We claim that

[ (=) o= (o5 gon) ) Yt

< CVelflm e oIl giegmy,  (104)
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where C' is a constant independent of the edge E, ¢ and H. Indeed, we first
note that ¢ vanishes on £ n B¢, hence

o (o= 3pw) o= (o) o)
- [ (e dow) n={ (o= o) )

Second, using the regularity (60) of w, we have that

{(omvms) o= (omemin) o), )

< Clfleze [ {1 | z2(s).  (106)

Third, suppose momentarily that [[¢]] € H'(E) < C°(E). We infer from the
fact that / [[¢]] = O that [[¢]], and hence f [[¢]], vanishes at least at one point

) fllell

) fllel]- (105)

E

E
on E. In addition, the function

(an—lbw> -n — (an—lbw> -n
2 le 2 le

is periodic on E (with a period ¢ ¢ uniformly bounded with respect to E € £1%)
and of zero mean. We are then in position to apply Lemma [I6 which yields,

using (G0,

o(omegom) o= ((omgon) )

1
aVw = bw VeI (5
L®(Y\O)

< Celflu e U () (107)

E

) f [[d)]]‘

E

< 4€qE

where, for any function g, we have denoted Vgg = tg - Vg where tg is a unit
tangential vector to the edge E. By interpolation between (I06) and (I07), and
using (I05), we infer (I04)), with a constant C' (independent of the edge) which
is independent from ¢ and H by scaling arguments (see [23] for details).

We deduce from (I04) that the first term of the right-hand side of (I03)
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satisfies

1 1
€ Z / <<an§bw> ~n<<o¢Vw§bw) n>
pegin  E0Q® le e

<O 3 1l (101 s i

) fllell

E

Eegin
1/2 1/2
<CP | Y i > 181 52
Begin Eegin
1/2
1
< %2 2 EHfH?ql(K) + HHVfH?ql(K)
Eegin, KeKp
1/2

X Z Z HVfbH%Z(K)

Eegin KeKp

where we have used ([@I) of Lemma [I4] and (@4]) of Lemma [I3 (we recall that
K g denotes the set of triangles sharing the edge E). We therefore obtain that
the first term of the right-hand side of (I03) satisfies

1 1
€ Z / <<an§bw> ~n<<o¢Vw§bw) n>
pegin  E0Q® le e

1 1/2
< ¥ (WP + HIV I ey ) 16l o0

g
< Ce ({37 L limiay + VEH 19y ) 6l (108

The second term of the right-hand side of (I03)) has no oscillatory character.
This is why it is estimated using standard arguments for Crouzeix-Raviart finite

) fllell

E

elements (using that / [[¢]] = 0), and the regularity of w. Introducing, for

EnQs

each edge F, the constant cg = |E|71/ f, we bound the second term of the
E
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right-hand side of (I03) by

) Egg:}}‘ < <avw - %bw) le . n>E /EAQE f [[Qﬂ]
- E2£<<avw - %bw>le n>E | =eoliol

<Ce Y [N 2 I f = crlram

Eegin
1/2 1/2

<Ce| D 1811720 Df = crliam

Bely Begin

1/2 1/2

<Cel 2 2 HIVelL S HIV( - en) e

Eefy KeKp Begin, KeKp
< CeH |9l o)V fllL2(e) (109)

where we have used (60), ([@3]) of Lemma [I3] and ([@2) of Lemma T4

We are now left with the third term of the right-hand side of (I03]). This term
has a prefactor €2 and all we have to prove is that the term itself is bounded.
Using again (G0), (@3) of Lemma [[5 and (@) of Lemma [[4] we obtain

Fa 3 [ (.vsen) (o]

Eegin

1/2 1/2

< Ce? 2 | T[S0 172 Z IV £ 172 ey

Eeey Begin

1/2 . 1/2

< Ce’ (H > |V¢|%2(K)> (E > |Vf|%11(1<)>

KeTu KeTy
< C? 19l o) IV f 11 (- (110)

Collecting (I03), (I08), (I09) and (II0), we infer that the third term of the
right-hand side of (@9) satisfies

2 S y o
> /Eg <‘W(w'ff) 50" |ef>) 1] (111)

Eegin
£
< Ce (\ 57 ey + (=4 VER) 19 iy + HI9 1o ) iy
Conclusion of Step 1 Combining (@), (I00), (I02)) and (III), we infer that

[e
|¢|?{}q(95) < Ce < T H+ \@) (If ey + IV F o)) |9lr, (@e)  (112)

for some C independent of ¢, H and f. This ends the first step of the proof.
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Step 2: Estimation of uy —vgy: Denoting ¢ = ug — vy, we see that
alonlin o) < cu(bn, on) = cu(un —u,¢m) + cu(u — vy, ém),  (113)

where we recall that ¢y is defined by (@)). The second term is estimated writing
that

lcr (u— v, ¢om)l
= |CH(¢5¢H)|

16l . (v\&
< al@lmy, )| Pu|HL (00) + % (|¢|H}J(QE)H¢HHL2(QE) + H¢HL2(95)|¢H|H}I(QE))

|div bl 1 v\
2e2

< Ololuy, oo |ou a1, 00,

18]l 2(0e) | 98] 20

where we have used ([@0) in the last line. Using ([I12]), we deduce that

(= v, 1)
< 0= ({5 4+ 2) (1Sl + 19 o) 16l oy (1)

for some constant C' independent of ¢, H and f.
We now consider the first term of the right-hand side of (II3). Since ¢y €
Vadv bubble “we deduce from the discrete variational formulation (Z7)) that

cu(up —u,én) = ., fou +cu(Ewef —u, ¢n) — cu(Ew.f, dn)

=, fou + cu(e®wif —u,ém)

_ Z;— /K o (—aA (EQw‘Ef) _;’_38 .V (52w|sf)) .
KeTu N

. e (09600~ ).

(115)

KeTy /(?(Kr\QE)

Since ¢y = 0 on 0Q°, we can take the integral in the last term of (II5) on
0K n Q. Inserting (I0I]), we obtain from (II5) that

ca(ug —u, ¢m) = CH(52w|ef —u, du)

- Z /K . (5(—2an+bw)‘8-Vf—€2aw|EAf)¢H
KeTy n§E

" /a;mna o (av(EQw‘af)_%EE(EQUJ\af))- (116)

KeTy

We now successively bound the three terms of the right-hand side of (I16).
Following the arguments of Step la, we obtain that

ler (€*w)e f — u, ér)| < C¥2N(f) |98 | m1, (0 (117)
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For the second term of the right-hand side of ([I6]), we use the fact that the first
factor is bounded (using the regularity ([60) of w) and that the second factor
satisfies a Poincaré¢ inequality (see ([@0)). We thus obtain

Z /K . (e(—2aVw + bw)|. - Vf — e®aw. Af) ¢u
KeTy neE

<Ce 3 (IVflragnnn) + el Aflaacnn ) 16mlr2acnory
KeTy

< Ce| Vg ) om0
< C2|V fllmio) |om|m, o) (118)

Following the arguments of Step lc, we get, similarly to (ITIJ), that

> /(Mmm) dun- (OCV(Engf) - %EE(EQwEf))’ (119)

KeTy

e
< Ce (M i £z ) + (e + VeH) |V fllar ) + H|vf|L2(Q)> |¢H|H1{I(QE)-
Combining (IT6]), (IT7), (II]) and (II9)), we obtain that
£
entun = w0 < Cz (3 5+ H +VE) (e + VL) ol o

Collecting this estimate with (II3) and (I14), we get

&
mli ) < C2 (7 + H+ VE) (o + 19 Sco) ol
(120)

Conclusion We deduce from (II2) and (I20) that

g
= unlimy e < Ce (y 57 + 8+ VE) (e + 195 i)

In view of (@0) and since the injection H2(Q) < C°(Q) is continuous in dimen-
sion d = 2, the above bound yields the desired estimate (B4]). This concludes
the proof of Theorem [IT

C Proof of the well-posedness of (3I) and (32)

Consider an element K € Ty, and let ng be the number of inner edges of that
element. We denote Vi = {ue H'(K), u=0in K nB° and u =0 on £5}.
The variational formulation of [BIl) (resp. (B2) is of the following form:

Find (uH, [AE]Eegin) € Vi x R™¥ such that

V’UH € VK, CK ’LLH,’UH Z )\E/ VH = (’UH), (121)
Eegin

for all E e £, for all u¥ e R, ME/ ug = Lp(p?),
E
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where

cx(umg,vp) = /

1 /~ 1/~ 1 ~
aVug-Vog+-= (bE . VUH) Vg—— (b‘E . VUH) ug——=ug vy div b°
KAQe 2 2 2

is the element-wise bilinear form corresponding to ¢y defined by ([@)). The linear

form F'in (IZI) reads F(vy) = / gvg with g = 0 in the case of BI)) (resp.
KnQe
g =1 in the case of [B2])). The linear form ¢ vanishes in the case of ([32), and

(p(pf) = 6p g uf in the case of (BI), where E’ is a fixed edge.
We write (I2])) in the following saddle-point form: find (ug, [A\F] pegn) €
Vi x R™% such that

Yoy € Vi, CK(’U,H,’UH)+CE (’UH,(AE)E) ZF(’UH),
for all E e £X, for all u” e R, ce (um, (17)g) = —Lp(p”),

where

CE ('UHa(ME)E) = - Z ,UE/ VH -
Eegin E
We observe that the bilinear form cg is coercive on Vi as soon as K intersects
the perforations. Indeed, for any uy € Vi, we have

1 ~
cx(um,um) = / oz|VuH|2—§ (div bs) u? = a/

\Vugl® = Clunl i (xnge)
KnQs KAQe

where we used that div b° < 0 and a Poincaré inequality on K n Q°¢. To show
that (IZ2I)) is well-posed, we are going to apply [I7, Theorem 2.34, p100], and
we are thus left with showing that the bilinear form cg satisfies the inf-sup
condition s

in sup i (v, (1)) >v>0. (122)
(B peR K vuevie |(WE)E| e | m (k ~00)

To show ([I22)), we proceed as follows. Take some (u)r € R"% and intro-

duce vy = — Z uP @57 where @57 is the solution to (I8). We then have
Ee&Ry

vl m (knoe) < Cis |[(17)&| and

1
CE (UH, (HE)E) = 2 (/LE)2 > C—ISHvHqu(Ksz) H(HE)EH
Eegin

This implies (I22)) and thus concludes the proof.
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