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TRPL+K: THICK-RESTART PRECONDITIONED LANCZOS+K
METHOD FOR LARGE SYMMETRIC EIGENVALUE PROBLEMS

LINGFEI WU* FEI XUE{ ANDREAS STATHOPOULOS*

Abstract. The Lanczos method is one of the standard approaches for computing a few eigenpairs
of a large, sparse, symmetric matrix. It is typically used with restarting to avoid unbounded growth
of memory and computational requirements. Thick-restart Lanczos is a popular restarted variant
because of its simplicity and numerically robustness. However, convergence can be slow for highly
clustered eigenvalues so more effective restarting techniques and the use of preconditioning is needed.
In this paper, we present a thick-restart preconditioned Lanczos method, TRPL+K, that combines
the power of locally optimal restarting (+K) and preconditioning techniques with the efficiency of the
thick-restart Lanczos method. TRPL+K employs an inner-outer scheme where the inner loop applies
Lanczos on a preconditioned operator while the outer loop augments the resulting Lanczos subspace
with certain vectors from the previous restart cycle before it restarts. We first identify the differences
from various relevant methods in the literature. Then, based on an optimization perspective, we show
an asymptotic global quasi-optimality of a simplified TRPL+K method compared to an unrestarted
global optimal method. The theory applies also to LOBPCG as a special case. Finally, we present
extensive experiments showing that TRPL+K either outperforms or matches other state-of-the-art
eigenmethods in both matrix-vector multiplications and computational time.

1. Introduction. The numerical solution of large sparse symmetric eigenvalue
problems is one of the most computationally intensive tasks in applications ranging
from structural engineering, quantum chromodynamics, material science, dynamical
systems, machine learning and data mining, to numerical linear algebra [9, 30, 38, 43,
46, 45, 44, 14, 12]. Depending on the application, one may be interested in computing
a few of the smallest or largest eigenpairs, or some eigenpairs in the interior of the
spectrum. The challenge is that the size of the eigenproblems in these applications is
routinely O(107 — 10?) [25]. Due to memory and computational constraints, iterative
methods that rely on sparse matrix-vector products are the only practical solutions.

We are interested in finding the smallest eigenvalues and associated eigenvectors
of the pencil (A, B) when A, B € R"*" are large, sparse symmetric matrices,

(11) Av; = \;Bu;, 1=1,...,p, p<Kn,
where B is positive definite, [v1,...,vp] € R"*P is a B-orthonormal set of eigenvectors
and Ai,..., A, are the corresponding eigenvalues of (A, B). For simplicity, we first

discuss our method in the context of the standard eigenvalue problem (where B is the
identity matrix) but we extend it to the generalized problem later.

Variants of Krylov subspace methods have long been used to address large-scale
eigenvalue problems [18, 26, 27, 28, 15]. The unrestarted versions of Lanczos and
Arnoldi are considered optimal methods because they obtain their solutions over the
entire set of matrix polynomials with degree up to the number of iterations. Yet, for
difficult problems they require too many iterations to converge, resulting in impracti-
cal memory and computational demands. Researchers have sought to alleviate these
problems with restarting and preconditioning.

Restarting interrupts the iteration, computes the current approximations and
uses them to start a new iteration. The pioneering implicitly restarted Arnoldi and
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Lanczos (IRL) methods perform this in a way so that the restarted vectors continue
to form a Krylov subspace [32, 2]. The thick-restart Lanczos (TRLan) method [21, 42]
is equivalent to IRL but simpler to use and numerically robust. However, when the
desired eigenvalues are poorly separated from the rest of the spectrum, restarting
causes further deterioration of convergence that thick-restarting cannot fully recover.
Locally optimal restarting is a technique that can result in near optimal convergence
when combined with thick-restarting or block methods [16, 35, 33]. The technique
is also known as +K restarting which is more descriptive of the number of locally
optimal restarting directions we keep. The resulting methods, however, do not form
Krylov spaces and cannot use efficient constructing strategies such as the Lanczos
three-term recurrence.

Near optimal restarting techniques alone cannot address the slow convergence
caused by poorly separated eigenvalues, a fact that often appears in real applications
[47, 41]. Shift-invert transformations require matrix inversions and are typically ex-
pensive, which we do not consider in this paper. Instead we focus on methods that
use inezxact inverses, or preconditioning, to accelerate convergence. The Davidson and
its extension the Generalized Davidson (GD) method are prototypical preconditioned
methods [5, 22, 4, 34]. At every step they apply the preconditioner to the current
eigenvalue residual to extend the search space in a similar fashion to Arnoldi but pro-
ducing a non-Krylov space. The Jacobi-Davidson method (JD) [31] is a special case
of GD where the preconditioner is performed with an appropriately projected precon-
ditioned linear system solver. GD can also use thick and locally optimal restarting,
a method called GD+K [35]. Note that this type of eigenvalue preconditioning can
be considered as a step of an optimization method [8]. Such a view is followed by
the Locally Optimal Block Preconditioned Conjugate Gradient method (LOBPCG)
[16] which forgoes the subspace acceleration of GD+K for a block three term re-
currence. The search spaces of the above methods are not Krylov, which results in
two disadvantages: expensive iteration costs (Rayleigh-Ritz projection at each inner
step) and selective convergence to a particular eigenpair. The Preconditioned Lanc-
zos (PL) [23] and the inverse free preconditioned Krylov subspace method (EiglFP)
[10] build a Krylov space of the preconditioned matrix and thus avoid the expensive
iteration costs. Although the preconditioned matrix has different eigenvectors than
(A, B), the methods invoke the Rayleigh-Ritz projection of the original matrices onto
a preconditioned search subspace, and can converge to one eigenpair at a time.

In this paper, we propose a Thick-Restart Preconditioned Lanczos+K method
(TRPL+K) to address the aforementioned problems. TRPL+K includes all three
major building blocks: thick-restarting, locally optimal restarting, and precondition-
ing. Unlike GD+K, however, it employs a Krylov inner iteration based on TRLan to
build the search space, thus avoiding the expensive Rayleigh-Ritz procedure at every
step and requiring about half the memory. It also differs from JD, since it stores
the entire Krylov space. Alternatively, TRPL+K can be considered as an extension
to EiglFP (or PL) with thick and locally optimal restarting, thus offering significant
speedups. We provide a convergence analysis of a simplified version of TRPL+K from
the perspective of optimization, showing an asymptotic global quasi-optimality of the
method compared to an ideal unrestarted global optimal method. This complements
some limited earlier theoretical results on the convergence of the +K technique in
LOBPCG and GD+K [16, 35]. Extensive experiments demonstrate that TRPL+K
either outperforms or matches other state-of-the-art eigenmethods in both matrix-
vector multiplication counts and computational time.
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In Section 2 we develop a background framework on which to compare existing
and proposed methods. In Section 3, we present our method for the standard eigen-
problem. Section 4 considers a simplified version of the algorithm for the generalized
eigenproblem and develops a convergence analysis. Section 5 compares the efficiency
and effectiveness of TRPL+K with other methods through experiments.

2. Background and Related Work. Since restarting techniques are the pri-
mary concern of this paper, we focus our background section on a common framework
in which we can describe most current eigenmethods as well as the proposed one.

2.1. Thick Restarting, Locally Optimal Restarting, and Precondition-
ing. The unrestarted Lanzcos method converges optimally in terms of the number of
matrix-vector multiplications because it dynamically builds the optimal polynomial
through an efficient three-term recurrence. In practice, rounding errors cause loss of
orthogonality to previous Lanczos vectors, so we typically store all the Lanczos vectors
and perform selective or partial re-orthogonalization [29, 9]. Restarting is intended to
reduce the storage requirements and computational cost of orthogonalization. After a
maximum number of iteration vectors are stored, we compute the best desired approx-
imations and restart. While limiting storage and computational costs per iteration,
restarting inevitably impairs the optimality of unrestarted Lanczos since it discards
part of the information. Various techniques [24, 35, 33, 16, 20] attempt to partially
recover the lost information due to restarting.

Implicit restarting [32] performs this by dumping unwanted components (typically
unwanted Ritz vectors) by applying the implicitly shifted QR. However, this technique
is complicated to implement in a stable way [13]. Thick restarting is mathematically
equivalent to implicit restarting [36, 21] yet it is easier to implement in a stable way
in the Lanczos [42], Arnoldi [21], and GD methods [36]. Thick restarting directly
keeps the wanted Ritz vectors instead of dumping the unwanted ones from the basis.
Moreover, with thick restarting it is straight-forward to add arbitrary (non-Krylov)
vectors to the restarted space. This is a key feature for our proposed method where
we augment the restarted space with Ritz vectors from a previous cycle. Due to
simplicity, numerically stability, and flexibility, thick restarting has been applied to
various Krylov and GD (or JD) type methods for both eigenvalue and SVD problems
[42, 21, 40, 19, 31, 36, 33, 1, 45)].

The locally optimal restarting technique has been studied under different names
in the literature such as locally optimal recurrence in LOBPCG [16], +K restarting in
GD+K [35, 33], and Krylov subspace optimization [20]. There are different ways to
justify the use of this technique. One is from an optimization viewpoint that extends
the non-linear Conjugate Gradient (CG) method for optimizing the Rayleigh quotient
by performing a Rayleigh Ritz on the three successive iterates. Another viewpoint
is that three successive Lanczos iterates are sufficient to guarantee full orthogonality
of the space. Yet another viewpoint relates the Lanczos iterates to the ones from a
three term recurrence of the linear CG on the Jacobi-Davidson correction equation.
Regardless of the viewpoint, the idea of using Ritz vectors from both the current
and the previous iteration has given rise to methods that converge near-optimally for
seeking one eigenpair under limited memory, especially when combined with block
methods or thick restarting [16, 33]. Rigorous analysis, however, has been difficult.
In [35] the last viewpoint was analyzed providing some bounds on how well the locally
optimal restarting matches the effects of a global optimization over the unrestarted
space. In this paper, we provide an optimization viewpoint analysis that establishes
the asymptotic global quasi-optimality of our new method by quantifying the relative
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difference between the locally and a globally optimal Rayleigh quotients.
Preconditioning (inexact shift-invert) is crucial to improve the convergence of all
these methods. For large problems, as exact matrix factorizations are prohibitive or
infeasible, we focus on preconditioners such as incomplete ILU or LDL factorization
[10]. Although GD (or JD) type methods use a preconditioner to build a general,
non-Krylov subspace, a few methods have been proposed to exploit a preconditioned
Krylov subspace [10, 23, 40]. This paper further explores this line of research.

2.2. Comparison of Subspaces of Various Methods. We use the following
notation. A cycle refers to all the work a method performs between restarts and is
denoted by a subscript. When present, a second subscript refers to the eigenvector
index, e.g., x; 2 is the approximate eigenvector for the second smallest eigenvalue at
the end of cycle i. A matrix or block of vectors followed by parenthesis uses MATLAB
index notation. At restart, thick restarting keeps at least the p wanted Ritz vectors.
A method then continues building a basis U with m new vectors, which differentiates
most methods. In +K restarting, U is then augmented by [ Ritz vectors from the
previous step (which previous step depends on the method). Thus, at the end of the
i-th outer cycle, the basis is U € R"*%, where ¢ = p+m+[ is the maximum basis size.
For a given shift p, let A, = (A — pI), A, = L7'(A — pI)L~", and a preconditioner
M = L TL7' ~ (A — pI)~!. The shift is usually the Rayleigh quotient for some
approximate eigenvector x, p(z) = m;‘i””. We use the Rayleigh-Ritz (RR) procedure
to extract approximate eigenpairs from span(U). K,,(A,uq) refers to the Krylov
subspace of dimension m of A with initial vector u.

Thick-restart Lanczos [42] is mathematically equivalent to implicit restarted Lanc-
zos. At the end of the i + 1 cycle, it forms a space Kpgy which includes the p wanted
Ritz vectors obtained by RR at the end of the i-th cycle, and m additional Lanczos
vectors starting from the last Lanczos vector r = u; pym+1 of the i-th cycle.

2 m—1
(2.1) Krgr =span{ ©;1,%i2,. .., Tip, 1 Ar, A%r, .. JA™ 2}

Wanted Ritz vectors Lanczos iterations

Krgrr always remains a Krylov space, but it allows for a more efficient implementation
than the implicitly restarted Lanczos. Thick-restart Lanczos is the only method we
consider that cannot use preconditioning directly, but only through shift-invert.

LOBPCG [16] forms a subspace K, at the end of cycle i + 1 from which it will
use RR to compute p approximate eigenpairs. The subspace is built by the following
locally optimal recurrence with m = p =1,

(22) KL :span{ i1y Li,25 -+ Lip, MT‘l,MTg,...,M’I“p, LTi—1,15---5,Li—1,p }

Wanted Ritz vectors Preconditioned residual vectors Previous Ritz vectors

where z; ; is the j-th Ritz vector from cycle 4, {r;} is its residual, and z;_; ; is the
corresponding Ritz vector from cycle i —1 1. Note that {Mr;} are typically computed
in a block form, not one at a time through an inner iteration.

GD+K [35, 33] is an extension of GD where, at restart, [ number of previous Ritz
vectors are used to augment the thick restarted basis. Thus at the end of cycle ¢ + 1
the subspace of size ¢ is

(2.3) Kg=span{ z;1,...,%Zip, Mrgp),...,Mrgp—‘_m_l), x(q_l),...,:cgfll_l) .

i,1

Wanted Ritz vectors Preconditioned residual vectors Previous Ritz vectors

10One could use search directions instead of previous Ritz vectors for better numerical stability
as suggested in [16, 17], but both variants essentially construct the same subspace.
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(g—1)

Here, z; ; and x;;  are the Ritz vectors computed at cycle ¢ from the spaces K¢

with size(Kg) = q and size(Kg) = q — 1, respectively. r0) denotes the residual
vector of the targeted Ritz vector a:z(-il)l at inner iteration j — p + 1 of the current
cycle i + 1, i.e., when size(Kg) = j. Without preconditioning (M = I) and with
Il = 0, GD+K is equivalent to thick-restart Lanczos. When m =p =1 =1, GD+K
is equivalent to the locally optimal preconditioned conjugate gradient (LOPCG, or
LOBPCG with p =1). A block version of GD+K is also possible.

Preconditioned Lanczos (PL) [23] employs a preconditioned Krylov inner iteration
on /Tp = L7 Y(A—pI)L~T to build a basis G of Kp in (2.4), applies the RR. of /Tp onto
G to find a primitive Ritz pair (6,y), and converts the Ritz pair back (p+ 6, L~TGy)
for the original eigenvalue problem. Additional eigenpairs are found one at a time.
The size m of the Krylov space varies dynamically.

(24)  Kp=span{ LTw;;, AL 1), A2(L72;1),..., A0 (L 2;4) }.
N—_———

‘Wanted Ritz vector Lanczos iterations

Without preconditioning PL is an explicitly restarted Lanczos with one vector (i.e.,
no thick restarting).

The inverse free preconditioned Krylov subspace method (EigIFP) [10] produces
the same approximations as PL in exact arithmetic, but the application of the pre-
conditioner does not have to be in factorized form. The basis V of the search space
K built by EigIFP is related to the PL’s basis as U = L~7G. RR is performed by
projecting A, = A — pI onto U, yielding the approximate eigenpair (p+6,Uy). Since
all vectors are stored, m = ¢ — 1. Otherwise, EiglFP has the same limitations as PL.

(2.5) Kr = span{ Ti1, MAywi1, (MA)zi1,...,(MA,) "z }.
~—~
‘Wanted Ritz vector Lanczos iterations

The GD+K method typically demonstrates faster convergence than the rest of the
methods in terms of number of matrix-vector products because it combines both thick
and locally optimal restarting and uses subspace acceleration to obtain the “best” Ritz
vector at every inner iteration to improve by preconditioning. However, the faster
convergence of GD+K is at the cost of applying more frequent Rayleigh-Ritz (RR)
procedure, which could be a quite expensive operation when the subspace is large
[39]. Therefore, it is unclear if the GD+K method is still the method of the choice
in terms of the runtime when the matrix-vector operation is inexpensive. For large
numbers of well separated eigenvalues, however, a block method such as LOBPCG,
could also be competitive. On the other hand, PL and EigIFP can generate the inner
Krylov space without the overhead of multiple RR projections required by GD+K.

3. Thick-Restart Preconditioned Lanczos +K Method. The motivation
of our proposed TRPL+K method is to extend the computationally efficient EiglFP
method with the thick and locally optimal restarting techniques of GD+K. It can
also be viewed as an extension of thick-restart Lanczos to allow for locally optimal
restarting and preconditioning. We note that the JD method with CG as inner itera-
tion and GD+K as the outer method is even more computationally efficient per step
because the inner Krylov space does not need to be stored. However, the result of
CG is a correction to a single Ritz vector that does not benefit convergence to nearby
eigenpairs, which is left to the subspace acceleration of the outer iteration. With
TRPL+K we hope that the inner iteration generates useful correction information to
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all p required eigenvectors. For simplicity, we describe the method in detail for the
standard eigenvalue problem only.

Extending EiglFP to include thick restarting is rather straightforward. Without
preconditioning, the K space in (2.5) is a Krylov space so it can be restarted as in
thick-restart Lanczos (2.1). With preconditioning, K is still a Krylov space but of
the preconditioned matrix M (A — pI). Note that if p differs between cycles so do the
matrices of the corresponding Krylov subspaces. At the end of cycle i + 1, the RR
must be performed on matrix A or A, = A — pI to compute the new Ritz vectors
Xit1 = [®i+1,1,- -+ Tit1,p). This implies that the thick restart vectors X; used in the
basis of cycle i + 1 do not form vectors of a Krylov sequence. After restart, we have
T = XTAX; = diag([0;,1,-..,0ip]), but we cannot use the TRLan relations for the
subsequent Krylov vectors.

To efficiently build such an augmented Krylov space we can use a technique based
on an FGMRES like method [3] or on the GCRO method [6, 7]. We have followed a
GCRO like method to build a Krylov basis G;+1 orthogonal to X; = [x;1,..., i,
i.e., we build span(Git1) = Ky, (I — X; X )M (A — pI), (I — X; X )Mry), with ry =
(A—pI)z; 1. This allows us to build the projection matrix T = [X;, Giy1]" A[X:, Git1]
without additional matrix-vector products. At step j of the inner Krylov method,
before we compute G;11(:,j + 1) we compute

z=AGi+1(:,7)
(3.1) T(l:p,p+j) =Xz
T(p+1:p+jp+j) = Gin(1:5)" 2

Then, we continue with the inner method Gj11(:,j + 1) = (I — X; X )M (2 — pz;.1).

Employing locally optimal restarting to the above thick restarted preconditioned
Lanczos (TRPL) is more involved. At cycle i+ 1, after the inner method concludes its
m steps, we perform RR to obtain X;;1 using the space U;1(:, m+p) = [X;, Git1]-
We want to augment this space with some ‘previous’ directions, X?". A choice
similar to GD+K does not work. GD+K uses as XP"®¥ the Ritz vectors from the
penultimate step of the Krylov method before restart, i.e., the Ritz vectors from the
subspace U;(:;,1:p+m — 1) = [X;_1,G;(:;,1:m — 1)]. The idea is that the optimal
projection over U;(:,1:p+m+ 1) (i.e., the next step of the unrestarted method) can
be approximated through the Ritz vectors of the last two iterations and the residual.
But our method does not optimize over the XP"*¥ directions to expand the basis at
cycle ¢ 4+ 1; it builds a Krylov space.

If we assume that our inner method was a polynomial returning only one vector
s(A)r1 (not the entire G,y space of size m) to be used in the outer RR and that
we were seeking p = 1 eigenpair, the outer method would be similar to LOBPCG on
the operator s(A). For this operator, the choice for locally optimal restarting would
be XPr¢¥ = X,_4, i.e., the Ritz vector at the beginning of the previous cycle. We
take the liberty to use LOBPCG’s choice XP"*Y for our method, which we now call
TRPL+K. The space at the end of cycle i + 1 should include X;, G;11, and X;_1.

The order of the three blocks in the search subspace deserves a careful discussion.
Since X; is produced from a basis that includes X; 1 at cycle 4, it is possible to
orthogonalize the two sets implicitly and compute their interaction on the projection
matrix T;41 without matrix-vector products. Then, by augmenting our space not only
with X; but with span([X;, X;_1]), we could build G, as described above. However,
we noticed experimentally that this choice does not perform well.
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We observed much better convergence if the previous vectors X;_; were included
in the basis after G;1 was computed. The disadvantage is that X;_; has to be
explicitly orthogonalized against the rest of the basis vectors and [ matrix-vector
products have to be performed to compute the resulting T'. However, the relative
expense is small for large m (inner iterations), and typically [ = 1 gives very close to
optimal convergence while more previous vectors give little additional improvement.

We can now describe the space that TRPL+K builds. Let X; = [zi1,...,Zip)s
C=(I-X;XI'M(A—p;I), and u; = Cz; 1. Then, at the end of cycle i+1 TRPL+K
computes the Ritz vectors from the subspace

m—1
(32) KTRPL+K:span{ xiyl,...,:ciyp ul,Oul,...,O U1 1171'7171,...,.361',171 }

Wanted Ritz vector Lanczos iterations Previous Ritz vector

Algorithm 1 summarizes TRPL+K for finding p smallest eigenpairs of A. For sim-
plicity we also let the minimum thick restart size be p. However, the algorithm can
thick restart with any size p > p. Note also that the preconditioner M may change
at every cycle with the goal to approximate (A — p; 1)~

Finally, we note that the algorithm can be easily extended to the generalized
eigenvalue problem, Av = ABv with B symmetric positive definite. We forego this
description for simplicity. The analysis in the next section is based on a simplified
version of our algorithm for the generalized eigenvalue problem, aiming to compute
only the lowest eigenpair (A1,v1) (p = 1), replacing the previous Ritz vector x;_1 1 in
(3.2) with a search direction connecting x;_1 1 and ;1 in two consecutive cycles. We
show the algorithm with soft locking but hard locking can also be applied.

Algorithm 1 Thick-Restart Preconditioned Lanczos +K method

Input: matrix A € R"*", preconditioner M &€ R"*", p the number of desired
eigenpairs, X = [z1 ... xp] any available initial approximations to the p eigenpairs,
I;-TIJ' = §;;, maximum basis size ¢, maximum number of retained previous vectors
[, maximum number of cycles mazIter
Output: approximate eigenvalues 61, ...,0,, and eigenvectors z1,..., zp.
1: Perform RR on the orthonormal set U = X = [x1,...,z,], T(1:p,1:p) + XTAX
2: Let YOYT = XTAX be the eigen-decomposition of X7 AX. Reset U, X < UY
(the p Ritz vectors) and T < ©. Set target t = 1, p « a7 Ax;, XP" + []
3: for k =1: maxlter do
4:  Use Lanczos (3.1) to generate G containing the orthonormal basis vectors for
Ko (I = XXTYM (A — pI),u1) and the projection T(1:p+m, p+ 1:p+m)

5. Set U(s,1:p+m) « [X,G]

6: if k> 1 then

7: Orthogonalize X"V against U(:,1:p + m) to build U(:,p+m + 1:q)
8: Compute the remaining 7" such that T = UT AU

9: end if

10: XPrev = [ a2l [me, .., 2e0-1] (up to a min(t +1—1,p))

11:  Compute eigenpairs of T, T = YOY T and Ritz pairs: (0;,2; = UY(:,4))
12: if ||A117t — HtxtH S ¢ then

13: flag (6, x¢), remove )"’ from X7’  and advance target t =t + 1
14:  end if

15 Set p+ 0, U(:,L:p+1) « [UY(:,1:p), M(Azy — px4)], X =U(:,1:p)
16: end for




4. Asymptotic Convergence Analysis of a PL+1 Method. In this section,
we consider a preconditioned Lanczos+1 method (i.e., TRPL+K with p = 1 =) for
computing the lowest eigenpair (A1, v1) of (A, B), establishing an asymptotic global
quasi-optimality of the method.

4.1. Preliminaries. Consider the matrix pencil (A, B), where A, B € R»*™ are
symmetric, typically large and sparse, and B is positive definite. Let A\; < Ay <
. < An and {v;} be the eigenvalues and eigenvectors of the matrix pencil, such that
A’Ui = AZ‘B’Ui, (Ui,’Uj)B = U;rB’Uj = 5ij7 H’UlHB = 1, 1 S Z,j S n.
Let x be an approximation to v;, the eigenvector associated with the lowest
eigenvalue A\, with the decomposition

(4.1) x =wvycosf + fsinf, where 6 #0, f L Buy, and ||f||g = 1.

1 1
This suggests that ||z|p = (27Bz)* = (||v1]%cos?0 + || f|%sin®0)® = 1. Since
f L Buy, it has the form f = 377, s;v;, where the scalars {s;}7_, satisfy ZJ 287 =
" v = = 1. The Rayleigh quotient of x is hence
> i—a s3llvils = 17115 yleigh q
p(z) = LAz — ¢ T Ay = vl Avy cos? 0 + fTAfsin® @ = A cos? 0 + p(f) sin? 6,

zT Bx

where p(f) = ng§ = [TAf =X7 5520 € g, M.

PROPOSITION 4.1. Let x be a vector with ||z|p = 1. The gradient and the
Hessian of %p(x) with respect to x, respectively, are

(4.2) V%p(z) = ﬁ (A —p(x)B) x = Az — p(z)Bz, and
V2 30a) = o { A= s - pla) o) (Bo)" = B (Ax — p(a) )" |
(4.3) = A — p(x)B — 2(Azx — p(z)Bx)(Bz)T — 2Bz (Az — p(x)Bz)T.

Proof. Done by letting T'(p) = pB — A in [37, Proposition 3.1]. O
For small 6, p(x) is a second order approximation to Ay, i.e.,
(4.4) pl) = M = sin 0(p(f) — A1),
and hence V%p(:z:), i.e., the eigenresidual associated with x, is

Az — p(x)Bx = (A — p(x)B) (v1 cosf + fsinb)
= (M — p(z)) cosBv; +sinf (A — p(x)B) f
= s1n9[2j 5 55 (Aj — p(@))Buj — sinfcos0(p(f) — A1) Bui].

Since A1 < Az and Y77, s5 =1, Af — p(x)Bf = > i—a8i(Aj — p(x))Bv; will not
vanish as # — 0 and p(xz) — A;. Therefore, for sufficiently small 6,

(4.5) (1 =6)sin0[|Af — p(z)Bf|| < [|[Az — p(x)Ba| < (14 6)sinb[|Af — p(z) Bf]|

for some small 6 > 0 independent of 0, or simply ||Az — p(x)Bz| = O(sin0).
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4.2. A preconditioned Lanczos+1 method. The framework of a precondi-
tioned Lanczos+1 method is summarized in Algorithm 2. This is a special case of
Algorithm 1 for p = [ = 1 but extends it to the generalized eigenvalue problem.
It can also be considered an extension of the PL method enhanced with the search
direction adopted in LOPCG. It is important to note that when X is a single vec-
tor, [Xg,Grs1] in (3.2) is a Krylov space and span{zg1,u1,Cus,...,C"™ tu;} =
span{zy 1, Axp1,... A"z 1} (see Lemma 4.1 in [35]). Since we only look for one
eigenvalue, in the rest of this section we drop the second subscript notation, and use
the subscript k£ to represent the cycle. Hence the simpler form in Algorithm 2.

Algorithm 2 Preconditioned Lanczos+1 method for computing (A1, v1) of (A, B)

=

: Choose an SPD preconditioner M ~ (A—oB)~! (0 < A1), tolerance § > 0, m > 0
T
: Choose vector zg with ||zo| g = 1, set po = 20 A%0 and o = (A — poB)xp.

2 X Bxg

3: for k=0, 1, ..., until the convergence, i.e., |(\)rk|| <d do

4:  Form G}, containing B-normalized basis vectors of MK, (A — prB)M, )
— span { M(A = piB)a, IM(A = peB) @, .. [M(A = 1 B)]" i}

5.  Form Qp = { E:: g:],pkq] EZ i 8; , perform the RR projection and

solve QT AQrw = pQT BQjw for the lowest primitive Ritz pair (py, wy).
6:  gr= Grwg(2:m+1)
ng_kak_{kak(l)—i—gk ,(if k=0)
rrwr(1)+ gr+ pe—1wi(m+2), (if k£ > 0)’

T
Th 1 ATk

T
Th4+1 = H@fﬁv Pk+1 = ol Bari’ and req1 = (A — pr1B)Tr1.
_ { g (k=0) -
7 Pk = Dy 1(A—pr_1B)gk , Pk = I .
_ prllB
9k p{,l(A—pkle)pkflpkfl (k Z O)

8: end for

In each outer iteration k (k > 0), at steps 4 and 5, an augmented Krylov subspace
range(Qx) = span{zi} + MKy ((A — prB)M, i) + span{pr1}, i,

(4.6) K1 (M(A = peB), x1) + span{pe—1}

is formed as the subspace for the RR projection. Algorithm 2 is slightly different
from the variant used in practice at step 7, where a commonly adopted approach sets
Pk = gk + pr—1wk(m + 2), using the (m + 2)nd element of primitive Ritz vector wy, as
the coefficient for py_1. Our choice of such a particular linear combination makes it
easy to show the near conjugacy between pr_1 and py.

We present a preliminary convergence result for Algorithm 2, which is essentially
a restatement of [10, Theorem 3.4]. Here we incorporate preconditioning and note the
fact that the space for projection used in [10], K41 (M (A — piB), x1), is a subspace
of the one constructed by Algorithm 2 in (4.6).

THEOREM 1. Let A\ < A2 < ... <\, be the eigenvalues of (A, B), (pk,zx) be the
k-th iterate of Algorithm 2, and LDLT ~ (A — pxB) a preconditioner where D is a
diagonal matriz of +1 elements. Assume that Cy = L™ (A—ppB)L™7 has eigenvalues
o1 < 03 < ... < oy, and satisfies Cruy = oruy with ||uilla = 1. If A < pr < Ag,

2 3 IL—'BL~T|
then pry1 — A1 < (pr — M)em, + (k. — A1) % em (7

o2
9

1
)2+6k, where 0 < 0 =



Pk—/\l‘f'm =0 ((Pk - )\1)2): and €y, = mian'Pm,p(G'l)Zl maxa<i<n Ip(o4)l,
with Py, denoting the set of all polynomials of degree not greater than m.

Remark. The value of ¢, depends on the quality of the preconditioner M ap-
proximating A — pyB. If M = A — 0B, then (A — pyB)V = BV(A — piI) and
MV = BV (A —oI), where A = diag()\q,...,\,) is the diagonal matrix of the eigen-
values of (4,B) and V = [v1,...,v,] contains the corresponding eigenvectors. It
follows that M (A — pxB)V = V(A — oI)" (A — pI). That is, v; is an eigenvector of
M (A — ppB) associated with eigenvalue o; = % Since C, = L™Y(A — pp B)L™T
and L~TL~1(A— pyB) have identical spectrum, o; is also an eigenvalue of Cj. There-
fore, if o and pi are close to Ay, then o9,...,0, are all close to 1, and hence
€m = Milyep, | p(or)=1 MaXa<i<n [P(0;)| would be fairly small with a small value of
m, indicating a fast rate of convergence in outer iteration.

4.3. Global quasi-optimality. Theorem 1 shows that Algorithm 2 converges
at least linearly with an asymptotic factor no greater than €2,. Our goal is to explore
the role of the search directions pj (the ‘+1’ strategy), which helps the algorithm
achieve a greatly improved convergence rate associated with global quasi-optimality.
The global quasi-optimality is defined as follows.

DEFINITION 4.2. Consider an iterative method for computing the lowest eigenpair
(A1,v1) of a real symmetric matriz pencil (A, B) with positive definite B. Let xo be
the starting vector, xy, be the approximation obtained at step k, and 0y, = Z(xk,v1)p =

BN
of increasing dimension, such that for each k > 1, xz € Uy, and U; C U; for all
T
Th

cos be the error angle of x. Let U1,Us, ... be a sequence of subspaces

1 <i<j. Let y; € Uy be the global minimizer of the Rayleigh quotient p(z) =
in Ug. Then the iterate xy achieves global quasi-optimality if

=0.
b0 plar) — A

4.3.1. Linear convergence assumption. To show the global quasi-optimality
of Algorithm 2, we first make an assumption of its precisely linear convergence.

ASSUMPTION 4.3. Assume that Algorithm 2 starting with initial p(xo) € (A1, A2)
converges precisely linearly (not superlinearly or faster) to \i; in other words, there
exist constants 0 < & < & < 1, independent of the progress of Algorithm 2, such that

(4.8) i M) < p—M < (pj — A1), forall 0<j <k

The assumption on the existence of a lower bound § on the convergence factor is
realistic. Given M ~ (A — oB)~! with a fized o < A1, and a fized dimension m of
the preconditioned Krylov subspace, extensive experiments suggest that Algorithm 2
exhibits simply linear convergence as the outer iteration proceeds.

Assumption 4.3 has an equivalent form in terms of angles. Consider two iterates
xz; =vi1cosl; + f;jsinf; and x = vy cos Oy, + frsinby, 0 < j < k, where f;, fr L Bvy,
1filB = llfkllz = 1, and |lzj|p = [|zx|lp = 1. From (4.4), we have (4.8) equivalent
to €77 sin? 0;(p(f) — M) < sin O (p(fr) — M) < €79 sin® 0;(p(f;) — M), e,

k—j — . . =k—j _ .
(4.9) \/g J % sinf; < sinf, < \/E % sin6;.
10



4.3.2. Relevant spaces. To study the global quasi-optimality, we define

(4.10) Wi = span{go, ..., gk—1} = span{Mdy, ..., Mdy_1}, where
d¢ € Ky (A= peB)M,1g), and
(4.11) Uy = span{xzo} + Wy.

LEMMA 2. For all k > 1, Wy, = span{py, ...,pr—1} and x € Ux. The proof is
straightforward by induction and omitted. Next, we make an important assumption
about Wy, for the subsequent analysis.

ASSUMPTION 4.4. Assume that there is a constant 6 > 0, independent of 6y =
Z(xg,v1)B, such that Z(vy, W) > 6 for all k > 1.

Remark. The above assumption is guaranteed to hold if the preconditioner M is

T
equipped with the projector P = I — %. That is, let M = PT M P be the precon-
0

ditioner for Algorithm 2, such that range(M') = (span{Bzo})". If z¢ is sufficiently
close to vy, then Wy C range(M') ~ span{vs,...,v,}, and hence £ (v, Wy) > 6. The
Jacobi-Davidson method uses this strategy to enhance the robustness convergence.

4.3.3. Preliminary results. We present a few preliminary results useful for the
proof of the main theorems in the next section. For the sake of readability, we move
most of the technical proof of our results to the Appendix.

LEMMA 3. Let x = vy in (4.1), and p be a descent direction for p(x) such that
(p, Vp(x)) < 0. Assume that there exists a § > 0 independent of 0 = Z(x,v1)p, such
that p(p) —p(x) > 6. Then the optimal step size a* minimizing p(x+ap) is the unique
or the smaller positive root of a(xz,p)a® + b(x,p)a + c(x,p) = 0, where

(4.12) a(z, p) = (p" Ap)(p" Bx) — (p" Bp)(p" Az) = Ipl3z" (A — p(p)B)p,
b(x,p) = (p" Ap)(«” Bx) — (p" Bp)(z" Ax) = ||z|p" (A — p(2)B)p
= ||=1BllpllE (p(p) — p(z)) = [lzl|5]IpII50 > 0, and
c(x,p) = (p" Ax)(z" Bz) — (p" Bx)(a" Az) = ||z 3p" (A — p(z)B)z < 0.

LEMMA 4. Let x be an approzimation to vy with decomposition (4.1), p be a
descent direction for p(x), and &6 > 0 be a constant independent of 0 = Z(x,v1)p,
such that p(p) — p(z) > 6 > 0, and a* the optimal step size minimizing p(z + ap).
Then for sufficiently small 6, with a,b and ¢ defined in (4.12),

2 3 2 3

55— 8 + () : 5 — 8 + )

. 2 w112 Sp(x+o¢p)—p(z)§ 2 112
min{||z||%, |z + a*pll3} max{||z||%, |z + o*pl|E}

and hence p(z + o*p) — p(z) = —O(sin® 0)O( cos? Z(p, Vp())).

LEMMA 5. Let 5 > 0 be fized, and k > j be a variable integer. Consider two
iterates x; = vicost; + f;sinf; € Uj, x = vicosOy + frsindy € Uy computed by
Algorithm 2, where fj, fi L Buy, |fills = fells = 1, llzjllz = [[zkllp = 1, with
sufficiently small 05,0y such that p(zi) < p(x;) < Aa. Consider a decomposition

(4.13) Tk = BikTi + VjkGjk:
with Bik, vk >0, lgjkllp =1, gj € span{pj—1,9;,...,gk—1} (j > 0) or gox € Wi =
span{go,...,gk—1} (j = 0). Under Assumption 4.4, let pjr = ngkaj, and we have

. 1 .
(4.14) i = O(sinb;), Bjx = 1 — pjnvjn — 5(1 — 1575 + O(j) = 1= O(sin ;).

11



4.3.4. Main theorems. We are ready to prove the global quasi-optimality of
Algorithm 2. To this end, we will show the following results step by step.

1. If the search directions {py,...,px} of Algorithm 2 are approximately conju-
gate, then xy11 € Uk is sufficiently close to the global minimizer in Uy
as long as x € Uy, is sufficiently close to the global minimizer in Uy;

2. Any two consecutive search directions pi_1 and py are approximately conju-
gate, and so are py and py (hence, x3 is globally quasi-optimal);

3. If x, is globally quasi-optimal, then rj is nearly orthogonal to Wj; in fact,
limg,—,0 cos Z(r, W) = 0 (we can hence define cos Z(r, Wk)‘eozo =0);

4. Assume that cos Z(ry, Wy) is differentiable at 8y = 0. If z;, € Uy is glob-
ally quasi-optimal, then pj, is approximately conjugate to {po,...,pr—1}, and
hence z41 € U4 is also globally quasi-optimal, as a result of induction.

First, we show that a set of approximately conjugate search directions guarantee
that the quality of the iterate of Algorithm 2 at (outer) step k for approximating the
corresponding global minimizer can be extended to step k 4+ 1 with a possible very
small deterioration on the order of O(sin 6y1)O(sin? ).

THEOREM 6. Let {xy} be the iterates of Algorithm 2, ri, = (A — p(ai)B)xy the
residual, and {pi} the B-normalized search directions. For a given k > 0, consider
all vectors of the form z = y + apr € Ugq1, where y = Byxo + Yygy € Ur with
lvlls = llgylle = 1, and g, € W, satisfying p(z) < p(y) < p(xo). Assume that {px}
are pairwise approzimately conjugate, i.e., pt (A—p(zy)B)p; = O(sinb;) (0 < j < k).
Let y* and z* be the global minimizer of p(-) in Uy and Uyy1, respectively. Then

p(eri1) = p(z*) < p(xr) = ply*) + O(sin Og11)O(sin® by ).

To prove the global quasi-optimality of Algorithm 2, it is hence crucial to show
that the B-normalized search directions are pairwise approximately conjugate, i.e.,

Pk (A — p(ax)B)p; = O(sin ;)

for all integers 0 < j < k. To achieve this, our second step is to show that any two
consecutive search directions pi_1 and pj are approximately conjugate, and so are pg
and po. We will establish the complete near conjugacy in Theorem 10.

LEMMA 7. The B-normalized search directions of Algorithm 2 satisfy

P (A — p(zy)B)pr—1 = O(sin® Ox_1) for all k> 1.

To show the complete near conjugacy pZ (A — p(zy)B)p; = O(sinb;) for all 0 <
j < k, we make an assumption about gi € MKC,, (A — pxB)M, ) as follows.

ASSUMPTION 4.5. Let g, = Mpi,’j),l((A — peB)M) 1y, at step 6 of Algorithm 2,
(k)

where p,,” ;1 s a polynomial of degree no greater than m—1 with real coefficients. With
a sufficiently small g = Z(x0,v1) B, assume that for all 0 < j < k,

Mp® (A= puB)M) = Mp?_ | (A — p; B)M) + O(sin 6;).

m—1

Remark. Assumption 4.5 holds trivially for LOPCG, i.e., Algorithm 2 with
m = 1, because pi:),l() = [ for all k, so that g = Mry up to a scaling factor.

LEMMA 8. Under Assumptions 4.3 and 4.5, p3 (A — p(x2)B)po = O(sin ).

From Lemmas 7 and 8, the search directions {pg,p1,p2} are pairwise approxi-
mately conjugate. In addition, since x5 € span{x1, g1,po} = span{zg,po,p1} = Uz
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is obtained from the RR projection, it is the global minimizer in Us. Let z* be the
global minimizer of p(-) in Us. It follows from Theorem 6 that

(4.15) p(x3) — p(z*) < p(x2) — p(y*) + O(sin O3)O(sin? Hy) = O(sin H3)O(sin? fy),

where o = y* is the global minimizer in Us;. We thus have the base case: x3 is a
global quasi-minimizer in Us.

The rest of our work is focused on the inductive step: assuming that the global
quasi-optimality is achieved at xj, we want to show that the new py, is approximately
conjugate to {po, - ..,pk—1}, such that the quasi-optimality can be extended to xj41.

LEMMA 9. For a given k > 3, assume that the iterate xy, of Algorithm 2 achieves
the global quasi-optimality (Definition 4.2). Then ry = (A — p(xr)B)xy satisfies
(4.16) lim cos Z(rg, Wi) =0,

6o—0
i.e., T s asymptotically orthogonal to Wy, = span{py, ..., pk—1}.

Note that cos Z(rg, Wi)|e,—o is not defined, since Algorithm 2 with xy = v; would
not proceed. However, thanks to (4.16), it is reasonable for us to make the following
assumption about the behavior cos Z(ry, W) near 6y = 0.

ASSUMPTION 4.6. For a given step k > 3, suppose that the iterate xj of Al-
gorithm 2 achieves global quasi-optimality (4.7). We define cos L(Tk,Wk)‘GOZO =0
and assume that cos Z(ry, Wy) is differentiable at 0y = 0; that is, we assume that
cos Z(ry, Wi) < O(sinfy) = O(sin ;) (1 <€ < k) for a sufficiently small 6.

We note that Assumption 4.6 is not just presented for technical convenience, but
is consistent with our numerical experience, at least for relatively small k. Under such
an assumption, we can establish the inductive step as follows.

THEOREM 10. Assume that the B-normalized {po,...,px—1} of Algorithm 2 are
approzimately conjugate, and hence xy, achieves global quasi-optimality (4.7). Under
Assumptions 4.3, 4.4, and 4.5, {po,...,px} are approximately conjugate.

Proof. To complete the proof, it is sufficient to show that p; is approximately
conjugate to py for all 0 < ¢ < k — 2. For any ¢, 0 < ¢ < k — 2, note that x4 =
Be(e+1)Te + Ye(e+1)Pe, Where yp11y) = O(sinby) and Byp41) = 1 — O(sinby). It follows
that p, = ﬁ (ze+1 — Bee+1y®e), and

|pe (A — p(ax)B)gk| = Ti1 — Beesnwi ) (A — P(l’k)B)gk‘

1 ’(
|W(e+1)|

1
= m‘ [2741(A = p(ze41)B) — Beqesywi (A — p(ze) B)] gk +

(p(wr1) = p(an)) ahis Bo = Buer) (plar) = pla)) of Boi|
|(ris = Becernyrd g + O(sin® 0p41) || Bresalllgw || + O(sin? 0r) || Baelllgw ||
|’Yz(z+1)|
< O(sin? 0,) || gx || n ‘(WTH — 52(2+1)T;7F)MP$11 (A — pxB)M) ”"k‘

O(sin b;) IVee+1)l

1 .
| [P (MA = pesa B) M+ O(sin 01)]
|W(e+1)|

—Be(eﬂ)?‘zT [pg,?,l(M(A — peB)) M + O(sin 0;3)} rk‘.

vb =

= O(sin 00) | gk || +

Since pff;)_l (M(A — p¢B)) M is symmetric, rgpg;)_l (M(A —p¢B))M = gI', and this
holds similarly if ¢ is replaced with £ + 1. Also, since xj achieves global quasi-

optimality, by Assumption 4.6, |cos Z(rg, Wi)| < O(sinfy) (0 < £ < k). Since
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9¢, go+1 € Wy, we have | cos Z(rk, ge)| < O(sinby) and | cos Z(rk, ge+1)| < O(sinbp41).
Note that ||r¢|| = O(sinby), and ||ri|| = O(sinby) = O(sinbyy1) = O(sin 6y). Hence,

(4.17)  |pe(A — p(ax) B)gr|

‘gﬁrlrk + reTHrkO(sin Oes1) — ,Bg(g+1)gZT7'k + reTrkO(sint%)‘
O(sin 6;)

llge+1llllrwll cos Z(rk, get1)| + |Becen lllgellllrill] cos Z(rx, ge)|
O(sin 0;)

Flresalllrs|OQ) + [lrell[[rel|O(1)

750l (llges1lO(sin 1) + [ Beqesn)lllgellO(sin b))

O(sin 0;)
< |lgellO(sin6e) + [|ge+1]|O(sin 6x) + [l gel|O(sin 61,) + O(sin® 6;) = O(sin by).

< [lgrl|O(sin 6¢) +

< [lgrllO(sin 6c) +

< llgrl|O(sin 0,) + + O(sin” 6;)

Moreover, it is not difficult to see that |p¢(A — p(zx)B)gr| = [lgx||O(sin ;). Recall
pa_1(A—p(zi_1)B)gk
pr_ (A—p(wk—1)B)pr—
normalized search direction is pr = HZ—:H@“’ where 7y, is chosen such that ||pi||s = 1.

Also, since 0 < ¢ < k — 2, p} (A — p(zr—1)B)pr—1 = O(sin b;), and

that pr, = g — -Pk—1, such that |p%|| is proportional to ||gx||. The

(4.18)  pf(A— p(z)B)pr = —2_pT (A — p(w) B)Pr

TowT
T
e T Pr_1(A — p(xr—1)B)gs >
=k STA— B _ -
g 7 4~ P0) )<g" PL (A= plex 1)B)pe1
T
M [ T Pr—1(A — p(xr—1)B)gr
= — A— p(xr)B —
o (F (A= ple) Bl — S

[pF (A= pl@r—1) B)pr—s + (p(wn—1) = p(1)) pf Bpa] |

= ﬁ{”%”o(sin 00) + O(||gx|)[O(sin B;) + O(sin® 91@71)]} = O(sin 6y).

Finally, recall from Lemma 7 that py_; and pg are approximately conjugate. It
follows that {po,...,pr} are pairwise approximately conjugate. a

With all the above work, we can finally present the major theorem of this section
on the global quasi-optimality of all iterates generated by Algorithm 2.

THEOREM 11. Let {x1} be the iterates of Algorithm 2, r = (A — p(z)B)xy
the residual, and {py} the B-normalized search directions. Suppose that Assumptions
4.8, 4.4, and 4.5 hold. In Theorem 6, let y* and z* be the global minimizer in Uy
and U1, respectively, and Ciy1 be the constant for which p(xiy1) — p(z*) < p(xp) —
p(y* )+ Cly1 sinOpyq sin? 0y if {po, ..., pr} are approzimately conjugate. Then for any
given k > 3, p(xi) — p(y*) < E;C:g C; sin; sin® 0y, and therefore,

. . vk —k .
. plz) = ply") b, Cysind;sin® 0o (e Sh o, Cysing, B

(4.19) lim —————=—> < lim — —— < lim =0
600 p(xr) =X~ 00=0 £ (p(fo)—A1)sin? Oy ~ 800 X2

Proof. The proof is based on mathematical induction. The base case has been
established in Lemmas 7 and 8 together with (4.15). The inductive step is completed
in Theorem 10. Then, by Theorem 6, the conclusion holds. a

Remark. Interestingly, (4.19) suggests that for a larger k, the relative difference
between p(z,) (locally optimized p(-) over span{zy_1, gk—1, pk—2}) and p(y*) (globally
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optimized p(-) over Uy = span{zo} + span{go, ..., gr—1}) tends to grow larger. The
upper bound on this relative difference scales like a linear function of k (assuming that
|C;sinf;| < C for all j > 3) multiplied by an exponentially increasing function of k.
Nevertheless, for a given outer iteration k£ > 3, Theorem 11 shows that Algorithm 2
iterate z € Uy is almost as good as the corresponding global minimizer y* if 6 is
sufficiently small. As a result, Algorithm 2 would actually converge considerably faster
than Theorem 1 suggests. This theorem also provides insight into the performance of
LOPCG, which is an instance of Algorithm 2, and the block extension LOBPCG.

Remark. A different viewpoint is followed in [35] but with qualitatively similar
results. Consider k steps of CG solving the JD correction equation starting from the
Ritz vector at the i-th iteration of Lanczos. Then, the distance between the Ritz
vector of Lanczos at iteration ¢ + k and the CG solution after & steps is bounded by
O(|pi — pi+x|). The locally optimal restarting approximates the A-norm minimization
of CG over the entire space, so if Lanczos converges slowly or if k£ is small, +K
restarting will yield Ritz vectors close to the unrestarted Lanczos. If p; and p;y are
far, then convergence is already fast and the use of +K is not needed.

5. Experiments. First we show that TRPL+K does indeed achieve quasi opti-
mality and then we investigate the effect of the maximum basis size ¢ and the number
of previous retained vectors [ on the performance. Then we present an extensive set
of experiments comparing TRPL+K against other methods on a variety of problems.

The matrix set is chosen to overlap with other papers in the literature. All matri-
ces can be reproduced from these papers or downloaded from the SuiteSparse Matrix
collection (formerly, at the University of Florida). Table 5.1 lists some basic prop-
erties of these matrices. Matrices finan512 and Plate33K_A0 have larger gap ratios
so they are relatively easy problems. Matrices Trefethen_20k and cfdl are moder-
ately hard problems, while matrices 1138bus and or56f are the hardest problems. The
effectiveness of a method is typically manifested on harder problems.

We compare TRPL+K against the following eigenmethods: unrestarted GD (as
a representative of unrestarted Lanczos), TRLan [42], GD+K [33, 35], LOBPCG [16],
and EigIFP [10]. To allow for easier comparisons, we use only MATLAB implemen-
tations. We adopt the publicly available implementations for LOBPCG and EigIFP
while we provide implementations for TRPL+K, TRLan, and GD+K. All methods
employ the same stopping criterion satisfying,

(51) ||Auz - eiui” S ||A||F5use7‘7

where ||A||F is the Frobenius norm of A and §,s. is a user specified stopping tol-
erance. All experiments use d=1F-14. All methods start with the same initial
guess, rand(n, k), with fixed seed number(12). We set the maximum number of
restarts to 5000 for all methods. Since we focus on methods with limited memory, we
set mazxBasisSize=18, minRestartSize=8 for TRPL+K, TRLan, and GD+K. Since
EiglFP restarts with a single vector, we set mazBasisSize=18 for its inner iteration.
For LOBPCG, the method always uses mazBasisSize=3p. For other parameters we
follow the defaults suggested in each code. We seek p = 1, 5, and 10 algebraically
smallest eigenpairs for both stardard and generalized eigenvalue problems. We em-
ploy soft locking since the desired number of eigenpairs are small. All computations
are carried out on a Apple Macbook Pro with Intel Core i7 processors at 2.2GHz for
a total of 4 cores and 16 GB of memory running the Mac Unix operating system. We
use MATLAB 2016a with machine precision ¢ = 2.2F — 16. We compare both the
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number of matrix-vector products (reported as “MV” in the tables) and runtime in
seconds (reported as “Sec”).

Table 5.1: Properties of the test matrices for standard eigenvalue problems. Tre-
fethen_20k shorts as Tre20k, and Plate33K_A0 shorts as PlaA0.

Matrix  order nnz(A) k(A) Source
1138bus 1138 4054 1.2E7 MM
orb6f 9000 2890150 6.6E7  Yang
Tre20k 20000 554466  2.9E5 UF
PlaA0 39366 914116 6.8E9 FEAP
cfdl 70656 1825580 1.3E6 UF
finan512 74752 596992  9.8E1 UF

5.1. Quasi-optimality with +K. Quasi optimality as defined in (4.7) implies
that as the initial guess becomes better, the relative difference between the vector it-
erates of TRPL+K and the unrestarted method tend to zero. Figure 5.1 demonstrates
that TRPL+K achieves this quasi optimality on two sample matrices. A standard
eigenproblem is solved without preconditioning. TRPL+K uses only one inner itera-
tion (i.e., equivalent to LOPCG) because it is easier to compare step by step to the
unrestarted method. The Remark after Theorem 11 suggests that the ratio in (4.7)
increases with the number of iterations, which we observe in the plots. Therefore,
we plot only the first 100 iterations. What is important, however, is that for any
given iteration, the ratio decreases as we make the initial guess better. Therefore, as
TRPL+K converges asymptotically, it increasingly matches the unrestarted method.

Trefethen20k : seeking 1 small cfdl: seeking 1 smallest

105 7 % Vi 10
s x s
R i 2
= oy =
B o PN
T 10_10 L *ﬂ e Tk Ky ok ]
1S M*ﬁ# * * £
= "U?; * * s 10 M
o e O TRPL+K: sin(6,) = 0.707|| S 107 [ g O TRPL+K: sin(f) = 0.707|]
2] *, (%2}
g - * TRPL+K: sin(6)) =031 || & *f\*ﬁ* x TRPL+K: sin(6) = 0.31
o * TRPLAK: sin(f) = 1e1 || © * TRPL+K: sin(fy) = le-1
1015} #* TRPL+K: sin(f) = le-2 10735} * TRPL+K: sin(fy) = le-2 ||
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Fig. 5.1: Confirming the quasi-optimality of TRPL+1 with no inner iterations by
showing that the ratio (4.7) converges to zero as the angle of the initial guess to the
required eigenvector decreases. We plot this for the first 100 iterations.

5.2. The effects of maxBasisSize ¢ and maxPrevSize [. First we investigate
the effects of varying ¢ from 8 to 512 on the performance of TRPL+K (without a
preconditioner) and TRLan compared against unrestarted Lanczos, withl = 1 and p =
1. We choose three hard problems where the differences are pronounced. Figure 5.2
shows that as the maximum basis size increases, both TRPL+K and TRLan become
similar to the unrestarted Lanczos. However, while TRLan requires the increased
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basis to significantly improve convergence, TRPL+K achieves very good or even close
to optimal convergence with very small basis size. The slight increase of matvecs in
TRPL+K with very large basis sizes may be attributed to the more targeted expansion
of the subspace using the residual instead of the Lanczos vectors.

We then vary the number of previous vectors [ from 0 to 5 to study its impact
on the convergence of TRPL+K (without a preconditioner), seeking p = 5 smallest
eigenvalues. When [ = 0 and without preconditioning, TRPL+K reduces to TRLan.
Figure 5.3 shows the similar trend for all three cases; a significant reduction in matvecs
with | = 1, while [ > 1 results in a slight deterioration in convergence. This is
qualitatively similar to earlier observations for GD+K, where [ > 1 is beneficial only
with a block method. This implies that we obtain all the benefits of the +K technique
with minimal overhead.

s 1138bus: seeking 1 smallest 5 or56f: seeking 1 smallest S Trefethen20k: seeking 1 smallest
10 10 10
—#—TRPL+K —#— TRPL+K —#— TRPL+K
—©—TRLan —e— TRLan —e— TRLan
—— Optimal —— Optimal —— Optimal

,_.
<%
Number of Matvecs
=
S

Number of Matvecs
5
Number of Matvecs

10° . %
2 3 3
10 10' 10° 10° 0 10! 10° 10° 0 10! 10° 10°
Varying maximum basis size Varying maximum basis size Varying maximum basis size
(a) 1138bus (b) or56f (c) Trefethen_20k

Fig. 5.2: The effect of varying the maximum basis size ¢ on the convergence of
TRPL+K and TRLan. Seeking p = 1 smallest eigenvalue without preconditioning.

%10° 1138bus: seeking 5 smallest 100 <10° or56f: seeking 5 smallest
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Varying number of previous vectors

(a) 1138bus (b) orb6f (c¢) Trefethen_20k

Fig. 5.3: The effect of varying the number of previous vectors [ on the convergence of
TRPL+K when seeking p = 5 smallest eigenvalues without preconditioning.

5.3. Without preconditioning. We compare against unrestarted Lanczos and
other methods without a preconditioner to show the near-optimal performance of
TRPL+K under limited memory. Figure 5.4 shows the results on the easy case fi-
nanb512 and on the hard case cfdl, seeking p = 1 eigenvalue. For both cases TRPL+K
and GD+K can achieve almost identical performance as unrestarted Lanczos, which
is consistent with Theorem 11. GD+K requires slightly fewer iterations because its
new directions come from the most recent RR over the entire space, although the cost
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per iteration is higher. Compared to LOBPCG and EigIlFP, TRPL+K is significantly
faster because it uses thick restarting and a Krylov subspace (compared to LOBPCG)
and because it uses thick and locally optimal restarting (compared to EiglFP). The
difference between TRPL+K and TRLan is relatively small for the easy case, but
becomes significant with hard problems. Figure 5.5 shows similar results when com-
puting 5 eigenvalues. To make it easier to see, we only show graphs for TRPL+K,
GD+K, and TRLan. As before, TRPL+K and GD+K are competitive and both of
them substantially outperform the performance of TRLan.

Matrix finan512: seek 1 smallest eigenvalue Matrix cfdl: seek 1 smallest eigenvalue

10% 10°
=——Lanczos =——Lanczos
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2 100t i 2
i Q
"4 "4
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10-10 L
10'12 PR I
0 200 400 600 800 1000 1200 ] 2000 4000 6000 8000 10000 12000 14000
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(a) Matrix finan512 (b) Matrix cfdl

Fig. 5.4: Compare all methods to the optimal convergence of unrestarted Lanczos
when seek 1 smallest eigenvalue without preconditioning

Tables 5.2 and 5.3 summarize results from all methods seeking 1 and 5 eigenvalues
respectively. TRPL+K converges faster than all other methods in terms of matrix-
vector products except for GD+K. In fact, the harder the problem the more significant
the gains. It is also interesting to observe the differences between the methods which
are due mainly to the use of different algorithmic components. Among them, the
locally optimal restarting has the biggest effect, followed by a larger Krylov space,
while a combination of all three components in TRPL+K (and GD+K) are clearly
the most beneficial while being computationally economical. Also, TRPL+K requires
about 20% more matrix-vector products than GD-+K but it is 35% faster in runtime,
making it the method of choice when the matrix-vector operator is inexpensive. This
is because TRPL+K only needs to perform RR procedure once in one outer-iteration
while the GD+K has to apply quite number (m times) of RR in every outer-iteration.

Table 5.2: Comparing all methods for 1 smallest eigenvalue without preconditioning.

Method: TRPL+K TRLan GD+K LOBPCG EIGIFP
Matrix MV Sec MV Sec MV Sec MV Sec MV Sec
1138BUS 4778 0.9 48718 8.4 3662 1.8 15498 6.4 11107 1.2
or56f 4908 20.2 64058 257.5 4024 21.5 20365 82.1 19117 72.3
Tre20k 2208 7.1 12718 36.4 2058 10.3 3482 8.6 3799 8.0
PlaAO 638 3.5 1168 5.5 556 6.4 1583 5.4 1207 3.9
cfd1 2358 21.7 13008 106.7 1970 44.9 5647  33.7 4807  29.5

finan512 358 6.0 428 7.3 322 6.7 1028 4.8 685 3.3
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Fig. 5.5: Compare TRPL+K and GD+K to the optimal convergence of unrestarted
Lanczos when seek 5 smallest eigenvalue without preconditioning

Table 5.3: Comparing all methods for 5 smallest eigenvalue without preconditioning.

Method: TRPL+K TRLan GD+K LOBPCG EIGIFP

Matrix MV Sec MV Sec MV Sec MV Sec MV Sec
1138BUS 26888 5.1 414518 74.9 21318 11.2 374915 56.1 68729 7.9
or56f 13218 55.4 115098 507.7 11169 61.2 40940 65.5 68801 260.6
Tre20k 6158 18.1 23358 65.8 5520 35.4 14335 21.8 25277 55.0
PlaAO 1858 10.0 2728 12.7 1812 23.3 12545 22.1 4235 14.3
cfdl 8558  85.8 43648  386.6 7747 2125 70170  458.6 20993 182.3
finan512 1668 27.2 2838 44.3 1501 43.5 8830 35.2 3551 18.2

5.4. With preconditioning. The above results emphasize the need for pre-
conditioning, especially for problems with highly clustered eigenvalues. In this case
TRLan cannot be used. In our experiments, we use MATLAB’s ILU factorization on
A with parameters ‘type=nofill’. We then compare TRPL+k against other meth-
ods with the constructed preconditioner for finding 1 and 5 smallest eigenvalues. The
results are shown in Tables 5.4 and 5.5 respectively. TRPL+K is again the fastest or
close to the fastest method. We note that with a good preconditioner the number of
iterations decreases and thus the differences between methods are smaller. We also
note that the added cost of the preconditioner per iteration is similar to having a
more expensive operator which favors GD+K also in runtime.

Table 5.4: Comparing all methods for 1 smallest eigenvalue with preconditioning.

Method: TRPL+K GD+K LOBPCG EIGIFP
Matrix MV Sec MV Sec MV Sec MV Sec
1138BUS 328 0.2 174 0.2 474 0.8 397 0.2
orb6f 158 1.5 81 0.8 335 2.7 325 2.7
Tre20k 38 0.2 17 0.1 10 0.1 55 0.3
cfdl 838 20.0 562 14.0 2519 26.5 1279 17.2
finan512 98 1.9 69 1.5 144 1.0 127 1.4
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Table 5.5: Comparing all methods for 5 smallest eigenvalues with preconditioning.

Method: TRPL+K GD+K LOBPCG EIGIFP
Matrix MV Sec MV Sec MV Sec MV Sec
1138BUS 1128 0.3 779 0.5 2120 0.5 2795 0.7
or56f 368 3.3 223 2.4 375 2.3 1175 10.1
Tre20k 118 0.7 45 0.4 115 0.3 203 1.0
cfdl 2598  67.1 1868 56.7 12900 89.7 5135 72.8

finan512 378 8.6 289 9.0 1225 5.2 779 8.5

Table 5.6: Properties of the test matrices for generalized eigenvalue problems.

Matrix order nnz(A) K(A) Source
besstk23 3134 45178 6.9e+12 MM
besstm23 3134 3134 9.4e+-08 MM
besstk24 3562 159910 6.3e+11 MM
besstm24 3562 3562 1.8e+13 MM
besstk25 15439 252241 1.2e+13 MM
besstm25 15439 15439 6.0e4-09 MM

5.5. Generalized eigenvalue problem. We perform some sample experiments
on generalized eigenvalue problems, comparing the proposed method against LOBPCG
and EigIlFP. As shown in Table 5.6, the condition numbers of these problems are quite
large, making preconditioning necessary to accelerate the convergence. In this exper-
iment, we use Incomplete LDL factorization [11] on A with droptol = le-6, 1e-8
for besstkm23 and besstkm?24 respectively, and MATLAB’s LDL factorization on A
with parameter THRESH = 0.5 for bcsstkm25. We then use the preconditioner to
find 1, 5, and 10 smallest eigenvalues. As shown in Table 5.7, TRPL+K significantly
outperforms other methods in terms of the number of matrix-vector operations for
these cases. Note that LOGPCG is quite efficient in terms of runtime, thanks to its
efficiently implemented block operations in MATLAB, especially for small matrices
that fit in cache. A block TRPL+K is also possible, which is left for future work.

Table 5.7: Comparing all methods for computing 1, 5, 10 smallest eigenvalues with

preconditioning (numbers in parenthesis). Each pencil besstkmXY has matrix pairs
(besstkXY, besstmXY), where XY € {23,24,25}.

Method: TRPL+K LOBPCG EIGIFP
Matrix MV Sec MV Sec MV Sec
besstkm23(1) 60 0.1 134 0.2 127 0.2
besstkm24(1) 29 0.1 55 0.1 73 0.2
besstkm25(1) 2816 29.1 28355 178.9 9721 66.2
besstkm23(5) 150 0.4 190 0.3 419 0.7
besstkm24(5) 120 0.6 1020 3.6 257 0.8
besstkm25(5) 3830 39.6 39895 89.1 14423 97.6
besstkm23(10) 210 0.4 240 0.2 820 1.0
besstkm24(10) 210 0.9 270 0.6 496 1.4
besstkm25(10) 5120 52.9 45820 63.7 20494 141.7
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6. Conclusions and future work. We presented a new near-optimal eigen-
method, thick-restart preconditioned Lanczos +K method (TRPL+K), which is based
on three key algorithmic components: thick restarting, locally optimal restarting, and
the ability to build a preconditioned Krylov space. We provided a proof of an asymp-
totic global quasi-optimality of the proposed method and provided insights on the
near-optimal performance of a group of methods that employ locally optimal restart-
ing. Our extensive experiments demonstrate that TRPL+K either outperforms or
matches other state-of-the-art methods in terms of both number of matrix-vector
operations and computational time.

An interesting future direction is to extend this approach to the Lanczos Bidiag-
onalization method for singular value problems.
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7. Appendix A: . Proof of Lemma 3.
Proof. By definition, the optimal step size a* is

_ . B . (x4 ap)T A(z + ap)
(7.1) o =ag gl;%p(a: +ap) = e oo (x + ap)TB(z + ap)’

which can be found by letting +=1p(z + ap) = 0. Using the quotient rule for differ-
entiation, with some algebraic work, we have

d pz+ap) alz,p)o® +b(z,p)a+ c(x,p)

(7.2) da 2 [e+ap)TBatap)lz

where a(x, p), b(x, p) and ¢(z, p) are given in (4.12). For the sake of simplicity, we refer
to these coefficients as a, b and ¢, respectively, when there is no danger of confusion.
Depending on the sign of a, there are three cases for the solutions of %p(x—!— ap) = 0:

c
1. @ = 0. Obviously, there is a unique solution a* = ~3 > 0.
2. a > 0. Since ¢ < 0, there is a unique positive root a* = % (—b +vb% — 4ac).

By assumption, b > ||z[|%lp[36 > 0, and || < [[z|5pll| Az — p(z)Bz| =
O(sin 0) for sufficiently small 6. By the Taylor expansion of /1 — ¢ for || < 1,

1 4

ac  2a?c?
2a b2 b ’

T

which is slightly smaller than a* in case 1 because a > 0 and ¢ < 0.
3. a < 0. In this case, there must be two distinct solutions 0 < o] < a3 such
that “Lp(z + ap) < 0 for 0 < a < of or a > a3, and -Lp(z + ap) > 0 for
o < o < aj. Infact, if there is no solution or only one repeated solution, then
L p(z +ap) <0 for all a > 0, and hence p(p) = lima— 400 p(z + ap) < p(z),
contradicting our assumption that p(p) — p(z) > § > 0. Given these intervals
of monotonicity, p(x + adp) > lima— 4o p(x + ap) = p(p) > p(z) + §. Hence
the minimizer of p(x+ap) is achieved at o} with same expression as in case 2.
The optimal step size is slightly greater than o* = —¢/b in case 1 as a, ¢ < 0.
We still refer to aj as a* for notation consistency.

In summary, p(z + ap) decreases monotonically on (0,a*), then increases on

(a*,+00) (case 1 and 2) or on (a*, o) (case 3). The optimal o* has a closed form. O
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Proof of Lemma 4.

Proof. We note that the denominator of - p(z + ap), namely, (z + ap)'B(z +
ap) = |lpl3a? + 2pT Bxa + ||z||% > 0 for all «, and it is a quadratic with positive
quadratic term coefficient. Hence, maxo<a<a- (z+ap)” B(z+ap) = max,_(g o+ (@ +
ap)' B(z + ap) = max{||z[|}, ||z + o*p||}}, where a* = —§ or —§(1 4+ % +...); see
Lemma 3. For sufficiently small § = Z(z,v1)p, since |¢| < O(sin ), there is a small
constant n € (0, 1) independent of 8, such that

g o ac® + ba + ¢
+ a’p) — p(x) = —p(z + ap)da = / d
p(z +a*p) — p(x) /0 ToP(@ +ap)da | Gt opTBatap)™@
%a(a*)3 + %b(a*)2 + ca*

max{||z(|%, |z + o plB}

1
= 2 T2
max{||z[|5, [z + a*pl|5

B —g—i—g—g—l—@(c‘l) A(1—mn)
max{||z[%, |z + epl3} = 2bmax{||z||3, [l + arpl%}

; / (ac® 4 ba + ¢)da =
0

where b > ||z]|%]|p]| %0 > 0 is bounded away from zero; see (4.12).

To establish the lower bound, note that our assumption that p(p) — p(xz) > >0
for a constant ¢ independent of § = Z(x, v1) g means that p is bounded away from z in
direction. Therefore, |z+a*pl| 5 is bounded away from zero. Similarly, for sufficiently
small 6, we also have

1 o
(7.3) plx + a*p) — p(x) > — " / (aa® + ba + c)da
min{|lz|3, [z + a*plip} Jo
__—m Ao (L +n)
min{|lz|%, [z + opllp} —  min{[l2(lF, o+ arplF}
where ¢ = ||z||%4pT (Az — p(x)Bz) = O(sin 0)O( cos Z(p, Vp(z))) from (4.12). O

Proof of Lemma 5

Proof. First, note that one can always choose Sk, vjr > 0 in (4.13). If a decom-
position has negative 3; or vy;i, simply replace x; with —x; or g;r with —g,.

Given the decomposition (4.13), the normalization condition |||z = 1 leads to

2kl = (Bikz; + viegir)" B(Bjnz; + Vikgjn)
(7.4) = |lz; 1585 + 2(9xBxi)vikBik + 1195k BV = Bir + 2056755 Bjk + Vi
= (Vik + wikBik)” + (1 — U?k)ﬂ?k =1,

where p;, = g;ka;pj = (x,9ik)B € [—1,1] because ||z;|lg = |lgjkllB = 1.
Let r; = Az; — p(x;)Bz; be the eigenresidual associated with z;, and define
d;jr = p(g;r) — p(x;). The Rayleigh quotient of zj, is therefore

T
xj, Axy,

(7.5)p(x) = T Bz, xp Azy, = (Bjrzj +vikgie)” ABjkr; + vjkgin)
k

= (2] Az;) B3 + 2(9,,.A%5)vik Bik + (956 Agik) Vi

= p(x;) B3 + 2lg)x (r5 + p(;) Bx;) e B + plgiu) Vs, (as Az; = r; + p(a;)Bay)
= p(a) B3 + 2p(x) (956 Bz )vjBjre + 2(g5675) v Bk + (p(x) + dj )i

= p(a5) (B3 + 20507 Bk + Vi) + 20955755k Bik + die Vi

= p(x;) + 2(9}x75) ik Bik + dikVoks (see (7.4))
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or, equivalently,

2(g7ri)VikBik + dieve, = plar) — p(x;) = (plar) — A1) — (p(a;) — A1) -

Using Assumption 4.3, it follows that

—(1 =) (p(xy) — M) < 2(ghri)VinBik + djrv, < —(1— ) (p(z5) — A1),
From (4.4), we divide the above inequality by sin? 0; and have
QJTMJ'
sin 0;
Note that the left-hand side and the right-hand side of the above inequality are both
on the order of O(1), bounded away from zero and independent of ;. Also note that

T ) . .

sl < Nl < (11 6) gyul[Afy - ple;)BS ]| = O(1) from (4.5). Tn addition,

sinf; — S
sincé gjk € span{p;_1,9;,...,9k—1} C Wi, under Assumption 4.4, there is a d > 0
such that d;i = p(gx) —p(x;) > d > 0forall 1 <j < k. Consequently, letting ; — 0
in (7.6), we have ;; = O(sin 6;).

From (7.4), ;i can be written in terms of ~; as follows

1
(7.7)  Bik = —pirVik + /1 =V + 1575 = 1 — tievie — 5(1 — 1)V + O(jn),

which completes the proof. ad

Proof of Theorem 6

Proof. Since y = Byzo + 19y, 9y € Wi, [yllz = llgyllz = 1 and p(y) < p(o),
from Lemma 5, we have v, = O(sinfy) and |1 — 8, = O(sinfp). Similarly, the
iterate xr = Borxo + Yok gok satisfies yor = O(sinfy) and |1 — Box| = O(sinbp). Note
that ||ro] = O(sinfp), 0 < p(zo) — p(y) < p(xo) — A\ = O(sin? fy) and, similarly,
0 < p(z0) — p(z) < O(sin? fy). Tt follows that

(7.8) (A= p(y)B)y — (A — p(zr)B)zk
= (A = p(w0) B)(Bywo + vy9y) — (A — p(z0) B)(BokTo + Yorgok)
+ (p(z0) — p(y)) By — (p(z0) — p(ak)) By,
= (By — Bor)(A — p(z0) B)zo + (A — p(20) B) (7 9y — Yorgor) + O(sin? o)
=[(By — 1) + (1 = Bor)] 70 + (A — p(xx) B) (7495 — Yorgok)
+ (p(zx) — p(z0)) B(ygy — Yorgor) + O(sin® o)
= 1O(sin 6p) + 7 (A = p(x1)B)gy — vor(A = p(x1) B)gox + O(sin® o) + O(sin® fy)
= vy(A = p(x1) B)gy — Yok (A — p(zx) B)gor + O(sin® by).

F@O— ) (p(f5) = M) <2

( o )ﬁjk-'rdjk ( ﬁ/ﬂ; )2 < —(1 =) (p(f5) — M)

sin 0; sin 0;

By assumption, g,, gox € Wi = span{po,...,px—1} are approximately conjugate
to p, such that pl (A — p(zx)B)g, = O(sinfy) and pl (A — p(zx)B)gor = O(sinbp),
since sinf; = O(sinfy) for 1 < ¢ <k — 1, due to (4.9). It follows from (7.8) that

i [(A = p(y)B)y — (A — pl(ar) B)ax]
= vypi (A — p(xk) B)gy — Yokpk (A — p(1) B)gok + O(sin’ bo)
= 7,0(sin ) — y0rO(sin O) + O(sin? 6y) = O(sin 63),

2We emphasize here that ;5 # o(sin;) and hence 7, can be safely replaced with O(sin6;)
anywhere appropriate.
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which is a crucial observation for the rest of the proof, or equivalently,
(7.9) P (A= p(y)B)y = pi (A — p(x) B)xy, + O(sin” ).

In addition, note that zy —y = (Boxr — By)xo + (Yorgor — Yygy) = oO(sinby) +
90xO(sinby) — g,O(sinby) = O(sinby), and hence By = By, + O(sin ).

Let R3(p(z), ap) = sp(z+ap) — [2p(z) + ap” V3p(z) + 3a*pT V21 p(z)p] be the
remainder of 2nd order Taylor expansion of $p(z + ap) at x with ||z[|z = 1. Then,

1 1 1 1 1 1
(T.10)  5p(z) = S py+ape) = S p(y) + ap} 5 VP + 503175 §Vzp(y)pk + R3(p(y), apr)

= %p(y) + apj (A— p(y)B)y + %oﬁpf [(A = p(y)B) — 2(Ay — p(y) By)(By)"
—2By(Ay — p(y)By)" |pr + Rs(p(v), opk)
= 2o) +a [pF (A = p(er) By + O(sin? 00)] + o {l [(4 — plw)B) + (plax) — p(u) Bl i
=2 [P (A = pler) B)ay + Osin? 00) | [ B + O(sin 00)]p
~2p] [Bay. + O(sin00)] [« (A = plax) B)px + O(sin? 00)| } + Ra(p(y), apy)  (see (7.9))
= 5p(0) + ap] 5 Vp(ex) +aOin? o) + 5 o] {(A ~ p(ei) B) — 2r(Baw)” — 2B Jo
a® [O(sin? 60) + ||rk||0<smeo>} + Rs(p(y), opi)

1 1
= 5P + OCPZEVP(%) +1a? Pk 2V2P(Ik)17k +aO(sin® o) + a*O(sin® 6o) + Rs(p(y), apr)

1 1
= Ep(xk) + Oépfivp(xk) + 506 D 5V2P(~’Ck)Pk + R3(p(xk), api)
1 . .
+3 (p(y) — p(zk)) — Ra(p(zk), apr) + O(asin® 6o) + O(a? sin® ) + R (p(y), apy)

= Jplan +ap) + 5 (o(u) = plen)) + Rs(p(w), apr) = Ra(plon), apy) + Olaxsin® 6o) + O(a? sin? bo).

Let the global minimizer in Ugy; be z* = y(2*) + a(z*)pk, with y(z*) € Uy
and ||y(z*)||p = 1. We note that y(z*) is generally not the global minimizer in Uy.
Consider the decomposition y(2*) = v1 €08 0y (.+) + fy(z+) sin Oy« with f,.«y L Bo
and || fy(z+)llB = 1, such that p(y(z*))—A1 = O(sin” 0, (2> )) Here, a(z*) is the 0pt1ma1
step size moving from y(z*) in the direction of py, due to the global optimality of z*
in Ugyq. It follows from Lemma 4 that

p(2") = py(2")) < =O(sin® Oy (o)) O (cos® Z(pr, Vp(y(27)))) .

where the coefficient of the sin? 0y(-+) term depends on the quantities b and ¢ defined
in (4.12) involving the search direction p. On the other hand, as z* is the global
minimizer in Ug41, we have

(7.11) p(z*) = M < p(xps1) — M = O(sin? Oy y1).
Meanwhile, by Lemma 4, we also have

(7.12)  p(z") =X = [p(z7) = p(y(2"))] + [p(y (7)) = M]
= —O(sin? 0,(:+))O (cos® Z(pr, Vp(y(z*)))) + O(sin? Oy(z+)) = O(sin? Oy(z+))-

It follows that

(7.13) sinfy(;-) < O(sinOpy1).
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Given z* = y(z*) + a(z*)pk, it follows from the triangle inequality that
(7.14) 1251l < lly(z")ll5 + la(z)lpkllz = 1+ |a(z")].

Meanwhile, the B-normalized z* is my(z*) + % Dk, and we can follow

HZ*H

the proof of Lemma 5 to show that lI(Il(*ZHI)al = O(sin Oy (.+)) < O(sinfg1) due to (7.13).

From (7.14), &2l < ‘HW I < O(sing41), i, |a(z*)] < O(sin b 11).

Let o} be the minimizer of p(zy + apy) and y* be the global minimizer in Uy
(note that o # «(z*) and y* # y(z*)), which contains all vectors of the form y =
Bywo + vygy with [lyllz = llgyllz = 1, gy € Wi and p(y) < p(xo). Let z = 2" =
y(z*) + a(z*)pk, y = y(2*) and a = a(z*) in (7.10), and note that p(xr + a(z*)pr) >
plag + a*pg) and p(y(2*)) > p(y*). Therefore, we have

(T15) Sp(=") = gplan +al=" o) + 5 (=) — p(en) + R (py(=")), a(=")pn)
—Ra (plaw), a(z")pi) + O(a(z") sin® o) + O(a(=")? sin® 0y)
> Lolon + aipe) + 5 (o(y") — plan)) + Bs (p(y(="), 0= )p)
—Ra (plaw), a(=")pi) + O(a(z") sin® o) + O(a(=")? sin® 0y)

> Sp(enin) + 5 (p(y") — p(ai)) + O(sinbi1)O(sin® fo). (Ja(=")] < Ofsin by11))

In the last step above, p(z + a*pr) > p(2k4+1) because 241 is the minimizer over
span{xy, g, pk—1}, whereas py € span{gg, px—1}. Equivalently,

p(ari1) = p(z*) < p(xr) = ply*) + O(sin Og11)O(sin® by ).

Proof of Lemma 7

r — Tl —
Proof. Recall that py, = g — D=1 (A—ploi—1) B)ox

pr  (A—p(zk—1)B)pr—1

pr—1. Therefore

pr—1(A — p(zr—1)B)Pr

pi_1(A—p(zr_1)B)g
= pi1(A = p(zr-1)B)gr — pgfl(lA,p(wk:;B)pk:pffl(A = p(Tr-1)B)pr-1 =0,

and hence p}_| (A — ;7)(3:;C 1)B)pr = 0. Note that p(xi_1) — p(zi) = (p(xr—1) — A1) —
(plzr) — M) < (1 =&) (p(zr_1) — A1) = O(sin? @), and it follows that

Ph_1(A = p(z)B)pk = pi_1 (A — p(ar—1)B)pr + (p(zx—1) — p(ax)) pi_1 Bp
= (p(xk-1) — p(zk)) (Pr—1, k) B = O(sin® O_1).

Proof of Lemma 8
Proof. At step 2 of Algorithm 2, zo is extracted from span{z1, g1, po}, where
po = go = Mdy up to a scaling factor. By the local optimality,

(7.16) ro L go and 7o L g1.

At step 3, we form span{xa, g2, p1} to extract x3 and py. At step 7 of Algorithm 2, ps =

Py T (A—p(z1)B)g>

92 = A= g By P1s which shows that ||p2]| is proportional to ||g2|| and independent
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of the scaling of p1. Hence, the normalized search direction p, can be written as

P2 = ”g2”p2, where 7 is chosen such that ||p2||p = 1. From Lemma 5, we have

= Bo1xo + Yo1Po, i.e., po = ,,m( Bo1zo + x1), where y91 = O(sinbp). Therefore

PE(A ~ plao) B)gs = — [~Bord (A — pl(w0) B) + a1 (A p(a1)B) + (p(a1) — p(ao)) 27 B] g2

Yo1
1 — A1) — - A
= o) o) g, + L (—gour o) go = L2 0]~ (plao) ~ )
Yo1 Yo1 Yo1
1
o (oG ML (A = peB)YM) T ML, (A = p2B)M) 72)
O(sin? 6y)

~ "O(sin 6o) 21 Bg: + _{ Boirg (pfn) 1 (M(A = poB)) M + O(sin&o)) ro +

p(x1) — p(xo) 21 Bgo +

T (B0L) (M(A = p1B) M+ Osin61)) vz }.

Since M, A and B are all real symmetric, so is p,(s)_l (M(A — ppB)) M. Therefore,
Tk pfn) L (M(A = pB)) M = g}, and hence

o (A — p(z0)B)ga
1
= xTBgz(’)(sin 0o) + ’Y_{ — ﬂmggrz + Tgrz(’)(sin 0o) + gfrz + riprz(Q(sin 01)}
01

1
O(sin bo)
= [|g2||O(sin o) + ||r2]|O(sin bp), (note that ||ri|| = O(sin ;) = O(sin b))

= ||g2||O(sin 6o) + {rgTQO(sin o) + rir20(sin 61)}

where we use ro L go and ro L g1 from (7.16). This shows that pl (A — p(x0)B)gs <
O(sinfp). Also, since pt(A — p(z0)B)ga is proportional to ||ga||, we simply have
Pt (A — p(x0)B)ga = ||g2||O(sin 6p). Therefore, by Lemma 7,

p&A—pw@mm:p&A—mmﬂnﬁﬁm

— T (A — e B) 2 L g — pi (A= p(z1)B)g2 )

=po(A=al BM|&9 A oo By”

M pi (A — p(z1)B)g2

*Wm{ (4 plao)B)gn - EEEZLENRE 474 ) ]|

Hg || (H92||O(SII190) + HQQHO(SHI 00)) = O(sin@o).

Similarly, using a slightly different shift in the above relation, we have

(7.17)  p3 (A= p(x2)B)po = pj (A — p(w0) B)pa + (p(x0) — p(2)) pg Bpa
= O(sinfh) + ((p(x ) A1) = (p(z2) = A1) (posp2) B
= O(sinfp) + ((’) (sin?fy) — O(sin? 92)) (po, p2)B = O(sinbp).

Proof of Lemma 9

Proof. The proof is done by contradiction. Assume that limg, o cos Z(rg, W)
exists but is not zero. Then there is a vector u € Uy such that limg,_,o cos Z(r, u) =
0 <0, i.e., uis a descent direction at xy. We have shown in Lemma 4 that

p(zk + o u) — p(xr) < —O(sin® 0)O (cos® Z(u, ri)) = —O(sin® 0;,).
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Since y* is the global minimizer in Uy and z,+a*u € Uy, p(y*) < p(zr+a*u) < p(zk).
As a result, we have

* * : 2
_ — 0
plan) = pWT) oy, PLak) — plae +alu) O(S}HQ K _ o),
00—0 p(xr) — M\ 00—0 plar) — A\ 00—0 O(sin” 0y,)
meaning that x; does not satisfy the global quasi-optimality condition. ad
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