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REGULARITY PROPERTIES OF DEGENERATE DIFFUSION EQUATIONS WITH
DRIFTS

INWON KIM AND YUMING PAUL ZHANG

ABSTRACT. This paper considers a class of nonlinear, degenerate drift- diffusion equations. We study
well-posedness and regularity properties of the solutions, with the goal to achieve uniform Holder
regularity in terms of LP-bound on the drift vector field. A formal scaling argument yields that the
threshold for such estimates is p = d, while our estimates are for p > d + diw' On the other hand we
are able to show by a series of examples that one needs p > d for such estimates, even for divergence
free drift.

1. INTRODUCTION

Let u = u(z,t) be a nonnegative function which solves the following problem:
uy = Au™ + V- (uV)  inR?x[0,00) withm > 1. (1.1)

The drift term V : R? — R? is assumed to be time-independent, though our results extend to V(z,t) €
Le°(LP(RY); RT).

The m > 1 in the nonlinear diffusion term above represents anti-congestion effect, and has been
considered in many physical applications, including fluids in porous medium and population dynamics.
Our system (1.1) can be thus naturally contextualized as a population moving with preferences or fluids
in a porous medium moving with wind (see e.g. [4-6,11,13,16]). The goal of this paper is to investigate
well-posedness and regularity properties of (1.1) in terms of bounds of V in LP (Rd).

When m = 1, our equation is the classical drift-diffusion equation where an extensive literature is
available for the corresponding regularity results, as we will discuss below. When V = 0, (1.1) is
the classical porous medium equation (see the book [21]) where initially integrable, nonnegative weak
solutions exist, is unique and immediately become Hélder continuous for positive times. In contrast
to these two cases, few regularity results are available for (1.1) with m > 1 and nonzero V, even in
smooth settings. Below we discuss differences in local behaviors of solutions between our equation and
the aformentioned cases by a scaling argument.

For given a,r > 0, let u, (7,t) := au(rz,r2a™~t). Then @ := u, . solves

it = AT™ + V- (Vi) with V(z) := a™ 7V (rz).

When V' = 0, the above scaling was used in [7,9] along with Di Giorgi-Nash-Moser iteration arguments
to derive Hoélder continuity results. Here 1/a is chosen to be the size of oscillation for u, , in the unit
neighborhood, and our goal is to show that this oscillation decays with a polynomial rate as » — 0.
Thus our interest is in the case when the oscillation is large, i.e. when a < r~¢ for arbitrary small € > 0.
Note that

IV Ollrgay = a2V ga)-

Recalling that a is bounded by an arbitrarily small negative power of r > 0, it is plausible that if V'
is bounded in LP(R?) for some p > d, then solutions to (1.1) behave like the classical porous medium
equation in small scales and generate bounded, Holder continuous solutions. Indeed when V € LP(R)
with p > d we will show that weak solutions exist and stay bounded for all times, if the solutions are
initially bounded.
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These heuristics however pose serious challenges to deliver uniform regularity results for our equation.
The most apparent difference from the linear case comes from the fact that our diffusion is degenerate
at low densities. Due to this degeneracy, the proof of oscillation reduction in [7,9] already differs from
the standard ones. For us this step corresponds to Proposition 4.4 and Proposition 4.6, which turns out
to be more challenging due to the competition between the singularity of the drift and the degeneracy
of the diffusion in small scales. Indeed for this reason we can only show the uniform Hoélder continuity
of solutions when p > d + ﬁ. Whether the results extend to the remaining range d < p < d + di-|-2 or
not remains as an interesting open question. We expect that it possibly requires new ideas to extend
the “oscillation reduction” mentioned above up to p = d. Perhaps for the same reason it stays also open
to show that solutions become immediately bounded when starting with merely integrable initial data,
when p > d.

On the other hand we are able to show that when p < d, uniform Hélder estimates are impossible even
among divergence-free vector fields, thus establishing half of the sharp threshold. This is again expected
to hold from the above heuristics, however the corresponding result does not seem to be shown for the
linear case m = 1 to the best of our knowledge. Our proof, based on barrier arguments akin to [20], uses
the degeneracy of diffusion at low densities and thus cannot be extended to the linear case.

Below we state two theorems that summarizes our main results.

Theorem 1.1 (Well-posedness and regularity). Let us consider (1.1) with nonnegative initial data
up € L'(RY) N L>®(RY) and with ||V || s ra) < o0.
(a) [Theorem 3.1] If p > d, then there exists a weak solution u € C([0,00), L*(R%)). Moreover u is
uniformly bounded for all t € [0, 00),
sup |u| < C(m, d, [[uo||oo, luoll1, p, [IV]]5)-
(b) [Theorem 3.5] The weak solution is unique if V is uniformly C* in R9.

(¢) [Theoreml 4.1) If p > d + %H’ and if u is a weak solution of (1.1) in {|x| < 1} x [0,1] that is
also bounded, then v is Hélder continuous in {|z| < 1} x (0,1).

As for (b), when V is not C!, general uniqueness of weak solutions are open except between strong
solutions: see Theorem 3.5.

Regarding (c), the only relevant result for (1.1) that we are aware of is from [12], where integra-
bility conditions are assumed on both V and VV. Let us also very briefly mention some results for
the linear case m = 1 where the threshold L°LY remains the same. In [10,19] it is shown that if
V € L>=([0,T], BMO~1(R%)), then an initially integrable solution becomes immediately Hélder contin-
wous. Let us mention that BMO~!(R?) shares the same scaling property with L4(R?), however the
corresponding result for L4(R?) drifts is open except for the stationary case, see [18]. In two dimensions,
even L'-bound for time independent divergence-free drift turns out to be sufficient to yield continuous
solutions ( [19], [20]). Corresponding regularity results for m > 1 in two dimensions remains open.

Next we state the singularity results for the threshold case, where V € L4(R?).

Theorem 1.2 (Loss of regularity). There exist sequences of vector fields {V'},, i = 1,2, which are
uniformly bounded in LY(R?), along with sequences of compactly supported, uniformly bounded initial
data {uf,}, i = 1,2, such that the following holds:

(a) [Theorem 5.2] The solutions {u),}n of (1.1) with V =V, and initial data ug,, satisfies

. 1 e
im0 SUP[Y 77 [ty | = 00;

(b) [Theorem 5.3] The solutions {u3}, of (1.1) with V = V2 and initial data uf,, stays uniformly
bounded, but they do mot share any common mode of continuity.
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The sequence of drifts given in above theorem represents strongly compressive drifts concentrated
near the origin. Thus one naturally asks whether the regularity of solutions are better with singular, but
divergence-free drifts. It turns out that the critical norm for drifts stays the same for divergence-free
drifts.

Theorem 1.3. (Loss of reqularity IT) [Theorem 5.4 for d = 2 and Theorem 5.7 for d = 3]

There is a sequence of vector fields {V,}, that are uniformly bounded in LY(RY), and a sequence of
uniformly smooth initial data {tun.o}n, such that the corresponding solutions {u,} of (1.1) are uniformly
bounded in height but not bounded in any Hélder norm in a unit parabolic neighborhood.

We believe that above statement holds in general dimensions. To illustrate this point, we give examples
both in dimensions two and three. The construction for both cases are similar, but the vector field we
choose for three dimensions has more complex singularity structure than the other one. We suspect that
this is only due to increased technicality in computations.

The proof of above theorem is motivated by the corresponding result in [20], where loss of continuity
is shown for solutions of fractional diffusion with drift at critical regime. In contrast to [20] our example
makes use of the degeneracy of diffusion in small density region, such as finite propagation properties
or slow decay rate for the density heights: see section 5 for further discussions. For linear diffusion the
corresponding loss of Holder regularity results appear to be open, to the best of our knowledge. Let
us mention that for linear diffusion with L!-drifts, [19] shows the existence of discontinuous solutions
for d = 3, while in two dimensions time-dependent vector fields are needed to generate discontinuity in
solutions (see [20]).

Outline of the paper

Section 2 contains preliminary definitions and notations. Section 3 deals with a priori estimate of
solutions that yields existence and uniqueness of uniformly bounded weak solutions for V' € LP(R%)
with p > d. In section 4 bounded solutions in the parabolic cylinder are shown to be Holder continuous
for drifts bounded in LP norms with p > d + d%. The proof follows the strategy of DiBenedetto and
Friedman [8,9]. The key idea there is to circumvent the low regularity near small densities to work
with De Giorgi-Nash-Moser type iteration but with re-scaled cylinders, where its size depends on the
oscillation of solutions, based on the scale invariance of the first two terms in (1.1) discussed above
(see (4.3)). Our challenge when doing this is to carefully study how the singularity of the drift term
affects the diffusion, especially in small density region. The original argument carries out without too
much effort when p > d + 2, and with more subtle arguments for p > d + ﬁ (see Proposition 4.4 and
Lemma 4.5). Regularity property of solutions for d < p < d+ d%r? stays open at the moment. In section
5, we give several examples that illustrate the loss of regularity when the drifts are only bounded in
L4(R?). We discuss potential vector fields as well as divergence free vector fields.

Acknowledgements. Both authors are partially supported by NSF grant DMS-1566578. We would
like to thank Michael Hitrik, Kyungkeun Kang, Luis Silvestre and Monica Visan for helpful discussions
and suggestions.

2. PRELIMINARIES AND NOTATIONS

Definition 2.1. Let up(z) € L>®(R%) N L' (R?) be non-negative. We say that a non-negative function
u(z,t) : RY x [0, T] — [0,00) is a subsolution (resp. supersolution) to (1.1) if

u e C([0,T], LY(RY)) N L= (R x [0, TY)),

uV e L2([0,T] x RY) and u™ € L*(0,T, H'(R?)). 21)
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And for all non-negative test functions ¢ € C°(R? x [0, 7))

T T
/0 /Rd ugdxdt > (resp. <) /]Rd ug () (0, x)dx +/0 /Rd (Vu™ + uV)Ve¢ dxdt.

We say u is a weak solution to (1.1) if it is both sub- and supersolution of (1.1), or equivalently, it
satisfies for all test function ¢ € C(R? x [0,T)),

/OT /Rd ugidrdt = /]Rd uo ()90, z)dx + /OT /Rd(Vum +uV)V¢ dudt.

Definition 2.2. We say an integrable vector vector field V : RY — RY is admissable if V = Vi + Vs
where
Villso + |V2|lp < 00 for some p > d.

Definition 2.3. We say V : R — R? is bounded in L{’qu (R%) for p,q > 0 if

IVIE, | = /R V[P max{log? |V], 1}dz < oo.

The following will be used to obtain regularity estimates in section 3.

Lemma 2.1. (Gagliardo-Nirenberg Interpolation Inequality) For any u such that v € LI(RY) and
Vu € L"(RY), there exists a constant C(a,r,q,s) that

1—
IV ull, < C IVl lull,™

where we require

1 s 1 1 11—«

I —_Z 2.2
p d+<7” d)a+ q 22
and s <a<l,r>1,q¢g>1. (2.3)

For functions u : B — R, the interpolation inequality has the same hypotheses as above and reads
1—
IVIFull, < ColIVal flull,™ + Caflully.
where the constants C1,Cy are independent of R for all R large enough.
We refer readers to [17] for the proof.

Notations.

o Given S C R? (or R%*!) measurable, we write |S| to be the Lebesgue measure of S in R? (or R4+1).
We write B,.(x) C R? as a ball centered at x with radius r, and denote B, = B,.(0).

o For simplicity we denote
|- 1lp =1l o ey and || - la := || - |ce (ra) and

oscg(u) :=supu — inf u,
z€S z€S

for any measurable function v : R — R and S c R?.
o The scaled parabolic cylinders are denoted by
Q(r,c) := {xz, |z| < r} x (—er?,0) for r,c > 0. (2.4)
The standard parabolic cylinder is denoted by Q. := Q(r, 1).

o Throughout this paper, the constant C' represents universal constants, by which we mean various
constants that only depends on m,d and L!, L> norms of the initial data ug. In addition, C' may also
depend on ||V, or [V with p given in the statement of the Theorem. We may write C'(A) or Cy
to emphasize the dependence of C' on A.
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o We write A < B if A < CB for some universal constant C. When we write A <p B, we mean
A < CB where C depends on universal constants and D (with particular emphasis on the dependence
of D). By A ~ B, we mean both A < B and B < A.

3. PRIORI ESTIMATES
In this section several a priori estimates are obtained for solutions for (1.1).

Let V be an admissible vector field given in Definition 2.2. For any € > 0, consider smooth vector
fields {Vy, Vs } such that, as e — 0, V§ converges to V; in L>(R%) and Vi converges to Vs in LP(R?).
Denote V¢ := V¢ + V5 and

Ye(x) =™ + ex.

For some large r > 0, we consider u., which solves the following problem:

g ter = Ape(ter) + V- (ue, V) =0 in B, x [0,T],
(V%(Ue,R) + Ue,rve) v=>0 on (8Br) X [07 TL (31)
ue(z,0) = up(x) on B,

where v denotes the outward unit normal on dB,. Note that (3.1) is a uniformly parabolic quasi-linear
equation with smooth coefficients, and thus u. , exists and is smooth.

In the following theorem, we are going to prove that u., are uniformly bounded independent of € and
r. We use a refined iteration method of Lemma 5.1 [14].

Theorem 3.1. Let u = u., solves (3.1) with initial data ug € L*(R%) N L>°(R?) and admissible vector
fields Ve = VE + V5. Then u(x,t) is uniformly bounded for all (x,t) € RY x [0,00). The bound only
depends on m, p, [V |loo, V5l [[uoll and [luo|oc-

Proof. Without loss of generality, let us suppose that the total mass of ug is 1 and so is the total mass
of u(-,t) by the equation. Let us omit the script € on V¢ and simply write V = V; + V5.
Denote u; := max{(u — 1),0}. Since u is smooth, we multiply 7~ on both sides of (3.1) and find

8t/ u?dx:n/
B B

r r

-1
wuy” dr < —mn/

u" I VuVu T de — n/ VuVul tdz.
B

By

Since in the region where Vu; # 0, u > 1, the above

< —cm/ ‘Vuf
B,

< (5/ ‘Vulg
B,

Later we will fix a § small enough such that the sum of the positive coefficients in front of [}, |Vu1% |2dz
terms are bounded by ¢,,. The above shows

8t/ u?dmfj—/ ’Vulg

s s

2 n_ n
dr —2(n — 1)/ Vuu? ' Vul da.
B,

2
dx+Cn2/

RIN{u>1}

We have for any § > 0,

n_q n
Vuui "Vuidr
B,

dx.

2
n ’

21
‘Vuuf

’ 2

2 n__
dx+n2/ ‘Vuuf "da (3.2)
{u=>1}

Xp:i=

where the constant in “ <” depends only on m, . Next

no__ 2 n__
XnS/ ‘Vl(l—kul)uf 1’ dx+/ ’Vz(l—l—ul)uf !
{u>1} {u>1}

2
‘da:

aniz Xn2
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and
X1 S / ’u?fl —|—u’ff2 dx.
{u>1}

By Holder’s inequality,

1

1 1
a1 a2 a2
X0 g / ‘/'22¢h dz / u;“h + ug"—2)Q2dx S / u;lqz + ugn—Q)(Iz dx
{u>1} {u>1} {u>1}

_ D

where q; = §, q% + q% = 1. By the condition

1> Lo 2 (3.3)
- 7 .
Because u has total mass 1, the total volume of the set {u > 1} is bounded by 1. So X,,1 < X,,2 and we

have .

1 1
qa2 a2
X, < (/ uy?® + ugnz)qu:U) < (/ uy® + 1dx> < Huf
{u>1} {u>1}

By Gagliardo-Nirenberg inequality,

2

+1
2q2

1—

n n Y n
Huf < Cl HVuf + Cl Huf

u
9 1

1 1

2q2
where ;- = (3 — )7+ (1—1) and

2q2
1 1 1
' <1_ 2(12)/(2+d’)

which belongs to (0,1) due to (3.3), and Cy only depends on p. By Young’s inequality

n |2 n \?2
X, < % HVuf + Csn (/ uf dx) +C (3.4)

. 2y
with C’Y =1~

Again using Galiardo-Nirenberg inequality and Young’s inequality it follows
B

uf [, S| wef |, Juf [+ [Juf], 5 ot [, + [l
H Ly~ g 17 11y Ly~ Llo i
withﬁz%/ (%—&—é).So for some universal C,c > 0
n (|2 n (|2 n |2
ot 2l -l o9

From (3.2), (3.4) and (3.5), we have

2
Bt/ uy + co/ uftdr < Cn®r 2 </ ufdx) + Cn?.
B, B, B

pe r r

Now let nj, = 2% for k =0, 1,2... and A(t) = [u]*(z,t)dz. To conclude the proof we need the following
lemma, whose proof will be given in the appendix.

Lemma 3.2. Suppose {n} is a sequence defined by
no=1, nge1:=2n,+a forallk >0, wherea > —1. (3.6)
Let {Ak(-),k =0,1,...} be a sequence of differentiable, positive functions on [0,00) that satisfies

d

S A+ Cod < T + CyF(Apy)2HOmi’

-1
for some constants Co, Cy. Then {By(t) = Aé”’@ )(t)} are uniformly bounded for all t > 0 and k, given
that {By(0)} with respect to k and {Bo(t)} are uniformly bounded with respect to t > 0.



DEGENERATE EQUATIONS WITH DRIFTS 7

From above lemma, AZ’: are uniformly bounded. We have that ||u}(:,t)||, are uniformly bounded
for all t and n € {2% k = 0,1,2...}. By interpolation, this shows that |ju ||, < oo for 1 < p < co. Since

/ udr < / (2uy)"dx + 21 / wdxr <27,
B, {u>2} {u<2}

we find the L*° bound of u which is independent of r, e. O

3.1. Existence. In this section, we show existence of solutions to (1.1) with V € L>(R%) + L?(R%) for
some p > d.

Theorem 3.3. Assume V is admissible. Then there exists a weak solution u to (1.1) with nonnegative
initial data up € L>=(R?) N LY(RY).

Proof. The proof is parallel to the previous works [2-4]. Recall that u., solve (3.1). Theorem 3.1 states
that for all ¢ € [0, 77, {uc,} are uniformly bounded in L'(B,.) N L>(B,) independent of €, r.

Using @, (ue,r) as the test function in (3.1), we obtain

T
1
( uznjl + 6uzdm) = - // |V¢E(u€,r)\2dxdt — // Ue V- Vo (e, )dadt.
B.m+1 7" 2 0 % [0,T] B, x[0,T]

From Hélder and Young’s inequality

/ / Ve (uer)Pdadt < C + / / u? |V dadt (3.7)
B, x[0,T] B, x[0,T]

Let ¢ be such that % + % = 1. Then

HuE,TV€|\ig(BTX[O,T]) < HUG,T‘/leHiZ(BTx[O,T]) + 2 ”uG,THQLEI(BTx[O,T]) ||V2€H2Lv(3,.x[o,T}) :
The two terms on the right hand side are uniformly bounded with respect to € and r, since {u. ,} are
uniformly bounded in L>(Bg) N L'(Bg).

By (3.7), {V@e(uc )} are uniformly bounded in L?(B, x [0,T]). As in Theorem 1 of [2], {uc,}eso is
precompact in L' (B, x [0,T]). Along a subsequence as ¢ — 0, we obtain a weak solution u, to (1.1) in
B, x [0,T] with no-flux boundary condition. Then following the proof of Theorem 1 [2], it follows that
ur € C([0,T], L*(Bg)).

Now we send r — oo. Notice that the L*°([0,T], LP(B,)),p € [1,00] bounds we have on {u,} and
L?(B, x [0,T)) bounds on |Vu™| are independent of r. These bounds yields sufficient compactness to
yield a subsequential limit u € C([0, T], L*(R%)) which is a weak solution of (1.1). For complete details,
we refer to Theorem 2 [2].

O

3.2. Uniqueness. This section discusses two uniqueness results. First let us consider a relatively smooth
vector field V' and show comparison principle for weak solutions.

Theorem 3.4. Write V = (V")i:L,_?d and Iy as d x d identity matriz. Suppose for some M > 0
V| < 400, —M1; < DV < MI,. (3.8)

Let @,u be respectively a subsolution and a supersolution of (1.1) with initial functions @o,u, such that
g < ug. Thenu <w fort>0.

Proof. Define a(x,t) = (u™ —@™)/(u — @). Suppose € > 0 is small enough and N is large enough such

that
/ / |u™ — a™|dxdt < €2 (3.9)
R x[0,1]n{a>N}

Let ay,e be a smooth approximation of a + € such that for ¢ € [0, 1]
e<ane<N, |an(,t)—min{a(-,t), N} —¢|2 <e. (3.10)
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For any smooth non-negative compactly supported test function &, we consider the following dual
problem to (1.1):

3.11
u(z, T)=0 on R? (8.11)

for some T" € (0, 1] to be determined. Since ay . > €, there is a unique solution ¢ > 0 of (3.11) which is
smooth.

We write v = u — %. Since u and u are respectively super and subsolutions, by the weak inequality
satisfied by u with respect to test function ¢, we deduce

0< // wpedxdt + // aulApdxdt — // uVVpdxdt —/ u(z,0)p(z,0)dz.
R x[0,T] R x[0,T] R [0,7] R
Using that u(-,0) > 0, > 0 and (3.11), then

// u€dxdt < // lulla — an.||Ap|dzdt
R x[0,T] R4 x[0,T]
1 1
2 |a _ aN 2 2
< // an.e| Ap|Pdzdt // % |ulPdxdt | . (3.12)
R4 x (0,7 R4 x (0,7 AN,e

We want to obtain a priori estimate for the term Agp.

Fix ¢(t) be a smooth function such that 1 < ((t) < 2 and ¢; > 2dM +4M + 1 for ¢ € [0,T] which can
be done when 7' is small enough.
We multiply (3.11) by (A, after integration that is

// CV - VoApdzdt =
R4 x[0,T]

/ / 0 Apdadt + / / Can .| Ap|*drdt + / / CEA@ddt.
R4 x[0,T] R4 x[0,T7] R4 x[0,T7]

Using integration by parts and Holder’s inequality in the first inequality, the above (see Theorem 6.5 [21]
in 6.2.1 for details).

1
> // —¢|Vl?dedt + // Can | Ap|Pdzdt — // (VEVpdxdt
R x[0,T] 2 R4x[0,T] Rax[0,T]

> (dM + 2M) // |Ve|?dxdt + // an.e| Ap|*drdt — c// |VE[Pdadt.
R4 x[0,T] R2x[0,T] R4 x[0,T]

Then ffRdx[o,T] an | Ap|?dzdt <

// CV - VoApdzdt — (d + 2)M // |Vp|2dzdt 4+ C // |VEPdxdt. (3.13)
R4 x[0,T] R4 x[0,T] R4 x[0,T]

By (3.8), —(V;) < MIy and |V - V| < dM,

1 .
// CV - VoApdrdt = 7// (|IV|*V - Vdzdt — // (> @a, Vi, dudt
R x[0,T] 2 J Jrax(o,1] RIx[0,T] 57 !

%]
<(d+2)M // Vo|2dadt.
ReX[0,T]

Plugging the above inequality and (3.13) into (3.12), we get

1
la — aN,e|2 2 ’
uédzdt < C||V§|\L2(RdX[O’T]) ——|u|*dxdt | .
R4 % [0,T R4 x[0,T) aN,e

{¢t+aN,eA<p—V-Vg0+£:0 in R x [0, 7);
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Now we use (3.10) and find out

// la —ay.|*lu]* < 2// imin{a, N} + € — ay.|*|ul>dzdt+
R4 [0,T] R [0,T]

2// 62|u|2dxdt+2// a?|u)?dzxdt
R4 x[0,T) {a>N}

< (2lullZ + 20wl qaxom +2) € < CE.
So since an,e > €, by (3.12)

1
// uédrdt < C||VE|| L2 maxqo,17)€2 -
R x[0,T]
Letting € > 0, we conclude that ffRdx[O 7]
u < 0 within time [0, .

uédzdt < 0 for all arbitrary C2° test function & > 0. And so
Finally since T only depends on d, M, doing this repeatedly finishes the proof.

Our second uniqueness result is a consequence of the following L' contraction, which holds between

O
“strong solutions” if m is not too large depending on the singularity of V. The existence of strong
solutions remain open, with the exception of zero drift case (see [1] and section 8.1.1 of [21]).

Theorem 3.5. Suppose ||V, < oo for somep>2 and1<m <1+ %. Let uq,ug be two nonnegative
weak solutions to (1.1) with initial datas ui o, u2 o respectively. Assume in addition that

875(’(1,1 — UQ) € Ll(Rd X [O,T])
Then the following holds:

[ =)t < |

(u1,0 —ug0)yrdx  for0<t¢<T.
Rd

Proof. Let ¢ € C1(R) be such that ¢(s) =0 if s <0 and p(s) = 1 if s > 1, with ¢’(s) € (0,2). Denote

©n(s) :== p(ns) for n = 1,2,... By definition of the weak solution we have, with w := u"

m

—up,
// (u1 — ug)tpn(w)dedt = — // VuwVop, (w)dzdt — // (u1 — u2)V - Vop(w)dxdt
R4 x[0,T] R4 x[0,T] R4 x[0,T]
= —// |Vw|? o), (w)dodt— // (u1 — ug)V - Vw @), (w)dzdt.
R4 X [0,T) R4 %[0,T)
Since ¢!, < 2n,

f// (u1 — ug)VVw ¢, (w)dzdt < // |Vwl|?g!, (w)dz + 2n //
Rex[0,T] ReX[0,T] 0<w<

lur — up|?|V|*dxdt.
1
When p > 2, let ¢ be such that % + % = 1. Note that when w > 0, u; > us > 0 and thus
Thus we have

// lu; — uQ\2|V|2d:Edt < //
O<w< i o<w<

w7 =D |uy — up|7 |V|2dadt.
w<d

< n~m(2—3) //
0<w§%

2 2
lug — u2|dacdt> (// |V2pdxdt> .
R4 x[0,T]
Then, since |u; — ui| < C([0,T]); LY(R?)), it follows that

/ (u1 — ua); pn(w)de < Cn'~w
Rd

ur = ug|™ < Juf" —ui" " us| < uwl.
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the right hand side of which goes to 0 as n — oo due to m < 1+ % Now we send n — oo to derive the
desired inequality:

/Rd(ul —ug)4(t)dz < / (u1,0 — ug,0)+de.

Rd
If p = 2, parallel and easier proof yields the result. (|

4. HOLDER CONTINUITY
4.1. Interior Estimates. In this section we establish the Holder continuity results for (1.1).

Theorem 4.1. Suppose V is locally uniformly bounded in LP(R?) for some p > d + %ﬁ' Let u be a
non-negative weak solution to equation (1.1) in Q1. If u(-,t) is uniformly bounded by M in Q1, then
u(-,-) is Hélder continuous in Q1. The Hélder norm only depends on M, m, p, d and ||V||» .
The proof of above theorem consists of several lemmas and propositions. We begin with notations.
For given p, we will use
2d 1 2 1
01:=2——, 0:=501, 1 :=1——, gg:=1——.
P 2 p p
In particular if p > d > 2, ¢1 + % >1,q2+ di” > 1. Let us define a new variable

Vi=u

3k
—~
e
—
~—

Then v satisfies

Ot —Av+v. (V). (4.2)
ot
Next we re-scale v by
—1
v(x,t) == v(re,r*w™ ) in Q(r,w™*) with a:= mT (4.3)
Then v solves ) o 3
w*(vm)y = Av 47V - (vm V),  where V(x,t) := V(rz, riw™*t). (4.4)

Also denote
v ==max{(v—k),0}, v, :=max{(k—v),0}.
We begin with an energy inequality. The proof of the lemma below are in the same spirit of the ones

in Theorem 1.2 in [9] and Lemma 6.5 [8] which applies to (1.1) with V' = 0. We will emphasize on the
differences in the proof that occurs due to the nonzero drift term.

Lemma 4.2. Suppose v satisfies (4.4) in a neighbourhood of Q1 for some positive w,r such that w >
0scq,v. Suppose V is locally uniformly bounded in LP(R?) for some p > 0. Let ( € C§°(Q1) be non-
negative and

C<1 V(<G JACI<CE [Gf < G
Denote B' := By N supp{¢} and for q € (0,1]

0 a N3
Bk;q = (/ </ X{v(x,t)<k}d$) dt) ;
-1 B’
0 q %
Ay i= </ (/ X{v(w,t)>k}dl’) dt)
71 B/

and M+, M~ as the supremum and infimum of v in Q1 Tespectively.
If £ > M~ then fort e [-1,0,k < M,

t
/ |vk_<|2dx+/ IV (05 Q)12 5oy 5 < (CF + Co)uBus +
le{t} —1 ’
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+ CyrP2w'tm B

q1
rd me kiga

kiqa

Forte [-1,0],4 > M~ ,k> M~, we have
¢
Lo P [T WEOI oy  5 (CF + Cou® A+
BlX{t} —1

1
r Lam Afh + C’lr‘wa"” Azng' (45)

Proof. Let us only prove the second inequality. After multiplying (4.4) by v} F¢? and doing integration
in space as well as from 0 to t, we get

w*m ™! Bix{t} </0 (k+€)_a§d€> Cde+/ HV( )H231X{ }d

ggcf/ ot |12, ds + 2Couem™ / /B (/ (h+6) agdg> Cdrdst
r/ / U%VV(v,jC2)dxds+2Clr// vm|V|vk Cdxds.
—-1JB; 1

Since v,': + k < w, we know
+

gD < [T v e < [t ohde <whof, (4.6)

The term r ff 5, v VV (v; ¢2)dads is bounded by

2r? / / vm|V| Cxpospydads + = / / IV (v ¢) |dacds+r/ / vm|V|ka|V§|dxds
B, B,

From the above inequality we deduce

t
/ |vk<|2dﬂc+/ HV(v,jC)H;BlX{S}ds,SCfHv,jH;Ql+C’2w// o dadi+
le{t} —1 ’ ’ Q1

r? // v%|f/|2g2x{v>k}dxdt+01r// v%|‘~/|v,‘€"gda:ds.
Q1 1

We denote the last two terms in the above by X. Note fuz,r < w, therefore

o H2 0, S A, (o]l o, < wAka
Recalling that Ay,;; = meas{Q1 N{v > k}}, it follows that
t
[ e [ GO g,y s 5 (CF 4 Capt A+ . o
1 X —

Now we bound the term X. Since V(z,t) = V (rz, r>w~“t), by the assumption, for each time ¢

d

VOl =r2 VBl S 75 (4.8)
Then recalling ¢; :=1 — 2,

,% q1
// |V|2¢? X{U>k}da:dt<r / (/ |V|pdx) (/ Xv>kdx> dt
B1 B’
_ q1
< / TQHVH:Z% </ Xv>kd=73> dt < r2—*AZ1q1
—1 B’
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Similarly, for go satisfying % + g2 = 1 we have

/ _d
7“// |V|<Xv>kd$dt SJ 7-1 pAiz;qQ.
1

Combining with (4.7), this immediately gives (4.5) by the assumptions. Parallel argument applies for
the first inequality, except that instead of (4.6) we apply

1 U ,
00 < [ -9 i <wbop

and the bounds of v, V. O

Corollary 4.3. Under the assumptions of Lemma 4.2. If there exists some universal constants c,e > 0
such that

2 1
ww < rew?, r2elte < rew?,

) —

k> cw, ro

Then we have

0
J T GO g s < CIMT = kP A + Crfu AL, (49)

Proof. The proof follows from a straightforward modification of the one of Lemma 4.2. First, by the
assumptions we can replace the second and third inequalities in (4.6) by
+

v} vt
/ (k+ €)™ ¢dE < k*a/ gde < w(vH)? S w | M* — k|2,
0 0

Akigs < Ag.1. With these two and the previous proof, we conclude with the clean expression (4.9). O

Second by Hélder’s inequality it is not hard to see that Ay, 4 is increasing in ¢ for ¢ € (0,1] i.e. Agq <

The first energy inequality in Lemma 4.2 will be used in Proposition 4.4. The second one will be used
in Lemma 4.10 and we will apply (4.9) in Lemma 4.9.

Next we prove two propositions which regards oscillation reduction. The first one implies that under
a suitable assumption the solution is bounded away from 0 with certain amount. The other shows that
if the assumption is not satisfied, then the supremum of the solution decreases once we look at a smaller
parabolic neighborhood.
Proposition 4.4. Let p > d+ g5, a = ™= and 5 = (1 - )/ (1 - %). Suppose v solves (4.2) in
a neighbourhood of Q(r,w™%) for some r,w > 0. Denote M~ = inf {v, (z,t) € Q(r,w™ )} and let us
assume that
W > 08CQ(ruw-a)V; and M~ < % (4.10)

Then there exists co € (0,1) that only depends on m,p and ||V || Lo(q(r,w—o)) sSuch that the following holds:
for all 0 < r < w if

meas {(m,t) €Q(ryw ), v(x,t) > M~ + %} > (1= ¢)|Q(r,w™%)|, (4.11)
then w
VlQ(gw-ey 2 M™ + 7
Proof. Recall that v(z,t) defined in (4.3) satisfies (4.4) in Q1. Set
]' —n N L _ w w
Tn 125 2 y QR—Q(T}L,].), kn =M +Z+W,

0 q b
Bn;q = </ ) (/B Xv(x,t)<kndx> dt) .
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Pick ¢, € C5°(Q, U (Qn + (0, 2_"))) which equals its maximum 1 in Q1. Since r2 — 12, ~ 277", we
can assume
VGl £27, IAGI<4™, [0da] S 27

Recall the notation v, := max {k —v,0}. By Lemma 4.2, after integration we have
t
— 2 _ 2
ess sup / v |*dx + / V(v ¢ ds
—Tn412<t<0 Brn+1 x{t} o —Tn41 H ( kn n) H27BTn x{s}

n, 270 81,2 Pg n, .02, 1+L Dq
S 4"w B+t wm B+ 22w T B

61 2

Unravelling the definition and condition we have r wn < wz,r‘s“'wl“‘% < w?. Therefore if taking

supremum of ¢ € [—r2,,0] as well as t = 0, we obtain

0
o5, Call? o == esssup / 05 o2 (- ) + / RG] "

—Tn4+12<t<0J By, Tl
< 4"w23n;1 + wQBg{’ql + Q”wQBz";‘qz, (4.12)
By Sobolev type embedding (see page 76 in [15]),
_ 2 _ 2 ~ 2
H’UknanLz(Brn X[_T%H»lio]) S HvknanVI,O X Bnﬁz .
So by (4.12), we get
_ 2 ~ ~ ~ ~ 2
ok, ol s, xorz o < (4an;1 +BY, + 2“333%) w2 BT (4.13)
By definition, v > s3I Qn+1 N{v < kpt1}. Then
2 312 ~
v, > w2773 dadt > w227 OB, 1.
Il 2 Sy @2 02
Putting above two computations together, we arrive at
. . . . L 2
By 4 (4”3,“1 +Bo,, + Q"Bgfqz) BIY. (4.14)

First let us show the result when p > d + 2. Notice the length of the time interval is bounded by 1.

By definition, qu is monotone in ¢ € [0,1]. In particular since ¢; < ¢ < 1,

Brigy < Bnigy < Bni

Also En;l is obviously bounded, we have

~ ~q1+i
Bny11 <C16™"B, 7. (4.15)
Here C is bounded by a universal constant and
N 2 1 2 . 2
“aTyT p d+2

is strictly greater than 1 if p > d+ 2. Then iterating (4.15) finishes the proof once the starting point (of
the iteration) 3071 is small enough. And this is the same as ¢g in (4.11) being small enough. For more
details, we refer readers to Lemma 2.2 [8]. The choice of ¢y only depends on C, ¢; + T—Qs-z in (4.14) (and
of course on m, V') which is an universal constant independent of w.

For p € (d + diﬁ’ d + 2], we continue with the argument described before (4.13). For any « € (0,1),
applying Sobolev embedding in space gives

0
[ o,

viy)
7”n+1 nt
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0 0
S / 9 HU];ICnHiO;(Br")dt S C . ||V(’U;;n<n)H2a27d dt

l-«a N
0 = 0 B ,
<’ (/_ 2 ‘ Xv,jn>0 Li(B, . ) dt) (/_ . HV (UknCn) HLQ(BTHH) dt) .
T it Tn+1

Picka=q¢1 =1- %, then the above is bounded by

2a 0
S (Bn-P—Q) ! (/
’od ]

n+1

La+2 (B, )
T T4l
= O/O e - 19 (v, o) 5 dt
> . v, >0 LB, ) k,, ST L2(Bs, )

a
3 2
HV (UknCn) HL2(BM+1) dt) '

By (4.12) and monotonicity of Bn;q in q,

S (Bun) © (4702 By + w2 B, + 2" B,

n;q2
niqi

2a a
< (Bn;l) ‘ <4”szZf1 + w? B4 )

On the other hand since Vpr 2 Sigs in Qn+1 N{v > ky}, we obtain

0
—2an 7 Cn—3\2
w?*2 B g/ / (w273 dx | dt
—rZ Brn+10{”k;+l>0}
<[ el @
= 2 kn LQ(Brn+l) .

Putting together what we have,

2a

2 «
2a0—2an NJq1 » d n, 2 mngqz 2 Pq1
w2 g LS (B) T (4w BE + 0B, )

d
which simplifies to

. 2 . 2 .
Bni1iq, S 16"B o Bey + 4" B Bl (4.16)
Here we have one inequality. By (4.14) we proved

~ ~ ~ ~_2
Buiia S 4" (" Boa + By, +2"Blt, ) BT

By monotonicity,

~ _2 ~ ~_2
Buj1n S16"BE T2 4 4m B0 BT (4.17)

n;l n;iqi

Let a, = Bn;l, b, = En;ql. Then the proof is finished by applying Lemma 4.5 and using both (4.16) and
(4.17). 0

We state the Lemma 4.5, whose proof will be given in the appendix.
Lemma 4.5. Suppose we have two sequences {an},{bn} such that
1>a9>byg>a; >by... > a, > b, >0,
and there exists a constant Cy that
@t+3 2
anrl S C?an 4 + C{La;{ bgll;

2t FE
ant1 < Clan 72 4+ CTO an™?.
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Then if p > d + ﬁ and ag s small enough,

lim a, = lim b, =0.
n—oo n— o0

Now we proceed to the second proposition.

Proposition 4.6. Let v and ¢y be as in Proposition 4.4. Suppose (4.10) holds while (4.11) is not
satisfied. Then there exists universal constants cy,ca which only depends on co,p and ||V||1»(q,)such
that the following is true:

For r satisfying r < cyw®, there exists some n € (0,1) such that

V‘Q(g’%,w,a) < nuw.
The constant i is independent of w which may depend on cg.

The proof of the proposition rests on a number of lemmas which are variants of Lemma 6.1, 6.2, 6.3,
6.4 in [8]. We will sketch the proof for some lemmas and emphasize on the differences.

Lemma 4.7-Lemma 4.10 stated below are proven under the conditions of Proposition 4.6 and, for ¢
given in Proposition 4.4 we have
M* M- > % + cow, (4.18)

where M T and M~ denote respectively the supremum and infimum of v in Q(r,w™%). Let v(z,t) be as

given in (4.3) and define

A r(t) :=={x € Bg:v(z,t) > k}. (4.19)
We denote Ay(t) := Ak 1(t).

Lemma 4.7. Let ki = Mt — cow. There exists T € (—1,—%) such that

Al < (1-c) (1-2) 1511,

Proof. Observe that, by (4.18), ki > M~ + 3. If the claim is false,

-0
meas{(m);m 317te(—1,—%),u>M*+%} z/ A (D]dt > (1 — e0)| By
—1

which agrees with (4.11) and thus contradicts with the condition of Proposition 4.6. O

Lemma 4.8. Let ¢ as given in Proposition 4.4, M™ in (4.18) and Ag(t) in (4.19). There exist universal
constants c1,co > 0 and a sufficiently large positive integer ¢ = q(co) which is independent of w such
that if 1 < cyw® then for ko = M — §2w we have

A0l < (1 D) 181l for e -0

Proof. Without loss of generality we may assume that ¢y < 1. We follow the outline of the proof for
Lemma 6.2 in [8]. The additional ingredient is that we need to consider the effect of the drift term and
give a clear description of how small r need to be. For ¢ > 3, consider

$(2) = log* ( o ) |

cow — (z — (M+ — cow))+ + %3

Then
94
0 <¢(x) < qlog2, and ¥'(x) € [O, cw] for x € [0, MT]. (4.20)
0

Let ¢ be a cutoff function in By that

¢=1in Bi_x, ¢€0,1], V(] <

>
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where A € (0,1) is to be determined.

Consider ¢ = (¥?)(v)¢?(z). Let 7 be from Lemma 4.7 and set Q7 := By X [7,t]. By calculating
foT mu®vy (1) ¢(2dxdt and using equation (4.4), we find

w® Orpdxd VU + rom V) (V (0 (2)¢2)) dedt.
/ . t = //T ) ( (v*(¥7)'¢ )) 1
Notice that (wZ(t)) 201+ () (W' (¢

o 200N 20« 20,0\ 2
w /le{t}’l/J (v)Pdx —w /le{r}w (v)¢*dx

+// v (12 |V g2dxdt+// A+ PV
o //Q Vo wpiodofpioat +_//Q V@R (Vo

Xo:= X3:=

dxdt .

Since v < M+ ~w, ¥ < q,
Xo < Cw®g\™2 +0(1)X;.
From the Holder inequality and the fact that |[V¢| <A™, ¢ € [0,1],

Xy [ (190wt WOHVIC S o+l PIT0ITIC + X o VIC) deck

o(1)X; +r // (v 02 (1 4 )| ) 7Pt + r/ A Loy |V |dadt.
Ed QT
Recall (4.20) and that v < w < 1. Hence we obtain
X3 <o(1) X + (49gr? /3w // |V |2daxdt + (29gr /o)) // |V |ddt

Now by (4.8)
X3 < 0(1) Xy + (4% Jc2w™) + (299192 /o).
Let Ay r(t) be as given in (4.19). Computations in the proof of Lemma 6.2 [8] yield

/ GR)¢dr > (g — 1)log2)%| Ay 1 ()],
By x{t}

/ G2 (0)dx < (qlog2)?| Ag, (7)]
By x{7}

where k1 is as defined in Lemma 4.7. From the above,

2 é 5
q Cq C4irorg C2iro2q
< | —— .
[ Az, 1-2(t)] < (q — 1) [ A, ()] + A2(q—1)2 + cg(q 1) + cor(q — 1)2w

And we have

[ Ay 1= ()] = [Ak, ()| = [Bi\Bi-a| 2 [Ak, (t)| — CdA|By|.
By Lemma 4.7 and ¢ > 3, we obtain

2 1) 1
1—¢o 1 49701 2402
Ay, ()] < ((qfl) +Cod>\> 1B1| + Cy (AQ o ) (4.21)

1-4 Gqw* - coghw®

where Cy and C; are universal constants.
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Let us now choose A and ¢ such that

Nim L2 4 2<<1C°)(1+ ) g<12\B|
o élC'()dCO7 g—1) — 2 CO’)\q_4CO t

It is possible to choose such ¢ since for ¢y small, (1 — % )(1 4+ cp) > 1. Due to the drift term we require
(49°1 /2w + 297°2 [eg Aw®) < ich|Bl|.
Since ¢ is fixed and A(cp),q(co) are fixed, this condition is equivalent to r < cyw®? for some fixed
c1(co), ca(co) > 0.
Finally we can conclude with the right hand side of (4.21) < (1 — (%)?)|B].
O

Lemma 4.9. Let q be as given in Lemma 4.8. Then for any v € (0,1) there exists c¢(v,co,q) > 0
and po(7, co,q) > q such that the following holds: if r satisfies the assumption given in Lemma 4.8 and
further satisfies v < ¢, then

(in0120(15).05 v~ b=l )|
Proof. The lemma is a variant of Remark 6.1, Lemma 6.3, 6.4 [8].
Write {u > k} := {x € By, u > k} for any u € WH2(By). Lemma 6.3 [8] says that for any | > k,
1-3 ¢
(= Ble= R WI—HU>H¢{w@wwn
We will chosider | = k1 1,k = ks in above inequaltiy, wher ks := M™ — £w, where s is a sufficiently
large integer to be determined below.

Let us choose A = A(y, ¢o) such that

002 =1 s

With above choice of A, let 0 < {(z,t) < 1 be a cut-off function compactly supported in @ (17 %") which
equals 1 in Q(X\, ).

|Vu|dz. (4.22)

Write
AL(t) o= {x € BivC > kY, AS, = {(x t) € Q(1, 7) ol > k}
Ak aeo = {(x t) € Q( 2) v > k}
Then o
0 -7 < V(wo)|dz. 424
9s+1 ’fs+1( )‘ —= meas {Bl\Ais (t)} / (t)\Ak H(t)‘ (UC)| € ( )

Recall that from (4.19) Ay r(t) = {z € Bgr,v > k} and Ag(t) = Ak,1(t), so by definitions of the sets
Ap(t) C AS(1) C Ax().
By Lemma 4.8, for any ¢t € [~%, 0],
meas {Bl\Ais (t)} > meas {B1\ Ak, (t)} > ( ) | B1].
Since |Aj,_(¢)] is bounded by | By,
¢
Cl4;,,, '

@.\

Z ‘A Q_H( )‘ = ‘Aks+lg ( )|
Then

_1
Aanal <€ [ 145 82
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After integrating (4.24), Holder inequality yields that

wCy
<l dudt
2s+1| ks41,2, ol / /AC (t)\AC 1 ) (UC)| €T

<<// V()| dxdt) 45, L
A

ks (‘0 k s41:€0
Next according to (4.9)
2

2 c%w 2
// |V (vQ) [Pdxdt Sy —5— + rfw”.
ok, (@)EQ(L L) 2

1
weg c cAw? 2\ 2 | ¢\ 4C
oAkl < ( L Frw?)|Af g

Now we let 7 be small enough that r€4P° 052 < 1. Thenforall g <s<pg—1

Then

1
2

C

2 014¢

|Aks+17>‘100| < 73 Aks,co\ k;s+1,c0|'

As in [8], since the sum of |Ak . \Ais+1 o | 18 uniformly bounded by |Bi|. If p is large enough, there

is sg € [q, Po — 1] that

1

/ 2
Co ]Ag \AS < _ Ca <d (X
2060 po—q—1 2

ksg+1,c0

with ¢/ = |Q (17 %0) |. Let us choose s = sg. Then

dy _ 7 <o
|Akso+17)\7CO| < ? = 5 ‘Q(la 5)’ .
Consequently
Co . €o
[{o> 27 - Grwin @ (M)} = [ rel S lrgnal < 3lQ (1 F)]

Note that pg can be determined by c¢g, ¢, and so we only need r < ¢(co, g, 7).
Finally from (4.23)

{o> o= grwme (L)} < [{v>arr - grwme (W 5)}]

ol e 3] <sfe ()]

The following lemma helps finding the value of y(co, pg). The proof is parallel to Proposition 4.4.

Lemma 4.10. Let pg be as given in Lemma 4.9. Suppose p > d + %ﬁ' There exists v € (0,1)
independent of w,r,py such that if r < cyw§ for some c1,co depending on co,po and

(e ho (- B} <sfen

{eneo(L2)ws (2w} =0

then
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Proof of Proposition 4.6

Without loss of generality, we may assume ¢y < %. fM—M- < 5 + cow, then v is bounded by
Mt < (% +cp)w. In this case, taking n < (% +¢p) finishes the proof of the Proposition with, for instance,
Cl = Cy = 1.

Otherwise condition (4.18) is satisfied. In this case we fix ¢1,co as given in Lemma 4.7, py as in
Lemma 4.9 and v as in Lemma 4.10. By Lemma 4.7 and Lemma 4.8, we know that the conclusion of
Lemma 4.9 is valid for the range of r satisfying r < c;w®. By Lemma 4.9, we know that the condition
in Lemma 4.10 is satisfied for the specific choice of py. By Lemma 4.10 we proved that if (4.11) is not
satisfied, the solution goes down from above (from M+ to M+ — ¢y27Po~1w) if restricted to the smaller
box Q(1/2,cp/2). This yields the conclusion with n =1 — ¢g2 P01,

|

Proof of Theorem 4.1 The proof follows an iteration process which was described in the proof of

Theorem 7.17 [21], based on Propositions 4.4 and 4.6.

Recall that M := supg, v and o = mT_l Fix (zo,t0) € Q%, without loss of generality we can assume
it is (0,0), and let v := u'/™
The goal for the argument below is to obtain
nFw > 08CQ(gkrp2k)V for all integers k, (4.25)
where a,b,n € (0,1) only depends on M, m,p, ||V||1r(q,) and the dimension d.
We start with some Q(r, w™®) for some w > 0,0 < r < % such that
Q(r,w™ ) C Q%, W > 08CQ(r,w—o)V- (4.26)

For example we can take w = M.
Let us start with a given pair of (rg,wp) that satisfies (4.26). Below we will generate a sequence of
pairs (ry,,w;,) that satisfies (4.26). For each n and the given pair (r,,w,) let us denote
M, := inf v, MI:= sup
Q(Tn’w;a) Q(T'ruw;a)

Let ¢; and ¢y be as given in Proposition 4.6. For each given pair (r,,w,) the next pair (r,41, Wny1)
is generated depending on the following cases.

Case 1: if r,, > c;wf?, the situation is in some sense better since the oscillation is under control. In order
to apply the preceding scheme, let w41 = Wy, rpy1 = 1rn, and we repeat until it falls into Case
2 or 3.

Case 2: if r, < w2 and elther M, > “= or (4.11) holds, we claim v € [w, /4, M,[] in Q(25,w,; ).
This is trivial if M, > %= otherw1se with the help of (4.11) we can apply Proposition 4.4. Then

from classical regulamty theory for parabolic equations, it follows that (4.25) holds for k& > n.

Case 3: We are left with the case r, < ciwy?, M7 < “* and (4.11) fails. In this case Proposition 4.6
yields constants 0 < ¢g,n < 1 which are independent of w such that

08Cq(zp 0 )V < MWn. (4.27)
We choose
Wntl 1= NWp, Tnil i= C3Tn.
Here c3 := n%co is chosen such that Q(rp41,w, ) C Q(%, Lw,*). From this choice of c3

and (4.27) it follows that (4.26) holds for (r,11,wpt1).
Suppose Case 3 is iterated for n times. Then inside {|z| < c§r,t € (—c5ci"r?,0)}, the
oscillation of v is bounded by n™w and here ¢4 = %co, ¢ = cow™®. This yields (4.25) for k = n.

O
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5. LOSS OF REGULARITY: EXAMPLES

In this section we show by examples that the regularity results obtained in section 3 and 4 are false for
drifts in L4(RY). We will discuss examples with both potential vector fields and divergence-free vector
fields.

5.1. Loss of uniform bound and continuity for potential vector fields. First let us recall the
description of stationary solutions for (1.1) with potential vector fields.

Theorem 5.1. [ [{], [13]] For a radially symmetric, increasing potential ® € C™(R?), the following is
true:
1. The unique stationary solution of (1.1), with a prescribed mass M, is of the form
1
m—1_\m1
PM = <C(M) - <I>> .

m +

2. Let p solve (1.1) with V = V® and with smooth compactly supported initial data po with [ po =
M. Then the support of p stays bounded for all times, and ||p(-,t) = par(-)|| Lo ey — 0 ast — oo,

Based on above theorem, we give the example showing the loss of uniform boundedness of solutions.

Theorem 5.2. Let d > 2 and 1 < p < d. Then there exists a sequence of vector fields {V® ()} aen
which are uniformly bounded in LP(RY) such that the following holds. Let ua solve (1.1) with V = V® 4
and with a smooth, compactly supported initial data ug. Then sup,cga 4~0 uA(z,t) = 00 as A — o0o.

Proof. Let f(r) :=Inlni for r € (0,1), which satisfies f'(r) = (1/r)Inr . For each A >> 1, consider a
radially symmetric and increasing function ® 4(z) := ¢ 4(|z|) such that

1. ga(r)=—f(r) if1/A<r<(InlnA)~ Y
2. ¢y(r) < =2f'(r) if1/(24) <r <2(lnlnA4)~%;

3. 0 < ¢y(r) <min{l,r=4"1} ifr <1/(24) or r > 2(Inln A)~ 1.

From Theorem 5.1 there is a stationary solution p{' with total mass 1, of the form

m—1 m=T
o) = (- "o
m +
We claim that p4(0) — 0o as A — co. Indeed, otherwise sup ps = p4(0) are uniformly bounded, and
having to reach total mass 1 the support of p4 must stay away from vanishing. Thus it follows that
p((In1n(A))~1) > 0 for sufficiently large A, and we have

_1
m—1

0 = (Ca-"Loa) " 2 (P e - Les0)

Since @ 4((InIn A)~1) = ®4(0) > f (&) — f((InIn A)~') = +00 as A — 400, we reached a contradiction.
Let u? be a solution to (1.1) with initial data ug(z). Then by Theorem 5.1, u* — pi! in L>(R?) as
t — oo. From above argument we have sup, o u”(0,t) = p{(0) — oo as 4 — oo.
To finish the proof we only need to check that V& 4 is bounded in LP(R?). In fact one can check that
the vector fields V® 4 is uniformly bounded in Lﬁ)gq for all 0 < ¢ < d — 1, where

VI, = /R V| max{log? |V, 1} da.

q

It is enough to check the region % < |z| € (Inln A)~!, since elsewhere property 3. in the construction
of ® 4 guarantees the uniform bound. We have
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(Inln A)~* (Inln A)~*
/ |V 4|%10g? |V 4|dx < / |In ||| =%z~ log? ||~ dx
1

1

A A

(Inln A)~*

= / |Inr|~4T9r~1dr = € (|Inlnln A]~° — |In A7),
1
x

which is uniformly bounded as A - o0 if d—1—¢g=¢€¢> 0. a

By choosing another family of potentials, we can also check that L¢(R%) bound on drifts does not
guarantee any modulus of continuity for solutions of (1.1) even when the solutions are uniformly bounded.

Theorem 5.3. There exists a family of potentials ® 4 such that V®4 € LYR?) and a family of initial
data ug which are uniformly bounded in L*(R?) N L= (RY) NC>=(RY) such that the following holds: The
solutions u? of (1.1) with V = V® 4 with initial datas ug‘ stays uniformly bounded but lacks any uniform
modulus of continuity as A — oo.

Proof. Let ¢(x) = |z|?, and let p be a stationary solution of (1.1) p given in Theorem 5.1, with a
sufficiently small mass such that p is supported inside of the unit ball. Let ¢a(z) := ¢(Ax), and
p?(z) := p(Azx), which is a stationary solution for ¢4. Let us next modify ¢4 so that V¢, is uniformly
bounded in LY(RY), let ® 4 satisfy

1. (I)A == ¢A if |.’1?| S l/A
2. |[VOy| < |Voalif |z] <2/A.
3. |[V®| < min{l, |z|71} if |2] > 2/A.

4. ® 4 is smooth, radially symmetric and increasing.

Then V& 4 is uniformly bounded in L¢(R?) and p 4 is still a stationary solution for the modified potential
Dy.

For A > 1, consider a sequence of functions u§ > 0 such that they are uniformly bounded in L!(R%)N
L*RY) N C®[RY) and [ujde = [ pAder = CA¢. By Theorem 5.1, the solution u? of (1.1) with
initial data uj and with V = V®,4 converges uniformly to p* = p(Az) and p converges pointwise to
a discontinuous function p> which is 1 at 2 = 0 and zero for sufficiently small |z|. It follows that u4
cannot share any uniform modulus of continuity.

We are left to show that u” is bounded. To see this let v*(z,t) := u? (A~ 'z, A=%t). Then

v = A ()" + V- (VAT (VL) (A7),

d+1
d+1

2 oo
<A! (/ | A2z | +/ ||~ L da + 1) < 0.
0 1

The vector field A~! (V®,4) (A~'z) are uniformly bounded in L™ and v*(0) are uniformly bounded

in LY(R?) N L>(RY). By previous Theorem 3.1, v are uniformly bounded and so are u.

_ A—l qu)AHd-‘rl

and ||A7H (V4) (A )| a1

O

5.2. Loss of Holder regularity for Divergence free vector fields. In previous subsection we have
seen that drifts bounded in L¢(R?) and initial data that are bounded in L!(R%)N L>(R?) are insufficient
to yield uniform mode of continuity for solutions of (1.1). Our example used a series of potential vector
fields with strong compression at one point, which yields discontinuity in limit. In this section we will
show that the loss of regularity continues to be true for divergence free vector fields, though here we are
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only able to present loss of Holder estimates. Our example leaves open the possibility of weaker modulus
of continuity.

Our examples are inspired by that of [20], where parallel results are shown for a fractional diffusion-
drift equation, however there is a significant difference on the barrier argument that is presented below.
While [20] makes use of the nature of their fractional diffusion, we make use of the degeneracy of the
diffusion in the small density zone. More precisely, our counterexamples will describe loss of regularity
near small density region, due to the discontinuities of the drifts across the cone |z| = |y| (in two
dimensions) and |y| = |z1 £ z2| (in three dimensions). In the construction of barriers below, our use
of degenerate diffusion appears both in the evolution of the density height in the barriers, and in the
construction of supersolution where the zero set propagates with finite speed. See below for further
discussion on the construction of barriers.

5.2.1. Example in d = 2. Let us begin with two dimensions, where the presentation illuminates the main
components of the argument better. Let us recall that, for u solving (1.1) with divergence free V, the
pressure variable v := —-u™"1 solves

v — (m— DvAv — Vo2 + V- Vo = 0. (5.1)

We will prove the following theorem by constructing barriers for the pressure equation above.

Theorem 5.4. There is a sequence of bounded vector fields {V,,} which are uniformly bounded in L*(R?),
and a sequence {un}, of solutions for (5.1) with V,, that satisfies the following:

1. {un(x,0)} are uniformly bounded in C*(R?) for any k > 0;

2. {u,} are uniformly bounded in R? x [0,1];

3. For any 6 > 0 we have sup,, [u,]s = oo, where [f]s denotes the C° semi-norm of f in R? x [0, 1].
o Construction of vector fields
For s € (0,1) define

1
s? (Jo —y|* = ly + 2[).

N |

Y(x,y) =

Let us also define smooth cut-off functions x and u. satisfying

X[-3,31 S K SX-4.3)

2

and

X[26,10) < fe < Xe20)s  |pel(z,y) < (5.2)

[(z,y)|
Now define
T

V =V F = (-0,F,0,F), where F(z,y) := ¢(z,y)k <y> we(|(z,9)])- (5.3)

We claim that for all s,e € (0,1), V is bounded uniformly in L?(R?). To see this, note that by

definition we have )
[VEF| = [V (yr)| < Cs2lyl*~ for |(z,y)] € [2¢,1].
Then )
cy
1 2 2(s—1
VP <C [ sl Vdnay < .

On the other hand in By, by (5.2), we have |[VLF| < 22|(z,y)|*~. The claim follows now from above
computations and the truncation.

We will prove Theorem 5.4 by comparison principle, Theorem 3.4. More precisely, below we will
construct a subsolution @ and a supersolution u of (5.1) to compare with vs, to show the following:

Claim. There exists a family of solutions {vs}ss0 of (5.1), with smooth initial data bounded uniformly
in C? with respect to € and s, such that the following holds:
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1. v4(0,4¢,T) > Cye?®,
2. v,(0,—4e, T) = 0.
This claim will conclude the theorem if we take s — 0F.
Roughly speaking, our barriers are of the form @(x,t) = k(t)®, (z,t) and u(x,t) = k(t)®s(z,t), where
k and k are carefully chosen to estimate the evolution of density height inside and outside of the singular
cones (see Figure 1). The spatial function ®; is a small bump function of height 1 considered in [20].
While &5 roughy amounts to 1 — @4, it presents a nonnegative function with nonempty zero set that

moves with finite speed. This is a consequence of the finite propagation property of degenerate diffusion,
and is a crucial feature of u that is needed to establish the claim above.

o Construction of subsolution
For € > 0, let us define the parameters
M:=s"2 and T:=M(1—(4€)>%)/(2—s). (5.4)

Define

2t) = (1— (2= )M )7, te[0,T] (5.5)
so that z satisfies

Z=—-M1 0 2(0)=1, 2(T)=4e

Let ¢ € C§°(B1(0)) be a smooth, non-negative, radially symmetric and decreasing function with the
property |Ayp| < C. Now for some r € (0, %) and a constant c¢; > 0, define

—z(t
W((2,9),1) 1= caz* () O((2,y), 1) 1= co2* (t) 0 (W) :
We will choose r small enough such that @ is supported in the upper cone y > 3(|z|).

Lemma 5.5. Let u be defined as above. Then there exists rs > 0 which depends on s (but independent
of €) such that for r < rs and cs small enough independent of €, 4 is a subsolution to (5.1).

Proof. For simplicity, let us omit the subscript s, and denote z = z(t). By definition we only need to
check that

u— (m—1uAa+V -Va<0
which is equivalent to

cs((2%)® + 250, @) — (m — 122> PAD + ¢,2°V - VO < 0.

A supersolution

A subsolution

FIGURE 1. Sub and Super Solutions
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Recall |Ag| < C, it is sufficient to show that

-1
(2°) < (m — 1) 2?5 PAD < —%csz% and (5.6)
8P+ V-V < 0. (5.7)

The first inequality is equivalent to
C(m—1)cs < sr?M ' =sr?M .

So once r = r; and ¢, are chosen small enough that

ST2

< < g2 ,
CS_C(m—l)MNSZT’ (5.8)

inequality (5.6) holds.

Next we claim that there exists a universal constant s > 0 which is independent of € such that for all
r < g, (5.7) holds. From the computation in Lemma 3.6 [20], there exists a universal constant ry > 0
which is independent of e that for all r < rg, (5.7) holds. (Similar calculations will be performed for
construction of a supersolution, see Lemmas 5.6 - 5.9). It follows that for  and ¢ small enough, @ is a
subsolution and @(0,4e,T) ~ ¢s2°(T) = c4(4€)*. Due to (5.8), u(x,y,0) is uniformly C* for any k with
respect to e.

g
o Construction of supersolution
Let M, T, z(t) be as previously defined in (5.4), (5.5).
Let us consider a smooth function ¢(R) : [0,00) — [0, 1] with the following properties:
1. ¢ is increasing with ¢(0) = ¢’(0) =0 and ¢ =1 for R > 1.
2. There exists a constant C* > 0 that
1
(m =D + =¢) + ] < C*p (5.9)

R

To construct such ¢, for instance we can choose ¢ = R? for |R| < 1/2 and extend it to a smooth function
satisfying 1,2. With the above ¢, define

B((a).0) = p (| L),

rz(t)
and )
k(t) == (00 —c M:_2z(t)s> : (5.10)
where
Co :=2C"Mr~2s 1 (4e) ™% ~r 257 3¢5, (5.11)
The choice of Cj is to ensure that k(t) stays nonnegative for 0 < ¢ < T and k(0) = C% = é, r2s5es,

With the functions k& and ® as defined above, we will consider a supersolution of the form
u(x, y,t) := k(t)®(z,y,1). (5.12)

Lemma 5.6. Let u(x,y,t) be as given in (5.12). There exist rs > 0 independent of € and a universal

constant Cy > 0. If r < r, and k(0) < Cir2s3€®, then u is a supersolution to (5.1) in the time interval
[0,T].
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Proof. Consider the region S := {(z,y), 3¢ < 3|z| < —y} x [0,T]. Showing that wu is a supersolution is
equivalent to
(K'® + k0, ®) — (m — 1)E*PAD — k*|[VO|> + kV -V > 0.
By (5.9),
CE*272r72® > (m — 1)E*®AD + k?| VO[>

Thus it suffices to show

E>Ck?: % 2and ;@ +V -V® >0 (5.13)

The first inequality in (5.13) follows from the construction of k(¢). The second inequality can be

written as

Ve (z,y) 277+ Ve (MVz1) > 0.
Notice that inside S, V := MV satisfies

(‘71, ‘72) = % (lz =yl ==z =y o=yl + |-z —ylT").
Since Vi is in the direction of (z,y + z), the above inequality is equivalent to
M(z,y,2) = (z,y+2) (x,9)2° 2+ (x,y+2) - (Vi, V) > 0.
By (s — 1)-homogeneity of (Vi, V3), it is then equivalent to verify for |z|? + |y + 1|2 < 2, we have

Flay) = M,y 1) =2+ yly + 1)+ gle g w4y + )4 g ==y oy +1) 20
After basic computations
f(0,=1) = f2(0,-1) = fy(0,=1) = fz,,(0,—1) =0,
foz(0,—1) =25 >0, f,,(0,—1) =2(2—s) > 0.
It follows that (0,—1) is a local minimum of f and therefore there exists s such that f > 0 inside

|z)? + |y + 1> < r2. And hence the first inequality of (5.13) holds.

It follows that u is a supersolution in R? x [0, 7] with u(z,y,0) < Clrgs%es in the lower half plane
(y <0). Since ¢(0,0) = 0 at time T we have
u(0, —4e,T) = 0.
O

Proof of Theorem 5.4:

Now for any module of holder continuity w(r) = C7°. Let us select s < %5 and e arbitrarily small.
Let 7 be sufficiently small so that Lemma 5.5 and Lemma 5.6 applies. Let C; be the constant in Lemma
5.6.

Consider a smooth function vy : R? — R be supported in the upper half plane and

1. vy > %rgsges in B, (0,1);
2. vy < Clrfsges.

Let vs = vy, solve (5.1) with initial data vg. Let us choose e small enough so that @ given in Lemma

5.5 with ¢, := Str2s%¢® is a subsolution of (5.1). From comparison principle, the solution to (5.1) with

2 I's
initial data v satisfies

v(0,4¢,T) > C’rfsgezs. (5.14)
Next let u be the supersolution as given in Lemma 5.6. Then we have u(-,0) > vg, thus by comparison
principle it follows that vy > v. Then at time T,

vs(0, —4e,T) < u(0,—4¢,T) = 0. (5.15)
Putting (5.14) and (5.15) together, it follows that
|vs(0,4€, T) — v5(0, —4e, T)|/|8€|® > Cr2s3 €% = C(s)e2 .
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Finally, let us normalize parameters so that the singular time 7T is comparable to 1.
Us,e(T,t) = vs7€(M%x, Mt).
Let us normalize T by
1 — (4¢)%~3
2—s 7
which is close to 1/2 for all s, e close to 0. Recall V' defined in (5.3). Then us . solves equation (5.1)
with V replaced by

T=T/M=

V)=V, =MV (M>z),
where V is defined in (5.3). Then {V,} are uniformly bounded in L?(R) for all s.
From Theorem 5.4,

us(0,4¢/M= T) — uy(0, —4e/M=,T)|/|8€¢|® > Cye® 0.

Then as € — 0, any C°- norm with § > 2s again grows to infinity at time 7" which is uniformly bounded
this time. Thus we can conclude our theorem if we choose

Up 1= Ul /n,e, -

where ¢, is chosen sufficiently small such that the C™ norm of u,, . (x,0) is bounded.

5.2.2. Example in d = 3.

Theorem 5.7. There exist a sequence of bounded vector fields {V,,} which are uniformly bounded in
L3(R3) such that parallel statements as in (5.4) holds.

o Construction of vector fields
Let us denote x = (21, x2,y) € R3. For s € (0,1), define
V(e @2,y) = (—(y+a1—22)" + (o +22)°, (y— 21+ 22)° — (y+ 21 +22)°, 0).
For € > 0, let x and p. be two smooth cut-off functions satisfying
X[-§.41 S # S X443 (5.16)
and

2
X[26,10] < fe < Xe20)s  |pel(z) < =k (5.17)
Now we define V := V x F with

Fa)i= 1wt (P22 ) (25 i,

We claim that for all s,e € (0,1) any small, V is bounded uniformly in L3(R3). To show this, by
symmetry it is enough to consider the following regions:

S1 = {(z1,22,y) € B1, y > 3max{|z1 + z2|, |x1 — x2|}, |(z1, 22, y)| > 2€},

1 1
SZ = {($1,$27y) € Bl7 §y > X1+ T2 2 gy > 07|(‘%’1’x27y)‘ > 26}}7
Sz := {(21,72,y) € B1, [(z1,72,9)| < 2¢}.

In S1, k= pe = 1 and ||V x 9|| < Cs|y|*~t. Therefore

1 r3y 3y
W@y < [ [ [ e Dandn < sc.
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In S,, since |x/[, x| are bounded and p. = 1, each component in V x F is bounded by Cs3|y[*~1. Since

. < % similar bound holds in S3, and we have

) 1 r3y riy
V@) [ asaisy < C / / / sly26~Ddzydaady < C.

As before, we will prove Theorem 5.7 by comparison principle.
Take M = s~3. We define T, z(t) the same as in (5.4), (5.5). We can write V = 53 (V3, V3, V3), inside
S1

1 _ 1 _
Vi=—q—z+2)" 4yt o +a2)

1 _ 1 _
‘/22—1(94-551—332)3 1+i(y+$1 +32)%7 1,

1 s—1 1 s—1 1 s—1
V?»:—i(y—fﬂl + x2)° —Z(y‘i‘fﬂl—ﬂh)‘ —§(y+$1 +2)"

o Construction of subsolution

Let ¢ € C§°(B1(0)) be a smooth, non-negative, radially symmetric and decreasing function with
|Ag| < C for some C > 0. For r € (0, §) and a constant ¢, define

—z(t
u(z,t) = cs2° (1) (2, 1) 1= cs2° (t)gp (W) )
Then the support of @ lies inside the upper cone S;.

Lemma 5.8. Let u be defined as above. Then there exists rs > 0 independent of € and a universal
constant C' > 0 such that for r < ry and cs = C’s%rz, u is a subsolution to (5.1). Furthermore
(0,0,4€,T) > cq(4e)®.

Proof. We need to check that
i —(m—1aAa+V-Va <0
inside the support of @, which lies in B,... Since |Ayp| < C, it suffices to show that

s C(m — 1) s
(Z )/ § 7w0322 (518)
and
0P+ VVP <0 (5.19)
in B,.,.

Since (5.18) is equivalent to C(m — 1)c, < sr2M 1, it holds when

ST2

= — < % 2_
T COm-1)M~"
Next notice
0P +V VO =0, with V=—-M"125"2(x1,29,7).

Hence to show (5.19), it suffices to show (V — V) - V® > 0 for t € [0,T] and for (1, 29,y — 2) € B,...
Recall that V = s3(V4, Va, V3), M = s~ 3. Since V® is parallel to (z1,x,), it suffices to show that
(Vi V2, V) + 2° (w1, 22,9)) - (w1, 22,y — 2) 2 0 for {a: af + 23 + (y — 2)° < 2%r%.

By (s — 1)-homogeneity of V', this is equivalent to
((Vi, Vo, V) + (21, 22,9)) - (w1, 22,y — 1) > 0 for {z : af + a3+ (y — 1)* <77}, (5.20)
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The left handside of (5.20) can be written as

1 _ 1 o
flx1,22,y) = *Z|y*$1 + x5|° 1(351 +y—1)— Z|y+9€1 — 29| 1($2 +y—1)

1 .
- i|y day F ool (—ay — e +2(y — 1))+ 2 a2l Fy(y—1). (5.21)
Straightforward computation yields

f(ovov ]-) = le (0,0, 1) = fI2(OvOa 1) = fy(oao’ 1)7

1
frc,,rcl =1+ 57fyy =4 2S7fx112 = O7fxly - *5(5 - 1)

So (0,0,1) is a local minimum of f. Hence there exists r; > 0 which only depends on s such that (5.20)
holds for (z1,x2,y — 2) € B,_., thus we conclude that v is a subsolution of (5.1) when ¢ and r; are
sufficiently small. In particular observe that

a(070’46’T) ~ CS’ZS(T> = 05(46)3 with ¢; < 03%7"27

where C' is a universal constant which is independent of s, e.

o Construction of supersolution

Let ¢ : [0,00) — [0,1] be as given in (5.9) and let k(t) be as given in (5.10), (5.11) with M = s~ 3.
Recall that
k' > Cz %7 %k* for t € [0, T). (5.22)

For r < %, we define
) = () b(z.0) = k(0

Lemma 5.9. Let u be defined as above, and let rs as given in Lemma 5.6. If r < rgs, u is a supersolution
to (5.1) in R3 x [0, T). Furthermore u(0,0,—4¢,T) = 0 and u(x,0) > Cr2sie®, where C is independent
of s and €.

(x17x27y + Z(t))
rz(t) ) '

Proof. As done in Lemma 5.6, it is sufficient to show
Ed>Cz % 2k*, and 9®+V-VE®>0 (5.23)
in S :={(x1,22,y), —y > max{|zy + z2|, |21 — 22|}, |2| > 2¢}.

The first inequality in (5.23) holds, as before, due to (5.9) and the definition of k(¢). To show the
second inequality, write V.= M ~1(V;, V5, V3). In y < 0

M (8@ +V -V®) = Vo - (z1,29,y + 2)z7° " + Vo (V1, Vo, V3)z~ L.
By definition in the region S

1 _ 1 o
Vi=—(y—z1+22) ' —=(y+a1 +22)°7 ",

4 4

1 s—1 1 s—1
‘/2:1(1/"‘301—302) —1(1/4‘5514‘352) )

1 _ 1 _ 1 _
V?,:l(y—iﬂl-i-ivz)s 1+1(y+$1—$2)s 1+§(y+$1+$2)s L

As before we only need to verify that there exists r = ry such that inside |z1|* + |22 + |y + 1|2 < r

1 . 1 -
o1 ? + [wof* + (y+ Dy + Jly =21+ 22 @+ y+ D)+ Jly o -z @ty + 1)

1
—|—Z|y + a1 4 2o H(—wg — 21 + 2y +2) > 0.
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Recall f defined in (5.21), then the above is equivalent to
f(=21, =22, —y) > 0

near (0,0, —1) which has already been verified when r is small enough (depending only on s). Hence u

is a supersolution. Note that k(0) > Cr?s3¢®, and thus we conclude.
O

Proof. of Theorem 5.7. The proof is now parallel to the two dimensional case Theorem 5.4, with the
help of Lemma 5.8 and Lemma 5.9.
a

APPENDIX A. PROOF OF LEMMA 3.2

Suppose By (0), Bo(t) are bounded by M, then Ay (0) < M™. Solving the differential inequality gives
that for all t > 0

t —1
Ap(t) < efc"t/o eCos (Clnk + ClkAiJ:flnk (s)) ds+ M"™.
If Ai_1(t) are uniformly bounded by Mj_; for all ¢, we can choose a constant Co depending only on

(Co, C1, M) such that

Ap(t) < COM 4+ COPMPTE™" 4 e < o 4 Cph PO (A1)
We claim that it can be proved by induction that
Ay (t) < C5* for some constants C3(Co, C1, M), ¢ (Cy, k). (A.2)
Here {ct} is defined inductively by
co=1, cx:=(2+ %)ck_l +k+1 (A.3)

By a slight abuse of notation, we will write C’s as constants which only depend on Ci, Cy, M, a (inde-
pendent of k) and they may vary from one expression to the other.
To see the claim, by induction taking My_; = C5* " in (A.1), we only need
o+ cheg PO < o

And it is not hard to see by definition, ny < k + cx—1(2 + Clngl). So if choosing C3 large enough, we
only need
C§+1+ck71(2+cln;1> <o

which is exactly (A.3). We proved the claim.
By (A.3) and simple calculations,

k

C
ck = Jbik | +k+1  where by =1\ (2 + =1,
n.

j=1 ’
Notice ny = 2¥(a + 1) — a, there is a constant Cy(a, C1) that £+ < C427F for all k > 0. So

b < 2P HIIE_(14 C427F71).
Then we apply the fact that given z, >0 and ) z, < C4, we have for some other constant C' > 0

M,(142,) SC+CY .

We find out
bjx <2801+ Cy) $287 and
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k
CkSCQ Z

So ¢, < Cny. By (A.2), we proved that

+k+1<28 <y

N‘k}.

A,(cn’: )(t) < 020 uniformly for all & € N° and ¢t > 0.

APPENDIX B. PROOF OF LEMMA 4.5

The idea of the proof is to find a finite N(p,d), C(N), e > 0 such that for all natural numbers k > 0
aN(kJrl) < C’ka}\,ﬁ:. (Bl)

Then the proof again follows from the iteration, see Lemma 2.2 [8]. We claim that this can be done by
simply plugging the first inequality into the second one for finite times. If we do it once

a2+ g5 42 a1
an+1§C1nan d+2+Cn d+2 (Cn 1 (12 d+0n 1 d 1b ) .

Recall g1 =1 — %, g =1- %. Suppose n = 2k + 1 and from the above we have

d+2+ d be

2k+1 92 352 4k+1 qa2+ 75 4k+1
a2(k+1 <C + d+2 +C + d+2 a d+2 —|—C + asy

Aokt Ao 102

291 o
k Q2+d+2 d+2+qﬂ]2+d+2 d+2+ q7
<C ( +a +a bl

We used ¢1,¢2 < 1 in the first inequality and agr4+1 < agy in the second one. Also since by, < agy, if the
following two inequalities hold:

2

d+2

9 9
>1 d - > 1,
gt el 3““d+2+<d+‘h>q1

(B.1) holds and we finish the proof. Because g2 > g1, we only need the second inequality to be true.
If the second one fails, then we do one more iteration. Similar computations and arguments imply

that we then only need
2 2 2
d+2+<d+(d+Q1>Q1)Q1>1
to be true in order to have (B.1).
If we keep doing the process, eventually, we want

+ + [ =+ — 4+ >1 f
q q q q or some
l 2 l l / 1 1 1 1 n,

n brackets

which is
2 2
T2 + y (Q1 -|-qf + ...+ q’f) —|—qf+1 > 1 for some n.
Letting n = oo gives
2 2 ¢ 2 2p—2

z - z 1
d12 di-q d+z2td 2 7

which is equivalent to
p>d+ ——

and we finish the proof of the lemma.
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