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NEMATIC LIQUID CRYSTALS IN LIPSCHITZ DOMAINS

ANUPAM PAL CHOUDHURY, AMRU HUSSEIN, AND PATRICK TOLKSDORF

ABSTRACT. We consider the simplified Ericksen—Leslie model in three dimensional bounded Lipschitz
domains. Applying a semilinear approach, we prove local and global well-posedness (assuming a small-
ness condition on the initial data) in critical spaces for initial data in L3 for the fluid and W3 for
the director field. The analysis of such models, so far, has been restricted to domains with smooth
boundaries.

1. INTRODUCTION

In this article, we establish a well-posedness theory for the isothermal simplified Ericksen—Leslie model
in critical spaces on a bounded Lipschitz domain {2 C R3. This model describes the flow of nematic liquid
crystals and is given by the following system of equations

O+ (u-Vu —vAu + Vr = =X\div([Vd]'Vd)  in (0,7) x Q,

(1.1) opd + (u-V)d = v(Ad + |Vd|*d) in (0,T) x Q,
divu =0 in (0,7) x Q,

with initial data «(0) = a and d(0) = b. Here u : (0,7) x Q — R3 denotes the velocity field of the
fluid, 7 : (0,7) x 2 — R the pressure, and d : (0,T) x @ — R? denotes the molecular orientation of
the liquid crystal at the macroscopic level (we shall also refer to this as the director field). This physical
interpretation of d imposes the condition
(1.2) |[dj=1 in (0,T) x .

We shall therefore further assume that |d(0)] = |b] = 1 in Q. The constant v > 0 represents the viscosity,
the constant v > 0 represents the microscopic elastic relaxation time for the molecular orientation field d,
and the constant A > 0 encodes the competition between the kinetic and potential energies. Without loss
of generality, we shall restrict ourselves to the case A = v = v = 1. This system is complemented with
suitable boundary conditions for w and d. The velocity field will always be assumed to satisfy no-slip
boundary conditions

u=0 on (0,T)x 09,
and the director field either satisfies homogeneous Neumann boundary conditions
(1.3) Ond=0 on (0,T)x 09,
or it is assumed that the alignment of d on the boundary is prescribed by a constant unit vector e € S?,
ie.,
(1.4) d=e on (0,T)x 0.

Here, 0,,d denotes the normal derivative of d to 2. Notice that both these types of boundary conditions
for d are physically relevant and have been investigated in smooth domains [27], [14], [25], and [28].
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After the continuum theory of liquid crystals was developed by Ericksen [6] and Leslie [24] in the
1960’s, a first simplified model (which is a slightly modified version of (IIl)) was considered by Lin and
Liu [29] in 1995. In the case of bounded and smooth domains the above mentioned system was considered
by Li [25] subject to Dirichlet boundary conditions for d; subject to Neumann boundary conditions it
was investigated by Li and Wang [27] and by Hieber, Nesensohn, Priiss, and Schade [I4]. While the two
latter treatments rely both on maximal regularity estimates for the Stokes operator and the Neumann
Laplacian, they differ in their underlying philosophy. Namely, Li and Wang treat it as a semilinear
problem and Hieber et al. advertise the quasilinear approach. Detailed information on liquid crystals
including their history and further references can be found in the books by Sonnet and Virga [32] and
Virga [37]. Recent developments are discussed by Hieber and Priiss in the survey [15].

In this work, we shall view the simplified Ericksen—Leslie model as a semilinear equation and treat it
by the semigroup method presented for example by Giga [11], Giga and Miyakawa [12], and Kato [21].
For instance in the case of Neumann boundary conditions for d, this means that all nonlinear terms are
considered as a “right-hand side” and that we shall construct mild solutions

u(t) = e a — /0 e_(t_s)A]P’{(u(s) - V)u(s) + div([Vd(s)] " Vd(s))} ds,

d(t) = e tBh — /O e~ I8 (u(s) - V)d(s) — |Vd(s)[*d(s)} ds

by virtue of an iteration scheme. Here, the “fluid equation”, i.e., the first equation of (1)), is projected
onto the solenoidal vector fields by using the Helmholtz projection P and A denotes the Stokes operator;
—B denotes the Neumann Laplacian. As the underlying domain is only Lipschitz, there are profound
constraints concerning the regularity of the involved operators. For example the Helmholtz projection
on LP as well as the Stokes semigroup on LE exist only for 3/2 — e < p < 3+ ¢ and some € = £(2) > 0,
see Fabes, Mendez, and Mitrea [7], Shen [31], and Deuring [5]. Another point is, that one cannot expect
the domains of the operators A and B to embed into W2P? for any p > 1, as this property is in general
wrong for the Laplacian, see Dahlberg [2] and Jerison and Kenig [20]. Firstly, this shows that one cannot
expect an LP-result for p > 3 + € and secondly, this directly leads to problems of how to interpret the
mild solutions above, as the Stokes semigroup is applied to two derivatives of d.
To circumvent this problem, we shall write (u(s) - V)u(s) as div(u(s) ® u(s)) and then consider

e~ (=) Apgiy

as one composite operator on LP. That this is well-defined for 3/2—¢ < p < 34¢ and a bounded Lipschitz
domain 2, was proven by the third author in [34]. To prove convergence of the iteration scheme, it will be
important that u(s)®@u(s) and [Vd(s)]" Vd(s) exhibit the same decay rate in the time variable, because in
this case, both integrands in the mild formulation of u behave similarly with respect to the time variable.
Since the constructed solutions u and d will be perturbations of the solutions e *4a and e~ b to the
linearised equations, we need to impose conditions on b such that Ve *Zb has the same time decay as

le™allzgiey < O *5 Dllally)  (3-e<p<a<3to)
Since B satisfies the square root property ||V f||» 2 [| BY/2f||» for $ —e < p < 3+c and f € dom(B/?),
one has the same time decay

Ve Bb|| Laaysxs < Ct 3G D BY2b| oy (B—e<p<q<3+e),

whenever b € dom(B/2) = W1»(Q)3.

This leads us to an informal formulation of our main results. In Theorems [3.1] and [3.4] we prove
local existence of mild solutions to the simplified Ericksen-Leslie model for initial data a € L2(€2) and
b e WHP(Q)? with [b] = 1 and every 3 < p < 3 + ¢ for some ¢ > 0. If a and Vb are sufficiently small in
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LP, then the solutions are global. Especially, the solutions satisfy
u € BC([0,T); L2(Q)), Vd e BC([0,T); LF(Q)**?), and d e BC([0,T); L=()?)

(actually, d satisfies |d(t)| = 1 for all times). In the case p = 3, the norms of the spaces above are invariant
under the natural scaling of the equation, i.e., if u, d, and 7 are solutions to (II]) and « > 0, then so are

ua(t,z) = au(a®t,ax), do(t,z) :=d(*t,ax), and 7w,(t,x):= *n(a’t, ax)

(on a dilated domain and time interval). Thus, we establish a well-posedness theory for the simplified
Ericksen—Leslie model in critical spaces. Furthermore, we prove that under certain conditions the mild
solutions are unique. Having these solutions at hand, we proceed by regarding the nonlinearities as
“right-hand sides” and use the theory of maximal regularity to prove additional regularity properties of
the solutions. Finally, we would like to stress, that this is the first time that a well-posedness theory for
the simplified Ericksen—Leslie model is established on a bounded Lipschitz domain and that we prove
existence results for certain initial data spaces that are even unknown in the smooth case. To the best
of our knowledge, well-posedness results in critical spaces have been obtained only for the full space R?,
see [16L17,126].

The article is organised as follows. In Section 2] we introduce some of the basic tools and notations.
The main results are stated in Section [3 and the iteration scheme (for Neumann boundary conditions
for d) is performed in @ In Section [l we prove regularity of the corresponding solutions and then, in
Section [6] we outline the changes of the proof for Dirichlet boundary conditions. We close the article in
Section [7] with a comparison of our results in the smooth setting with previously known results.

2. PRELIMINARIES

In this section, we collect some preliminary results which shall be used time and again in the rest of
the article.

For the whole article,  C R?® will be a bounded Lipschitz domain, by which we mean that the
boundary can locally be described by the graph of a Lipschitz continuous function. The space dimension
of the underlying Euclidean space is always fixed to three. Integration will always be performed with
respect to the Lebesgue measure. For two vectors z,y € R? we denote by x ® y the matrix that arises by
carrying out the matrix multiplication zy ', where the superscript | denotes the transpose of a matrix.
For a linear operator C' defined on a Banach space X, we denote its domain by dom(C) C X and its
range by Rg(C).

Define the space of all solenoidal, smooth, and compactly supported vector fields by C2%(€2). Then,
for 1 < g < 0o, we denote by

q 1.q

L1(Q) =T () and WEI(Q) = C Q)
the Li-space and the first-order Sobolev space of solenoidal vector fields. Moreover, for ¢’ being the
Holder conjugate exponent to g, we define W, 14(Q) := (Wol)’gl (©))*, where the * indicates that the
antidual space was taken. Finally, for a Banach space X and an interval I C R, we denote by BC(I; X)
the space of all bounded and continuous functions endowed with the supremum norm and we will denote
the space of all average-free LI-functions by

LI(Q)* = {deLq(Q)3|/ddx:O}.
Q

Recall that it was proven by Fabes, Mendez, and Mitrea in [7] that for each Lipschitz domain  C R3,
there exists € > 0 such that the Helmholtz projection P from L4(2)? onto L%(f2) is a bounded operator,
whenever |1/g —1/2| < 1/6 +¢. In this case, one can canonically identify LZ(€2) with the antidual space
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’

(LY (Q))*. This means, that for every f € (L (Q))* there exists a unique g € L%(Q) such that

gy = [ @) W@ do - (we (@)
and we denote the corresponding isomorphism by ® : (L4 (Q))* — L2(Q).
The Stokes operator and the Neumann Laplacian are defined by means of Kato’s form method as
follows. Define the sesquilinear forms

a: Wy2(Q) x W2 (Q) — C, (u,v)H/Vu-de,
i i Q

b: Wh2(Q)P x Wh2(Q)3 = C, (u,v) — / Vu - Vo dz,
Q

and let the Stokes operator Az be the L2(Q)-realisation of a and the negative Neumann Laplacian By be
the L?(2)3-realisation of b. For 1 < ¢ < oo, the Stokes operator 4, is either defined as the part of Ay in
L1(Q) (if ¢ > 2) or as the closure of Ay in LL(§2) (if ¢ < 2) whenever the closure exists. In the same way,
we define the Neumann Laplacian B, on L4(2)3. Note that the respective operators are closable in the
case ¢ < 2 if and only if Ay (or By) is densely defined, for a proof, see, e.g., [35, Lem. 2.8]. Moreover, if
one of these conditions apply, then

(Agu,v) o po = (u, Agrv)

Lo Le (u € dom(Ay),v € dom(Ay))

Le,Ly
and
(Bqu, v) 1o por = (U, Byv) o por (u € dom(By),v € dom(By)).

The following result of Shen shows that —A, generates an exponentially stable analytic semigroup on
L2(§) whenever |1/g —1/2| < 1/6 + ¢, in particular, this implies that the Stokes operator A, is closed
and densely defined for ¢ is this range.

Proposition 2.1 (see [31]). For every bounded Lipschitz domain @ C R® there exists ¢ > 0 such that
for all q satisfying |1/q — 1/2] < 1/6 + €, the operator —A, generates an exponentially stable analytic
semigroup on LL(Q).

The heat semigroup generated by the Neumann Laplacian has the following properties on bounded
Lipschitz domains.

Proposition 2.2. For all ¢ € (1,00) the operator —By is the generator of a bounded analytic contraction
semigroup (e=tBa);>0 on LI(Q)3 and for q¢ = oo, (e~'Ba),>¢ is contractive, i.e.,

e dl| (e < iz for all d € L¥()°.

Proof. By [3, Thm. 1.3.9], B; satisfies the so-called Beurling-Deny conditions. In this case, [3, Thm. 1.3.3]
implies that (e~*Pa),>( is a semigroup of contractions on L4(Q)? for 1 < ¢ < oco. The analyticity for
€ (1,00) follows from [3| Thm. 1.4.2]. O

Since the operator domains dom(A,) and dom(B,) are nested for decreasing ¢, the corresponding
semigroups define a consistent family of operators, e*tAQ|Lg(Q) = e " and e B[, = e Pr for
p > ¢q. Thus, if no ambiguity is expected, we will follow the standard convention and skip the subscript 4
henceforth and simply write A and B. The following result characterises the domains of the square roots
of A and B defined above.

Proposition 2.3 (see [34] and [20]). Let Q C R® be a bounded Lipschitz domain. Then there exists an
g > 0 such that for all |1/q—1/2| <1/6 +¢,

(a) one has with equivalent norms

dom(A%) = W 2(),
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(b) one has
dom(B?) = Whi(Q)?
and there exists a constant C > 0 such that

O_1||Vu||Lq(Q)3X3 < ||B%u||Lq(Q)3 < OVul peysxs  (u € wha(Q)?).

In the following proposition, we recall and outline the proofs of LP-L4-type estimates for the Stokes
and the heat semigroups.

Proposition 2.4. Let Q C R? be a bounded Lipschitz domain. Then there exists € > 0 such that,
(a) there exists w > 0 and a constant C' > 0 such that for % —e<p<g<3+eandt >0,

_3¢1_1
le™ FllLg ) < Ce™'t 2(53) Il f & Lo(€),
1 371 1
le™ 4 Pdiv F| g (o) < Ce™'t" 2 2 (5 ‘1)||F||Lp(sz)3“, F e L),

where e *APdiv is the LP-extension of the respective operator defined a priori on C°(Q)3*3.

(b) there exists w > 0 and a constant C > 0 such that for all 1 <p < g < oo withp < oo and t > 0,

2 3r1 1
1™ fll oy < Ce=t 2 a) | flloaye, £ € LA,

using the convention é = 0. Moreover, for all % —e<p<qg<3+ecand fort>0 it holds

_3r1 1

196 fll s < Cet ™20 0) [V flluaps, 1 € LRQ)P AWIP(Q),
_1.3¢1.1

192 fllpagayes < Ce=tt 220 | fll s, £ € LHQ)™

Proof. The first estimate in (a) was proven in [34, Thm. 1.2] but without an exponential decay factor.
The exponential decay can be obtained by using the semigroup law e ~*4 = e 24¢~24 and then by using
the exponential decay of the semigroup on LZ(Q) first, followed by the corresponding LP-L%-estimate
from [34, Thm. 1.2]. The second estimate in (a) is derived similarly by dualising the gradient estimates
t12|Ve  fll 1) < C|l f|l 12 () and then by employing the semigroup law as above and the first estimate
in (a).

To prove the first estimate in (b), notice that the heat kernel k;(z,y) of the heat semigroup (e~
admits the following estimate

tB)tZO

lz—y|?

ke (2, )| < Cymax{t™%,1}e” 2

for some constants C7,Cs > 0, see [3, Thm. 3.2.9]. With this and Young’s inequality, it follows

|z]

2
— _3 —
Ile th||Lq(Q)3 < Cp max{t 2,1}H3:»—>6 G2t lfllzeccys,

L7 (R3)

where 1 < r < oo is such that 1+ % = % + %. This implies

3 _3(i_1

B 3 3 3 1
le™* fll Laqys < Cmax{t™, 17| | ooye < Cmax{1,#2 372674 | ]| ooy

Now let f € LF(2). Using the estimate above and splitting e~*% = e 2Be 2B yields

_ _ty t\3) _s(1_1
le™ Fllzaeys < Ce™8 max {1, (5) "} 736D f oo,

for some constant w; > 0. The exponential decay is a consequence of the fact that f has average zero. It
is then easy to see that for some constant w > 0

_3(i_1
||€_th||Lq(Q)3 < Ce vt 2 (5 q)”f”Lp(Q)s.

The second and third estimate in (b) follow from the first by using Proposition 23] O
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Another important notion that is needed for the proof of the main result as well as regularity consid-
erations of the solutions to (ILI)) is the one of maximal regularity.

Let X be a Banach space and C : dom(C) C X — X be a closed and densely defined operator such
that —C generates a bounded analytic semigroup. Fix 1 < s < oo and 0 < T < oo and consider for
f € L*(0,T;X) and c in the real interpolation space (X, dom(C));_1/s s the abstract Cauchy problem

{u’(t) +Cu(t)=f(t) (0<t<T),

21) u(0) = c.

It is well-known [Il Prop. 3.1.16], that (2 admits a unique mild solution « that satisfies

t

u(t) = e_tcc—i—/ e_(t_s)cf(s) ds 0<t<T).
0

We say that C' has maximal L*-regularity if for every f € L*(0,T; X) and every c € (X,dom(C))1_1/s.s,

the corresponding mild solution w is differentiable for almost every t, satisfies u(t) € dom(C) for almost

every t, and v/, Cu € L*(0,T; X). If T is finite or, if T = oo and C is boundedly invertible, then maximal

L#-regularity is equivalent to the fact that the mild solution to (2] lies in the maximal regularity class

u € WH(0,T; X)N L*(0, T; dom(C)).

Let us summarise some well-known facts: Maximal L*-regularity is independent of s, i.e., C' has maximal
L#-regularity for some 1 < s < oo if and only if it has maximal L*-regularity for every 1 < s < oo, cf. [4].
Because of this, we will henceforth only write maximal regularity instead of maximal L°-regularity.
Another well-known fact is that it suffices to prove maximal regularity in the special case ¢ = 0, see, e.g.,
the discussion in [33] Sec. 2.2].

For the Stokes operator, maximal regularity was proven by Kunstmann and Weis in [22 Prop. 13], see
also [33] Thm. 5.2.24]. In the case of the negative Neumann Laplacian, maximal regularity follows from
Proposition combined with a result of Lamberton [23], Cor. 1.1].

Proposition 2.5. Let Q C R3 be a bounded Lipschitz domain and 1 < T < oo.

(a) There exists € > 0 such that for every |1/q — 1/2| < 1/6 + ¢ the Stokes operator on LL() has
mazximal reqularity.
(b) For every 1 < q < 0o, the negative Neumann Laplacian on L4(2)® has mazimal regularity.

We close this section with a final remark concerning the results of this section on smooth domains.

Remark 2.6. If 00 is smooth, then all of the results mentioned in this section are valid on the whole
interval ¢ € (1, 00), see [20] for the corresponding results for the Laplacian and [9], [10], [1I], and [8] for
the Stokes operator.

3. MAIN RESULT
To begin with, we (formally) apply the Helmholtz projection P to the first equation in (LI) and

consider the resulting system of equations

= —P(u- V)u—Pdiv ([Vd]" in
(3.1) {8tu+Au = —P(u- V)u — Pdiv ([Vd]" Vd), (o,p Q

>< )
Od+ Bd = —(u-V)d+ |Vd|?d, in (0,7) x Q,
with initial conditions u(0) = a and d(0) = b on the space

X =L9(Q) x LYQ)>.
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Our aim is to construct a mild solution to ([B1), that is, a solution to the integral equations

u(t) = e a — /t 6_(t_S)APdiV{u(8) ®u(s) + [Vd(s)] " Vd(s)} ds,
(3.2) 0

d(t) = e—tBp — /O =B {(u(s) - V)d(s) — [Vd(s)d(s)} ds,

and then to show that this solution preserves the condition |d| = 1 if |d(0)| = 1, and therefore BI]) turns
out to be equivalent to ([L)-(T2)).

For 0 < T < o0 and 3 < p < g, the class of solutions considered is defined using

1.1
su(r) = {u e CO.7):8@) | sup_ %270 Ju(s) g0 < 0.
0<s<T

3(1_1
S’j(T) = {d € C(0,T); WH(Q)*) | sup 6%52(17 q) [Vd(s) | Lanysxs < oo},
0<s<T

where w > 0 is the minimum of the corresponding constants appearing in Proposition 2.4

3.1. Neumann boundary condition for the director field. Define for any b € L'(Q), the average
and the complementary mean value free part

_ 1 _
(3.3) b= —/ b dz and bs :=b—1>b, where / bs dz = 0.
9] Jo o

The main result reads as follows.

Theorem 3.1. Let Q C R3? be a bounded Lipschitz domain, then there exists € > 0 such that given initial
conditions a € LE(Q) and b € WHP(Q)2 N L>(Q)3 where 3 < p < 3 + ¢, the following hold true for
g€ (p,3+e).
(a) There exists T > 0 depending on the initial data such that equation [B.I) with Neumann boundary
conditions [L3) for d has a local mild solution (u,d) satisfying

u e 54(T) N BC([0,T); LE(Q)),
d, € S3(T) N BC([0,T); WH(2)*) N BC([0,T); L™(Q)*),  d e BC([0,T);R?),
where in the limit s — 04, one has
|u(s) —allzz) = 0, [[d(s) = bl|L=()z = 0, [[V[d(s) = b]|[r(q)sxs — 0.
(b) In the limit s — 0+, the solutions satisfy
3(L-1y 3(1-1y
52\ a/|lu(s)|lpaq) = 0 and s2\P 4/||Vd(s)| pa(q)sxs — 0.
(¢) If a and Vb are sufficiently small, then the solution exists globally in the class
u € Sy(00) N BC([0, 00); LE(€2)),
d 1l 3 . 700(0))\3 = . TR3
ds € S5 (00) N BO([0,00); WHP(Q)7) N BC([0, 00); L™ (2)°), d € BC([0,00);R?).
(d) The solution is unique in the class given in (a) provided p > 3, and in the case p = 3, it is unique
in the subset of this class satisfying in addition the limit conditions (b).

(e) Equation BI) subject to Neumann boundary conditions [L3) preserves the condition |d| = 1 if
4(0)] = Jb| = 1.
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Remark 3.2. We note that the number € > 0 is minimum of the corresponding constants appearing in
Section

Furthermore, the smallness condition in Theorem B (¢) can be made precise in the sense that there
exists a constant C' > 0 depending only on p, g, and € such that if

max{r, K*}(1 4 [|b]| pos()s) < C, where & := lall Lz ) + IVl Lr(aysxs,
then the solution exists globally.

Theorem 3.3. For every s € (1,2), the solution in Theorem [l has the following additional regularity
properties
1,2

we W0, T3 W, 5 (Q)) N LA (0, T; Wy 2 (),
/ s T2 3
d',Bed e L*(0,T; L2 ()").
3.2. Dirichlet boundary condition for the director field. In case of Dirichlet boundary condi-
tions (I4) for the director field, consider the new variable
d=d—e

with homogeneous Dirichlet boundary conditions. Denoting by B the negative Dirichlet Laplacian, we
construct a mild solution to the transformed equation (6.1J), that is, a solution to the integral equations

u(t) = e g — /t ef(tfs)A]P’div{u(s) ®@u(s) + [V(S(s)]TV(S(S)} ds,
(3.4) 0
o(t) = e tBp — /0 e_(t_s)B{(u(s) -V)o(s) — |V5(s)|2(5(s) + e)} ds,

where b = b — e.

Theorem 3.4. Let 2 C R? be a bounded Lipschitz domain, then there exists € > 0 such that given initial
conditions a € LE(Q) and b € WHP(Q)3N L ()3 with b = e on OQ for some e € S® where 3 < p < 3+¢,
the following hold true for q € (p,3 +¢).

(a) There exists T > 0 depending on the initial data such that equation [BA) with Dirichlet boundary
conditions (L)) has a local mild solution (u,d) satisfying

u e S;(T)N BC([0,T); LE(Q2)),
§ € S{(T) N BO(0,T); Wy P (2)*) N BC(0,T); L=(2)*),
where in the limit s — 0+, one has
lu(s) — allzzoy = 0, 18(5) = Blucaps =0, IVI6(5) — Bl ocaysws — 0.
(b) In the limit s — 0+, the solutions satisfy

§(l,l) §(l,l)
s2\p 4/ |lu(s)|lLa) = 0 and s2\P a/||Vi(s)| paqysxs — 0.
(¢) If a and Vb are sufficiently small, then the solution exists globally in the class
u € 5¢(00) N BC([0,00); L (2)),
§ € 54 (00) N BO([0,00); Wy P (2)*) N BC([0, 00); L*(2)°).

(d) The solution is unique in the class given in (a) provided p > 3, and in the case p = 3, it is unique
in the subset of this class satisfying in addition the limit conditions (b).

(e) Equation BI) subject to Dirichlet boundary conditions (L)) preserves the condition |d| = 1 if
d(0)] = [b| = 1.

Concerning € > 0 and the smallness condition in Theorem B4l (¢), analogous statements to Remark B2
hold.
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Theorem 3.5. For every s € (1,2), the solution in Theorem has the following additional regularity
properties
we W (0,73 W5 " H(Q) N (0,7 Wo (),
1,s .7 3 s .
6 € W>(0,T;L2()°) N L*(0,T; dom(Bz)).

4. PROOF OF THEOREM [B.1]

In this section, we prove first the existence and uniqueness of mild solutions in the case of Neumann
boundary conditions for the director field d, and second using the existence and uniqueness, we prove
that |d(t)| = 1 holds if |d(0)] = 1. The number € > 0 denotes the minimal ¢ appearing in Section 21

4.1. Existence and uniqueness. We note that the semigroup generated by —B is not exponentially
stable on L4(£2)3. However, it is exponentially stable on L ()3, see Proposition [2.4] the complementary
subspace of which are the constant functions. So, in order to achieve the global well-posedness result
a change of coordinates is useful to split the exponentially stable part of —B from the constant part,
compare [30] for a far more general method.

Note that (33]) defines bounded projections in all LP-spaces, p € [1, 00|, defined by

P.d=d and Pyd =d;.

Now, using (3:3) we can define the new variables

x=d—"b and y =ds,
where z(0) = 0 and y(0) = bs. Since
Axr =0, Vz=0, Ay=Ad, Vy=Vd
and

1 1
Pe(u-V)y = @/(u -V)y dz = @(/ u- Vy d:v) =0 forueLE(Q), y € WHP(Q)?,
Q Q 1<k<3

one obtains as a reformulation of (B

u+ Au = —P(u- V)u — Pdiv ([Vy]TVy)_, in Qx(0,7),
Oy +By =—(u-V)y+P|VyP(z+y+b),  inQx(0,7),
dx = Pe|Vy|*(x +y+D), in Q x (0,7),

which defines a system in the space
LL(Q) x LE(Q)3 x R3.

The nonlinear terms are comprised, using the representation (u-V)u = divu ® u for divu = 0, by the
notation

F,(u,Vy) = —Pdiv (u ® u + [Vy] " Vy),
Fy(u, Vy,y,2,b) = —(u-V)y + Ps|Vy[*(x + y +b),
Fo(Vy,y,2,b) = Pe|Vy[*(z +y +b).
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Starting with the mild formulation of the problem, we can now define the iteration scheme as follows.
For j € Ny, define

t
ug = e a, Ujt1 = Up +/ e~ =AE, (ui(s), Vy;(s)) ds,

0

t
yo:=e by, i =10 +/O e UTIBE, (u;(s), Vi (s), yj(s), (5),b) ds,

¢
29 =0, Tjp1 = / F.(Vy;(s),y,(s),z;(s),b) ds.
0

We break down the proof in several steps. To begin with, we derive some estimates for the approximating
sequences (u;)jen, (¥j)jen, and (xj)jen. In the following, the constant C' > 0 will be generic and
independent of time.

4.1.1. FEstimates. For 0 < T < oo and w > 0 being the minimum w appearing in Proposition 2.4 let us
define the quantities

3/1 1
KT) = sup 52 (5 a) Juy(5)] o, BT o= sup [1g3(5)]] (oo,
0<s<T 0<s<T
we §(l,l)
EVNT) = sup %57 (57) [Ty (5)]| pacayens, KT = sup Jay(s)].
0<s<T 0<s<T

In the following, we will inductively show that all of these four quantities are finite and we will derive
recursive inequalities relating these quantities at step j+1 with the ones at step j and zero. The finiteness
for j = 0 is proven in the following lemma.

Lemma 4.1. For all 3 <p < q < 3+ ¢, there exists a constant C' > 0 such that for all 0 < T < oo,
(4.1) KS(T) + k(1) < C(llall g + VBl ogayoes ).

Moreover, k§(T) = 0 and k§(T') < 2|[b|| o (c)3 -

Proof. We note that by Proposition 2.4]

t 1

wt 3(1__ 1 _ _ wt
eT 207 |leMal| o) < Ce™ % ||al|Lr ) < Cllallzza),

and hence
KU(T) < Cllalls)-

Concerning the heat semigroup, we use the square root property of the Laplacian first, cf. Proposition 23]
apply then Proposition 2.4 together with the fact that Rg(B%) C LE(Q)3, and finally Proposition
again to deduce

eF 12670 | Ve B puqyens < CeF 3070 e BB, || Lagys < O Vbs||Lo(ysxs.
Therefore, recalling that Vbs = Vb, we have
ko Y(T) < C|| Vb Lo(ysxs-
It is clear that &k (T") vanishes by its very definition. Moreover, for k{(T") we find by Proposition 2.2

le™ byl Lo s < bsll ey < 20B]l o (- -

Notice that the choice of W1P(Q)3 N L>°(Q)3 as the initial data space for d is crucial for proving
Lemma (.11
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For 3 < p < g < 3+¢, we derive the following estimate for the sequence (u;);en using Proposition 2.4
(a) for g and £, and Holder’s inequality for % = % + %
t
lujs1llLz ) < lluoll Ly (o) + H/ e~ DRIy (u; @ uy) + e~ TIAPdiv ([Vy,] T Vy;) ds‘
0

t 1 3
< luollgior + € [ e (e = 57273 (s 05 a0, + 1IV85) gl zaqaypes) s
0

L3 ()

! 13
SHUOHLZ(Q)“FC/ e_tw(t—s) 27295 3(53)
0
sw 3(1_1 2 sw 3r1
{(6755(5_5)||Uj||L3(Q)) + (eng(;_

t
< Jluo oy + C (7 / (t = 5) 3 357207 ds ) [k (1) + kY V(7))

Q=
&
=

£l
2
e
X
w
N——
—
o
VA

which implies, multiplying by the factor e%t2G74) and taking supys.7, that
t
(12) k(@) < k(1) + O sup e F G / (t— )+ F1s79G 0 ds) (1) + Y (7)),
0<t<T 0

Since 3 <p < ¢ <3 +e¢, it follows that § — 35 >0, 1 =3(3 — £) >0, 3 — 2= > 0, and hence

t
sup e_%tt%(%fé)/ (t— 5)7%72%573(%7%) ds = ( sup e_thﬁ%) B(l — 3(l — l), % — 21),
0<t<T 0 0<t<T L 1

where B(z,y) denotes the beta function for x,y > 0. Therefore, setting C1(T') := supycier e~%t2

equation (A2) turns into
(4.3) ki (T) S kS(T) + CONT)B(1—3(2 = 1), 3 — 2)[kX(T)* + k) ¥(T)?).

p q/’ 2 2q

)

Similarly, for Vy;41, but now using Proposition 2.4] (b) and Hélder’s inequality we obtain
(4.4)

t
IVyirillLa@zxs < [[Vyollpaoysxs + H /0 Vef(tfs)B((Uj V)y; — Ps|Vy;|*(z; +y; + b)) ds

La(Q)3x3
3

¢ 1
< ||Vy0||Lq(Q)3x3 + C/ e_(t_s)“’(t — 3)72 2q
0

(1€ - )yjll arz (s + 1199512 oz (5] + 93]l L= s +B])) ds

t
< [VyollLa(oysxs + O/ et —5) 2 7520 ds
0

sw 3(1_1) ) sw Q(l_l) )
sup T 36D ||u g0 ) ( sup_eF 532GV |Vl Lagayens
0<s<T 0<s<T

sw 3(1_1 2 -
+ (s e sHGD Tyl ayes) (sup Jog() + sup gl + B}
0<s<T 0<s<T 0<s<T

Proceeding as in the previous case, we obtain

kY2 (T) < kg *(T) + COH(T)B(1-3(% - 1),

q

(45) [k;(:r)kfy (T) + kY (T)*(k3(T) + kY(T) + [7] )] .

Now, let us also consider analogous estimates for r» where 3 < max{p, 4} <r < ¢ <3 +¢. Taking q close
enough to p, we can assure that 2 < p and thus, that the choice r = p is possible.



12 ANUPAM PAL CHOUDHURY, AMRU HUSSEIN, AND PATRICK TOLKSDORF

For the sequence (u;), en, we obtain similar to the above by Proposition 2] (a)
t
lwjillp @) < lluollzy @) + C/ e (t — 5) 73R g3 )
0

s 311 2 sw 3(1_ 2
{ (e 2 52 lluill Lo Q)> + (e 5530 ||vyj||Lq(Q 3><'§> } ds,

and this implies

wt Q(L_l) wt E(l_l)
sup e2t2' % ujialpr) < sup ez t2' 0 ugllLr (o)
(4.6) 0<t<T 0<t<T
+c< sup e—?t%—%>3(1_3(5 S E - 32— )T 4 YT,
0<t<T
Similarly, it follows for Vy;41, that
(4.7)
wt 3(1_1) wt o 3(1_1)
sup €2 t2'\p T ||Vyj+1||Lr(Q 3x3 < Sup e 2 tz 4 ||V’y0||Lr (€Q)3x%3
0<t<T 0<t<T
+ C(Os?pTe_%tt%’%)B(l —3(1 1), 132 1y) [k“(T)kjvy(T) + BT (R (T) + K(T) + |z|)]
<t<

Next we estimate ||941|| Lo (q)s, by virtue of Propositions 2.2 and 2.4] (b) and Holder’s inequality, as
(4.8)

t
lyj+1ll L2 < [lvollLe(o)s + H/ e TIB ((u; - V)ys — Po|Vy;* (2 + y; + D)) dSH o (@)
0

t
< ||y0||L°° 0)3 +O/ —(t= S)W(t_ S)—%
0
(HUjHLZ(Q)||Vyj||Lq(Q)3x3 + ||Vyj||%q(g)sx3(|:tj| + ||yj||L\,>0(Q)3 + |E|)) ds
t
< llyoll e s +C/ e~ (t—5)"as73G1) ds
0

sw 3(1_1) ) sw g L )
sup ¢ %527 fuy] Lo ) ( sup e 52|V Laayens
0<s<T 0<s<T

sw 3(1_1 2 -
+(sup #5360 Vyllagapes) ( sup fz(s)| + sup [yl + [Bl) }
0<s<T 0<s<T 0<s<T

and hence, setting Co(T) := supgop e~ we have
(4.9)

K (T) < KY(T) + CCo(T)B(L=3(4 = 1), 1= 2) [k (DY) + ) (1) (k5 (T) + KY(T) + B .

p

Finally for |z,41| one obtains using Holder’s inequality and the embedding L7(£2) < L?*(Q)
(4.10)

t
|zj41] < /

< C/O V33 T aeysxs (1251 + Nysll oe eye + [B1) ds

|Q| o |Vyj| (:EJ +y; + b)‘ ds < |Q| / ||Vyj||L2(Q 3x3(|$€]| + ||yJ||L°°(Q s + |b|)

t 2
S C/ efsws—3(%_é) ds < sup 6% 5% % é ||vyg||Lq Q)S><3> ( sup |$J| + sup ||yj||Loo(Q)3 + |E|)
0 0<s<T 0<s<T 0<s<T

and therefore with C3(T") := supyicr fot e~ s 3G 0) ds

(4.11) k¥ (T) < COs(T)kY (T (k3 (T) + kY(T) + [B]).
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For 0 < T < 00, set O := max{C(T), Ca(T), C5(T)}.

Remark 4.2. Note that C;(T), ¢ = 1,2, 3, are continuous as functions in 7', uniformly bounded on
(0, 00), and monotonically increasing. In particular,

(a) for T = +o0, C;(T) are well-defined constants, and
(b) for p >3, limy_,g C; (T) =0.

Notice that Cp inherits these properties.
Summarising the estimates (@3)), ({3), ([£9), and [III), we arrive at the inequalities
K (T) < kG (T) + COp [k (T)? + k5 ¥(T)7),
i KA (T) < k(1) + CCr [k D)k (T) + k(1) (k5 (T) + K (T) + B
T) < K§(T) + CCr [k (TIY¥(T) + k(T2 (k3 (T) + KU (T) + [B))],
) < CCrky (T)? (k5 (T) + kY(T) + [B]).

]+1(
]+1(

By virtue of Lemma [Tl this proves by induction that &%, ;(7'), chvH(T)7 kY 1 (T), and k¥, (T) are finite.
Let us introduce the notations

— LU v oo, __ xT
k=K + SV, RS =k 4k
4.1.2. Estimates on the differences. Next, let us define
Wi(t) == wjra(t) —u;(t),  Z;(t) := Vyj41(t) = Viy;(t),
Yi(t) =y (t) —y; (), X;(t) =z (t) —;(t),

and the corresponding time-weighted quantities

30D - 30D
65 (T) == sup e s2\p 4/ [Wj(s)|L(q) 0;'(T) = sup e?s2\P /|| Z;(s)| La(q)sxs,
0<s<T 0<s<T
04(T) == sup [[Y;(s)llLoc (s, 67(T) == sup |X;(s)].
0<s<T 0<s<T

Now, using the bi-linearity of the tensor product

W;(t) = — /Ot e (=) 4Pdiv {(Wj—l ®uj +uj1 @ W) + (2], Vy, + [Vyj—l]TZj—l)} ds
and therefore proceeding as in the derivation of (£2) and [{I2), we arrive at
(4.13) 5(T) < CCp [8y (T)(I(T) + Ky (T)) + 674 (T)(I(T) + KL (T))].

To estimate Z;, we write

t
Zj= / Ve UOBIW,_y - Vy; + i1 - Zi—1] — P [{(IVy;] = [Vy—1])| V]
0

+1Vy-1l(1Vys] = [Vyi—1) } 5 + 95 +0) + V-1 {(25 — 21 + 55 — y5-1)}] ds
and estimate analogously to (@4) and (ZI2) using in addition ||Vy;| — [Vy;_1]| < |Z;—1|. This yields
the inequality

. 8YY(T) < CCp |8 (T)K(T) + K, (T)8Y %, (T)
4.14
+ (S (TIRIT) + K (T)OY (T)) (k52 (T) + [Bl) + K (T)? (654 (T) + 8%, (T) |.
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The term Y; can be written similarly to Z; but without the gradient in front of the semigroup. Thus,
following (4.8) and the derivation of (£12) it follows

. 8Y(T) < CCr |81 (TYKH(T) + Ky (1)) %y (T)
4.15
+ (75 (TIRIT) + K (T)OY) (T)) (k52 (T) + [Bl) + K2 (T)? (631 (T) + 6%, (T)) |.

In order to deal with the term X;, we observe that

t 1 _
X;(t) = / o / {19951 = 19551 DIV | + Vg5 1| (V5] — [Vys-1D)} (@5 + v +B)

+|Vyjoal (2 — 21 +y; — yj—1) dz ds
and hence by proceeding as in ([£I0) and the derivation of (£12]), we deduce
57(T) < CCr | (574 (T)KI(T) + K (T)37", (1)) (K52 (T) + [B)

(4.16)
+ K (1) (07-1(T) + 6;-’,1(T))] .

Using the first two inequalities in ([@I2]), an estimate for k;-z 41 in terms of kg, k;?, and k3° can be deduced
by Young’s inequality and by absorbing the factors into the constant C' > 0 as follows

K1 (T) < K(T) + OCr [ (D)2 + K (D) (1) + k(1) (1 + K5°(T) + 5]
(4.17) < KY(T) + CCr [KI(T) + K (T)2(1 + k=(T) + [B)]
< KU(T) + CCrp [kj(T)Q(l +E(T) + |5|)] .
Similarly, by virtue of the last two inequalities in ([{I2]), we obtain
s K351 (T) < K (T) + CCr [k (TR Y(T) + kYU (T)2(k*(T) + [B)]
< KE(T) + CCp [KIT)* (1 + K(T) + [B])].

Let us denote 6;(T") := 5;%(T)+(5jvy(T)+6§-’(T)+5;”(T). Now, suppose that there are constants K1, K2 > 0
(possibly depending on T'), without loss of generality let Ky > 1, satisfying

K K _
(4.19) k(T < 71 KI(T) < K1, k&(T) < 72 k°(T) < K, [b] < Ko.
Then, [@I3]) implies

(4.20) §3(T) < CCr(kJ(T) + k{_,(T))b;-1(T) < 2K:CCrd;—1(T).

From ({.14]), we have

8y Y(T) < CCp [(KI(T) + K (T)) + (KI(T) + K (1) (2K (T) + bl) + ki, (T)%|8;1(T)
< OéT[?Kl =+ 6K1K2 + Klz](sjfl(T)

Similarly, (£.I5) implies

(4.21)

(4.22) §Y(T) < CCr[2Ky + 6K Ky + K116;1(T)
and (LI0) implies
(4.23) §3(T) < CCr[6K Ky + K7)6;-1(T).

Combining (420)-(@23)), we obtain
(4.24) 6;(T) < 6CCr[2K, + 6K 1Ko + K2]6;_1(T).
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Therefore, if we can show that 6CCr[2K; 4+ 6K, Ky + K?] < 1, then ([@Z4) gives us a contraction, i.e.,
for some 6 € (0,1)

(4.25) 0; <051  (jEN).
Next, note that if 6CCrK 1Ky < 1, then ([@IT) together with (£I9]) implies
. K, K
K41 (1) < K(T) + 3CCrKG K, < =1 + =L = Ky,
Similarly, if 6CCpK? < 1, then @IB) together with @IJ) implies
. Ky K
K (T) <k (T) + 3CCrKiKy < =5 + 58 = Ko,

We further note that both of the conditions above are also fulfilled if 6CCr [2K1 + 6K K2 + K7 < 1.
Let us define

(4.26) Ky :=2k}{(T) and K> :=max{2k°(T), b|}.
We already know by Lemma BT that k§° < 2||b[| oc(qys so that Ko < 4]|b|| o (q)s. Now,
6CCT |25, + 6K, K, + Kf} < 6CCr [3K + 24K ||b]| oo (2| = 144CCTK (1 + |[b] e (c2)
where K := max{K, K?}. Therefore, if
(4.27) 144CCT K (1 + [[b]| oo (y2) < 1,
then all the conditions are fulfilled and we have a contraction in terms of §; in the sense of ([@.25]).
4.1.3. Conditions on the initial data and global existence. In the following, we show that (£21) is valid

under the present hypotheses of the theorem. The following lemma is crucial for the validity of (@27
for small times T

Lemma 4.3. If ¢ > p, the term k{(T) admits the following behaviour
(4.28) KU(T) =0 as T — 0.

In the following lemma, we recall that a Sobolev function with average zero can be approximated by
a sequence of smooth functions with average zero. This short proof is left for the reader.

Lemma 4.4. Let b € WYP(Q)3 be a function with average zero. Then there exists a sequence (by)nen C
C>(Q)3 such that
by = b in WhHP(Q)3

as n — 0o and by, has average zero for every n € N.

Proof of Lemma[I-3 Let (a7);en be a sequence in C2% () such that a/ — a in L2(€2). Then,

e300l al| g ) < eF 2TV |em @ — o) gy + T EETH e 0|y o).
Estimate by virtue of Proposition 2.4]
T30l 0 — a)l|pg(q) < O F3GT 47367 0 — ||y ) < Clla— |y,
and use that the Stokes semigroup is exponentially stable on LZ(2) to deduce
e 132G |le 0| 1y o) < Cem T3 TD|d | 1 -
Similarly, choosing an approximating sequence of smooth functions (b?);en to bs (cf. LemmaEd), we can
write

wt 3 wt wt

eF 2G| Ve b, | puysns < eFEGTD Ve (b, — )| aayons + e F G| Ve b | Lagqyens.
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b)

Now, by Proposition 2.4 (
T 425D Ve Pb | Laaysxs < OV Vb oo,

and also
t

wt 3(1_1 — i j
eT 12| Ve B (by — )| Lagysxs < OV (bs — 1) | Lo (cysxs-

Therefore, choosing simultaneously j € N sufficiently large and T sufficiently small, we can conclude the
result. O

We give a short summary of the conditions that provide the validity of ({2T).

Remark 4.5. (a) By virtue of Remark 2, we conclude in the case T' = +oc that if |[a|Lrq) +
VO] Lr(ysxs is small enough, the validity of [£27) can be inferred by Lemma BLIl This implies
eventually the global existence under a suitable smallness condition on the initial data a and Vb.

(b) If p > 3, then [@27) follows by using the previous Lemma BTl and the fact that limp_,0 C7 = 0,
cf. Remark This will imply local existence of solutions without any smallness assumptions

on the initial data.
(c) If p = 3, then (LZ10) follows from Lemma for small times T. Again this will imply local
existence of solutions without any smallness assumption on the initial data.

4.1.4. Continuity with respect to time. We shall next prove the continuity with respect to time of u;, y;,
Vy;, and x; considered earlier. In this direction, let 3 < max{p, 2} < r < ¢ < 3 + ¢ and we shall begin
our consideration with the sequence (u;);en.

Let tg € (0,7). Then, for h > 0 small enough, we have

(429)  Juo(to + ) — uolto) gy = lle” @ 4a — e=t04a]l 1, o) < Oty 257 le=h0 — ] 1y g
which tends to 0 as h — 0 by strong continuity of (e7*4);>0 on L2(Q). Similarly,

(4.30) [uo(to — h) = uo(to)ll Ly (@) = ||€_(t°_h)‘4cz - ejt(’AaHLS(Q) = e CoMAd — ] L o
< C(to — h)_é(g_;)”etha - CL||L£'}(Q)7

which tends to 0 as h — 0.
Next, let h be small enough so that 0 < h < T —t5. We want to show that

to+h to
(4.31) H/ ef(t°+h75)AFu(uj,Vyj) ds—/ ef(tofs)AFu(uj,Vyj) ds‘
0 0 Lz ()
converges to 0 as h — 0. To see this, we note that (£31I]) can be majorised by
to+h to
(4.32) / le™ ot IAE, (s, Vi)l () ds +/ [[e™"4 = Id]e™ " =4F, (u;, Vi) Ly () ds.
to 0

The first term in (£32) can be dominated as in ({8 by

to+h
c/ e~(tothw (o 4 p — 5)~3 73D s73G 1) gs [k;(T)Q + kfy(T)Q}

to

(4.33) 1
< Ce—(t()‘f‘h)w(to + h)%*g’(%*?lr)

—~
—_
Va3

~—

|
Nl=

|
wlw

(G-Pz3G-D dé[k}-‘(T)Q + ’%‘vy(T)z}’

which converges to 0 since ; fo_ 5 1ash—0.
o+h

To deal with the second term of (£32)), we note that

2 1

e 0= Py (g, V)l ) < O™ (0 — ) #0536 k(1) + K7/ (TP,
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which is integrable as seen in (&6]). Thus, by the dominated convergence theorem together with the
strong continuity of the semigroup this term converges to zero as well. The left-continuity can be proved
in a similar manner. Consequently, we have for 3 < max{p,2} <r <¢<3+¢,

e 525" u; € BC((0,T); LL(Q)),

the boundedness being already proved in ([6). Next, if r > p, then (&G), (EI9), (£26), and Lemma [£3]
imply

m e s o3 () 0 I
lim e= s>t lug(s)l| oy ) = 0,
which yields e s%(%_%)uj € BC([0,T); LL(2)). Finally, if r = p, choose ¢ close enough to p such that
q < 2p, then one derives similarly to (@8] the estimate

wt
sup €2 |lu; — ugllzo) < CkI_{(T)?
o<t<T

for some constant C' > 0. This, combined with [@19)), [@26]), Lemma 3] and the strong continuity of
the Stokes semigroup proves

tim [Jus(5) — afl ) = 0
and thus, u; € BC([0,T); L2(Q)).
We shall next consider the continuity for Vy;. Let to € (0,T") and h > 0 be small enough. Then,
1 3

_1_3¢1 1
(4.34) Vyo(to + h) — Vyo(to) | Lryxs < Cty > > 7 " |le "Pby — byl (s,

which converges to 0 as h — 0, by the strong continuity of the semigroup. The left-continuity follows
similarly.

Now, let i be small enough so that 0 < h < T — tg. Then
(4.35)

to+h _ to _
H/o Ve_(t°+h_s)BFy(uj, Vy;,y;,x;,b) ds —/0 Ve_(tU_S)BFy(uj,Vyj,yj,:Ej,b) ds‘

L7(9)3%3

to+h _
< / ||ve_(t0+h_S)BFy(uj7 vyju Yir Lj, b)||LT(Q)3><3 ds

to
to ~
+/ |V[e "B — Id]ef(tofs)BFy(uj,Vyj,yj,xj,b)||y(msx3 ds.
0

We note that by Proposition 2.4

to+h _
/ ||Ve_(t0+h_S)BFy (ujv Vij Yjr g, b)||LT(Q)3><3 ds
to
1
< Ce—(to-i'h)w(to + h)%*g’(%*ﬂ) (1— 5)7%*%<%*%>§*3<%*%) ds

[k}‘(T)kjvy(T) + k(TR (T) + K(T) + [b])

and this converges to 0 as h — 0 since t(,tﬁ — 1. To deal with the second term, we estimate by virtue
of Proposition [Z3] (b)
||V[eihB - Id]ei(t()iS)BFy(uja Vij Yjs Ly, E)HLT(QPX?’
< C” [e_hB - Id]Bée_(tO_S)BFy(ujv Vy_j, Yjs Ty, 5)HLT(Q)?’ .
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Now, by Propositions and [2.4] and standard estimates for fractional powers applied to analytic semi-
groups

i —(to—s 7 —(to—s)w —-1-32-1
|B=e (fo )BFy(ujvv?ijijxjvb)HLr(Q)?’ < Ce (fo=s) (to —s)"2 )HF (w5, Vs, 5,25, )||L2(Q

and

to
gc/ (to — )72 2G5 736G=0) ds |kY(T T)ky (T )+kjy(T)2(k§(T)+kg(T)+|13|)
0

which is finite. Hence, we can use the dominated convergence theorem together with the strong continuity
of the semigroup to infer that the second term in (&3] converges to zero as well, thus proving right-
continuity. The left-continuity can be studied in a similar fashion. Therefore, for 3 < max{p, 2} <r <
q < 3+ ¢, we find by (1)

e 535 7)vy; € BC((0,T); L™ (Q)**3).
If r > p, then (@), (£19), [@26]), Lemma [£1] and Lemma 3] imply
lim e % 5367 |V, (s) | o aysxs = 0,

yielding e% 52 =7 Vy, € BC([0,T); L™(2)*<®). In the case p = r choose ¢ close enough to p such that
g < 2p. Then, a similar calculation to [@.7)) yields

wt 3
2

3 l, 50 —
sup e % 3G Vly; — golllurapes < ORI (1) + Ky (1052, (T) + [B)]

0<t<T
for some constant C' > 0. This, combined with (#I19), [@26]), Lemma LI Lemma 3] and Proposi-
tion ([23)
. . . 1 g
tim [ V() — Hlloeyess < i [Vl () = go(3)]lLmcayoes + lim [[BHfe™Pb — bl ngayoes =0.

Altogether, it follows Vy; € BC([0,T); LP(2)3*3).
Finally, the continuity of y; with respect to the L°°-norm and the continuity of z; follows by similar
calculations, which are omitted here.

4.1.5. Summing up the discussions above, and using the fact that by (23] the sequence (0;),en gives
rise to a contraction, we conclude the convergence of the sequences (u;)jen, (y;)jen, and (z;)jen to
functions w, y, and x such that

uwe SHT), d:=y+ze€BC(0,T);L>(Q)?*), and Vde SUT),

4.36 ws
(436 lin ¥ 536 Du)g@ =0, lim ¥ sED V) agaypes =0

Here, ¢ is any number satisfying p < ¢ < 3+¢. If ¢ is close enough to p, i.e., if ¢ < 2p, then one can derive
similar inequalities to ([@.6) and (@7 for the differences of u; and w; and of Vy; and Vy; for j, € N and
for r = p. This proves that (u;);en is a Cauchy sequence in BC([0,T); L2(2)) and that (Vy;) en is a
Cauchy sequence in BC([0, T); LP(©)3*3) whenever

(e%t%(%*%) ) C BC([0,T); LL(2)), (e“é'tg (3—3% )Vyj) C BC([0,T); LU(Q)><3),
(¥5) e C BO(0,T); L=(Q)%), and  (z;).. C BC([0,T);R?)

() and d € BC([0,T); WhP(Q)3) and thus u

are Cauchy sequences. Consequently, v € BC([0,T); L2(2))
(a), (b), and (¢) of Theorem [3.1]

P
g
and d give rise to a mild solution satisfying properties (a
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4.1.6. Uniqueness. Let uy,us € BC([0,T); LE(Q)) and di,d2 € BC([0,T); WHP(Q)3) be such that
(u1,dy) and (ug,dz2) are two mild solutions satisfying ([A36) for some ¢ € (p,3 + ).

We consider the differences u; — us and dy — da and proceed as in the estimation of the sequence
(0)jen to infer that an analogous version of (£25]) is valid for the differences. Now, on the left-hand side
as well as on the right-hand side of this analogous version of (£20]) the differences of u; and us and of
di and ds appear. This already implies the uniqueness. The only major point to note in this regard is
that if p > 3, the conditions

. ws 3(1_1y

tim ¢ % 5360 s () 3 ) = 0.
(4.37) Y sl

lim 6785(575)HVdi(S)HLq(Q)st =0,:=1,2,

s—0
are not required since we can use the fact that the constant C — 0 as T — 0. But for p = 3, the
conditions (A37) need to be assumed in addition.

4.2. Retrieving the |d| = 1 condition. Let u and d be mild solutions to (3.1 with Neumann boundary
conditions for d. Moreover, assume that the initial conditions satisfy a € L2(Q2) and b € W1P(Q)3 with
[b] =1 in Q for some 3 < p < 3+ . Without loss of generality let T' < oo and assume further, that for
every p< g <3+e¢,

tes e t2GDu(t) € BC(0,T); LL(R)),
ts eTt2G=Vd(t) € BC((0,T); L(Q)%*3),
d € BC([0,T); L>=(Q)*).
These are precisely the properties of the solutions constructed in Subsection Il Especially, the second
equation of (LT shows that d is a solution to the linear heat equation with right-hand side
—(u-V)d + |Vd|>d € L*(0,T; L% (Q)%)

and with initial value b € WP(Q)3 C (L%(Q)3,dom(3%))1,1/575 for every 1 < s < 2. The inclu-
sion follows from the following observations. First of all, W'P(Q)? ¢ W2(Q)3 is a consequence of

1
2

Holder’s inequality. Next, the equality dom(Bp /2) = W2 (Q)? follows from Proposition and finally

dom(B?) C (X, dom(B))1/2,0c is valid for every sectorial operator B of angle less than /2, see [13]
Cor. 6.6.3]. The embedding (X,Y);/2.00 C (X,Y)1_1/s,s is a standard embedding in the theory of real
interpolation whenever Y C X. In our case X = L% ()2 and Y = dom(B%).

Now, B has maximal regularity, cf. Proposition 2.5l This means that whenever 0 is a mild solution to
the equation

¥+Bo=f (0<t<T)
0(0):0,3

with f € L*(0,T; L2 (Q)?) and ap € (L% (9)3,d0m(3%))1,1/575, then 9 is already a strong solution, i.e.,
0 € Wh(0,T; L2 ()%) N L*(0, T; dom(By))

and 0 solves the equation above pointwise almost everywhere.

As we have shown, for 1 < s < 2 the function d solves exactly such an equation so that by maximal
regularity d lies in the maximal regularity space stated in the previous equation. Especially, d’(t) exists
for almost every ¢ € (0,7") and d(t) € dom(Bz) for almost every ¢ € (0,7'). Moreover, the second equation
of (L) holds for almost every ¢ € (0,7") in the strong sense. More precisely, this means

d'(t) + Bd(t) = —(u(t) - V)d(t) + [Vd(t)2d(t)  ae. te (0,T).
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The sense in which this equality has to be read is the following. As the Laplacian is defined via a
sesquilinear form and since dom(Bg) C W*/2(Q)? by Proposition 23 it holds for every ¢ € C**(Q)?

(4.38) /Qd’(t)~5dx+/9vcl(t).wdx:_/

(u(t) - V)d(t) - 9 dz + / IVd(t)|2d(t) - T da.
Q Q

Clearly, by density this identity holds for all ¥ € Wl’(%)/(ﬂ)?’. Next, define

@ = |d?—-1.

The aim is to show that under the present conditions, ¢ is identically zero. To do so, we derive an
equation for ¢ by employing ([£38). However, note first that by assumption ¢(t) € L>(Q) for every
t € (0,T) and that

(4.39) Opp(t) = 2d(1) - Ord(t) € LP(Q) and  ¢'(t) = 2d(t) - d'(t) € LE(1).
Thus, let w be a test function in C*°(Q2). Then, by (£39) and the product rule

3 3
/cp'@dx—i—/ w-dezz/d'-(dw) de+2 > / O diOr (dyw) dz —2 ) / Ondy (Ordy)w du.
Q Q Q Q Q

k=1 k=1
Now, we use ([£38) with dw as the test function and the fact that ¢ = |d|?> — 1. Note that this is possible
as d(t) € L>®(Q)3 and since p > 3, Vd(t) € LP(Q)33 c L2 (Q)3*3 = L(E)(Q)3*3. Consequently, it
holds
/ w’wdx—l—/ Ve -Vwdr = —2/(u-V)d- (dw) dx+2/|Vd|2gpmdx.
Q Q Q Q

Finally, note that
— 3 _ 1 1
(u ’ V)d d = Z uROrdid; = E’UJ : V|d|2 = 5’(1, -V,
k,l=1
so that
(4.40) /‘P/wdx"'/V‘P'dez—/U-V@de+2/|Vd|2<ﬂwdx
@ Q Q Q

holds true for all w € C*(Q). Since u(t) € LP(Q)3, p(t) € L>=(Q), and Vd(t) € LP(Q)>*3, [@39) implies
P(t), Velt), ult)-Vet), |VdPe eL3(Q).

Summarising, by density [@Z0) remains valid for w € W(2)' (Q). Moreover, for p > 3, [@39) implies also
that for almost every t € (0,T) we have o(t) € W'2(Q) ¢ Wh(5)'(Q). Thus, ¢ itself is an admissible
test function so that (£40) turns into

(4.41) /go'cp dw+/|Vg0|2 dz = —/ u - Vg d:v+2/|Vd|2go2 dz.
Q Q Q Q

Moreover, note that
K 1
/ / ¢'odrds= —/ o(t)? dz
o Ja 2 Ja

/u~<pVgpdx:
Q

since p(0) = 0 and that

/u~V<p2d:17:O
Q

N =
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since u is divergence free and vanishes on the boundary. After integrating (@41 with respect to time
one finds

(4.42) / da:+/ /|w (s)|? dz ds_2/ /|Vd VPo(s)? dz ds.

To show that (£42) implies that ¢ is zero we show that Gronwall’s lemma is applicable to the function
¢%. To do so, let ty € (0,t) be a number to be determined and split the integral on the right-hand side

of @.42) as

to t
/ /|Vd )%p(s)? dz ds—/ /|Vd )%e(s)? dz ds+/ /|Vd(s)|2<p(s)2 de ds = T+11.
t() Q

We estimate the term II first: For p < g < 3 + € one estimates by means of Holder’s and Sobolev’s
inequality as well as the decay estimates of Vd,

t t 311y [t . .
| [19d)Pets? deas < [ VAo, gy ds < 05" [ ol B2 (o) I ds,
0 0 0

where oo = 3 / q. Continuing the estimate above with Young’s inequality delivers

Ao e a5 < o) [ e ds g [ [ 9o s as

Next, we estimate the term I: Recall that the initial value for d is denoted by b. Let (b, )nen C C(Q)?
be such that b, — b in WHP(Q)3. Using the triangle inequality, Holder’s inequality, and Sobolev’s
embedding in a row, we estimate for p < ¢ <3 +¢

to
//|Vd Po(s)? dx ds

to
< 2/ |V[d(s) — bu]|*¢(s)? d ds + 2/ | Vb, |?p(s)? da ds
0 Q 0 Q
t() t()
<2 / I9d(s) = bl () Paorey ds 4+ [ VoallZe / 10(5) 2 2.aray ds

t() t()
<C sup |Vld(s) - baI3 / lo()[31e ds + C|[Vbal 3 / o) 1232 () 1260 ds,

0<s<to
where « is chosen as in the estimate of term II. Employing Young’s inequality implies

| [19d@ Pt de < {€ s [91d(s) = bl + Clas IVBalE} [ (o) ds
0 Q 0

0<s<to
1 2 k 2
+{{5+C s 91d6) = tall} [ IV 13 s
16 0<s<tq 0

Finally,
sup [[V[d(s) — ba]llZr < 2 sup [|Vid(s) - OlllZs +2[IV b — bl Zs-
s<to

0<s<tg
Choose ty small enough, such that

1
2 sup ||[V]d(s) = b]||?, < —
0<Sgtoll [d(s) = b]lI7 390

and n large enough, such that

1

j— 2 _
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For these fixed numbers ¢ty and n, we finally find

/Ot /Q|Vd(8)|2<p(8)2 dz ds

< 2{{C(to,q)+0 sup || V[d(s) — ba]l[Z» + C(a. IIVanI%q)}/O le(s)lZ- ds

0<s<to

+§/Ot/ﬂ|w(s)|2 do ds}.

By virtue of (£42), we can absorb the term involving V¢ from the right-hand side to the left-hand side,
delivering the estimate

t
lo(t)]122 + / / V(s)? dr ds

t
< 4{C(to,q) + C sup [V[d(s) = bn]lIZ» + Cla, IIVanI%q)}/O le(s)]1Z2 ds.

0<s<to

Since t — [|(t)||3- is continuous on [0,7"), Gronwall’s inequality can be applied and reveals ¢ =0. O

5. A DIGRESSION ON THE WEAK STOKES OPERATOR AND THE PROOF OF THEOREM [3.3]

Now, that we have constructed a mild solution to (B)) in the sense of ([B.2]), we use the theory of
maximal regularity, cf. Section 2l in order to gain some additional regularity properties of the solutions.
For this purpose, a suitable functional framework is needed.

In this section, let p be such that |1/p —1/2| < 1/6 4+ ¢, and p’ always denotes the Holder conjugate
exponent to p, i.e. % + % = 1. Recall that W, 1P(Q) = [Wolyf, (Q)]* is defined as dual space, and denote
the duality pairing by

w(v) = (w,v) we W;hP(Q), ve W (9).

—1,p 1.0’
W, 7W0,(r

Moreover, let & : [LE (Q)]* — L2() denote the canonical isomorphism between [L? (Q)]* and L2 ()
introduced in Section 2, and the duality pairing is

((I)ilu)(v) = <®7lu,v>[L5/]*7L5/ = <uvv>Lg)Lg’ = /Qu ‘vdz, ue Lg(Q)v CAS Lg (Q)
We regard @1 also as the canonical inclusion of LE(Q2) into W, 17(Q) by

(@flu,v)wgl,p)wé,p, =(uw,v)p 1, weLp(Q),ve Wy k' ().

In this sense, we define the weak Stokes operator A, in W, 1?(Q) by dom(A,) := <I>_1W017’5(Q) and
(5.1) A, s dom(A,) C W, HP(Q) — W, P(Q), w—s [v — / Vow - Vo dz|.
Q

1 / ’
Recall that, by Proposition[2.3] the square root of the Stokes operator satisfies A2, € Isom(WOl)’(f (Q), L2 (Q))
and hence

(5.2) [A2] 0 € Tsom(LE(Q), Wy L(Q)).

P [eg
We now show that the following representations of A, are valid.
Lemma 5.1. For |1/p—1/2| < 1/6 + ¢ the operator A, is given by

*

(5.3) Ap=[A2] 0 0 A0 4,20 = [A2] 0 0 4, 0 B[4 2]",
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Proof. By definition, we find for any v € dom(A,), i.e., Pu € Wol”f(ﬂ), and v € W&’f () that

0y 1000 = (07 A A

B vl

—L,p 1,p
Wo Wols

1 I -
= / ApQu- Ajvda = / Vou - Vo d,
Q Q
P _1
where one verifies directly that dom([A;/] d~1oA,0A,2P)=dom(A,). This proves the first identity.
To prove the second identity, notice that

(5.4) dom ([A%,]*qu oA, o @[Af]*) = {w e W;'P(Q) | 8[A,7]"w € dom(4,)}.

p

To prove inclusions of domains suppose that w € dom(A,). Then for any v € L? (Q)
1ok 1oy _1
(5.5) R R e B e S
’ —1
= <<I>w, Ap,2v>

1
— -2
e,y = (4p q)w’”>L§,L’;”

_1
and since A, 2®@w € dom(A4,), it follows that w is in the set (G.4]).
The other way round, suppose that w is in the set (5.4). Then for any v € Wolﬁfl Q)

(0,0t i = (A3 (A ] 0,0t = (R[4 ] 0, A00)
1
2 -2

1 1oy _ 1 *
= (A5 @[A, 2w v) = (T AFR[AL ] w0, v) g i

By assumption @[A;,%]*w € dom(A,), hence, setting u = Aé@[A;,%]*w, one finds u € Wollf(ﬂ) with
du = w, whence the equality of the domains follows.

Finally, the representation (B.3]) follows from the identity (B.5]) together with the first identity estab-
lished in this proof. (|

Since A, is related to A, by a similarity transform, we can carry spectral properties of A, over to A,,
and we obtain the following proposition as a corollary of Lemma [5.1] compare e.g. [4].

Proposition 5.2. Let Q C R be a bounded Lipschitz domain. Then there exists € > 0 such that for
[1/p—1/2] < 1/6+e¢, it holds p(Ap) = p(Ap),
(a) —A, generates a bounded analytic semigroup on W, 1P(Q), and for u € W, 1P(Q) and f € LE(Q)
the following two identities hold
(1) e Wy = [Aj/}*fbfle*mpq)[/l;%]*u, (2) dletrf =MoLy
(b) Ap has the mazimal regularity property.

Now, we come to the proof of Theorem

Proof of Theorem[3.3. Fix 3 < p < 3+¢ and let u and d be mild solutions corresponding to Theorem [B.1]
on [0,7). In the following, we show that ®'u and d are mild solutions to the (weak) linear Stokes and
heat equations with the respective right-hand sides

F,=-Pdiv(u®@u+ [Vd]'Vd) and F;=—(u-V)d+ |Vd|?d.

Since for d this has been proven in Subsection 2] we concentrate on ®'u. Recall that e /2P div, for
t > 0, a priori defines a bounded operator on a dense subset of LP/2(£2)*3 containing C2°(Q)3*3, and
its closure defines a bounded operator from LP(£2)3%3 to LP ().
Furthermore, Pdiv F' for F' € LP/2(Q)3*3 is identified with an element in W, 17(Q) by
<IE” div F, v>Wd,1,p ) = <F7 Vv> v e W01775/(Q).

1,p /)
on,’a Lpr,Lp
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Combining this together with Proposition 5.2, ®'u satisfies
t
O tu(t) = e Mo ta — / e AP div(u @ u 4 [Vd] T Vd) ds.
0

Now, since by Theorem [B.1]

t— e u(t) € BC([0,T); L2(), ¢~ d(t) € BC([0,T); L>®(Q)%),
ts 2 Vd(t) € BC(0,T); LP(Q)%<?)

for some w > 0, we deduce that for all s € [1,00] we have

F, = —Pdiv(u @ u+ [Vd]'Vd) € L*(0,T; W, 2 (Q),
Fy=—(u-V)d+|Vd?*d e L*(0,T; L* (Q)*).

Now, if for some 1 < s < oo the initial conditions ®~!a and b satisfy

-1,2

(5.6) O lae (Wy "3(Q), W,k (Q) and b e (L (), dom(By)), 1,

1—-1s
s

then the maximal regularity of A (see Proposition[5.2)) and By (see Proposition 2.5) implies that ®~1u
and d satisfy

—1 1,s . *L% s .H—1 17%
Ol e WHH(0,T; Wy "2 () N L0, T; @' Wy 2 (),

(5.7) i
d',Brd € L*(0,T;L2(Q)?)
2
and that they solve the respective equations ([BIl) for almost every 0 < ¢t < T. Thus, in order to gain this
regularity property, it remains to prove (5.6). For b, we have by Proposition 23 followed by [I3] Cor. 6.6.3],
and [36] p. 25]

be Whr(Q)? c Whi(Q)? = dom(B§/2) C (L*(Q)*,dom(Bg)), __ C (L% (Q)* dom(Bz))

%,oo 17§,s
2
for any 1 < s < 2. For the weak Stokes operator a similar calculation works on the L3-scale instead
1 2
of the W' %-scale once we know that dom(.ﬁl;ﬂ) = ®~1L2(Q). Notice that since 0 € p(Az) we find by
Proposition 5.2 that 0 € p(Az). Thus, by definition

dom(A?,) = Rg(A 3)

and the special structure of the similarity transform proven in Lemma [5.1] shows that

dom(A, ;) = &~ (LE(Q)) = (L6 ()]

Finally, we deduce by the same reasoning as for the Laplacian that

’ 7175

ola € (17 (@) LY ()] = dom(A2,) C (Wy

c Wy &

for any 1 < s < 2. This proves (&.0)). O
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6. PROOFS OF THEOREMS [3.4] AND

In this section, we discuss the existence, uniqueness, and regularity of mild solutions when the Dirichlet
boundary data for the director field is a constant vector e.
Let us denote § = d — e. Then, the system ([I)) is equivalent to

O+ (u-V)u — Au+ Vr = —div([Vs]'Vs)  in (0,T) x Q,
016 — AS + (u- V)6 = |VS[25 + |Vé|’e  in (0,T) x Q,
divu=20 in (0,7) x Q,
(6.1) S+el=1 in (0,7) x 9,
(u,0) = (0,0) on (0,T) x 99,
(w,8)] = (a,b) in €,

where b = b — e. We would like to emphasise that the system (G.1) in (u,d) has homogeneous Dirichlet
boundary conditions and V§ = Vd.
Dropping the condition |6 4+ e¢| = 1 for a moment, we reformulate the problem as

Ou+ Au = —P(u-V)u — Pdiv ([V4] T V), in (0,7) xQ,
00+ Bs =—(u-V)s+ |V +e), in (0,7) xQ,

which defines a system in the space
LL(Q) x L1(Q)°,

where B now denotes the negative Dirichlet Laplacian which is defined similarly to the Neumann Lapla-
cian using the form

b: Wy 2(Q)° x Wy ?()°® = C, (u,v)— [ Vu-Vudaz.
Q
Note that due to the availability of heat kernel estimates [3| Cor. 3.2.8] and the validity of the square root
property [19, Thm. 7.5] the counterparts of Propositions 2.3 and [Z4] are valid for the Dirichlet Laplacian.
Especially, the LP-L%-estimates hold on all of LP(Q)3, i.e., average free spaces need not be considered.
Furthermore, the maximal regularity of the negative Dirichlet Laplacian follows by [23, Cor. 1.1].
Denoting the nonlinear terms as

Fu(u, V) = —Pdiv (u @ u + [Vd] " V§),
Fs5(u,V5,0) = —(u- V)& + |V|2(6 + e),

we define the iteration scheme corresponding to the mild formulation ([B4]) as follows. For j € Ny, define

t
Ug 1= eitAa/, Uj+1 = Up + / ei(tis)AFu(uj (8)7 V6J (S)) dS,
0

t
5o :=e B, 54 = 50+/ e~ =B By (u;(s), Voi(s),8,(s)) ds.
0

The analysis towards the proof of existence and uniqueness follows verbatim the proof for the case of
Neumann boundary conditions since |e¢| = 1 (which replaces the b in the previous case). Also note that
in this case we do not need to split the equation for the director field as the Dirichlet Laplacian generates
an exponentially stable semigroup on all of L9(£2)3.

Once the existence and uniqueness of v and § have been established, we can then return to the original
variable d = ¢ + e and retrieve the condition |d| = 1 by following the same arguments as in the previous
case and by noting that |d|? — 1 = |e|> — 1 = 0 on the boundary (0,7) x 9. Finally, the discussion in
Section [§ stays literally the same.
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7. CONCLUDING REMARKS

We would like to conclude by discussing other results and techniques.

First, in the case of a smooth domain 2 our approach yields similar results as has been obtained by
Hieber et al. in [14] using quasilinear techniques.

More concretely, the approach in [I4] requires initial data in Besov spaces

a€ B P@QPNLEQ), beBR Q)P 24+i<l i+l d<usy,

using the fact that the embedding B24~*/?(€) — C*(0) holds. These initial data are much more regular
than the ones assumed by us.
Recall that for £ smooth, our results are valid for 3 < p < ¢ < oo, cf. Remark Now suppose

p
that we have initial data (a,d) € W,'* () x WLP(Q)3 for some p > 9. This choice ensures that a and d
are bounded functions. Now we can repeat our arguments as before (see Section [{) to first obtain that

Byd e L*(0,T; L7(Q)3) and then u € L*(0, T} Wolf () for s € (1,2). Since dom(Bz) is a subspace of
W?2%(Q)? for smooth domains, it is possible to control two derivatives of d. But now, since |ul| Lz and
IVd||L» are also bounded in time, we observe that the right-hand side in the fluid equation is actually in

L*(0,T; L§ (©)) and hence we infer that
we Wh*(0,T; L5 () N L*(0, T;dom(As)), o', Brd € L°(0,T; L5 (Q)?)

and thus u and d are strong solutions. Especially, u(t) € dom(Az) and d(t) € dom(Bz) for almost every

t € (0,T) so that both lie in C1(Q) in the spatial variables as used in [14].

Note that there are also other versions of the simplified Ericksen—Leslie model. For instance, some
authors, see, e.g., [I829] and the references therein, drop the assumption |d| = 1 and replace the
dynamical equation for the director field d by

od — Ad+ (u-V)d = —~f(d), ~>0,

for a bounded vector valued penalty function f. In particular, Hu and Wang considered in [I8] the case
f =0. The method we presented here can be adapted for this setting as well.

Finally, we would like to remark that our approach, based on the iteration scheme, has been crucially
based upon the fact that the right-hand side (nonlinearities) in the fluid equation can be written in a
divergence form. Since the same remains true for more general models arising in nematic liquid crystals,
we are hopeful that this method shall turn out to be fruitful even in such general situations.

Acknowledgement. We would like to thank Matthias Hieber for introducing us to this interesting field
of research.
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