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SECOND-ORDER KKT OPTIMALITY CONDITIONS FOR
MULTI-OBJECTIVE OPTIMAL CONTROL PROBLEMS

BUI TRONG KIEN!2, NGUYEN VAN TUYEN?, AND JEN-CHIH YAO*

ABSTRACT. In this paper, we study second-order necessary and sufficient optimality condi-
tions of Karush—Kuhn—Tucker-type for locally optimal solutions in the sense of Pareto to a
class of multi-objective optimal control problems with mixed pointwise constraint. To deal
with the problems, we first derive second-order optimality conditions for abstract multi-
objective optimal control problems which satisfy the Robinson constraint qualification. We
then apply the obtained results to our concrete problems. The proofs of obtained results

are direct, self-contained without using scalarization techniques.

1. INTRODUCTION

Let L;: [0,1] x R* x R" — R with j = 1,2,...,m, ¢: [0,1] x R" x R' — R", and
g:[0,1] x R™ x R — R be given functions. We consider the multi-objective optimal control
problem of finding a control vector u € L*([0,1],R!) and the corresponding state z €
([0, 1], R™) which solve

Mingn I(2,u) (1)
st. x(t) =0 +/0 (s, z(s),u(s))ds fora.e. tel0,1], (2)
g(t,x(t),u(t)) <0 forae. te]0,1]. (3)

Here z( is a given vector in R" and the multi-objective function [ is given by
I(x,u) = (Li(z,u), Ir(z,u),. .., Ly(z,u)),
where
Ii(z,u) == /1 L;(t,x(t),u(t))dt.
We denote by (MCP) the problem (III)(BI(; and by @ its feasible set, that is, ® consists of
couples (z,u) € C([0,1],R™) x L>([0, 1], R") which satisfy constraints (2)—(]).
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The multi-objective optimal control problems are important in mechanics and economy.
For example, when we want to minimize energy and time of a system, we need to use two-
objective optimal control which has a form like ([I)-(B]) (see for instance [I4]). Recently,
problem (MCP) has been studied by several mathematicians. For papers which have a close
connection to the present work, we refer the readers to [2] 3] [7} [14] 15, 17, 19, 20, 21, 27]
and the references therein. In these papers, the authors mainly studied numerical meth-
ods and first-order necessary optimality conditions for multi-objective optimal control prob-
lems. However, to the best of our knowledge, so far there have been no papers investigating
second-order optimality conditions for multi-objective optimal control problems. The study
of second-order optimality conditions for optimization problems as well as for multi-objective
optimal control problems is a fundamental topic in optimization theory. The second-order
optimality conditions play an important role in solution stability and numerical methods of
finding optimal solutions.

In this paper, we will focus on deriving second-order necessary optimality conditions and
second-order sufficient optimality conditions of Karush-Kuhn-Tucker (KKT) type for the
multi-objective optimal control problem (MCP). In order to establish second-order KKT
optimality conditions for the (MCP), we first derive second-order optimality conditions for
abstract multi-objective optimal control problems which satisfy the Robinson constraint
qualification. We then apply the obtained results to our concrete problem.

In contrast with multi-objective optimal control problems, there have been some papers
dealing with second-order KKT optimality conditions for vector optimization problems re-
cently. For papers of this topic, we refer the reader to [6, (10 [I1], [I§] and references given
therein. In [6l 18], the second-order KKT optimality conditions were derived by scalariza-
tion method via the so-called oriented distance function which was used by Ginchev et al.
in [§] for the first time. However, this approach has also some certain limits because the
oriented distance function is often nonsmooth. In [10, [I1}, by using Motzkin’s theorem of the
alternative, Jiménez et al. presented some second-order KK'T optimality conditions for vec-
tor optimization problems under suitable constraint qualification conditions. Although the
constraint qualification conditions used in [10, [I1] are weaker than the Robinson constraint
qualification, the “sigma” terms in the obtained second-order conditions do not vanish. In
addition, those results can not apply to the (MCP) directly as the Robinson constraint
qualification does not hold for the (MCP).

In the present paper, we derive second-order KKT optimality conditions for vector op-
timization directly via separation theorems. We then establish second-order KKT condi-
tions without sigma terms for an abstract multi-objective optimal control problem under

the Robinson constraint qualification. It is worth pointing out that our method is natural



and intrinsic. The obtained results approach a theory of no-gap second-order optimality
conditions for multi-objective optimal control problems.

The paper is organized as follows. In Section Pl we set up notation and terminology, and
state main results. Section [3 is intended to derive second-order KKT optimality conditions
for a class of vector optimization problems. In Section d] we establish second-order KKT
necessary optimality conditions for an abstract multi-objective optimal control problem,
which is based on the obtained result of Section Bl The proofs of the main results will be

provided in Section Bl In Section [0l we give some examples to illustrate the main results.

2. ASSUMPTIONS AND STATEMENTS OF THE MAIN RESULTS

In this section, C([0,1],R™) is the Banach space of continuous vector-valued functions

x: [0,1] — R™ with the norm ||z|o = m[gulc] |z(t)] and R™ is the Euclidean space of n-tuples
tel0,

£ = (&,...,&,) with the norm [¢| = (D0, 53)%. For each 1 < p < oo, LP([0,1],R!) stands
for the Lebesgue spaces with the norms || - ||,. For convenience, we put X = C(]0, 1], R") and
U = L>=([0,1],R!). In the sequel, L and ¢ stand for (Li,..., L,,) and (g, g), respectively.
Define

Q ={ve L™ (0,1,R) |v(t) <0,ae. tel0,1]}.
Let us impose the following assumptions on L and ¢.

(H1) The function L is a Carathéodory function and ¢ is a continuous mapping. For a.e.
t € [0,1], L(t, -, -) is of class C* while ¢(t, -, -) is of class C* for all ¢ € [0,1] . Besides,
for each M > 0, there exist numbers kry > 0 and kgpr > 0 such that

|L(t, x1,u1) — L(t, w2, ug)| + [VL(E, 21, u1) — VL(t, 22, ug) |+

+ |V2L(t,x1,u1) — V2L(t,l’2,U2)| S k‘LM(|ZL’1 — l’2| + |U1 — U2|)
for a.e. t € [0,1] and for all 7; € R, u; € R! satisfying |z;] < M, |u;| < M with
1=1,2, and

[9(t, x1,w1) — O, 22, u2)| + [V (L, z1,w1) — VL, w2, us) [+

+ ‘V%ﬁ(t, xl,ul) - V%(t, x2,u2)‘ < ]{7¢M(‘SL’1 — SL’2| + |U1 - UQD
for all ¢t € [0,1], x; € R", u; € R! satisfying |z;| < M, |u;] < M with i = 1,2.

Moreover, we require that the functions

L(t,0,0), |VL(t,0,0)|, [V*L(t,0,0)| , ¢(t,0,0), [Vé(t, 0,0)],

V2(t,0,0)|

belong to L>([0, 1], R).



(H2) Given a couple (z,u) € ®, there exist ig € {1,2,...,l} and o > 0 such that
|Gus, (L, (1), u(t))] > o for ae. t€[0,1].
Hereafter, L[t], ¢[t], g[t], L:[t], pu[t], gu[t] and so on, stand for

L(t, z(t), u(t), »(t,2(t), u(t)), g(t, (1), ult)),
Lo (t, 2(t), u(t), @ult, z(t), u(t)), gu(t, 2(t), u(t)), . ..

We denote by R the nonnegative orthant of R™, where m € N := {1,2,...}. The interior
of R is denoted by int R}

Definition 2.1. Assume that z = (z,u) is a feasible point of the (MCP). We say that:
(i) z is a locally weak Pareto solution of the (MCP) if there exists € > 0 such that for
all (z,u) € (B(Z,€) x B(u,e)) N®, one has
I(z,u) — I(Z,u) ¢ —int R

(ii) z is a locally Pareto solution of the (MCP) if there exists € > 0 such that for all
(x,u) € (B(z,€) x B(u,€)) NP, one has

I, u) — I(z,u) ¢ —RT\ {0}
Let us denote by Co(Z) the set of vectors z = (z,u) € C([0,1],R") x L>([0, 1], R") such
that the followmg conditions hold:
c1 fo +L() (t))dt € —RT;
fo ( s) + @ulslu(s))ds;
( ) gx[ ]I + gul: ]u < COHG(Q —g(-7,u)).
Let C(Z) be the closure of Cy(2) in C([0,1],R") x L>=([0,1],RY). We call C(z) the critical
cone of the (MCP) at z. Each vector z € C(z) is called a critical direction to the (MCP) at
z. It is easily seen that C(Z) is a closed convex cone containing 0.

The following theorem gives necessary optimality conditions for the (MCP).

Theorem 2.1. Suppose that assumptions (H1) and (H2) are valid and Z is a locally weak
Pareto solution of the (MCP). Then, for each z € C(Z), there exist a vector A € R with
Al = 1, an absolutely continuous function p: [0,1] — R™ and a function 6 € L*([0,1],R)
such that the following conditions are fulfilled:

(i) 0 € N(Q, gl]);

(ii) (the adjoint equation)

p(t) = =MLy [t] — wa[t]p(t) — 0(t)g.[t] a.e. t€0,1],
p(1) = 0;



(iii) (the stationary condition in u)
ALt + P @ult] +0(t)gu[t] =0 ace. t€[0,1];

(iv) (the non-negative condition)

/0 (ZAjszj[t]z(t),z(t)> dt+/0 (D(t)"V2lt]2(t), 2(t)) dt

+/0 (0(t)V?g[t]=(t), 2(t)) dt > 0.

A point z € ® satisfying conditions (i)—(iii) of Theorem I w.r.t (A, p, 0) is called a KKT
point of the (MCP).

In multi-objective optimization problems, the critical cone for second-order sufficient con-
ditions is often required bigger than the one for second-order necessary conditions. Therefore,
we need to enlarge C(Z) to deal with second-order sufficient conditions. We denote by C'(Z)
the set of vectors (z,u) € C([0,1],R") x L*([0, 1], R") which satisfy the following conditions:

(&) [ (La[tle(t) + Lyftu(t)) dt € R
() 2(-) = [V (uls]a(s) + @uls]u(s))ds;
(c4) ga[t]z(t) + gu[tlu(t) € T((—o0,0]; g[t]) for a.e. ¢t € [0,1].

Obviously, C'(Z) is a closed convex cone and C(z) C C'(2).
We now introduce the concept of locally strong Pareto solution for the multi-objective

optimal control problem (MCP).

Definition 2.2. Let z = (z,u) € ® be a feasible point of the (MCP). We say that z is
a locally strong Pareto solution of the (MCP) if there exist a number € > 0 and a vector
c € int R such that for all (x,u) € (Bx(Z,€) x By(u,€)) NP, one has

I(z,u) = I(z,1) — cllu—al|; ¢ —R} \ {0}.

Clearly, every locally strong Pareto solution of the (MCP) is also a locally Pareto solution
of this problem. Note that in Definition 2.2l we use two norms to define locally strong Pareto
solutions. Here By (u, €)) is a ball in L>([0, 1], R") while ||u— 1|5 is the norm in L?([0, 1], RY).

The following theorem provides sufficient conditions for locally strong Pareto solutions.

Theorem 2.2. Suppose that assumptions (H1) and (H2) are valid and z € ®. Suppose that
there exist a vector A € R with |A\| = 1, an absolutely continuous function p: [0,1] — R"
and a function 6 € L*([0,1],R) satisfy conditions (i), (i1) and (iii) of Theorem [21 and the



strict second-order condition
/0 (NTV2L;[t)2(2), 2(t)) dt + /0 (D(t)"V2lt]2(t), 2(t)) dt
+/0 (0(t)V?g[t]2(t), 2(t)) dt >0 (4)

for all z = (z,u) € C'(2) \ {0}. Furthermore, there is a number vy > 0 such that

AT Lo [tl(€,€) > 70lé]* VE e R, (5)

Then, (z,u) is a locally strong Pareto solution of the (MCP).

3. ABSTRACT MULTI-OBJECTIVE OPTIMIZATION

Assume that Z and E are Banach spaces with the dual spaces Z* and E*, respectively.

We consider the following multi-objective optimization problem:

Mingy £(2) = (i(2)... Ful2) (MP1)
s.t. G(z) € Q,

where f: Z — R™ and G: Z — E are of class C?, and () is a nonempty closed convex subset
in . We denote by X the feasible set of the (MPI]), that is,

Y={ze€Z|G(z) € Q}.

To derive optimality conditions for the (MPT]) we need some concepts of variational analysis.
Let X be a Banach space with the dual X*, Bx and Bx(x,r) stand for the closed unit ball
and the closed ball with center x and radius r, respectively. Given a subset A of X, we
denote the interior and the closure of A respectively by int A and A.

Let 2 be a nonempty and closed subset in X and z € €. The sets

T°(Q:2) = {h € X | Yty = 0", 3hy — b, + tyhy, € Q Vk € N},

T(Q,Lf’) = {hGX | Htk—>0+,3hk—>h,i’+tkhk€ﬁ VkEN},

are called the adjacent tangent cone and the contingent cone to €2 at x, respectively. It is

well-known that when € is convex, then

(1) =T(%7) = Q2),
where Q(Z) is defined as follows

Q(z) :==cone (L —z)={A(h—2) | h € Q> 0}.



Let z € Q and h € X. The sets

1
T2b(Q;i’,h) = {w eX | Vi, — 0+,E|wk — w,i+tkh+§t2wk € Q) Vke N},

1
T2(Q;Lf’,h) = {wGX ‘ Htk—>0+,3wk—>w,i+tkh+§tzwk €N VkEN},

are called the second-order adjacent tangent set and the second-order contingent tangent set
to 2 at 7 in the direction h, respectively. Clearly, 7% (Q; Z, h) and T?(€2; z, h) are closed sets
and

T?(Q; 7, h) € T*(Z,h), T*(Q:7,0) = T°(Q: 1), T2(Q; £,0) = T(Q; ).
It is noted that if Q is convex, then so is 7% (; z,h). However, T%(Q;Z,h) may not be
convex when Q is convex (see, for example, [I]). In the case that  is a convex set, the

normal cone to () at Z is defined by
N z):={z" e X" | (z*,2 —2) <0 Vz e Q},

or, equivalently,
N z)={z"€ X" | (z",h) <0 Vh e T(Q;x)}.

Definition 3.1. We say that z € X is a locally weak Pareto solution of the (MPT)) if there
exists € > 0 such that for all z € Bz (Z,€) N X, one has f(z) — f(Z) € —int RY.

We say that the Robinson constraint qualification holds at z € ¥ if the following condition
is verified
0 €int [VG(2)(Bz) — (Q — G(2)) N Bg| .
According to [25, Theorem 2.1], the Robinson constraint qualification is equivalent to the
following condition:
E =VG(2)Z — cone(Q — G(2)).
When the Robinson constraint qualification holds at Z, we say z is a regular point of the

(MPT]). Hereafter we always assume that z is a feasible regular point of the (MPT]).
Let us define the following critical cones
Ci(2) ={d € Z | V[(2)d € =R}, VG(2)d € T(Q; G(2))},
Coi(2) ={d € Z | Vf(2)d € —R",VG(Z)d € cone (Q — G(2))},
C1+(2) = Co1(2).
For each d € C(Zz), put
I(z,d) ={i e I|Vfi(z)d =0},
where [ :={1,...,m}.



Lemma 3.1. If Z is a locally weak Pareto solution of the (MPTl), then
Ci(2)={de Z|Vf(z)de —RT\ (-intR}), VG(2)d € T(Q; G(%))}.
Consequently, the following set
{de Z|Vf(z)d e —int R}, VG(2)d € T(Q; G(2))}
15 empty.
Proof. Thanks to [12, Theorem 3.1], we have
VG(2) T T(Q: G(2) = T(GH(Q): 2) = T(S:2).

Take d € Ci(2), then d € T'(3;Z). Hence there exists a sequence {(tx,d;)} converging to
(07, d) such that z 4 txd), € X for all k € N. Since Z is a locally weak Pareto solution of the
(MP1]), we may assume that

f(Z+tpdy) — f(2) € R™\ (—int RT")
for all £ € N. From Mean Value Theorem for differentiable functions, we have
thf(Z)dk + O(tk) e R™ \ (—iIlt RT),

or, equivalently,

F(2)dg + 28

e R™\ (—intR"})
for all k € N. Letting k — oo, by the closedness of R™ \ (—int R"), we get
Vf(zZ)d € R™\ (—=intRT).
The proof is complete. O

Lemma 3.2. Let z be a locally weak Pareto solution of the (MPI)) and Ay(Z) be the set of
normalized Karush—Kuhn—Tucker multipliers of the (MP1)) at z, that is,

A(2) == {(\e) €R™ x E* | (A, V£(2)) + VG(Z)"e* =0,|A| = 1,e* € N(Q: G(2))}-

Then Ay(Z) is a nonempty bounded and compact set in R™ x E* with respect to topology

Trm X T(E*, E), where T(E*, E) is the weakly star topology in E*.

Proof. We first claim that A;(Z) is nonempty. Indeed, put
U={(Vfi(z)d+ry,....Vfn(Z)d+r,, VG(Z)d—v)|de Z,veT(Q;G(Zz)),r;>0,i€ I}

Then, ¥ is a convex subset in R™ x E. By the Robinson constraint qualification, there exists
p > 0 such that
Bg(0,p) C VG(2)(Bz) — (Q — G(2)) N Bg. (6)



This implies that
BE(O, p) C VG(Z)(Bz) — T(Q7 G(E)) N Bg.

For each 7 € I, put
a; = |V fi(2)| = sup [V fi(2)d].
deByz
It is easily seen that
(v, +00) X ... X (@, +00) X B(0,p) C V.

Thus, ¥ has a nonempty interior. We show that (0,0) ¢ int W. If otherwise, there exist
€1 >0, ..., ¢, >0 such that

(—€1,61) X oo X (=€, 6) X {0} C 0.
This implies that there exist d € Z, v € T(Q; G(Z)), and r; > 0, ¢ € I such that
Vfl(g)d—FTZ < O, 1€ ],
VG(z)d —v =0.
Consequently, the system
Vf,(é)d <0, 1€l
VG(2)d € T(Q: G(2)),
has at least one solution d € Z, which contradicts the conclusion of Lemma B We now

can separate (0,0) from W by a hyperplane, i.e., there exists a functional (A,e*) € (R™ x
E*)\ {(0,0)} such that

Ni(Vfi(2)d+r;) + (", VG(Z2)d —v) >0 (7)

m

7

foralld e Z, v € T(Q;G(2)), r; > 0,1 € I. From (@) it follows that A\; > 0 for all i € I,
that is, A € R, Putting v =0 and r; =0, ¢ € [ into (), we get

((\,Vf(2)) + VG(2)"e")d >0 Vd e Z.
Thus, (A, Vf(2)) + VG(2)*e* = 0. Putting this equation and r; = 0, ¢ € I, into (), one has
e'(v) <0 Yo e T(Q;G(2)).
Hence, e* € N(Q;G(z)). We now show that A # 0. Indeed, if otherwise, then we have
(", VG(2)d —v) >0 (8)
foralld € Z, v € T(Q;G(z)). Again by the Robinson constraint qualification, one has

E=VG(Z)(2) - QG(2)).



This and (8) imply that e* = 0, a contradiction. Put (\,é&*) = (ﬁ, %‘) Then we have

(A, &) € A1(%), as required.
We now claim that A;(2) is bounded. Indeed, fix (Ao, e5) € A1(Z). Then, for any (A, e*)
belonging to A;(Z), we have

(Ao, Vf(2)) + VG(2)'eg =0, €5 € N(Q;G(2)),
LVFE) + VGE) e =0, e € NQ;G(2)).

Since ([@l), for each y € Bg(0, p), there exist z € By and w € (Q — G(2)) N Bg such that
y = VG(z2)z —w. It follows that

(g =€ y) = (g — €', VG(2)z — w)
= (VG(2)"(eg =€), 2) = (g — €",w)

= (A= 2)V[(2),2) = (eg,w) + (e, w)
<2[[ViE) + llesll-

Thus,
(—=e"u) <2V @) + llegll + llesll ]l
<2V + llegll + lleallp-
Replacing y by py with |ly|| < 1, we get
le*llp < 2[V (2 + lleall (1 + p).

Consequently,

. 2 B 1+p
e[| < ;HVf(z)H —lesll-

Thus, A1(Z) is bounded. It is easy to check that the set Aq(2) is closed with respect to
topology mgm X 7(E*, E). Thanks to [4, Theorem 3.16], A;(2) is compact. O

To derive second-order necessary conditions for the (MPT]), we need the following result.

Lemma 3.3. Let z € ¥ and d € C1(2). If Z is a locally weak Pareto solution of the (MPT]),
then the following system

Vfi(2)z+V2fi(2)d* <0, Viel(zd), (9)
VG(2)z + V2G(2)d? € T*(Q: G(2), VG(2)d), (10)

has no solution z € Z.

10



Proof. Arguing by contradiction, assume that the system (@)—(I0) admits a solution, say z.
From (I0) it follows that

2 € VG(2)7' [T?(Q; G(2), VG(2)d) — VG (2)d?] .
By the Robinson constraint qualification and [I2, Theorem 3.1], we have
T?(%;2,d) = VG(2) 7' [T?(Q; G(2), VG(2)d) — V2G(2)d?] .

Thus, z € T?(%; 2,d). Let {t;} be an arbitrary sequence converging to 0¥. Then, there

exists a sequence {z;} tending to z such that
Wy, ::z+tkd—l—%tizk €Y VkeN.
For each i € I(Z,d) and k € N, we have
filwy) = fi(2) = [filwe) — fi(Z + ted)] + [fi(Z + trd) — [i(2) — te(V [i(2), d)]
= %ti(Vfi(z + td), 21) + %tivzfi(z)dZ + o(t3).

Therefore,

lim fi(wk)lt_ fi(Z)

k—00

This and (@) imply that

2 = (V/i(2),2) + V*fi(2)d".
filwk) < fi(2)

for all ¢ € I(z,d) and k large enough. For each i € I'\ I(Z,d), we have (V f;(Z),d) < 0. From

this and the fact that
o Jilw) = £i(2)

k—oo tk

= (V/i(2),d),
it follows that
filwi) < fi(2)
for all k large enough. Thus there exists k large enough such that
filwy) < fi(z) Viel,
which contradicts the fact that z is a locally weak Pareto solution of the (MPT]). U

Problem (MPT)) is associated with the Lagrangian £;(z, \,e*) = A f(2) + e*G(z). The

following theorem gives some second-order necessary optimality conditions for the (MPTI).

Theorem 3.1. Suppose that z is a locally weak Pareto solution of the (MPI). Then, for
each d € C1.(2), there exists (A, e*) € A1(Z) such that the following non-negative second-order

condition is valid:
ngﬁl(é, A e")(d,d) > 0.

11



Proof. We first prove the theorem for d € Cy1(2). We claim that 0 € T?(Q; G(2), VG(2)d).
Indeed, since VG(z)d € cone (Q — G(Zz)), there exists u > 0 such that uVG(2)d € Q —G(Z).
From 0 € @) — G(Z) and the convexity of Q) — G(Z2), for any 0 < o < p, we get

%uVG(Z)dJr (1 — %) 0€Q-G(2).

This implies that G(2) +aVG(2)d € Q for all a € (0, ). Hence, 0 € T?(Q; G(2), VG(2)d)

as required. We consider the following set
IL:={(V2fi(2)d* + V f1(2)z + 11, ... V[ (D) + V [ (2) 2 + 1, VG (2)d® + VG(2)z — v)]
2 € ZveT?(Q;G(2),VG(2)d),r; > 0,i € I}.

Thanks to Lemma Bl the set I(Z,d) is nonempty. Thus, by choosing A\; = 0 and removing
the component i-th of Il for i € I\ I(Z,d), we may assume that I(z,d) = I. We claim that
IT is a convex set with a nonempty interior and (0,0) ¢ intII. The convexity of II follows
directly from the convexity of T%(Q;G(z), VG(2)d) and R7. By the Robinson constraint
qualification, there exists p > 0 such that

Bg(0,p) C VG(2)[Bz] — T°(Q; G(2)) N Bg.
Since 0 € T%(Q; G(2), VG(2)d) and [12, Proposition 3.1], we have
T?(Q:G(2), VG(2)) = T"(T"(Q: G(2)), VG(2))-

Putting V' = VG(z) + Bg(0,p) and p; = 1 + ||VG(2)d||, we have

V C VG(2)[Bz] — [I°(Q; G(2)) N By — VG(2)]
C VG(2)[B7] - [T7(Q: G(2)) = VG(2)] N Br(0, p1)
C VG(2)[B7] - T"(I7(Q; G(2)), VG(2)) N Be(0, p1)
(2)[Bz]

By the Robinson constraint qualification,
E = VG(3)[Z] - Q(G(2)) = VG(2)[Z] - T*(Q; G(2), VE(2)d). (11)
For each 7 € I, we put
a; = V2 f;(2)d® +sup {Vfi(2)z | z € Bz(0,p1)} < +o0.

We then have

A

(a1, +00) X (g, +00) X ... X (U, +00) x V C 11,
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where V := V2G(2)d? + V. This implies that the interior of II is nonempty. We now show
that (0,0) ¢ int IT. If otherwise, there exist €; > 0, €5 > 0, ..., €, > 0 such that

(—€1,€61) X (—€2,€2) X ... X (—€m, €) x {0} CIL
This implies that there exist z € Z, v € T?(Q; G(2),VG(2)d), r; > 0, i € I, satisfying
V2fi(2)d® +V[fi(2)z4r <0, iel,
V2G(2)d* + VG(2)z —v = 0.
Consequently, z is a solution of the following system
V2fi(2)d*+ Vfi(2)2 <0, i€,
{VQG(z)aF + VG(2)z € T?(Q; G(2),VG(2)d),

contrary to Lemma [33l Since (0,0) ¢ int I, we can separate (0,0) from II by a hyperplane,
i.e., there exists a functional (A, e*) € (R™ x E*)\ {(0,0)} such that

i N(VEfi(2)d* + Vfi(2)z + 1) + (€5, VEG(2)d* + VG(2)z —v) >0 (12)

i=1
forall; >0,i€ 1, 2 € Z, and v € T?(Q;G(2), VG(2)d). By ([[2), we have \; > 0 for all

i€ l,ie, A€ RT. We claim that A is a nonzero vector. If otherwise, then we have
(e, V?’G(2)d* + VG(2)z —v) > 0
for all z € Z, and v € T?(Q; G(2), VG(2)d), or, equivalently,
(e*, V2G(2)d* +w) > 0
for all w € VG(2)(Z) — T?(Q; G(z), VG(2)d). This and () imply that e* = 0, contrary to
the fact that (X, e*) # (0,0). We now rewrite (I2) as follows
(V.L1(Z, N, €%),2) + V2. L1(2, N, e*)(d,d) + i ity — {e*,v) >0 (13)
i=1
forallr; >0,i€1,2€ Z, andv € T?(Q; G(2), VG(2)d). It follows that V.L;(z, \,e*) = 0.
Putting V,L£i(Z,A\,e*) =0 and r;, =0, ¢ € I, into (I3]), we get
V2. Li(Z, ) €e)(d, d) > (e*,v)
for all v € T?(Q; G(z), VG(2)d). Thus,
V2. Li(Z,\ e (d, d) > o(e’, T?(Q; G(2), VG(2)d)) > 0. (14)
By dividing both sides of (I4) by |A|, we obtain that

sup V2. L(Z,\ e")(d,d) > 0.
(A e*)eAi(Z)
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We now take any d € Cy.(2). Then, there exists a sequence {d,} C Cp1(Z) converging to

d. From what has already been proved, we have

sup V2 L(Z, A e*)(dy,dy) > 0. (15)
(Ae*)eh(z)

Since the set A;(2) is compact in topology Tem x T(E*, E), the function

w(d) = sSup Vizﬁl(za )\7 6*)(da d)

(N\e*)eA1(Z)

is continuous. Letting k — oo in (IH), we get

sup V2 L1(2, ) e")(d,d) > 0.
(Ae*)eA1(7)

Again, by the compactness of Ai(Z), there exists (A, e*) € A1(Z) such that
V2. Li(Z,Ae")(d,d) > 0.
The proof is complete. [l

From Theorem 3.1 we want to ask whether the conclusion is still true if Cy.(2) is replaced
by Ci(z). Clearly, C1.(Z) C C1(2). In the case of single-objective (m = 1) under assumptions
that @ is polyhedric at G(z) and VG(Z) is surjective, [I, Proposition 3.54] showed that
C1(Z) = C1.(Z). However, when m > 1, the proof of Proposition 3.54 in [I] is collapsed. The
reason is that the condition (A, Vf(z)) = 0 with A # 0 does not imply V f(z) = 0. We do
not know whether the equality C;(Z) = C1.(2) is valid. Therefore, we leave here the following
conjecture.

e Conjecture: Suppose that VG(2): Z — E is surjective and Q is polyhedric at G(Z). If Z
is a locally weak Pareto solution of the (MPIl), then C1(2) = C1.(Z2).

4. ABSTRACT MULTI-OBJECTIVE OPTIMAL CONTROL PROBLEMS
Let Ey, E, X and U be Banach spaces and () be a nonempty closed convex set in F. Define
Z = X x U and assume that

I: X xU—R™,
FZXXU-)E(],
G: XxU—=EFE
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are given mappings. We consider the following multi-objective optimal control problem of

finding a control u € U and the corresponding state x € X which solve
Mingy  I(z,u),
s.t. F(z,u) =0, (MP2)
G(z,u) € Q.
We denote by @ the feasible of the (MP2)) and put
D ={(z,u) € Z | F(xz,u) = 0}.

Fix 2o = (yo, uo) € . We denoted by As(zg) the set of multipliers (A, v*,e*) € R x Ef x E*

with |[A] = 1, which satisfies the following conditions
V.Lo(z, N\, v*,e") =0, e € N(Q,G(z,wp)),
where Lo(z, A, v*, e*) is the Lagrangian which is given by
Lo(z,v",e") = (N, I(2)) + (v, F(2)) + (", G(2)).
We also denote by Cy(zg) the closure of Coa(20) in Z, where
Co2(20) == {d € Z | VI(z0)d € =R}, VF(z)d =0, VG(20)d € cone(Q — G(z0)} .
The set Ca(29) is called the critical cone of the (MP2]) at zo.

Let us introduce the following assumptions:

(A1) There exist positive numbers r,r] such that the mapping I(-,-), F(-,-) and G(-,-)
are twice continuously Fréchet differentiable on By (xq, 1) X By(ug,r);

(A2) The mapping F(zg) is bijective;

(A3) VG (2)(T(D; 20)) = E.

From assumptions (Al) and (A3), we have that F(-,-) is continuously differentiable on
Bx (xg,71) X By(ug,r}) and F,(z) is bijective. By the implicit function theorem (see |26,
Theorem 4.E]), there exist balls Bx(xg,rs2), By(ug,r5) with 7o < ry,ry < 7} such that for
each u € By (uop, %), the equation

F(z,u) =0
has a unique solution x = ((u) € Bx(zg,72). Moreover, the mapping
C: By(ug,75) — Bx(xq,72)

is of class C? and ((ug) = xo. Thus,

F(((u),u) =0 Yu € By(ug,15). (16)
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We now define the following mappings:
J:U—=R™ J(u) = J(((u),u),
H:U—E, H(u):=G((u),u). (17)

Then we can show that (zg,u) is a locally weak Pareto solution of the (MP2]) if and only if

ug is a locally weak Pareto solution of the following problem:
Min gnJ(u) (MP3)
s.t. H(u) € Q.
Problem (MP3) is associated with the Lagrangian
Ls(u, N, e*) = AJ(u) + e H(u).
Given a feasible point ug of the (MP3]), we define
Cos(ug) = {u e U | VJ(up)u € =R, VH (up)u € cone(Q — H(ug))}

and Cs(ug) = Cop3(up) the interior critical cone and the critical cone at wug, respectively.

The following theorem provides second-order necessary optimality conditions for the (MP2]).

Theorem 4.1. Suppose that zy is a feasible point of the (MP2) and assumptions (A1) —(A3)
are satisfied. If zy is a locally weak Pareto solution of the (MPZ2), then, for each d € Cy(2),

there exists a nonzero triple (A, v*,e*) € Ay(2o) such that
V2Lo(20, €, 0*)(d, d) = (MN..(20)d, d) + (v*F..(20)d, d) + {€*G..(2)d, d) > 0.

Proof. Since zg = (x9,up) is a locally weak Pareto solution to the (MP2), ug is a locally
weak Pareto solution of the (MP3]). By assumption (A2), VF(z) is surjective. Indeed,
for any v € Ep, there exists € X such that F,(z)x = v. Hence, (2,0) € X x U and
VF(Z)(x,0) = v. This means that VF(Z2) is surjective. From this and [16, Lemma 2.2], it
follows that
T(D;z) = {(z,u) € Z | Fy(z0)x + Fu(20)u =0} = {(¢'(up)u,u) | u € U}.
Combining this with (A3), we get
E C{V.G(20)¢ (wo)u + V.G (z)u | u € U}
C VH (up)(U) — cone(Q — H(up)),
where H is defined by (I7)). Hence the Robinson constraint qualification for the (MP3) is
satisfied at wuy.

Fix any d = (z,u) € Ca(zp). Then there exists a sequence {dy} = {(zx,ur)} C Co2(20)
such that d, — d. Since F,(zo)xr + Fu(z0)ur = 0, we have z, = (’(ug)ux and so uy € Co3(up)-

16



Consequently, u € C3(up). By Theorem B], there exists a multipliers (A, e*) € A, (ug) such

that the following conditions hold:

(a) AV J(ug) + Ve*H(ug) =0, e* € N(Q, H(up)),
(b) (AV2J (ug)u, u) + (e*V*H (ugp)u, u) > 0.
Note that from (Ifl), we have

F(¢(v),v) =0 Yv € By(ug,ry).
Taking first-order derivative on both sides, we get
Fx(Z0>C/(u0> + Fu(Zo) =0

and so
('(uo)" = —Fu(20)"(Fy (20)) "

From (a), we have
)\[x(ZO)C/(Uo) + AIU(Z()) + €*Gw(ZO)C/(UO) -+ €*Gu(20) = 0,
or, equivalently,
C/(Uo)*()\[w(Z()) + €*Gw(20)) = —()\IU(Z(]) -+ €*Gu(20)).

Let us put

¢ = (Mu(20) + € Gu(20)), v = —(F;(20)) "' ¢.
Then, from ([I9) and (20)), we have

—Fu(20)"(Fy (20))7'¢ = —(Mu(20) + " Gu(20)).

Consequently,

Fu(z0) v* + M (20) + €*Gyu(29) =0
Fo(z0)*v* = —(A.(20) + €*G(20))-

This is equivalent to
VI(2)* N 4+ VF(2)*v* + VG(2) e* = 0.

Hence we have (A, v*, e*) € Ay(20).

Let us define the following function

P(t) == La(ug +tu, X, €") = ANJ(ug + tu) + " H(ug + tu), —1 <t <1, ue Cs(up).

Then, by (b), we have

"(0) = V2 Ls(uo) (u, u) = (AV2T (ug)u, u) + (e*V2H (ug)u, u) > 0
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On the other hand, by simple calculation, we get

P"(0) =(Moz(20)¢ (u0)u, ¢'(uo)u) + (Mau(20)¢ (wo)u, w) + (Muz(20)u, ¢'(uo)u)
+ (Muu(20)u, w) + (€7 Ga(20)¢ (wo)u, ¢'(uo)u) + (€"Gaul20)¢ (uo)u, w)
+ (€7 Gua(20)u, C(uo)u) + (" Guul(z0)u, u) + (Mx(20) + € Go(20))¢" (uo)u, u)
=(AMoa(20)7, 7) + (Mzu(20)7, w) + (Mua(20)u, ©) + (Aluu(z0)u, u)
+ (€ Gau(20)7, @) + (€' Goul20)7, u) + (" Gua(20)u, T) + (€"Guul20)u, u)
+ ((¢"(wo)u) " (Mo (20) + €"Ga(20)), w). (22)

Taking second-order derivatives on both sides of ([I8) at ug and acting on u € C"(ug) and

v € U, we obtain
(Fo(20)¢" (wo)u, v) + (Fra(20)¢ (w0)u, ¢'(u0)v) + (Frulz0)¢ (uo)u, v)+
+ Fue(20)(u, ¢'(20)v) + Fuu(20)(u,v) = 0.
This is equivalent to
(Fi(z0)¢" (uo)u,v) =
— [(Fuu(z0)x, ' (u0)v) + (Fpu(20)2, v) + (Fuz(z0)u, ¢'(20)0) + (Fuu(z0)u, v)].
It follows that
(gﬂ(uo)u)* = _[Fxx(zo)xgl(uo) + qu(ZO):E + Fux(ZO)uC,(ZO) + Fuu(zo)u]*(Fx(ZO)*)_l'
Combining this with formula (2II), we have
(¢"(uo)u)"(Alz(20) + €"Ga(20)) = —(¢" (uo)u)"d
= —[Fex(20)2C¢ (w0) + Fru(20)2 + Fuz(20)u¢’(20) + Fuu(30>u]*(Fw(zO>*)_l¢
= —[F,(20)xC (u0) + Fru(20)T + Fuz(20)uc’(20) + Fuu(z0)u] v*.
Hence,
((¢"(uo)u)"(Mz(20) + €*Gu(20)), u) =
= (V" Fpp(20)2, (' (ug)u) + (v* Fpu(20)x, u) + (Fuz(20)u, '(20)u) + (v Fuy(20)u, u)
= (V' Fpp(20)2, ) + (0 Fpy(20) 2, u) + (Fuz(z0)u, ) + (v Fuu(20)u, u).
Inserting this term into (22)), we obtain
(AV2J (uo)u, u) + (e*V?H (ug)u, u) =
= (AV?1(20)d, d) + (v*V?*F(2)d, d) + (e*V*G(20)d, d) > 0.

The proof is complete. 0
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5. PROOFS OF MAIN RESULTS

5.1. Proof of Theorem [2.1l For the proof, we first put

X =C([0,1],R™), U = L>([0,1],RY),
Ey = C([0,1],R™), E = L>([0,1],R),

and define the following mappings

)
F: X x U — By, Fla,u) = — 70— /0 (s, 2(5), u(s))ds,
G: X xU—=E, G(z,u) = g(-,z(-),u(-)).

The problem (MCP) can be formulated in the form of the problem (MP3). Therefore, we
can apply Theorem [.1] for the (MCP) in order to derive necessary optimality conditions.

Step 1. Verification of assumptions (A1)—(A3).

e Verification of (A1). From (H1) we see that the mapping I, F' and G are of class C?
around z. Hence, (A1) is valid. Here VI;(2), V2I(z), VF(z), V?F(z), VG(z) and V*G(z2)
are defined by:

I; (Z)xz/o L. [s]xz(s)ds, 1, (Z)uz/o L [s]u(s)ds,

¢) ¢)
F,Z)x == —/0 os]x(s)ds, F,(Z2)u = —/0 oulslu(s)ds),
VG(Z) = (G:v(z)vGu(z)) = (gm[']vgu['])v

(V2I,(3)z, 2) = /O (V2L;[s]2(s), 2(s))ds,

)
(V2F(2)z, 2) = —/0 (V2p[s]2(s), z(s))ds
for all z = (z,u) € Z, and

via(s) = [ gosl] Goul] ] |

e Verification of (A2). Taking any v € Ej, we consider equation F,(Z)z = v. This equation

is equivalent to

¢)
z:/O wu[slz(s)ds + v.

By assumption (H1), we have ¢,[-] € L>([0,1],R"). By [9, Lemma 1, p. 51], the equation

has a unique solution x € X. Hence (A2) is valid.
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e Verification of (A3). Let D := {(x,u) € Z | F(z) = 0}. Under assumption (A2), the
mapping VF(z): X x U — Ej is surjective. This implies that

T(D;z) ={(x,u) € Z | Fy(2)x + F,(2)u = 0}.

Therefore, assumption (A3) is amount to saying that for each v € E, there exists (z,u) € Z

satisfying
Fy(2)z + Fyu(2)u = 0, (23)
G:(Z)x 4+ Gu(Z2)u = v. (24)
We will find u in the form u = (0,0,...,u;,0,...,0). Consider the following equation
F.(z2)z + Fu(z)m =0.
Gioul'

This equation is equivalent to

xzéw@$ww¢ﬁ”0x@w+ﬁo%m Y s

Gioul'] Gioul$]
By (H2), @u[-]gfo’”—% and gpu[]ﬁ belong to L>([0, 1], R™). Thanks to [9, Lemma 1, p. 51|,
the above equation has a unique solution z € X. Choosing u = (0,0,...,u;,0,...,0) with
v —=G(2)x
Y gl

We see that (z,u) satisfies equations (23)-(24)). Hence assumption (A3) is fulfilled.

Step 2. Deriving optimality conditions.

Let L(z, A\, v*,¢e*) = M (x,u) + v*F(z,u) + ¢*G(x,u) be the Lagrangian associated with
the (MCP). According to Theorem A1l for each z = (Z,%) € C(Z), there exist multipliers
A € R with |A| =1, v* € Ej and e* € E* such that the following conditions are valid:

e’ € N(Q,G(2)), (25)
ML (Z) + v Fp(2) + e"Gh(2) =0, (26)
ML (2) + v Fu(2) + e"Gu(z) =0, (27)
(AV2I(2)z, 2) + (0*V2F(2)2, 2) + (€' V2G(2)z, 2) > 0. (28)

Here v* is a signed Radon measure and e* is a signed and finite additive measure on [0, 1]
which is absolutely continuous w.r.t the Lebesgue measure | - | on [0,1]. By Riesz’s Repre-
sentation (see [9, Chapter 01, p. 19] and [I3| Theorem 3.8, p. 73]), there exists a vector
function of bounded variation v, which is continuous from the right and vanish at zero such
that

széywwﬂwem
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where fol y(t)dv(t) is the Riemann-Stieltjes integral.
Define p: [0,1] — R™ by setting

p(t) = v((t,1]) = v(t) = v(1),

Clearly, p(1) = 0 and the function p is of bounded variation. By the Fubini Theorem, for
each = € C'([0,1],R"), we have

¢)
(V' F.(2),x) = <v*,x —/0 @x[s]x(s)d8>

_ / T (D)do(t) + / pals)(s)p(s)ds (29)
Similarly, for any u € L>([0, 1], R"), we get
(v Fu(2),u) = / / puls]u(s)dsdv(t) / B(5)Tpuls]u(s)ds (30)
and
(VP F(2)z, 2) = / (O pls]z(s), 2(s)) ds. (31)

From (27)) and (30]), we have

/0 AL, [s]u(s)ds —I—/O () pulsu(s)ds + (e*, Gy (Z)u) =0 Yu € U. (32)

Let us claim that e* can be represented by a density in L'([0, 1], R). Indeed, let d be an
arbitrary element of 7'(Q); G(Z)). Then, by assumption (H2), we have

lwgult]l* + [(wd())"]* > |wgu[t]]?

for all w € R and for a.e. ¢t € [0,1]. Thanks to [24], Theorem 3.2], there exist measurable
mappings a: [0,1] x R — R’ ¢: [0,1] x R — [0,00) and a constant R > 0 such that

Gu(2)a(t,w) = gutla(t,w) = w + c(t, w)d(t)

and

la(t, w)| < Rlwl, [c(t, w)| < Rlw|
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for all w € R. We now take any v € E and put u(t) = a(t,v(t)). Then u € U and we have

(", Gu(Z)a(- 0())) = (€7, v) + (", c(-, v)d) < (e",v)

because e* € N(Q,G(z)) and c(-,v)d € T(Q; G(%)). Inserting u(t) = a(t,v(t)) into BZ), we
get

/0 ALy [sla(s,v(s))ds +/0 () pulsla(s,v(s))ds + (e*,v) >0 Vv € E.
This implies that
(", 0)| < R / ALu[s]llo(s)[ds + R / 15(5)T puls]][0(s)]ds.

From this and [9, Proposition 5, p. 348], there is a function § € L'([0, 1], R) such that

(e, v) = /0 oyt Vo e E. (33)

Therefore the claim is justified.

Based on the representation of e*, (25), and (B2), we obtain assertions (i) and (iii). Also,

from ([33)), (29) and (24]), we get
/o ATLI[s]x(s)dst/O xT(t)dl/(t)—i-/O ﬁ(t)wa[s]x(s)dst/O 0(s)" gu[s]x(s)ds = 0

for all z € X. This is equivalent to

1 1
— / 2T (t)dv(t) = / (N Ly[s] + (s) puls] + 0(s) gu[s])2(s)ds Vo € X.  (34)
0 0
We now fix any vector £ € R" and ¢ € [0,1]. Define x4(s) = {x11(s), where x(1)(-) is the
indicator function of (¢, 1]. Let us define
I(s) = A L[s] + p(t) @u[s] + 0(s)" g.[s].

Then, J(-) € L'([0,1],R") and so are the functions ¥(s) and s9(s). By the Lebesgue Differ-
entiation Theorem (see [23] Theorem 7.15]), these functions have Lebesgue points for a.e. on
[0,1]. Let us denote by P and P’ the sets of Lebesgue points of ¥(s) and si(s), respectively.
Then |P N P'| =1 and we have the following key lemma.

Lemma 5.1. For eacht € PN P’, the following equality is valid:

—/0 zl(s)dv(s) = /0 (AT Lo[s] + p(s) " puls] + 0(s)" gu[s]) 2 (s)ds.

Proof. Note that any function with bounded variation as well as any signed Radon mea-
sure can be represented as the difference of two increasing functions, and the difference of
two positive Radon measures, respectively (see |23, Corollary 2.7] and [22] Lemma 13.6]).

Therefore, we can assume that v is increasing, right continuous and of bounded variation.
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For each e with t < € < 1, we define a function z, as follows.

£ if s € [e, 1],
z(s) = —5(:__;) if s € [t, e,
0 if s € [0, t].

Then, z. € C([0,1],R™). By (34), we have

_ /0 27 (5)du(s) = /0 (N L[s] + Pt als] + 0(5)7 gus]) . (5)ds,

or, equivalently,
_ 1 € plo .
563_ : (S)—/ §du(8)=/ %ﬁ(s)dw/E £9(s)ds. (35)

By Mean Value Theorem (see [23, Theorem 2.27, p. 33]), there is a point ¢’ € [t, €] such that

D = D0 oy,
Hence
oot |-
= Havts)| = FE= o - v
< BI=l 0 o)

< [¢l(v(e) = v(t)).
By letting € — ¢ and using the right continuity of v, we see that
§ 5 — t

(36)

Also, we have

/tl Edv(s)ds — /El Edv(s

Consequently,

)< [€l(v(e) —v(t) =0 as e —tT.

/ ¢dv(s

1 1
/ §du(s)ds—>/ Edv(s) as e —tT.

For the first term of (BIl), we have from the Lebesgue Differentiation Theorem (see [23),
Theorem 7.16]) that

b \<m——/|w¢ 9)lds

<lél2 [ ls0(6) ~eoteids + il [ 1900~ 0(s)lds 0
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as € — t*. Hence

s—t
s)ds| — 0 as e —tT.

The convergence
(37)

1 1
/ §T19(s)ds—>/ M9(s)ds as € —tT

is straightforward. Passing the limit both sides of ([BH) and using ([B6])—(3), we obtain

/ ldv(s) / 19 (s)

The proof of the lemma is complete.

From Lemma 5.1l we have for a.e. t € [0,1] that

- / T du(s) = / (N L 11+ p(t) pulf] + 6(t) 0.1 €ds

or, equivalently,

£7p(0) /5 (NTLa[t] + p(6) pult] + 0(8)g[])ds.

Since ¢ is arbitrary, we obtain

B(t) = A" Ly[t] = p(t) @alt] — 0()gult] ae. t€[0,1],

p(1) =0,
which is assertion (ii) of Theorem 2l Finally, from (3I)) and (28]), we have
/0 <Z N\ V2L, [t]z(t),z(t)) dt +/0 (D) Vp[t)2(t), 2(t)) dt
+/0 (0(t)V?gt]=(t), 2(t)) dt > 0,

which is assertion (iv) of the theorem. The proof of Theorem 2] is complete

5.2. Proof of Theorem 2.2 In this proof, we will use the Sobolev space W12([0,1], R")

which consists of absolutely continuous functions z with & € L*([0, 1], R")
Let us define the Lagrangian £(z, A, p, 0) associated with the (MCP) by setting

L(z,\,p,0) := N1(2) +p" F(2) + 0G(2),
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where
MI(z2) :/0 M L(s,2(s), u(s))ds,

PTF(z) = / p(s)x(s)ds + / B(s) (s, 2(5), u(s))ds,

[y

0G(z) = [ 0(s)g(s,x(s),u(s))ds.

0

Then, from conditions (ii) and (iii) of Theorem 1] we can show that
V.L(Z,\,p,0) =0. (38)

We now return to the proof of the theorem. Suppose the the theorem was false. Then, we
could find sequences {(xy,u;)} C ® and {c;} C int R} such that (z,ur) = (Z,a), cx — 0

and
I(xy, up) — 1(z,10) — cillup — al; € =R\ {0}. (39)

Clearly, (zx,ux) # (z,u) for all k € N. By replacing the sequence {(z, ux)} by a subsequence

we may assume that uy = @ or uy, # u for all k € N. If u;, = u for all £ € N, then we have

x(t) = o +/0 (s, xr(s), u(s))ds
and t
z(t) = xo +/0 (s, z(s),u(s))ds.

Hence,

(t) — 2(t) :/0 ((s, z(s), uls)) — (s, 2(s), uls)))ds.

From this and (H1), there exist numbers M > 0 and kyp > 0 such that for £k large enough,

we have
(s, zk(s), u(s)) — (s, 2(s), u(s))| < kparlzr(t) — 2(1)]-

Hence,
) =201 < [ pulan(s) = a5l

Using the Gronwall Inequality (see [B, 18.1., p. 503]), we get x; = Z, a contradiction.
Therefore, we have that u;, # u for all £ € N.

x’;k_i and 1y, = “’;k_ﬂ Then ¢, — 07 and ||ax]l2 = 1. Since
L%([0,1],RY) is reflexive, we may assume that @, — 4. From the above, we have

Define t; = ||ug — |2, T =

N I(z) — ATI(2) < 22Ty < £2|A||ca] < ol2). (40)
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We claim that &, converges uniformly to some & in C([0, 1], R™). In fact, since (xy, ux) € P,

we have
xp(t) = xg +/0 o(s, (), ur(s))ds.

Since xp = T + 125, we have

tkfﬁk(t)Z/O (o(s, 2k (5), un(s)) — @(s, 2(s), uls))ds. (41)

Since x; — 7 uniformly and uy, — @ in L°°([0, 1], R?), there exists a constant ¢ > 0 such that

zkllo < o, |ukllw < 0. By assumption (H1), there exists k,, > 0 such that

(s, 2 (s), ur(s)) — (s, 2(s),u(s))| < kpo(|zi(s) — 2(s)| + [ur(s) — u(s)])
for a.e. s € [0,1]. Hence we have from (@Il that
01 < [ Boalan(s)] + lin))ds
and

|21 ()] < koo 21 (O] + lax(t)]). (42)

It follows that
1

t
(1)) < / ol a(s)lds + / b olite(s)ds

t 1
< [ hoddisias + kg [ lanto)pas)
0 0

t
< [ Eoclintsllds +kope (linlz = 1.

Using the Gronwall Inequality, we have

1/2

|2k ()] < Ko exp(ky,p)-
From this and ([@2]), we see that
2k ()7 < 283, (|26(0)7 + |an()?) < 2K2 (K3, exp(2kq0) + |axl?).
Hence,
1
/0 |2 (8) [Pt < 2k2 (K ,exp(2ky,) + 1).

Consequently, {3} is bounded in W'?([0,1],R"). By passing subsequence, we can as-
sume that Z, — & weakly in W12([0,1],R"). Thanks to [4, Theorem 8.8], the embedding
Wh2([0,1],R") = C([0,1],R™) is compact. Hence we have that i — 2 uniformly on [0, 1].

The claim is justified. The remains of the proof is divided into some steps.

Step 1. Showing that (z,u) € C'(2).
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By a Taylor expansion, we have from (39) that

t
L.(2)&y + L,(2)ux + Oi 3 c —RT. (43)
k

Note that L;,[-] € L*=([0,1],R") and I;,(2): L*([0,1],RY) — R is a continuous linear map-
ping, where

(Liu(Z),u) ::/0 Lju[s]u(s)ds  Yu € L*([0,1],R").

By [4, Theorem 3.10], I;,(2) is weakly continuous on L*([0,1],R"). By letting k — oo in
[@3]), we get

L(2)d + I(2)0 € —R™. (44)
Since F(z) =0, F(zy,ux) = 0 and by a Taylor expansion, we have

o(tr)

= 0.

Fy(2) 2k + Fu(2) iy +
By the same arguments as the above and letting k& — oo, we obtain
F.(z2)z+ F.(z2)u = 0. (45)
Since G(zy,ur) — G(Z,u) € Q — G(Z,u) and by a Taylor expansion, we have
o(tx)

Gr(2)2k + Gu(2)i + — = € cone(Q — G(7, 1)) € T(Q; G(7, 1),

where T'(Q; G(Z,u)) is the tangent cone to @ at G(z,u) in L>([0,1],R). It is easily seen
that

T(Q:G(z,m) € {ve L*([0,1],R) [ v(t) € T((—o0,0]; g[t]) a.e.}
C {v e L*([0,1],R) | v(t) € T((—o00,0]; g[t]) a.e.}.

Hence,

Gm(,?)ik -+ Gu(E)ﬂk +

(;f) € {v e L*([0,1,R) | v(t) € T((—o00,0];g[t]) ae}.  (46)

Note that
{ve L*([0,1],R) | v(t) € T((—o0,0]; g[t]) a.e.} = T12(Q; G(z, ),

where Ty2(Q; G(z,u)) is the tangent cone to the set Q at G(Z,u) in L*([0,1],R). Since
T12(Q; G(Z,u)) is a closed convex set in L?([0,1],R), it is also a weakly closed set in
L*([0,1],R). Since

G.(2): L*([0,1],R") — L*(]0,1],R)
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is a continuous linear mapping, [4, Theorem 3.10] implies that it is continuous from weakly
topology of L?([0,1],R") to weakly topology of L?([0,1],R). By passing the limit in (48]
when k — oo, we obtain

G.(2)z + Gu(u)u € {U c L*([0,1],R) | v(t) € T((—o0,0]; g[t]) a.e.} )

Combining this with (@) and ([43), we get (&, a) € C'(2).

Step 2. Showing that (z,u) = 0.
By a second-order Taylor expansion for £ and ([B]), we get

t2
‘C(Zk> )\,]5, 9) - ‘C(Za )‘>pa 9) = nggzﬁ(i )‘a]i 9)(219’ 2k) + 0@%)7 (2]6 = (ika '&k))
On the other hand from (40), we have
‘C(Zkv >\,]57 ‘9) - ‘C(z? )‘7]37 0) = )‘T(I(Zk) - I(Z>> + <‘97 G(Zk) - G(Z» < O@z)
Here we used the fact that € N(Q,G(2)) and F(zx) = F(2) = 0. Therefore, we have
t2
5 VELE D, 0) (2, ) + oltf) < o(ty),

or, equivalently,

o o(t?
VAL R0 < 2.

By letting £ — oo, we obtain
VZ.L(2,\,p,0)(2,2) <O0.
By a simple calculation, we have
1 1 1
/ (ATVPL[H2(1), 2(¢)) dt + / (p(t)"V2[t]2(t), 2(t)) dt + / (0(t)V2glt]2(t), 2(t)) dt
0 0 0
=VZ2.L(zZ,\p,0)(2,2) <0.

Combining this with (@), we must have z = 0.

Step 3. Showing a contradiction.
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From (B) and (1), we have

o(t? o
% >V2, L(Z, NP, 0) (2, 21)

= /0 (NTV2L[t)2(t), 24(t)) dt + /0 (P(t)" V[t 24 (1), 24 (1)) dt
+/0 (0(6)V2g[t] 2k (2), 24(1)) dt

1 1 1
= / N Ly [t (t)dt + 2 / N L [t () T (£) dt + / N Ly [t)23 () dt+
0 0 0

1 1
>0 + 2 / N Ly [t)25 (1) G (1) dt + / N Lo [t)22 () dt+
0 0

1 1
+ [ Gtz , ) de+ [ 00Tl 20) d.
0 0
By letting £k — oo and using the fact Z = 0, we obtain 0 > 7y, which is impossible. The
proof of Theorem is complete.
6. EXAMPLES

In this section, we give some examples to illustrate the main results. The first example
shows us how to use Theorem [2.1] and Theorem to obtain solutions of the (MCP). The
second one indicates the important role of the second-order necessary optimality conditions

in checking optimal solutions.
Example 6.1. Consider the problem (MCP), where
L(t,x(t), u(t)) = (21(t) +ui(t), x5(t) + u3(t)),

p(t, x(t), u(t)) = (ui(t), us(t)),
To = (O, 0),

gt x(t), u(t)) = w1(t) + w2(t) — ua(t) — us(t)

for all z(t) = (z1(t), x2(t)), u(t) = (ui(t),us(t)) and t € [0, 1]. Then, the feasible solution set
of the (MCP) is

o = {(x,u) € C([0,1],R?) x L>=([0,1],R?) | z(t) = /0 u(s)ds,

I‘l(t> + I‘Q(t) - Ul(t) - Ug(t) S 0 ae te [0, 1]}
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It is easy to see that conditions (H1) and (H2) are valid. We will use conditions (i)—(iii) of
Theorem 2.1] to find out KKT points of the (MCP) which are good candidates for optimal
solutions. Assume that z = (Z, u) is a feasible solution of the (MCP) and satisfies conditions

(i)—(iii) of Theorem 2] with respect to (A, p,#). By simple computations, we have

L. [t]
Ly, [t]

(2“%17 O>T7 L29E[t] = (07 2j2)T7 wlr[t] = (p%[t] = (Ov O)T,gm[t] = (17 1)T7
(2ﬂ1’ O)T’ L2U[t] = (0’ 2ﬂ2)T’ Solu[t] = (17 0)T> Q02u[t] = (0’ 1)T>QU[t] = (_17 _I)T'

From conditions (ii) and (iii), we get
pr=—2MT, — 6,
P2 = —2XT5 — 0, (48)
p1(1) = p2(1) =0,

and
2\ +pp — 60 =0,
1U1 — P1 (49)
2ty + Py — 0 = 0.
Combining (48)) and ({9) yields
p1 = —2MT1 — 2\l — P,
P 121 1U1 — P1 (50)

D2 = —2XoTy — 2X\olUy — Po.

By condition (), one has
(51)

Then inserting these equations into (B{), we obtain

p1 = —2MT — 2\ — Py, o D1+ 20T = —P1 — 2\,
D2 = —2XoTy — 20Ty — P, D2+ 2XoTy = —Pay — 2X\oTs.
This implies that

]71 + 2)\1@1 = Cp exp (—t),

(52)
]52 + 2)\2!2’2 = Co €Xp (—t),
where ¢, co € R are constants. Hence,
P1— P2+ 2M71 — 2XTy = czexp (1), (53)

where ¢3 := ¢; — ¢o. From (9) and (E1)), we have

D1 — P2 = —2MT1 + 2XaoTs.
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Inserting this equation into (B3]), we get
— 2\ Ty + 2XoTy + 20T — 2X\aTy = czexp (—t), (54)
Let o = 2A\1 @1 — 2X2%2. Then equation (54]) becomes
—& + a = cgexp(—t).

From this equation and a(0) = 0, it is easily seen that
1

a(t) = 5C3 exp(—t) — %c;}, exp(t) vt e [0,1].

This and (Bl imply that

2N1T1 — 29T = %03 exp(—t) — %Cg exp(t), (55)
2\ — 290ty = —%c;), exp(—t) — %Cg exp(t).

We see that, for each A € R \ {0}, every solution (Z,u) of system (53] is a KKT point of
the (MCP). To illustrate Theorem 2.1], let us verify condition (iv) at a solution of the system
BH). Let # = (0,0),2 = (0,0)". By ([B2) and p(1) = (0,0), we have ¢; = 0, c; = 0, and
p(t) = (0,0) for all t € [0,1]. Consequently, ¢ =0 and §(t) = 0 for all t € [0,1]. Thus, (Z,u)
is a solution of the system (B3) for every A € R2 \ {0}. By simple calculation, we get

/1 (i A V2Lt (), z(t)> dt =2\ /1 (23 () 4+ ui(t)) dt + 2X, /1 (23(t) 4+ u3(t)) dt > 0

for all z = (z,u) € X x U and A € R? \ {0}. Hence, condition (iv) is satisfied.
We now use Theorem to show that (z,u) is a locally strong Pareto solution of the
(MCP). Let A = (£,2), p=(0,0) and § = 0. Then, we have

/01 (i N VEL[t)2(t), z(t)) dt = /01 (23 (t) + ui(t)) dt + /01 (23(t) +ua(t)) dt >0

for all z = (z,u) € X x U\ {(0,0)}. Hence condition () is satisfied. Furthermore, we see
that

N Lu[t)(€,€) = 1€
for all £ € R%. This implies that condition (&) holds at z with respect to 7 = 1. Thanks to
Theorem 2.2] Z is a locally strong Pareto solution of the (MCP).

Example 6.2. Let ¢ and g be as in Example and L be defined by

L(t,x(t), u(t)) = (21(t) — ui(t), 23(t) — u(t))

for all x(t) = (x1(t), 22(t)), u(t) = (ui(t), ua(t)) and t € [0, 1]. Clearly, (z,u) = ((0,0), (0,0))
is a feasible point of the (MCP). We claim that (Z, u) is not a locally weak Pareto solution
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of the (MCP). Indeed, if otherwise, then due to Theorem 2], for each critical direction
z € C(Z), there exist multipliers A, p and € such that conditions (i)—(iv) are fulfilled. Let
z(t) = (t,t)" and u(t) = (1,1)T for all t € [0,1]. Tt is easy to check that z := (Z,a) is a
critical direction of the (MCP) at z. By conditions (ii) and (iii) of Theorem 2.1, we get

ﬁ = _9(17 1)T7 ﬁl = ﬁ2 = _97
p+0(-1,-1)" =0, p1=p2 = 0.

This implies that py () = po(t) = 0(t) = 0 for all ¢ € [0,1]. Since A € R% \ {0}, p = (0,0)"

and 6 = 0, we have
/01 (MV2L1[t]2(t) + AV Lot]2(2), 2(t)) dt + /01 (D(t)"V2plt]2(t), 2(t)) dt
+ /01 (0(t)V?g[t]2(t), 2(t)) dt
= /01 (MVZLy[t]2(t) + AV Lat]2(1), (1)) dt

1
4
:/ ()\1 + )\2)(2t2 — Q)dt = —g()\l + )\2) < O,
0

which does not satisfy condition (iv) of Theorem 2.1. Hence, (z,u) is not a locally weak
Pareto solution of the (MCP).
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