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REACTION-DIFFUSION PROBLEMS
ON TIME-DEPENDENT RIEMANNIAN MANIFOLDS:
STABILITY OF PERIODIC SOLUTIONS

C. BANDLEEL D. D. MONTICELLH AND F. PUNZOH

ABSTRACT. We investigate the stability of time-periodic solutions of semilinear parabolic problems with
Neumann boundary conditions. Such problems are posed on compact submanifolds evolving periodically
in time. The discussion is based on the principal eigenvalue of periodic parabolic operators. The study
is motivated by biological models on the effect of growth and curvature on patterns formation. The

Ricci curvature plays an important role.

1. INTRODUCTION

Stable stationary nonconstant solutions of reaction-diffusion equations play an important role in the
study of patterns, which are of great interest in mathematical biology. Moreover, problems where the
data depend periodically on time arise naturally in population ecology. An example is the T-periodic
Fisher model

% — Au=m(z,t)h(u) in Q x (0,00),

%20 on 99N x (0, 00).

Here 2 C R™ is a bounded Lipschitz domain, v is its outer normal, m(x,t) = m(z,t + T) may change
sign and h(u) = u(l — u)[a(l —u) + (1 — a)u] for some 0 < o < 1. Tt has been shown that this problem
possesses T-periodic solutions, see [12] [13]. As in the case of stationary solutions, the question of their
stability arises. It is related to the principal eigenvalue of the corresponding linearized problem. The
principal eigenvalue corresponding to a time-periodic eigenfunction has been studied in detail by Hess
and coworkers. Most results are collected in the Lecture Note [I2]. For nonlinear source terms f (¢, u, Vu)
which do not depend on x, P. Hess [I1] has shown that in a convex domain 2 C R™ all T-periodic solutions
are unstable. Our main goal is to extend the results of Hess to problems on Riemannian manifolds.

In this paper we consider reaction-diffusion equations on submanifolds in a fixed Riemannian manifold,
evolving periodically in time. In this case the metrics of the submanifolds depend on time. The motivation
comes from biology, where models have been developed for substances which occupy domains depending
on time. We refer in particular to the paper by Maini et al. [15].

Similar problems where the equation, the metric and the domain are time independent have been
considered in [I4] and [4]. In all these papers the Ricci curvature and the convexity of the underlying
domain is crucial for the stability of solutions.

Several authors have studied the heat equation on manifolds with time-dependent metrics, see for
instance [6] and [9] in connection with the Ricci flow. Moreover in [I5] semilinear parabolic equations on

evolving surfaces of R? have been considered, in particular the Turing instability has been discussed.
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In our paper the most illuminating examples are evolving surfaces of revolution in R?, including
dilations of spheres and cones. We give criteria for the instability of time periodic solutions, depending
on various curvatures. In the general case the Ricci curvature and the convexity of the underlying
submanifolds come into play.

Our paper is organized as follows. In Section 2, for the reader’s convenience, we collect some general
results on time-periodic parabolic problems and a criterion for stability and instability. In Section 3
we treat problems on surfaces with rotational symmetry. Section 4 is devoted to general Riemannian
manifolds. For the reader’s convenience we give a short introduction to the main geometric concepts and
tools, such as the Ricci curvature and the Bochner-Weitzenbock formula which will be needed later in

the proof of instability. Moreover we also relate our general problem to a biological model by Maini et

al. [15].

2. KNOWN RESULTS FOR T-PERIODIC SOLUTIONS

In this section we collect some results on periodic solutions of parabolic problems. Most of the material
is taken from [I2] and the references cited therein.
Let Q7 € R™*! be a bounded Lipschitz domain of the form

Qr= J 2 x{t},

0<t<T
where Q; C R™ for each t € [0,T]. We require that Q; = Q1. With (z,t) where x € Q; and 0 <t < T
we denote a point in Qr. Let vy = (v1(t), -+ ,vn(t)) be the outer normal of €. Denote by I'r the

parabolic boundary

Tri= |J 09 x {t}.

0<t<T
In Q1 we consider the elliptic operator
A(.T, t) = — ijzl 45 (x, t)m + Z:ZI ai($, t)a—xz + aO(-T, t)a

where all coefficients are supposed to be Holder continuous with respect to the parabolic metric

(Jz —yl? + s — ) /2.

More precisely a;j,a;, a0 € cror/ 2(Qr). The first exponent refers to the z- and the second to the t-
derivatives. In addition we assume that they are T-periodic, i.e. a;j(z,t) = a;j(z,t +T), ai(z,t) =
ai(z,t +T) fori,j =0,--- ,n.

2.1. The eigenvalue problem. The eigenvalue problem which will be crucial for our arguments is

9¢

E + A(:Ea t)¢ = )‘¢ in QT?
(2.1) Z aij(x,t)%uj(t) =0 on I'p,
i,j=1 g

o(z,t +T) = p(x,t).

The following result has been proved in [5] and [12] for the case of a cylindrical domain Qr =
Qo x (0,T). If we assume that Q; is isomorphic to 0y, we can make a change of coordinates such that

the transformed equation is defined in a cylindrical domain.

Lemma 2.1. Assume that Y. a;j(x,t)v;(t) is not tangential to Q. Then

i) A does not depend on t.
it) The spectrum of (21 is discrete.



iii) There exists a principal eigenvalue N which is real, simple and has an eigenfunction of constant
Stgn.

iv) Re{A} > Ay for all other eigenvalues A.

v) If ag > 0, ag # 0, then A1 > 0.

In contrast to the elliptic case, A\; has no variational characterization. Estimates can be found in [12].
Our arguments will be based on the following lemma which was also used in [7} [IT]. We provide here a

slightly different proof.

Lemma 2.2. Assume that there exists a positive, T-periodic function w € L*(0,T; WH2(Q,)) N CY(Qr),
w >0, w#0 such that

86—1: + Az, t)w <0 in Qr in the weak sense ,
- ow
Z a;j(z,t)=—v;(t) <0 on T'p.
Q=1 O
Then A\ < 0.
Similarly if w satisfies
ow . .
N + Az, t)w >0 in Qr in the weak sense ,
= 0
Z aij(x,t)a—wuj(t) >0 on I'p.
ij=1 Ti
Then A1 > 0.

Proof. Let ¢ > 0 be the eigenfunction corresponding to the principal eigenvalue of ([Z)). Since it is of

constant sign we can write w = v¢. Then v satisfies in the weak sense

i,j=1 i=1 v i,j=1

v = 0% = v 1w ov 0¢ ,
) - _ - - . _- _ L T <
(2.2) Er E aij(z,t) 007, + g a;(x,t) p 2¢ | g aij 92; Dz + Mo <0 in Qr,

(2.3) Z aij(x,t)%uj(t) <0 on I'p,
i,5=1 g

(2.4) v(z,t) =v(z,t +T) > 0.

Assume that A\; > 0. By the maximum principle for weakly subparabolic functions [8], v assumes its
maximum on I'rUQg unless v = vpax in Q7. This is impossible by (22])). Since szzl a;j(z, t)aa—;iyj (t) <
0 on 9 x {t} the strong maximum principle implies that v cannot take its maximum on I'p, for 0 <t < 7.
If it takes its maximum on g, in view of the periodicity it assumes its maximum also on Qr x {T'}
and it is therefore constant. By (22)) this is impossible, and therefore A; < 0. The proof of the other

assertion is similar. O

2.2. Semilinear parabolic problems. Consider the quasilinear periodic-parabolic boundary value

problem
Ju .
aJrA(z,t)u:f(z,t,u,Vu) m QT7
" Ju
(2.5) jzil aij(x,t)a—xiyj(t) =0 on I'r,

Existence results for large classes of nonlinearities have been derived in [2 [7]. We are interested in the

linearized stability of the solutions of ([ZH). We assume that f is of class C' and T—periodic for t € R.
3



The corresponding linearized problem is

% + Az, t)¢ — ful®,t,u, Vu)o — ; Fuw, (@, 8,0, V) by, = A1 in O
(26) Z aij(x,t)(bmiyj(t) =0 on FT,
ij=1

Pz, t +T) = ¢p(x,1) x € Q.

A similar criterion as for the stationary solutions holds for the T-periodic solutions of 2.3]). It goes back

to D. Henry [10].

Lemma 2.3. (i) If \y > 0, then u is stable.

(i) If Ay < 0, then u is unstable.

The proof is found in [I0, pages 247-250].

3. SURFACES OF REVOLUTION IN R? EVOLVING IN TIME

3.1. Instability results. In this section we consider compact surfaces of revolutions which are the locus

of points in R3 generated by rotating the regular plane curve r — (3 (r,t), x(r,t)) around the z-axis. We
assume that for each r € I := (a(t),b(t)), the functions t — (r,t), t — x(r,t), t — a(t), and ¢t — b(t),
are T'—periodic and ¢(r,t) > 0 for every ¢t € R and r € I. This leads to a family of time-dependent

surfaces of revolutions 2, parametrized by

x =1(r,t)cosf
(3.1) y = (r,t)sind, (r,0,t) € la(t),b(t)] x [0,27) x Rt

z = x(r,t).
The metric depends on ¢ and is given by
ds? = ¢*(r,t) dr* +*(r,t)d0*,  where ¢ = /92 + x2

for (r,0) € I x [0,27). The Laplace-Beltrami operator is expressed as

1 0 (v 1 0%u
(3'2) Ay = —— (—ur) + Ew,

and the Ricci (Gaussian) curvature of €y is

7"/)er72~ + 1/}TXTXTT
vt
The boundary 9€2; consists of the time-dependent geodesic circles
Cop = {(W(a(t),t)cosb,(a(t),t)sinb, x(a(t),t)) |0 € [0,27), t € R},
Cou = {(B(b(E).1) cos b, (b(1), 1) sin, x(b(t), 1)) | 6 € [0,27), ¢ € R}

(3.3) R(r,t) =

——

For the sake of simplicity we shall assume that y,(a(t),t) > 0, x,(b(t),t) > 0 for every t € RT.

We can reduce our problem on cylindrical domains, if we replace the variable r by p = =2
metric of ﬁt then becomes

5[32 = (’(Zi + %z)dpz + 1Z2d92, where J(p, t) = Q/J(T(P)a t)a %(pa t) = X(T(p),t)
4
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The Ricci curvature and the Laplace-Beltrami operator are changed accordingly. In the new variables
s = {(B(p, £) cos, Blp, 1) sin 6, X(p, 1)) | (p,0,) € (0,1) x [0,27) x R},
Co.r = {(1(0,t) cos B, (0, 1) sin 0, x(0,1)) | 0 € [0,27), t € R},
Che = {((1,t) cos B, (1, 1) sin 0, x(1,1)) |0 € [0,27), t € R}.

As an illustration consider the following

Example 3.1. Suppose that a substance occupies a spherical cap Q; on the sphere {|z| = R(t) : x € R3}.
Let r(t) € (0,b(t)) be the distance to the North Pole. Then € is described by
(x,y,2) = R(t) (sin% cos 0, sin % sin 6, cos %) . (r0,t) €10,b(t)) x [0,2m) x (0,T).

In this case we have

P(r,t) = R(t) sin %, x(r,t) = R(t) cos % and ds* = dr® + R*(t) sin” %déﬂ, b(t) € (0,7R(t)).

The boundary of Q; is

b(t)
R(?)

b(t b(t
Cyi = R(t) (sin cos 0, sin ®) sin 0, cos ®) ) , 0e(0,2m), t €(0,T).

R(t) R(1)

We now discuss the reaction-diffusion problem in §2; with boundaries C; and C} 4,

% = Atu + f(ra 9; tvua ur,ue) in QT
(3.4) gu _y on Ty
or
(- t) = u(- ¢+ T) in &, ¥t ER.

Lemma obviously applies to this problem.

We start with a simple well-known observation.

Lemma 3.2. Suppose that f = f(r,t,u,u,,up) does not depend explicitly on 6. Then any non-radial
solution of B4 is unstable.

Proof. We differentiate the differential equation ([B.4]) with respect to 8 and observe that ug is an eigen-

function corresponding to the eigenvalue A = 0 of the linearized problem

Or = A+ fulr tyuy, up,ug)d + fu, (7t uy Up, ug)Pr + fug (7, Uy, ug)Pg + AP in Qp
¢ =0on I
¢(,t) =, t+T)in Q, V€ R.
Since up changes sign, 0 cannot be the principal eigenvalue and therefore A\; < 0. This together with

Lemma [Z.]] establishes the assertion.
O

Consider now the solutions which are independent of #. Hess used in his paper [I1], Casten and
Holland’s trick to prove the instability of solutions of (2] in domains Q@ C R™, which depend on the
space variable. This idea has been used also in [4] for stationary radial solutions on surfaces of revolutions.

The next result is an extension of [4, Thm.5.2].



Theorem 3.3. Let u(r,t) be a radial solution of BAl) such that u, # 0. Assume that f = f(t,u, u,, ug)
is independent of r. If

1 1/1r) Q@ ar
3.5 i *_+fur tvuau’l“vo - SO?
(3:5) q <qw . g ( )q

then u s unstable.

‘"qr‘, which, in view of our assumptions, is nontrivial and we shall

Proof. We consider the function v =
show that it satisfies the assumptions of Lemma in a weak sense.

In the region Q} where u,. is positive, we have
Uy = vq, and U, = V-q + vq, and Uy = Veq + VG

With this notation ([B4]) is expressed as

UT ’l/)’f’ .
u = — +v— +f in Qf.
g qv T
If we differentiate this equation with respect to r, we get
1 T T
(3.6) v = Apv + v [— (1/1_) & + fuTq—] + fuv + fu,vr.
a\ew/), q q

The same equation holds in the region () where w, is negative. Under our assumptions we have
(3.7) vy — Aw < fuv + fu, v, in QJTr UQr.

By Kato’s inequality ([B7) holds in Q7 in the weak sense. On the boundary v satisfies, in view of the
Neumann boundary conditions, v = 0. Hence 22 < (. By Lemma [Z2 we deduce that A\; < 0. The case

v —
A1 = 0 can be excluded by a contradiction argument which holds in a more general case and which is
proved in Theorem Then A; < 0. The instability is now a consequence of Lemma O

Remark 3.4. The geodesic curvature of the parallel circles r = const for each t € [0,T] is

kg(r,t) = W .
VX + Y7
A simple computation yields

(3.8) é <;/’—12)T = —R(r,t) — k(r,t).

Hence condition (33) can be written as

dt q
—R— k:; < 2 fuT(t,u,uT,O)q—;.

In the special case where ¢ =1 and f = f(u), this condition becomes

which is in accordance with the results in [4].
Example 3.5. Consider the dilations of the unit sphere of the form

(x,y,2) = (p1(t) sinrcos b, pi(t) sinr,sin b, pa(t) cosr)
where p;(0) = p;(T) =1 fori=1,2,r €(0,1), 0 € (0,7). In this case

2 2

¢ = p2(t) cos?r + pi(t)sinr, v(r,t) = p3()sin? 1,

and
1 (wT) @ 1 (p3 — p?) cos®r _ pip cos? r + papa sin®r
q r

q2

qy



In particular if p1 = p2 = p then

1 (1/1_) g 14 ppsin’r
g\qv/), q  p*sin’r
Example 3.6. Next we consider the deformation of the cone of the type

(x,y,2) = (p1(t)r cos b, p1(t)rsinb, pa(t)r).
Here ¢* = p3(t) + p3(t) and * = p3(t)r?, and

l(ﬂ) @ 1 _ P1p1 T p2p2
T

q \qv q (p? + p3)r? P+ 03

3.2. The construction of a stable solution. Next we show that if condition (B3] is not verified, then
there exist examples for which T-periodic solutions u with w,(r,t) # 0 are stable. For this purpose we
shall use a result of [4].

Let Q be a time-independent surface in R® where ¢2 + x2 = 1 and r € (0,1). Consider on  the

problem
—AU=FU) in Q
(3.9)
aa—g =0 in 09).
Here A stands for the Laplace- Beltrami operator on Q. By [4, Theorem 4.1], there exists under the

assumption (%) > 0 a function F' € C1(R) such that problem (B3] admits an asymptotically stable

solution U = U(T)T satisfying U,.(r) > 0 in (0,1).
Let ¢(r, t) = ((£)y(r) and X(r,t) = C(t)x(r), ¢(t +T) = ¢(t) > 0 and consider the family of surfaces

of revolution €, defined as in Section 3.1. Note that ¢ = ¢(¢) and in view of ([B2)

1 1
AU = 5AU = ~5F(U)
Let ¢ > 0 € C'(R) be T-periodic and define
u(r,t) == U(r)p(t), for r € [0,1], t € R.
Then
_P@M) o) ) o) L u ) -
(3.10) Oru — Ayu = o) u— 20 AU = o) u+ CQ(t)F (qﬁ(t)) =: f(t,u) in Qy,
g—:t =0on 507t U él,t-
Theorem 3.7. If
AR
(311 <<w)r ¢

then u is an asymptotically stable solution solution of problem ([BI0)

Proof. Observe that v = u,./( satisfies
v — Apv = {i <ﬁ> - 9} + ful(t,u)v.

¢\ ¢
From our assumptions we then conclude that vy — Ayv > f,v in (NZ,:. The assertion now follows from
Lemma 2.2 O

4. T-PERIODIC PARABOLIC PROBLEMS ON RIEMANNIAN MANIFOLDS

7



4.1. Basic notions from Riemannian geometry. For the reader’s convenience we first recall some
notions and results from Riemannian geometry, see e.g. [I]. Let M be a Riemannian manifold of
dimension m endowed with a metric g = (-, -). We denote by p an arbitrary point of M and let z!,... 2™

be the coordinate functions in the local chart U. Then we have
(4.1) g = gij dz' @ da’

where dz’ denotes the differential of the function ' and g;; are the (local) components of the metric,
defined by g;; = (52, 52 ). We will denote by [¢g"/] the inverse of the matrix [g;;]. In the sequel we shall
use the Einstein summation convention over repeated indices.

For any smooth function u : M — R, the gradient of u relative to the metric g of M, Vu, is the

vector field dual to the 1-form du, that is

(Vu, X) = du(X) = X (u)

for all smooth vector fields X on M. Note that in local coordinates we have Vu = u’ 6?:1‘ with

. o Oou ou .
J o i — goad
WE I e ozt 99
and
o Ou Ou
(4.2) [Vu|* = (Vu,Vu) =g 5 Dl

The divergence of a vector field X on M is given by the trace of VX, the covariant derivative of X,
where V is the (unique) Levi-Civita connection associated to the metric g. If X = X i%, it can be

expressed in local coordinates as
0X"

div X = = + XY

o
where Ffj are the Christoffel symbols

rk — lgkz (agil 99,1 agij) .
2

g dxd ' Ozt Oxl
The Hessian of u is defined as the 2—tensor Hess(u) = Vdu and its components wu;; are in local

coordinates

Pu_ py Ou
Ozi0xI U gk

o 9%u Ju d*u du
2_ gkl (22 _pk 27 ) (22 s
| Hess(u)|” = g"g ((’)xi(')xj L axk) ((’)xk@xl Fi 5908) ,

and that V|Vu|? is a vector field, which for every smooth vector field X satisfies

Uij =

Note that

(4.3) (V|Vu|?, X) = 2Hess(u)(Vu, X).

The Laplace—Beltrami operator of u is the trace of the Hessian, or equivalently the divergence of the
gradient, i.e.
Au = Tr(Hess(u)) = div(Vu).

In local coordinates it has the form

4 0 i Ou
Au=g' o= <99]%>, where g = 4/ det(g;;).

We denote by Ric the Ricci tensor which is expressed as
1

oLy _ ory

oxt  OxJ

Therefore, if X = X% Y =Y*Z are vector fields, we have Ric(X,Y) = R;; XY/,

xt

Rij = Rji = + 5T, — Dily,,

8



Next we recall the well-known Bochner—Weitzenbdck formula, which will play a crucial role in what
follows: for all u € C3(M) we have

1
(4.4) 5A|vu|2 = [Hess(u)|” + Ric (Vu, Vu) + (VAu, Vu).
Moreover for every u € C?(M) we have
(4.5) |VIVul?|? < 4] Hess(u)|*|Vul?,

see e.g. [ formula (3.6)].

If @ C M is an open set with regular boundary 0f2, we will use v to denote the outer normal unit
vector to 02 in the tangent space T, M. We shall assume that 0€2 is orientable and that the outer normal
is well-defined and continuous. Hence for any p € 9€) there exist a neighborhood U C M and a function
¢ : U — RT such that UN 9N = ¢~ 1(0) and Vi # 0 in U. Then the outward normal unit vector can
be computed as v = f%i—'.

Next we introduce the second fundamental form of 92 with respect to M. For any p € 9Q let X,Y be
in the tangent space of 92 through p, and denote by V xv the covariant derivative of v along X. Then

I(X,Y)=—(Vxu,Y) = (1, VxY),

and if X = X? 621’ and Y = Yi%, in local coordinates it takes the form

ovk

I(X,Y) = —gu (azi + Ffjuj) Xyt

Finally, we recall that for any function « € C?(Q) such that % = (Vu,v) = 0 on 99, the vector Vu
is tangential to 0f2, and

(4.6) %(,%|Vu|2 =II(Vu, Vu) on 09,
see e.g. [ Lemma 3.4] for the proof.

When we deal with a smooth family of metrics g(t) = (-,-); with local coefficients g;;(t) = (52, 725 )1,
for t € R, we will use Ricy, Vi, Hess;, divy, Ay, |- |4, II; and v to denote the corresponding geometric

objects relative to the metric g(t) for ¢t € R.

4.2. Parabolic problem. In this subsection we study stability and instability of T-periodic classical
solutions of a reaction-diffusion process. Here Q; C M is a family of T-periodic submanifolds (with or
without boundary) such that € is diffeomorphic to Qg for every ¢ under the smooth T-periodic map
U(t,-): Qo — Q. Denote by g(t) the metric induced on ; by the immersion in (M, g). In the presence
of a boundary, v; stands for the unit normal vector field on 90€); which belongs to the tangent space of
Q.

The process is described by the Neumann boundary value problem

% —Aw = f(p,t,u, Viu) in Qp,

Ou
vy

(4.7)
=0 on I'p.
If there is no boundary, the Neumann condition in (7)) is dropped.

Here f : M x R xR x TM — R is a C', T-periodic function and TM is the tangent bundle of
M. If at any point on M we identify the tangent bundle T'M with its tangent space, and if we denote
by dra f(p,t,&,-) the differential of the map f(p,t,&,-) : TM — R, then there exists a continuous,
T-periodic vector field X (p, t,u, Viu), such that

dra f(p, tyu(t,-), Veu(t, )V = (X (p, t,u(t, ), Viu(t,-)), V) VYV € TM.
9



We now introduce the operator

0
(48) E = 5 _At < (patauavtu)avt'>t — My,
where mg = g—g(p, t,u, Viu). The linearization of problem (£1) at w is
Lé=Xp in Qr,
99
T'p.
61/t =0 on T

4.3. Motivation.

4.3.1. Let u denote the density of a substance or of a population which occupies at time ¢ the domain
Q; of R™. We assume that there is no flux of the substance across the boundary of the domain, i.e. for

every t € R
Ju

oy

where vy denotes the outward normal unit vector to 9€2;. If the diffusive flux vector J of the substance

=0 on 9 x {t},

obeys Fick’s first law, and if in addition there is a source F'(p,t,u), then in an isotropic media we have
J==Vu+ F(p,t,u).

Fick’s second law in the presence of an outside force H(p,t, u, Vou) implies that for every subdomain
Q' € Q,; the change of the total mass is given by
d
— udz:—/ (J,v)do + H(p,t,u, Vu)dz,
dt Q/ 69/ Q/
where v is the outer normal of ' and do is the surface element of 9. By the divergence theorem
d

(4.9) -

udz :/ (Au—divF + H) dz.
Q/ /

We now assume that for every ¢, {; is diffeomorphic to a fixed domain €y C R™ under the smooth map
U(t,-): Qo — Q. If in local coordinates the metric tensor of M is g = §;; dz’ ® da’, after the change of

coordinates x = (¢, ) it becomes

oYt 81/)1 _ <
9= 5 5o, dy* ® dy® =: gis(y, 1) dy” @ dy°.
The corresponding volume element is dx = g;dy. After the transformation ¢~!, @3) assumes the form
1
oy NOE 8 OF )=y

Since this relation holds for arbitrary Q' € €, and consequently ¢~1(’) € Qg, we deduce that

ou 1 Og.
(4.10) s =Awu —divy F + H — —tau in Qo x (0,7,
s Ou 0 on 0 x (0,7),
*—vs=0o0n
5yk 0

where v is the outer normal of €)y. The divergence of F' consists of two parts, namely

(G (), Tou + (. ),

where h(-,t,£) is the divergence of the vector field F(-,¢, &) on Qy with ¢ and ¢ fixed.

din F =

Example 4.1. Suppose that a chemical substance occupies at time t = 0 the domain is Qg C R™ and as
time evolves the domain Q0 C R™. We assume that there is a smooth family of diffeomorphisms 1 (t,-) :

Qo — Q. The standard Euclidean metric on Qy is after this mapping gij(-,t) = 0yih(-,t) - Oys (-, t).
10



Now suppose that the growth is isotropic in the different directions, i.e. for every component of
x = (t,y) we then have x'(y,t) = p;(t)y'. Then

0, 2 9%u 2. dlog p;
S iR S = ROV
=1 i—1

4.4. Main results. In order to state our main result concerning the instability of the solutions of ([.7),

we need the the 2—tensor h(t) given in local components by
1 agTS

(411) hig () = 590 ()90 () 5= (0):

Theorem 4.2. Let f = f(t,u,Viu) : R x R x TM — R be a T-periodic, C* function and assume that
u is a C3, T-periodic solution of problem D) and moreover 11,(V,V) < 0 for every vector field V on
0 and every t € R. Assume that for every vector field X

(4.12) h(t)(X, X) — Ricy(X, X) < 0.

If, for some t € (0,T), u is non constant with respect to x, then u is unstable.

The proof is based on the arguments of Hess [I1]. The idea is to show that the linearized problem
() has a negative eigenvalue. For this purpose we construct a solution w which satisfies Lemma

It is immediate to see from the proofs that Lemma 2.2 and Lemma 23] still apply when we consider
a family of submanifolds ©; C M as above. The operator A is replaced by

_At - <X(p,t,U,VtU), vt : >t — Mo,

where A; is the Laplace-Beltrami operator relative to the metric g(¢) and w is a solution of (7).

In the proof of the theorem we shall also need the following result.

Proposition 4.3. Assume that for every vector field X on £
(4.13) h(t)(X,X) — Ric(X,X) <0 on
and that
IL(V,V) <0
for every vector field V- on 0€);.
Let f = f(t,u,Viu) : Rx R x TM — R be a Ct, T-periodic function. Assume also that u is a C3,

T-periodic solution of problem ([@T). Then the function w = |Viuls satisfies in the weak sense Lw < 0
on Uyeg Qe x {t} and 52 <0 on U,ep 00 x {t}.

Proof of Proposition [[.3 The proof is trivial if v depends only on ¢t € R, since w = |Viu|y = 0. From
now on we therefore assume that w # 0 on Q. For any € > 0 we consider the function w, : Q7 — R
defined by

we(x, t) =/ |Viu(z, t)|? + €2 for (z,t) € Qr.
Then w € C? and it is T-periodic in ¢t € R. Using [@2)), (E3)), E4) and @II) we have

1
(Viwe, ) = T (VelVeul?, ) = o Hess; (u)(Viu, -)
1 . 1
(414) Atwe = w—e [| Hesst(u)|f —+ RlCt (Vtu, V{LL) + <VtAt’U,, Vtu>t} — 4—@‘Vﬁ|vtu|f|t2,
0 1 0
We = — <vt_u vtu>t + h(t)(Vtu,Vtu) s

ot We ot’

11



By (#]) and (I4), on Q1 we have

1 ou
,C’U_)E w <Vt 8 Vtu>t + h( )(Vtu, Vtu) — |Hesst(u)|? — RiCt (Vtu, Vtu) — <VtAt’lL, Vtu>t
(4.15) ‘
— Hess; (u)(Viu, X (t,u, Viu))| + ‘Vt|Vtu|t ’t MOWe-

Since u is a solution of the differential equation in (IZ:_ZI) we obtain

ou
<VtAtu Vtu>t = <Vt Vtu>t - <th( y Dy U, Vtu>, Vtu>t

(4.16) gi of
= (Vi— 50 ,Viuyy — o€ —(t,u, Vtu)|Vtu|t2 — Hess (u)(X (¢, u, Viu), Viu).

Inserting ([@I6]) into (EIH), recalling that Hess;(u) is symmetric and that mg = ﬂ(1&, u, Viu), we obtain
1

Lw, = o [h(t)(Vtu, Viu) — |Hesst(u)|f — Ric (Vu, Viu) + m0|Vtu|§] e 3 |Vt|Vtu|t ‘t — MoWe.
By (£13) and (£3) we have
1
w—(h(t)(vtu, Vi) — Ricy (Viu, Viu)) — ™ (4w€ | Hessy (u)[7 — |Ve|Veul} | ) <

Hence we deduce that

(4.17) Lw, < Mo <e max _|mo(p,t)|.
We (p,t)EM XR

Passing to the limit as € tends to 0 we see that w. converges to w = |V,ul; uniformly and in WP for
every p € [1,00). Thus passing to the limit in (£I7) as € tends to 0, we conclude that Lw < 0 on Qr in
the weak sense.
As for the boundary condition, since ﬂ =0 on 9N x R, by (6] we have
ow, 1
vy - 2w, Oy

1
|Vtu|t = —1I1,(Viu, Viu) on | J o9 x {t}.
We teR

Thus, since by our assumptions we have that II;(V, V) < 0 for every vector field V on 9; and every

t € R, we deduce that ?;5: < 0 on 0 for every t € R. Passing to the limit as e tends to 0, since w,
converges to w = |Vul; uniformly and in WP for every p € [1,00), we see that w satisfies

Lw <0 in Uyer Qe x {t},

o

e <0, on Uep 09 x {t}

in the weak sense.

Proof of Theorem[{.2 The conclusion follows from Proposition Indeed by our assumptions, the

function w = |Vyul; is nontrivial, T-periodic and it satisfies

Lw < 0 in QT,

ow
oA <0, onlI'p.

Then by Lemma we have that A1, the smallest eigenvalue of problem

Lo=N¢ in Qr,
(4.18) gj’t =0 on I'r,

oz, t) = dla, t +T)

is nonpositive. If A\; < 0 then the solution u is unstable.
12



We now show that the case \; = 0 cannot occur. By contradiction, assume that \; = 0 and let ¢ be

a positive T-periodic eigenfunction on Q1 of problem [IS). Define

v(z,t) := apy (z,t) — w(z,t), (z,t) € Qp,

with o > 0. Since ¢1, w are continuous and T-periodic in ¢ € R and since Q, is compact, v achieves its

minimum. We can choose a > 0 such that v > 0 on Q7 and

(4.19) minwv = 0.
QxR

Now note that v satisfies Lv > 0 on Q1 and also 66—12 > 0 on I'r, when I'r # (). By the Hopf lemma
and by @&I9), if I'r # 0 then v cannot achieve its minimum at any point of I'r. Then v achieves its
minimum at some point of Q7. Since v is T-periodic in t € R, by the strong maximum principle v must
be constant on Qp. Hence by (EIJ) we have that v = 0 on Q, and thus

|Vtu|t =w = ag

is a positive eigenfunction of problem (£IS).

Since u is continuous, T-periodic in ¢t € R and Qp is compact, u achieves its minimum on Q; at
some point (xg,to) (it would be equivalent to consider a point (x1,¢1) where u attains its maximum). If
(xo,to) € 'y # 0, then the derivative of u in any direction which is tangent to 9, computed at (o, to)
must vanish, i.e.

(Viou(zo,to), X)ey =0
for every X € T,,0Q,. Then Vi u(xo,tp) is a scalar multiple of v4,; from the boundary condition in
[#D) we conclude that
(4.20) Vi, u(xo, to) = 0.

If (z0,t0) € Qr, since u is T-periodic we immediately conclude that (20) holds, since (xo, to) lies in the

interior of the domain. Thus we have that
w(zo,to) = |Vi,u(xo, to)l, =0,

which contradicts the positivity of w = a¢; we established above.

Thus the case A\ = 0 cannot occur, and hence A1 < 0 and u is unstable. O

The following corollaries, where (M, ¢g) and  C M are time-independent are consequences of Theorem
4. 2]

Corollary 4.4. Assume that for every vector field X on Q
(4.21) Ric(X,X) >0 on €.
Let f = f(t,u,Vu) : R xR x TM — R be a C' function which is T-periodic for t € R. Assume also
that w is a C3, T-periodic solution of problem
ug — Au = f(t,u,Vu) on Qx(0,T)
%:0 on I x (0,T).
Moreover let IV, V') < 0 for every vector field V on 0. If for some t € (0,T) the solution u depends

on x € M, it is unstable.
Corollary 4.5. Assume that for every vector field X on

Ric(X,X) >0 on Q.
13



Let f = f(u,Vu) : RxTM — R be a C* function. Assume also that u is a C® solution of the Neumann
problem
Au+ f(u,Vu) =0 on Qx(0,T)

%:0 on 092 x (0,T).

Moreover let II(V, V') < 0 for every vector field V on 9. If u is not constant on M, then u is unstable.

In a bounded domain  C R™ with C* boundary 92 the condition [Z])) is trivially satisfied, since
Ric = 0 on R™. Moreover the condition that II(V, V) < 0 for every vector field V' on 952, requires the
domain €2 to be convex. Thus Theorem and Corollary 4] are in accordance with [I1l Theorem 1]
and with [T1, Corollary 1], respectively.

Moreover, Corollary 5] extends the results in [14] and [4] to the case where the nonlinearity f(u, Vu)
depends also on Vu, and thus where the first eigenvalue of the corresponding linearized problem does
not admit a variational characterization.

Condition ([{IZ) is only needed for X = Vu, as it clear from the proof. In the case of surfaces of
revolution, one knows that a solution depending on 6 is automatically unstable, see Lemma [3.2, hence
condition ([@I2) is only needed for radial solutions, i.e. in the radial direction. Hence in this case (£12])
reduces to Ric > 0. By Remark[B.4] Theorem B.3lis sharper than Theorem 2] for surfaces of revolution.
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