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Abstract

In this paper we consider the output consensus problem of networked Hammerstein and Wiener systems in a noisy environment.
The Hammerstein or Wiener system is assumed to be open-loop stable, and its static nonlinearity is allowed to grow up but
not faster than a polynomial. A control algorithm based on the distributed stochastic approximation algorithm with expanding
truncations is designed and it is shown that under the designed control the output consensus is achieved. The numerical
simulation given in the paper justifies the theoretical assertions.
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1 Introduction

In past decades the consensus problem for multi-agent
systems has drawn much attention from researchers for
its close connection with problems arising from biologi-
cal science, physical science, computer science, and other
areas. Among the early theoretical studies the work|Jad-|
|babaie et al. | (2003) gives the mathematical explanation
for the physical phenomenon discovered by
| , pointing out that the problem can be reduced
to stability analysis for a class of first order integrator

systems. This problem is then considered in

(2004) for cases including the fixed directed graph,
the switched directed graphs, and the undirected graph

with time delay. Besides, the concept of algebraic con-
nectivity is expanded in [Saber et al. | (2004) from the
undirected graph to the balanced directed graph, which
plays an important role in achieving averaged consen-
sus. More general adjacency matrices and Laplace ma-
trices in connection with the consensus of multi-agents

* The work was supported by the National Key Basic Re-
search Program of China (973 program, 2014CB845301), and
the National Center for Mathematics and Interdisciplinary
Sciences, Chinese Academy of Sciences. Corresponding au-
thor Wenhui Feng Tel. +86-15210965635

Email addresses: feng wh@amss.ac.cn (Wenhui Feng),
hfchen@iss.ac.cn (Han-Fu Chen).

Preprint submitted to Automatica

are considered in [Ren and Beard | (2005), where it is
pointed out that for time varying graphs the asymptotic
consensus can be guaranteed if the union graph contains
a spanning tree. All works mentioned above are mainly
with the first-order linear systems in a noise-free com-
munication environment.

Since the noise is unavoidable in practice, the noise envi-
ronment has naturally been taken into account in later
research. The fixed directed graph with white observa-
tion noise is dealt with in |Li and Zhang | (2009)), where
the sufficient and necessary conditions are obtained to
guarantee the asymptotic unbiased mean square consen-
sus. Further, for the time varying graph the sufficient
conditions are given in |Li and Zhang | (2010) to ensure
the mean square and almost sure consensus. The almost
sure consensus for the first-order discrete-time systems
on fixed graph with observation noise is transformed to
the convergence analysis of some stochastic approxima-
tion algorithm in [Huang and Manton | (2009). The noise
conditions used in [Huang and Manton | (2009) and |Li!
and Zhang | (2010) have been weakened in [Fang et al.
2012)). Since the second-order systems are of explicit
physical meaning, consensus of the second-order multi-
agent systems has also attracted attention from many
researchers [Chen et al. | (2013), Ren | (2008)), and [Yu ef]

(2017).
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The works concerned above are with linear systems, but
in practice nonlinear systems are ubiquitous. The con-
sensus problem for some nonlinear systems can be re-
duced to the consensus of linear multi-agent systems by
local linearization of the nonlinearity if it satisfies the
Lipschitz condition (Saber et al.|(2007))). The lineariza-
tion approach is hard to work when the Lipschitz con-
dition does not take place. The consensus problem of
multi-agent nonlinear systems is considered in many pa-
pers e.g., Hua et al. | (2016)), [Li et al. | (2013)), [Liu et al.
(2013), [Liu and Huang | (2017)), Munz et al. | (2011)), and
Wang et al. |(2017)), where various types of consensus in-
cluding the leader-following consensus, finite-time con-
sensus, adaptive consensus etc. are discussed under dif-
ferent settings. For example, the tracking consensus for
a class of high-order nonlinear systems with unknown
parameters and external disturbances is considered in
Wang et al. | (2017, where the distributed adaptive con-
trol based on back-stepping method is given so that the
boundedness of the closed-loop system and the output
tracking consensus are achieved.

In general, for the consensus problem of nonlinear sys-
tems to guarantee stability of the closed-loop systems
is of primary importance. For this the growth rate of
system nonlinearity, the noise, and the step-size used in
the algorithm play an important role. When the classi-
cal Lyapunov method is used in stability analysis, rather
strong conditions are usually required. For example, in
the leader-following case a stable leader is needed to
serve as a reference signal in order to avoid divergence of
agents, and thus the problem turns to tracking consen-
sus for multi-agents (Hua et al. | (2016)),|Liu and Huang
(2017), and|[Wang et al. |(2017)), while in other cases the
stability of closed-loop systems is normally guaranteed
by imposing the Lipschitz condition on nonlinearity (Li
et al. | (2013)) and [Liu et al(2013)).

In this paper the nonlinear dynamical systems of agents
are either the Hammerstein system or the Wiener sys-
tem, which have the wide background in practice. In
contrast to the conditions discussed above, here neither
a stable leader nor the Lipschitz condition are needed.
As mentioned in [Fang et al. | (2012),[Huang and Manton

(2009)), and |Li and Zhang | (2010), there is a close rela-
tionship between the consensus problem of multi-agents
and the root-seeking problem for an unknown function.
We apply the distributed stochastic approximation algo-
rithm with expanding truncations (DSAAWET) to solve
the output consensus problem for networked Hammer-
stein and Wiener systems. DSAAWET used in the paper
is not exactly the same as that proposed in |Lei | (2016)
and [Lei and Chen | (2015), but the basic idea remains
the same.

The rest of the paper is organized as follows. The prob-
lem for output consensus of networked Hammerstein and
Wiener systems is described in Section 2. The control is
defined by a DSAAWET in Section 3. The properties of

noises appearing in DSAAWET are analyzed in Section
4. In Section 5, the auxiliary sequences are introduced.
Convergence of the algorithm is proved in Section 6. Sim-
ulation and conclusions are given in Sections 7 and 8,
respectively.

Notations

Let R denote the real line, and R™ the linear space of n-
dimensional vectors. 1,, denotes the n-dimensional vec-
tor with all entries equal to one. For x = [z1,--- ,zn]T €
RN, define the norm ||x||.c = maxj<;<n{|zs|}. By
R™*™ we denote the linear space of m X n matrices,
and by Null(A) the null space of matrix A. Let [s] de-
note the integer part of a nonnegative real number s,
and Span{ey,---,®,} be the linear subspace spanned
by vectors e1,---,®,. Set p A ¢ = min{p,q}, and

pVq = max{p,q}.

2 Problem Description

Consider a network of N agents and the correspond-
ing topology being an undirected graph G = (N, &),
where NV = {1,2,---, N} is the node (agent) set and
£ C N x N is the edge set. The neighbor set of agent
i is denoted by N; = {j|(j,i) € £} and it is assumed
that ¢ ¢ N;, i.e., the graph G does not contain any self-
loops. A path from agent j to agent ¢ is denoted by
7 = 10,01, " ,’L‘d“,l,idﬁ =1, where (’L'S,Z'stl) € 5,8 =
0,1,---,d;; — 1 and d;; 1s called the length of this path.
The shortest length of these paths is called the distance
from j to 4, still denoted as d;;. d(G) £ max{d, ;,i,j €
N} is the diameter of G. P = [p;j]nxn is called the
adjacency matrix, if p;; > 0,7 € Nj;pi; = 0,7 ¢ Ni.
Set p; & ZjeNi pi; and D = diag{pi,---,pn} which
is called the degree matrix. L £ D — P is the Laplace
matrix of G.

The dynamics of agent ¢ € N is the following SISO
discrete-time Hammerstein or Wiener system.

Hammerstein system:

Vi = fi(uik), Ci(2)¥ik+1 = Di(2)vix (1)

Wiener system:
Ci(2)vips1 = Di(2)uik, Yipr1 = fi(virs1),  (2)

where u; i, Vi k, Yi,r € R are the control input, internal
variable, and output, respectively. The first subscript @
represents agent and the second subscript k represents
the discrete-time. f;(+) : R — R is an unknown function.



By z we denote the backward shift operator: zy; y+1 =
Yik- In (1) and (2)

Ci(z)=1+c1z+ - +cipsf

and
Dy(Z) = 1 —+ d1'712’ 4+ -4 di7q2q

are polynomials of z, where¢; 5,d; € R,5 =1,2,---
1,2,---,q are unknown parameters, and p and ¢ are
also unknown and may depend on ¢ but we still denote
them as p and ¢ for simplicity of writing.
The observation of neighbor j € N; at agent ¢ € N is

Zijkt1 = Yjkt1 + €kt 3)

where €;; 141 is the observation noise.

Define the function

d; : - e
() = {Ci fi(u), if agent 7 is the Hammerstein system,
d;
C

fi(%w), if agent i is the Wiener system,

A

where ¢; £ 1+ 57 ¢;s, di £ 1+ 37 d; 5. By the
following condition A1, ¢; = C;(1) # 0.

We list the conditions to be used.

Al: Ci(2), i € N are stable, i.e., the roots of C;(z) are
outside the unit disk.
A2:1) fi(+), i € N are continuous.
ii) There exists an unknown constant y > 0 such that

|fi(uw)| = O(|u|*) as |u| — oo Vi € N.

iii) hi(u) : R — R,i € N are strictly monotonically
increasing and have range (—oo, +00).
A3: {ejjkte>1,1 € N,j € N; are mutually independent
sequences with

Eeijr =0, Sl}ipE|€i]‘,k|2 < 0. (4)

A4: G is a connected and undirected graph.

The output consensus problem is stated as follows: at
agent i € N the control input u; ;11 should be designed
on the basis of its output y; 41 and the observations
on neighbors z;; x+1,J € N; so that the outputs of all
agents converge to the same limit

lim y, = 4’1y as., (5)
k—o0

where v, = [y1.4,* ,ynk]T and y° € R may depend
on samples w € Q).

)p7,r:

Under Al and A2 i) by Lemma 1 in |Chen | (2007) it is
known that for both (1) and (2), limg—eo ¥ix = hi(u;)
as limy_yo0 Uik = Ui.

Set
g, = [ug g, ung)”

and
h(ug) = [h1(uik), - Ay (une)]”

Then, the problem is restated as follows: at agent i € N
the control input w; k41 should be designed on the basis
of its output ¥; 41 and the observations z;; x41,J € N;
on neighbors so that

klim 1, =u’ e J2 {neRY:h(u) € Span{ly}},
—00
(6)

Oé[o O]T

where 1 uy, - ,up]" may depend on samples.

For solvability of the consensus problem, J in (6) must
be nonempty, i.e., the intersection of ranges of h;(-),i =
1,---, N should be nonempty. Besides, the steady out-
put may depend on samples since communication be-
tween agents is corrupted by noises. In order to reach
consensus for almost all samples, the strong condition
A2 iii) is imposed on h;().

Set ¢; s = d;, = 0 for s > p and r > ¢ and define
matrices

—Ci,1 10 ---0

S
lI>
e}

| —Cipugy1 0 o e 0

R T
Di = \1diy --- di,qu] ;

(1>

Gi=[1 0 0lix((pvg)+1)-

The dynamical systems of (1) and (2) can be written in
the state space form

Yik+1 = CiYir + Divik, yix = G1Yok,
Vik+1 = CiVigx + Diui g, vigp = G1Vig.



Then it follows that

s+l
=Y+ Z Cs ¥ Dy, Vs, 120,

- @
7
s+1
=C"Vi+ > G D, Vs, 120,
k=s
(8)

It is well known that under Al, C; are stable and there
are r > 0 and 6 > 0 such that

}/i,s-&-l-ﬁ—l

V%,s—‘—l—}-l

ICE|| < re %% Yk >0VieN. 9)

For Hammerstein systems (1) from (7) and (9) it follows
that

k-1
k—s—
FIYzoll + D ICE* " I1Dsl i,
s=0
< re*5k||Yi,0H +r sup
<s<k

SSSR—

1,

NvsslllDfl- (10)

Similarly, for Wiener systems (2), from (8) and (9) we
have

k—1

Vil < ICENNIV:, CE M I Dill s,

s=0

<re M|[Violl+ 7 sup Juiol|Dll. (11)
0<s<k—1

3 Control algorithm

Define g(u) 2 [gy(u),- -, gn(u)]7 : RN — RV where
= Z i (hj(wy) — hi(w;))
JEN;
- Z pijhj(u;) — pihi(us).
JEN;

By A4, it is noted in |Saber et al. | (2004) and [Ren and
Beard | (2005) that L = D — P € R"*¥ is nonnegative
definite and
Null{L} = Span{1y}. (12)
Since g(u) = —Lh(u), by (12) it follows that
g(u) =0« h(u) € span{ly} < u € J, (13)

i.e., the root set of g(u) coincides with J defined in (6).
Therefore, the output consensus problem is transformed

to root-seeking for some function. The control algorithm
will be constructed on the basis of DSAAWET. The re-
gression function of agent i is g;(u).

Assume the estimate for the roots of g(u) at time k is
Uy = [u1 g, ,unk]?. Then, as observation of g;(uy)
at ¢ we may take

Oipt1 = Z Pij (Zij k41 — Yik+1)
JEN;
= Z Pij¥j,k+1 — Pilik+1 T Z Pij€ij k+1
JEN; JEN;
= g;(Uk) + € k41, (14)

1) (2) (3) . :
where €; 11 = € k1 T €ipp1 T € fp1 18 the observation
noise, where

1
z(l~c)+1 = Z Pij€ij,k+1, (15)
JEN;

Ezk)ﬂ = pi(hi(uik) — Yik+1), (16)

and

B
€ik+1 = Z Pij (Yj k1 —
JEN;

hj(ujk))- (17)

Similar to DSAAWET proposed in |Lei | (2016)), |Lei and
Chen | (2015), and |Fang and Chen | (2001)), we construct
the distributed root-seeking algorithm:

U;,k = max{aj,k,j € M7Ui,k}7gi,1 =0,k>1, (18)

ui,k = uika U;k:(ﬂ,k} —+ UII{U;1k>0i,k}’ (19)
Oikt1 =Y Pij(Zijks1 — Yiskt1), (20)
JEN;

’
Wi k41 = (uz‘,k + aka‘,k+1> I{\u; o FanOsnr1|<M + }
’ Tik
*
+u I{\“;k+akoz,k+1|2MU( k}’ (21)

’
Oik+1 = 041 + I{|u;‘k+akoi,k+1|2M(,/ P (22)
ik

where Iy is the indicator function, a = %, My = In(k+
cy), and cpr > 0 is a constant such that |u)| < My, =
1,2,---,N. The new information obtained by agent &
at k+ 11is {zj k+1,0,k,J € N;} and the output y; 1.
The algorithm is distributed, since at each agent only
the local information is used.

We explain the algorithm. The information obtained by
agent i € AN at k-+1 includes the observations 25, k+1 and
truncation numbers o , for neighbors in addition to it-
self’s output and truncation number. In order to ensure



control algorithms of agents update gradually and simul-
taneously, we need the differences of truncation numbers
at agents are not too large. In the ideal case the trun-
cations at all agents occur at the same time. However,
the truncation numbers at agents cannot be always the
same, since only the local information can be used and
no global information is available. To make sure the dif-
ferences of truncation numbers among agents are not too
big we first introduce 0’;7k = max{ojx,j € N;,0i 1} and
then force the truncation number of agent 7 at k + 1 to
catch up with its neighbors at k. In other words, o; ;41
is set to equal to the largest one of o;x,j € N; when
agent 4 finds the truncation number o; j, is smaller than

o';-’ ., even if the estimate is still within the truncation
bound. This is what (22) means.

4 Properties of noises

Noticing the choice of step-size and truncation bound,
similar to Lemma 2 in|Chen | (2007 we have the following
lemma.

Lemma 1 Assume A1,A2 1), A2 ii), and A3. For any
1:1=0,1,2,--- ,[lns]+m with m being a given positive
integer, the following limits take place:

s+l
> ——0, (23)
s+l =
| kg aphi(uig)| —— 0Vi €N, (24)
s+l
\ kZ::b arYi k1 o 0vie N, (25)
s+l
|kZ:Sakgi(mk)\ wOWEN, (26)
s+l
|§akei,k+1\ E}O a.s.Vie N, (27)
s+l
| kzzsakoi,kﬂ\ ——0as VieN. (28)

PROOF. The proof of (23) follows from the following
chain of inequalities and equality:

s+1 s+[In s]+m 1 s+[Ins]l+m da

< — < —
Sas Y ops X[
k=s k=s k=s

s+ [lns]+m

s—1 s—00

=In 0.

Noticing o; < k — 1 Vi € N, we have

lwi | < M S Mg = In(k — 1+ cnr), (29)

which by A2 ii) means that there exists «; > 0 such that

|hi(ui k)| < aq(Ink)h. (30)
Asaresult, forv =0,1,--- ,gandl =0,1,--- ,[Ink]+m
we have
s+1 s+[In s]+m (ln k‘)#

1) akhi(uir)] < o
k=s k=s
k
] 14
/ (naz)*
k—1 &€

s+[In s]+m
s+[1n.s_’]+m
= / (Inz)*d(lnx)

(]

k

<o Z
k=s
-1

((In (s + [Ins] + N))'# = (In (s — 1))

:a11+ﬂ

In (1 + [lns]+m+l)

1 ;u(ln (s = 1) (1 + In (s _81)1 .
14+p In (1 + Unsl_i_fmﬂ)

= (In(s — 1))"**O( ln(sfl)1 )

= (in(s - Ny oML

= O((ln 5)1+# _:(inl+ 1)(1n S)M s—00 0, (31)

and thus (24) is proved.

In view of A2 ii), (10), (11), and (29), in both cases (1)
and (2) there exists ag > 0 such that

|y,;7k+1| < 042(111 k’)“ (32)

for sufficiently large k. Then similar to (31), (25) can be
proved.

By the definition of g;(uy), there exists g > 0 such that
|gi(ug)| < az(Ink)*

for sufficiently large k. So, the proof for (26) can also be
carried out in a way similar to that for (31).

From A3 and a; = % it is clear that

| Zakeij7k+1\ <ooas. Vi,j €N, (33)
k=1



which implies

|Zakelk+1| = |Zak Z Dij€ijk+1] < 00 a.8.

k=1  jEN;

In view of (24) and (25), we have | Zk s akegl,)ﬁ_l\ -

— 00

0,1 =2,3. Then (27) follows from the definition of ¢; .

Finally, (28) is straightforwardly obtained from (26) and
(27). O

Asin|Lei |(2016) and|Lei and Chen |(2015)), for a positive
integer m > 0, set r(i,m) = inf{n > 1,0, ,, > m}, the
smallest time for agent i’s truncation number to reach
m and r(m) = inf{r(¢,m),7 € N'}, the smallest time for
some agent’s truncation number to reach m. So r(¢,0) =
r(0) = 1. Set inf ) = oco.

We now prove that
0<r(i,m)

—r(m) < d(G) Vi € N when r(m) < oo,
(34)

where d(G) is the diameter of G. The first inequal-
ity of (34) is seen by the definitions of r(i,m) and
r(m). Assume r(j,m) = r(m), ie., the truncation
number of agent j first reaches m. The shortest path
from j to i is denoted as j = ig,i1, - ,iq,; = i
where (is,9541) € &, = 0,1,---,d;;. From (18),
U’i5+1’7‘(is,m) Z O-is,r(is,m) = mand by (22)7 Uis+1,r(i5,m)+1
J;H r(ism) which implies that o;_, | (i, ,m)+1 = m, i.e.,

the truncation number of agent isy1 is bigger than or

equal to m at r(is, m) + 1. Therefore,

r(isy1,m) <7r(is,m)+1, s=0,1,--- ,d;; — 1. (35)
Noticing the path from j to 4, by (35) we have r(i,m) =
r(ig,;,m) < r(iqg,—1,m) +1 < - < r(ig,m) +dij =
r(m) + di; < r(m) + d(G), which implies the second
inequality of (34).

Define the positive integer m(k,7) £ max{m :
Yo as < T} foragiven T > 0. It directly follows from

definition that Z;’;(,]:’T) as <T < ZT:(Z’T)H as. From
the estimation f;“ %dt < % < fil %dt, s > 1, we have

m(k,T)

m(k,T) 41 1
T > Z as > Z / fdt
m(k T)+1 4
:/ L - m(k,T)+1
. k

>

and

m(k,T)+1 m(k,T)+1

T< Y a.< Z/Sfdt

s=k
m(k,T)+1 |
- / lit—m
k—1 3

From here it follows that m(k,T) satisfies

m(k,T) + 1
k—1 '

(k—1Dexp(T) —1<m(k,T) < kexp(T) —1. (36)

Lemma 2 Assume that A1,A2 i), A2 i), and A3 hold.
At the samples w € Q where (33) holds, for a given T >
0, for sufficiently large C > 0 and any | : | = k, k +

1,---, ((r(z’, mi+1)—1) Am(k, T)), the sequence {€; i }

satisfies

l
limsup | Zasel st1l{jju <oy =0 Vi € N,

k— oo —F

(37)

where m; ) = sup{m : r(i,m) < k} is the biggest trun-
cation number of agent i up to time k.

PROOF. It is noticed that the inequality I <
r(i,m; ; + 1) — 1 means that at time I the (m;  + 1)th
truncation has not happened yet for agent ¢, i.e., there
is no truncation in (18)-(22) as s = k,k+ 1---,[ for
agent i. By r(i,0) = 1 < k, the set {m : r(i,m) < k} is
nonempty, and then m;j are well defined. For (37) it
suffices to prove

hrnsup|2as e <oyl =0, h=1,2,3, (38)

k—o0 —F

where l =k, k+1,---
From A3, (38

, ((r(i, mi i +1)— 1) /\m(k,T)),
) holds for h = 1.

By noticing

s.A
)

€ w1 = Pi Wik+1 — hi(uig))

if] < k+[Ink], (38) holds for h = 2 by (24) and (25). As-
sume [ > k + [In k] in what follows. Since the definitions
of h;(-) are different for the Hammerstein and Wiener
systems, let us consider two cases separately.

1) The dynamics of agent 7 is a Hammerstein system (1).



(2

In this case ¢; can be written as

k41
— e 1 = i (i1 — hiluik))
d;
=Di (yi,k+1 fz(ulk>>
1 1 d;
=i ( Yik+1 — —Ci(2)Yi g1 + ZDv(Z)fz(uzk) - ?fv(uzk)
. p
= CJ [Z Ciyo(Yik+1 = Yik+1-v)

+ Z di,v (fi(ui,k—v) - f7(ulvk)) ] .

v=1

By taking notice of the discussion for the case of | <
k—+[In k] given before, for (38) to hold for A = 2 it suffices
to verify

! q
lim sup | Z as Zdi,v(fi(ui,sfv>

k—o0

s=k+[lnk]+1 v=1
—fi(ui s, <cyl =0 (39)
and
1 P
lim sup | Z s Z Civw(Yist1
k—roo s=k+[ln k]+1 v=1
_yi,s+1—v)l{|\us\|§C}| =0 (40)

for I > k + [Ink].

We first prove (39). Noticing I < m(k,T) we have

l q
| Z as Z di,v(fi(ui,sfv) - fz(uz,s))I{Hu;HSC”
s=k+[ln k]+1 v=1
q

> diolfiluis—o) = filuis) I, <cy }-

v=1

<T sup {
k-+[In k]+1<s<l

(41)
which means that we need only to prove

lim |f;(uis—v) — fi(uis)| =0,

k—o0

1,k + [Ink] +2,---,; v =
|lus|] < C. By continuity of
sufficient to show

where s k + [Ink] +
1,2,---,q, when |u; | <
fi(-) and |u; 5| < C, it is
(12)

klig)lo |U'i,s - ui,s—v| = 07

where s

k4 [Ink] + 1L,k + [Ink] + 2,--- ,l; v =
1,2,---,¢. By noticing |u; s — u; s—y| < ZZ;(l) |wi s—p —

Ui s—h—1/, (42) follows from

(43)

lim |u;s—p — Ui s—n—1] =0,
k—o0

where s k+ [Ink] + 1,k + [Ink] + 2,---,1; h
N A B, 1,2,---,q. Since s — h
+[Ink] —q+2,k+[Ink] —q+3,---,1, for (43) it is
equivalent to show

(44)

lim |ui7t+1 — ui7t| = 0,
k—o00
where t =k + [Ink]— ¢+ 1,k+ [Ink]—qg+2,--- ,I—1.

Asnoticed at the beginning of the proof, there is no trun-
cationin (18)-(22) as s = k,--- ,land 0, ) = 0y, u; , =
Uik, 1.€.,

Ui s+1 = Ujs T asOi,s+1a s=kk+1,---,1 -1
By (28) we have

[Uist1 — Uis] —0, s=kk+1,---,1—1 (45)
k—o0

which imply (44) and hence (39) holds.

We continue to prove (40). Similar to (41) it is reduced
to prove

lim |yi,s+1 - yi,erlfv‘ - 07 (46)
k—o0

where s E+ [Ink] + 1,k + [Ink] +2,---,1;v
1,2,---,p, when |u; 4] < |jus]] < C. By noticing

(Yi,st1 = Yist1-v) = D p—o(Yis—h+1 — Yis—n), similar
to the proof of (43) for (46) it suffices to prove

im |ys,s—ht1 — Yi,s—n| =0
k—o0

for |u;s] < |lus|| < C, where s = k + [Ink] + 1,k +
Ink]+2,---,l;h=01,---,0—1;v=1,2--- p.
Since s —h=k+[lnkl]—p+2,k+[Ink]—p+3,---,1,
this is equivalent to verifying

klg{)lo |Yi ket [in k]+t+1 — Yi k+[nk]+t] = 0, (47)

wheret =2 —p,3—p,---,l =k — [Ink], when |u; 5] <
lus|| < C.From (9), (30) and (32), we have the following



chain of inequalities or equalities:

|yi,k+[ln k]+t+1 = Yi k+[In k]+t|
SNYi ket pin k) +t41 = Yipr i k)¢l

S Hci[lnk]+t+1yvi’k . Ci[lnk]—l-t}/’-i’k”
k+[In K]+t
+Y CFFIHHID, i (ui )
g=k
k+[In k]4+t—1
Y CFETIOD )|
g=k
< re 8 HE) o) (In k) fre = — 1) + ||CI™ T D, £ (i) |
k+[Ink]+t—1
k+[ln k —-1-—
+ > I D, (fiuig) — filuig))]
9=k

< roge” I EHD (1 kY |re 0 — 1|
+ rag || Dy || e MR FFD (1 fe)#

r|| Dl
1—e-9 kgrgg;(—l | filtis1) — fluis)l (48)

+

The first and second terms at the right-hand side of (48)
tend to zero as k — oo and the third term also tends to
zero by (45), |u; s| < |lus|| < C, and continuity of f;(-).

2) The dynamics of agent ¢ is a Wiener system (2).

. 2 .
In this case 62(» k)+1 can be written as

2
— 41 = Vi1 — hiluig)

= fi(vigt1) — fi(%ui,k)

(3

= fi(vigt1) — fi(%ci(z)vi,kﬂ

(2

1 d;
— —D;(2)uir + iui,k)

C; C;

1 P

= fi(vi,k+l) — fz <’U7;7k+1 —+ a U;Ci,v(vi,]wrlfu — Ui,kJrl)

14

— > dio(Uik — Uik ) 49
+ci; (Ui k = Ui o—v) (49)

Similar to the preceding proof in 1) it suffices to prove

l

lim sup | Z

2
a6t I <yl =0 (50)
koo k)41

when | > k + [Ink]. From | < m(k,T) and ||us|] < C
it follows that |lv;s|| < C; for some Cy > 0 by (11).

Similar to (41), (50) follows from

. 1 &
lim |f;(vist1) — fi (Ui,s+1 + — E Ciw(Vis+1—v — Vi s+1)
k—o0 C;

v=1

1 q
+ g Z:ldi,v(ui,s - ui,s—v)) ’ =0,

(51)

where s = k+[lnk]+1,k+[lnk]+2, - - - , . By continuity
of f;(+), (51) follows from

lim |u; s — wis—o| =0, (52)

k—oco

where s = k + [Ink] + 1,k + [Ink] + 2,--- ,l; v =
1723"'7Qaand

lim |v; 541 = Visy1-0| =0, (53)
k—o0

where s = k + [Ink] + 1,k + [Ink] + 2,--- ,l;v =
1327"'7])“

Similar to (42), we can verify (52), while from (48) with
Yik> Yik, fi(uix) replaced by v; x, Vi &, Ui k., respectively,
we conclude

Hm |0; gt in k)+t41 = Vigtnkl4e] =0, (54)
k— o0

wheret =2 —p,3 —p, - ,l —k — [Ink]. Therefore, (53)
can be proved in a way similar to that for (46).

Similarly, it can be verified that (38) holds for h = 3. O

5 Auxiliary sequences

Since the growth rate of f;(+) in (1) and (2) may be faster
than linearly, the SA proposed by [Robbins and Monro

(1951) may diverge. Therefore, we apply the expand-
ing truncation technique introduced in |Chen | (2002,
and the resulting algorithm is called SAAWET. The dis-
tributed algorithm (18) - (22) is hard to be written as
a centralized SAAWET, because the truncation num-
bers for different agents may be different. By introducing
auxiliary sequences, we can transform the DSAAWET
to a centralized algorithm by the treatment proposed in
Lei | (2016)), [Lei and Chen | (2015), and [Fang and Chen
(2001).

The discrete-time axis is divided by the sequence {r(m) :
r(m) < oo} into [r(m),r(m 4+ 1)),m = 1,2, --. Define
7(i,m) = r(i,m) Ar(m+ 1). When r(m) < oo, by (34)
we have 0 < 7(i,m) — r(m) < d(G) which implies that
7(i,m) — r(m) is bounded. Similar to Lei | (2016), [Lei



and Chen |(2015)), and [Fang and Chen |(2001)), we define
auxiliary sequences {@; ; } and {€; x+1} as follows

VEk or(m) <k <7(i,m),

Eik+1 = = D jen; Pig(hi (W) — hi(uf)),

(55)
Vk 7(i,m) <k <r(m+1),
Uik = Ujk,
€ik+1 = € k+1 T ZJE/\/ Pzg(h (Uj k) h‘(ﬂj,k))-
(56)

For {w; 1.} and {€; x+1} we have the following lemma.

Lemma 3 The sequences {t; .} and {€; 41} satisfy the
following recursion:

(Uil + ar(9:(Tx) + € k+1))

L maxjen [ k+an(g; W)+ 51) | <M, }

Ui k1 =

+ u;k[{maxj'e,/\/‘ [,k +ak(g; (ﬁk)+Ej,k+1)|2M?k}7 (57)

Ok+1 =0k + I{maxje/\f [%),x+ar(g; (W) +€5 6 4+1) 2 Mz, }>
(58)

where 7, = max{oj,j € N'}.

PROOF. Define @, Vi € N and 6y, as follows

(@i 4 ar(gi(Tr) + € xr1))
. I{maxje/\/ |G,k 4ak (95 (Tr)+€5,k+1)|<Ms, }
+ uf[{maneN [T,k +ar(g;(Te)+ej k1) |>Ms, 3> (59)

Okt1 = Ok + Limax;en [tk +ar(g; (W) +ej 1) 2Ms) }o
(60)

Ui fpt1 =

where ﬂi71 = ﬂi71,5'1 = 0. For (57) and (58), it suf-
fices to prove i, = Uk, Vi € N,0, = o, and o5 =
max{ojx,j € N} Vk > 1.

Set O; k+1 = gi(TWk) + € k+1. Consider k € [r(m),r(m +
1)). When k € [r(m),7(i,m)) from (55) we have

7 k+1 E pm U] k

JEN;
Z Pij (R (W) — hi(u])) + € k41
JEN;
— 0. (61)

— hi(Ti k) + € k41

When k € [F(i,m),r(m+ 1)) from (56) we have

z k+1 E ng ug k‘

JEN;

Z pz] U] k

JEN;
Z ng UJ k
JEN;
= g;(uk) + € k+1
= Oj k41, (62)

— hi(Ui k) + € kt1
— hi(Wik)) + € k+1

— hi(uig)) + € k+1

where the last equality is from (14). Combining (61) and
(62) leads to

= 0, k € [r(m),7(i,m)),
Oiks1 = {oi,kﬂ, ke [F(,m),rim+1). 0

We prove the lemma by induction. Firstly, @;; =
ﬂi)l,Vi S ./\/,&1 = o1 and 61 = maX{O'jJ,j S N} by
definitions in (59) and (60). Assume that we have proved
Uis = Ui s Vi € N,6s =05, and &, = max{o,,,j € N}
for 1 < s < k. Without loss of generality assume
k € [r(m),r(m + 1)) for some r(m) < co. By defini-
tion of r(m), there exists jo such that oj, x = m and
0k < m+ 1 for any j. From the inductive assumption
it follows that

Ok :Ek:max{oj,k,jEN}:m. (64)
Then, for k£ + 1 we proceed to prove

Ui k1 = Ujpt1, Vi €N, (65)
Oktl = Okyl Okt+l = max{oj,kﬂ,j € N} (66)

The proof is carried out by three steps. In the first two
steps, we prove (65) and (66) for k € [r(m),r(m+1)—1),

respectively. In the third step, we discuss the case where
k=r(m+1)—1

Set

NW = {j e N :r(j,m) =r(m)},
NO ={ieN rim)<r(m)<rim+1)},
NO® ={ieN:r(,m)>r(m+1)}.

It is clear that N = NO UN@ UNG) and N N @),
and N4 are disjoint.
Step 1: We prove that

45k + arOj k1| = [T 1 + axOj 1| < Mz, ,Vj € Z\/,)
67



L€ Lnascsen a5+ axOysa | <Ma, ) = L fOT K € [r(m),r(m+

1) —1).

Noticing the inductive assumptions, @, = U Vj € N,
and &, = 7 = m, we verify (67) for agents in NO NG
and N'®) | respectively.

1) For j € N, we have r(j,m) = r(m) by definition.
Since k € [r(m),r(m + 1) — 1), the truncation num-
ber of agent j has reached m at time k and the next
truncation will not occur at k + 1. Then it follows that
Ojk = Ojr(j,m) = M = 0k, where the second equality is
from the definition of r(j,m), and 7(j,m) = r(j,m) A
r(m 4+ 1) = r(m), which means that [r(m),7(j,m)) in
(55) is empty. By (18) and (19), we have 0;7k = 0jk
and u;k = u; x, respectively. From (56) it follows that
;= uj and from (63) that 5j,k+1 = Oj k+1, which
implies

@k + arOj rs1| = [Tk + arO0j i1 |
= ‘uj,k + akOj,k+1‘ < ngyk = Mm = M&k,

where the inequality holds because k + 1 < r(m + 1).
2) For j € N®), we have r(m) < r(j,m) < r(m + 1) by
definition. Since k € [r(m), r(m+1)—1), the truncation

number of j is smaller than m at k. Then it follows that
ojx < m =6y and 7(j, m) = r(j,m). By (55) and (56)

.

_ U,

Wi = { ’
Uj,k>

From (63) it follows that

— 0
= {0

J,k+1
Oj k+1,

k € [r(m),r(j,m)),
kelr(jm),r(m+1)—1).

k € [r(m),r(j,m))
kelr(j,m),r(m+1)—1).

Besides, by (18) and (19), we have U;7k =0, and u;k =
ujx for k € [r(j,m),r(m+ 1) — 1). Therefore,

@k + axOj psr| = [k + a0 s |

k€ [r(m),r(j,m)),

ke [r(jm), r(m +1) 1)
(68)

{15
[ e + arOj e,
Noticing [u}| < Mo < M,,, and k < r(m + 1) — 1, for
both cases at the right-hand side of (68) we always have

|aj:k? + akaj;k?Jrl' < MUj,k <My = M&k-

3) Forj € N®) wehave r(j,m) > r(m+1) by definition.
Then we derive 0, < m = &5 and 7(j,m) = r(m +
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1), which means [F(j,m),r(m + 1)) in (56) is empty.
From (55) it follows that %;x = uj and from (63) that

Oj k+1 = 0. Therefore,
|tk + arOjt1] = [Tk + arOjps1| = |ujl.
Noticing |u}| < Mo < M, , we have
|ﬁj,k + akﬁj,k+1| < MG'_j,k < M, = Mak.

Until now we have proved (67) for k € [r(m),r(m+1)—

1.
From (67) it follows that
Okt1 =0k =0k = max{aj,k,j S N}

for k € [r(m),r(m + 1) —1). Since k + 1 < r(m + 1),
the possible (m + 1)th truncation can happen only after
time k + 1. Therefore,

maX{Uijj € N} = max{aj,kﬂ,j S N} =0 k+1
Thus, (66) holds for k+1 when k € [r(m),r(m+1)—1).

Step 2: We proceed to prove that (65) holds for & +
1 when k € [r(m),r(m + 1) — 1). Paying attention to
(59),(67) and the inductive assumption, we have

Wi g1 = Uik + arOj gr1,
=i+ arO;ipr1, k€ [r(m),r(m+1)—1), Vi e N.
(69)

Similar to Step 1, we can prove (65) for agents in
N NG and NG| respectively.

1) For i € NW, r(i,m) = r(m) by definition, i.e.,
agent ¢ earlier than other agents reaches m trunca-
tions and 7(i,m) = r(i,m) = r(m). This means that
[r(m),7(i,m)) in (55) is empty. By (18), a;’k =0, and
by (19), u;k = u; 1. From (56), we have @, ,, = u; i, and
also U; k41 = ;i k41 since k + 1 < r(m + 1). From (63)
it follows that O; y+1 = O; k41. Since k +1 < r(m + 1),
i.e., there is no truncation for agent i at k+ 1, from (21)
it follows that

Wi k1 = Uik + axOj ky1, k € [r(m),r(m +1) — 1),
which associated with (69) yields @; k41 = U; t1-

2) Fori € N® r(m) < r(i,m) < r(m+1) by definition,
and 7(i, m) = r(i,m). From (55) and (56) it follows that

(70)



and from (63) that

— 0
Oiry1 = { .
' Oi,k+17

k€ [r(m),r(i,m)),

ke lr(i,m),r(m+1)—1). (71)

Combining (69), (70) and (71), we have

U ket 1
B {uf, k € [r(m),r(i,m)),
Uik + kO k1 = Wi ky1,
(72)

We explain the last line of (72). Notice k+1 < r(m+1),
i.e., there is no truncation at k+1. From (18) and (19), we

have J;,k =0} and u;’k = u, for k € [r(j,m),r(m +
1) —1). Then, the last line of (72) is derived from (21).

We now proceed to prove

_ g,
Ui k+1 =
ui,k+17

k € [r(m),r(i,m)), (73)
ke [r(i,m),r(m+1)—1).

It is clear that for k + 1 € [r(m) + 1,7(m + 1)) there
are three possible cases: k+1 € (r(m),r(i,m)), k+1¢€
(r(i,m),r(m + 1)), and k + 1 = r(i,m). For the first
two cases (73) is directly derived from (55) and (56).
We need only to verify the case k + 1 = r(¢, m). To this
end, we have U; 1 = Ui r(i,m) = Ui,r(i,m) Py (56) and
Ui p(i;m) = u; by the definition of r(i,m). Thus, (73)
has been proved. This together with (72) implies that
Uj g1 = Uj py1 for k € [r(m),r(m+1) —1).

3) For i € N® r(i,m) r(m + 1) by definition
and hence 7(i,m) = r(m + 1). This means that
[F(j,m),r(m + 1)) in (56) is empty. By (55), Ui r = u}
and U; p+1 = u; for k+1 € (r(m),r(m+1)). From (63),
we have O; ;41 = 0 which associated with (69) leads to
Ug o1 = U; = Uy ot 1-

>
m

Step 3: If r(m + 1) = oo, then we have completed the
proof. This is because it is unnecessary to consider the
case k =r(m+1) —1 . It remains to show (65) and (66)
when r(m+1) <ocoand k =r(m+1) — 1.

Fork=r(m+1)—1, at k+ 1 the (m + 1)th truncation
occurs for some agent jg, i.e., there exists jo such that
|Uj07k- + akOjO,kH\ > M, and then o, 41 = m + 1.
Since 7(jo, m) < k+ 1 = r(m + 1), we have 7(jo, m) =
(jo, m). From (56) it follows that @;, » = u;, % and from
(63) that Oj, k41 = O}, x+1. Therefore, by the inductive
assumption we have

Ok+1 = Ok + I{maxje/\/ [tk +arOj kt1|>Ms, }
= 0k + Ljugy k+ar 0 x1112Ms, }
=0+ 1.

ke [r(i,m),r(m+1)—1).
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Further by (64), the chain of equalities (74) can be con-
tinued as follows

Opy1 =0 +1=m+1=0j k11
=Tr(m+1) = max{0jx41,J € N} =T pq1-

Thus, (66) is proved for k = r(m + 1) — 1. We then
have @; k41 = uf Vi € N from (59), and U, 41 =
Uir(mt1y = uf Vi € N from (55). This means that
igt1 = U1 Vie Nk =r(m+1)—1.

Thus, we have proved (65) and (66) for k£ + 1 and com-
pleted the proof. O

Set Ty, = [k, UN K] > €1 = [€Lkt1, » ENK41)T
and g(m) = [g1(T), -, gn(W@)]T. Then (57) and (58)
can be written as

Tgy1 = (Tr + ar(g(Ti) + €rt1))
Lt an (gm0 Hek 1) |0 <M, )
+ Ut an (g (@) 4+ e = M, }

Tkt = Tk I{jmtan (s@0) +e0s1) 0 > M, }-

Lemma 4 Assume A1, A21i), A2ii), A3, and Aj hold.
At the samplesw € Q where (33) holds, for a givenT > 0
and for sufficiently large C > 0, the noise {€; 11} defined
in (55) and (56) satisfies

l
Jim | z;qasa,sﬂf{nmugcﬂ =0, VieN,
s=

l=kk+1, -, ((T(mk+1)—1) Am(k,T)),
(77)

where my, = sup{m : r(m) < k} is the biggest number of
truncations occurred at agents up to time k.

PROOF. It is worth noting that the inequality or
equality I < r(my + 1) — 1 means that the (my + 1)th
truncation has not happened yet for any agent, i.e.,
there is no truncation in (18)-(22) as s =k, k+1,---,1
for any agent.

Similar to Lemma 2, since 7(0) = 1 < k, the set {m :
r(m) < k} is nonempty. This means that my is well
defined. Besides, we have

! !
| g as€i syl <oyl < | E as€is+1
s=k s=k

L (my) <s<r(ima) H {mL1<C}
l

+ | Z as€i s 4117 (0,mp) <s<r(me+ D} {m 1<cy - (78)
s=k



First, let us consider the first term at the right-hand side
of (78). By noticing (55) it follows that

l
1> as@i a1 L in(mp) <s<rimo {1 <03

s=k
|Zas > pii(hy(@i) = hi(ui))
s=k jEN;
Lir(mi) <o <rtimiy (s <c | (79)
From (55) and (56) we have
Tin = {u], k € [r(m), 7(j,m)), (80)
ujr, ke[F(jm),r(m+1)).

Therefore, similar to (29), we see [t x| < In(k—1+cp)
for sufficiently large k. This together with the bounded-
ness of 7(i, my) — r(my,) as proved for (26) implies that
the right-hand side of (79) tends to zero as k — oo.

We now analyze the second term at the right-hand side
of (78). From (56) it follows that

l

1> as@i si1 I m <s<rmer Dy I m<cy |
s=k
!

< 1) aseist1Liptm <s<rimer )} <o)

s=k
+ | Zas Z pij (hj(uj,s) = hj(t,s))
s=k jEN;

Air(imy)<s<r(mu+0)3 {Jus | <C} |- (81)

When 7(i,my) = r(i, my), by Lemma 2 the first term
at the right-hand side of (81) tends to zero as k — oo,

while it is zero when 7(i, my) = r(my, + 1).

In view of (80), we have

Zas > pi(hyuys) = by (W5,6))

s=k  jEN;

= Z Dij Za u] s - hj(ﬂjys))
JEN; s=k

= vy Zas j(g,5) = R (W6 )) Lir(mi) <s <7(smi)}
JEN; s=k

= i Zaé j(g.s) = g (u) L mi) <s<7imi) -
JEN; s=k

Therefore, the second term at the right-hand side of (81)
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can be rewritten as

Y X

s=k  jEN;
A, mk)<s<r(mk+1)}I{HugH<C}|

= | Z Dij Zas j(uj,s) = hj(u}))
JEN; s=k

(i, mp) <s<r(mi+ ) H{r(mi) <s <7 Gmin H{ <o -
(82)

= hj(@j,s))

ujs

By the boundedness of 7(j, my) — r(my,), similar to (26),
the right-hand side of (82) tends zero as k — oo.

Combining (78), (79), (81), and (82) we conclude the

lemma. 0O

The sequence {T} } has the following property along any
its convergent subsequence.

Lemma 5 Assume A1, A21i), A2ii), A3, and A4 hold.
Let {Ti} be generated by (75) and (76) and let {11, } C
{Tix} be a its convergent subsequence. For any sample
w € Q where (33) holds, there exist ¢y > 0 and Ty > 0
such that

Ty, || < aT,Vs:ng <s<m(ng,T) VT € [(08731)11]

||ﬁs+1 -
for sufficiently large k.

PROOF. By definition g(-) : RN — R¥ is continuous.
By the boundedness of {@,, }, take M > sup,{|lun, ||}
and set G = supy,<pr+1 [|8(w)[|. Take ¢ = 2NG and
T, > 0 such that ¢; 77 < 1. We now show that ¢; and T}
satisfy (83) for sufficiently large k.

For T € [0, T1], set

sk = min{s > ng, [TWep1 — Ty, || > 1T} (84)
We need only to prove s > m(ng,T) for sufficiently
large k. If s, = oo, i.e., {s > ng, [TWs41 — Ty, || > T}
is empty, then we have completed the proof. In the fol-
lowing we assume sy, < 00.

We first prove

sp<r(@p, +1)—1 (85)
for sufficiently large k. If limg_, oo 0 = 0 < 00, i.e., the
largest number of truncations the algorithm can reach
is o, then r(G,, +1) = 7(c + 1) = inf @ = oo for suf-
ficiently large k. This implies (85). On the other hand,



if limy_yoo 0 = 00, then Mgnk > M + 1 for sufficiently
large k. Since

[Tsp1 — T, || < T, Vs:ng < s < sg,
we have

[Tsirll < [Tn, || + 1T < M +1,Vs:ny < 5 < 8.
(86)

This means that there is no truncation in (75) and (76)
from ny, to s and thus (85) is proved.

We now show
s > m(ng, T). (87)

Assume the converse s < m(ng,T). By (86) and the
definition of G, we have

aT
| Z asg;(Us)| < GT = 21]\7 (88)

S=npg

Moreover, from (85) and Lemma 4 (where C > M + 1),
it follows that

ClT
\Zamm_ o (89)

S=npg

for sufficiently large k. Thus, combining (88) and (89)
we have

N
HﬁSkJrl - ﬁnk” < Z |ﬂ’i,5k+1 _ﬂi,nkl
i=1
N Sk
SZ|Zas‘gzus|+|Zaeve+l <61T
=1 S=ng sS=ny

which contradicts with (84). So, the converse assumption
is false, and s > m(ng, T) for sufficiently large k. Thus,
the lemma is proved. O

6 Convergence of algorithm
Noticing

g(uy) = (P — D)h(uy) = —Lh(wy),
we can rewrite (75) and (76) as

Tpr1 = (TWk + a(—Lh(Tk) + €t1))
Lt ar (~Lh(@0) 4k ) oo <M, )
+ WLt (L@ 4 D> Mz, b (90)

Ok41 =0 + I{||ﬁk+ak(—LIh(ﬁk)+Ek+1)Hac>M;k}’ (91)

Lemma 6 Assume A2 iii) holds. The set JN{u € RY :
17 = ¢} is a singleton, where c is a constant.

PROOF. In fact, under condition A2 iii) for any given
a; > 0,1 =1,2,--- /N and constant ¢, the system of

equations with respect to uy, -+ ,un
hi(u1) = -+ = hn(un), (92)
oaul + -t anyun = ¢

has a unique solution. Set hi(u1) = --- = hny(uy) = b.

By A2 iii) h;(+) has the inverse function ;' (-), which is
strictly monotonically increasing with range (—oo, +00).
For any given constant ¢, consider the equation of b

arthTH(b) + - +anhy'(b) = c

Since a; > 0, arhy (1) + -+ + anhy' () is also strictly
monotonically increasing with range (—oo, +00). There-
fore, the above equation has a unique solution denoted
as b., which means the original system of equations (92)
has the unique solution u; = h;l(bc),i =1,2,---,N.
Thus the lemma is proved, since 1Tu=wu; +- - +uyn
and the first N — 1 equations in (92) are equivalent to
h(u) € Span{1}. O

Notice that A2 i) and iii) imply

Og/ch()dt—>oo (93)

UEO) |e|]—o0

where ugo) is the root of h;(-). Define the continuously
differentiable function v(-) : RV — R as

(1) = “ bt (94)
o

It is clear that Vyv(u) = h(u). In view of (93) and (94),
there exists a constant ¢o > 0 such that ¢cg > ||[u*||o and

min{ / ha / 7?“ he(t)de}

>Z/(O)h )t = v(u*). (95)

JEN

By A4, the Laplace matrix L of the undirected graph
has the following property

Z pij(yi Z p?] i)

1
vy Ly = 3
(i,5)€E ,JGN



fory = [y1, -+ ,yn|’ € RY. Therefore, for any 0 < § <
A there exists ¢ > 0 such that

sup  Vyo(u)(—L)h(u)
§<d(u,J)<A
1
=5 _sup - > pig(hilus) = hy(uy)® < =C.
0<d(u,J)<A (i,j)€E
(96)

Theorem 2.2.1 in (Chen | (2002) is not applicable for
proving the convergence d(ug, J) k—> 0 for the al-
—00

gorithm (90) and (91), since we cannot guarantee that

v(J) £ {v(u)|lu € J} is nowhere dense. However, the
idea of proof of that theorem can still be used.

Define S*(e ) L2f{u:1jue [1{u* —e 1 u*+¢€},e >0
and S*(0) £ {u : 15u = 1% u*}. To prove the con-
vergence of SAAWET the key step is to show that the
truncation ceases in a finite number of steps. This also
is the key issue for convergence analysis of the algorithm
(90) and (91), and its proof is motivated by that for
SAAWET given in [Chen | (2002).

Lemma 7 Assume A1-AJ hold. For samples w €
where (33) holds,

lim G £ 7 < . (97)

k—oc0

PROOF. Assume the converse oy, —> 00, i.e., there

exists a sequence {ni}i1>1 such that anl = On-1+1
and T, = u*. To reach a contradiction we complete the
proof by three steps.

Step 1: We first show

d(tg, S*(0)) —— 0

k—o0

(98)

under the converse assumption.

The discrete-time axis can be divided into [n;, nj+1),1 =
1,2,--+ by {m} and we investigate the limit of Ty on
these intervals. Since T,, = u*, (98) is satisfied at T,,.
We need only to consider (n;,n;41). When T > 0 is
sufficiently small, by Lemma 5 there is no truncation
for (90) and (91) from n; to m(n;,T) for sufficiently
large I, i.e., m(ny, T) < (@, + 1) = ny41. This means
r(@n,) = m < mn,T) < r(Gp, +1) = nyyy1. From
(36) it follows that m(n;, T) — n; > (exp(T) — 1)n; —
exp(T) — 1 paendll Let 4; € argmax;en{r(j,on,)}
By r(il,Em) (O'nl) < d(G), we have

ny < (i, on,) <mn, T) <r(@n, +1) =ni4q

14

for sufficiently large [. In the following, the limit of Ty
will be shown on (n;, r(i;,7,,)] and (r(i1,Tp, ), ni41), TE-
spectively.

1) For k € (ny, (i, on,)]
T = W1 + ak_1(—Lh(T_1) + ).

Multiplying this equation with 1% from the left and
noticing that 1 is the left eigenvector of L correspond-
ing to the eigenvalue 0 and that T,, = u*, we have

T — T — T -
Iyu, = IyUg—1 +ar—11 €
k—1
T E T—
= ]].Nm* + as]].NESJ'_l.

sS=ny

(99)

Since k — 1 < m(ny,T), by (86), and Lemma 4 (where

C > M + 1) the second term at the right-hand side of

(99) tends to zero as n; — oo. Thus, 1%, . 1%u
— 00

for k € (ny,r(ir, on,)]-

2) For k € (r(i;,0n,), ni+1), noticing r(j,0,,) < k <
7(Gn, +1),V4, by (14) and (63), it follows that O} =
(Dk = (P D)yk (1) where (Dk = [017]@, tee ,ONJC]T

+ €.,
1) = [eg ,)C, . eg\})k] Then, we have

and €,

Tp = Ug—1 + ar—10%

=Tg_1 +ar_10r =Tr_1 + ak_l( Ly + 6(1)).

Multiplying this equation with 1%; from left and noticing
1y is the left eigenvector of L corresponding to eigen-
value 0, we derive

]].Eﬁk = ]]-ﬁﬁk—l + akg—1 ]]‘71\-'/'6/2: )

k—1

>

s=r(i Oy )

1)

= INT, i 7,,) + aslye, ;. (100)

The second term at the right-hand side of (100) tends

to zero as k — oo since || Yo, ake,(cl)H < 0o by A3. We
now show that the first term at the right-hand side of
(100) converges:

13T (i) 7,,) — 15u (101)

Consider the components of T, (;, 7, ). First, by (56) it

follows that

_ s
Wiy,r(in,on;) = Wir,r(in,on,) = Wi (102)

while for j # 4, we have r(7,,,) < r(j,on,) < r(i;,on,) <



r(n, + 1), and hence

Ujr(ir,an,) = Yir(in,on,)
P (it,5n,)—1
=Gt D, @05
s=1(4,0n,)
7 (1,50, )1
=uj+ Y a;0j.41. (103)
s=r(j,0n,)
Noticing r(i;,0n,) — 7(4,0n,) < r(it,00,) — r(Tn,) <

d(G) and (28), we conclude that the second term at the
right-hand side of (103) tends to zero as k — oo. This
combined with (102) implies (101). Therefore, by (100)
we have 1511, m 15 u* for k € (r(iy, o0, ), nis1)-

Combining 1) and 2) we derive (98).

Step 2: Consider w € Q where (33) holds. Let the se-
quence {T} be generated by (90) and (91) and let S
be a closed subset of RY such that J NS # . Assume
Ty € S for k > ko . If [01,082] is an interval such that
d([61,02),v(J N S)) > 0, then for any bounded subse-
quence {Ty, bny>ky C {Tk}r>kes {v(Tn) o>k, cannot
cross [d1, do] infinitely many times with starting points
Ty, where 7{v(T,)}n>k, crosses [d1,d2] with starting
points T,,” means that v(T,,) < d; and there exists
I, > ny such that v(@;, ) > 02 and §; < v(W,) < d2 for
n:ing <n<lg.

In what follows n and n; are always assumed to be equal
to or greater than ng. Assume the converse that v(t,)
crosses [d1, 0z] infinitely many times with starting points
T, . Without loss of generality, we may assume {T,, } is
convergent: limy,_, o Ty, = U € S where @ € S because
S is closed. From (28) and (63) we have

[Wnpt1 — Tn, |l = ||ank®nk+1|| —>k 0. (104)
—00

By the definition of crossing, v(T,,) < 61 < v(TWp,+1)
which associated with (104) implies limy_, oo v(Ty, ) =
d1 = v(@). In view of d([d1,d2],v(JNS)) > 0and T € S,
we conclude that

d(m,J) > 0. (105)

This is because if d(@, J) = 0, then d(T,,, J) = 0.
—00
However, d(t,,, S) - 0, so d(T,,,J NS) = 0,
—00
which implies that d(v(T,, ), v(J N S)) — O Thlb

contradicts to limg_,o v(Ty, ) = 1 and d([él, da],v(J N

S)) > 0.

When T > 0 is sufficiently small, by Lemma 5 there is no
truncation for (90) and (91) with time %k running from
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ny to m(ng, T') for sufficiently large ny, i.e., m(ng, T') <
7(Tn, + 1). Assume k is large enough so that (83) also
holds. Then, we have

m(ng,T)
V(T 1)41) = V() = Y @Dy V(@) + o)
l=ny
m(ng,T) m(nkT
= Z al]hT( )(P D V ’U Z aqu
l=ny l=ng
m(ny,T)
+ Y af h(w))(P — D)Vyv(m) + o(T).
l=ng

(106)
By (86) and Lemma 4 (where C > M +1), it follows that

m(ng, T

Z a1 = o(T)

lTLk

(107)

for sufficiently small T > 0 and large enough k. By
Lemma 5, the continuity of A(-), and (86) we have

m(ng,T)
> a(b(m) - h(m)(P - D)Vyo(m) = o(T).
l=np
(108)

This incorporating with (106), (107) and (108) leads to

/U(ﬁm(nk,T)—i-l) - /U(ﬁnk)
m(ng,T)
=Y b @)(P - D)Vae(a) + olT)

l:nk

(109)

Thus, by (96), (105), and (109) there exists a ¢ > 0 such
that

W ry) ~0(Tn,) < ST (110)

for sufficiently large k. On the other hand, by Lemma 5
we have

max

u — (T — 50
”k§s§7n(nk,T)| 0(Wst1) (@ nk)|

T—0

which means that v(T,,,(n,,7)+1) € [01, 02] for sufficiently
small 7' > 0. This is a contradiction to (110).



Step 3: By (95) and the definition of v(-) we have
v(u) = min min{/ h;(t)dt
dt} >y / hy(

JEN

lluall o =co

/7C0
u9
k2

=ov(u").

By Lemma 6, J N.S*(0) is a singleton. Thus, there exists
a nonempty interval [d1,d2] such that d([d1,d2],v(J N
S§*(0))) > 0 and [d1,02] C (v(u*),infy) —c, v(u)).
So, there exists a sufficiently small ¢ > 0 such that
d([61,62],v(J N S*(€))) > 0. By (98), there exists ko
such that @, € S*(e) for k > k. Since My, —> 0,

there exists k1 such that Mank > ¢q for k > k:1 By the
definition of {nj} we have

> Mz

||ﬁnk+1—1 + a'nk+1—16nk+1 HOO Ony,

for k > ko V k1. This means that {v(T,),n > ko V k1 }
crosses [d1, 02] infinitely many times with starting points
U, = u*, but it is impossible by assertion in Step 2.
Thus, the lemma is proved. O

Set ¢ = o where K is the smallest time when the al-
gorithm defined by (90) and (91) has no more trunca-
tions. For the samples w € Q where (33) holds, Lemma 7
means that there are only a finite number of truncations
for (90) and (91). At the same time, noticing (55) and
(56), we conclude that there are only finitely number of
times for which {@ } may differ from {wy}, and T, = uy
fork:ZK.Fore>0setS()—{u ]lNlue [1%u* +
Dot asINEsr1 — € Lu* + 3777 1o as I Esr1 +ef}. A
ter the truncation havmg ceased the algorithm becomes

Tg41 :ﬁk—kak( Lyk+1+6k+1) k> K,

O
€1k+10

(1)

where € s €n k1) Therefore

(1) = [e
k+1 —

o0
T —
E a51N€S+1
s=K

and hence S(¢) is well defined. Similar to Step 1 in the
proof of Lemma 7, we have d(T, S(0)) - 0.
—00

Z aS]lNeSJr1 < 00,

Theorem 8 Assume A1-A4 hold. Then applying the al-
gorithm (18)-(22) to the multi-agent systems composed
of the Hammerstein systems (1) and the Wiener systems
(2) leads to consensus:

Yik — v a.s.,VieN, (111)
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where y° = y°(w) may depend on samples w and is such
that |y°| < oo a.s., and y°1 xy = h(u®), where

%fz(u)a
fi( %),

PROOF. We first note that J N S(0) £ {u"} is a sin-
gleton by Lemma 6. By Lemma 1 in |Chen | (2007), if
limy oo Uik = u;, then limg_yoo yi . = hi(u;). There-
fore, to prove (111) it suffices to show that d(ug,J N
S5(0)) = 0 or ug = u. From Lemma 7 we know

that {uk} is bounded Set

ha(u) if 1 is the Hammerstein system,
() =
! if i is the Wiener system.

v = hmlnfv(uk) < limsupv(T;) £ vo.
k—o00

If v1 < wq, then there exist d; and Jo such that §; <
(52, d([§1,52],v(J N S(O)) > 0, and [61,52} C (1}1,1)2).
Thus, there exist € > 0 and kg such that d([d1, 2], v(J N
S(e))) > 0 and T € S(e),k > ko. This implies that
{v(Tk), k > ko} crosses [d1, J2] infinitely many times and
contradicts to what proved in Step 2 in the proof of
Lemma 7. So, v1 = vg, i.e., {v(T)} is convergent.

Assume the converse: there exists {@,, } C {Tx} such
that limy_, o T, = T # u’. Noticing d(tig, S(0)) P

—00
- v(ﬁnk) <
—%T for sufficiently small T > 0 and large enough k.

This contradicts to the convergence of v(Ty ). Therefore,
d(tg, J N S(0)) = 0. By Lemma 7, {u} may differ
—00

0, similar to (110) we have v(Ty(p,, 1)41)

from {7} only by a finite number of terms, so d(u, JN
S(0)) - 0. O
— 00

7 Numerical simulation

Consider the undirected communication graph with four
agents presented in Fig. 1. The corresponding Laplace
matrix is as follows:

2 -1 0 -1

-1 3 —-1-1
L =

0 -11 0

-1-10 2

Using the algorithm given by (18)-(22), we compute
the output of the systems for three cases: 1. All four
agents are Hammerstein systems (H) but with different
parameters and static functions. 2. All four agents are
Wiener systems (W) but with different parameters and
static functions. 3. Two are Hammerstein systems and



Agent 1 Agent 2

Agent 3 Agent 4

Fig. 1. Simulation graph

the other two are Wiener systems. To be precise, they
are as follows.

Case 1.
o1 = fi(uie) = —uf , — uig,
H:Syi1p41+02y; 1 +0y1 -1 +0.6y1 -2 =v1 1

—0.3’()1,]@,1 — 1.21}17]@,2;

vo ik = falugk) = —2ugk + 1,
y2,k+1 1+ 0.6y2 & + 0.5y2 k-1 + 0.4y2 2 = va

—V2 k-1 — 2U2 k—2;

{’US,k = fa(usn) = (usp — 1),

=

y3,k+1 — 0.15y3 & + Oys g—1 + 0.5y3 k-2 = v3 &
+0.2’U3,k_1 - 0-4U3,k—2§

va g = faluap) =udy +1,
Yak+1 +0.76y4 1 + 0.5ys k-1 + 0.6y4 k-2 = V4
+0.5U4,k_1.

=

Case 2
{'Ul,k-H +0.2v1 ; + 001 g—1 + 0.60V1 g2 = U1k
W9 —0.3uy k-1 — 1.2uy o,
Y1 kt1 = J1(V1p41) = _vik.l,_]_ — V1 k415
V2 g1 + 0.6v2 1 + 0.5v0 1 + 0.4v2 _o = U2
W {_UQ,kl — 2ug —2,
Yo,k+1 = fo(Vaky1) = =202 k41 + 1;
{UB,k+l —0.15v3k + O0vz g—1 + 0.503 2 = U3
W +0.21L3’k,1 - 0.4’(1,3’]6,2,
Y3 k1 = [3(v3 k1) = (V341 — 1)%;
{1)4,k+1 +0.76v4 1 + 0.5v4 —1 + 0.6V4 p—2 = Ug i
W< +0.5uq -1,
Yahr1 = fa(agsr) =03 + 1.
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agent 1

45 agent 2
~ = —agent3
Al — - agent4

o 200 400 600 800 1000
Step

Fig. 2. Inputs for Case 1

e

agent 1
agent 2
- - —agent3
— - agent4

IS
o

Output
N
0w

o L R R R R

IS

o b

-

200 400 600 800 1000
Step

Fig. 3. Outputs for Case 1

Case 3
V1 k+1 +0.201 & + 0vy 1 + 0.6V g—2 = U1 &
W . *0.3U17k_1 — 1.2U17k_2,
Y1 k1 = [1(V1p41) = —v%7k+1 — V] k413
V2 k+1 + 0.61}27]C + 0-5U2,k—1 + 0-4U2,k—2 = Uk
W q —ug p—1 — 22Uz p—2,
Y2.k+1 = fo(Vo,pt1) = =202 k41 + 1;
v3 k= fy(us) = (usp —1)3,
H: < ys 1 — 0.15y3 1 + 0y3 -1 + 0.5y3 p—2 = v3
+0.2v3 k-1 — 0.4v3 _o;
v = fauar) =ui , +1,
H: S yapy1 +0.76ya 1, +0.5y4 -1 + 0.6y 52 = va i
+O.5U471€_1.

All observation noises {e12x},{€14x}, {€21.1}, {€231},
{€2a.1:},{€32,1},{€a1,1}, and {es2} are mutually inde-
pendent and normally distributed with with zero mean
and variance 1. It can straightforwardly be verified
that A1-A4 hold. We take all initial values to be 0 and
ui =1,u3 =2,uf = 3,u} =4, cpr = 55. The algorithm
(18) - (22) is applied. Simulation results are presented
in Fig. 2 - Fig. 7 for cases 1-3, respectively. From the fig-
ures it is seen that the output consensus is achieved and
the input at all agents are convergent for all these cases.



agent 1
agent 2

~ = —agent3
- - agent4

o 200 400 600 800 1000
Step

Fig. 4. Inputs for Case 2

agent 1
agent 2
- - —agent3
- - agent4

400 600 800 1000
Step

Fig. 5. Outputs for Case 2

agent 1
agent 2
- - —agent3
- - agent4

0 200 400 600 800 1000

agent 1
agent 2
— — —agent3
— - agent4

o 200 400 600 800 1000
Step

Fig. 7. Outputs for Case 3

8 Conclusions

In this paper the output consensus problem of networked
Hammerstein and Wiener systems is studied in a noisy
communication environment. Each agent being a Ham-
merstein or Wiener system is assumed to be open-loop
stable, and its static nonlinearity is allowed to grow
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up but not faster than a polynomial. A control algo-
rithm based on DSAAWET is proposed. The algorithm
is transformed to a centralized SAAWET by introducing
auxiliary sequences, but its convergence is established
by a treatment different from a direct application of the
convergence theorem presented in |Chen | (2002). It is
shown that the proposed algorithm leads to the output
consensus with probability one. For further research it
is of interest to consider the output consensus problem
for other subsystems, for example, the nonlinear ARX
systems, the multi-input multi-output systems, etc. It is
also of interest to consider other kind of communication
graphs.
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