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Multi-Level Stochastic Gradient Methods for Nested
Composition Optimization
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Abstract

Stochastic gradient methods are scalable for solving large-scale optimization problems that
involve empirical expectations of loss functions. Existing results mainly apply to optimization
problems where the objectives are one- or two-level expectations. In this paper, we consider the
multi-level compositional optimization problem that involves compositions of multi-level compo-
nent functions and nested expectations over a random path. It finds applications in risk-averse
optimization and sequential planning. We propose a class of multi-level stochastic gradient meth-
ods that are motivated from the method of multi-timescale stochastic approximation. First we
propose a basic T-level stochastic compositional gradient algorithm, establish its almost sure
convergence and obtain an n-iteration error bound O(n~!/ 2T). Then we develop accelerated
multi-level stochastic gradient methods by using an extrapolation-interpolation scheme to take
advantage of the smoothness of individual component functions. When all component functions
are smooth, we show that the convergence rate improves to O(n_4/ (7+T)) for general objectives
and O(n"‘/ (3+T)) for strongly convex objectives. We also provide almost sure convergence and
rate of convergence results for nonconvex problems. The proposed methods and theoretical
results are validated using numerical experiments.

Keywords: Stochastic gradient - Stochastic optimization - Convex Optimization - Sample com-
plexity - Simulation - Statistical learning

1 Introduction

Over the past decade, stochastic gradient-type methods have drawn significant attention from
various communities such as mathematical programming, signal processing and machine learning,
mainly due to their practical efficiency in minimizing expected-value objective functions or empirical
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sums of a large number of loss functions [2, 5, 10, 11, 12, 14, 18, 22, 30]. They are particularly
popular methods for tackling large-scale problems such as statistical estimation [6, 20], matrix and
tensor factorization [8] and training deep neural networks [13, 29]. Stochastic gradient methods
mainly apply to minimizing the expectation of a stochastic function, i.e.,

min B, [ (@)

where the expectation is taken over a random variable w. Note that this problem involves one level
of expectation.

In this paper, we propose to study a richer class of stochastic optimization problems, which
involve nested expectations over a sequence of random variables. In particular, we consider the
T-level stochastic compositional optimization problem, given by

) ) ) .
min F(r) = Bu |15 (B [£2 (- (B P @) )] (1.1)
where f, 5}?(') :R% — R%-1 for j =1,--- ,T are continuous mappings, X is a convex and closed set,

and dy = 1, i.e., F(z) is a real-valued function. The nested composition structure provides a rich
modeling tool for data analysis and decision-making applications. For instance, online principal
component analysis and policy evaluation in reinforcement learning can be formulated into two-level
stochastic compositional optimization [15, 27]. For more applications, we illustrate two examples
that arise from operations research in Section 4. Omne example is a mean-deviation risk-averse
optimization problem which can be formulated into a 3-level compositional problem [1, 21]. The
other example is related to smooth approximations of multi-stage stochastic programming [24].

In problem (1.1), for each fﬁ?, we use the subscript w; to denote a random variable and use
the superscript (j) to denote its level. We focus on situations whether there exist deterministic
functions fO), ..., fT) such that

F9(@5) =B (@) wr, -+ wjiml,

for all j = 1,...,T with probability 1. We refer to f1,..., fT as component functions. However,
these component functions are not explicitly known to us. Note that the multi-level random vari-
ables wq, ...,wr are not necessarily independent of one another. When we sample from their joint
distribution, we may generate a sample path (wi,...,wr) sequentially by sampling each w; con-
ditioned on realizations at the previous level’s (w1, ...,wj—1). Throughout this paper, we assume
that the component functions f!,..., f7 are continuous and that there exists at least one optimal
solution z* to problem (1.1). In some part of our analysis, we require the overall objective function
F(x) be convex, but we never require that any individual component function fffj)() be convex,
linear or monotone. We say that a function f is “smooth” if it has Lipschitz continuous gradients,
and say that it is “non-smooth” otherwise.

Our goal is to solve the T-level stochastic compositional optimization problem (1.1) by sampling
multiple paths of (w1,...,wr). We are interested in scenarios where we do not have the explicit
knowledge of the expected-value component functions fU)s. This often occurs when evaluating
fU) requires making expensive passes over large data sets. This also occurs in online learning
applications where f) can not be accurately calculated using finitely many samples. Instead of
knowing f()’s, we suppose that there is a Sample Oracle (SO) such that:



e Upon each query (z € X,y € RY, ..., yr € R¥T), the SO generates a sample path (w1, . .. ,wr)
independently from the query.

e The SO returns a vector f“(,? (z) € RI¥-1 and a noisy gradient/subgradient V fé? (x) €
RdTXdel'

e The SO returns a vector fﬁ? (y;) € R% and a noisy gradient V ft(f]'.) (y;) € Rdi>*di-1,

e The SO returns a noisy gradient V fu(,ll) (y1) € R,

In the above, we denote by v fbg? (x) a noisy gradient/subgradient, which is to be specified in the
context. Let us emphasize that this SO does not return unbiased first-order information regarding
the overall objective function. The SO can be viewed as a component-wise stochastic first-order
oracle that returns noisy first-order information for individual component functions f()’s.Detailed
assumptions on the SO will be specified later.

One might attempt to apply the sample average approximation (SAA) method to attack the
multi-level expectation problem (1.1). However, replacing the nested expectations with empirical
averages will not solve the optimization problem. It will reduce one problem with expectations to
another one with empirical expectations. However, the two problems share similar structures and
the latter one is not necessarily easier to solve. What we need is an implementable algorithm that
computes the optimal solution by iteratively querying the SO and making efficient updates.

Another attempt would be to use some version of gradient method or stochastic gradient
method. Stochastic gradient method will not work automatically. The main challenge is that
we do not have access to the unbiased sample gradient of F' due to the multi-level nested expecta-
tions. To see this, let us consider the case where each fU) is differentiable and apply the chain rule

to get

VE(@) = VD @) VD (7 (@) VO (P00 fD(a))
For a given x € S and a given sample path (w1, ...,wr), one may formulate an unbiased estimate
of VF(z) as

VI @V (D @) - VI (P o0 fD(@))

which unfortunately cannot be calculated by calling the SO once (or even finitely many times).
This is because that computing the preceding unbiased gradient sample requires quering the SO
at values f()(z), fTDo fM(x),...,fFo...0 fT)(x), which are unfortunately not known. As a
result, the nested composition structure induces substantial bias in the sample gradients for F' as
long as T' > 2. In contrast, when T = 1, the objective function is linear in the distribution of the
random variable w. For problems with T' > 2, the nonlinear composition between expectations and
component functions creates an objective function that is highly nonlinear with respect to the joint
probability distribution of wi,...,wr. A graphical illustration of the level of difficulty for dealing
with multi-level composition optimization is given in Figure 1. We can view the optimization
problem (1.1) under the SO as a form of estimation problem, in which we want to estimate the
optimal solution z* by taking independent sample paths. We can see that the nonlinear composition
makes this estimation/optimization problem fundamentally challenging.

Existing work on stochastic compositional optimization traces back to [7] which considered
the two-level problem. In Section 6.7 of [7], a two-timescale stochastic approximation scheme
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Figure 1: In one-level stochastic optimization, the objective function is linear in the probability
distribution of w. In multi-level stochastic compositional optimization, the objective is no longer
linear in the joint probability distribution of the random variables (w1, . .., wn, ), making the problem
fundamentally harder.

was proposed and its almost sure convergence was established without rate analysis. Recently, [26]
developed a general class of stochastic compositional gradient descent (SCGD) method for two-level
problems and established convergence rate results under various assumptions. [28] developed an
accelerated stochastic compositional proximal gradient (ASC-PG) method for the two-level problem
and proved faster convergence in some cases. [16] considered a special case of the two-level problem
where each expectation takes the form of a finite sum of loss functions and developed variance-
reduced versions of the compositional gradient methods. However, to the best of our knowledge,
all existing results only apply to the case where T' = 1,2. Multi-level stochastic compositional
optimization remains largely open.

In this paper, we develop sampling-based algorithms and complexity theory for the T-level
stochastic compositional problem (1.1). We draw motivation from the optimality conditions of
problem (1.1). In particular, we expand the first-order condition into a system of variational
equalities and inequalities by introducing auxiliary variables that correspond to a sequence of
value functions at the optimal solution, i.e., tail compositions of the component functions. Our
first attempt is a basic multi-timescale stochastic approximation iteration to solve this system.
We establish its almost sure convergence using a T-element super-martingale argument for both
convex and convex problems. We also show that it converges to the optimal solution at a rate of
O(n~Y 2T) where n is the number of iterations/oracle queries. This result suggests that the sample
complexity for obtaining an approximate-optimal solution depends exponentially on the number of
nested levels T'. Such an exponential dependence is somewhat expected. It is consistent with the
sample path complexity for solving multi-stage stochastic programming, although the optimization
formulations and assumptions are slightly different.

Furthermore, we develop accelerated multi-level stochastic gradient methods. The accelerated
algorithms apply to “smooth” composition problems and takes advantages of the smoothness of



NON-CONVEX CONVEX STRONGLY CONVEX

1-LEVEL O(n=12) [9] O(n~1?) [23] O(n=1) [19]
SMOOTH O(n=4/9) [28] O(n=%/?) [28] O(n=*/?) [28]
2-LEVEL N ON-SMOOTH O(n~%) [26] O(n=14) [26] NA
3-LEVEL SMOOTH O(n=2/%) [#] O(n=%/%) [¥] O(n=2/3) [«]
T-LEVEL SMOOTH O~ ]  O(n=YT+D)) [x] OB+ [4]

Table 1: Best-known n-sample error bound for solving multi-level stochastic compositional opti-
mization. These bounds are achieved by stochastic gradient-type methods, so they are n-iteration
error bounds at the same time. Note that we say the composition problem is “smooth” if all the
component functions have Lipschitz continuous gradients. We use [] to denote the current paper.

individual component functions fU). An eztrapolation-interpolation scheme is used to balance
the bias-variance tradeoff in approximating each value function. The accelerated updates for the
auxiliary variables can be viewed as first-oder running approximations of the true values, while
the basic method without acceleration uses zeroth-order running approximations. As a result, the
accelerated updates are more accurate and thus the overall convergence rate is improved. In the
case when all component functions are smooth, we improve the convergence rate to (’)(n*4/ (7+T))
for convex objective functions and O(n_4/ (3+T)) for strongly convex ones. We have also obtained
convergence and rate of convergence results for nonconvex problems. Table 1 summarizes our results
and compare them with the best known ones for the single- and two-level stochastic compositional
optimization problems [9, 19, 23, 26, 28]. We also provide numerical experiments with a risk-averse
regression problem. The numerical results validate our theory.

To the best of our knowledge, this paper proposes for the first time the multi-level stochastic
gradient methods for the composition optimization problem (1.1), where we establish almost sure
convergence results and obtain fast convergence rates. For the case where T' = 1, our results
match the best known sample complexity upper- and lower-bounds. For the case where T' = 2, our
results improve the convergence rate from O(n=2/?) of the a-SCGD in [26] to O(n~2/). Besides,
with additional assumption that the inner level function f(*) in (1.1) has Lipschitz continuous
gradients, we obtain a convergence rate O(n~%?) for two-level problems, which matches the state-
of-art result achieved by ASC-PG in [28]. For the case where T > 3, our results fill the open gaps
and provide the first few sample complexity benchmarks.

Paper Organization. Section 2 gives a basic algorithm based on multi-timescale stochastic
approximation and establishes its convergence. Section 3 develops accelerated versions of the algo-
rithm and shows that they achieve faster convergence for smooth problems. Section 4 illustrates
two motivating applications in operations research and Section 5 gives numerical experiments.

Notation and Definitions. For x € R", we denote by 2’ its transpose, and by ||z|| its Euclidean
norm (i.e.,||z|| = v2'z). For two sequences {z;} and {y;}, we write 2, = O(y;) if there exists a
constant ¢ > 0 such that ||z;| < ¢||yx| for each k. We denote by IVuc
‘ condition ” is satisfied; otherwise 0. We denote by F* the optimal

objective function value for (1.1), and denote by X* the set of optimal solutions. For a set X C R"

the indicator function,

3 3

which returns “ value 7 if the



and a vector y € R™, we denote by Ily{y} = argmin, .y ||y — z||? the Euclidean projection of y on
X, where the minimization is always uniquely attained if X is nonempty, convex and closed. For
a function f(z), we denote by Vf(x) its gradient at = if f is differentiable, denote by Jf(x) its
subdifferential at x, and denote by v f(x) some noisy estimate of the gradient/subgradient of f at
x. We denote by “ — 7 as “converges to”, and denote by “w.p.1” as “with probability 1”.

2 A Basic Algorithm Based On Multi-Timescale Stochastic Ap-
proximation

We start by writing down the optimality condition of problem (1.1) (assuming that the problem is
convex):

VF(@*) (z—2%) >0, Vo e X,

where

VE(z) = VIO () VD (T (z)) - VO <f<2> 6.5 f(T><x)) ,

However, this optimality condition is not easy to work with. As we have discussed in Section 1, the
chain rule makes obtaining unbiased samples of VF(x) difficult. Let us rewrite the the optimality
condition as follows

(VIO @) v T () - v O <y<1)>>' (@—2")>0, Vrex,

y T = 1)
yT=2) = p(T=0((T=2)y — f(T=1) ¢ () (g

gD = O (@) = £ ... fT)(g),

We refer to f(j) 0---0 f(T) (x), 7 =1,...,T — 1 as the value functions, i.e., tail compositions of
multi-level component functions. By introducing the auxiliary variables y/)’s to represent the value
functions, we can decouple the chain product. Now for a given (:L“,y(l), ey y(T_l)), our sampling
oracle allows us to get unbiased estimates for all the quantities in the preceding system of optimality
conditions.

2.1 A T-Level Stochastic Gradient Method

Motivated by the system of optimality conditions, we develop our first algorithm - a multi-timescale
approximation iteration. It is also a generalization of the basic-SCGD in [26] which applies only
to two-level problems. Our algorithm runs iteratively. Denote by k the iteration counter. A key
ingredient of our algorithm is to introduce auxiliary variables y,(j )’s, defined recursively, as running

estimates for the value functions ijk[féi)k (y,ff“))\wl,k, o+ ,wj—1k|, where j =1,--- T —1, and

T = y,(CT). At the k-th iteration, we update the current solution z; by using a quasi-stochastic

gradient step given by

win = Wl — on VA, () VA ) - VA0, i)



Algorithm 1 Basic Stochastic Compositional Gradient Descent (T-SCGD)

Input : zg € Rir, y[()j) eR%, for j=T—1,---,1, SO, K, stepsizes {ak}fzo, {51-’;4},5:0 for
j=T-1,..,1.
Output : The sequence {z1}72,.
for k=0,..., do
Query the SO for the sample values of f(T oo M at (g, y,(chl), ) y,il)) obtain the sample
gradients/ subgradients Vf(:;),C (), VfwT 1,C( ,E:T 1)),-~ ,Vfﬁ)k( Yy )).
Update the main iterate by

Th+1 = HX{:ck — ak%fﬁ,k(%k)vfw b k( ](chl)) ... Vf“(i)k (ylgl))}

Query the SO for the sample value of f(T)(-) at x, obtain f(f,?kﬂ(xk).
Update y/,(C b by

yiﬁ]” =(1- ﬂTfl,k)y,iT_” + /BTfl,kfch?k+l(wk)-

for j=T—-2,---,1do
Query the SO for the sample value of ) at y( 7 obtain f Wikt (y,(jll)

k+1
Update
= =By + Bt S0 D).
end for
end for

(4)s

Then, we update the auxiliary variables y,”’’s by taking an weighted average between the previous
values and the new samples returned by the SO, i.e., for j =T - 1,7 —2,...,1,

1) (j+1
y](gll (1 - 6] k:) + B] kfo(J]]j__l k+1( ]g]+1 ))a (2'1)
where wj;j, denotes the realization of j-th level random variable at the k-th iteration, 3;;’s are
pre-specified stepsizes. We refer to this update for y(J ) as a basic update step. Letting y,iT) = 11

and oy = By to simplify the notation, we refer to the preceding iteration as the basic T-level
Stochastic Compositional Gradient Descent (T-SCGD) method and summarize it in Algorithm 1.
Note that we choose the stepsizes such that ;1 /8;r — 0 as k — oo for all j’s, in order to control
and balance the convergence speed for each auxiliary variables.

To analyze the convergence of the algorithm, we impose the following assumptions on the
smoothness and bounded second-order moments for the stochastic component functions.

Assumption 2.1. Let C,Cy,--- ,Cp,Vq,--- , Vi, Lo, L3, - - -, L1 be positive scalars.

(i) The outer functions (7=, f(T=2) ... () are continuously differentiable, the inner function
f (T) is continuous, the feasible set X is closed and convex, and there exists at least one optimal
solution z* to problem (1.1).



(11) The Sample paths (wl,Oa w20, " awT,0)7 (w1,17w2,1a T )wT,l)a"'v(wl,kakaa T 7wT,k‘) are inde-
pendent across k and satisfy with probability 1
E[f9) (z;)|wio,- - wj_10] = f9(x;),Va; € RY for j=1,---,T, and E[VE,, ()] € OF (x),

UJJ’O
for all # € X, where VF,,(z) = V) (2)V 550 (1D (@) - v £, ( Ff@o...0 f(T)(a:)).

(iif) The function f(T)(-) is Lipschitz continuous with parameter Cp, and the samples fu(,:;?o(-),

v fug?o() have bounded second-order moments such that with probability 1

E[’ng?o(w)“z\wT—1,o, s wig)] < CTvE[HfU(J?O(x) — fD @) wr-1,0, - ,wio] < Vo,
forall z € X.

(iv) For j =1,---,T —1, the functions fU)(-)’s and fogz?o(-)’s have L;-Lipschitz continuous gradi-
ents such that with probability 1

E[IVS5), @)IPlw-r0. -+ swi0] < ChE[IfS), (25) = fP @) [Plwj-r0, -+ swi0] <V;
and ||V 9 () = V9 (2))|| < Lyllz; — 241,

for all z;,7; € R%.

In some part of the analysis, we also assume that the overall objective is sufficiently smooth as
follows.

Assumption 2.2. The function F(z) has Lipschitz continuous gradient, i.e.,there exists Ly > 0
such that

F(z)— F(z) <(VF(x),z —x) + LTFHZ —z||?, Vz,z.

Note that in Assumption 2.1, we require the functions f((.),---, fT=1(.) to have Lipschitz
continuous gradients, and we do not impose such assumptions on f (T)('). Hence, we cannot guar-
antee that F'(z) has a Lipschitz continuous gradient, which means Assumption 2.1 does not imply
Assumption 2.2.

2.2 Almost Sure Convergence of T-SCGD

Theoretical analysis of Algorithm 1 is challenging due to the nested level of expections over a path
of random variables. The multiple nested levels of expectations need to be carefully estimated and
balanced to ensure convergence of the algorithm. We first prove the almost sure convergence of the
algorithm as long as the step-sizes are properly chosen and diminishing. For convex problems, we
show that the algorithm generates a sequence of solutions that converges to an optimal solution to
problem (1.1) with probability 1. For nonconvex problems, we show that all limiting points of the
sequence generated by this algorithm are stationary points with probability 1. In the rest of this
subsection, we give a proof outline with all the lemmas. We defer the full proof to Appendix A.



Theorem 2.1 (Almost sure convergence of T-SCGD). Let Assumption 2.1 hold, and let the step-
sizes {oq i}, {Bok}, -, {Brk} be such that

o0 o
Zak :oo,Zﬂj,k =o0, forall j=T-1,...,1,

k=0 k=0
and
] 2 2 2 /82 52
o a T—1k 2k
Z(a%—i—ﬁ%,uﬁ- +’31k+7+53k+ .+/3Tk1k Br_ak 51k><oo'

k=0

Let {(mk,y,(cT_l), e ,y,il)) o be the sequence generated by the T-SCGD Algorithm 1 starting
with an arbitrary initial point (zo, y(()T_l), T (1)) Then:

(a) If F is convex, {x} converges almost surely to a random point in the set of optimal solutions
to problem (1.1).

(b) Suppose in addition that Assumption 2.2 holds, X = RIT and all samples generated by the
SO are uniformly bounded. Then any limiting point of the sequence {x}}?°, is a stationary
point to problem (1.1) almost surely.

Proof Outline. We denote by Fy the collection of random variables up to the k-th iteration to help
us better analyze the convergence properties:

T—1 1) fo— k—
{{.TZ},L Oa{yf )}z 0" " 7{%( i= Ov{wTZ 1:017"’ 7{(*)1,7; 1:(]1}

To derive the almost sure convergence of Algorithm 1, we construct two different T-element super-
martingales for the convex and non-convex objectives, respectively.
Firstly, for problems with convex objective F', in the k-th iteration, we have the following lemma
(T-1) (T) (T-2)
to analyze the 1mprovement from ||:1:;C — 2| to [|zk41 — =*|| by Hyk — fE N (xp)|l, Hyk -

FT DG, -, and [yt — FO D).

Lemma 2.1. Let Assumption 2.1 hold, and let F = Mo f@ o ...0 fT) be convex. Then
Algorithm 1 generates a sequence {(x, y,(CT 1), . ,yk )} w2, such that there exists a constant Cy >

0 and an optimal solution x* € X*, for all k, with probability 1

E[l|zpr1 — 2*||*|F]

o o )

N —}Cﬂ>llfﬂk —2*|? + ajC1Co - - O — 204 (F(zy,) — F*)
Br—1,k B,k

(T = 1)Br—1 Byt = £ (@) |1PFe] + (T = 2)Br—2,E[llys” > = FTD ()12 [R5
+ oo BBl = FO @) F).

§(1+[

(2.2)
Lemma 2.1 states that for T-level SCGD with convex objective function F', the optimality error
X X T—1 T—2 _ T—1
241 —2*|| can be bounded by [lzx —a*, [yt = FD (@), " = FT D), -+, and

Hy,(:) —f® (y,gQ))|] in a super-martingale form.
Next, we present a lemma used in the analysis in part (b).



Lemma 2.2. Suppose that Assumption 2.1 and 2.2 hold and X =R%¥. Let F* = mingcy F(z),

then Algorithm 1 generates a sequence {(xy, ,(CT b ,yk )}k o such that

ElF (zi41) — F*[Fy]
. o 1 _
< F(xy) — F* — *k||VF(ka)||2 + 504%LF0102 - Cr 4+ (T = 1)1 Blllyl" ™ = £ () |12y

+ (T = 2)Br-s kEmy(T D — FED T PIE] 4 -+ Bl — FO )1,
for k sufficiently large, with probability 1

This lemma tells us that for T-level SCGD with general nonconvex objective function F,

(F (k1) — F*) can be bounded by (F(ax) = F%), " = fO @)l gy = 17D M)l

-, and Hy,gl) —f® (y,gz))\\ in a super-martingale form. Similar as in Lemma 2.1, we shall construct

the super-martingales for ]]y,gT_l) — D) (x| and ||y,(€j) —f(jH)(y,(ng))H forj=T-2,---,1respec-

tively, and then use Lemma 2.4 to show the almost sure convergence of (F(zy) — F*) for a T-level

SCGD with nonconvex objective F'. With further analysis, we show that any limiting point of the
sequence {xj}32, is a stationary point with probability 1, which proves part (b) of Theorem 2.1.

Next, we analyze the term Hy,(gj) — f(”l)( (1) )|| for j =T —1,---,1 and construct the proper
super-martingales for them respectively.
Lemma 2.3. Let Assumption 2.1 hold, and let {(:z:k,ykT 1), . ,y,gl)) o be the sequence gener-
ated by Algorithm 1. For j =T —1,---,1, suppose E[Hykjjll ]+1)H ] < O(B? 1) for all k,

then we have

(a) For all k, with probability 1,

Efly?), — 9D (g0 |2 Fy ]

(2.3)
1) 1) 1)
<(1- Bj’k)”y’g = 1 (g I+ B; 1CJ+1EH|?J1(CJ++1 ]+ I[Faq1] 4+ 2Vig1 574
(b) If >0, 5]2+1,k/5j,k < 00, then
e -
ZﬂjjklE[”yl(cjﬂ_yk 12|Fri1] < 00, w.p.l.
k=1
(c) There exists a constant D; > 0 such that E[”yl(cj—l)-l _ f(j+1)(yl(ir+11))”2] < D; for all k.
(a) Elllyd), — v I2) < 0(82,) for all k.
Note that here we use y,(cT) =z, and B = oy for ease of notation. This lemma constructs
super-martingales of {”3/1(63) — Uy ]H )}ee, for j = T —1--- 1 respectively, and it also

shows that under proper assumptions, the tail part for the super-martingale, 5;10j+1EH|y;(€j+)1 —

y,ij)||2|Fk] + 2Vj+1532',k7 converges almost surely.
Previous lemmas provide basic blocks for us to build a T-element super-martingale. We then

provide the T-element super-martingale convergent lemma to establish the convergence property
of {zy, — z*}.
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Lemma 2 4 (T-element supermartingale convergence). Let {Xk},{Yk(T b } {Y } {nk}, and
{uk )} {uk } {0(3 } for j =1,---,T be sequences of nonnegative random variables such that

E[Xk+1|Gr] < (1 +n1) X — Uk )+ Z ¢t ])Y( ) l(vT)’

j=1

and . .
E[ k+1 |Gl€] ( elg;j))yk(j) (J)—I—,ul(f),for‘] _T_]-a"‘u]-a

for all k, where Gy, is the collection of random variables

{0 (0 o, (o, {u? Yo, A Yo {0y, for j =1, T,

and ¢p_1,cr_o -+ ,c1 are positive scalars. Assume that

o o0 .
an <oo,z,u,(€]) <oo, forj=1,---,T
k=0 k=0

Then {X}}, {Yk(l)}, {Yk(z)}, e {Yk(T_l)} converge almost surely to 7' nonnegative random variables
respectively, and we have

T oo co T—1
ZZ’U,]<OOZZC] <oowp1
j=1 k=0 k=0 j=1

To prove Theorem 2.1 part (a), by Lemma 2.1 and Lemma 2.3, we construct a T-element
super-martingale by letting

X = [lzg — 212 YD = Elllyy” Y — £ @) IR,
Y =By - fT 0PI, - Y = Bl — P )12 F,
ai (X% (T) *
T 1k Bk
u](i‘) _u§€2) - :ul(cT_l) :0761 = ]-7 » CT—1 :T_]-7
(2) (2) 12
E — F
SPRN  1e” l aAN
’ B,k
(T-1)
_ E — Fy
NI(CT 2) :2ﬁ%72kVT_1+O( H|yk+1 ?Jk H ‘ ])’
’ Br—2,k
_ E — zi||?|F
M,SCT 1) — 2,8%_1 kVT+O( [ka-‘rl SCk|| | k])7
’ Br—1k
M;(QT) = a;C10y - C'T, =B, .0 (T b= Br—1,k-

Under the conditions in Theorem 2.1, we have that the T-element super-martingale converges
almost surely to 7' random variables by Lemma 2.4, thus ||z — 2*|| converges almost surely, and

oo
Zak(F(xk) —F*) <oo, w.p.l,
k=0
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which further implies that
liminf F'(z) = F*, w.p.1.

k—o0

Finally, the following lemma shows the the sequence {x}}3°, converges almost surely to an optimal
solution to problem (1.1), which completes the proof of part (a).

Lemma 2.5. Let {(xk,y,gT_l), e ,y,gl))}zozo be the sequence generated by Algorithm 1. Let F* =

F(z*), where z* is an optimal solution to problem (1.1). Suppose

liminf F(z) = F*, w.p.l,

k—o00

then {x}} converges almost surely to a random point in the set of optimal solutions to problem
(1.1).

For part (b), by Lemma 2.2 and Lemma 2.3, we construct the T-element super-martingale for
general non-convex functions, and show that {F'(zy) — F*} converges almost surely by Lemma 2.4,
which further implies 3% ax||VF (2x)||?> < oo with probability 1. Then, we have the following
lemma which shows that any limiting point of the sequence {xy} is a stationary point of F'(x) with
probability 1.

Lemma 2.6. Let {(azk, y,(chl), e ,y,gl))}:io be the sequence generated by Algorithm 1. Suppose
Yok = 0o and Y po, ak||[VF(z)||? < oo with probability 1, then any limiting point of the
sequence {zy} is a stationary point of F'(x) with probability 1.

This concludes the proof for part (b). O

2.3 Convergence Rate of T-SCGD

In this subsection, we analyze the convergence rate of Algorithm 1. Specifically, we derive the rate
through taking the averaged iterates z,, = N%L > k—n—N,+1 Tk, Where Ny, = [n/2]. Note that similar
results still hold if we let N,, = n/C for other constant C' > 0.

Clearly, the rate of convergence is closely related to the stepsizes ay’s and 3;;’s. We consider
stepsizes of the form

ap =k and Bjp =k forall j =T —1,...,1, (2.4)
where a and b;’s are real numbers.

Theorem 2.2 (Convergence rate of T-SCGD). Suppose that Assumption 2.1 holds, and the objec-
tive function F'(-) is convex. Let D > 0 be such that sup, ¢y ||zo — z*|| < D, and let the stepsizes
be o = k7%, Bk = k=Y for j =T —1,---,1, where (a,bp_1,br_2,---,b1) € (0,1). If we choose
a=1-— QLT,bT_l =1- QT%I, b =1-— %, letting {(:ck,y,(fT_l),"- ,y,(cl))}zo:o be the sequence

generated by the T-SCGD Algorithm 1 starting with an arbitrary initial point (zo, y(()T_l), e ,y(()l)),
we obtain

E[F(Z,) — F*] < O(n~Y?").

12



Proof Outline. We present the outline of proof here and defer the detalls in Appendix B. We first
derive the convergence rate of Hy,(izl — f(jﬂ)(y,i]:ll )|| and Hka - yk H for j =T —-1,---,1.
By Lemma 2.3 and Lemma B.1 in the Appendix, we have the following lemma characterizing the
corresponding convergence rates:

Lemma 2.7. Let Assumption 2.1 hold, and let {(zx,y, (T- 1), e ,yk )}k o be the sequence gener-

ated by Algorithm 1. For any basic update step j =717 — 1,---,1, we have
Elllye” — FO 0 4 )P) < O 152%0) - O(k™) - for all k.
Next, define the random variable
Ji = i PHT-D) g = D@2l TGP i P w1

so we have E[Ji| < Dr+ (T —1)D7_1+ (I'=2)Dr_92+---D1 = Dj.
We multiply (2.3) by j x (1+ B;) for every j from T'— 1 to 1, take their sums with (2.2), and
take the expectation on both sides. By Lemma 2.7, we obtain

P P P
ol o2 o2 .
+ + -+ —]Co E|Jg] — 20 (F (2, — F
Br-1k  Br-2k 51,k] 0) i (Pl )

+C1Cy -+ Craj + A(T — )VpBi_y 4 +

E[Jk11] < (1 + [

2(T —1)C1Cy - - - Cr_1C203

Br-1k
T—2
2C511
+ Z] X [4VJ+1BJI<; + = O( ]+1,k>]'
j=1 6],]{2
Let N > 0, by reordering the terms in the preceding relation and taking its sum over k — N, --- | k,
with basic algebra, we have
k
2 Y E[F(z) - F]
t=k—N
k
<KD+ Y (kT4 4 kY GD,
t=k—N
k T-1 k k -2 k
+ Z O Z —2b; +a + Z O k= a+br 1)+ Z O(k? 2bJ+1+a+b)
t=k—N ]:1 t=k—N t=k—N j=1t=k—N
Finally, we optimize the convergence rate by choosing a = 1 — 2T b1 =1-— 2’%1’ e b =1- %
and obatin .
~ X 1 " _1/9T
B[F(7) — FY] < - > BIF(s) — F] < Ok V27),
k
t=k—N
which completes the proof. O

This result provides a sample complexity upper bound for the multi-level stochastic compo-
sitional optimization problem. In the case where T = 2, this result matches the convergence of
basic-SCGD given in [26].
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3 Accelerated Multi-Level Stochastic Gradient Algorithm

In the previous section, we establish an (’)(nil/ 2T) rate of convergence for the T-level stochastic
compositional optimization problem. A key question is whether and when we can better utilize
noisy gradients of component functions and improve the overall convergence rate.

Throughout this section, in addition to Assumption 2.1, we impose the following assumption:

Assumption 3.1. Let C1,Cs,--- ,Cp,Vq,---, Vp be positive scalars.

(i) The samples fo(JJT) L (), \Y fa(J]T) . (+) have bounded fourth-order moments such that with probability
L,

E(|V 50, @) lwro, - wr-10] < CF,
and E[|| f$D) () — P (@)[|*lwr o, -+ wro10] < VF, Vo e X.

(ii) The samples fiﬁ)k()’s and V f(g)k()’s have bounded fourth-order moments such that with
probability 1,
[Hv w]()(xj)||4|wl,07 U 7wj—]_70] S 0‘72,
and E[]| wJO( i) — f(j)(xj)||4|w1’0, s wio10] < V]?, Vx; € R%, andforj=T-1,---,1.

We also consider the case when the first inner level function f(I) also has Lipschitz continuous
gradients. In some part of our subsequent analysis, we make the following assumption.

Assumption 3.2. The function f) has Lipschitz continuous gradient such that

IV (@) = v (@) < Ll - ],
for all x,z € X .

In what follows, we propose an accelerated algorithm to better utilize those smoothness prop-
erties and achieve improved convergence rates. 1

3.1 An Extrapolation-Interpolation Scheme For Acceleration

The basic idea of acceleration is to refine the running estimates of the value functions by using
additional extrapolations. The same idea has been used for the case where T' = 2. Specifically, in
[26], with an additional bounded fourth moments assumption, the authors developed an accelerated
SCGD (a-SCGD) algorithm and achieved faster convergence rate using an extra extrapolation step
per iteration.

Now we develop a new accelerated algorithm for the multi-level problem that runs as follows:
At the k-th iteration, we first update the main iterate solution xx,1 by the chain rule,

$k+1:H)({ k—OékawTk( ) fu(g 11)k( )Vfogpk(ys))}

14



We then update the running estimate y,gT_l) for B, [ff,?k (zk)|wik, -+, wr—1k] by taking weighted
average between the new sample and the previous estimate. Specifically, we update y,E/,Tfl) by letting

?Jg;l) (1= Browwyy "+ Broy kfwT k+1($k+1)

Next, we conduct extrapolation steps for acceleration. The intuition is that we can use sample
gradients of individual component functions more efficiently when these functions are smooth, which
allows us to obtain better estimates of f(/)’s. In particular, our accelerated updates for the auxiliary
variables are performing first-oder running approximations of the true values. In comparison, the
corresponding updates used in T-SCGD can be viewed as zeroth-order running approximations.

Specifically, at the k-th iteration, we refine our estimate y,(fll by taking an additional extrapolation

~7) .
k41

~17 1 —+1
g = (=180 + y 0 18

we plug in this auxiliary variable aiming for a better estimate that

step and obtaining a new auxiliary variable y

(7)
k+1°

( L
yk]-',)-l (1= Bjk )yk + Bjk - wgill)kﬂ(yi(jlﬁ

Then, when we update y

We point out that this is essentially a weighted smoothing scheme, where y(] )%s are obtained

through extrapolation steps to further utilize the smoothness in order to improve the conver-
(4)

gence rate. Roughly speaking, this further extrapolation step helps us achieve estimators y; /;’s
for fU+D (y,(f:ll))’s accurate up to the second order terms if we take Taylor expansions of f@)’s. In
(j+1)

comparison, without the extrapolation, if we directly plug in y;”";'’s instead, the estimators are
only accurate up to the first order terms. We call this an accelerating update step. Note that here
we do not assume f(7) has Lipschitz continuous gradient as in some applications, f) includes
some sparse-inducing regularization terms and is not continuously differentiable.

When Assumption 3.2 holds, we update the main iteration by the chain rule, and then apply
(T-1)

extrapolation to this level to better utilize the smoothness. That is, we refine our estimate y,_

with an additional extrapolation step and an auxiliary variable y]grl D as

~T-1
y;(ﬁl )= (1- 1/Br—1k)xk + Tk+1/Br—1k-

(T—1

j ) by this auxiliary variable such that

Next, we update y

y;(fﬁl) — (1= Broaw)y" Y+ ﬁT—l,kfu(J?kH@;gll))-
For the remaining levels, we apply the same procedure as in the accelerating update steps previously
described. We summarize those two slightly different accelerated algorithms in Algorithm 2.

In the remaining part of this section, we provide theoretical guarantees for this accelerated
algorithm. We first provide the almost sure convergence result that almost surely, our algorithm
converges to an optimal solution when the problem is convex, and any limiting point of the generated
solution path is a stationary point. Next, we obtain an improved convergence rate for our algorithm
for general nonconvex objective functions. Furthermore, we investigate the case when the objective
function is strongly convex, and shows that one can achieve faster convergence. For all results, we
provide outlines and key lemmas in the main text, and defer the detailed proofs in Appendix C, D
and K.
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Algorithm 2 Accelerated T-Level Stochastic Compositional Gradient Descent (a-TSCGD)

Input: z(y € RdT,y(()j) € RY for j = T —1,...,1, SO, K, stepsizes {ak}kKZOv{ﬁj,k}szo for
j=T-1,..,1.

Output: The sequence {zj}5 .

for k=0,...,K do

Query the SO for the sample values of f(1), ... f) at z;, y,(CT 1), e ,y,(cl), obtain %fog?k (zk),

T—
vaJT 1 k+1 (y]g: 1))7 Tt 7vf0(111?k (yl(ql))'

Update the main iterate by

Tht1 = Hx{$k — ak%f£Z?k (mk)VfwT h k( _1)) . vfo(i)k (y](cl))}

if Assumption 3.2 is known to hold then

Update the auxiliary variable y,E: 41 b by

@fill) (1 —=1/Br—1k)Tk + Tht1/Br—1,k-

Query the SO for the sample value of f(T) at g , obtain fwT k+1(3//<T71)).

Y41 k+1
Update
T-1 T-1
y;(fﬂ '=q@ _6T71,k)y1(g )+ Br_ 1kfw”+1( I(H-l ).

else if Assumption 3.2 is NOT known to hold then
Query the SO for the sample values of f() at zj,, obtain fog)kﬂ (k).
Update 37— by

(T—1

U == Browuy Y+ Broanf D) ().

Y+

end if
for j=T-1,---,2do .
Update the auxiliary variable @,(j_;ll) by

~(j— 1)_(17

T (4) + (4)

—)y Yt
B F Bij_1x FH1

Query the SO for the sample value of ) at ZIE,H ), obtain f Wy kﬂ(zl(fﬂl)).
Update %) by
1 i—1 1
y;(chrl b= (- 5]'—1,1@)1/;? )+ Bj-1, kfw] kH(ykJH ).
end for
end for
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3.2 Almost Sure Convergence Of «-TSCGD

We first investigate whether and under what condition the algorithm converges almost surely. In
particular, we provide sufficient conditions of the stepsizes, such that when the problem is convex,
the algorithm converges to an optimal solution almost surely, and when the problem is nonconvex,
all limiting points of the solution path generated by the algorithm are stationary points almost
surely when F(x) has Lipschitz continuous gradient.

Theorem 3.1 (Almost sure convergence for a-TSCGD). Let Assumptions 2.1 and 3.1 hold, and
let the stepsizes {ou}, {Br—1%}, -+, {B1x} be such that

oo oo o
Y ap=00,) Brr=00,+,> P =00
k=0 k=0 k=0

e 2 2
o
Y (ok+ Brot e+ Bt g b 2] <o,
Pt ’ Pr- Bk
and 00 4 4
Br_ p
S (G ) o
k=0 BT72,I€ 1,k
Let { Th,Y T b ,y,g,l))}:ozo be the sequence generated by Algorithm 2 starting with an arbitrary
initial p01nt (zo, y(()Tfl), e ,y(()l)). Then:

(a) If F'is convex, the sequence {x}}7°, converges almost surely to a random point in the set of
optimal solutions to problem (1.1).

(b) Suppose in addition that Assumption 2.2 holds, X = R, and all samples generated by the
SO are uniformly bounded. Then any limiting point of the sequence {x}}72, is a stationary
point of problem (1.1) almost surely.

Furthermore, if Assumption 3.2 also holds, i.e., when f (T) has Lipschitz continuous gradient, then

if the stepsizes also satisfy
I BT
k=0 Bi

the assertions in (a) and (b) also hold.

Proof Outline. We provide the proof outline here for the case when the first inner level function
) is non-smooth. The analysis for problems with a smooth first inner level function could be
derived from the non-smooth case, and we present the details for both cases in Appendix C.
Essentially, we construct a T-element super-martingale to derive the almost sure convergence
of the algorithm. We denote by [Fj, the collection of random variables up to the k-th iteration, i.e.,

T-1) T-2) (1 —
Fr = { Lot o S PN S e BT e

For the first inner level, since f() is non-smooth, we construct the super-martingale for this level
by Lemma 2.3. With the additional finite fourth-moment Assumption 3.1, we can derive a stronger
result in the following lemma.
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Lemma 3.1. Let Assumptions 2.1 and 3.1 hold, and let {(x, y,(cT_l), . ,yk )}zo o be the sequence

generated by Algorithm 2. Suppose E[||zj41—2x[|*] < O(a}) for all k and oy /Br—11 — 0 as k — 0,
in addition to Lemma 2.3 (a) (b) and (c), we have:

(a) There exists a constant S7_1 > 0 such that IE[Hy,(ngl) — FD ()4 < Sp_q for all k.

(T T—
(b) Elyi " — ot V) < O(Bh_, ) for all k.

Next, to construct the super-martingale for the accelerating update steps, we present the fol-
lowing lemma.

Lemma 3.2. Let Assumption 2.1 and 3.1 hold, and let {(xy, ykT_l), e 1 )}zo | be the sequence

generated by Algorithm 2. For j =T —2,---,1, suppose E[Hyk ) _ +1)|| ] < OB 1) for all

k and Bji1%/Bjk — 0 as k — 0, then there exists a random variable e(j)

1y — FHD I < ) such that:

€ Fi11 for all k satisfying

(a) For all k, with probability 1,

/Bjk

(G+1) ]—i—l
F
Hek—i—l] |Frt1] < (1— Nlyesy” — 4] k+1]) .

et +2532kv}+1+0( 3
ok

(b) It ZZOZI /6;'14,-1,]@/6]37]@ < 00, We have

Z [Hyk.H yk ” |Fre1] <oo  wpl.

3
k=1 Bj,k

(c) There exists a constant D; > 0 such that IE[e/,(cj)]2 < Dj for all k.

(d) There exists a constant S; > 0 such that E[Hy,(gj) — f(jH)(y,(CjH))H‘l] < S; for all k.

(&) Ellly), — v 111 < O(8L,) for all k.

By Lemmas 2.1, 2.3, 3.1 and 3.2, we construct the 7T-element super-martingale and show its
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convergence by letting

Xy, = llag — 22T =Byt — 1O (@) 2[R,

T—2 T-2 1 1
v = BT 2R, -, v = ElleV12Fy,
2 2
e =k 4+ Ty ul") = 20p(F(zy) — FY),
Br—1k Bk
ul =0 = =0TV = 0,00 =2, Lep 9 = 2T —2),001 =T — 1,
(T-1) 1 _ 2 2
ty = CrBr_y jElllzke — el *|Fr] + 2VrBr_y g
- E |y(T—1) . y(T—l) 4 Fy
6T72,k
B[y, -y 14 |Fx]
M](:) — 26516‘/1 + O( k+1 63 k )’
1,k

W= a2cicy -,
0 = Bri/2, - 00 P = Broax/2.00 " = Broin.

The rest of the proof is similar to that of Theorem 2.1, and we defer the details in Appendix C to
avoid repetition. Besides, to prove part (b), we construct a T-element super-martingale by applying
Lemmas 2.2, 2.3, 3.1 and 3.2, and show any limiting point is a stationary point with probability 1
by Lemma 2.6, which is deferred in Appendix C as well.

O

3.3 Convergence Rate Results For «-TSCGD

In this subsection, we study the rate of convergence of the algorithm. We consider stepsizes of the
form
ap =k~ Br_1k = k=11 and Bk = 2kl forall j =T —2,---,1,

where a and b;’s are real numbers if the first inner level function f (T) is nonsmooth, and we choose
the step-sizes to be

ar =k and B =2k % forall j =T —1,--- 1,

if f() is smooth. After optimizing the rate over all a and b;’s, we get the following result for both
convex and nonconvex F(z).

Theorem 3.2 (Convergence rate of a-TSCGD). Suppose that Assumptions 2.1, 2.2 and 3.1 hold
and X = R9T. Let the stepsizes be ay, = k™%, Br-1k = k—b7-1 and Bjk = 2k=b for j =T—2,---,1,

where a,bp_1,...,b1 € (0,1). If we choose the step-sizes as a = gﬁ—; and b; = g%)} forj=T-2,...,1,
letting {(z, y,(CTfl), e ,y,gl)) 2o be the sequence generated by a-TSCGD Algorithm 2, we obtain

> it E[[|VF (2) %] < O(nf4/(8+T)).

n
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Furthermore, if Assumption 3.2 also holds, Algorithm 2 achieves

n 2
S BV P o4

with o, = k7% and 3,1 = 2k~% , where a = ?f} and b; = ?Igl foryj=T-1,...,1.

Proof Outline. We present the outline of proof here and defer the detailed analysis in Appendix D.
The analysis is similar to Theorem 2.2. For the accelerating update steps, by Lemma 3.2 and
Lemma B.1 in the Appendix, we have the following result:

Lemma 3.3. Let Assumptions 2.1 and 3.1 hold, and let {(z,y, (T~ 1), : ,yk }k o be the sequence

generated by Algorithm 2. Then for any accelerated update step7 we have for all k&
Ellly?), — fID D)2 < Ok b)) L Ok h), j=T -2, 1.

Under additional Assumption 2.2 that F' has Lipschitz gradient, we have the following result.

Lemma 3.4. Let Assumptions 2.1, 2.2 and 3.1 hold, and let {(xk,ykT 1), ,yk )}zo o be the

sequence generated by Algorithm 2, then we have for all &
E[|VF ()]

<20 'E[F(ay)] - 205 B[P (2141)] + O (Blly3, Y = FD@)l?]) + 0 (Bllyy” = s Dl )I%)
o+ 0 (Bl — 2RI + Olaw).

Summing up the inequalities in the previous lemma from £ = 0 to n, by Lemma 2.7 and
Lemma 3.3, we obtain

n 2
T IV ¢ gty osmsibroagin, e oe)

n 2(a—br_1
T-2
4(b;—b; logn —b;
+ O( Z[n " ]+1)H4(%j+1—bj)=1 tn J]>
j=1

< O(n_4/(8+T)),

bychoosinga—gi—% and b; = S’I:],, forj=T-1,---,1.
Furthermore, if Assumption 3.2 also holds, i.e., the first inner level function f (T) has Lipschitz
continuous gradient, then the first inner level could also be updated by the accelerating update

rule. By similar analysis as in Lemma 3.3, we have for all &,

Elllgy" — £ (wea)|?) < ORMr179) 4 (k7).

Combine this inequality with Lemmas 3.3 and 3.4, by choosing a = ?I—% and b; = ;’j:% for j =
T—1,---,1, we obtain
n 2
i1 BUIVE (i) 7] < O YD)y,
n
which completes the proof. O
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This result shows that one can solve the multi-level composition problem using few calls to
the sampling oracle when individual component functions are smooth. In the special case where
T = 2, when the first inner level is smooth, our result strictly improves the convergence rate of
the a-SCGD in [26] from O(n~2/7) to O(n~*/?). In this case our result matches the convergence
rate by ASC-PG in [28]. To the best of our knowledge, our results for the T-level problem strictly
improve and generalize existing results which work for the case where T' = 2.

Next we investigate the convergence rate of Algorithm 2 for optimally strongly convex objective
functions. Denote by X* the set of optimal solutions z* to problem (1.1). We say that the objective
function F' is optimally strongly conver with parameter A > 0 if

F(z) — F(x+(z)) > M|z — a=(2)]?, Vz € X. (3.1)

Clearly, the class of optimally strongly convex functions strictly contains all strongly convex func-
tions, and is thus more general.

In the next theorem, we prove that for optimally strongly convex objective, our algorithm
converges faster. We defer the detailed proof to Appendix E.

Theorem 3.3 (Convergence rate of a-TSCGD for strongly convex problems). Let Assumptions 2.1,
2.2 and 3.1 hold. Suppose that the objective function F(x) in (1.1) is optimally strongly convex
with some parameter A > 0 defined in (3.1) . Set oy = %k*“, Br-1r = E—br-1 and Bk = 2k b5

for j =T —2,---,1. Let {(xk,yliT_l),--~ ,y,(cl))}zo:o be the sequence generated by a-TSCGD
Algorithm 2, then
T-2
E[||z, — Dy« (z,)]?] < O(n*“ o Hambroy) by Z[n*‘l(bjﬂ*bj) + n*bj]).
j=1
With the choice of a = 1,bp_1 = ﬁ—%,bqug = }l_t—;, e b = LLJ%T, we have

E[[l@n — Ty« (2n)[*] < O(n~HD),
Furthermore, if Assumption 3.2 also holds, Algorithm 2 achieves
E([lan — Ma- (22)[*) < O(n~ 1),

with the stepsizes being oy = %k:_a and 8; = 2k~%  where a = 1 and bj = % forj=T-1,---,1.

This result shows that our algorithm achieves a faster convergence for those problems of op-
timally strongly convexity in the objective functions. For the speical case T" = 1 with a smooth
strongly convex function, this result achieves a convergence rate of O(n~!), which meets the con-
vergence rate of the single-level strongly convex stochastic optimization. Besides, for a special case
T = 2 with a smooth first inner level function, this result achieves a convergence rate of O(n=%/°),
which matches the convergence rate ASC-PG in [28] for optimally strongly convex problems.

4 Examples of Applications

In this section, we provide two motivating applications of the T-level stochastic compositional opti-
mization problem (1.1). The first motivating application is the risk-averse stochastic optimization.
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Risk-averse stochastic optimization finds wide applications in many fields such as risk management
[4] and government planning [3]. Among different formulations of risk-averse stochastic optimiza-
tion problems, one particular important problem is the mean-deviation risk-averse optimization
problem that

max p(U (, w)) := max {Ew U(z,w)] — AE[(E U (z,w)] - U(z,w)) } 1/p} . (4.1)

Here the objective p is the composition of three expected-value functions. It is also a law-invariant
coherent risk measure. See [21, 1] for more detailed discussions.

This problem falls into the problem class (1.1) as a three-level stochastic compositional opti-
mization problem. In particular, the problem is equivalent to

min(f o f@ o f&)(2),
where

FO(,2) =1 — 9", FP(2,2) = (5,Eu [(z = Uz, w))2]) , and fO(z) = (Eu [U(z,w)],2).

Another example is multi-level optimization problem. A T-level optimization problem takes the
following general form (see textbook [24] for more details)

H%iln ]Ewl [Igizn(Ewﬂwl [ o HzliTn(]Ewﬂwl,wz,m W1 |:U(ZL'1, W1, T2,W2, "+ ,XT, WT)1| ):| ):| )

where z1, ...,z are decision variables at levels from 1 to T', wy, . ..,wr are random variables which
are revealed after each level, and U(z1, w1, 22, ws, -+ ,op,wr) is some utility function. In the case
where the stochastic process wq,...,wr is generated by a random walk on a finite number of states,
the problem becomes

min Euﬂ [min(Ewg\wl [ T min(EwT\wT,l |:U(I17 w2, T2, W3, ,XT, WT)} )} )] :
1 x2 xT

It can be viewed as an extension of finite-horizon reinforcement learning, in which the overall
objective is no longer additive with respect to levels and decisions are continuous. This problem
takes a form similar to (1.1), especially when the state space and decision space are finite and
discrete. Note that in this problem, fM(-) = ming,(-), f@(:) = ming,(:), --, and fT-D() =
ming,.(-), where all of them are non-differentiable. Thus we may use a smooth approximation (e.g.,
a softmax operator) to replace these ming,, --, min,, operators, then apply the T-level SCGD
methods to solve the approximate T-level optimization problem.

5 Numerical Experiments

In this section, we conduct numerical experiments. We consider the risk-averse stochastic optimiza-
tion in a regression setting. In particular, consider a linear model Y = X 3* + ¢, where we assume
all samples of X and e are independently and identically distributed. Our goal is to estimate 8%,
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Emprical Convergence for d=50

Emprical Log-Convergence for d=50
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Figure 2: Averaged difference between generated solution and the optimal solution and empirical
convergence rate when d = 50

and we consider a risk-averse formulation. Consider the risk-averse optimization problem (4.1).
Denoting the i-th sample by w; = {z;,v;}, we take

U(/Bawi) = _(yl - 'TZTB)Qa

and we set p = 2. To the best of our knowledge, our algorithm is the first gradient-based method
which can be adopted to solve this 3-level stochastic optimization problem. We point out that this
approach of risk-averse regression tends to provide “stable” solutions. This defines a general notion
of stability in statistics in [17, 25], where the stability is usually defined as variance, and we also
penalize the “good” cases when the empirical error is smaller than its expectation. In comparison,
in our approach, we do not penalize these “good” cases.

Let the dimension of the covariate x; be d. We consider three setups to generate the data that

e Setup 1: X ~ N(0,1,).
e Setup 2: X ~ N(0,%), where ¥;; =1 and Xj, = 0.5 for j,k=1,...,d and j # k.

-

e Setup 3: X ~ N(0,X%), where X;, = O.5e_|Jd

Since our problem is convex, by our theoretical analysis, the generated sequence of solutions
converges to the optimal solution. As the true optimal solution is unknown (Note that g* is
not necessarily the optimal solution), we take the solution after 500,000 iterations as the optimal
solution. We run 100 replications and plot the averaged difference between the solution at the k-th
iteration 3, and the optimal solution B in Figures 2, 3, 4 and 5.

Meanwhile, in all setups, we draw the error ¢ and generate each component of 5* € R? inde-
pendently from a standard normal distribution. We also consider different d € {50,100, 150,200},
which are specified in the Figures. In each iteration of the algorithm, we draw a new sample of X
and Y, and update the solution using Algorithm 2.

Besides, to further investigate empirical rates of convergence under all different settings, we plot
the averaged log(k) vs. log(||8s — B|) after 100 replications in the figures, where 3 is the optimal
solution. We find that for all cases, the slopes of the lines are close to —2/5, which matches our
theoretical analysis that our algorithm converges at a rate of (9(14:_2/ %) for three-level problems.
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Emprical Convergence for d=100
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Figure 3: Averaged difference between generated
convergence rate when d = 100.

Emprical Convergence for d=150
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Emprical Convergence for d=200
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6 Conclusion

In this paper, we propose the first gradient-type algorithms for a class of multi-level stochastic
compositional optimization problems. We provide strong theoretical guarantees for our algorithms.
In particular, we prove almost sure convergence results that when the problem is convex, our
algorithm converges to an optimal solution, and when the problem is nonconvex, every limiting
point of the sequence of solutions is an stationary point. Under various assumptions, we further
characterize the rates of convergence of our algorithms. In the case where T = 2, our convergence
rate result matches and strictly generalizes the best known result by [28]. In the case where
T > 3, our results provide the first few benchmarks on the sample complexity for solving multi-
level stochastic optimization problems.

There are several interesting future research questions. First, our convergence rate result re-
quires that the inner-level functions f®, .- f(T) be smooth. It is unclear how to achieve fast
convergence when some of these functions are non-smooth. Second, it is not clear whether the
convergence rate can be improved or not. We are not aware of any sample complexity lower bound
for the multi-level stochastic optimization problem. Third, it is of practical interest to consider the
special case where all expectations are finite sums. In this case, one may conjecture that variance
reduction can be used to further improve the algorithms’ efficiency.

References

[1] S. AHMED, U. CAKMAK, AND A. SHAPIRO, Coherent risk measures in inventory problems,
European Journal of Operational Research, 182 (2007), pp. 226-238.

[2] F. BACH AND E. MOULINES, Non-strongly-convex smooth stochastic approximation with con-

vergence rate O(1/n), in Advances in Neural Information Processing Systems, 2013, pp. 773~
781.

[3] S. BRUNO, S. AHMED, A. SHAPIRO, AND A. STREET, Risk neutral and risk averse approaches
to multistage renewable investment planning under uncertainty, European Journal of Opera-
tional Research, 250 (2016), pp. 979-989.

[4] S. CoLE, X. GINE, AND J. VICKERY, How does risk management influence production deci-
sions? Evidence from a field experiment, Review of Financial Studies, (2016), p. hhw080.

[5] A. DEFAzIO, F. BACH, AND S. LACOSTE-JULIEN, Saga: A fast incremental gradient method
with support for non-strongly convexr composite objectives, in Advances in Neural Information
Processing Systems, 2014, pp. 1646-1654.

[6] J. DucHi, E. HAZAN, AND Y. SINGER, Adaptive subgradient methods for online learning and
stochastic optimization, Journal of Machine Learning Research, 12 (2011), pp. 2121-2159.

[7] Y. ERMOLIEV, Methods of Stochastic Programming, Monographs in Optimization and OR,
Nauka, Moscow, 1976.

8] R. GE, F. HuanG, C. JIN, AND Y. YUAN, Escaping from saddle points-online stochastic
gradient for tensor decomposition., in Conference of Learning Theory, 2015, pp. 797-842.

25



[9]

[20]

[21]

[22]

S. GHADIMI AND G. LAN, Stochastic first-and zeroth-order methods for nonconvex stochastic
programming, STAM Journal on Optimization, 23 (2013), pp. 2341-2368.

R. JOHNSON AND T'. ZHANG, Accelerating stochastic gradient descent using predictive variance
reduction, in Advances in Neural Information Processing Systems, 2013, pp. 315-323.

J. KONECNY AND P. RICHTARIK, Semi-stochastic gradient descent methods, Frontiers in Ap-
plied Mathematics and Statistics, 3 (2017), p. 9.

G. LAN, A. NEMIROVSKI, AND A. SHAPIRO, Validation analysis of mirror descent stochastic
approzimation method, Mathematical Programming, 134 (2012), pp. 425-458.

Y. LECUN, Y. BENGIO, AND G. HINTON, Deep learning, Nature, 521 (2015), pp. 436—444.

J. D. LEg, M. SimcHOWITZ, M. I. JORDAN, AND B. RECHT, Gradient descent only converges
to minimizers, in Conference on Learning Theory, 2016, pp. 1246-1257.

C. J. L1, M. WaANG, H. Liu, AND T. ZHANG, Near-optimal stochastic approximation for
online principal component estimation, arXiv preprint arXiv:1603.05305, (2016).

X. LiaN, M. WANG, AND J. L1u, Finite-sum composition optimization via variance reduced
gradient descent, arXiv preprint arXiv:1610.04674, (2016).

C. Lim AND B. YU, Estimation stability with cross-validation (escv), Journal of Computational
and Graphical Statistics, 25 (2016), pp. 464-492.

D. NEeEDELL, R. WARD, AND N. SREBRO, Stochastic gradient descent, weighted sampling, and
the randomized kaczmarz algorithm, in Advances in Neural Information Processing Systems,
2014, pp. 1017-1025.

A. RAKHLIN, O. SHAMIR, AND K. SRIDHARAN, Making gradient descent optimal for strongly
convex stochastic optimization, in International Conference on Machine Learning, 2012,

pp. 449-456.

B. REcHT AND C. RE, Parallel stochastic gradient algorithms for large-scale matriz comple-
tion, Mathematical Programming Computation, 5 (2013), pp. 201-226.

A. RUSZCZYNSKI AND A. SHAPIRO, Optimization of convex risk functions, Mathematics of
Operations Research, 31 (2006), pp. 433-452.

M. ScaMmiDT, N. LE Roux, AND F. BACH, Minimizing finite sums with the stochastic average
gradient, Mathematical Programming, 162 (2017), pp. 83-112.

O. SHAMIR AND T. ZHANG, Stochastic gradient descent for non-smooth optimization: Conver-
gence results and optimal averaging schemes, in International Conference on Machine Learning,
2013, pp. 71-79.

A. SHAPIRO, D. DENTCHEVA, AND A. RUSZCZYNSKI, Lectures on Stochastic Programming:
Modeling and Theory, vol. 16, SIAM, 2014.

26



[25] W. W. Sun, X. Q1a0, AND G. CHENG, Stabilized nearest neighbor classifier and its statistical
properties, Journal of the American Statistical Association, 111 (2016), pp. 1254-1265.

[26] M. WaNG, E. X. FANG, AND H. Liu, Stochastic compositional gradient descent: Algorithms
for minimizing compositions of expected-value functions, Mathematical Programming, 161
(2017), pp. 419-449.

[27] M. WANG AND J. Liu, A stochastic compositional gradient method using markov samples, in
Proceedings of the 2016 Winter Simulation Conference, IEEE Press, 2016, pp. 702-713.

[28] M. WaNg, J. Liu, AND E. X. FANG, Accelerating stochastic composition optimization, in
Advances in Neural Information Processing Systems, 2016, pp. 1714-1722.

[29] S. WIESLER, A. RICHARD, R. SCHLUTER, AND H. NEY, Mean-normalized stochastic gradient
for large-scale deep learning, in Acoustics, Speech and Signal Processing (ICASSP), 2014 IEEE
International Conference on, IEEE, 2014, pp. 180-184.

[30] L. X1a0 AND T. ZHANG, A prozimal stochastic gradient method with progressive variance
reduction, STAM Journal on Optimization, 24 (2014), pp. 2057-2075.

27



Appendix to “Multi-Level Stochastic Compositonal Optimization”

Shuoguang Yang* Mengdi Wang! Ethan X. Fang?

A  Proof of Theorem 2.1

In this section, we present the detailed proof for Theorem 2.1.

A.1 Proof of Lemma 2.1

Before presenting the detail proof of Lemma 2.1, we present a lemma that is used in proving
Lemma 2.1.

Lemma A.1. Suppose Assumption 2.1 holds, and let { xk,ykT_l), e ,El))}zo:o be the sequence

generated by Algorithm 1. Denote by %ka (xg) = %f (xk)Vf(z 11k(f(T) (k) Vf&?k(f@) o
-0 f(T) (xr)), and let X € Fy be a vector of random variables, where F; is the collection of
random variables

(T— _
{{xz}z Ou{yz 1)}1 0y " 7{3/1(1 i= 07{sz}z 0> ;{wl,i},];:ol}.

Then there exists a constant Cy > 0 dependent only on the number of levels T" such that for all &,
with probability 1,

/E[%FWk(xk) VfWTk(:Ek)vfwT lk( I(CT 1) vf“’lk ](Cl))‘Fk}
<(T = )8 sEllyy ) = D @) PR + (T - 2)Bro B[yl > = FT D ") PR

ot BBl — PO WIPIED + Co (5 + ) Xl
Br-1k Bk
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PROOF: We begin our analysis by the chain rule as follows:

VE, (ar) = VD (@) VD @) v )

=V (@) VLD (T <xk>>Vfwm<f<T1< (k) - U€?k<f< oo fD(xy))
~ VD (@) VI (VLD (FT DD () - w1k<f<2>o-~-of<T><xk>>
+ VD (@) VLD VT (FTD(FD @) - VD (F@ o0 fD ()
fomm) FED VLD (D)D) (T (fTD (D (y)))) -
VD (f@ o0 fT(ay))

+ VD (@) VLD (y

wa M( )R WD (P oo fD(ay))
VI @IV AU ,2

(T—
k:
g D) VR VD ().

Denote by Sy = VS, (@) - W, (48 )Vfw:f D™ oo fO (ay)) - Vf&)k(f

FO) (@), Clearly, Sp = VE,, () and Sy = V5D (2)V £~ 1k(y,§T Dy v (y), and we

have
V Fo, (k) = VD (@) VLD ) v 1D )

(A1)
=(Sr — Sr—1) + (S7—1 — S7—2) + - + (S2 — S1).

Considering S,,, — S;—1, by definition, we obtain

”Sm - POm— 1”

=V D ")V g PV £ (F D oo fD () T (FP 00 (D (ay)]
<M || P
(A.2)

where Pr, = VA0 (£ 00 fD) () = VAL, (") and

My = V£85IV 5, ™IV FEm=2, (Do o f D @) |- [V FD, (FPo- -0 f D(y))].

By Assumption 2.1 (iii)-(iv), we have

E[M},|F] < CrCp_y -+ CruCryz -+ Ch. (A.3)



Consider P,

1Bl = V£ D (£ 00 fT) (24))) — VA0 ()]
<Ll £ 00 70 () — ")
<Ll f™ o0 fD(2p) — fM o f(T_l)@//(gT_l))H
+ L | f"™ 00 fTD (T~ ”) FOM oo fI=D T2y (A4)

+ oo Lt ™) = )
<Li1y/Con - Cr—illf D) = 9 V) + Line13/Con - Crall T D T 0) — 772
1

4t Lm—1||f(m)(y,(€m)) _ f‘//im )H7
where the first inequality holds by Assumption 2.1 (iv) as fﬁ:;l)k has Lipschitz continuous gradient
with parameter L;, and the last inequality holds by Assumption 2.1 (iii)-(iv) that fU) is Lipschitz
continuous with parameter C; for all j’s.

Substituting Eq.(A.4) into Eq.(A.2) yields

1 Xkl = Sin-ll < M| X} P
M| Xl (Lot Con = CrollF D @) = 9Vl 4 L1 /G- Cral FT D) = 77|

ot L) — 7))

<Broixllf <xk>—yk Y12 + Br_ Mnf(T Dy =g T 212 4o 4 Bl (™) — Y2
~1Cm - Cr—1 2 1Cp-Cpr_y L,
+M2 X 2 m 1 + m ++ m ,
ell Xl ( 4811k 4812k 4ﬁm—1,k)

where the last inequality holds by the fact that 2zy < az?+ %yQ for any z,y € R and a > 0. Taking
expectation on both sides of the previous inequality and combine it with Eq.(A.3) , since X}, € Fy,
there exists a constant R,, > 0 such that almost surely

R [} 1Sim — St I ]
<BrasBIF D () — o V2R + BroasBlIF TV ") — o722 Ry

(A.5)
e+ B B ) = 9P + R (5 4+ 5 ) IXP
Meanwhile, we have
(E[VEL, (x) = VI, @) VI 0T D) - Vi, ) [ "

<IXIE[IST = Sr-all + 1Sr-1 = Sr-all + -+ + 152 = S [T .

Substituting Eq.(A.5) into Eq.(A.6) and sum up from m = 2 to m = T, with some algebraic
manupulation, we conclude that there exists a constant Cy > 0 dependent only on the number of



levels T such that with probability 1

(E|VEL, (e) = VIS, (@) VIS0 i ) VIS, <y,2”>\wk}
<(T = V)Br 1 4By~ = FD (@) |I21Fe] + (T — 2)Br_asBllyl" =2 — FT 0 (T 2[Ry

1 1
oot Bl — £GPPI + o5 *'“*m)”X'ﬂ”z’

which completes the proof. [
Next, we present the proof of Lemma 2.1.
PROOF OF LEMMA 2.1:
lzp1 — 2|2

=T fr — anV £5D), (@) VIS, (o ’>---Vf£i’k< Y -2

<oy, — 2% — VD (@) VLD ") D, )P
=llzx — 2*|* — 20 (zx — 2*Y VD (@ wam( LD ) (A7)

+ IV LD, () VLD (D) VD, (D)2

—|la — 2*|)? = 200 (zp — 2*)'V E, (x1) + up,
v v (T-1) vi (1) ()y)2
+ak’|| UJTk('Zk) fwT lk( k; ) fwlk( k; )H )

where N N
VFy (k) = VI (@) VD (F T @) - VI, (FP oo fT (),

as defined in the main text, and
w =20p(wy, — 2*) [V (wx) = VI, @) VIS0, ) v i, ).

By Assumption 2.1 (iii)-(iv), V fogé?k’s have bounded second-order moments, thus with proba-
bility 1,

E[IV £, @V 0w VI, wiIFF) < oo (A8)
Taking expectation on both sides of Eq.(A.7), conditioning on Fj, we have
Efl|zps1 — 2*||*[F]
<|lzx — 2*|2 + 2010y - - Op + Elug|Fy] — 2ap(zy, — 2*)'E [mk (xk)‘wk} :
By the convexity of F(z) and Assumption 2.1(ii), we obtain
(2 — 2*)E [ﬁka (xk)]m] > F(ay) — F*.
Then we have

Ellzes1 — 2™ |Fy]

* (|12 2 * (AQ)
SHZL‘k — T H + oszng s CT — 2ak(F(azk) - F ) + E[uk|Fk]
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For the term wuy, there exists a constant Cy > 0 such that with probability 1,
=2 — 2*)E|VF, v v (=0 ov D (D) [F
Oék('rk T ) wk(xk) fwTk( ) fwT lk( k: ) fwlk yk ) k

<(T = DB By = 1O (@) [1PFr] + (T = 2)Br_axElllyl 2 = T D (") |12(Fy)
2

2
+ o4 BBl — O )2 + Co(ote + -+ 4 )|y — 2*|%,
Br—1k B,k

(A.10)

where the last inequality comes from Lemma A.1 by letting Xy = 2ay(zr — ™) € Fi. Substituting
Eq.(A.10) into Eq.(A.9), we get

Elllwes1 — 2™ |Fy]

042 042 012
( + Cof bk +—))ka—x 12+ a2CiCy- - Op — 20 (F(w) — F*)
Br-1k  Br—2k B,k

+ (T = DB Blllyt" " = FD (@) |21Fa] + (T = 2)Br—a Byt > — rT D)2 [Fy

+ o+ BLEllyy” — FO W) IPIF,
which completes the proof. [

A.2 Proof of Lemma 2.2

PROOF OF LEMMA 2.2: By the assumptions in part (b), F' has Lipschitz continuous gradient with
parameter Ly and X = R97, we denote by VF(z) as the gradient of F(x), and obtain

F(xpq1) — F(og)

<(VF(xr), Trq1 — xp) + %H@wa — zp||?
= — ap(VF (1), VD (a) VD (") - VD (i) + —kaﬂ —ay? (A11)
= — | VF(g) |2 + axV F () [VF(r) = V£, (@) VLD, "0 - 910, )]

+ B o — P

As defined in the main text, VF,, () = V50, (2) VFE D (D (@) - - VIS, (F Do -0 fD) (),
by Assumption 2.1 (ii), we have

E[VE,, (21)|Fy] = VF(z1).
We obtain that with probability 1, there exists a constant Cy > 0 such that

apE [VF(IL‘k:)/ (VF(iUk) - %fu(;?k(xk)vfw ) k( )) ' "Vf&)k y’(ﬂl) ) ‘Fk}
:aka(CEk)/E [ﬁka (wk) - 6fo(;)lc (mk)vfwT 1, k( )) o vf“(“ k (1) ’Fk}
<(T = 1)Br-1xEllysr Y = £ @) IPPIFx] + (T - 2)fr—s kE[Hyk+1 - 1T 1)(yk+ Il

2
ot BBl — FPWIDIPR + G (5

+..._|_7k VF(z)|?,
m)” (@)



where the last inequality comes from Lemma A.1 by letting X = apVF(xy) € Fi. Also note that

Ellzi1 — wrl* ] = 2B VD, (@) VAL D ) - VAL, )P Fr] < 0301 -+ O

WT_1,k
(A.12)
Combining the results above, we obtain
ElF (zk41) — F[Fy]
s 1o Ok Ok 2
< _ Z e O — _ . Ok
<F(ay) = F* + 50} LpCiCa -+ Cr ozk(l (BT_M ﬁl,k)oo) IV E(zp)
+ (T = DBl = SO @) IPIF) + (T = 2)Br2uBllyy 2 = £ @) IPIE]
oo+ BEllyy — SO ) IPIF)-
Besides, we have 1/2 <1 — (g2 — .- — 5 —)Cy for k sufficiently large since ay/Bjx — 0 as

k — oo for all j’s. Finally, we conclude
ElF (zk41) — F7[Fy]
SF@my—Fﬂ—%WVmem2+§a@acub~-ar+cr—1ﬁ%4wEm¢T*>—f“kmmﬁwu
o+ BBy — O )IPIF,
for k sufficiently large, which completes our proof. [

A.3 Proof of Lemma 2.3

PROOF OF LEMMA 2.3: a) For ease of presentation, we denote y,g:l) by zk+1, Br—1,k by Y&, and

ff,?k w1 (@) by hy,, (zx). The corresponding update step can be written as

21 = (1= 7) 2k + Vehug o (Tht1)-

Let e = (1 — vk)(h(zg11) — h(zk)). Together with the definition of zxq above, we have

2kt — M(@pin) +en = (1—v) (25 — P(ar)) + 9 (hug s (Tr41) — A(zg41)).- (A.13)

In addition, by the Lipschitz continuity of A in Assumption 2.1 (iii), we obtain

lexll < (1= 3)v/Cillziss - 2l (A1)
Taking expectation of the squared norm on both sides of Eq.(A.13) conditioned on Fy, and using
Assumption 2.1 (ii)-(iii), we have
E[||zk11 — P(zri1) + exl*|Fx]
=E[[(1 = 3)(zk = h(ok)) + el (w41) = hlwg 1)) 2] B
=(1— 2 Elllzk — b)) + R ouy (1) = bl |[F (A.15)

+2(1 — ) E[(2k — (k)" (hugy, (2e41) = h(@p1))[Fi]
<(1 = ) *Elllze — k(i) |*[Fx] + Vi + 0.
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Using the fact that ||a + b[|?> < (14 ¢€)||a||> + (1 + 1/€)||b||? for any € > 0, we obtain

261 = hlzpr )l < (U y)llze1 = hl@rrn) + exll? + (1 4+ 1/3p)llex]. (A.16)
Taking expectation of both sides conditioned on Fy, and applying Eqs.(A.14)-(A.16), we conclude

Ell|zkt1 — P(@rs1)]1[Fi]

<(14 %) = Y)E[ll 2k — h(z) IIP[Fi] + (1 + %)% Va +

(1 =)Cn 2
TE[HwkH—wkH |F] (A.17)

C
<(1 = )E[llze — h(zp)I*[Fe] + ,TZE[II:%H — ax|*|Fx] + 2Vik,

for all k, with probability 1.
b) Based on our assumption, we have E[||zy+1 — z[?] < O(a2) and Y 5o, a%’yk_l < 00, then we

obtain
o0

2
ka E[Ela1 — il [Fi]] = ka ok —zl?) < S 0%k
k=0
By the monotone convergence theorem, we conclude that S r_; v 'ChE[||zr11 — o||*|Fx] con-
verges almost surely to a random variable with finite expectation as n — oo. Therefore, the limit
S0 0V LCRE[||zk11 — 2k ||?|Fy] exists and is finite with probability 1.
¢) By our assumption that E[||z+1 — z¢||*] < O(a?), there exists a constant Cp > 0 such that
E[l|lzer1 — 2x]?] < OékC() Since ay /v, — 0, there exists a constant M > 0 such that o < M~
for all k. Let D, = E[||z0 — h(x0)]||* + 2V}, + M?CoC},. Since ap < My and v, < 1, we have
D, > 2V + 7;20%000;1 for all k.
We prove by induction that E[||zx41 —h(zy)||?] < D, for all k. Clearly, the claim holds for k = 0.
Suppose the claim holds for 0,1, ..., k—1. By Eq.(A.17), we have that there exists a constant Cy > 0
such that

Ellzk+1 — Pz 1) SO = w)E[lzx — hlaw)l*] + 2Vivi + 75 ok CoCh
<(1 = 9)D; + 2Vivi + v LaiCoCh,
=D — (Dz — 2V + 7 *aRCoCh)
<D,
where the second inequality uses the fact 1 — 4 > 0 and E[||z;, — h(x)||?] < D,. Our claim holds

as desired.
d) By the definition of zx41, we have 241 = (1 — )2k + VP, (Tr41) and

(1= )2 |zks1 — 26l = Vel hugoy (@rs1) — 2]
< 29 | hyr (k1) — R(@rg ) I + 292l 241 — Blzgsr) ||

Then we obtain
2

2
Bllen = 2] € sVt sl = hani)|P) (A15)
From part (c), we have that there exists D, > 0 such that E[||z;11 — h(zx41)]|?] < D.. Plug this
into Eq.(A.18), we conclude
Efllze11 — 2[”] < O().
O



A.4 Proof of Lemma 2.4

This lemma proves the T-element super-martingale convergent lemma to establish convergence

property of {xp11 — z*}.
PRrOOF: Let J; be the random variable

Jp = Xp + CT—1Y,€(T_1) + CT—QYIC(T_Q) +ot Clyk(l)-
We have
E[J1|Fr] =E[Xp1[F] + er 1BV D Fe] + - + BV [Fy]
<L+ ) X + CT-1Y,€( Vit Y(l) + ug) + CT—lM](CT_l) +o Cl:ul(cl)

<(U+m) i + 1" + e m( BRI
Since > 77, ,u,(C ) + cr— ,u,(CT Y + -+ cl,ugcl) < oo and Y 72 gn < 00, we obtain that Jj converges
almost surely to a random variable by Theorem 1 in [1], and Jj is bounded by a constant with
probability 1.

By the definition above, we have that X, < J, Yk(2) < éjk,---, Y, < %Jk. Then

Xk, Yk(T_l), Yk(T_Q), e ,Yk(l) are also bounded with probability 1. Since
e .
Sl <oo, forj=1,---.T,

and ei(cT_l)y T ,9,21) are nonnegative, we have
B, VF) < (1 - 09D 409 for j=T—1,--- 1.

Again, by Theorem 1 in [1], we obtain that Y,C(T_l), e

variables, respectively, and

, Yk(l) converge almost surely to 7'—1 random

o0
ZGkYk(J) <ocowplforj=1,---,T—1.

Since Yk(l), e ,Yk(Tfl) and J, = X + cT,lyk(T*l) + CT72YI§(T72) + -+ C1Yk(1) are almost surely

convergent, then X; must converge almost surely to a random variable.
Together with the condition that

o oo .
an < oo,z,u,(f) <oo, forj=1,---,T
k=0 k=0

we have

T oo
ZZU < oo w.p.l.

Jj=1k=0

So we complete the proof. [



A.5 Proof of Lemma 2.5

Note that Lemma 2.5 and 2.6 are proved in Theorem 1 in [2], we present the details here for
self-completeness.

PRrROOF: Let Q.+ be the collection of sample paths that Q.+ = {w : limg_, 0 ||zx(w) — 2*||} exists.
It has been proved that P(2,+) = 1 for any z* € A*. We claim that Ny« =+ is measurable and
P(Nprex=Qy) = 1.

To see this, we consider a countable dense subset A of X*. By the fact that F' is convex, we
have that the set X'* C R"™ is separable, and such Xé exists. So the probability of non-convergence
for some z* € Xé is the probability of a union of countably many sets, each having probability 0.
As a result, we have

P(May Q) = 1= P(Uxp 5:) > 1— Y P(Q5) = 1.

X
x*GXQ

Now we consider any arbitrary € X*, which is the limit of a sequence of optimal solutions
{z;}52, C &). By using a limit point argument, it is not hard to see that ||z (w) — || is convergent
as long as ||z (w)—;|| is convergent for all j. Consider arbitrary w € N x5 8ke+. We have the triangle
inequalities:

lon(w) = 5l — 75 — 7 < lanlw) — 351 + 7 — 7.

By taking k — oo and using the fact that limj_, ||zk(w) — Z;| exists, we obtain
lim [y (w) = ;]| = [|7; — Z[| < lim inf ||z (w) — 2|
k—ro0 k—ro0

< limsup Jox(w) — 7| < lim Jlopw) — 3] + 13 — 7.
k—oo k—o00
So we have
lim sup ||z (w) — 7| — liminf [lz(w) — 3| < 213 — 7.
k—o0 k=00

By taking j — oo, we have [|Z; — z|| — 0 and

limsup ||z (w) — Z|| = liminf ||z, (w) — 2|
k—o0 k—o0

It follows that the limit of ||zj(w) — Z|| exists, therefore w € 5z Now we have proved that
ﬂ,yéQx* C Qg for all z € X*. As a result, we have ﬁXéQm* C Ny+Qy+. Note that ]P’(HXE)Q_T*) =1
and that the considered probability measure is complete. We have that (Nx+2;+)¢ is the subset of a
null set (ﬂ;% Qg+ )€, therefore it is measurable and satisfies P(Ny«§g+) < IP’(FL'% Qg+) = 0. It follows
that Ny=Qyu« is measurable and satisfied P(Ny«§y+) = 1. In other words, ||z — Z|| is convergent
for all x € X*, with probability 1.

Consider an arbitrary sample trajectory {zy(w)} such that w € Nx+Qy+ and lim infy_, o F(zx(w))
F*. Take arbitrary z* € X* since {||zp(w) — x*||} converges, the sequence is bounded. By the con-
tinuity of F, the sequence {xp(w)} must have a limit point Z being an optimal solution, i.e.,
F(z) = F* and 7 € X*.

Since w € Ny« C Oz, we obtain that {||zx(w) — Z||} is also a convergent sequence. Since it is
convergent while having a limit point 0, we have ||z;(w) — Z| — 0.Then zj(w) — Z on this sample



trajectory. Note that Z depends on the sample path w, so it is a random variable. Also note that
the set of all such sample paths has a probability measure equaling to 1. Therefore x; converges
almost surely to a random point in the set of optimal solutions to problem (1.1). [

A.6 Proof of Lemma 2.6

PROOF: We focus on a single sample trajectory xx(w) such that the preceding inequalities hold.
For simplicity, we omit the notation (w) in the rest of the proof.

Let € > 0 be arbitrary. We note that |V F(xy)| < € holds for infinitely many k. Otherwise we
would have for some k > 0 that > 50 ax||VF (2x) ]| > S5z axe? = oo, yielding a contradiction.
Consequently, there exists a closed set N (e.g., closed union of neighborhoods of all e- stationary
xp’s) such that {xx} visits infinitely often, and

<e ifxeN,
>e ifxd N,xe{x}

IVE ()] = {

We assume to the contrary that there exists a limit point = such that |VF(Z)|| > 2e. Then there
exists a closed set N (e.g., union of neighborhoods of all z;?s such that |V F (xy)|| > 2¢) such that
{1} visits infinitely often, and

< 2e ifxE]\Nf,
>2 ifx¢ N,xe {z}.

IVE(z)]| = {

By the continuity of VF and € > 0, we obtain that the sets N and N are disjoint, i.e., dist(IV, N) >
0. Since the sequence z;, enters both sets N and N infinitely often, there exists a subsequence

{Tktrex = {{ﬂﬁk}%:_sli }

o0

=1

that crosses the two sets infinitely often, with z,, € N , Ty, € N for all i. In other words, we have
for every i that

IVE(zy) = 26 > [VE(a)]| > € > [VF(ay), k= si+ 1, ,t; - 1.

On one hand, by using the triangle inequality, we have

oo ti—1 )
S et —anl =50 3 lower — 2l 2 3 llor, — o]
ke k=1 k=s; =1

e e}
ZZdist(N,]V) = 00.
i=1
On the other hand, we have

o> S | VE@OI > Y o[ VRP@I? > € 3

k=0 kel kel

10



By using the uniform boundedness of random variables generated from the SO, we have for some
M > 0 that [|lzp1 — 2xl| < VA (@) VI, () - Vg (0] < Moy for all k. Tt follows

that
D ks — 2l S MDY ay < oo
ke ke

This yields a contradiction with the result ), - [|z441 — 21| = 0o we just obtained. It follows
that there does not exist a limit point = such that ||[VF(Z)|| > 2¢. Since € can be made arbitrarily
small, there does not exist any limit point that is nonstationary. Finally, we note that the set of
such sample paths (to which the preceding analysis applies) has a probability measure 1. In other
words, any limit point of xj, is a stationary point of F'(x) with probability 1. [

A.7 Proof of Theorem 2.1

PROOF: a) Let z* be an arbitrary optimal solution to problem (1.1), and let F* = F(z*). By
Lemma 2.1 , we have with probability 1,

Ell|lzesr — 2| *[Fy]
O[Q 012 012
( + Co( +o—E— et —))ka 2> + afC1Cy - - - Cp — 200 (F () — F*)
Br-1x  Br—2k B,k

+ (T = 1)Br_ 1k Bllyt" " = £ (@) |1PFx] + (T = 2)Br—axE[llyl" > = D ()12 |Fy)
+o BBl — FP )P F.

(A.19)
Bv L . . (j+1) (j+1
y Lemma 2.3, for any basic update step j =717 —1,---,1, if E[Hka 1] < O(p? k)
then
j ' 1) ; 1
Elllyi)y — 19 D) 2] [Fi] = By, - 790 @S2 A20)
1) 1) 1) '
<(1 = B Ellyy” — FID @I PF + 87O Blly Y — V12 + 2V 825,
and E[|lyY), —yt|2) < O(53,). By Eq.(A.12), we have E[||zj1 —x]|?] < O(ai) which serves as the
sufficient condition for level T 1 for Eq.(A.20) to be true so that IE)[Hy,Eil1 —yk H |1 < (’)(ﬁ%fl’k),

a sufficient condition for level T'— 2 for Eq.(A.20). Conducting this chain to all the levels, we have
that Eq.(A.20) holds for j =T —1,--- , 1.
Besides, by Lemma 2.3 (b), under the condition Y -, BJQ-JFM/BM < 00, we have

(G+1 i+1
BAC By Y~y TVIPIFR] + 2Vi 82, < oo,

with probability 1.
Now we apply the T-element super-martingale convergent lemma 2.4 to Eqs.(A.19)-(A.20). By

11



letting

Xy, = Jlax — 22T = E[llyt" Y — £ () 2[R,
AR E[nyff’*) — FT VTR, v = EllyY — @) 12(F],
042 a2 i
= B B0, ul") = 20 (F () — F*),
T 1k B,k
u,(cl) :uf) = :ulgT_l) =0,c0=1,---,cp_1 =T —1,
Ellv®. — @ 2|F
1)=2ﬂka1+(9( [Hyk+1 Y H ‘ k])?”' 7
’ B,k
(T—-1)
_ E — .
/'L](CT 2) — Qﬁ%—Q k;VT—l +O( [||yk+1 yk H | ])’
’ Br—2,k
2
_ — F
M]ET 1) — 2/372_‘71 kVT—i-O(E[ka—l—l .Tk” | k])7
’ Br—1k
w) = aCiCy - O, ) =Dk, 0 (T Y= Broig,

we obtain the sequence {||xx — z*||} converges almost surely to a random variable, and

o0
S an(Fla) — F*) < 0,
k=0
which further implies
liminf F(zy) = F*, w.p.l.
k—o0

Using Lemma 2.5, we conclude that the sequence {xj} converges almost surely to a random point
in the set of optimal solutions to problem (1.1).

b) Since problem (1.1) has at least one optimal solution, the function F' is bounded from below,
and denote by F* the minimal value of F'(z) over X. As a result, we can treat {F(z}) — F*} as a
nonnegative random variable. By Lemma 2.2, we have

ElF (zk41) — F7[Fy]
. Ok 2, 1 o (T=1) _ (1) 2
<E(ap) = 7 = FINVE@p)|” + 5ap LrCiCy - O + (T = 1)Br—1 5By~ — 77 (@) [I7[F]

oot BBy, — £ <y$£1>u IF],
(A.21)

for sufficiently large k. We apply the T-element super-martingale convergent lemma to Egs.(A.20)-

12



(A.21). By letting

Xy = F(apr) — F5 YT = B[yt — 7O ()|,
T2 T2 - T-1
VT — B[yl — f T () 2Ry, -

v =By — @ @@2)2F,
T _ 1

e = 0,u;, " = §Qk||VF(33k)||2,
u,(cl) :ugf) :---:ul(chl) =0,c1=1,---;ep 1 =T -1,
Elllye), — vs”I2/F]
w = 287 Ve OSSR
Bk
. Elllygs " =V l2(F]
,Uz](CT 2) _ 25%_2714;VT—1 + O( k+1 k )7
Br—2.k

El|zk+1 — ok |*|F]

Br—1k

w282 Vi + O

)7

1 J—
pe ! = S0RLECiCy - O, 05 = B 05 = Broy,

J
we obtain that {F'(xp) — F*} converges almost surely to a random variable, and
oo
> | VF(zp)|* < oo, w.p.l.
k=0

Using Lemma 2.6, we conclude that any limiting point of the sequence {x}} is a stationary point
with probability 1, which completes the proof. [

B Proof of Theorem 2.2

Note that we let the step-sizes be a = k7%, Br_1 1 = kb1 ... Bk = k=1, We slightly modify
Lemma 5 in [3] to help us derive the convergence rates.

Lemma B.1. Given a sequence of positive real numbers {wy}7°, satisfying
wi1 < (1= C1B)wy, + C2k ™,

where C1 > 0, Cy > 0, and a > 0. Choosing ¢ = a — b and S to be B = C3k~" where b € (0, 1]
and C5 > ¢/C1, the sequence can be bounded by wy < Ck™¢ where C is defined as

Co

C::w0+m.

In other words, we have
wg < O(kiaer).

13



PROOF: We prove it by induction. Clearly, the claim holds for £k = 0. Next, suppose the claim
holds for “k”, we prove it also true for “k + 17. That is, given wi < Ck™¢, we need to prove
w1 < Ck+1)7°¢

W41 S(l — Clﬁk)wk +Ck™¢
<(1 - C1C3k™%)Ck™¢ + Cok™@ (B.1)
=Ck™¢ — CC, O3k~ + Cok ™.

To prove B.1 is bounded by C(k + 1)~¢, it suffices to show that

A=(k+1)"—k*+CC3k™°>0and C >

Cyk™@
A

From the convexity of function h(t) = t~¢, we have the inequality (k + 1)7¢ — k=¢ > —ck=" L
Therefore we obtain

A>—ck 4 O3k > (C1C5 — o)k ¢ > 0.
To verify the second one, we have

Cob™® Gy atbre_ O
A - CiC3—-2 ChC3 —c

where the equality comes from the definition that ¢ = a — b and the last inequality holds by the

<C,

definition of C. It completes the proof. O

B.1 Proof of Lemma 2.7

PROOF: By Lemma 2.3, forany j =7 —1,--- [Hyk]:ll (j+1 H ] <

EfllyY), — £9 0 g8 1P F]
<(1 = Bi)Ellly — £V T2 F] + BBy — u? IPFx] + 2V 825,
with probability 1. Thus,
Elly), — f90 012
<(1- Bip)E [||y“ — fUD I 2 4 B ARy - TV 2Vt (B2)
<(1 = Bi)Ellyy — FIV TP + B OB 14) + 2V B

Substitute ay = k7, Bjx = 2k~ into Eq.(B.2), we get

( J+1, k;) and

E[lly) — rO+D 012
<(1 = k)E[|lyd) — FID (U] + Ok Pivitbi) 4 2V k.
By Lemma B.1, we obtain

Ellyf - £ P )2 OG22 4+ O(h~),

14



B.2 Proof of Theorem 2.2

PRrROOF: Define the random variable

Ji = llzx — 2 + (T = DE[Jlgt" Y = £ (@) |PFe] + - - + Ell|yY — FO )2 |Fx),

so we have E[Jx]| < Dy + (T'— 1)Dy_1 + (T' — 2)Dy_9 + --- D1 = Dj;. In this basic algorithm,
all steps are updated by the basic update rule. We multiply Eq.(A.20) by j x (1 + B ) for every
j=T—1,...,1 and take their sums with Eq.(A.19). We obtain

2 2 2
E[J11|Fx] < (1+( Yy +"‘+%)>sz_2ak(F(l‘kz_F*))
Br-1k  Br—ok B,k

(T - 1)Cr(1 + ﬁT-Lk)E

+C1Ca - Craj + 2(T — WSty (1 + Br_1s) + kg1 — il *[Fe]

Br-1k
=2 C; 1(1 + 5 k)
. 1) 1)
+ Z] X {2Vj+1532,k(1 + Bjk) + ﬁﬂ—kj [l k]++1 (]+ 7| ]}
j:l j7

Taking expectation on both sides using the fact 14 3;, <2 forall j =T —1,---,1 and Eq.(A.12),
we obtain

2 2 2

ElJia] <(1+( BTOiklk + BT‘)i'ka bk gh S5 ) VB - 20k (F(a, — F*)

- Craj + 4T = )VpBq_y g +

2(T — 1)0102 ce CTflo%Oéi
Br—1.k

Q
S

~
| =

2

. +1 (5+1 +1)
+ j{4Vj+15]2',k + ﬁ] E[]| kJ+1 ) - yl(cj Hz]}
1 j7

<.
Il

By Lemma 2.4, we have E[Hy,(jll - y,(cj)H2] < O(B?k) for j =T —1,---,1. Substitute this into the
previous inequality, we obtain

E[Jgi1] < (1+( o + o +- +2)C) E[Jx] — 2ax(F(xp — F*))
h Br-1k  Br-2k B,k 0 g g g

2(T —1)C1Cy - - - Cr_1C%.03
Br-1k

+C1Cy -+ Craj + AT — )VrB7_y 4 +

2C]+1

Bir O( ]+1,l~c)}'

T—2
+ Z {4Vg+1ﬁj2k +
=1

15



Let N > 0, by reordering the terms in the preceding relation and taking its sum over k — N, --- , k,

we have

oy Br-1,k Bk
k T-1 2 o T2 g
+ ((9 ap)+ S 0(EE Lo + i, )
t%_:N () ]z:; ( Qg ) ﬁT—l,k) Z; ar Bk
G | 1 1 Foa a
k k
= > (— — =Bl ~ —ElJia] + BlJi-nl+ D, (g——++5-
N (677 a1 A Ap_N—-1 N PT-1k 1,k
k T-1 2 o =
+ > (O + 3 0+ o( ) + )
t=k—N = Yk Pr-1k Bk
k 1 1 o o
k k
< — = D+ Djy+ + CoD
t;N(at at—l) T N1 t%_:N(ﬁT—l,k Bl,k) 0=
k T-1 & 2 k o T-2 &k 82,
+ ) O(ap) + doo=EE)+ > o + > o=k
t=k—N een Y SN Pr—1,k J=1 t=k—N kB
Since Sy n(E = 320D + 55Dy = £Dy, let ap = k7% Broqp = k7T

Bk = kb1, we obtain

t=k—N j=1t=k—N t=k—N

k
<KV Dy N (Y 4 1 kYYD,

16

k
Z O(k—1+1/2j*1—1/2T) +

t=

k k
Z O(k—ij+a)+ Z O(k—a+bT—l)+ Z

S ooV +

k
k—N

S

<.
Il

2

1

=k

>

—N

-, and

Ok~



Since for any p > 0, Zf:k_N O(kP) < O(k'*P — (k — N)'*P), using the convexity of I and taking
N =N = %, we obtain

k
E[F(Z)) — Z E[F(z) — F*] < O(k~Y/2"),
t:k N

which completes the proof. [

C Proof of Theorem 3.1

C.1 Proof of Lemma 3.1

Note that here we use the same notation as in the proof of Lemma 2.3 . Consider a basic update
step

= =By + Bt S0 W),
and denote it by
Ze+1 = (1 = Y) 2k + Yehug oy (Tet1)-
Now we show the detailed proof of Lemma 3.1.
PROOF: (a) Under the assumption E[||zg11 — 2x[|*] < O(af), there exists a constant Cy > 0
such that E[||zx11 — 2] < Coaf. By Lemma 2.3, there exists a constant D, > 0 such that

{2411~ h(za1)|P] < D, and we also have Ef 2.1~ h(zes )] < v/Ellorer — hansn) |7 < vDs.
Let e = (1 — 7k)(h(ack+1) — h,(:ck)) Together with the definition of zp,1, we get

Zhyt — M) + erpr — e = (1= ) (26 — (@) + e (hugy (Tr11) = M(@E11)) — €. (C.1)

By the Lipschitz continuity of i, we obtain

lexsill < (1 =)V ChllTrsrr — w |-

Meanwhile, we have

12641 = h(zp) | < 1= k) (2 = P2)) + Ve (hug s (241) = Alzpp) I+ llersall-

Let Py = |[(1 — &) (2x — h(xk)) + Yk (hay ) (Tht1) — M(241))]], considering the fourth moment, we
get
Py =[1(1 = ) (2 — 7(@)) + (B, (rg1) = hlags)) |
=(1 =) lzk = P(zr) |t + 400 = %) (2 — 7(@k))? (P (@811) = P(2141))
+6(1 = )* il 2k — h(@i) [P [ By (2r41) = hl@pe) [
AL = )i (2 = hln)) Py (2141) = A(apga))?
+ Vil (@511) = hlag)||*
<1 =) Ylze = hlar)||* + 400 = i)k (2k — P(22)? (B (Trg1) — P(TR41))
+6(1 =) 7k 2 — (@) 121y (2r11) = hlag) |
+ 41 =) llze = (i) (@r1) = P(zg) [P
+ Vel gy (Trr1) = hlzrg) ||
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So we obtain
E[P{] <(1— ) B[ — Alox) '] +0
+6(1 — ’7]9)27]%E[|‘Zk — h(ap) |PE[| [Py, (Th11) — h($k+1)||2|sz+l]}
+ 401 = ) RE 126 = PR B gy (241) = Bl P Fya]

+ VBl (1) = Alaie) )
3/2
<(1 =) Elllzr — h(ze)||*] + 6(1 — 3)*2DVi + 41 — )i VDVY? + 4 V2.
Using the fact that ||a+b[|? < (1+¢€)||al|?+(141/€)|[b||? and ||a+b||* < (14-€)3||a||*+ (1+1/€)3|b||*
for any € > 0, we have

l2rs1 = hzren) [ < (L) B+ (L4 1/7)% e (C.2)

and
Efl 21— o)
(190 (1= ) Bllzk = hon) Y] + 6(1 = m)*9ED- Vi + 401 = y)ri/ DV + V32
+ (14 1/%)° (1= %) ' CRE[|lzps1 — 2]
<(1 = W)E[2% — hlww)|] + 1207D-Vi, + 1653/ D:V;Y? + 841VE + fgmnxkﬂ — el
k

4
<(1— )E[l|2r — h(zp)l|'] + 1292D:Vi + 1693/ D2V + 89iV2 + 30200-
k
(C.3)

Finally, we complete the proof by induction. Since oy /v, — 0, there exists a constant M > 0 such
that ay,/v, < M for all k. Let S, = ||z0 — h(zo)||* + 12D.V}, + 16v/D x/?’/2 +8MAV2 + C2Cy, then

|20 — h(zo)[|* < S, and S, — 12D,y V), — 167} \/7‘/3/2 — 8V — C,QZC'O > 0 for all k. Suppose

the claim is true for 0,1,--- , k, then
Ell|2k+1 — h(@rs1)]]

4
3/2
<(1 = )S: + 1292 D. Vi, + 1643/ DV + 8432 + %’C;C,%CO

—S. — (SZ — 129DV, — 1692/ DV — 89112 — —ChC(])
<S.,

which completes the proof.
b) By the definition of 241, we have 241 = (1 — V&) 2k + Yrhuy,, (Th41), and

(1—- 7k)4||2’k:+1 - ZkH4 :’Y;%Hhukﬂ(fﬁkﬂ) - Zk+1||4
<8Vl gy (@rs1) — Bl@re) It + 8%l 2es1 — h(@eg)||
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where the inequality comes from (a + b)* < (2a% + 2b%)? < 8a* 4 8b*. Thus

8y 87
Tt e T Tl = RG]

By part (a) that there exists a constant S, > 0 such that E[||zx11 — h(zr11)]|*] < S, we obtain

Ellzh+1 — 2ll"] <

Efllzks1 — zll"] < O(1),

which completes the proof. [

C.2 Proof of Lemma 3.2

Let Assumption 2.1 and 3.1 hold, we apply the basic update rule to the first inner level and
accelerated update rule to the remaining levels. We consider the analysis for the second inner level
updated as:

ﬁﬁf) =(1- 1/ﬁT—2,k)y;(€T_1) + y;(i;l)/ﬁsz,m

y,ﬁf) =(1- 6T—2,k)yl(gT_2) + Br—2k - fﬂfll’),cﬂ (7&;2))-

For ease of notation, we denote y,E:T_l) by 2k, Br—2k by Bk, @\,(CT_g) by Yki1, y,(CT_Q) by yr and
(T-1)
f:

wr—1241 (") BY Guy,, (+). The corresponding update step can be written as

Gt = (1 )2k +
k+1 = (L — = )2k T+ 5 2k+1,
Yk+1 B B +1

Ykt1 = (1 = Be)ur + BrGuwprr Uks1)-

To construct a super-martingale involving {yx+1 — g(zx+1)} while utilizing the smoothness of
g(-), we write y as the weighted average of samples at the extrapolated points {gu, (7:)}r_, with
: (k)
weights ¢, defined as
(k) _ /BtHgC:t_s_l(l — /Bz) ifk>t> 0,
' Br if k=t>0.

By the definitions of Ct(k), 2k, and yg, we have the following identities

k
¢ =1 - e S =1,
t=0

and
- k) ¢ (k)
Zpy1 = ZQ( Doty b1 = 3G Guper (Ter1)-
t=0 t=0

In what follows, we prove Lemma 3.2 through a series of lemmas. These lemmas are also the
building blocks for the subsequent rate of convergence analysis. It can be seen that 7, plays a role
as a link between y; and zj, and it is natural to consider decomposing {yx — g(zx)} into some terms
containing ¥, to start our analysis, which is presented in the following lemma.
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Lemma C.1 (Decomposition of y; — g(zx)). Suppose that Assumption 2.1 holds, then we have

k k
k ~ k ~ ~
g1 — 9zl < L S ¢ Nznsr = Gl + 1Y ¢ Qo @ier) — 9@er))-
t=0 t=0

PRrOOF: By definition, we have

k
k _
Ybt1 =Y M gunr Gr1)

t=0
k k L
=> & g(Gi) ZC( e Ge1) — 9(Gea1)]
t=0
k
= Ct( )[Q(Zk+1) + Vg(zkﬂ)T@tH — 2k41) + K(Zkt1, Y1)
= (C.4)
+ 57 ¢ Gug Ges1) — 9(@es1))
t=0
i k b k
= (> Mg(zin) + Volz)” Y ¢ Girr — z11)
t=0 t=0
b k b k
+ 3 Pz, Gee) + D Gy Gert) — 9(@en)),
t=0 t=0

where the second equality holds by the Taylor expansion of g(-) at zxy1 that

9(Ur+1) = 9(zk+1) + V9(2ks1) Gr+1 — 2k41) + E(2k41, Tet1),

with ©(zg+1, Yr+1) summarizing the second and higher order terms. An important observation here
is that the first order term in Eq.(C.4) cancels out that

k k
V(1) Y ¢ Gt — 2141) = Vo(z11) (Z i — Z Ct(k))Zk-i—l) =0,
—0

t=0

where we use the identities 211 = Zf:o Ct(k)@tﬂ and Zf:o (t(k) = 1. Next, it follows from (C.4)

that
k

k ~ ~
Yk+1 = Gz +0+ Z Ct zk+1> yt+1) =+ Z Ct( )[gwt+1 (yt-i-l) - g(yt—i-l)]'
— t=0

Using triangle inequality, we have

k k
s — 9Czrr) |l <D (s Tl + 1Y ¢ (Gungs @rs1) — 9@er))
t=0 t=0

k k
N k AN ~
< O Marn = Geal? 1D 6 G Gern) — 9
t=0 t=0
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where the second inequality holds by Assumption 2.1 that ||k(zg+1, Yet+1)]] < % lzer1—es)>. O
In Lemma C.1, we bound {yx —g(2x)} by the sum of two iterative sums Zf:o Ct(k) llzes1 — Jevr|?

and Zf:o Ct(k) (Gwirr (Ut+1) — 9(Hi+1))- In the next lemma, we consider convergence properties of the
two iterative sums.

Lemma C.2. Let Assumption 2.1 hold, and let

k k
k ~ k ~
qk+1 = ZQ( )”Z’kﬂ — Yrrall, mes1 = ZQ( )szﬂ — e,
t=0 t=0

and

k
kst = 3 6 Gues, i) — 9G]
=0

We have , with probability 1,
(a) gipy < (1= Bo)a; + g llzee1 — 2]
(b) mi1 < (1= Be)my, + Brag + 2 llzke1 — 2l
(©) Elllgs|PFrsa] < (1= Be)*[lnwll* + Bi V-

PROOF: a) By definition, we have

k
k _
Q1 = ZQ( Nzkr — Gest

t=0
k—1
(k—1) ~ ~
=(1—PBk) G 12641 = Y1l + Brllzk+1 — Yo
t=0
k—1
k-1 ~ ~
< (1=80 D ¢V (e = Gl + lzwes = 2} + Bellzirs = G
t=0

< (1= Br)ax + (1 = B)llzks+1 — 2ill + Brllze+1 — Ukl
(1= Br)ar + (1 = Bi)llzk+1 — zell + Bellze+1 — Yrs |l
(1= Br)ar +2(1 — Br)llze+1 — 2l

where the inequality holds by the triangle inequality, the third equality holds by the definition of
qr and the fact that Zf:() (t(k) = 1, and the last equality holds by the definition of yi;. Taking
squares of both sides and using the inequality (a + b)? < (1+ B)a® + (1 +1/8)b? for any 3 > 0, we
obtain

G < (4B = Br)’dd + 41+ B — Br)?lzkss — 21
< (1 - Br)at + 4B Hlzrer — 21l
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b) By the definition of my, we have

k
k .
Mpy1 = E Ct( )sz+1 — Ges1]?
=0

k—1

k—1 —~ ~
= (1- 8 3 ¢F izt = Gt + Bellziss — G|
t=0

N
—_

k-1 ~ ~ ~
= (1= Bema+ (1= B0) D& (21 = Bl = N2k = Ge]2) + Bellzrss = G|

-
Il
o

Using the triangle inequality, we have

o = Fesal® = N2k = Gea I < (llzwsn = Gerr) | = lzn = Gosall) (Izmer = Fowa |l + 1z = Geal)
<lzwsr = el (22 = Goall + zps1 = zll).

It follows that

k—1
miir < (1= Be)mi + (1= B0) (2zker — 26l D ¢ llzk = G
t=0

k—1 ~
+ ¢ Ve = 2ll?) + Bllzirs = e
t=0

= (1= Br)m 4+ 2(1 = Bi)llzks1 — zellge + (1= Be)llzkr — 2l
+ (1= Be)*/Bellzwsr — 2112

(1 = Br)my + (1 — Br) (5;:1H2k+1 — 2 )® + Bk%%)

+(1/8k = Vllzoa — 2l?

< (1 - Br)mk + Brar + 28, N zk1 — 2k,

IN

B=1 o(k=1) _ |

where the first equality holds by the definition of qx, Yr4+1 and the inequality > ;") ¢, =

c¢) By the definition of ny, we have

nig1 = (1 — Be)nk + B <9wk+1@k+1) - g@kﬂ))-
Taking conditional expectations on both sides and using the fact ny € Fgy1, we further obtain

Ell 1% 1Fxra] = (1= Br)* Il + 260(1 = Br) i Elgug s (Trr1) = 9@i1) [Fr]
+ BRE[ Gupsr Trr1) — 9Tht1) 1P [Frs1]
< (1= Br)?[lnll* + BEVe,
where we use the unbiasedness and moment boundedness of g,, by Assumption 2.1. O

Next, we prove Lemma 3.2 by using Lemma C.1 and Lemma C.2 to construct the super-
martingale with respect to an upper bound of {yx — g(z)}.

22



PROOF OF LEMMA 3.2: a) By Lemma C.1 and Lemma C.2, we have
lye = g(2i)|I” < (Lgmu + [lng]))? < 2L5m3 + 2||ny >,
By the iterative inequalities for ¢ and my derived in Lemma C.2, we obtain that

M1+ 4gpy1 < (1= Bi/2)(mu + 4q3) + OB; 2k — 2ll).-

Taking squares on both sides of the above inequality and using the fact that (a+b)? < (1+3/2)a®+
(14 2/B)b? for B > 0, we have

(M1 +4d¢41)* < (1= Br/2)(my, + 467)° + OB |z — 21Y). (C.5)

Let
ex = 2L (my + 4q3) + 2|Ing ||

Clearly, ||y — g(zx)|| < er for all k and e, € Fi4q. Taking the sum of Eq.(C.5) and the iterative
inequality for ng in Lemma C.2; we have

Elej1|Fx] < (1 — Br/2)Eleg[Fa] + 26V, + O(B  Elll2k+1 — 2xl|*[Fw])-

b) Under the condition Y 2, ’yﬁ,@’k_?’ < 00, we have

o0

Z@mmm—wmw Z-%mﬂzw z:()

k=1

where the inequality holds by the assumption E[||zg4+1 — 2x[|*] < O(7{). By the monotone conver-
gence theorem, we obtain that "1_; 8, *O(E[||2k+1— 2k *|Fi]) converges almost surely to some ran-
dom variable with finite expectation as n — oo. Therefore, the limit 70 ; 8; *O(E[|| 2k — 251 |*|F])
exists and is finite with probability 1.

c¢) By part (a), we have that there exists a constant C' > 0 such that

Elei 1] < (1 - Be/2)Elef] + 28V, + ol (C.6)

5k'
Since /B — 0, there exists an M > 0 such that v, < Mg, for all k. Letting D, = E[e?] + 4V, +
2M*C, by vx < MBy and B < 1, we have Dy, > 4V, 3y, + 28, *7}C for all k.

We prove by induction that E[ei] < D, for all k. Clearly, the claim holds for k¥ = 1. Suppose
the claim holds for 1,2,--- k. We have by Eq.(C.6),

Bk

Elefa] < (1 - 2)Ele] + 26, Lok

B
(1—@)1) ogv, + o
By

< Dy~ (D, 45V, — 26,940)

S Dya
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where the last inequality uses the fact that D, — 48, V, — 20, 47,30 > 0 for all k. The claim thus
holds as desired.

d) By the assumption that E[||z511 — 2] < O(7{), there exists a constant Cy > 0 such that
E[||zg+1—2x]/*] < v¢Co. By part (c), we have that there exists a constant D, > 0 such that E[||yj4+1—
9(zks1) ] < Eled.y) < Dy for all k. Thus, Elllgesr — g(zke0)l] < vEllikr — 9G0P < /Dy,
Now we begin our analysis to show the finiteness of the fourth moment E[||yrs1 — g(zrs1)|*]-

Let exy1 = (1 — Br)(9(zk+1) — g(zx)), by the Lipschitz continuity of g, we have

len+all < (1= Br)v/Collzera — 2l

By the definition of yx11, we have

Yk+1 — 9(2k+1) + €kt1 — €xp1
= (1= Be)(yr — 9(21)) + Br(Gupsr Uks1) — 9(2r41)) — €rg1
= (1= Bk)(yx — 9(2k)) + Br(Gwiss Wks1) — 9(Wk+1)) + Br(9(Wk+1) — 9(2k41)) — ext1-

Again, by the Lipschitz continuity of g, we get
Biellg@is1) — 9k )| < B/ CollTkt1 — 2k+1]]
= /G e = )
= (1= Bi)v/Collzisr — 2l

So we obtain

41 = 9 (i) | < Q= Br) (e — 9(2k)) + Bi (s 1) — 9T +2(1 = Br) v/ Collzisr — 2l
Let Py = [|(1 = k) (yk = 9(21)) + Br(Gupss (Y1) = 9(Uk41)) ||, then we have

P = 1(1 = Be)(k — 9(zk)) + Br(Gunss Tis1) — 9@e1))1*
< (1= Br) llyr — 9z I* + 401 = Be)* Bk — 9(2k))* (Guwpss Wir1) — 9(Tk+1))
+6(1 = Br)*Billur — 920112 i Wir1) — 9@
+4(1 = B) Bill (. — 9 (Gur Tr1) — 9@
+ 513||9wk+1(17k+1) - 9@k+1)”4a

which implies
B[R] < (1= B) Elllye — 9(z0)]] + 0
+ 6(1 = B BZE |y = 901 IPEl G Gie1) = 9T |2 F ]
+ 4(1 = BIBE vk — 90 I G Ger1) = 9@ )PPl

+ BrEl|gwp s Wir1) — 9@rt1) 1]
< (1= B) Elllyr — g(zi) 1] + 6(1 — Br)*BED, Vy + 483/ Dy VI + BV
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Using the fact that |la+b[|?> < (1+¢€)||al|?+(141/€)|[b||? and ||a+b||* < (14-€)3|la||*+ (1+1/€)3|b||*
for € > 0, we obtain

i1 = gz | < (L4 B> Pe + 16(1+ 1/81)° (1 = Bi) ' Cgl|zh1 — 2|,
which implies

16+,
Elllgkrs — g(ersn)l'] < (1 BBl — ()] + 12870y Vy + 1650/ DyVy + 881V7 + - CiCo,
k

Since v /Br — 0, there exists a constant M > 0 such that v, < M for all k. We set S, =
lyo — g(20)||* + 12D, V, + 16@%3/2 + 8V + 16M*C?Cp, and prove the claim by induction
on k. The rest of the analysis follows the same argument as in the proof of Lemma 3.1 (a). We
omit the details to avoid repetition. We conclude that there exists a constant S, > 0 such that
Ellyi1 — 9(za1) 4] < S, for all k.

e) By the definition of yx, Yk, 2z, we have

k1 — yell = 11X = Brg1) Yk + BrGuwyrr Grt1) — Yl|
= ||Bk(Gwpsr Wr1) — Yl = BrllGwpsr Urv1) — vrl|
= Brllgwrr Ukt1) = 9(Uk+1) + 9Wr+1) — 9(2x) + 9(2x) — yrl|

< B [ngkﬂ (Uk+1) = 9@k ) + [19(r+1) — 920 + [lg(2x) — ka]

< B9 11 @e1) = 9 @)l + Lol = 21/l + () = vl

= B[l ) = 9Gs )l + Loll (e = 1)l + llar) = il

= Billguwy 1 Wr+1) — 9G] + Lgllze41 — 2ill + Bellg(z) — yill-
Using the fact (a+b+4c)* < [2(a+b)?+2c?]? < 8(a+b)* +8c* < 64a* + 64b* + 8¢, it is easy to see

yrr1 = yrll* < 64841 guy oy Grr1) — 9@rro)|[* + 64Lg [ zk1 — 2il|* + 8Billg(zx) — yil[*.
Then we get,
Elllyss1 — yxl[*] < 6485V + 64LE |21 — 2] + 86E[llg(zx) — wrll), (C.7)

By part (d), we have that E[||yx — g(zk)H‘L] < Sy. Since E[||zp11 — zk||4] < (9(7,3) and vy /Br — 0,
we obtain

Elllyr+1 — yell"] SO(B) + O(i) < O(Bp),

which concludes the proof.
O
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C.3 Proof of Theorem 3.1

PROOF OF THEOREM 3.1: (a) Let z* be an arbitrary optimal solution to problem (1.1), and let
F* = F(z*). By the same argument as in the proof of Lemma 2.1, we obtain there exists Cy > 0
such that

El||zg+1 — %% F]
2

2 2
<(14+ o 4 B By — |2 4 aFC1Cy - O — 200 (F(wp) — F)
Br-1k  Br-2k Bk

+ (T = DB Elllys” " = FD @) |Fe] + (T = 2)Br—2,Elllys" > = FT V(") |12 |Fy]
+ ot BLE[yY — FO )P R

(C.8)

First, we consider the case when the first inner level function f(I) does not have Lipschitz continuous
gradients. In this case, Algorithm 2 runs with basic update step for the first inner level and
accelerated update steps for all other levels. By Assumption 3.1, we have

Ellzxr1 — )] < 0y CEC3 -~ CF,

which is the sufficient condition for Lemma 3.1 to be true. Apply Lemmas 2.3 and 3.1 to the first
update step, we have

B[y " = 7 @) |2Fea] [F .
- B .
<( = BroaEllye " = 5 @) 1P + Bzt OrElle =z |PIF] + 2Ve67 14,
and E[Hyl(izl) - yk H | <OB7_, 1) which serves as the sufficient condition for level (7' — 1) in
Lemma 3.2 to be true so that IE‘J[||y/,;‘:_12 - yk H | < (’)(ﬁ%_27k).

Apply Lemma 3.2 recursively for the accelerated update from j =T — 2 to 1, we have that for

(4)

all j’s and all k, there exists an e;/” € F 1, such that almost surely

E[Hy}(gj) _ f(j+1)( J+1))H IFy] < ]E{ ’Fk}
) 12 (G2 ) E(lly — y 14
E [Ellel), 2FilBi] < (18,0 2)El[e 2 ] 262V +O ~ ). (c.10)
7,k

and E[|yY), —y|1] < O(8L,).

By Lemma 3.2 part (b), under the condition that > ;2 ggl £ < 0o, we have

o) 1 1
B[y - yk T 1417

Z f+1 < o0,

k=1 j,k

with probability 1. Together with the condition » 7, sz,k < 00, the sum of tail part of this

i+1 1
Ny =y D)4y

/B 7

super-martingale, 26]2k‘/j+1 + O( ), converges almost surely.
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a2

Similarly, by Lemma 2.3 part (b), under the condition )7 7~ < 00, we have that with
probability 1, ’

oo

E — x| ?|F
3 12kt — z|*|Fr] < 0o
P Br—1k

Together with the condition )7, ﬁ%fl i < 00, the sum of the tail part of the super-martingale for

Eq.(C.9), 2V 87 + CTE[HIE;:?”Q‘F'“], converges almost surely.
Now we apply the T-element super-martingale convergent lemma to Egs.(C.9), (C.8), and

(C.10). By letting

Xy, = |log — 2|12, VY = B[y = 7O () |2[FR),

T—2 T—-2 1 1
v Bl R F, -, vV = E[[elV]2Fy),
2 2

Q@ o %
o = [6T7k1 AR /37’;]007“9 = 2ay(F () — F*),
u}(j) :u,(f) _ ... :u](chl) =0,c1=2,-,cp 2=2(T—2),cr_1 =T —1,

Elllyh — u”IIF,

B, L

Efllyl 7" — iV |4F
B%—Q,k

i = OBzt Elllonsn — okl IFl + 2Ve_

#I(CT) _ aiCHCz - Cr,

0;(61) = Brk/2, 79£T—2) = Bsz,k/Z@/(gT_l) = Pr-1k:

D =282, Vi + O(

),

M/E;Tﬁz) =267 5, V14 O(

we obtain that ||z, — 2*|| converges almost surely to a nonnegative random variable, and
oo
S (Bl - F) <,
k=0

which further implies
liminf F(z) = F*, w.p.1.
k—o0

Using Lemma 2.5, we conclude that the sequence {zj} converges almost surely to a random point
in the set of optimal solutions to problem (1.1).

Next, we study the case when Assumption 3.2 also holds, i.e.,f (T) has Lipschitz continuous
gradient. In this case, Algorithm 2 runs with accelerating update steps for all levels. The only
difference is that we use the accelerated update rule for the first inner level instead of the basic
one, so Lemma 2.1 and 3.2 still hold. Consider the first inner level, since it is also updated by the
accelerated update rule, we apply similar analysis as in Lemma 3.2 for this level. We have that
there exists e,(CTfl) € Fi11 such that with probability 1,

Bl ~ /O ) PR < B[l 2[R,
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and

Bjk

_ E _ 4F
5 JE[[es” VP2 Fe] + 262,V + O w1 35”’“” Fuly (can

j?k

E[Ellef 121w [F] < (1 -

4
By similar argument as in Lemma 3.2 part (b), under the condition )~ g < 00, we have
with probability 1,
i Efl|zr+1 — ka |Fe]

< o0

k=1 J, k
Now we apply the T-element super-martingale convergent lemma to Eqs.(C.8),(C.10) and (C.11).
The remaining part follows the same line as in the case where f(Z) does not have Lipschitz contin-
uous gradient. We conclude {x}} converges almost surely to a random optimal solution.

(b) Firstly, consider the case when f(I) does not have Lipschitz continuous gradient. Since
problem (1.1) has at least one optimal solution, the function F'is bounded from below, and denote
F* as the optimal value of F(x) over X. As a result, we can treat {F(z;) — F*} as nonnegative
random variables. The x; update steps of Algorithm 2 and Algorithm 1 are same. Thus, Lemma 2.2
holds for Algorithm 2 as well. It follows that for sufficiently large k,

ElF(2p41) — F*[Fy]
. 1
<F(ax) = F* = ZIVF @) + 03 LrpCiCo- - Cr + (T = 1)Br-1kElly, " = O () |P[Fl

+o 4 BBl — FP D)2
(C.12)

Using similar argument as in part (a), we apply the T-element super-martingale convergence lemma
to Egs.(C.10) , (C.11) and (C.12). By letting

Xy, = Fay) — FHLYT) = E[lgl" Y = £ ()] 12[F4],
v, = Efle ”*”Puf’ Lo, v = EBlleV]?my),

e = 0,ul”) = fakHVF (@)%,

u](cl) _u](f) — ... :u](CT 1) :Oacl :2’ ,CT—2 = Q(T_2)7CT—1 :T— 1,
Y = CTBQ_“il,kE[ka+1 — ag|*[Fx] + 2VTﬁ% Lk
(T-1)

- Ellly —y F,

W =28 Vi + Ok C .
’ ﬂT—Z,k
Elly2), — v 1 1F]
Lk

1
) = iazLFclcQ - Cr,
=B1k/2,

(T
k
g T 2)
0y,

5T—2,k/27‘91(€T_1) = Br_1k,
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we obtain {F(zj) — F*} converges almost surely to a nonnegative random variable, and
o
> | VF(p)l* < oo, w.p.1,

By Lemma 2.6, we conclude any limit point of the sequence {zy} is a stationary point with proba-
bility 1, which completes the proof.

When f (T) has Lipschitz continuous gradient, we apply the T-element super-martingale con-
vergent lemma to Egs.(C.10), (C.11), and (C.12). The rest of the proof follows the same line as in
the case where f() is non-smooth. [

D Proof of Theorem 3.2

D.1 Proof of Lemma 3.3

Proor: By Lemma 3.2, we have that for ] =T —2,---,1, there exists a random variables
el € Fyyy for all k satisfying [[y?) — FG+D (0 T)) < eg) such that

Eflyl Y =y |4
Ellel), 2IF] < (1 Bu/2)el 1+ 262,V + O~k i ).

7.k

almost surely and _

Ellyd), - v 1" < 082
So we have ﬁ4
Ellef)1]2 < (1= B/2Elef ] + 282 Viun + OS54, (D.1)

7 k

Substituting B; = 2k~% into Eq.(D.1) and applying Lemma B.1, we obtain
Ellyy” = fO D)) < Elle1P) < Ok t40) + Ok ™),

which completes the proof. [

D.2 Proof of Lemma 3.4

PRrROOF: By the Lipschitz continuous gradient condition in Assumption 2.2, we have
F(zp41) — F(ag)

S{VF(ar), 2 — ) + s~ xkn?

< — a(VE (i), VD, (@) VIS ) - VD, () + O(ad)

(a
< — ag|[VF (@) + ar(VF (), VF(ax) = VD (@) VLD @) VD ) + O(ad).
(D.2)

Let @ be
Q= <VF<$I¢)7VF($I¢) fwTk< )V fg ll)k( (T-1) )vfﬁ)k(yl(gl)»
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We have
E[Q] =E [(VF (wx), VF (1) — VD, (@) VA D ) -+ VD, )]
—E [(VF(@x), VE, (@) = VI, @) VD ) Vi, )]

where VF,, (1) = %foﬂ?k (:L“k)Vf(g 11),€(f(T) (k) - Vfﬁf,ll?k(f@) o---o(fT)(x))) and the equality

comes from Assumption 2.1 (ii). Based on the fact 2ab < a? + b? for all a, b, we obtain

E[<VF($k)76ka(xk) _%ffng—'k( )VfwT 1k( ](CT 1) vfw1k( (U))]
<SEIVP@OI+ GBIV R )~ T, VD ) Va8, 6P

Applying the inequality ||+ b[|* < (||a]| + [|b]])? < 2[lal|* + 2[|b]|* to Eq.(A.1)-(A.4) in Lemma A.1,
we have

SENVE,, (21) = VD (@) VD ) - 010, )1
<O(E[llyy" ™" = FD @)l + - + OE[lly” — rP @)1
Thus, we obtain
E[Q] =E[(VF(2k), VFo, (2x) — VD, () VLD, i ™) VD, ()]
SE([VF @)l + OE[lys " = D@2 + 0Ellyf? = TV "))
OElly” — FA D).

Taking expectations on both sides of Eq.(D.2) and substituting E[Q] by its upper bound derived
above, we have

«
S IVE()?

<E[F(21)] — E[F(zg41)] + OByt = FD(@)|?]) + OByl > — T D ))12)
-+ O(arE[ly” = AP + 0(ad).

This implies that

E[|VF ()]
< 20 "E[F (x)] — 205 'E[F (1141)] + OE[llyy Y = fD(a )H2]) (D.3)
+OE[ly ™ = fTD GNP + -+ OEyY — P D)) + Olaw),

which completes the proof. [
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D.3 Proof of Theorem 3.2

PROOF OF THEOREM 3.2: Firstly, we consider the case where f(T) does not have Lipschitz con-
tinuous gradient. Since Assumption 2.1 and 2.2 hold, we apply Lemma 3.4 and sum up Eq.(D.3)
from £ =1 to n , then we obtain

>k E(IV (@e)?)

n
< 2oy Fzo) + 0 ((k+ 1) — KYE[F ()] + 07> 0@l = £D (@) )+
k=1 k=1
-~+K*120( Efllyy” = 1)) 120 ) (D.4)
k=1
< 207 F (o) + n ! Zak“*E[F( 120 llys” " = £ @) |2]) +

120 I — 7))+ S 06),
k=1

where the second inequality holds by the fact (k + 1)* < k% + ak®~! since h(t) = t® is a concave
function for 0 < a < 1.
44T

Meanwhile, by Lemma 2.7 and Lemma 3.3, with the choice of a = m and b; = gi% for j =
T-1 1)
T-1,7-2,--- 1, we have E[[y(} ;= f) () |2] < O~ +D) and B[[ly), — FO+D 7 1) <

O(k=®+1)) for j =T —2,---,1. Plug them into Eq.(D.4), we have
et E(IVE (zr)[?)

n

-1 2(bp—1—a)yl b y 1 —b; - D.5
§O<na SR vy LN 1+Z AR YA S B “) (D-5)

S(x)(nf4/(8+T))7

which completes the proof.
Next, when f(T) has Lipschitz continuous gradient, the first inner level is also updated by the
accelerating rule. By similar analysis as in Lemma 3.3, we have

T—1 3 -
E[Hyl(c ) _ f(T)(-Tk)||2] < O(k‘ 4a+4bT71) + O(k bT,l)‘
Plug this convergent rate into Eq.(D.5), together with Lemma 3.3, we obtain

> et E(IVE (zi) 1)

n

-1 —4da+4b 1 b ; T b _
SO(”a + 11140(%1an D=1 T 1+Z ~hi+) 40(%711 by T 1+n a>
So(n74/(7+T))7
by choosing a = ?i—% and b; = 34 for j=T—-1,T—2,---,1, which completes the proof. [

T+T
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E Proof of Theorem 3.3

PROOF OF THEOREM 3.3: Denote F* = mingey F(x), note that F* = F(Ily«(x)) for all z € X.
When X = R based on the definition of z, we have

= T—-1 1
i — = VD (@) VD (D) V().
Then, for the term ||zg1 — = (241)]|?, we have

kg1 — M () |
|#pgr — T () [
k41 — ok + 2 — e (1)
=||lzk — s (zi)|* = |21 — 2kl |* + 2(2ks1 — Tk, Thog1 — e (1))
=ex — W= () ||* = [Jzp1 — il
+ 200V £SD, a) VIS i) - VIR, (), e () = i)

)
(
|k = M= (@p)|P = ||zps — kaQ + 20 (VE (@), = (21) — @p41)
+ 200 (VD (i) VALD (g VD () = VP (), e (2) — 2p41).

I”

(E.1)

k

where the second equality comes from |la + b||? = ||b]|? — ||a||? + 2{(a, a + b) with a = z}11 — ) and
b=z — ly(xx). Define
Ty = (VF(xk), Mx= (zk) = Tps1),

and
= (VI @)V D ) - VD ) = VF(2r), T () — a4

For the term 77, we have
T) =(VF(x),xp — xpi1) + (VE(zg), O« (zg) — x8)
SF(o) ~ Plaen) + 2 ok — ol + (V@) T (1) — )
<F(ey) ~ Flagen) + 2 g — al + F(ILes (20)) — Fla)
—F (L= (24)) — F(epn) + o [oper — 2
=" Flaner) + 2 s — o
<F* — F(xpy) + O(ad)

where the first inequality is due to the Lipschitz gradient of F', the second inequality comes from
the convexity of F', and the last inequality holds by Eq.(A.8).
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For the term T5, we have

E[T3] =E[(VE,, (1) = VD, () VD (57 70) - D, (), — e ()]
+ B[V E,, (21) = VD (@) VETD (g5 D) D (), apgr — 24)]

wT K wr—1,k Wi,k
<E[VE, (r) = VIS, @) VG0 ™) VI, ), o — e ()]
T2
a ~
+ 5 Bl Ey, (o) = VI, @V IS D ) - VA, )17
T2,2

+ T T
2 f k k4111 »

where the inequality comes from the fact that (a,b) < 5= |la||* + %||b||>. For T, we have

— 20%

Ton <o B[ IVE () = VAR @)V IS0 61 - VA, )] + Bl o T (o) Y

SO(%

where ¢, is a scalar and will be specified later. By the fact |ja — b||* < 2a? + 2b> and Assumption
2.1 (iii)-(iv), we have

Ty < 2B[||V Fy () |2] + 2B [V D), (i) VAL D, 0" 0) - VD, ()12 < 01).

Taking expectations on both sides of Eq.(E.1) and plugging in the upper bounds of 77 and T3

E) [yt = FD @lP] + -+l - £ o)1) + jjkwak — M- ()],

derived above, we obtain
200, (E[F (241)] — F*) + E[||2p11 — Mo (241)]]°]
< (1+ B[k — M= () [2] + O(0}) + O(af /o) [Ellyg” " = 1O (i) |
e+ Elly = Q)] + 0ad).
By the definition of optimally strong convexity in (3.1), we have

F(api1) = F* 2 Mzpgr — M (z41) 1%,
which futher implies
(1 + 22 )E( |41 — Mo (41)|)
< (1+ $)Elex — - (2) 2] + 0(ad/o0) (Bl = £O @) + - + Elllyf” - £ )11)
+0(a3) + O(a3).
It follows by dividing (1 + 2Aay) > 0 on both sides,

1 —
< H*;f’“ Elllz — - ()] + +0(a/ox) (Ellt™ " = O (@)l

-+ Ellyy” = FODIP) + 0(ad) + 0ad).

Efl|zgt1 — M= (zx11) 7] <
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Choosing ¢ = Aoy, — 2>\204£ yields that

Eflwps1 — o= (zr41) 7]

)\ak + 2)\2(1% (67 (T-1)
< (12T 27 Tk Zk _ £(T) 2

o+ Bl - O e)R) (E2)
= (1 — ) E[||zy — T~ (25) %)

+0(a}) + O (Ellyt™" = s D @0)l?) + - +Ellyy” = FOw)IP).

JE[[lz, — M= (z1)[I”] + O(af) + O(

When f (T) has Lipschitz continuous gradient, applying Lemma 2.7 and Lemma 3.3, we have

Efl k11 — s (2x11)]|°)

<(1 = Aag)E[||zx — = () [[?] + Ok~ + 0(%) (o221
T-2
+ O(k—bT—l) + Z O(k—4bj+4bj+1) + O(k_bj)>.
=1

Apply Lemma B.1 to the previous inequality, we have

T-2
Bl — - (o)) < O(k) + O(k~2+2r-1) 1 O(kbr-1) + 3 [0k~ 40521) + O(h~)]
=1

<

1+T
t 7b1

Letting a =1, by_1 = ﬁ—;, br_o = T we have

—__4
= IT7°
E[||zx — T (21)]%] < Ok~ G+,

which provides the convergence rate result for the optimally strongly convex T-level accelerated
SCGD.

Next, when f(T) has Lipschitz continuous gradient, the first inner function is also updated by
the accelerated update rule. By similar analysis as in Lemma 3.3, we have

Efly" " — s (@)]?) < Ok~ 0r1) 4 O(k 1),
Plug this convergent rate into Eq.(E.2), we have

Ell|lzg — - () %]
T—-2

SO() + O+ 1) 4 O(k~11) 4+ 3 [O( ) 4+ O(k~)
j=1
S(/)<k74/(3+T))7
by choosing a = 1,by_1 = g,j—{;, br_o = %’ cee b= ﬁ, which completes the proof. [
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