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Abstract

A small-time Edgeworth expansion of the density of an asset price is
given under a general stochastic volatility model, from which asymptotic
expansions of put option prices and at-the-money implied volatilities fol-
low. A limit theorem for at-the-money implied volatility skew and curva-
ture is also given as a corollary. The rough Bergomi model is treated as an
example.

1 Introduction

Stochastic volatility models are extensions of the Black-Scholes model that ex-
plain a number of empirical evidences. The Heston and SABR models among
them are popular in financial practice owing to (semi-)analytic (approximation)
formulas for the vanilla option prices or the option-implied volatilities. For a
practical guide on stochastic volatility modeling, we refer to [12]. Recently,
attracting much attention is a class of stochastic volatility models where the
volatility is driven by a fractional Brownian motion with the Hurst parameter
smaller than 1/2. This is due to their consistency to a power law for the term



structure of the implied volatility skew that has been empirically recognized;
see [1} 3,16, 18, [10, 11) 13, [14]. The small Hurst parameter implies in particular
that the volatility path is rougher than a Brownian motion and so, this class
is often referred as the rough volatility models. Since the models do not ad-
mit of explicit expressions for option prices or implied volatilities, the above
mentioned consistency has been discussed through asymptotic analyses.

The aim of this paper is to provide a general framework under which the
short-term asymptotics of the at-the-money implied volatility is studied. Here,
by short-term asymptotics, we mean the asymptotics with time-to-maturity

0 — 0. By at-the-money, we mean a regime of log-moneyness k = O( V). The
framework is for a general continuous stochastic volatility model. The rough
Bergomi model introduced by [3] is treated as an example. The asymptotic
expansion of the at-the-money implied volatility is given up to the second-
order.

The first-order expansion was already given in [10] by a different method.
For the SABR model, Osajima [19] gave the second-order expansion based
on the Watanabe-Yoshida theory; see e.g., [15, 22]. For a Markov stochastic
volatility model with jumps, Medvedev and Scaillet [16} [17] derived the ex-
pansion by a formal computation. For the Markov diffusion case, Pagliarani
and Pascucci [20] proved the validity of the Taylor expansion. An expansion of
the at-the-money implied volatility skew is derived under a Lévy jump model
with Markov stochastic volatility by Figueroa-Lépez and Olafsson [5]. Beside
these results for the at-the-money regime, considering near-the-money, that is,
a moderate deviation regime, Friz et al. [7] derived the asymptotic skew and
curvature of the implied volatility by assuming the asymptotic behavior of the
density function of the underlying asset price. Recently, Bayer et al. [4] has
extended the moderate deviation analysis to a rough volatility model.

In this paper, we introduce a novel approach based on the conditional
Gaussianity of a continuous stochastic volatility model to prove the validity of
a second order density expansion, from which follow expansions of the option
prices and the implied volatility as well as the asymptotic skew and curvature
formula. In contrast to [15] 19, 22], we do not rely on the Malliavin calculus,
which enables us to treat effectively the rough volatility models. In contrast to
the elementary method of [10], our approach can be extended to higher-order
expansions without any additional theoretical difficulty. We choose the square
root of the forward variance, that is, the fair strike of a variance swap, as the
leading term of our asymptotic expansion, while a recent work [2] studies the
difference between the implied volatility and the fair strike of a volatility swap
in terms of the Malliavin derivatives.

The paper is organized as follows. In Section 2, we describe assumptions
and general results. In Section 3, we give the proofs of the general results. In
Section 4, we treat regular stochastic volatility models. In Section 5, we show
that the rough Bergomi model fits into the framework as well and compute the
coefficients of the expansion for this particular model.



2 Framework

2.1 Assumptions

Let (QQ, 7, Q) be a probability space equipped with a filtration {F; ¢ > 0} satis-
fying the usual assumptions. A log price process Z is assumed to follow

dZ; = rdt - %Utdt + \/Z_)tdBt,

where 7 € R stands for an interest rate and v is a positive continuous process
adapted to a smaller filtration {G;;t > 0}, of which the square root is called the
volatility of Z. The Brownian motion B is decomposed as

dBt = ptth + 1- pde{,

where W’ is an {#;}-Brownian motion independent of G; for all t > 0, W is
a {G:}-Brownian motion and p is a progressively measurable processes with
respect to {G;} and taking values in [-1,1]. A typical situation for stochastic
volatility models, including the Heston, SABR and rough Bergomi models, is
that (W, W’) is a two dimensional {F;}-Brownian motion and {G;} is the filtration
generated by W, that is,

Gi=NVo(Wss<t),

where N is the null sets of #. Denote by || - [|, the L” norm under Q. Our key
assumption is the following: for any p > 0,

1 (° 1 (°
Efo‘ vpdt {éfo Ut(l—P%)dt}

This is satisfied by standard stochastic volatility models (with correlation pa-
rameter |p| < 1) but not by local volatility models that correspond to p = 1.

-1

sup < o0. (1)

0€(0,1)

< oo, sup
. 0€(0,1)

An arbitrage-free price p(K, 0) of a put option at time 0 with strike K > 0 and
maturity 6 > 0 is given by

K
p(K, 0) = e "E[(K — exp(Zg))+] = e f Q(logx > Zg)dx.
0

The forward variance curve vy(t) at time 0 is defined by vy(t) = E[v;]. Changing
variable as
x = Fexp (Coo(0)), F =exp(r0 + Zy),

0
00(6) = fo (b,

where



we have
p(Fez©, 9)

_ 10 : 00(0)C
L LQ«:zxme a,

where

g 0
X@ = 20 (6)< >6 (Q)MG/ MG —fo‘ \/ZTtdBt, <M>9 :L‘ vfdt_

Based on this expression, the asymptotic behavior of put option prices is studied
through the asymptotic distribution of Xg. From the martingale central limit
theorenﬂ itisnot difficult to see that Xy converges in law to the standard normal
distribution as 6 — 0. To determine higher-order asymptotic distribution, we
assume the following structure: there exists a family of random vectors

(D, MP, M, MP; 0 € 0,1)}
such that
1. the law of Mg)) is standard normal for all 6 > 0,
2.

sup [IMO|], <0, i=1,2,3 )
0€(0,1)

forallp > 0 and
3. for some H € (0,1/2] and € € (0, H),

lim 6—2H—2€ MG M(O) QHM(l) _ QZHM(Z) =0
60 00(6) o O pe
(M)e 3 ©)
lim 0772|229 1 _ oM =o.
60 00(0)? ? llye
Further, we assume the existence of the derivatives
) = < (EMIMD = o), i=1,23,
d?
bo(x) = o {EIMy M = xlo()] 4)

o) = o (EIMIFMY = ko)

in the Schwartz space (i.e., the space of the rapidly decreasing smooth func-
tions), where ¢ is the standard normal density.

1 The martingale central limit theorem for one-dimensional continuous local martingales is
proved as follows. Let M" be a continuous local martingale with (M"); — 1 in probability. By the
Dambis-Dubins-Schwarz theorem, M" = W<M,,> for a Brownian motion W”. Since (W",(M")1) —
(W, 1) in law, by the continuous mapping theorem, we conclude M’l’ — Wi in law.



As will be discussed in Section 4, regular stochastic volatility models satisfy
these assumptions with H = 1/2, where (3) is a consequence of the It6-Taylor
expansion. In Section 5, we see that the rough Bergomi model, where the
volatility is driven by a fractional Brownian motion, satisfies these assumptions
with H being the Hurst parameter of the fractional Brownian motion.

2.2 General results

The fundamental result in this paper is the following.

Theorem 2.1 The law of Xg admits a density pe, and for any a € IN U {0},

sup(1 + x*)*|po(x) = qo(x)] = 0(6) 6)
xeR

as 60 — 0, where

Jo(x) =¢ (x + #) -of (a(el) (x + #) - @a(g’) (x + @)) ©

-0 (a(;)(x) - %ce(x)).

The proof is given in Section 3.2. In order to derive a neat asymptotic expan-
sion of the put option prices, we introduce an additional assumption which is
satisfied by the models in Sections 4 and 5.

Theorem 2.2 Suppose we have (5) with qg of the form

go(x) =¢ (x + @) {1 + 165(6) (H3 (x ; @) — 60(6)H> (x + @)) eH}

x3(0) 7
2

+¢(x) (K4(9)H4(x) + H(,(x)) o

with bounded functions x3(0) and x4(0) of O, where Hy. is the kth Hermite polynomial:
Hi(x) =x, Hy(x) =x* -1, H3(x) =x> —3x, Hy(x)=x*—6x*+3,...

Then, for any zp € R,

p(FeGU(G)Z, 6) _ 1 00(6) 60(6)z 00(9)
Fe950(0)  00(0) (CD (Z i T) ‘ ¢ (z - T))

+ K3(9)(¢) (Z + M)Hl (Z + @)EUO(Q)ZQH

2 2
"3(29)2 H4(z)) 6% + 0(67)

+(2) (K4(9)Hz(2) +

uniformly in z < z.



The proof is given in Section 3.3. Under the same assumption, an asymptotic
expansion of the Black-Scholes implied volatility follows. Denote by pps(K, 6, o)
the put option price with strike price K and maturity 6 under the Black-Scholes
model with volatility parameter o > 0. Given a put option price p(K, 9), K = Feék,
the Black-Scholes implied volatility ogs(k, 0) is defined through

PBS(K/ 9/ GBS(k/ 9)) = p(K/ 9)

The at-the-money implied volatility skew and curvature are defined respec-
tively as the first and the second derivatives in k of the Black-Scholes implied
volatility at k = 0. The skew behavior is especially important in order to argue
the consistency of a model to the empirically observed power law.

Theorem 2.3 Suppose we have (5) with qg of the form (7). Then, for any z € R,

ops( \/52, 0)
3x2 2
=01+ K3 [ = + 2 V0) g, (35 — s+ (kg = 3D 2 | 027 L 4 o(02H),
K2 2 2 1{%

where k, = 12(0) = 00(0)/ VO, k3 = 13(0) and ks = x4(6).
Theorem 2.4 Suppose we have (5) with qg of the form (7). Then,

Hos(0, 0) = K3(0)01 7112 + o(6%17112),

. ka(0) = 3k3(0)? o4
B

The proofs are given in Sections 3.4 and 3.5 respectively.

8%035(0, 0) + O(QZH_l).

Remark: The above asymptotic estimates are not uniform in H; the assumed
stochastic expansion (3) is not uniform in H and so, there seems no hope to
have uniformity. We would have uniformity in H € [Hy, 1/2] for some Hy > 0
if we could strengthen the condition (3) to uniform convergence on [Hy,1/2].
It seems impossible to argue the uniformity in H € (0,1/2] because Lemma 3.2
below requires some e-6 argument depending on H.

3 Proofs

3.1 Characteristic function expansion

Here we give an asymptotic expansion of the characteristic function of Xp. Let

— MO 4 MO 4 g2Hp@ _ 9000) H (©)
Yo =My +0"M + MY — == (1+67M7)).



Lemma 3.1 Let H € (0,1/2] and € € (0, H) be constants under which (3) holds. Then,
forany a € N U {0},

sup |E[XgeiuXe] _ E[ygeium“ — 0(92H+e)'

lul<6-¢
Proof: Since |e™* — 1| < |x|, we have

[ELXge™0] — E[Y5e ]| < [E[(XG — Yg)e™]| + [E[Yge™ (¢ Xe~Yo) — 1))
< EIXS = Y311 + uE[ Yol Xp — Yol

By (1) and (2) respectively, Xy and Yy have moments of any order. Therefore
by the Holder inequality,

E[Yel"1Xo — Yoll < Ci(a, €)lIXo — Yoll1+e

for a constant Ci(a, €) > 0. Since Xj — Y§ = (Xo — Yp) Zg;&(—l)ﬁXg_l_ﬂYZ, the
Holder inequality gives also

E[1X5 — Ypll < Co(a, €)1Xo — Yolli+e

for a constant Cs(a,€) > 0. Since 6o(0) = O(6'?), we have ||Xg — Yolli4e =
0(6%11+2¢) by , from which the result follows. I/

Lemma 3.2 Let H and € be as in Lemme Then, for any 6 € [0, (H — €)/3),

sup
[ul<6-2

FLYgee] = |6 (M) + A, M) + B, MS”))H = o(6°"),

where

Ag(ar,u,x) = (iux® + ax™) (E[YoIMY = x] - x),

2 1
Bog(a, 1, x) = (—u—x“ +iuax® !+ Mx“_z)
2 2
00(0)?
X (92H5[|M§’|2|Mg’> = x] - oo(O)OEIMPIMY = x] + % :

Proof: This follows from the fact that

|x®
S -
6

2
. x
X .

et —-1—-ix+—

2

for all x € R. Indeed, this implies that

sup = o(0%*¢),

[ul<6-2

E[Y%"0] ~ E [YgewM(o“) (1 +iu(Yo - MY) - %(Ye - M@f”ﬁ)]

Expand Yj = (Mg)))“ + a(Mg)))"“l(Ye - MS))) + ... and take the conditional
expectation given Mg)) to obtain the result. I/



Lemma 3.3 Define Go(x) by

fo(x) =p(x) — 072 (x) — 6*1a$ (x) - g 9)

6%H QHO()(Q)
2

— = (xp(x) — 0" (x))

+ TCG( ) —

where ag), bo and cg are defined by . Then,

bo(x) +

Cf0(9)
5 - Do),

fR o) = E [ (M) + Ala M) + Bla 1, M) |-

Proof:  Since the density of Mg)) is ¢ by the assumption, this simply follows
from integration by parts. m

3.2 Density expansion

Here we derive an asymptotic expansion of the density of Xy.

Lemma 3.4 There exists a density of Xg and for any «, j € N U {0},

sup f |ul/|E[X8e™*0]|du < oo

0e(0,1)

Proof: Note that the distribution of Xy is Gaussian conditionally on Gy, with
conditional mean

1 1
Ug := ) (M)o + 50(0) [) VorprdW;

and conditional variance

1 [ >
Vg = Wj; Ut(l — Pt )dt

Therefore, for any bounded continuous function f, we have

E[f(Xo)] = E[E[f(X0)IG0]l = E[ff(x)CP(x, Up, V)dx],

where ¢(-, 4, ) is the density of the normal distribution with mean u and vari-
ance v. This means that Xy admits a density

po(x) = E[¢(x, Ug, Vo)].

Furthermore, the density function is in the Schwartz space S and each Schwartz
semi-norm is uniformly bounded in 0 by (T). Therefore,

sup flulJIE[X"‘ Xol|du = sup f'fu]x"‘ ””‘pg(x)dx
0<(0,1) 0<(0,1)

= sup ' f ei”"&i(x“pg(x))dx

0€(0,1)

du < oo




since the Fourier transform is a continuous linear mapping from Sto S.  ////

Proof of Theorem As seen in the proof of Lemma [3.4] the density py exists
in the Schwartz space. Note that for a function f in the Schwartz space, by
Taylor’s theorem,

2 3
Fle+a)— f(x) = f'(x)a - f"(x)”E < % sup |f”(x + b)|
[bl<|al
a'g’

1
ST e ork SRR
a ye

and so,

|l +a) = f(x) = f(x)a - f"(x) = 0(@).

sup(l +x
xeR

This gives
sup(1 +x%)%190(x) = Go(x)| = O(0™*) = 0(6*"),
xeR

where g is given by (8). By the Fourier identity,

(12 o) = o) = 5 [ [ €1+ 1Y pate) = qutw)dve e

Combining the lemmas in the previous section, taking ¢ € (0, min{e, (H —€)/3}),

we have
fl;lseé

On the other hand,
f| . f e"(1+ %) po(y)dy

for any j € N by Lemma[3.4] The remainder

f feiuy(1+y2)a—
[ul=0-°

is handled in the same manner. itk

du = o(6*1).

f V(14 2 (poly) — To(y)dy

du < 6# f| o lul|E[(1 + Xp)*e™**]|du
u|>60-

= o(gjﬁ)

3.3 Put option price expansion

Here we consider put option prices. Denote by py the density of Xy as before
and consider a normalized put option price

p(Fe(©2, 6
e = [ [ oo



Lemma 3.5 Let qo(x), O > 0 be a family of functions on R (not necessarily the one

given by (8)). If

sup(1 + x2)*|pa(x) — go(x)| = o(6F)

xeR

for some o > 5/4 and > 0O, then for any zp € R,

F g0(0)z 0
pEe > 0) = G ) 2o f f Go(x)dxe™ AL + o(6F)
0

uniformly in z < z.

Proof: By the Cauchy-Schwarz inequality,

_ref f |p6 X) qg(x)ldzeﬁo(@)cdc
y@f \/f (1 +x2)2a - \/f (1 +x2)2“ 1|p9(x) l]e(x)|2dZ€00(6)CdC

z dx
—r6+00(0)z 2\a — —_—
< re leel]lli)(l +x7)|pe(x) qe(?é)l[oo f:m 1+ 2T dc,

which is o(6F) if a > 5/4. /1

Proof of Theorem This is a direct consequence of the previous lemma. For
example,

d [ eed [T 90(0) oo(0) _ 00O\ _ 90(6)
£l o ol o)

The derivative of Hy(z)$(z) is —Hi+1(2)$(2). Recall also 0¢(0) = O( Vo). 11/

3.4 Implied volatility expansion

Here we prove an expansion formula for the Black-Scholes implied volatility.

Proof of Theorem Step 1). Fix z € R. Note that

Py(0) :=

sz(Fe‘FZ 0,0) 1 (q)(z a\/@)e\/gz
o 2

el o) o

and that

Voz _ Voz
Pei[O/w]ﬁ[u £ ]

Vo ' Ve

10



is a strictly increasing function. From (9) and Proposition[2.2} we have

VOz
p(FeV%, 0) (z Kz\/e) (z Kz\@) Vs nH
——~ =Py(Ky) + Kok3D | — + Hi|—+ —— eV 0
Fer9 VG o(K2) + K2K3Q . 5 5

it (2) ot 2 o ()] o
=Py(k7) + O(6%).

Therefore
ops(V0z, 0) = P51 (Po(k2) + O(6M)).

By , K7 is bounded in 6, say, by L > 0. The function Py converges as 0 — 0 to

Py(o) = zq)(g) + G¢(§)

pointwise, and by Dini’s theorem, this convergence is uniform on [0, L]. Since
the limit function Py is strictly increasing, the inverse functions P! converges
to Py L Again by Dini’s theorem, this convergence is uniform and in par-
ticular, P;l are equicontinuous. Thus we conclude ops( Voz, 0) —x; — 0 as
0 — 0. Then, write ops( \/éz, 0) = x, + p(0) and substitute this to the equation
Po(ops( VOz, 0)) = Py(xz) + O(6™). The Taylor expansion gives p(6) = O(61).

Step 2). From (9) we have

Py(o) = oF; (g) +

R

where

F1(x) = xD(x) + $(x), Fa(x) = 2B() + x(x), Fa(x) = ¥D(x) + (x2 - %)@(x).

Using that
{oks (S =0 (2)
we have
b ()¢ 00 (2) e rap(2) o (£)e o
= ops( VOz, O)F (GBS( jéz, 9)] + “BS(‘/@;’ oy ‘/51?2 [OBS( j@z, 9)] +0(e™)
by (2) ¢ 2 (2 02 o V) - )+ 06

from which we conclude ags(V0z, 0) = x5 + k3z¢ VZ6H + O(62H).

11



Step 3). Using that

2o () Zo(2) alon D) =(2)
we obtain

Kz(P (Kiz + K2 \/5) (K3H1 (Kiz + @)6\/@ZQH + (K4H2( z ) + K—51‘14 (i)] GzH]

2 ) 2 ik
_p(Fe V2, 0)
T Fe9E
=Py(0ps( V0z,2)) — Po(x2) + 0(6*7)

=0, {0F1 ((E;)} |g:K2(GBs( Voz,6) — 1) + %(ﬁ {0F1 ((Z_;)} | (08s(VOz, 6) — 1)

Lol ()
2 o

~ Po(k2) + 0(6°")

(08s( YOz, 0) = K2) + 0(6*)

0=Kp

=q5 (Kiz) ((7135( \/éz, 9) - Kz) + ?Zqﬁ (—2) ((7135( \/éz, 9) - Kz)

z
K

2
+ Z_3¢ (i)(GBS( V6z, 0) — 1) + 0(6%")
21{2 K2
from Theorem [2.2]and Step 2. The left hand side is further expanded as

Kz(]b (Kiz) {K:;Hl (KEZ)BVEZGH—Kg,Hz (Kiz) %QHH/Z

i [K4H2 (Kiz) + %’%m (K%)] GZH} +o(6™H).

Denote y(9) = ops( Voz, 0) — ko — K3ze VOz9H and substitute this to obtain

2 2
Z\ %2 pmsp2 (Z) K3 (Z) 2H
= —Hy (=) 22 H(Z)+ 2H, (£
y(6) K3 2(K2) 29 + K2 | K4H> - + o Hy o 0
K K3
_ 3226H+1/2_ 32462H+0(92H)

3
21<2

K% ZZ
= (— - zz) K302 4 1y ((K4 - 31<§)—2 +
K

§K§ - 1<4) 0°H + O(GZH),
2

2

from which we conclude the result. I

3.5 Asymptotics for at-the-money skew and curvature

Here we prove Theorem

12



Proof of Theorem It is known (see e.g., Fukasawa [9]) that
Q(k > a0(0)Xg) — D(f2(k, 6))

drops(k, 0) =
kops(k, 0) ook, 0)
Pouse, 0) = —FOE0O) ok 0)afik 0)9fo(k, 0) o
KYBS\Y - 0_0(9) \/é(z)(fz(k, 9)) BS\A, kJ1\R, kJ2\R, U),
where
k \/EGBS (k/ 6) k \/5(7]35 (k/ 9)
k,0) = - , k,0) = .
O st ) N A
Since the condition of Theorem 2.2]is met, we have
Q(0 = Xg) = @(@) T 3(0)) (@) 0" + o(67).
On the other hand, by Theorem
£(0,0) = ?Kz(e) +0(071+172)
and so,
D(f(0,0)) = (D(ao(@)) + O(62+112),
O(0,0) = H(0) - 9(0)gk2(60) + OO
Then, it follows from (10) that
drops(0, 0) = k3(0)077 12 4 0(62171/2), (11)

Further, under the condition, we have

pe(0) = ¢ (#) {1 - @ao(e)eH + (31(4(9) - 15%9)2) QZH} +0(6%1).

On the other hand, by Theorem[2.3]and (T1),
oBs(0, 0)dk f1(0, 0)dk f2(0, 0)

1 H
_OBS(O, 00 + O(Qz )
:Kz(lW (1 - %Kz(G)Ka(Q)QHH/z _ (gkg(e)z _ K4(9)) QZH) + 0(6211),

Then, it follows from that

2i4(0) — 6x3(0)* o4 2H-1
—K2 0 v} +0(0 ),

which completes the proof. i

a]%GBS(O/ 6) =

13



4 Regular stochastic volatility models

Here we briefly discuss that regular stochastic volatility models satisfy all the
assumptions in Section 2.1 with H = 1/2. Consider the volatility process
v = v(X;), where X is a Markov process satisfying a stochastic differential
equation

dXt = b(Xt)dt + C(Xt)th

and vis a smooth positive function defined on the state space of X. Letp € (-1,1)
be a constant and {G;} be the augmented filtration generated by W. We assume
(1), which is satisfied in the usual cases including the log-normal SABR and
Heston models. Denote by L the generator of X. Put f = Vv, ¢ = f’c and
h = v’c. Then, by It6’s formula, we have

0 t 0 t
Mo = f(Xo)Bo + f f 8(Xs)dW,dB; + f f Lf(X,)dsdB;,
0 0 0 0
0 t 0 t
(Mo = v(X0)6 + f f h(X,)dW,dt + f f Lo(X,)dsdt.
0 0 0 0

Let BY = 671/2Bg;, WY = 07/2Wg; and X9 = Xg;. Then

M_\/E— f(Xo)B? + Vo f f g(X9)dWYdBY + o f f Lf(X9)dvdBY,

Mo _ xy)+ Vo f f W(XO)dWodu + 6 f f Lo(X%)dvdu.
0 0 0 0 0

It would follow that
ao(0)? _ EKM)e]
0 0

1
= v(Xo) + ELv(XO)e +0(6%?),

and so
0o(6) 1 Lo(Xo)

= f(Xo) + -
NG f(Xo) + 2 F(Xo)
under a mild regularity condition. Then, we have with H = 1/2, Mg)) = Bf

and
M = $&0) f WOdBY

0 + 0(6°?)

Mo -~ f(Xo)
@ _ _LoXo) 5o & X)e(Xo) fl f oo =9 LFXo) (M ..,
My = 4v(XO)B Xo) i WvdedBu+—f(X0) ) udBY,
@ _ »8Xo) p
=25 | vt

again under a mild regularity condition. By Nualart et al. [18] or Appendix A
below,

§(Xo)

g(X o)P f(X)le( )

) 21200 EIMG OIMY =] =

EIMPIMY = x] =
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and so,

& 2 2 0 2
= —K3 (H3 (x + 00;6)) — Oo(G)Hz (x + @))(p (x + @)

o0 (x . @) _ 900 o (x s M)

with
o = P80
° T2 f(Xo)
Further,
’ 2
E[M<62>IMgJ> =x] = —Z—U(Xo) %(XO)%H3(x)+ Jf: (Xo)x
2 ’ 2
= 30+ S (X0 Ha)
and

BI04 P =1 = S 00 (5 (3 + )+ G110 + 1 ) (3 + 3100

Therefore,
@ 1 K
a,’(x) — ECG(X) = —xaHa(x)p(x) — ?H6(x)¢)(x)
with 2 ) 142
g'c g + P
= T(XO) 7 (Xo)

Thus we have observed that (6) has the form of @ and so, all the theorems in
Section 2.2 are applied. In particular, Theorem[2.3|proves the Medvedev-Scaillet
formula (Proposition 1 of [16] that was obtained by a formal computation when
f is the identity function).

5 The rough Bergomi model

Here we show that the rough Bergomi model proposed by [3] fits into the
framework and compute the expansion terms. Let p; = p € (-1, 1) be a constant

and , 5
v = vg(t) exp {17 VZHf (t —s)H12dw, — %tZH}.
0

The deterministic function vy(t) = E[v;] is assumed to be continuous.
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Theorem 5.1 We have () for q¢ given by (7) with

0 ¢
5(6) = pr \EW [ [ a9y,

(1+2p)*H p*n*HB(H + 3/2,H + 3/2)
QH+1)2QH+2) 2H+1)2) /

K4(6) =

where B is the beta function.

Proof: Since v, is log-normally distributed, (1) holds by Jensen’s inequality. The

conditions (2) and H follow from Lemma [5.1{below. The functions ag) and cg
are computed in Lemmas 5.4/and [5.5[below. The function by is obtained
1
0

as the the derivative of a,”. They are apparently rapidly decreasing smooth
functions. Then, by Theorem it suffices to show that g defined by (8) has
the form ([7]) up to o(6°H) with x3(0) and x4(6) specified above. Vil

Theorems and 2.4] are therefore valid here as well. When H < 1/2
and the forward variance curve is flat (i.e., vy is constant), Theorem gives a
similar formula to the Bergomi-Guyon expansion formally derived in [3ﬂ In
fact, the expansion of O(n) given in [3] coincides with our expansion of O(6%)
when vy is constant. When v is not constant, or when looking at the second-
order terms, the formulas are not the same; this is not surprising because the
asymptotics are 7 — 0 in [3] while 0 — 0 here. Further, when v is constant,
the same formula of O(6") can be obtained by expanding the rate function
of the large deviation result of [6] as in [4]. To be more precise, note that by

Theorem
nvV2H

PoHE+1/2)(H + 3/2)
when v is constant and Theorem [2.3|implies

K3(0) =

ops(VOz, 0) — aps( VOL, 0) _
Voz - Vot

for z # C. A weaker assertion, where O(6%1-1/2) is replaced with o(0"-1/2), was
already shown in [10] by a different method. What is shown in [4] via an expan-
sion of the rate function is that this formula up to o(6"-/2) remains valid even

if VOzand VOC are replaced with 0fz and 6P respectively for § € (1/2—H, 1/2).

K3(9)9H_1/2 + O(QZH—l/Z)

How small 6 has to be for reasonable accuracy of our asymptotic formulas
should be examined via numerical experiments. Our extensive experiments
suggest N6 < 1 as a rough criteriorﬂ Here we present only a few examples
of the volatility surfaces. In Figures([ljand 2] the points are by the Monte Carlo

2 Note however that there is a typo in the second order term in [3].
3Note that n0" is the standard deviation of log-spot-variance.
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0.15

Figure 1: The Black-Scholes implied volatility under the rough Bergomi model
with vy = .04 and (H, p, n) = (.07, -9, .9) (left) or (H, p, 1) = (.07,-.7,.9) (right).

0.30
0.30

0.20 0.25
0.25

0.20

0.15
0.15

0.10
0.10

Figure 2: The Black-Scholes implied volatility under the rough Bergomi model
with vy = .04and (H, p, 1) = (.05, -.9,2.3) (left) or (H, p, ) = (.07,-.9,1.9) (right).
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and the curves are by the asymptotic formula given in Theorems [2.3|and
The different colors are for different time-to-maturities; black for 6 = .02, red
for 6 = .05, green for 6 = .1, blue for 6 = .2, cyan for 6 = .3 and magenta for
0 = .6. Note that the sets of parameters in Figure [2| are those calibrated from
option data by Bayer et al [3]].

In order to prove Lemmas below, we need some preparation. Let Hy, k =
0,1,... be the Hermite polynomials as before:

k
p d°

Hi(x) = (1) e

and Hi(x,a) = a/?Hy(x/ v/a) for a > 0. As is well-known, we have

au? = uk
exp {ux - 7} = kZ:O‘ Hk(x,a)ﬁ

and for any continuous local martingale M and n € IN,
dL" = nL"dm,, (12)
where L® = H (M, (M)) for k € N. See, e.g., Revuz and Yor [21].
Define W, W/, B by

X 1 l(t) _ 1 ff‘l(t)
Wy = —— vo(s)dW;, W/ = —— vo(s)dW;,
f ao<9>fo Veole) @), Y

and B = pW + 4/1— pZW’, where

1 s
T(S) = Wj(; U()(f)df.

Then, (W, W’) is a 2-dimensional Brownian motion under E and for any square-
integrable function f,

T(a) f(’l'_l(t)) R
dW; = g¢(0 ——dW,.
f: F&)dW, = 00(6) fo —

Therefore,
1 2
Mp = 0¢(6) f exp {eHF§ - %IT‘l(t)FH} dB,
0

where

[Hoo0) [ () — )12
FL=ny/== dw;, 0,1].
N2 o 16) nelod

Let )
GY = Hy(F!, (F')).

18



Then, we have

1 nz 92H R
My = ao(0) f exp {—gn-l(t)ﬁH} exp { OF! — T(Ft)t} dB;
0

1 1,12 6
= 65(0) f exp {—ng‘l(t)FH} Z fo‘> dBt.
0

k=0

Lemma 5.1 We have (3) with
Mg)) = Bl/

1
MY = f he(t)G\VdB;,

0

1 (2)

ho(t) — 1 G N
2 _ 0 t
MG —‘f(; {GT +h9(t)7}dBt,
1

MY =2 fo Fidt,

772
ho(t) = exp {—glfl (t)|2H} :

where

Proof: For M(Gi), i=0,1,2, it suffices to show

= 0(6")

1 s Hk
G} A
ho(t) ) Gﬁk)TdBt
0 P : )

for any | > 3. The proof for M(Qs) is similar and so omitted. It suffices to show

U

By the Cauchy-Schwarz inequality, the left hand side is dominated by

(]

2
Z G Qk, dt

k=]

= 0(0*Y),

Let )
GY = H(FL, (F')s), s €[0,1].
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Then, by (12),
E[G{P] = EIIG,} ]

t
K f ENIG;S "PId(F)s
(k- 1) f f E[IG P P1d(F! )5, d(F')s,
n IT‘l(t)IzH)

L oM
Note that 77}(t) < 771(1) = 6. Therefore, for sufficiently small 6,

< (kXFYf = (k')Z(

o0 o0 2\/ 2H
o2%H]
Enc®piar < (1
kz_: kz‘ Wf o= ( (1-0M)(1 - 01i2/4)’
which completes the proof m

Now we compute al 0 b@ and cg based on Lemma The following lemmas
follow from the results in Section [A]by straightforward computations.

Lemma 5.2

() — 7-1(s))H-1/2
o6) = -y 12 [ ot f O-T O~ goqy

Vo ©T6)
- 100y

1 ’ s t _
XWJ; exp {—thH}‘fO‘(f—S)H 12 \Jv(s)dsvo(H)dt

pn\2H
2H+1/2)H13/2)

~ —H3(x)¢p(x)

Lemma 5.3

1) = ~Ha(x)p() f !

_ 277 00(0)? h (') — )" 2d
Hy(x)p(x)p 1 92Hf o(t) (f Uo(T_l(S)) )

1 . 7H
~ Hz(x)(P(X) fo‘ 82 |T 1(t)|2Hdt - H4(X)(P(X)p2 (2H + 1)2(2H + 2) )

Lemma 5.4

1 -1/o\\H-1/2
) = ~2tsr0tpn \/Z 02)(5 f f (r (tU(T_l(('sz))) dsdt
0

pnV2H
2(H + 1/2)(H + 3/2)°

~ —2H(x)¢p(x)
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Lemma 5.5

2K 2 -1 17 \H-1/2 2
co) = Ho()pp? L 200 ( f ot f < “)UO(T ) ddt]

Voo(e1(s))
+H4(X)<P(x)92n22 ng?2f ho(t) ( f () U—O (TTll((ss))H 172 ds]2 N
+ Hy@)p()p*PHIZ - ng f ho() f (0 UO(T_ll(fz)H e
[ OO,
+ Hy(x)(x )—G(é(i)z f ho(t)? ( f (T 1(t)UO(T_11((SS))H 2 )2 ds
HA0¢) 2 02(532 f ho(t)? f @ 1(20(7 O
- He(X)¢(X)P22(H+ ] /;])ZI:H Y Hi(x)p(x )(2 é(:)ggglj .
+ Hy()o() P*PHB(H +3/2,H + 3/2)

(H+1/2)

1 2
« o) [ i ofar

A Conditional expectations of Wiener-It6 integrals
Here we collect results on the conditional expectations of Wiener-It6 integrals
that follow from Proposition 3 of Nualart et al [18]. Let x € R and B be a

standard Brownian motion (By = 0). Let f be a continuous function on

{s,t)€0,1)%s <t}

1 t
f f If(s, t)[*dsdt < oo.
0 0

with
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Lemma A.1

il fo 1 fo t (s, H)dB.dt ' B, = x] - Hy(x) fo 1 fo t (s, fdsdt,

e fo 1 fo t (s, )dB.dB; | B, = x] = Hy(x) fo ] fo t (s, fdsdt,

E Vj: (f(;tf(s, t)st)z dB; | By = x} = H3(x) j: (j:f(s, t)ds)2 dt
+ Hi(x) fo 1 fo t f(s, t)*dsdt,

E[ fo 1 ( f 1 s, t)dBt)z ds | B, = xl = Hy(x) fo 1 ( f 1 £, t)dt)2 ds

1 1
+fff(s,t)2dtds.
0 s
Lemma A.2

E{(‘f; f:f(s, t‘)olBsolBt)2 |Bl = xl - j: j: f(s, t)*dsdt
= Hy(x) (j: j:f(s, 1f)dsdt)2 + H(x) ]: (fot f(s,t)ds + [1 f, u)du)2 dt.
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