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1. Introduction

Over the past few decades, stochastic partial differential equations (SPDEs) have attracted considerable
attention from researchers in a wide variety of fields, including biology, physics, engineering and finance
etc. (cf. [IIl BI] and the references therein). In the study of SPDEs, the Burkholder-Davis-Gundy (BDG)
inequality and maximal inequality play vital roles in proving the existence, uniqueness, and regularity of
solutions of SPDEs. There are quite a number of contributions on the study of BDG and maximal inequalities
when the state space is a Hilbert space; see [10], [22], [23], [49] and [37]. However, many interesting problems
in the theory of SPDEs whose natural settings in function spaces are not Hilbert spaces, but rather Banach
spaces (e.g. some Sobolev spaces). Nevertheless, literature and research studies related to these inequalities
on general Banach spaces are very limited and this is the motivation of our paper.

The overall goal of this work is to investigate BDG inequalities and maximal regularities of stochastic
convolutions driven by Lévy processes in Banach spaces. We will derive, in Appendix [B] two general versions
of It0’s formula for Lévy-type processes in Banach spaces, which are crucial for the proof of our inequalities.
We will work in the martingale type r Banach spaces with 1 < r < 2. This assumption is necessary for
establishing a theory of stochastic integration in Banach spaces. Typical examples of such spaces are LP
spaces with p € [r, 00) and Sobolev spaces.

Now let us state our problem more explicitly. Let (E, |- |g) be a separable Banach space of martingale
type r with 1 < r < 2 and (Q, F,P) be a probability space with the filtration (F;);>o satisfying the usual
hypotheses, and let (7, Z) be a measurable space. We first consider the following process

t ~
utz/o /Zﬁ(s,z)N(ds,dz), tel0, 7], T >0,
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where N is a compensated Poisson random measure on (Z, Z) and ¢ is an E-valued P ® Z-measurable
process. In this paper we will establish the following BDG and L? inequalities

T »
E sup |u% < CWIE(/ / (s, 2)[5, N(ds,dz)) " forall 1 < p < oo; (1.1)
te[0,7) 0 A
T T P
E sup |u|f; < Cp, min IE/ / 1€(s, 2) | v(dz) ds,IE(/ / |€(s, 2) | v(dz) ds) "y foralll <p<r;
t€[0,T] 0o Jz 0o Jz
(1.2)
T
E sup |ulf, < CP)TIE(/ / 1£(s, 2) | v(dz) ds)
te[0,7) 0 A
T P
+ OWE(/ / (s, 2| V(dz)ds) " for all < p < oo. (1.3)
0o Jz

Here and in what follows, C), , is a generic constant depending only on p and r, which may change
from line to line. An inequality similar to ([LI) with p = r™, n € N was proved by Hausenblas in [21] by
using a discrete approximation argument of stochastic integrals. In this paper, by following the Ito formula
approach in the spirit of [35] [49] and using some ingredients from [50], we give a short and simple proof of
(TI) and extend the inequality to all 1 < p < oo; see Theorem [Z3]l In a recent work [16] by Dirksen, upper-
bound inequalities similar to (L2) and (L3)) with E being L7 spaces were obtained via a noncommutative
probability approach. In this paper, we propose a different approach and generalize the inequalities to all
Banach spaces of martingale type r with 1 < r < 2. Note that all L9 spaces with ¢ € [r, 00) are of martingale
type r. We want to remark that our method is more direct and closer in spirit to the ideas used in Hilbert
space and finite dimensional spaces.

Now we assume that (e!);>0 is a Co-semigroup on (E, |- |g) with a generator A such that [le4|| < e®
for some a > 0. Let X; = fg [, et 4E(s, 2) N(ds,dz). In the second part of the present paper, we will

prove that there exists a cadlag modification X of X such that the following inequalities hold
(i) for all r < p < o0,

T »
E sup ‘Xt‘p <eTC,, IE(/ / |€(s, 2) | N(ds,dz)) ", (1.4)
0<t<T 0o Jz
(i) forall0 <p <,
_ T L
E sup |X,|" < eo‘pTCp,TIE(/ / 1£(s, 2) |k v(dz) ds)r, (1.5)
0<t<T 0o Jz

(iii) for all r < p < o0,

E sup X[ <e2rTC,, [E(/OT/Z|5(S,Z)|1; V(dz)ds) +]E(/OT/Z|§(s,z)|gy(dz)ds)£] (1.6)

0<t<T

Considering maximal inequalities in infinite dimensional spaces, there exist mainly three different ap-
proaches in literature. The first approach is based on the factorization method and stochastic Fubini theorem
introduced by Da Prato, Kwapieri and Zabczyk in [9]. By following this approach, a weaker inequality of
L? estimates of stochastic convolutions for Wiener processes in Hilbert spaces was obtain in [I0]. Another
approach is to apply isometric dilation theorems on semigroups that admit dilations; see [22], [44], [51] and
the references therein. This unitary dilation method was used in [22] to get the maximal inequality for a
stochastic convolution driven by a Wiener process and Cy-contraction semigroups in a Hilbert space H.
Later Seidler in [44] obtained LP-estimates for stochastic convolutions of positive contraction semigroups in
a 2-smooth Banach space E = L9(u1), ¢ > 2 with a sharp constant Cj, = o(,/p). We also refer to Veraar and
Weis [51], Dirksen, Maas and van Neerven [I7] and Dirksen [I5].

A classical approach to prove the maximal inequality for stochastic convolution in finite dimensional
spaces is to apply the Ito formula to a C?-mapping E > z |z|%, 2 < p < oo, and then the classical
Burkholder inequality; see e.g. [49], [23]. When E is a Hilbert space, the function v, : E 3 x — |z|}, is
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always of C? class, see Ichikawa [23] and Tubaro [49] for inequalities of stochastic convolutions in Hilbert
spaces. While dealing with more general Banach spaces, we encounter a difficulty that the mapping 1/, may
not even be twice Fréchet differentiable. In the Gaussian case, this particular problem is addressed in [6]
where the second named author and Peszat made a certain assumption on E, which they call (H),). Under a
similar assumption on the Banach space F, the first two authors of this paper and Hausenblas derived in [53]
a version of maximal inequality for Lévy-type noises. More precisely, they assumed that for some p € [2, 00),
the function 1, is of C? and its first and second Fréchet derivatives are bounded by some constant multiples of
lz|%" and |#[%%. By means of the It6 formula and the Davis inequality, they obtained a maximal inequality
for contraction semigroups. Note that various spaces do have martingale type 2 property, but fail to satisfy
condition (H,). For instance, L?(L4(0,1)), ¢ > 2, are martingale type 2 Banach spaces, but according to
Theorem 3.9 in [30], the norm of L2(L4(0,1)) is not twice Fréchet differentiable away from the origin. In this
paper, we follow the Itd formula approach and work in a more general setting of Banach spaces. Compared
to [6] and [53], in the present paper we weaken the assumptions on the Banach spaces. We only assume that
the Banach space is of martingale type r, 1 < r < 2. Note that this is not an easy question. Due to the lack
of the twice differentiability property of the p-th power of the norm in martingale type r Banach spaces, a
straightforward extension of the inequalities seems impossible and a new technique is required. To do this,
we derive two general versions of 1t6’s formula in Banach spaces (see Appendix B) which can be applied to
the norm function 1, directly. By following the It6 formula approach and employing the BDG inequality,
e.g. (L), it allows us to estimate each term properly. Our proofs here are more succinct.

Let (e');>0 be a Cyp-contraction semigroup on a martingale type 2 Banach space (E,| - |g) and let
£ e MA(P® Z,dt x P x v; E). We will also show the following exponential tail estimates for stochastic
convolutions driven by compensated Poisson random measures: if there exists A > 0 and M, > 0 such that

T 1
/ / e)\z\f(s,z)lE)\lg(S,Z)FE y(dz) ds < M)\, (17)
0 Z

then for every R > 0 there exists a constant C'y > 0 such that

1
IP’( sup |Xi¢|p > R) < Che  IPARDZ (1.8)
0<t<T

Let E be a martingale type 2 Banach space. We will also study stochastic convolution processes of the
form

t t
X, :/ (=9 4g. AW, +/ / e=9)4¢ (s, 2) N(ds,dz), t € [0,T], T > 0. (1.9)
0 0 JZ

Here g : Ry x Q — ~(H; E) is a progressively measurable process which is stochastic integrable with respect
to a cylindrical Wiener process W on H and £ is defined as above. We will prove that there exists a cadlag

modification X of X such that
T ) g T
B( [ B as) ([ [ i 2tpra as

+IE(/OT /Z (s, )2, u(dz)ds)gl for all 2 < p < co. (1.10)

E sup |Xt|% < eO‘TC'pm
0<t<T

N——

We emphasize that maximal inequalities developed in this paper are applicable to many nonlinear
SPDESs, including stochastic Euler equations, stochastic reaction-diffusion equations, and stochastic Navier-
Stokes equations, etc. As an example we consider in Section Ml the existence and uniqueness of mild solutions
of stochastic two dimensional quasi-geostrophic equations via the application of maximal inequalities. We
establish the existence and uniqueness of mild solutions of stochastic quasi-geostrophic equations under much
weaker assumptions in terms of L? theory.

The rest of the paper is organized as follows. In the next section we will study BDG inequalities
for stochastic integrals. Maximal inequalities and exponential estimates for stochastic convolutions will be
treated in Section [Bl In Section 4 we show the existence and uniqueness of solutions to stochastic quasi-
geostrophic equations as the application of our main results. Finally, in Appendix A we give a brief review
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of some results of stochastic integral w.r.t. Poisson random measures, while in Appendix B we prove two
versions of Itd’s formula for Banach space valued Lévy processes.

2. BDG inequalities for stochastic integrals driven by Lévy processes

Throughout the whole section we assume that (E, |- |g) is a real separable Banach space of martingale type
r, 1 <r <2 see Appendix A for the definition. Let (2, F,F,P), where F = (F;);>0, be a filtered probability
space satisfying the usual hypothesis.

Let (Z,Z) be a measurable space and v be a o-finite measure on it. Assume that 7 is a o-finite
and stationary Poisson point process with the characteristic measure v such that the counting measure N
associated with 7 is a time homogeneous Poisson random measure; see Appendix A for the existence of such
a process and also [24]. We denote by P the predictable o-field on [0,7T] x €, i.e. the o-field generated by all
left continuous and F;-adapted real-valued processes on [0, 7] x €.

For the convenience of the reader we repeat some notations and standard facts about stochastic inte-
gration w.r.t. the compensated Poisson random measure which we will be frequently used in the paper. The
detailed discussions can be found in Appendix A.

We use the symbol M%L(P ® Z,dt x P x v; E) to denote the space of all P ® Z-measurable functions
€:[0,T) x Q x Z — E such that £ € L"(Q; L™([0,T] x Z; E)).

Take £ € ML(P ® Z,dt x P x v; E). According to [3], the stochastic integral process

//g 5, 2) N(ds,d2), t€0,T], (2.1)

is a cadlag r-integrable E-valued martingale and it satisfies the following: inequality

E’/ /gsz (ds dz)T <Oy / /|gsz|Ey(dz)ds (2.2)

If £ is a P ® Z-measurable function in ML(P @ Z,dt x P x v; E), then one can show (see Appendix A for

the proof) that
//gsz (ds,dz) //gsz (dz)d (2.3)

In particular, if ¢ € ML(P® Z,dt x P x v; E) N M(P ® Z,dt x P x v; E), then the stochastic integral
I (&) can be written as a sum of two Bochner integrals

/ /g s,,2)N(ds,dz) = ) {(s,-,ﬂ'(s))—/Ot/zﬁ(s,~,z)u(dz)ds, P-a.s. (2.4)

s€(0,6)ND ()

Here D() is the domain of the Poisson point process .
Set

t
Ut :z/ / &(s,z) N(ds,dz), te€0,T]. (2.5)
0 Jz
In this section, we aim to establish some types of inequalities and LP estimates for (u)o<i<7-

Remark 2.1. Let f:[0,7] x Q2 x Z — R be a real-valued function in ML(P ® Z,dt x P x v;R). Recall that
fot [, |£(s,2)|N(ds,dz), t € [0,T], is an R-valued and 1-summable martingale; see [24]. Moreover, it can be
written as a sum of two Lebesgue integrals in the following way:

//|fsz|N(dsdz //|fsz|Ndsdz //|fsz (dz)ds, P-as.

So we can deduce that

s([ [ s anasalz) 25 [ [ e [ [ isamaeals)
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A simple application of Proposition 25.21 in [26] with X = fOT S, 1f(s,2)] N(ds,dz) and
A= [y [, 1f(s,2)|v(dz)ds, t € [0,T), yields for all 1 < p < oo,

B( [ ' [ 1wz as) < w( [ ' JAECERCER)

In Proposition 2.2l and Theorem 2.3] below, we will formulate and prove some inequalities for stochastic
integrals with respect to compensated Poisson random measures. We shall follow a common strategy for
proving a BDG inequality for real-valued local martingales used in [26] to obtain inequality ([2Z9]). The idea
of this proof can be traced back to [12], where a version of the BDG inequality was derived for discrete-time
martingales with p = 1. Similar estimates, analogous to ([2:8]), [ZI0), and (220) in finite dimension space,
were first studied by Novikov in [35]. The main ingredient of his proof is a version of the change-of-variable
formula (It6 formula) for the transformation of a stochastic integral which requires the function only to be
continuously differentiable. In a Hilbert space setting, r = 2, inequalities (2.8) and (Z9) together with the
inequality (2I9) in Theorem [Z3] can be read as

E sup |u|f <CE <u>f}/2, 0<p<2, (2.6)
te[0,7)

E sup |u|f <CE [u]?pﬂ, 1<p<oc. (2.7)
te[0,7)

Here (u); = fot [, 1€(s,2)]?v(dz)ds and [u], = fg [, 1€(s,2)[* N(ds,dz) are, respectively, the Meyer and
the quadratic variation processes of wu; see [37] for the definitions. Inequality (2.7)) is known as the BDG
inequality. Inequalities (2.6) with p = 2 and (Z71) with 2 < p < oo were studied by Métivier [37] for Hilbert
space valued right-continuous local martingales. Ichikawa in [23] established a stopped version of inequality
@5) for right-continuous martingales in Hilbert spaces. A BDG inequality for a stochastic integral with
respect to a cylindrical Brownian motion in Orlicz-type spaces was obtained recently by Xie and Zhang in
[52].

Let us point out that inequality (2.8) below has already been stated and proved in [3], but we include
it here for the readers’ convenience.

Throughout the paper, we use Cy, q,,... to denote a generic positive constant whose value may change
from line to line, but depends only on the designated variables ay,as, - -.

Proposition 2.2. Let { € M (P ® Z,dt x P x v; E) and (ut)epo,r) be defined by B3). Then the following
inequalities hold provided the expressions on the right hand sides are finite:

1. forO<p<r,

T »
B sup fuly < CoB( [ [ leGs,2)lp(dz) ds) s (28)
te[0,7) 0 A
2. for1<p<r,
T 2
B sup [uly <G B( [ [ l€ls ) Nds.d)) s (2.9)
t€[0,T] 0o Jz
3. for1<p<r,
T
E sup |ulh < Cme/ / 1€(s, 2) % v(dz) ds; (2.10)
t€[0,T] 0 A
4. for1<p<r,
T
E sup |ulfy < Cp,rE/ / 1€(s, 2)|5 N (ds, dz). (2.11)
t€[0,T] 0o Jz
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Proof. (1) See Corollary C.2 in [3].
(2). Let us fix r > 1. Note that Auy = £(t,7(t))1p(r)(7(t)) and also observe that

EZ 1€(s,m(s)| B L (jes, n(5) 2> 25up [€(vm()|p) < 2]EZ (Sup|§(v m(v)|e ~sup |§(v,7f(v))|E)

< zEssgys(s,w(smE <EQ TR (219

s<t

t 1
—28( [ [ lets. 9l Nids,d)”
0o Jz
Thus we can define a process A, t € [0,T], by

A=Y &(s,7(8))1p(ny (m(s ))1{|Aus\E>2SIip|Auv|E}u t€[0,7].

s<t

Since the process (u;) is right-continuous with left limits, the function X, := sup, ., |Aus|g is left-continuous.
So this together with the adaptedness implies that X; is P-measurable. By assumption, the function £ is
P @ Z-measurable. Hence we infer that {(s,w, z) : |{(s,w, 2)|g > 2sup,, |Aus|g} € P ® Z. Similarly, one
can find that {(s,w,z) : |{(s,w,2)|p < 2sup,; |Aus|p} € P® Z.
. ¢
Notice that A; = fO fZ (s, 2)1{\5(s,z)|5>2 sup |Auy|p} N(ds,dz).
v<s

By the predictability of the function £(s, 2)1{j¢(s,2)|p>2 sup |Auy |z}, We have
v<s

t t
E/ / 5(872)1{‘E(S,Z)|E>25up‘A’U.y‘f]} V(dZ) ds :E/ / 6(872)1{\E(S,Z)|E>25up\Auy\fj} N(dS,dZ) < o0
0 A v<s 0 A v<s

Hence by Equality (AIH), we infer that the process A, := fot L7 €05, 2)1{je(s,2) | m>2 sup | Aun 5} Y(d2) ds, T €
v<s

[0, 7] is the compensator of the process A. Moreover the process

t
Dy = A — A = / / 5(37Z)l{|§(s,z)\E>2sup|Auv|E} N(ds,dz), t€0,T]
0 VA v<s

is an Li-integrable martingale. Hence, by Remark 2] and an argument analogous to ([2.12)), we infer, for
every 1 < p < oo,

Esup |Dy|?, <2P E(Ar)P + 2P E(Ar)P
t<T

T

<2r7'(1 +p”)E(/ /Z|§(saZ)|E1{|s<s,z>\E>2$g|Auv|E} N(dsadz))p (2.13)
t 0 P

([ [ les 2l Nsao)
0 Z

Set
t ~
Hi:=us— Dy = ‘/0 ~/Z§(87 Z)l{|§(s,z)\E§2 sup [Auy|E} N(dsvdz)v te [07 T]'

Clearly, the process H = (H¢)se[o,1), is an r-integrable E-valued martingale. Let us fix an auxiliary number
A > 0 and introduce the following random variable

<

t
TN ‘= inf {t: (/ / |€(SaZ)|TE1{\£(S,Z)|ES2sup\Auv\E} N(dS,dZ)) \/sup|AuS|E > /\} AT. (214)
0 JZz v<s

s<t
By the right-continuity of f(f S 1605 2) 51 (s, 2) <2 sup | Aun |} N (ds,d2) and sup |Aug|p, we infer that 7y
v<s s<t

is a stopping time; see Example 1.5.1 in [24]. Hence, by using first the Chebyshev_and Doob inequalities and
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then ([2ZI4) we infer

C, iR ”
]P){Sup |Ht|E > >‘} < FE(/ / |§(57Z)|E1{|£(s,z)\ES2sup [Auy| g} N(dsvdz))
t<Tx 0 4 v<s

Cy ™ ” r r
<SE( [T [ 1l MLt ca s 0nte) Vs d2) +27 sup (6o, w(0)])
0 zZ v<s

v<Ty
"

<Cr—.
= G

Here C is a constant depending only on 7 but whose value may change from line to line. Hence it follows
that

P{sup |Hi|p > \} < CT% E((/OT/Z (s, 2)% N(ds,dz)) A AT). (2.15)

t<Tx
Observe that
P{sup |H¢|p > A} <P{sup |Hi|g > A\ A =T} +P{n\ < T}
t<T t<T

< P{f;“p [Hilp > A} + P{jgglﬁ(t,ﬂ(t))lfa > A} (2.16)

T 1
+]P){( |€(SaZ)|TE1{\£(S,z)|ES2sup\Auv\E} N(dsadz)) > /\}
0 Z v<s

Let us now fix p: 1 < p < r. By using the following standard equalities from [23],

EXP :/ pAPTIP{X > A} d),
0

Ex? = ; P / E(X™ AN )pAP~"1d),
0

as well as inequalities (Z13)), (2.18), and 2I6), we get

Esup |Hi[}, < / PN IP{sup [Hy|p > A} dA + / PN P{sup |€(¢, 7() |5 > A} dA
0 0 t<T

s<T 1<7x
1
-

oo T
+/ pApilp{/ / |€(Sa Z)|TE1{\E(S,Z)|E§2sup [Auy| e} N(dsvdz)) > A} dA
0 0o Jz v<s

<0, /OOOpAP—T—lE((/OT/Z|§(s,z)|’:E N(ds,dz)) /\/\T) A

+E(supe(a.v()ls) +5( [ ' | Jets. o) V(s a)

D
r

<Cpom( [ [ e, N@s,a)

This together with ([2I3]) allows us to infer

b
s

T
Bsuplul} < G B( [ [ lets,2)l5 M. )
t<T 0 Z
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. T , ,
(3). Let us fix numbers r > 1 and p € [1,7]. Interpreting [; [, |¢(s, z)|z N(ds,dz) as %T] |€(s,7(s))|", we
se|0,
easily obtain

Rli]

r P
E(/O /Zlﬁ(&Z)IE N(ds,dz))" =E( Y [&(s,7(s))plp(m)(n(s)))

s€1[0,T)

<E Y (6l m(9) Lo (n(s))
s€[0,T] (2.17)

_E/T/ 1€(s, 2)| N (ds, dz)
—E/ / |£(s, 2) | v(dz) ds

Combining the above inequality with ([2.9]) we get the result.
(4). This is implicit in the proof of part (3). O

Before proceeding further, let us recall that according to [39] Theorem 3.1](see also [I4]), every Banach
space (F, |- |g) of martingale type r, 1 < r < 2, admits an equivalent norm, for simplicity denoted also by
| - |m, such that (E,|-|g) is an r-smooth Banach space and, for every p € (r,00) the first derivative of the
p-th power of the norm 1, (-) := | - |, is locally (r — 1)-Hélder continuous on E, i.e.

(@) = bWl < Corllzle + yle) e —ylz ", =y € k. (2.18)
The proof of the above inequality can be found in [50].

Theorem 2.3. Suppose that § € MI(P ® Z,dt x P x v; E) and (ut)iepo,r) is defined by (Z5). Then for
r<p<oo,

T D
E sup |ut|ggcp,T1E(/0 /Z|§(s,z)|%N(ds,dz))T. (2.19)

te[0,7)

Proof. Let us fix r and p: 1 < r < 2, r < p < oo. For the simplicity of notation we put ¢ := 1,. An
application of the It6 formula (B.3) to the function ¢ and the process (u;)icjo,r| yields for t € [0,T], P-a.s.

P(ur) = L(t) + Ia(t),

w—[iéw%>w 2) N(ds, d2),

_ /t/ (e +€(5.2)) = lus-) = ¥/ (us- ) (€5, 2))| N(ds, d2).
0 JZ

Let € > 0. Applying inequality (29) with p =1 gives

r :
Esup L)< CE (/0 /ZIw'(us—)(ﬂsaz))lrN(d87d2)>

T 1
<GB swp fult ([ [ leGs, 2l Vs, )’
0 Z

0<t<T

where

T 2
<eCpE sup |ulfh 4+ Cu pE(/ / |€(s, 2)| 5z N(ds, dz)) " (2.20)
0<t<T <’ o Jz

where in the last step we used Holder’s inequality and Young’s inequality.
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On the other hand, applying the mean value theorem, we find that for every s € (0,7

W(us— +&(s,m(5)) = Y(us-) — ¥ (us-)(&(s,7(s)))

(2.21)
< [0/ + (s, 7(9) )|, D
Observe that for all 0 < s < T,
lus—|g < sup |us—|g < sup |us|g.
0<s<T 0<s<T
Also, since us— + &(s,7(s)) = us, we get
lus— +&(s,m(s))|p < sup |us|e.
0<s<T
By using the fact that |z + 0y|p < max{|z|g, |z + y|p} for 0 <6 < 1 and all 2,y € E, we obtain
‘us, + 9{(5,#(5))‘E < max {|us—|g, [us— + (s, W(S))’E} < quT |us|e- (2.22)
0<s<
Hence by ([2I8]), we infer
/e + 0605, 7(5D) = ¥ e, < el + it + 06(5, 75 )~ el
< Cpr sup_Jusl "€ (s, m(s))] 5 (2.23)
sel0,T
It then follows from (221)) and (223]) that for every s € (0,77,
P(us— +&(5,7(s))) = Plus-) = ' (us)(€(s,7(5)))| < Cp.r P luslg 1€ (s, 7 (5)) |- (2.24)
se|0,
Hence by Holder’s and Young’s inequalities we have
B sup [L(0)] <EB / ] [t €662 = (us=) = 0 (w65, 2)| N(ds, 2
tefo
<G sup ful” [ [ e m(6)IE Vs, d2) (2.25)
t€[0,T7] 0o Jz
p—r -
i 1\ 5 "\ r
<C,, |eE P N TE )% N(ds, d
<G, ( S |ut|E> () 7 B( [ [ kst Nasas)”)
1\ 5 4 ?
< CpreE suwp fuly + Cpo (<) E(/ / 605, 2) [ N(ds,d2)) "
t€[0,T € 0o Jz
Combining (220) and ([228) and choosing a suitable small value of &, we get
T z
B sl <G B( [ [l Nds.d)
te[0,TNoy) 0 Z
|

The following LP estimate ([2.28) of (ut)seqo, 7y for all r < p < oo, as a consequence of Theorem 23] is
an important and useful tool in studying solutions of SPDEs, especially the regularity of solutions.

Corollary 2.4. For all r < p < oo, we have

E sup |ut}E <Cp7 (/OT‘/Zlg(S,Z)@y(dz)dS)—|—E(‘/OT‘/Z|§(S72)|’}3U(d2’)d3)£}_ (2.26)

te[0,T]
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Proof. Let us assume that the right-hand side of ([2:26)) is finite, as otherwise the inequality follows trivially.
To prove inequality ([Z286]), we start with the case where r < p < r2. According to the inequality (ZI9), by
taking into account the following equality

//|§SZ|E N(ds,dz) = //|§SZ|E (ds,dz) + //|§Sz|El/dz)
we obtain
]Etes[%%]‘/ /58 2) N(ds dz)‘p SvaTH'E(/Ot/Z|€(8,Z)|TE N(ols,dz))g

< ([ [ eos e Ntas,a2)) "+ ([ [ i) viaz) as)

Notice that 1 < 2 < r, hence by applying the inequality (Z.I0) to the first term on the right-hand side of
the above 1nequahty7 we infer that

Etes;%]‘/ /fs z) N(ds dz)‘p <C,,E / /|§ 8,2) dz)ds)—i—Cﬂ E /Ot/Z|§(s,z)|fE V(dz)ds)g.

This completes the proof of inequality ([Z.26) in the case when r < p < 72,

Let now assume that 72 < p < 3. Applying inequality ZI9) twice and then inequality I0) yields
the following estimate:

3 o | [ [ o st = Curs( [ [ oo i)
OpTE(//msuE (ds,42)) " +Cp /t/w(s,zngu(dz)ds)
o )
)

P
T

D
v

IN

| /\

[ e, wtas.an) + cm( [ [ et 20 viaz)as)
([ st W) v o [ [ e vt as)
w0 [ [ lets. 1t vanas)”
T R VS
# Cork( /0 [ lets. 2l vtaz)as)”

< p < r" for some natural number n > 3. Then by induction we obtain the following

I /\

n—1

Suppose that r
estimate:

Etes[lé%]}//gsz (ds,d2)|” < ), E //|gsz dz)ds)+0prz //|gsz|Eu(dz)ds)

Note that for » < m < p, by making use of Holder’s inequahty and Young s inequality, we have

(/OT/ZK(S,ZWE V(dz)dr)% / /|§ 5,2)[% V(dz)ds / /|§ 02) dz)ds) mer 1
/ [ et ”(dz)ds):+m /0 /Z|§(S,z)%u(dz)ds)%
/ / (s, 2 va2)as) / ' /Z (s, 2l v(d2)ds) "

L
]

| A

| /\

| A
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Hence, by combing the last two inequalities we infer that

Etes[%%]‘/ /55 2) N(ds dz)p < C,.E / /|§s 2 dz)ds)+CpTIE /OT/ZK(S,Z)ME y(dz)ds)

The proof is complete. O

p
T

Remark 2.5. As a byproduct of the proof of the above corollary, one can deduce that for r < p < oo, the
following inequality holds:

o [ s ona2) <o [ [ o) oz [ [ i)

(2.27)

P
T

For a comparison, let us recall Remark 2.1] which says for p > r, there holds the following inequality:

o[ [ it vanas) < () e [ [ et Nasan)

With the help of two versions of the It6 formula given in Appendix B and Corollary 2.4 we can now
prove the following BDG inequality for Lévy-type processes in martingale type 2 Banach spaces (r = 2).
Let (Wy)i>0 be a cylindrical Brownian motion in a Hilbert space H and let v(H; E) be the space of all
~-radonifying operators from H to E. Suppose that (g;)¢>0 is a progressively measurable process with values
in v(H; E) such that

T P
2
B( [ B irnyds)” < oc.

We may denote by MP?([0,T];v(H; E)) the space of such functions (g:);>0. Let’s recall some basic properties
of stochastic integrals which we shall use in the proof; see [13| [38].

1. For all g € M?([0,T];v(H,E)) and 0 <u <t < T,

(| [ geaw[17,) < cx( / 60y s 7). (2.28)

2. (Burkholder’s inequality) For all 0 < p < oo there exists a constant C, depending only on p and E,
such that for all g € MP([0,T];v(H, E)) and t € [0,T],

E sup ’ / Ju
s€[0,t]
Theorem 2.6. Suppose that r = 2, that is, (E,|-|g) is a martingale type 2 Banach space. Let p > 2 and let
(at)iepo,r be an E-valued progressively measurable process such that

T P
E(/ |at|Edt) < 00
0

and let (g¢)iepo,r) be a process in M?([0,T];(H; E)) and & be a process in M7.(P ® Z,dt x P x v; E). Let
X be a process given by

<OIE /||gs||7(HE ds) . (2.29)

t t t
Xt:/ asds—i—/ ngWs—i—/ £(s,z) N(ds,dz). (2.30)
0 0 0Jz

Then there exists a constant C), depending only on p and E, such that

T p T z
B s (X5 <G E( [ ladle as)”+ CE( [ 1l oreyds)

0<t<T

D

+CPE(/0T/Z|§(S7Z)|%E N(ds,dz))2 for2 <p < o0, (2.31)
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and
T p T 4
B sup 1l <CyE( [l ds)” + CB( [l 2nns)” + G B( / [ tsts. 0 v as)
0<t<T 0
T B
+ CPE(/ / 1€(s, 2) % v(d2) ds) for2 <p < 0. (2.32)
0o Jz
In particular, if we make the additional assumption that
EN(t,Z) < oo fort € (0,T] and '(Xs)(as) <0 for all (s,w) € [0,T] x Q, (2.33)

then we have

T P
B sup [Xilf <G E( [ loclmnds)” + G E( / | et 2l viaz) as)
0

0<t<T
T ®
+ CPE(/ / 1€(s, 2) |5 v(d2) ds) * for2<p< oo (2.34)
0o Jz

Proof of Theorem [28. Since the Poisson point process 7 is o-finite, there exists a sequence of sets { Dy, }nen
such that D,, C Dpt1, UnenDyn = Z and EN(T, D,) < oo for n € N. So there is contained only a finite
number of jumps of 7 in D,, and at most a countably many number of jumps in Z. We shall denote by
{Tm }52_; the corresponding sequence of jump times of 7 until time 7" in Z. In this way we order the set
{s € D(m) N (0,T] : w(s) € Z} according to magnitude by 0 < 7 < 70 < -+» < Ty, < --+ < T. See more
details in Appendix B. Define a sequence {£"},,en of functions by

&' (syw,z) :=&(s,w, 2)1p, (%), (s,w,2) ERE x QX Z, ne€N,
and a sequence { X" }pen of process X™ := (X[")i>0 by

¢
Xt":/ads—i—/gde +//§ s,2) N(ds,dz), t >0, n € N.
0

Similar to the proof of Theorem [B.2] we have

BIXP) = (Xo) = D [U(Xfr, ) = (X, )] + > V(X ) = $(Xihs,, )
m=1 =1
L4 (2.35)

Here as usual we set 79 = 0. A similar argument as in the proof of Theorem [B.2] gives
t
I :/ / (VX + €7 (5, 2,0)) — 0(XI)| N(ds, dz)
0o Jz
t
oy [¢<X:_ €M (s, 2,0)) — B(XI) | p(d2)ds. (2.36)
0o Jz

To approximate I, let II; = {0 = tj < tj - < t{( = T}, j € N be any sequence of partitions of the

interval [0, 7] whose meshes ||IL;|| := maxo<;<;(jy—1 [t} — t!] tend to 0 as j — co. Set for u € [0,T],

t
Yt X:_lm . +/ 1[77,1 1,T] /5” $,2) (dz)}ds—l—/ [7—m717T]gde5. (2.37)
0

Since the process X" is continuous in the random time interval (¢ A 7y,—1,¢ A 7o), we have X' = Y™™ for
t € [Tm—1,Tm), m = 1,2,.... Since the function ¢)(z) = |z|;, p > 2, is Fréchet differentiable and its first
derivative is Lipschitz continuous, we can apply Theorem 3.1 in [50] to the process Y™™ and get

s - vy = [ o magas— [ [ womens ppiazas

m—1 Tm—1

tATm l(j)_l
+/7- 7/1 (Y )(gs) dW, + hm Z t/\rmAt”Yt/\nn/\t +1)

m—1
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Here R(z,y) fo (x+0(y—2))(y —x) —Y'(x)(y — x))db. Recall that Y, = X fort € [0,7p_1];
Y™ = X" for t € [Tm 1,7'm) and Y' =Y = X = XP o for t > Ty and also (Y1) —

BT = (X, ) — B(XE,, ). Now we have

L= (Xp ) = 6(Xp ) = / (X7 (as) ds — / /Z # (XY (E (5, 2)) v(dz)ds (2.38)
I(5)—1

t
4 n n,m n,m
+/0 VX ga) AW, + Zgllglo Z R(YtArmAt{’YtArmAt{H)'
i=0

Using (2.36) and (23]) in ([238) gives
B(XP) — $(Xo) = / (X7 (au) ds + / (X7 (gs) AW, + / / H(XT)(E (5, 2,w)) N(ds, dz)

+ /Ot/z {w(Xsn_ + &M (s, 2,w)) — (X)) — (XD )E™ (s, z)} N(ds,dz) (2.39)

where R(Y) = 32, lim; o0 309) t’;;n A Y;\:;At] > . Now taking first the supreme then the expec-

i+1
tation to both sides of the equality ([239) gives that

E sup ¥(X:) <Esup’/¢X" asds—i-Esup’/w )(gs)
te[0,T] te[0,7] te[0,77]

+1Esup}//¢ (X" )(E(5, 2,w)) N (dsdz)}

t€[0,T)
+E s | [ [ (o004 €06, - wlxi) = (02076, 2)] Va2

+E sup R(Y)
0<t<T

=S+ Jo+ I3+ Jy+ J5. (2.40)

It’s worth mentioning here that if we impose the additional conditions ([Z33), i.e. EN(¢,Z) < oo and

P'(X™)(as) <0, then X™ = X and the first term on the right hand side of ([2.39) satisfies fg (XM (as) < 0.
In this case we do not need to consider J;.
Now let € > 0. By Young’s inequality we have

T

P

J1 <eE sup |XPE+C, 1IE(/ |as|Eds) .
0<t<T

For the term Jo, according to [50, Lemma 3.1], the process t — 9’ (X{")(g:) is progressively measurable

1
and satisfies E(fOT ||@[J'(Xt")(gt)||%{dt) ® < 00. Then we can apply Burkholder’s inequality (Z29), Holder’s
inequality, and Young’s inequality to obtain, for any € > 0,

r :
mec( [ el as)
< ([ X gl )

1
< C,E sup | X 1(/0 195112 1.1) ds)2 (2.41)

tel0,T

T P
< CpeE sup X7+ C, E(/ ||gs||§(H;E)ds)2.
te[0,7) 0
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By adopting the same procedure as in the proof of Theorem [Z3] (with r = 2), we get

J3 < CpeE sup |Xt"|%+Cp1E / /|§sz|E (ds dz)) ,
te[0,7) e

P
Jy < CpeE sup X[ +C,1E / /|§(s,z)|2EN(ds,dz)>2.
te[0,7] 0 4

The estimate of J5 is similar to that in [50, Theorem 1.2]. By applying Lemma 3.5 in [50], we have

n,m
Js <E sup thlnf Z |R MTmeYMTmAt +1)|

0<t<T J—0o0

i+1

SZElingg}f Z (RO Y -

Since R(z,y) fO (x+0y—2)(y—x) =Y (x)(y —x))dd, by ZI8) we infer
1
|R(z,y)| < Cp/ (|& +6(y — 2)|5 + lelp)" 2|2 —y|p b < Cplaffy e — ylf + Copla — ylf.
0

It follows that

n,m n,m n,m 2y n,m n,m n,m
RO s Yo NS ColY 0l Y0 =Y B+ Gy, —
m i1

P
/\t] Tm /\t] n At Atf tf |

Tm/\
For the first term, by (231), we obtain

1(j)—1

Z Y T At]|p I :”:t] _YT /\t7|E
e 2
Z Tmmf]|p 2‘/ L1 min] s—/an(s,z)u(dz)}ds‘E
151 i,

2 4 ,
SE::Kf—l—K%.

n,m 2
+2 Z |Y At]'P ‘/] 1[Tm,1,7m]gs

For the term K{, it’s easy to see

lim K{ =0, P-a.s.

J—00

(2.42)

To estimate K: g, by using the It6 isometry property (228)) and Young’s inequality with € > 0, we infer

E liminf K7 < liminf EK?

1[7—77171»7—771]95

j
.,

J

i

_thlnfE Z |Y /\t]|p 2‘/

t

1(j)—1 .,

2
= li f E(Y b 2 (‘/ 17- T s s 5\))
= timint 3 BV TE(] f, | st AW |
P2 i 2 a
<ZC’11m1nf Z ( Atj| (/t] 1[77n—1y77n]||95”’y(H,E)ds|</t£))

i
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1(j)—1

tz+1
<ZCllm1nf Z IE(|Y /\tf|p 2(/t 1[ﬂn7177m]|\gs||i(H)E)ds))

J
i

- t3+1
<O tmint( sp VAR S / T g 9512 . )
— $€[0,T] = Ju

T
<O E( s Xt JRCTTATT

sel0,T

T
<CE( sup (X7 [ 9200 05)
s€[0,T] 0

T P
<CeB( sup 1X715) + Gy B( [ gl sy ds)
s€[0,7) 0

where we also used the fact that supseg 7 |[Yorry [P7% < supgepory [ X2 5 2,
Next we estimate the second term in ([2:42)). Observe that

1)1 1(5)—-1

z+1
n,m nm n
Z |YTmAtj+1 Tm/\tj 5<C Z / [rm-1,7m] (@ /5 5,2)v(dz) ]dS’
K

i=0

+cz\/ B — Ki + K.
Clearly,
p—1 T
lim K] < C lim sup ‘/ Lir 1rmlla /§ (s,z)v(dz)] ds‘ / —/ﬁn(s,z) v(dz)| ds
j—oo J=0 0<i<I() 0 z 2

=0.

Moreover, by Burkholder’s inequality (2.29]),

ZIE hmlanJ < thlnf EKJ = thlnfE Z }/IH [Tm—1,7m]9s

l(J) 1

< ZChmmf Z / Tm—laTm]”gSH?Y(HvE) ds)§

l(J) 1

<C thlanE Z / ||1[Tm—177—m]gs|"2)'(H7E) ds) 2

D

< CZE(/@ Hl["'m*lﬂ'm]gSH?V(H,E) dS) 2
T P
< cx( / o1y )

Collecting all the estimates, for any € > 0 we obtain

T P
Js <eCyE sup XI5 +C, E(/ ||gs||§(HE)ds)2.
s€[0,T] 0 ’
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Finally, we can collect together all terms and choose a suitable value of € to get

T P T P
B sup (X7l <CE( [ auleds) + GE( [ gl ey ds)
te[0,7] 0 0

+C,,IE(/OT/Z|§(s,z)|2EN(ds,dz))%. (2.43)

By applying 226 with r = 2, we have

T
B s 1% X7l <GE( [ [ 16760~ 5.9l vld2)as)

te[0,7]
P
2

+ CpE(/OT /Z 1€ (s, 2) — £(5,2)|% u(dz)ds)) — 0, as n — o0,

and inequality (231 follows. Inequality ([Z32]) follows immediately from (231)) and (227]). O

3. Maximal inequalities and exponential estimates for stochastic convolutions w.r.t. Lévy
processes

3.1. Maximal LP estimates for stochastic convolutions w.r.t. Poisson random measures

Suppose that (E,|-|g) is a martingale type r Banach space, 1 < r < 2. Here, as before, |-|g is the equivalent
r-smooth norm. Let (etA)tZQ be a Cy-semigroup on E, with the generator denoted by A, of contraction type
with respect to the r-smooth norm | - | such that |[e*|| < ' for some o > 0. We start by considering the
following stochastic convolution driven by purely discontinuous noises:

= t elt=9)4¢(s, 2) N(ds, dz). .
Xo= [ [ (s Mds.az) (3.1)

Theorem 3.1. Let (e'4);>0 be a Co-contraction semigroup on a martingale type v Banach space (E, |- |g),
1<r<2 andlet £ € ML(P® Z,dt x P x v; E). Then there exists a cadlag modification X of X such that
forr < p < oo,

p
T

T
B sup X[} < 0, n( [ [ el Nasas) (32)
0<t<T 0o Jz

Proof. Step 1 First fix p > r and suppose that £ € ML(PRZ,dtxPxv;D(A)) and o = 0, i.e. HetAHL(E) <1
It is known (see [53]) that process Xy, ¢t € [0,T] is a unique strong solution to the following problem

Xo=0.

Apparently X; is an E-valued cadlag process. Let 7 be a stopping time with values in [0.7]. We have

t t
Xinr = / Lo, (5)AXds +/ / Lio,71(5)&(s, 2) N(ds,dz).
0 0 Jz
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Hence, by applying the It6 formula (B.3]) to ¢(-) = | - |, and then using the fact that ¢'(z)(Az) < 0 for all
x € D(A) (see e.g. Lemma 4.7 in [53]), we obtain for ¢ € [0, T], P-a.s.

B(Xinr) < / / 01 (8)6(Xo— +€(s,2)) —¥(Xom) N (ds,dz)

+f /Z 1o () (X + €5, 2) — (Xam) — 0 (Xa)(E(s. 2))] w(d2)ds

| [ om0 (els. ) Nas.az)

+f / 107 (4) Ko +6(5,2)) = 9(X,0) = (X, )(€(s,2)] M. )
ZIl +']§

We again follow the same line of argument as used in deducing (220) and [225) to get

T 2
E sup I(t) < CpeR sup [Xinrlh +C, 1E / /1[0,T}|§(572)|EN(d57dz))Tv
0<t<T t€[0,7] o Jz

T »
E sup Ir(t) < CpeE sup |[Xinr|% + Cp7;E(/ / Lio,71€(s, 2)| N(ds,dz)) T
0<t<T te[0,7] c 0o Jz

By choosing a suitable number ¢ such that eC,, , = %, we get

t L
E sup [Xonell < Cy K ( [/ 1[0,T]<s>|s<s,z>|gN(ds,dz>)
0 7

0<t<T

Step 2 Suppose that o = 0. Take { € MY(P ® Z,dt x P x v; E). Put £"(t,w, z) = nR(n, A)§(t,w,z) on
[0,T] x Q x Z, where R(n, A) = (nI — A)~!. Since A is the infinitesimal generator of the contraction Cp-
semigroup e*4, ¢ > 0, by the Hille-Yosida theorem, we have £" — ¢ pointwisely on [0,7] x Q x Z and
|€" e < |¢|E. Define, for each n € N, a process X" by

t
Xr = / =94en (s ) N(ds,d2), t € [0,T).
0

Then for each n € N, X™ is an F-valued cadlag process. By the discussion in step 1, we infer

n m|P __
lim E sup |X['— X" =0,
M=o 0<t<T

from which we may deduce by using the usual argument that X™ is almost surely uniformly convergent on
[0, 7] to some cadlag process X satisfying hm IEsupt6 0,7 |X: — X['%, = 0 and for any stopping time 7 in

[0, 7]
E sup |Xinrll < CyoE ( / / 1[077](s)|§(3,z)|%N(ds,dz)> . (3.5)
0<t<T 0o Jz

Meanwhile, since

T

t
E|X; — X[ < 2"E|X, — X[/, + 2'E / / (e(t_s)Afn(s, z) — el mAL(s, z)) N(ds,dz)
0 JZ

t
< OE|X, — X[ + CT]E/ / 1€ (s, 2) — (s, 2)3 v(d2) ds,
0 7

we infer that X is a modification of X. The required result then follows.
Step 3 Let o > 0. Define

t
Xy =e X, = / / elA—al)(t=9) (e7°¢(s,2)) N(ds, d2).
0 Jz
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Note that eA=D?t is a Cy-semigroup of contractions. Applying 3), we have

E sup |Xi|%, <e*’E sup |Xt|p <e?Tc, E / /|§(s,z)|§3N(ds,dz))?.
0<t<T 0< 0o Jz

O

Corollary 3.2. Let (e!4);>¢ be a Co-contraction semigroup on a martingale type r Banach space (E, |- |g),
l<r<2andlet e ML(P® Z,dt x P x v; E). Then there exists a cadlag modification X such that

T »
E sup |Xt‘ <e?TC, B / / §(s, 2)[p v(dz) ds) Cofor0<p<r (3.6)
t€[0,7) 0o Jz

Proof. By applying (32) with p = r, we have

t - T
Bosup | [ [ (s, Nasao)| < e Cu( [ [ 1pnféts. 2l Nds.ao)
o<t<T'Jo Jz E 0o Jz

_eO‘PTCTE(/OTl[OJ]/Z|§(S,z)|g u(dz)ds).

Let us set

t - t
Z, = ‘ / / e=9)4¢(s,2) N(ds,dz)| and A, = / / €(s, 2)|l v(d2)ds, te€[0,T]. (3.7)
0 Jz E 0 Jz
We find that for any stopping time 7 in [0, 7],
EZ, < C,EA,.

Moreover, Z is a cadlag process or more precisely it has a cadlag version and the process A is increasing.
Put k= 2. For p € (0,7), notice that k£ € (0,1). By means of Proposition IV4.7 from [41], we deduce

2—
E sup ZF < —IEAT
0<t<T 1-

Hence we infer for 0 < p < r,

P
T

E sup ‘/ / (t=s)A4¢(s, 2) N(ds,dz) 1; < eapTCp)rE(ATé|§(s,z)|% u(dz)ds) . (3.8)

0<t<T

This proves inequality (B.0]). O

In the same way as we deduce inequality (Z26]) from Theorem[23] we can get the following L? inequality
for stochastic convolutions from the preceding theorem immediately.

Corollary 3.3. Let (e!);>0 be a Cy-contraction semigroup on a martingle type r Banach space (E,| - |g),
l<r<2andlet € ML(P® Z,dt xP x v;E). Then there exists a cadlag modification X such that for
r<p< oo,

B s |} <70, / /|§sz v(dz)ds) + E /OT/ZK(S,Z)@ V(dz)ds)%] (3.9)

Remark 3.4. Note that if (etA)tZQ is an analytic semigroup with generators A such that —A has a bounded
H>-calculus, we can always find an equivalent norm on F for which E is 2-smooth and (e‘4);>¢ is a
contraction Cp-semigroup; see [51]. For a related earlier result see [2, Corollary 6.2]. Both our Theorems
3.1 and 3.3 from [I7] are applicable to Cp-semigroups of positive contractions on L7(S) spaces, where S
is a measure space and ¢ € (1,00); see Example 3.1 in [I7]. However, more precise understanding of the
relationship between our results and those from [I7] would require further analysis. Our results have roots
in the PhD thesis of the first named author which was known to the authors of [I7].
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3.2. Exponential tail estimates

With more effort the method we described above to derive (B2) and ([B.3) can be applied to obtain the
following exponential tail estimates for stochastic convolutions driven by compensated Poisson random mea-
sures.

Theorem 3.5. Let (¢!4);>¢ be a Co-contraction semigroup on a martingale type 2 Banach space (E,| - |g)
and let £ € M2(P® Z,dt x P x v; E). If there exists A > 0 and My > 0 such that

T 1
/ / N8B N e (s, 2) 4 v(dz) ds < My, P-a.s., (3.10)
0o Jz
then for every R > 0,
1
]P’( sup | Xo|g > R) < Ope~ (HHARD? (3.11)
0<t<T

with C, = et t3CMx,

Proof. Define f = (14 XNz|%)2, z € E. It is easy to see that f(x) = A1 + Ax|%) "2 |2|g fe, Where f, is
the derivative of | - |g at the point  # 0. One can show that for every x,y € E,

[fx(@) = AW Ler) < CAlz —yls, (3.12)

where the constant C' depends on the constant appearing in the martingale type 2 Banach space property.
As in the proof of Theorem 3.1, we may assume that £ € M2Z(P ® Z,dt x P x v;D(A)) and consider the

process
¢ ¢
:/ AXSds+/ /{(s,z) N(ds,dz). (3.13)
0 0 Jz

Since f{(z)(Az) <0, for all z € E, applying the It6 formula (B3] yields
P =00 + [ A a5+ [ [ (0K +€62) — Hi0) N(as,a2)
¥ / | (A €520 = (X0 = B (€06 2))) w(dz) ds
g1+/0 /Z(f,\(Xs_ +€(5,2)) = AA(X,-)) N(ds, d2)
[ ] (B0 €02) = A = RE)(E2) ) ds

Let us set

Ye= /0 /Z (IN(Xom +€(5,2)) = fa(Xo-)) N(ds,dz)
_ /Ot/z (ef,\(Xsf-i-f(s,z))—fA(Xs—) —1— (X +&(s,2)) — f,\(XS_))> v(dz)ds.

Again by applying the 1t6 formula (B.3)) to Y;, we get
Vg / / fA Xoot€(s.2)=Fr(Xam) _ 1 _ (fA(XS,+§(s,z))—fA(XS,))>V(dz)ds
// Yoo b A (Xe+E(5,2) =2 (Xon) _ o¥or N(ds, d2)
s [ (e ) e (X (5,2~ fa(X,0)) (0 ds
0 Jz

t
- / / (GYF+fA(XS’+E(sz))*f*(XS’) - €YS’) N(ds,dz).
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Therefore, Z, = e'* is a nonnegative local martingale. By using the mean value theorem twice, the fact
| f4(2)|L(mr) < A%, and also (FIZ), we have
PA(Xomte(s,2) = fa(Xem) _ 1 _ (X, ‘
‘e SA(Xs-)(€(s, 2)) 5
eI [P X8 (X, 49 (s, 2))(E(s, 2)) — P00 (X )(E(s,2))|
<IN (X, 4+ 0(s,2)) — F(Xom)|léGs, )]
4o h(X) [(emxsje&(s,z)) — DY (FL(X)(€ (s,z))}
eI RSN X | (X, 4665, 2)) — 4 (Xoo)| €5, 2)
DO I (X 4 0165, 2)) (06(5, 2)) A (X ) (€05, 2)]
1 1
<a0AM g5, 2)[% + AN g5, 2)[3,

where 0 < 6,0, < 1. Hence
H(Xy) <1+logZ + / / A(us—+E(s,2) = falus—) _ 1 _ (fA(XS,—F{(s,z))—fA(XS,)))V(dz)ds
[ (B 80620 = B0 = KOG )6 2) wlaz) s

T 1
<1l+logZ, + 3C/\/ / N 18D e (s, 2)Pr(dz) ds
0o Jz
<1+logZ +3CM,.
It follows that

IP’( sup |Xt|2R) :]P’( sup fr(Xe) > (1+AR2)%)
0<t<T 0<t<T

< ]P’( sup log Z, > (1 + AR?)% — 1 — 3CMA)
0<t<T
< ]P’( sup Z; > e(”)‘Rz)%’l’ka)
- No<i<r (3.14)
1
< MR gy 7,
0<t<T
el+3€M,\—(1+)\R2)%
< C}\ef(lJr)\Rz)%
where Cy = el 3CMx, O

3.3. Maximal L? estimates for stochastic convolutions w.r.t. Lévy processes
Now let us consider the issue of maximal L? estimates for the stochastic convolutions driven by a more
general Lévy-type process. Here we assume that » = 2, i.e. F is a martingale type 2 Banach space. Let

(etA)tZQ be a Cy-semigroup on E, with the generator denoted by A, of contraction type with respect to the
equivalent 2-smooth norm |- |g such that [|e*4|| < e for some o > 0.

We will establish a type of maximal inequality for the following Lévy-type stochastic convolution
th/ (= S>AgdW+// (t=5)A¢(s, 2)N(ds,dz), t>0. (3.15)

Theorem 3.6. Let (e!4);>¢ be a Co-contraction semigroup on a martingale type 2 Banach space (E,|-|g) and
let (g¢)tefo,r) be a process in M([0,T];y(H; E)) and £ € M7(P ® Z,dt x P x v; E). There exists a cidlig
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modification X such that for 2 < p < oo and some constant C, depending on p such that

E sup [f} < e, [E( / lgsl12 g1.205) ¢ / | lets. 2l viaz) as)
IE(/O /Z|§(s,z)|2E y(dz)dsﬂ. (3.16)

Proof. Note that (BI6) is trivially satisfied if the right-hand side is infinite. So let us assume

1@(/{)T|95|3(H7E)ds)g +E(/OT/Z|5(S,Z)|§; v(dz)ds) +E(/OT/Z|§(S,Z)|§ u(dz)ds)% <oo.  (3.17)

Just as in the proofs of Theorem Bl we may assume that |[e?4|| < 1 and show that inequality ([I6) holds
for g € M*([0,T),v(H;D(A))) and £ € M2(P ® Z,dt x P x v; D(A)). Since the Poisson point process
is o-finite, there exists a sequence of sets {D,, }nen such that U,enD,, = Z and EN (¢, D,,) < oo for every
0<t<ooandneN

Let us define a sequence {X"},en of process X™ := (X[");>0 by

/ (t=s)Ag AW, +/ / 1p, (2)e'=*)4¢(s,2) N(ds,dz), neN. (3.18)
Then (see [53] and [33]) X™ is a strong solution to the following equation:
AXP = AXPdt + g, dW, + / £(t, 2) N(dt, dz). (3.19)
Dy

Hence we may apply Theorem 2.6 and use the fact that ¢’ (x)(Az) < 0 for all x € D(A) to infer
T z T z T
E sup |XP[2 < CPE(/ |gs|2ds) + Op]E(/ / 1€(s, )| u(dz)ds) + OpIE/ / 1€ (s, 2)|P v(dz)ds
te[0,7) 0 0 A 0 A
Meanwhile, by inequality B3) and IT) we observe

T
- p
E sup |X['— X%, =E sup ‘/ / e(tfs)A(g(s,z)an —&(s,2)) N(ds,dz)
te[0,T] te[0,T] E

r
2

< cpE(/OT/Z I€(5,2)1p, — §(s,z)|%u(dz)ds)
+ CpE(/OT /Z |€(s, 2)1p, —&(s,2) %U(dZ)dS)

— 0, asn — oo.

Note that here the constant C), is independent of n. Therefore, an argument similar to that in the proof of
Theorem B.1] shows that there exists a cadlag modification X of X such that

E sup |Xt|%§OpIE(/ lgs|? ds) —|—C’E / /|§sz|Eu(dzds §—|—OE/ /|§sz|p (dz)ds

te[0,T]
O
4. Application to stochastic 2D quasi-geostrophic equations
We consider the following stochastic quasi-geostrophic equation in R2,
do(t) + [(v(t) - V)O(t) — AG(t)]dt = / £(t,z)N(dt,dz), t>0, (1)

0(0) = 6.
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Here 0 : RT™ x R? — R denotes the temperature, v : R? — R? is the 2D velocity field and 6y € L?(R? R).
We refer to [7, [32] [42] for the background and more references on this model. Let ¢ : R? — R be the stream
function which satisfies

(—A)7¢p = 0.
The velocity is expressed in terms of the stream function by

v = curl .
Clearly, the velocity v can be represented in terms of the temperature by
v="TRHO= (—Rgﬁ,Rlﬁ),

where R0 = F~! {%]—'9} , 7 =1,2 is the j-th Riesz transform.
Remark 4.1. Note that since the operator —(—A)?% is also a generator of a Cy contraction semigroup on
LP(R?) for p € [1,00) (see e.g. [29] 20]), our results could be generalized to a fractionally dissipative quasi-
geostrophic equation for some « € (0,2) in a similar way. It will be further investigated in future works.

Let C>°(R%;R?) be the space of all infinitely differential functions ¢ : R? — R with compact support
contained in R?. For m € N and p € [1, 0], denote by W™P(R?) the Banach space of all elements of L?(R?; R)
whose weak partial derivatives up to order m belong to LP(R?; R) as well. The space W12(R?) will be denoted
by H'(R?). It is well known that the set C2°(R?;R) is dense in the space W™P(R?) if p € [1,00). Let V
denotes the space of all v € C2°(R?; R?) such that div v = 0. We will denote by L” ;(R?; R?) the closure of
V in LP(R?; R?).

Now let b : C°(R?;R?) x C°(R?%;R) x C°(R?;R) — R be a trilinear form defined by

2 .
b(v, ¢, n) = /RQ (v-V)pnde = E /Rz v, D'¢n dx, (4.2)
i=1

whenever v € C°(R?%; R?) and ¢,n € C>°(R?*;R) such that the integral on the right-hand side exists.
If divew = 0, then we have

/ (v-V)pnde = —/ (v-V)ne¢ de.
R? R2
This gives that

b(v, ¢, 1) = =b(v, 1, ). (4.3)
So we infer
b(v, ¢, ¢) = 0. (4.4)
Using the Holder inequality and equality (€3] we can deduce the following estimate:
[b(v, ¢, m)| = [b(v, 1, §)| < |v]Ls]PlLs |V L2 (4.5)

Hence b can be extended to a trilinear continuous form on L% (R%R?) x L*(R%R) x H'(R?). Define a

bilinear map B by B(v, ¢) := b(v, ¢, ). It follows from (&3] that
B: L} ,(R%R?) x LY(R%R) — H(R?)
and it satisfies that
1B, o)l 12y < [v]palglre, v € Liy(R%;R?), ¢ € LY(R%R). (4.6)

sol

Here H1(R?) is defined as the dual space of H'(R?). Also we have for v € L ,(R%;R?), ¢ € L*(R?;R), and
w € HY(R?),

(B(v,9), w) = b(v, , w).

Hence by (@A),
(B(v,9),9) =b(v,$,¢) =0, wve Li,(R%R?), ¢ € L*(R%R).
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Remark 4.2. Observe that R is a linear continuous operator such that for all 1 < p < oo, R : LP(R%* R) —
LP (R%;R?) (see [45]). Clearly, for all § € LP(R?;R), applying the Fourier transform gives that

sol
Fldiv RO|(§) = F[D1(—=R20) + D2(R10)]()
= —i&1 F (R0 )+z'§2f(7219)

_"'&ﬁ

=[-8 + §261]

0
+1i §2|§|

—9
€]
Thus we have divRf = 0.
Let us define the operator A : D(A) C L*(R%*R) — L*(R%R) by
D(A) = W (R?*) nWH(R?),
Au = —Au, u € D(A).
Then ([I]) can be rewritten as

do(t) = —[A6(t) + B(RH(t) )]dt +/ £(t, 2)N(dt,dz), (47)
6(0) = 0.
Remark 4.3. Note that Equation (41 is closely related to the Navier-Stokes equation
du(t) = —[Aru(t) + dt+/ (t,z)N(dt,dz
(1) = - [Asu(t) + Blu( 3 ) s
u(0) = ug

in the following sense: both equations have the same linear part Af and Awu and the nonlinearities satisfy the
cancellation property (B(Ru,v),v) = 0 and (B(u,v),v) = 0 respectively. For the Navier-Stokes equation,
R is replaced by I. The main difference between these two equations is that for quasi-geostrophic equation
the operator —A generates a contraction semigroup on LP for 1 < p < oo, however, for the Navier-Stokes
equation, the negative Stokes operator —A; generates a contraction semigroup only for p = 2.

Lemma 4.4. There evists a constant C such that for all T > 0 and all 01,05 € L*(0,T; L*(R?;R)), the
following inequality holds:

|B(RO1,01) — B(RO2,02)|20,7;1-1(r2)) < C(101]L4(0,1:4R2R)) + 102|040, 104 (R2:R)) ) 101 — O2|L1(0, 7,14 (R2:R)) -
Proof. By ([@6) and the fact that Riesz transforms are bounded on L? for any p € (1, 00) we obtain
|B(RO, §)| -1 (r2) < [RO|arer2) |0l a@er) < Cl0]nsmemy)|dlrarem), 0,6 € L*(R%R).

Then we infer
T

/()T|B(R9(t),9(t))|§lI(Rz)dtg 0/0 10(8)[44dt.
If 01,0, € L*(0,T; L*(R%;R)) and w € H'(R?) we have
(B(ROL,01) — B(ROs,0),w) = b(Ry, 01, w) — b(RBs, 02, w)
— b(ROL, 01 — B, w) + b(RO, — Rbs, b, w)
= (B(R01,01 — 02),w) + (B(R(61 — 02),02),w).
It follows that
|B(R6:,61) — B(RAy,02) 111 52y < C(101] s + 6o )]0 — O] 1.
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Hence we have for 0,6, € L*(0,T; L*(R%; R)),

T
/O IB(ROL (1), 01()) — BRO (), 05(1))[3 1 oyt

1
2

1
2

<ac( [ "0 - o) / L1+ 1 01ar)

Define a process Z by
t
Z(t) = / e~ (t=9)4¢(s, 2)N(ds,dz), t>0.
0
Equivalently, Z is the unique solution to the following stochastic Langevin equation (see [53] Lemma 3.2]):

dz = —AZdt+/ £(t, 2)N(dt,dz),
A
Z(0)=0.
1

Let us fix a number s € (0, 5).

Assumption 4.1. Assume that £ : [0,T] x Q x Z — W~5%(R?) is a predictable process which satisfies

T
E/ / |§(s,z)|%,v,s,4(R2)l/(dz)ds < 0. (4.9)
0o Jz
For the definition of the spaces W*P?(R?) see e.g. [47]. We aim to look for a solution of (7)) with the
following form
0(t) = e 0y + Y (t) + Z(1). (4.10)
For this purpose we shall first prove the following result.
Proposition 4.5. Under Assumption [{-1}, we have for T >0, Z € L*(0,T; L*(R?;R)) P-a.s., that is,
T
/ |Z(t)|74dt < 00, P-a.s. (4.11)
0
Proof. By the Gagliardo-Nirenberg interpolation inequality (see e.g. [8, Proposition 5.6 and Remark 5.8])
we have for 0 < s < o0
1Z|74 < ClZ15eame)| Z 3y o1 gy

It follows that
T T
/O Z(O)* dt < c/o 20 ys oy | Z By s

T
< C sup |Z(t>|€vfs,4(R2)/ |Z(t>|€vs,4(R2)dt.
0<t<T 0

Since the space E = W ~%4(R?) is of martingale type 2 (see [2]) and —A generates a contraction semigroup
in E, we may apply inequality (3.0]) to get

T
E sup |Z(t)|12/v,s,4(R2) < C’IE/ |§(t,z)|12/v,s,4(R2)V(dz)dt < 00, (4.12)
0<t<T 0

which also gives a W—%4(R?; R)-valued cadlag modification of Z(t).
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On the other hand because W**(R?;R) is also of martingale type 2, by using inequality (1.7) from [3]
we have

T T
]E/o 12Oy azydt = ]E/O | A% Z(t) 7 moyzy dt
T
_ 2
=B [ 120 5
T
<[ [ lewo)
0 Z
T
B[ [ I s
0 zZ
T
= E/ / €(2, Z)|%/V—s,4V(dZ)dt < 00,
0 Z

. . 1
provided —s > s — 1, ie. s < 5. O

v(dz)dt (4.13)

Remark 4.6. By the classical Gagliardo-Nirenberg inequality [34] Inequality (2.2)], we infer that

4 2 2
1Z|1a0,7500) S V2o 0,502 2112 0,1 11 (R2)) -
So one sufficient condition for [{@IT]) is

T
E/ |Z(t)|§{1(R2)dt < o0
0
and

E sup |Z(t)]?.dt < cc.
0<t<T

Notice that ([@7]) can be rewritten as
dY + AYdt+ B(R(Y + Z),Y + Z)dt = 0,

Y(0) = Y. (4.14)

Proposition 4.7. Assume that Z(-) € L*(0,T; L*(R?%;R)). Then for every Yo € L?(R?%;R), there exists a
unique solution Y to the equation [{.14)) and it satisfies

Y () € L*0,T, L*(R*;R)), (4.15)
Y () € L*(0,T; L*(R*R)) N L?(0, T; H*(R?)). (4.16)
Moreover, we have
T
sup [V()fF < R OB 1 €y [ o010 7(5) a (a.17)
te[0,T] 0
and
T T T
/ VY (t)|2.dt < [Yp|2: +C1 sup |Y(t)|%2/ |Z(t)|‘z4dt+c2/ |Z(t)|3 4dt. (4.18)
0 te[0,T) 0 0

Proof. Let us put

T
p i |Yo[2, €O 1201 Eadt 02/ O ST 1Z(0) 13443 7 (1) 4, .
0

Note that |Yp|2, < p. Because of Lemma 4] applying similar arguments as in [IT, Theorem 15.2.5] and
then the Banach fixed point theorem yields the existence of some T7 € (0,7] and unique local solution in
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L40,Ty; L*(R%;R)) to ([@I4). Below, we will show that this solution could be extended to the whole interval
[0, T7].
For this aim, by applying Lemma I11.1.2 in [48] we have for ¢ € [0, T}],

S SV = (V(5), TV ()1
= —(Y(1), AY (1)) + (B(R(Y (t) + Z(1)), Y (t) + Z(1)), Y (1))
= - /RQ VY (#)]*dz + (B(R(Y (t) + Z(1)), Y (t) + Z(1)), Y (1))
= —|[VY(#)[7. = b(R(Y (1)) Y (1), Z(t)) = b(R(Z(1)),Y (t), Z(t)).
Then by [3) and the boundedness of the operator R on L* we obtain that

b(R(Y (1)), Y (1), Z())| < CIY ()[4 VY (£)[ 2] Z (1) | s,
b(R(Z(1)),Y (1), Z2(1)| < C1Z(6)| 4| VY (1)] 2] Z (1) -

Due to the Ladyzhenskaya inequality (see Lemma III 3.3 in [48])
1 1
Y (0)lzs < 23 VY (O)I2Y (1) 2, (4.19)
we have
3 1
B(R(Y (), Y (1), Z(t)| < C23 VY ()| 2]V (£)] 2] Z (1) o
By Young’s inequality we get
1 27
BR(Y (1)), Y (1), (1)) < 1 IVY ()]72 + S CHY ()22 Z ()1
Again, Young’s inequality gives that
B(R(Z(1)),Y (1), Z(1))| < C|Z(#)[74|VY (8)] 2
1
< Z|VY(t)|%2 +C?|Z(t)|}4.

It follows that

A

d 1 27
SO +5IVY (O < O OB 1ZW)14 + CIZ(01

N =

1 1
= 501|Y(t)|§2|2(t)|§4 + §C2|Z(t)|%4, (4.20)

where C7 = 2—2704 and Cy = 2C2.
Now by Gronwall’s lemma we have for ¢ € [0, T1],

T
IV ()22 < 1o 126 1ads)yy 2, 4 02/0 O ST 1Z(NNLadr  7(5)|4,ds, (4.21)

where the constants C,Cy are independent of Yy and Z.
Integrating ([E20) we obtain

T T T

/ VY (t)|72dt < [Yo|72. + C1 sup |Y(t)|§2/ |Z(t)|‘}-;4dt+cz/ |Z(t)|7dt.
0 te[0,T1] 0 0

Since by assumption Z(-) € L*(0,T; L*(R?*;R)), it follows from the inequality {20) that |Y(t)[2. < p, for

all t € [0,71]. In other words, the local solutions cannot blow up in finite time. Thus, by a simple and

standard contradiction argument we infer that 77 = T. Inequalities (£I7) and ([@I])) follow from the above

two inequalities. The proof is complete. |
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Definition 4.8. A W ~4(R?)-valued adapted cadlag process 6(t), t € [0, T], is a solution to (@) if it satisfies

T
/ 10(t)]7.dt < 00 ass.
0

and for ¢ € [0, 7], the following equality holds a.s.,
t t
0(t) = by —/ e~ =DAB(RI(s),0(s))ds +/ e~ =94¢(5,2) N(ds, dz).
0 0

Theorem 4.9. Suppose Assumption [J-1] holds. Then for any 6y € W=54(R?), there exists a unique solution
0(t), t € [0,T], to @I).
Proof. Notice that if Z satisfies (Z11]) and Y satisfies (15, then 6 defined by (£I0) with Yy = 0 satisfies
0(-) € L*([0,T], L*(R*;R)) a.s. (4.22)
Now let us show the uniqueness. Assume that 6, 6 are two solutions of EI). We define
Y(t) = 6(t) - Z(t),

hence both Y and Y solve {@I4). Moreover, since Y,Y € L*(0,T; L*(R?; R)) a.s., then by the uniqueness of
#Id) we have Y =Y ass. O

Remark 4.10. One might also study (@&I]) by following the method from previous works [4] [5]. However, our
approach here is different. For example, comparing with [4], where v € L>°(0,T; L?*(D))NL?(0,T; H}(D)), in
this paper we get the solution of # € L*(0,7T; L*(R?)) under much weaker assumptions on the jump process
than that in [4], in which even the Ornstein-Uhlenbeck process Z is assumed to satisfy Z € L?(0,T; H}(D)).
A generalization of the current result to multiplicative noise will be investigated in future work.

Remark 4.11. Stochastic Navier-Stokes equations with Poisson noise in LP-spaces are investigated in [L§].
The key tool employed in the proof of existence and uniqueness of a local mild solution theory in [I8] is a
type of maximal inequality that was recently developed by the first two authors of this paper and Hausenblas
in [53]. It’s worth mentioning that [53] deals with maximal inequalities with respect to stronger norms. More
precisely, the p-th power of the norm is assumed to be of C2. Our results here avoid such conditions and our
assumptions here are much easier to verify. The advantage of the maximal inequalities here becomes more
transparent when one deals with closed subspace of Banach spaces.

Appendix A. Stochastic integration w.r.t. Poisson random measures

In this section we give a brief review of some basic terminology and known results on the stochastic integral
w.r.t. Poisson random measures.

Suppose that (Z, Z) is a measurable space and v is a nonnegative o-finite measure on it. It is known
that there exists a stationary Poisson point process m = (7(t))¢>0 on (Z, Z) with the intensity measure v;
see [43] [46]. Let N be the counting measure associated with 7 which is defined by

NU,w) := Z Iy (s, m(s,w)), U € B((0,0))® Z, we . (A1)
seD(m(w))
In particular, we have
N((0,1] x A,w) = > Ia(n(s,w)), A€ Z, 0<t< 0. (A.2)
s€(0,t]ND(m(w))
According to [25, Theorem 3.1], N is a Poisson random measure with the intensity measure v. That is
for every U € B(0,00) ® Z with EN(U) < oo, the random variable N (U) is Poisson distributed and for any

pairwise disjoint sets Uy, ..., U, € B(0,00) ® Z, the random variables N(U;),... N(U,) are independent.
Here as usual we shall employ the notation

N=N-Lebxv
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to denote the compensated Poisson random measure of V.
We will define the stochastic integral of P ® Z-measurable functions under the martingale type r Banach
space setting. Let us recall the definition of martingale type r Banach spaces.

Definition A.1. A Banach space E with norm | - |g is of martingale type r, for » € [1,2] if there exists a
constant C.(E) > 0 such that for any E-valued discrete martingale { My }7_, the following inequality holds

E|M,|5; < Co(E) > E[M), — My 1%, (A.3)
k=0

with M_1 = 0 as usual.

Note that every real separable Banach space is of martingale type 1 and every Hilbert space is of
martingale type 2. If a real separable Banach space is of martingale type p for some 1 < p < 2 then it is of
martingale type r for all 7 € [1,p]. All L? spaces for p > 1 and Sobolev spaces W*? for p > 1 and k > 0 are
martingale type p A 2 Banach spaces. For more details of this subject we refer the reader to [39].

For T € (0,0), let ML.(P ® Z,dt x P x v; E) denote the linear space consisting of (equivalence classes
of) all P ® Z-measurable functions & : [0,T] x  x Z — E such that

T
/ / ElE(t, z) g v(dz) dt < . (A4)
0o Jz

Note that M%(P ® Z,dt x P x v; E) is the usual L" space of E-valued functions on [0,7] x © x Z with
respect to the o-field P ® Z and the measure Leb ® P ® v.

Let M., ([0,T] x Q x Z,P® Z; E) be the space of all functions f : [0,7] x Q x Z — E for which there
exists a partition 0 = tg < t; < -+ < t, =T and a finite family Af_l, j=1,....,n, k=1,...,m, of sets
from Z with v(A¥_|) < oo such that

ft,w, 2) ZZSJ 1 (W), 1,tj](t)1A§71(Z)a (t,w,2) € 0,T] x Q x Z. (A.5)
k=1 j=1
Here 5;?_1 is an E-valued Fy, ,-measurable random variable, for every j = 1,...,n and k = 1,...,m, and

for each j = 1,...,n, the sets AJ 1, k=1,...,m, are pairwise disjoint.
For each { € ./\/lstep([O,T] xQx Z,P® Z,E), we set

Zzgjkl )N ((t5- 1vtj]><A?—1)-
k=1 j=1

Lemma A.2. [3| Lemma C.2] Assume that E is a martingale type v Banach space, v € (1,2]. For every
§ € M, (0, T xQx Z,P® Z;E), I(§) € L"(Q, F, E), EI(§) =0, and

T
BlrOr <cs [ [ il
where the constant C depends on C.(E) from (A3]).

Theorem A.3. [3, Theorem C.1] Assume that E is a martingale type r Banach space, r € (1,2]. For every
e ML(P®Z,dt x P x v; E), there exists a unique bounded linear operator

I MHPRZ,dxPxv;E)— L"(Q,F,E)
such that

T
HKOVSCEAELwa@V@d&

In particular, if € € MZ%,. ([0, T] x Q2 x Z,P® Z; E), then 1(§) = I(£).

step
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Moreover, the process fot fZS(s,z)N(ds,dz) = I(1pp,9&), t € [0,T], is an E-valued r-integrable cadlag
martingale with mean 0 and it satisfies

E‘//gsz dsdzr<IE//|§sz|Eudz) te0,T). (A.6)

Analogously, if 7 is a stopping time with P{r < T} = 1, we shall define [ [, f(s,2)N(ds,dz) :=
I(1,-€) and by Theorem [A.3]it satisfies

E’//{sz dsdz)T<IE//|§sz|EV(dz)d (A7)

Remark A.4. It’s worth mentioning that when the function is predictable, the stochastic integral studied in
[3] for progressively measurable functions coincides with the stochastic integral we defined here for predictable
functions. But for predictable but not progressively measurable functions, the stochastic integral in [3] differs
from the one considered in [24] where the stochastic integral is defined as a limit of a sequence of Bochner
integrals.

Lemma A.5. Assume that E is a Banach space. Let L be a linear space of B([0,T]) ® Fr @ Z-measurable
E-valued (resp. Ry -valued) functions defined on [0,T) x Q x Z. If K is a linear subspace of L satisfying the
following two conditions.

1. K contains all functions of the form

> @ilr Lt ls, + Tolr, 1o} 1B,, (A.8)
i=1
where 0 = tg < t1 < - < t, =T, x; € E, (resp. x; > 0), B; € Z with v(B;) < oo, and F; €
Fi, fori=0,....n
2. if {fn} is a sequence (resp. monotone increasing sequence) in KC, f € L and |f, — f|g decreases to 0
on [0, T] x Q x Z, then f € K,

then IKC contains all P ® Z-measurable E-valued (resp. Ry -valued) functions in L.

Proof. Note that for every E-valued P ® Z-measurable function f in £, we can always find a sequence of
simple functions {f"} of the form >>7" | x;14;, z; € E, A; € P ® Z such that |f" — f|p decreases to 0, as
n — oo. In particular, if f is a P ® Z-measurable and positive function, then f is a monotone increasing
limit of P ® Z-measurable and positive simple functions. Hence by condition [2] and linearity of K we only
need to show that for every z € Fand A €e P® Z, 214 € K.

It is known (e.g. [37]) that the predictable o-field is also generated by the following family of sets

R={(s,t] xF: 0<s<t<T, Fe F,}U{{0} x F, F € Fy}. (A.9)

Let G :={B € Z : v(B) < o}. Since (Z, Z,v) is a o-finite measure space, Z contains an exhausting sequence
(Dj)jen of sets such that v(D;) < oo for all j € N. So it is easy to see that 0(G) = Z and G contains the
exhausting sequence (D;)j € N. Hence we have P ® Z = 0(R) ® 0(G) = (R x G). In other words, P ® Z
is generated by

R={(s,{] x FxB: 0<s<t<T, FE€F,, BEGIU{{0}x Fx B, F € Fy, BEG}. (A.10)
Let us set
P={A:AcP@Zst.axlaek, Voek}

Then it is straightforward to see that P’ is a Dynkin system. Let A be the collection of all finite unions of
sets in R. Clearly, A is closed under finite intersections. Indeed, take A = UleAi and B = Uézl from A,
where A;, B; € R. Then ANB = Ui<k,j<i(A;NBj) € A which shows that A admits finite intersections, i.e. A
is a 7 system. Also by (1), we find A C P’. Hence we may apply Dynkin’s lemma to get P® Z = o(A) C P'.
Therefore, we obtain P’ = P ® Z which shows that for every z € Fand A€ P® Z, 214 € K. O
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Proposition A.6. Assume that E is a Banach space. If £ : [0,T] X Q x Z — E is a P ® Z-measurable function

such that either
T
E/ / |€(s, z)|g N(ds,dz) < oo
o Jz

or EfoT fz |€(s, 2)| g v(dz)ds < oo, then we have

/ /§ (s,2) N(ds,dz) / /§ (s,2)v(dz)d (A.11)

Proof. We first show that equality (AI1)) holds for any positive P ® Z-measurable function f. Let £; :=
{f:0,T]x Qx Z =Ry | fis B([0,T]) ® Fr ® Z/B(R)-measurable}. Define

Ki={f:0,T] xQx Z —Ry|[fisin Ly and satisfies (ATI)}.
Take a function f of the form
ZailFil(tiyti+l]1Bi + aolFol{o}le ti <tiy1, ai > 0, B; € g, F; € ]:tm for i = 0,---,n. (A12)
i=1

Then by the independence of 15, and N((¢;,t;+1] x B;) and the stationary property of the Poisson random
measure N, we have

//fsz N(ds, dz) Ezaﬂﬂ ((ts,tiz1] x Bi) ZazElpEN((tz,tHl]xB)
=1

= ZaiElFiEu(Bi (tiv1 — / / f(s,z)v(dz)d
i=1

Suppose that {f,} C K; is a monotone increasing sequence of positive functions and f,, converges to f.
Then by the monotone convergence theorem

E/OT/Zf(s,z)N(ds,dz) :sng/oT/Zf"(s,z)N(ds,dz)
_sng/OT/Zf”(s,z)u(dz)ds_E/()T/Zf(s,z) v(dz)ds

It follows from Lemma [A 5] that K; contains all P ® Z-measurable positive functions.
Now let us take an E-valued and P ® Z-measurable function €. From above discussion, we know

E [ ) [ e 2lpvazas -k ) | Ie(s.2)l N(ds.az),

from which deduce that whenever one side of the equality makes sense, so does the other. Hence if we
suppose either EfOT I, 1€(s z)|Eu(dz)ds < 00 or IEfOT [, 1&(s, 2)|[eN(dz,ds) < oo, then both integrals

fo [, &(s, z)v(dz)ds and fo [, &(s, 2)N(dz,ds) are well defined as Lebesgue-Bochner integrals, P-a.s.
Define

T
Lo={£:[0,T] x Qx Z — E,|&is B(0,T]) ® Fr ® Z-measurable and E/ / [€(s, 2)|p v(dz)ds < oo},
0o Jz

Ko={£:0,T) x Qx Z — E|& € Lyand (AII) holds}.

We can repeat the argument before to show that every function € of the form (AR is in £ and satisfies
(A8). Now suppose that {€"},en C Ko, € € Lo, and |€™ — €| decreases to 0 as n — co. Then according to
the monotone convergence theorem, we obtain

T
lim IE/ / [€"(s,2) — &(s,2)|p N(ds,dz) = 0 and lim E/ / 1€ (s,2) — &(s,2)|pv(dz)ds =0
z

n—r00 n—oo
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Since £™ satisfies (ALg]), we infer

E/OT/Zf(s,z)N(ds,dz) znli_)n;OE/OT/an(s,z)N(ds,dz)
_HILH;OE/()T/Zgn(s,z)u(dz)ds _E/()T/Zg(s,z) v(dz)ds

Again by Lemma [A5] Ko contains all P @ Z-measurable functions in Lo. ]

Proposition A.7. Let E be a Banach space. Suppose that & : [0,T] x Q x Z — E is a B([0,T]) @ Fr ® Z-
measurable function such that EfOT [ 1&(s,2)|eN(ds,dz) < co. Then

[ [N = X om0 (A1

s€(0,T]ND(w)
Proof. Since £ is a B([0,T]) ® Fr ® Z-measurable function and IEfO S 1&(s,2)|EN(ds,dz) < oo, there
exists a set 1 C Q with probability 1 such that for every w € Q, &(,w,-) is B([0,T]) ® Z-measurable and

fo S, 1&(s, -, 2)|EN(ds,dz)(w) < co. This implies that £(-,w, -) is Bochner integrable with respect to N P-a.s.
Given w € ), we can always find a sequence of functions {£"} of the form

> wila, AieB(0,T)®Z (A.14)
=1

such that [£"(¢,w, z) — &(¢, 2)| g decreases to 0 as n — oo for every (¢, 2) € [0,T] x Z. So it’s enough to verify
(A13)) for the function & of the form (AI4). For this, observe that

//g s, 2) N(ds,dz)(w ):le N(A4; N (0,1] x Z)( sz > la(n(s,w)

i=1 s€(0,6)ND ()
= > Dmlarsw)= Y, Lswmw).
s€(0,]ND(r) i=1 s€(0,6)ND ()

O

Proposition A.8. Let E be a martingale type r Banach space. If £ € ML(P ® Z,dt x P x v; E) N M3(P @
Z.dt x P x v; E), then for each t > 0, P-a.s.

[ EEy SR
= Y s - / | 2 vtazyas (A15)

s€(0,t]ND(m)

Here the integral f(f [, &(s,-,2) N(ds,dz) on the left side is understood as the stochastic integral taking values
mn E.

Proof. The proof could be done in the same manner as earlier in the proof of Proposition [AL6l First the
equality (ATH) can be easily verified for functions of simple structures (A.g]). Next, an approximating step
introduced in Lemma allows us to extend the equality to a general §-predictable process in M%L(P @
Z,dt x P x v; E). To do this, suppose that {&, },en is a sequence of functions in ML(P® Z,dt x Px v; E)N
ML(P® Z,dt x P x v; E) such that for every n € N, £" satisfies (AIH) and |{" — £|g decreases to 0, as
n — oo on [0,T] x Q x Z. Hence we have

lim IE/T/ 1€"(s,2) = &(s,2)|[pv(dz)ds = 0,

n—roo

lim IE/ /|§ $,2) —&(s,2)|g N(ds,dz) = 0.

n—oo
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By (22)), we may find a subsequence £"* such that for every ¢ € [0, 7],

//5” N(ds, dz) hm//&"k,, N(ds, d2)
:kILIEO / /5”" s,-,2) N(ds,dz) / /gnk PR dz)ds}
//5 5,,2) N(ds, dz) //f s,-,z)v(dz)ds, P-as.

Remark A.9. Proposition [A.8lis still valid under the weaker constrain on E and &. Namely, we only assume
that E is a Banach space and £ € ML(P ® Z,dt x P x v; E). Then FE is of martingale type 1, and we can
still define the stochastic integral fg I, &(s, Z)N (ds,dz) which is an L'-integrable martingale and satisfies

E‘//g s,-2) N(ds, dz) <CE//|§ 5, 2)|p v(dz)ds

In this case, the stochastic integrable coincides with the Bochner integral almost everywhere, that is (AT5)
holds. It is worth noting that (A5 is only satisfied when the function ¢ is predictable (specifically P ® Z-
measurable).

O

Appendix B. Ito’s formula

Let E be a martingale of type r (1 < r < 2) Banach space. In this section, we will study Itd’s formula for
the processes of the following type:

Xt_X0+/0ta(s)ds+/ dw+//gsz (ds,dz) + // s,2)N(ds,dz), t >0. (B.1)

Here a : Ry xQ — Eis an E-valued progressively measurable process such that for all ¢ > 0, fo la(s,w)|lds <
o0, P-a.s., N is a Poisson random measure associated with a Poisson point process 7, & € ./\/l]fOc (’p, v;E),ne
Mzoc(’ﬁ, N; E),and g = (9(t))iejo, 1) is a process in M ([0, T]; v(H; E)). Assume that [{(t, w, 2)|e[n(t,w, 2)|p =
0 for all (t,w,2) € Ry x Q x Z. Without loss of generality, we may assume that the process X is right-
continuous with left-limits. In order to make the paper self-contained, we formulate the following auxiliary
lemma.

Lemma B.1. (see [I]) Let E and F be separable Banach spaces and ¢ : E — F be a Fréchet differentiable
function whose Fréchet derivative ¢' : E — L(E; F) is locally a-Holder continuous. In other words, for all
r >0, there exists H = H(r) < oo such that

/ Y )
sup |¢'(x) — ¢ (y()l”L(E,F) < H(r).
2|, lyl<r.oy lz —ylg

Then we have that for every x,y € F,
o(y) = o(z) + ¢'(2)(y — =) + Ry(x,y), (B.2)

where Rg(x,y) fo (x +0(y —2)(y —x) — ¢ (x)(y — ))db. Moreover, for every r > 0, there exists
C = C(r) > 0 such that
|Ro(,y)lF < Cly —alg™ for all |2]p, lylp <.

Theorem B.2. (It6’s formula 1) Assume that E is a martingale type 2 Banach space. Let X be a process given
by (B). Let ¢ : E — E be twice Fréchet differentiable and its first and second derivative are all continuous.
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Then for every t > 0, we have P-a.s.
ox0) = o0x) + [ S el as+ [ GO AW+ [ ")) ds
b [ [0t - ¢<XS,>} N(ds, dz)
" /0 [ [0 65,2 - 0(X,0)] Kids.az)

+/t/ :¢(Xsf +&(s,2)) — (Xs-) — (b’(XS,)(g(S,Z))} v(d=)ds.

Theorem B.3. (It6’s formula 2) Assume that E is a martingale type r Banach space, v € (1,2]. Let ¢ : E — FE
be a function of class C* such that the first derivative ¢' : E — L(E; E) is locally (r — 1)-Hélder continuous.
Let X be a non-Gaussian Lévy process given by

Xt:Xo—i-/ ds+//§sz (ds,dz) + // (s,2) N(ds,dz), t > 0. (B.4)

Then for every t > 0, we have P-a.s.
ox0) = o050+ [ S as+ [ [ (o0 s, 2) - o(,0)] N(as, a2
+f [ [0+ €06,20) — 00X )] (.2 (8.5)
[ [0+ 020 6%e0) = 60N 2] ).

Proof of Theorem [B.2, Without loss of generality, we may assume that the process X is bounded, namely,
there exists r > 0 such that
sup |Xslp <. (B.6)

0<s<t

Then we can relax the boundedness assumption (B.G)) by the usual localization argument. Since the Poisson
point process 7 is o-finite, there exists a sequence of sets { D, },en such that D, C Dy41, UnenDy = Z, and
EN(t,D,) < oo for every 0 < t < oo and n € N. Define a sequence {£"},en of functions by

&' (s,w, z) :=&(s,w,2)1p, (2), (s,w,2) ERyL xQ x Z, neN.

Since |£"| g < ||k and by the assumption, £ € ML(P® Z,dt x P x v; E), we infer that {" € ML(P® Z,dt x
P x v; E). By the definition of stochastic integrals, we have

/Ot/Z&"(s,z)N(ds,dz)—/Ot/Zang(s,z)N(ds,dz)_/ot Dng(s,z)N(ds,dz).

Now applying Proposition [A.§] yields that
/ /5" s,z) N(ds,dz) = Z &(s,m(s)1p, (7 / &(s,2) v(dz)ds (B.7)
s€(0,4)ND () Dn
Similarly, we define a sequence {g" },cn of functions by
n"(s,w,z) =n(s,w,z)lp,(z), (s,w,2) ERyL xOQxZ, neN.
It follows that

/O/Zn"(s,z)]\](ds,dz)— Z n(s,m(s))1p, (7(s)). (B.8)

s€(0,t]ND(m)
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Since EN(t,D,,) < oo, t > 0, we see that for almost every w € Q, the set {s <t : n(s,w) € D, ND(m)}
contains only finitely many points in each time interval (0,¢], for ¢ > 0. Hence we may denote these points
according to their magnitude by 0 = 7p(w) < 71 (w) < T2(w) < -+ < Ty (w) < -+ -. In other words, we put

70 = 0;
=inf{s € (0,t]ND(n) : 7(s) € Dp; s> Tip—1}, m > 1.

The random times 71, 72,... form a random configuration of points in (0,¢] with n(r;) € D,, and for each
m, the random time 7, is a stopping time. Indeed, for every u > 0, we find that

{Tm <u} ={N(u,D,) >m} € F,.

Let us define a sequence { X"}, ey of process X" := (X[")i>0 by

t t t t
Xt":Xé—i—/ a(s)ds+/ g(s)dWs—i—/ /f"(s,z)N(ds,dz)—i—/ /n”(s,z)N(ds,dz), t>0, neN
0 0 0Jz 0Jz
It follows from (B.7)) and (B.8) that for every n € N and all ¢ > 0, P-a.s.

t t t
X7 = Xo + / a(s)ds + / 9(s)dW, — / /Z €15 2)(d2)ds + 32" () Mo

=+ Z nn(Tma 7T(Tm)v ')l{TmSt}'

(B.9)

Note that
B(X[) = 6(Xo) = 3 [6(X7h,,) = 6K, )]

m

> [6(Xihn,) — 6(XThs, }+Z[ O(Xfhr, =) = O(Xinr,, )]

m

=1 + L.
Here X7\ = (X™)[™,t > 0 is the process X" stopped at time 7,,, and X[\, _ = (X")[", t > 0 is the

process X" stopped strictly before time 7,,,. Namely,
XM (w) if t < 7m(w)
Xn — Xn Tm _ nt ’ )
o) = 06 = { b S TS
and

n v Nn\Tm X?(“) Zf t < Tm(w)
Xph (@) = (X7 (w) = { X2 (@) if 12 (),

Note that the jumps of X™ occur only at times {7,,}. So X/, # X7, _ if and only if
§" (s () Mg <ty + 0" (T 7(Tim) s ), <ty # 0
Since by assumption |f|g - |g|r = 0, we infer that X}, # X7, if and only if
" (T, ™(Tm ), )17, <oy 7 0 and 0" (T, T(Tn), ) (7 <y = 0
or
E (T, ™(Tim), ~)1{ngt} =0 and 0" (7, 7(Tim ), ~)1{ngt} #£0
Hence
Xinr = Xinrg— & (T 7 () <ty + 0" (T, 7(7n)) U, <y

_ { X?/\rm— +§n(7—m77r(7—m))1{rm§t} if & (T, (1)) # 0, 0™ (Ton, 7(Ti)) = 0,
Xinr— 0" (T, (T ) <ty 4 € (T, ©(7im)) = 0, 0" (T, (7)) # 0.
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It follows that

=Y

O(XPir,) = (X0, )]

P Xinr,) — ¢’(X?Mm—)} Llerm,m (rm ) 1030 (7 (7)) =03 L <1}

' —

©

(Xir) = (X irs )| Llemnra) =030 I (e 0} L)

_|_

¢ Xipnr,,— + & (T, () — ¢(Xt"mmf)} L{ € (o m (ra ) IO} 0 (T (ron ) 1=0} L <8}

—

A Xinr— 0" (T, 7(Tm))) = ¢(X?Mm7)} L{le(rm,m (ran ) I1=030 {107 7 (o)) 120} L <2}

_|_

—

SXT_ + (s, 2,w)) — B(X)| N(ds, d2)

/'

<

(XD 417" (s, 2,w)) — (X )| N (ds, dz)

_|_

SXT_ + (s, 2,w)) — B(XI)| N(ds, d2)

Il
S S S—S=5—:M:M =M= :

SXT 41" (s, 2,w)) — H(XI)| N(ds, dz)

_|_

S — N

_|_

S

(B +€7(5,2,w) — 6(X[) | w(d2)ds
0 JZ -

Notice that there are no jumps of X in the random time interval (¢ A 7,,,—1,¢ A Ty, ), in other words X
contains only the continuous components. Set for u € [0, 7],

t t
Y/ = X +/ o] [a(s) _ / (s, 2) y(dz)} ds —|—/ L, 19 (s) dW. (B.10)
0 z 0

Then we have Y, = X  fort e [0,7,-1], V;"" = X}* for t € [Tyy_1,Tm), and Y2 = V""" = X .
By applying the It6 formula of Gaussian processes in [33] to the process Y,»™, we obtain

o) oz, ) - [ e manas = [ S0 s )ma)ds

m—1 Tm—1

tATm tATm
+/ &' (Y™ (g(s))dWs + 5/ tr ¢ (Y""™)(g(s), g(s))ds, for t € [y, 7] P-a.s.

m—1 m—1

Moreover, when ¢t < 7,,_1, we have
o(Ynr, ) —o(X7, ) =0=0(X{\,, ) = o(Xihr, )i
when 7,1 <t < 7,
o(YRr) —d(XT ) =d(Yy"™) = d(XT ) = o(X]") — d(XT ) = d(X{rr, —) — &(X{nr, )
when t > 7,,,, we have
d(Yinr, ) —o(X2 ) =o(Y™) = o(XZ ) =(XT )= o(XT ) =d(Xihs, ) — 0(Xinr, )
Hence,

WX, ) =000, )= [ SO [ S 2w ds

Tm—1 Tm—1

- / gl + / b (X 9(5), (5.

m—1 m—1
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Therefore, we have

=3 [0 )~ 0K ) | = [ #oxsiaenas - / o (X)€" (5, 2)) v(d2)ds .

/ (X g(s)) W +;/0 tr ¢"(X7)(g(s), g(s)) ds.
Combining I; and I yields that
n n t , . 1 ¢ } §
H(X) — d(Xo) / ¢ (XT) ))ds+/0 ¢(Xs)(g(s))dWS+§/0 tr ¢ (X™)(g(5), g(s)) ds
+/0 /Z _¢(X;Z—i—gn(s,z,w))—qS(X;L)}N(dS,dz)

T (B.12)
—i—/o /Z _¢(Xsn_—i—n”(s,z,w))—qS(XS”_)]N(ds,dz)

o [ [0 €0 - X0 ) = X )€ (5,2l

This shows that 1t6 formula (B3) holds for the process X™. Now let us consider the general case. On the
basis of the inequality (2I0) and the Lebesgue dominated convergence theorem, we infer

(s,z)N(ds, dz) //ﬁsz (ds,dz)

< C lim E/O /Z|§"(s,z) —&(s,2)|% v(dz)ds = 0.

2
lim E
n—r0o00 E

n—oo

This allows us to find a subsequence such that fot [, €"(s, 2)N(ds, dz) uniformly converges to fot [, &(s,2)N(ds, dz)
on any finite interval [0, T] P-a.s. Similarly, we can prove that fot J 71" (s,w, 2)N(ds, dz) uniformly converges

to fot [, n(s,w, 2)N(ds,dz) on [0,T] P-a.s. as well. Hence we infer that X' converges uniformly to X, as
n — oo, P-a.s. on [0,7]. Also, X converges uniformly to X,_ P-a.s. on [0,7] as n — oo. Hence by the
continuity of ¢, ¢’, and ¢", we infer that

/t¢’(X§)(a(s))ds—>/t¢'(XS)(a(s))ds, P-a.s.,
0 0
/ & (X7)(g(s)) AW, — / §(X)(g(s) AW, in L,
Ot 0
| [ o+ s — o) | Was.az)
—>/ / O(Xse +&(s,2,w)) — P( X5 )]N(ds dz) in Lo,
(B.13)
[ [ o0+ a2 - 002 N as, a2
0 Z
—>/0 /Z[¢(XS_+77(s,z,w))—QS(XS_)}N(dS,dz), P-a.s.
[ [ o0+ €, — 60600 — X2 (E 5, 2wtz
0 Z
—>/0 /Z[¢(XS_+§(s,z,w))—¢(Xs_)—qS’(XS_)(f(s,z))}l/(dz)ds, P-a.s.
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and

I I
3 [ o ) as > 3 [0 6 X)) g6 s Pas
0 0
Hence the It6 formula follows by passing the limit in the equality (BI12) along a subsequence. O

Proof of Theorem[B.3. The proofs are almost identical to the one given in the proof of Theorem [B.2l the
major change being the proof of the term I5. Since ¢’ is (r — 1)-Holder continuous, by applying Lemma [B1]
routine computations give rise to

L=3[6(X0,, ) — (X0, )] = /O (X (ax) ds — /O t /Z £7(s, 2) p(d2)ds.

m
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