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STABILITY OF THE PLANAR RAREFACTION WAVE TO

TWO-DIMENSIONAL COMPRESSIBLE NAVIER-STOKES EQUATIONS

LINAN LI AND YI WANG

Abstract. It is well-known that the rarefaction wave, one of the basic wave patterns to
the hyperbolic conservation laws, is nonlinearly stable to the one-dimensional compressible
Navier-Stokes equations (cf. [14, 15, 12, 17]). In the present paper we proved the time-
asymptotically nonlinear stability of the planar rarefaction wave to the two-dimensional
compressible and isentropic Navier-Stokes equations, which gives the first stability result
of the planar rarefaction wave to the multi-dimensional system with physical viscosities.

1. Introduction and Main Result

We are concerned with the time-asymptotic stability of the planar rarefaction wave to
the two-dimensional compressible, isentropic Navier-Stokes equations which read

(1.1)

{

ρt + div(ρu) = 0, (x, y) ∈ R× T, t ∈ R
+,

(ρu)t + div(ρu ⊗ u) +∇p(ρ) = µ△u+ (µ + λ)∇divu,

where ρ = ρ(t, x, y) ≥ 0,u = u(t, x, y) = (u, v)t(t, x, y) and p = p(t, x, y) represent the
density, the velocity and the pressure of the fluid, respectively, where and in the sequel the
notation (·, ·)t meaning the transpose of the vector (·, ·). Here it is assumed that the shear
viscosity µ and the bulk viscosity λ both are constants satisfying the physical restrictions

(1.2) µ > 0, µ+ λ ≥ 0,

and the pressure p = p(ρ) is given by the so-called γ−law

p(ρ) =
ργ

γ

with γ ≥ 1 being the fluid constant. For the spatial domain, we consider the case x ∈ R

being the real line and y ∈ T := R/Z being one-dimensional unit flat torus, and therefore the
differential operator divf := ∂xf1+∂yf2 with f = (f1, f2)

t, ∇ := (∂x, ∂y)
t and △ := ∂2x+∂

2
y .

The initial values to the problem (1.1) are imposed by

(1.3) (ρ,u)(0, x, y) = (ρ, u, v)(0, x, y) = (ρ0, u0, v0)(x, y).

Since we are concerned with the stability of planar rarefaction wave to the system (1.1), it
is assumed that the far fields conditions on the x−direction

(1.4) (ρ, u, v)(t, x, y) → (ρ±, u±, 0), as x→ ±∞,

Date: February 1, 2019.
Acknowledgment. Y. Wang is supported by NSFC grants No. 11671385 and 11688101 and CAS

Interdisciplinary Innovation Team.

1

http://arxiv.org/abs/1710.06063v2


2 LI AND WANG

with ρ± > 0, u± being prescribed constants, and the periodic boundary conditions are
imposed on y ∈ T for the solution (ρ, u, v)(t, x, y), where the end states (ρ±, u±) are con-
nected by the rarefaction wave solution of the Riemann problem to the corresponding one-
dimensional hyperbolic conservation laws

(1.5)

{

ρt + (ρu)x = 0, x ∈ R, t > 0,

(ρu)t + (ρu2 + p(ρ))x = 0,

with the Riemann initial data

(1.6) (ρr0, u
r
0)(x) =

{

(ρ−, u−), x < 0,

(ρ+, u+), x > 0.

It could be expected that the large-time behavior of the solution to the compressible
Navier-Stokes equations (1.1)-(1.3) is closely related to the Riemann problem to the corre-
sponding two-dimensional compressible Euler equations

(1.7)











ρt + (ρu)x + (ρv)y = 0, (x, y) ∈ R× T, t > 0,

(ρu)t + (ρu2 + p(ρ))x + (ρuv)y = 0,

(ρv)t + (ρuv)x + (ρv2 + p(ρ))y = 0,

with the Riemann initial data

(1.8) (ρ0, u0, v0)(x) =

{

(ρ−, u−, 0), x < 0,

(ρ+, u+, 0), x > 0.

Yet there are essential differences between the one-dimensional Riemann problem (1.5)-
(1.6) and the two-dimensional Riemann problem (1.7)-(1.8) even with v-component contin-
uous on both sides of x = 0 in (1.8). Precisely speaking, it is first proved by Chiodaroli-
DeLellis-Kreml [3] and Chiodaroli-Kreml [4] that there are infinitely many bounded admissi-
ble weak solutions to (1.7)-(1.8) satisfying the natural entropy condition for shock Riemann
initial data by using the convex integration methods in DeLellis-Szekelyhid [5] while the
construction of weak solution in [3, 4] seems essential to the two-dimensional system and
can not be applied to one-dimensional problem (1.5)-(1.6). Then Klingenberg-Markfelder
[10] and Brezina-Chiodaroli-Kreml [1] extend the results in [4, 3] to the case when the cor-
responding Riemann initial data contain shock or contact discontinuity. On the other hand,
similar to the one-dimensional case, for the Riemann solution only containing rarefaction
waves to (1.7)-(1.8), Chen-Chen[2] and Feireisl-Kreml [6], Feireisl-Kreml-Vasseur [7] inde-
pendently proved the uniqueness of the uniformly bounded admissible weak solution even
the rarefaction waves are connected with vacuum states (cf. [2]).

The inviscid Euler system (1.7) or (1.5) is ideal model for fluids and the real fluids are
often described by the corresponding Navier-Stokes equations (1.1) with physical viscosities
satisfying the restrictions (1.2). As mentioned before, we can expect that the large-time be-
havior of the solution to the compressible Navier-Stokes equations (1.1)-(1.3) is determined
by the Riemann problem to the corresponding inviscid Euler system (1.7) or (1.5), which
contains planar shock wave and rarefaction wave in the genuinely nonlinear characteristic
fields and contact discontinuity in the linearly degenerate field. It is interesting to prove
the above expectations in mathematics rigor and to investigate the dynamic stability of the
basic wave patterns for the compressible Navier-Stokes equations with physical viscosities,
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and there are rather satisfactory results in the one-dimensional case. The stability of rar-
efaction wave to the one-dimensional compressible isentropic Navier-Stokes equations was
first proved by Matsumura-Nishihara [14, 15] and then was extended to full Navier-Stokes-
Fourier system by Liu-Xin [12] and Nishihara-Yang-Zhao [17]. Then Liu-Yu [13] proved the
stability of rarefaction wave to one-dimensional general n×n conservation laws system with
artificial viscosity by point-wise Green function methods.

However, in the multi-dimensional case, the stability of planar rarefaction wave for the
compressible Navier-Stokes equations (1.1) is still open and the existing results are confined
to the scalar viscous conservation laws case by Xin [19] and its extended results by Ito
[9] and Nishikawa-Nishihara [16]. Note that Hokari-Matsumura [8] proved the stability of
planar rarefaction wave to some artificial 2 × 2 system with uniformly positive viscosities,
while this result crucially depends on the strict positivity of the viscosity matrix and can
not be applied to the compressible Navier-Stokes system (1.1) with only partial viscosities.

The main purpose of the present paper is to prove the stability of planar rarefaction wave
for the two-dimensional compressible Navier-Stokes equation (1.1) with physical constraints
(1.2). Compared with the one-dimensional stability results in [14, 15], the additional difficul-
ties here lie in the higher dimensionality, the propagation of rarefaction wave in y−direction
and its interaction with the wave in x−direction. Fortunately, we can overcome these diffi-
culties in the case y ∈ T and got the stability result by using the elementary energy methods.
Here we fully used the physical structures of the system which cause some essential can-
cellations to close the energy estimates (see details in Lemmas 4.2-4.5). More precisely, we
prove that if the rarefaction wave strength is suitably weak (i.e., |ρ+−ρ−|+ |u+−u−| ≪ 1)
and initial values (ρ0, u0, v0) in (1.3) are suitably close to the planar rarefaction wave, then
the initial value problem (1.1)-(1.3) has a global-in-time smooth solution which tends to
the planar rarefaction wave (ρr, ur, 0)(x/t) as t→ +∞. The detailed stability result can be
found in Theorem 1.1 below.

Now we fist give the description of the one-dimensional rarefaction wave to (1.5) and the
planar rarefaction wave to (1.7). It is well-known that the inviscid Euler system (1.5) is a
strictly hyperbolic one for ρ > 0 with two distinct eigenvalues

λ1(ρ, u) = u−
√

p′(ρ), λ2(ρ, u) = u+
√

p′(ρ)

with the corresponding right eigenvectors denoted by r1(ρ, u) and r2(ρ, u), respectively, and
both characteristic fields are genuinely nonlinear. The i−Riemann invariant zi(ρ, u) (i =
1, 2) is given by

zi(ρ, u) = u+ (−1)i+1

∫ ρ
√

p′(s)

s
ds,

satisfying ∇(ρ,u)zi(ρ, u) · ri(ρ, u) ≡ 0, (i = 1, 2),∀ρ, u. Without loss of generality, here
we only consider the 2-rarefaction wave case and the cases of 1-rarefaction wave and the
superposition of two rarefaction waves can be proved similarly. It is well-known that if the
states (ρ±, u±) satisfy

(1.9) u+ −

∫ ρ+

ρ−

√

p′(s)

s
ds = u−, λ2(ρ+, u+) > λ2(ρ−, u−),
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i.e., 2-Riemann invariant z2(ρ, u) is constant and the second eigenvalue λ2(ρ, u) is expanding
along the 2-rarefaction wave curve, then the Riemann problem (1.5)-(1.6) would admit a
self-similar wave fan (ρr, ur)(x/t) which consists of only the constant states and the centered
rarefaction waves (cf. [11]). Then the planar rarefaction wave solution to the two-dimensionl
compressible Euler equations (1.7)-(1.8) is defined by (ρr, ur, 0)(xt ) with (ρr, ur)(xt ) being
the one-dimensional rarefaction wave to (1.5).

To be more precise, we assume that

(ρ0 − ρr0, u0 − ur0, v0) ∈ L2(R× T),

(∇ρ0,∇u0) ∈ H1(R× T)
(1.10)

and set

Φ2
0 = ‖(ρ0 − ρr0, u0 − ur0, v0)‖

2 + ‖(∇ρ0,∇u0)‖
2
1 + |(ρ+ − ρ−, u+ − u−)|

2,

where ∇u0 = (∇u0,∇v0)
t. Here Hk(R × T)(k ≥ 0, k ∈ Z) denotes the usual Sobolev space

with the norm ‖ · ‖k. We denote L2(R×T) = H0(R×T) and simply set ‖ · ‖ = ‖ · ‖0. Then
our main result can be stated as follows.

Theorem 1.1. For the planar 2-rarefaction wave (ρr, ur, 0)(xt ) connecting the constant
states (ρ±, u±, 0) satisfying (1.9) with ρ± > 0, there exists a positive constant ǫ0 such that
if the initial perturbation around the planar rarefaction wave and the wave strength satisfy
Φ0 < ǫ0, then the initial value problem (1.1)-(1.3) admits a unique global smooth solution
(ρ,u) = (ρ, u, v) satisfying











(ρ− ρr, u− ur, v) ∈ C0(0,+∞;L2(R × T)),

(∇ρ,∇u) ∈ C0(0,+∞;H1(R × T)),

∇3
u ∈ L2(0,+∞;L2(R × T)),

and the time-asymptotic stability of the planar 2-rarefaction wave holds true in the sense
that

(1.11) lim
t→+∞

sup
(x,y)∈R×T

|(ρ, u, v)(t, x, y) − (ρr, ur, 0)(
x

t
)| = 0.

Remark 1.1. Theorem 1.1 gives a first stability result of the planar rarefaction wave to
the multi-dimensional system (1.1) with physical viscosities.

Remark 1.2. Our stability analysis could also be applied to the time-asymptotic stability
of the superposition of 1-rarefaction wave and 2-rarefaction wave to the two-dimensional
compressible Navier-Stokes equations (1.1) and the wave interaction estimates as in [14]
will be considered additionally.

In the next section, we first construct a smooth approximate rarefaction wave which tends
to the rarefaction wave fan uniformly as the time t tends to infinity. Then we reformulate
the system for the perturbation around the approximate rarefaction wave and then establish
the a priori estimates for the perturbation by an elementary L2 energy method. Finally, in
the last section, based on these a priori estimates, we proved our main Theorem 1.1.
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2. Smooth Approximate Rarefaction Wave

Since the rarefaction wave is only Lipschitz continuous, we will construct a smooth ap-
proximation rarefaction wave through the Burgers equation as in [14] and [19]. Consider
the Riemann problem for the inviscid Burgers equation:

(2.1)











wt + wwx = 0,

w(0, x) = wr
0(x) =

{

w−, x < 0,

w+, x > 0.

If w− < w+, then (2.1) has the rarefaction wave fan wr(t, x) = wr(x/t) given by

(2.2) wr(t, x) = wr(
x

t
) =











w−, x < w−t,
x
t , w−t ≤ x ≤ w+t,

w+, x > w+t.

As in [14], the approximate rarefaction wave to the compressible Navier-Stokes equations
(1.1) can be constructed through the smooth solution of the Burgers equation

(2.3)







wt + wwx = 0,

w(0, x) = w0(x) =
w+ + w−

2
+
w+ −w−

2
tanhx.

Then, by the characteristic methods, the solution w(t, x) of the problem (2.3) has the
following properties and their proofs can be found in [14].

Lemma 2.1. Suppose w+ > w− and set w̃ = w+ − w−. Then the problem (2.3) has a
unique smooth global solution w(t, x) such that

(1) w− < w(t, x) < w+, wx > 0 for x ∈ R and t ≥ 0.
(2) The following estimates hold for all t > 0 and p ∈ [1,+∞]:

‖wx(t, ·)‖Lp ≤ Cmin(|w̃|, |w̃|1/pt−1+1/p),

‖wxx(t, ·)‖Lp ≤ Cmin(|w̃|, t−1),

‖wxxx(t, ·)‖Lp ≤ Cmin(|w̃|, t−1).

(3) lim
t→+∞

sup
x∈R

|w(t, x) −wr(x/t)| = 0.

We now turn to the approximate rarefaction wave for the Euler system (1.5)-(1.6). Here
and in what follows, the constant states (ρ±, u±) are fixed so that they are connected
by the 2-rarefaction wave. Set w− = λ2(ρ−, u−), w+ = λ2(ρ+, u+), and the rarefaction
wave strength α := |ρ+ − ρ−| + |u+ − u−|. It is easy to check that the 2-rarefaction wave
(ρr, ur)(t, x) = (ρr, ur)(x/t) to the Riemann problem (1.5) - (1.9) is given explicitly by

λ2(ρ
r, ur)(t, x) = wr(t, x),

z2(ρ
r, ur)(t, x) = z2(ρ±, u±).

Correspondingly, the smooth approximate rarefaction wave (ρ̄, ū)(t, x) of the 2-rarefaction
wave fan (ρr, ur)(t, x) can be constructed by

λ2(ρ̄, ū)(t, x) = w(1 + t, x),

z2(ρ̄, ū)(t, x) = z2(ρ±, u±),
(2.4)
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where w(t, x) is the smooth solution to the Burgers equation in (2.3). One can easily check
that the above approximate rarefaction wave (ρ̄, ū) satisfies the system:

(2.5)











ρ̄t + (ρ̄ū)x = 0,

(ρ̄ū)t + (ρ̄ū2 + p(ρ̄))x = 0,

(ρ̄, ū)(0, x) = (ρ̄0, ū0)(x).

The following lemma comes from Lemma 2.1 (cf. [14]).

Lemma 2.2. The smooth approximate 2-rarefaction wave (ρ̄, ū) defined in (2.4) satisfies
the following properties:

(1) ūx = 2
γ+1wx > 0 for all x ∈ R and t ≥ 0, ρ̄x = ρ̄

3−γ

2 ūx.

(2) The following estimates hold for all t ≥ 0 and p ∈ [1,+∞]:

‖(ρ̄x, ūx)‖Lp ≤ Cmin(α,α1/p(1 + t)−1+1/p),

‖(ρ̄xx, ūxx)‖Lp ≤ Cmin(α, (1 + t)−1),

‖(ρ̄xxx, ūxxx)‖Lp ≤ Cmin(α, (1 + t)−1).

(3) lim
t→+∞

sup
x∈R

|(ρ̄, ū)(t, x)− (ρr, ur)(
x

t
)| = 0.

3. Reformulation of the problem

Now we define the perturbation around the approximate rarefaction wave (ρ̄, ū, 0) in (2.5)
by

φ(t, x, y) = ρ(t, x, y)− ρ̄(t, x),

Ψ(t, x, y) = (ϕ,ψ)t(t, x, y) = (u, v)t(t, x, y)− (ū, 0)t(t, x),

with (ρ, u, v)(t, x, y) being the solution to the problem (1.1)-(1.3). Then we obtain the
perturbation system for (φ,Ψ) :

(3.1)















φt + ρdivΨ+ ρyψ + uφx + ρ̄xϕ+ ūxφ = 0,

ρΨt + ρuΨx + ρψΨy + (ρūxϕ, 0)
t + p′(ρ)∇φ+ ((p′(ρ)−

ρ

ρ̄
p′(ρ̄))ρ̄x, 0)

t

= µ△Ψ+ (µ+ λ)∇divΨ + ((2µ + λ)ūxx, 0)
t,

(3.2) (φ,Ψ)(0, x, y) = (φ0,Ψ0)(x, y) = (φ0, ϕ0, ψ0)(x, y) = (ρ0− ρ̄0, u0− ū0, v0)(x, y) ∈ H2,

and we note that the condition (1.10) assures (3.2) holds true. We first choose a positive
constant E0 by virtue of Sobolev imbedding theorem such that

sup
(x,y)∈R×T

|f(x, y)| ≤
1

2
ρ− for any f ∈ H2, ‖f‖2 ≤ E0.(3.3)

Note that if E0 is suitably small, then (3.3) is obviously true. Then the solution of (3.1),
(3.2) is sought in the set of functional space X(0,+∞), where for 0 ≤ T ≤ +∞, we define

X(0, T ) ={(φ,Ψ)|(φ,Ψ) ∈ C0(0, T ;H2),∇φ ∈ L2(0, T ;H1),∇Ψ ∈ L2(0, T ;H2)

and sup
0≤t≤T

‖(φ,Ψ)(t)‖2 ≤ E0}.
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Then the conditions sup
0≤t≤T

‖(φ,Ψ)(t)‖2 ≤ E0 and (3.3) imply that |φ|, |Ψ| ≤ 1
2ρ− and

|u| = |(u, v)| ≤ C with C being a positive constant which only depends on ρ−, u±, and
therefore, the density function ρ(t, x, y) := ρ̄(t, x) + φ(t, x, y) satisfies that

(3.4) 0 <
1

2
ρ− ≤ ρ ≤

1

2
ρ− + ρ+,

since 0 < ρ− ≤ ρ̄ ≤ ρ+. Notice that the uniform lower and upper boundness of the density
function ρ(t, x, y) in (3.4) guarantee the strict parabolicity of the momentum equation (1.1)2,
which are crucial for the local and global-in-time existence of the classical solution to the
system (1.1).

Proposition 3.1. For the planar 2-rarefaction wave (ρr, ur, 0)(xt ) connecting the con-
stant states (ρ±, u±, 0) satisfying (1.9), there exist positive constants ǫ0 and C such that
if ‖(φ0,Ψ0)‖2 + α ≤ ǫ0, then the reformulated problem (3.1)-(3.2) admits a unique global
solution (φ,Ψ) ∈ X(0,+∞) satisfying

sup
t≥0

‖(φ,Ψ)(t)‖22 +

∫ +∞

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖21 + ‖∇3Ψ‖2
]

dt

≤ C
[

‖(φ0,Ψ0)‖
2
2 + α1/4

]

.

(3.5)

Once we proved Proposition 3.1, we claim that

(3.6)

∫ +∞

0
‖(∇φ,∇Ψ)‖2 + |

d

dt
‖(∇φ,∇Ψ)‖2|dt < +∞.

In fact, to prove (3.6) we only need to show

∫ +∞

0
|
d

dt
‖(∇φ,∇Ψ)‖2|dt < +∞. By Cauchy’s

inequality, Lemma 2.2, (3.6) and the standard Elliptic estimates, one has
∫ +∞

0
|
d

dt
‖∇φ‖2|dt =

∫ +∞

0
|

∫

T

∫

R

2∇φ · ∇φtdxdy|dt

= 2

∫ +∞

0
|

∫

T

∫

R

div(φt∇φ)− φt△φdxdy|dt = 2

∫ +∞

0
|

∫

T

∫

R

φt△φdxdy|dt

= 2

∫ +∞

0
|

∫

T

∫

R

(ρdivΨ + ψφy + uφx + ρ̄xϕ+ ūxφ)△φdxdy|dt

≤ C

∫ +∞

0

∫

T

∫

R

(ϕ2
x + ψ2

y + φ2y + φ2x + ūxϕ
2 + ūxφ

2 + (△φ)2)dxdydt

≤ C
[

‖(φ0,Ψ0)‖
2
2 + α1/4

]

< +∞,

and
∫ +∞

0
|
d

dt
‖∇Ψ‖2|dt = 2

∫ +∞

0
|

∫

T

∫

R

Ψt · △Ψdxdy|dt

≤ C

∫ +∞

0

∫

T

∫

R

(|Ψx|
2 + |Ψy|

2 + ūxϕ
2 + |∇φ|2 + ūxφ

2 + |∇2Ψ|2 + ū2xx)dxdydt

≤ C
[

‖(φ0,Ψ0)‖
2
2 + α1/4 + α2/3

]

< +∞.

Then the inequality (3.6) implies that

(3.7) lim
t→+∞

‖(∇φ,∇Ψ)(t, ·)‖ = 0.
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By 2-dimensional Sobolev’s inequality,it holds that

(3.8) sup
(x,y)∈R×T

|φ| ≤ C
[

‖φ‖1/2‖φx‖
1/2 + ‖φy‖

1/2‖φxy‖
1/2

]

.

By (3.7), (3.8) and Proposition 3.1, we get

(3.9) lim
t→+∞

sup
(x,y)∈R×T

|(φ,Ψ)(t, x, y)| = 0.

Thus combining (3.9) with Lemma 2.2 (3), we have the desired time-asymptotic behavior
in (1.11). Noting that

‖(φ0,Ψ0)‖ ≤ ‖(ρ0 − ρr0, u0 − ur0, v0)‖+ ‖(ρ̄0 − ρr0, ū0 − ūr0)‖ ≤ ‖(ρ0 − ρr0, u0 − ur0, v0)‖+Cα,

‖(∇φ0,∇Ψ0)‖1 ≤ ‖(∇ρ0,∇u0)‖1 + ‖(ρ̄0x, ū0x)‖+ ‖(ρ̄0xx, ū0xx)‖ ≤ ‖(∇ρ0,∇u0)‖1 + Cα,

for some positive constant C, thus all statements in Theorem 1.1 follow.
Since the proof for the local-in-time existence and uniqueness of the classical solution

to (3.1)-(3.2) is standard (for instance, one can refer to [18]), in particular for the suitably
small perturbation of the solution around the planar rarefaction wave satisfying the property
(3.4), the details will be omitted. To prove Proposition 3.1, it suffices to show the following
a priori estimates.

Proposition 3.2. (a priori estimate) Suppose that the reformulated problem (3.1)-(3.2) has
a solution (φ,Ψ) ∈ X(0, T ) for some T (> 0). Then there exist positive constants ǫ1 and C
which are independent of T such that if

sup
0≤t≤T

‖(φ,Ψ)(t)‖2 + α ≤ ǫ1,

then it holds

sup
0≤t≤T

‖(φ,Ψ)(t)‖22 +

∫ T

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖21 + ‖∇3Ψ‖2
]

dt

≤ C
[

‖(φ0,Ψ0)‖
2
2 + α1/4

]

.

(3.10)

4. A Priori Estimates

In this section, we will prove Proposition 3.2. Throughout this section we suppose that
(ρ±, u±) satisfying (1.9) with ρ± > 0, u± ∈ R being fixed and that the problem (3.1)-
(3.2) has a solution (φ,Ψ) ∈ X(0, T ) for some T (> 0). For simplicity, we write C as
generic positive constants which may depend on (ρ±, u±) but are independent of T , and set
E = sup

0≤t≤T
‖(φ,Ψ)(t)‖2.

Lemma 4.1. There exists a positive constant C such that for 0 ≤ t ≤ T ,

sup
0≤t≤T

‖(φ,Ψ)(t)‖2 +

∫ T

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖∇Ψ‖2
]

dt ≤ C
[

‖(φ0,Ψ0)‖
2 + α1/4

]

.(4.1)

Proof. First, multiplying the second equation of (3.1) by Ψ gives

(
1

2
ρ|Ψ|2)t +

1

2
div(ρu|Ψ|2)− µdiv(ϕ∇ϕ + ψ∇ψ)− (µ+ λ)div(ΨdivΨ)

+ ρūxϕ
2 + µ|∇Ψ|2 + (µ+ λ)(divΨ)2 + p′(ρ)∇φ ·Ψ+ (p′(ρ)−

ρ

ρ̄
p′(ρ̄))ρ̄xϕ

= (2µ + λ)ūxxϕ.

(4.2)
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Define the potential energy by

Φ(ρ, ρ̄) =

∫ ρ

ρ̄

p(s)− p(ρ̄)

s2
ds =

1

(γ − 1)ρ
(p(ρ)− p(ρ̄)− p′(ρ̄)φ).

Direct computations yield that

(ρΦ)t + div(ρuΦ+ (p(ρ)− p(ρ̄))Ψ) + ūx(p(ρ)− p(ρ̄)− p′(ρ̄)φ)− p′(ρ)∇φ ·Ψ

− (p′(ρ)−
ρ

ρ̄
p′(ρ̄))ρ̄xϕ = 0.

(4.3)

Combining (4.2) and (4.3) together and then integrating the resulted equation over [0, t]×
R× T imply

‖(φ,Ψ)‖2(t) +

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖∇Ψ‖2
]

dt ≤ C‖(φ0,Ψ0)‖
2 + C

∫ t

0

∫

T

∫

R

|ūxxϕ|dxdydt.

(4.4)

By the one-dimensional Sobolev’s inequality, Hölder’s inequality, Young’s inequality and
Lemma 2.2, one has

∫ t

0

∫

T

∫

R

|ūxxϕ|dxdydt ≤

∫ t

0

∫

T

‖ūxx‖L1
x
‖ϕ‖L∞

x
dydt

≤ C

∫ t

0

∫

T

‖ūxx‖L1
x
‖ϕ‖

1/2
L2
x

‖ϕx‖
1/2
L2
x

dydt

≤
1

4

∫ t

0

∫

T

‖ϕx‖
2
L2
x

dydt+ C

∫ t

0

∫

T

‖ūxx‖
4/3
L1
x

‖ϕ‖
2/3
L2
x

dydt

≤
1

4

∫ t

0
‖ϕx‖

2dt+ C

∫ t

0
(

∫

T

‖ūxx‖
2
L1
x

dy)2/3(

∫

T

‖ϕ‖2L2
x

dy)1/3dt

≤
1

4

∫ t

0
‖ϕx‖

2dt+ C

∫ t

0
‖ūxx‖

4/3
L1
x

‖ϕ‖2/3dt

≤
1

4

∫ t

0
‖ϕx‖

2dt+ C sup
0≤t≤T

‖ϕ‖2/3
∫ t

0
‖ūxx‖

4/3
L1
x

dt

≤
1

4

∫ t

0
‖ϕx‖

2dt+ C sup
0≤t≤T

‖ϕ‖2/3
∫ t

0
(min(α, (1 + t)−1))4/3dt

≤
1

4

∫ t

0
‖ϕx‖

2dt+ C sup
0≤t≤T

‖ϕ‖2/3
∫ t

0
(α1/8(1 + t)−7/8)4/3dt

≤
1

4

∫ t

0
‖ϕx‖

2dt+ Cα1/6 sup
0≤t≤T

‖ϕ‖2/3 ≤
1

4

∫ t

0
‖ϕx‖

2dt+
1

4
sup

0≤t≤T
‖ϕ‖2 + Cα1/4.

(4.5)

Thus (4.4) and (4.5) yield (4.1) in Lemma 4.1. �

Lemma 4.2. There exists a positive constant C such that for 0 ≤ t ≤ T ,

‖(φ,Ψ)‖2(t) + ‖∇φ‖2(t) +

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖2
]

dt

≤ C
[

‖(φ0,Ψ0)‖
2 + ‖∇φ0‖

2 + α1/4
]

+ C(E + α)

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖2
]

dt.

(4.6)
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Proof. Multiplying the second equation of (3.1) by ∇φ
ρ gives

(Ψ · ∇φ)t − div(Ψφt)− (uφψy)x + (uφψx)y +
p′(ρ)

ρ
|∇φ|2

−
(µ+ λ)∇divΨ · ∇φ+ µ△Ψ · ∇φ

ρ

= ρ(divΨ)2 + ψ(φyϕx − φxϕy) + φ(ϕyψx − ϕxψy)− ūx(φϕx − ϕφx)

+ ρ̄xϕdivΨ − (
p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xφx +

2µ + λ

ρ
ūxxφx.

(4.7)

Applying the operator ∇ to the first equation of (3.1) and then multiplying the resulted
equation by ∇φ/ρ2 yield

(
|∇φ|2

2ρ2
)t + div(

u|∇φ|2

2ρ2
) +

ūxφ
2
x

ρ2
+

∇divΨ · ∇φ

ρ

= −
φx∇φ · ∇ϕ

ρ2
−
φy∇φ · ∇ψ

ρ2
+

|∇φ|2divΨ

2ρ2
−

(ρ̄xxϕ+ ūxxφ)φx
ρ2

−
ρ̄x∇φ · ∇ϕ

ρ2

−
ρ̄xφxdivΨ

ρ2
+
ūx|∇φ|

2

2ρ2
,

(4.8)

By the fact that

∇divΨ · ∇φ

ρ
=

(µ+ λ)∇φ · ∇divΨ + µ∇φ · △Ψ

(2µ + λ)ρ

+
µ

2µ+ λ
((
φxψx

ρ
)y − (

φyψx

ρ
)x + (

φyϕy

ρ
)x − (

φxϕy

ρ
)y) +

µρ̄xφy(ϕy − ψx)

(2µ + λ)ρ2
,

we observe that both last terms on the left hand side of (4.8) and (4.7) will be cancelled if
we multiply the equality (4.8) by 2µ+ λ and then add the two resulted equalities together,
which is one of the main observations of the present paper and quite important to close a
priori estimates. Otherwise, the first order derivative estimate will depend on the second
order one, and so on, then how to close a priori estimates is the main issue. Here we fully
used the physical structures of the system for the above cancellations to close the a priori
estimates.

Now multiplying the equality (4.8) by 2µ+λ ,and then adding the resulted equation and
(4.7) together, and then integrating the final equation over [0, t]× R× T, we have

[

∫

T

∫

R

(2µ + λ

2ρ2
|∇φ|2 +Ψ · ∇φ

)

dxdy
]
∣

∣

∣

t

0
+

∫ t

0

∫

T

∫

R

[2µ + λ

ρ2
ūxφ

2
x +

p′(ρ)

ρ
|∇φ|2

]

dxdydt

=

∫ t

0

∫

T

∫

R

[

ρ(divΨ)2 −
2µ + λ

ρ2
φx∇φ · ∇ϕ−

2µ + λ

ρ2
φy∇φ · ∇ψ +

2µ + λ

2ρ2
|∇φ|2divΨ

−
2µ+ λ

ρ2
(ρ̄xxϕ+ ūxxφ)φx −

2µ+ λ

ρ2
ρ̄x∇φ · ∇ϕ−

2µ+ λ

ρ2
ρ̄xφxdivΨ −

µ

ρ2
ρ̄xφy(ϕy − ψx)

+
2µ+ λ

2ρ2
ūx|∇φ|

2 + ψ(φyϕx − φxϕy) + φ(ϕyψx − ϕxψy)− ūx(φϕx − ϕφx) + ρ̄xϕdivΨ

− (
p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xφx +

2µ+ λ

ρ
ūxxφx

]

dxdydt.

(4.9)
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The combination of (4.1) and (4.9) leads to

‖(φ,Ψ)‖2(t) + ‖∇φ‖2(t) +

∫ t

0

[

‖ū1/2x (φ,ϕ, φx)‖
2 + ‖∇(φ,Ψ)‖2

]

dt

≤ C
[

‖(φ0,Ψ0)‖
2 + ‖∇φ0‖

2 + α1/4
]

+ C

∫ t

0

∫

T

∫

R

[

|
2µ + λ

ρ2
φx∇φ · ∇ϕ|+ |

2µ+ λ

ρ2
ρ̄xxϕφx|

+ |
2µ+ λ

ρ2
ρ̄x∇φ · ∇ϕ|+ |

2µ + λ

2ρ2
ūx|∇φ|

2|+ |ψφyϕx|+ |φϕyψx|+ |ūxφϕx|

+ |(
p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xφx|+ |

2µ + λ

ρ
ūxxφx|

]

dxdydt+ C

∫ t

0

∫

T

∫

R

[

|
2µ + λ

ρ2
φy∇φ · ∇ψ|

+ |
2µ+ λ

2ρ2
|∇φ|2divΨ|+ |

2µ + λ

ρ2
ūxxφφx|+ |

2µ+ λ

ρ2
ρ̄xφxdivΨ|+ |

µ

ρ2
ρ̄xφy(ϕy − ψx)|

+ |ψφxϕy|+ |φϕxψy|+ |ūxϕφx|+ |ρ̄xϕdivΨ|
]

dxdydt

:= C
[

‖φ0,Ψ0‖
2 + ‖∇φ0‖

2 + α1/4
]

+
9

∑

i=1

Gi +H.

(4.10)

We estimate each term on the right-hand side of (4.10). By Young’s inequality and inter-
polation inequality, it holds that

G1 = C

∫ t

0
‖
2µ + λ

ρ2
φx∇φ · ∇ϕ‖L1dt ≤

1

80

∫ t

0
‖φx‖

2dt+ C

∫ t

0
(‖∇φ‖4L4 + ‖∇ϕ‖4L4)dt

≤
1

80

∫ t

0
‖φx‖

2dt+ C

∫ t

0
(‖∇φ‖2‖∇φ‖21 + ‖∇ϕ‖2‖∇ϕ‖21)dt

≤
1

80

∫ t

0
‖φx‖

2dt+ CE

∫ t

0
(‖∇φ‖2 + ‖∇ϕ‖2)dt.

By Young’s inequality, interpolation inequality and Lemma 2.2, one has

G2 = C

∫ t

0
‖
2µ + λ

ρ2
ρ̄xxϕφx‖L1dt ≤

1

80

∫ t

0
‖φx‖

2dt+ C

∫ t

0
‖ρ̄xx‖

2
L∞‖ϕ‖2dt

≤
1

80

∫ t

0
‖φx‖

2dt+ C

∫ t

0
α1/2(1 + t)−3/2‖ϕ‖2dt

≤
1

80

∫ t

0
‖φx‖

2dt+ Cα sup
0≤t≤T

‖ψ‖2.

It follows from Cauchy’s inequality and Lemma 2.2 that

G3 = C

∫ t

0
‖
2µ + λ

ρ2
ρ̄x∇φ · ∇ϕ‖L1dt ≤

1

80

∫ t

0
‖∇ϕ‖2dt+ C

∫ t

0
‖ρ̄x∇φ‖

2dt

≤
1

80

∫ t

0
‖∇ϕ‖2dt+ Cα

∫ t

0
‖∇φ‖2dt.

It follows from Lemma 2.2 that

G4 = C

∫ t

0
‖
2µ + λ

2ρ2
ūx|∇φ|

2‖L1dt ≤ Cα

∫ t

0
‖∇φ‖2dt.
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Similar to estimate G1, we can estimate G5 and G6 as

G5 = C

∫ t

0
‖ψφyϕx‖L1dt ≤

1

80

∫ t

0
‖φy‖

2dt+ CE

∫ t

0
(‖∇ψ‖2 + ‖ϕx‖

2)dt,

and

G6 = C

∫ t

0
‖φϕyψx‖L1dt ≤

1

80

∫ t

0
‖ϕy‖

2dt+ CE

∫ t

0
(‖∇φ‖2 + ‖ψx‖

2)dt.

It follows from Cauchy’s inequality and Lemma 2.2 that

G7 = C

∫ t

0
‖ūxφϕx‖L1dt ≤

1

80

∫ t

0
‖ϕx‖

2dt+ C

∫ t

0
‖ūxφ‖

2dt

≤
1

80

∫ t

0
‖ϕx‖

2dt+ Cα

∫ t

0
‖ū1/2x φ‖2dt,

G8 = C

∫ t

0
‖(
p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xφx‖L1dt ≤

1

80

∫ t

0
‖φx‖

2dt+ C

∫ t

0
‖ρ̄x‖

2dt

≤
1

80

∫ t

0
‖φx‖

2dt+ C

∫ t

0
(α1/3(1 + t)−2/3)2dt ≤

1

80

∫ t

0
‖φx‖

2dt+ Cα2/3,

and

G9 = C

∫ t

0
‖
2µ + λ

ρ
ūxxφx‖L1dt ≤

1

80

∫ t

0
‖φx‖

2dt+ C

∫ t

0
‖ūxx‖

2dt

≤
1

80

∫ t

0
‖φx‖

2dt+ Cα2/3.

Then all the terms in H can be analyzed similarly and the details will be omitted for
brevity. Substituting the estimates of G1 − G9 and H into (4.10), we can prove (4.6) in
Lemma 4.2. �

Lemma 4.3. There exists a positive constant C such that for 0 ≤ t ≤ T ,

‖(φ,Ψ)‖21(t) +

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖2 + ‖∇2Ψ‖2
]

dt

≤ C
[

‖(φ0,Ψ0)‖
2
1 + α1/4

]

+ C(E + α)

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖2
]

dt.

(4.11)

Proof. Multiplying the second equation of (3.1) by −△Ψ/ρ gives

(
|∇Ψ|2

2
)t − div(ϕt∇ϕ+ ψt∇ψ +

µ+ λ

ρ
divΨ∇divΨ −

µ+ λ

ρ
divΨ△Ψ)

+ (
u

2
|Ψy|

2 −
u

2
|Ψx|

2)x − (uΨx ·Ψy)y +
1

2
ūx|Ψx|

2 +
µ

ρ
|△Ψ|2 +

µ+ λ

ρ
|∇divΨ|2

= −ϕyψxψy −
1

2
ϕx|Ψx|

2 +
1

2
ϕx(ψ

2
y − ϕ2

y) + ψΨy · △Ψ+
1

2
ūx|Ψy|

2 + ūxϕ△ϕ

+
p′(ρ)

ρ
∇φ · △Ψ+ (

p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄x△ϕ+

µ+ λ

ρ2
divΨ∇φ · ∇divΨ

−
µ+ λ

ρ2
divΨ∇φ · △Ψ+

µ+ λ

ρ2
ρ̄xdivΨdivΨx −

µ+ λ

ρ2
ρ̄xdivΨ△ϕ−

2µ+ λ

ρ
ūxx△ϕ.

(4.12)
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Integrating the above equation over [0, t]× R× T yields

‖∇Ψ‖2(t) +

∫ t

0

[

‖ū1/2x Ψx‖
2 + ‖△Ψ‖2

]

dt

≤ C‖∇Ψ0‖
2 + C

∫ t

0

∫

T

∫

R

[

|ϕyψxψy|+ |ψΨy · △Ψ|+ |
1

2
ūx|Ψy|

2|+ |ūxϕ△ϕ|

+ |
p′(ρ)

ρ
∇φ · △Ψ|+ |(

p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄x△ϕ|+ |

µ+ λ

ρ2
divΨ∇φ · ∇divΨ|

+ |
µ + λ

ρ2
ρ̄xdivΨdivΨx|+ |

2µ + λ

ρ
ūxx△ϕ|

]

dxdydt+ C

∫ t

0

∫

T

∫

R

[

|
1

2
ϕx|Ψx|

2|

+ |
1

2
ϕx(ψ

2
y − ϕ2

y)|+ |
µ + λ

ρ2
divΨ∇φ · △Ψ|+ |

µ+ λ

ρ2
ρ̄xdivΨ△ϕ|

]

dxdydt

:= C‖∇Ψ0‖
2 +

9
∑

i=1

Ii + J.

(4.13)

We estimate each term on the right-hand side of (4.13) as follows. By Young’s inequality
and interpolation inequality, it holds that

I1 = C

∫ t

0
‖ϕyψxψy‖L1dt ≤

1

80

∫ t

0
‖ϕy‖

2dt+ C

∫ t

0
(‖ψx‖

4
L4 + ‖ψy‖

4
L4)dt

≤
1

80

∫ t

0
‖ϕy‖

2dt+ C

∫ t

0
(‖ψx‖

4
1 + ‖ψy‖

4
1)dt

≤
1

80

∫ t

0
‖ϕy‖

2dt+ CE

∫ t

0
‖∇ψ‖21dt.

Similarly, we have

I2 = C

∫ t

0
‖ψΨy · △Ψ‖L1dt ≤

1

80

∫ t

0
‖△Ψ‖2dt+ CE

∫ t

0
(‖∇ψ‖2 + ‖Ψy‖

2)dt.

By Lemma 2.2, one has

I3 = C

∫ t

0
‖
1

2
ūx|Ψy|

2‖L1dt ≤ Cα

∫ t

0
‖Ψy‖

2dt.

It follows from Cauchy’s inequality and Lemma 2.2 that

I4 = C

∫ t

0
‖ūxϕ△ϕ‖L1dt ≤

1

80

∫ t

0
‖△ϕ‖2dt+ Cα

∫ t

0
‖ū1/2x ϕ‖2dt,

I5 = C

∫ t

0
‖
p′(ρ)

ρ
∇φ · △Ψ‖L1dt ≤

1

80

∫ t

0
‖△Ψ‖2dt+ C

∫ t

0
‖∇φ‖2dt

and

I6 = C

∫ t

0
‖(
p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄x△ϕ‖L1dt ≤

1

80

∫ t

0
‖△ϕ‖2dt+ C

∫ t

0
‖ρ̄xφ‖

2dt

≤
1

80

∫ t

0
‖△ϕ‖2dt+ Cα

∫ t

0
‖ū1/2x φ‖2dt.
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By Young’s inequality and interpolation inequality, one has

I7 = C

∫ t

0
‖
µ+ λ

ρ2
divΨ∇φ · ∇divΨ‖L1dt

≤
1

80

∫ t

0
(‖∇ϕx‖

2 + ‖∇ψy‖
2)dt+ C

∫ t

0
(‖divΨ‖4L4 + ‖∇φ‖4L4)dt

≤
1

80

∫ t

0
(‖∇ϕx‖

2 + ‖∇ψy‖
2)dt+ C

∫ t

0
(‖divΨ‖2‖divΨ‖21 + ‖∇φ‖2‖∇φ‖21)dt

≤
1

80

∫ t

0
(‖∇ϕx‖

2 + ‖∇ψy‖
2)dt+ CE

∫ t

0
(‖ϕx‖

2 + ‖ψy‖
2 + ‖∇φ‖2)dt.

It follows from Cauchy’s inequality and Lemma 2.2 that

I8 = C

∫ t

0
‖
µ + λ

ρ2
ρ̄xdivΨdivΨx‖L1dt ≤

1

80

∫ t

0
(‖ϕxx‖

2 + ‖ψxy‖
2)dt+ C

∫ t

0
‖ρ̄xdivΨ‖2dt

≤
1

80

∫ t

0
(‖ϕxx‖

2 + ‖ψxy‖
2)dt+ Cα

∫ t

0
(‖ϕx‖

2 + ‖ψy‖
2)dt,

and

I9 = C

∫ t

0
‖
2µ + λ

ρ
ūxx△ϕ‖L1dt ≤

1

80

∫ t

0
‖△ϕ‖2dt+ C

∫ t

0
‖ūxx‖

2dt

≤
1

80

∫ t

0
‖△ϕ‖2dt+ Cα2/3.

All the terms in J can be analyzed similarly as in Ii (i = 1, 2, · · · 9). Then substituting the
resulted estimates for I1 − I9 and J into (4.13) and the Elliptic estimate ‖△Ψ‖ ∼ ‖∇2Ψ‖
give

‖∇Ψ‖2 +

∫ t

0
‖∇2Ψ‖2dt ≤ C

(

‖∇Ψ0‖
2 + α2/3

)

+ C(E + α)

∫ t

0

[

‖ū1/2x ϕ‖2 + ‖(∇φ,∇Ψ)‖2
]

dt+C

∫ t

0
‖(∇φ,∇ϕ)‖2dt.

(4.14)

Combining (4.6) and (4.14), we complete the proof of Lemma 4.3. �

Lemma 4.4. There exists a positive constant C such that for 0 ≤ t ≤ T ,

‖(φ,Ψ)‖21(t) + ‖∇2φ‖2(t) +

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖21
]

dt

≤ C
[

‖(φ0,Ψ0)‖
2
1 + ‖∇2φ0‖

2 + α1/4
]

+ CE

∫ t

0
‖∇3Ψ‖2dt

+ C(E + α)

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖21
]

dt.

(4.15)
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Proof. Applying the operator ∇2 on the first equation of (3.1) and then multiplying the
resulted equation by ∇2φ/ρ2, we have

(
|∇2φ|2

2ρ2
)t + div(

u|∇2φ|2

2ρ2
) +

µ

2µ+ λ
((
∇φx · ∇ψx

ρ
)y − (

∇φy · ∇ψx

ρ
)x + (

∇φy · ∇ϕy

ρ
)x

− (
∇φx · ∇ϕy

ρ
)y) +

2ūx|∇φx|
2

ρ2
+

(µ+ λ)∇2φ · ∇2divΨ + µ∇2φ · ∇△Ψ

(2µ + λ)ρ

= K(t, x, y) + L(t, x, y),

(4.16)

where

K(t, x, y) = −
φx∇φx · ∇divΨ

ρ2
−
φxy∇ψ · ∇φx

ρ2
+
ūx|∇

2φ|2

2ρ2
+
µρ̄x∇φy · ∇ψx

(2µ + λ)ρ2

−
ρ̄xxdivΨφxx

ρ2
−
ūxxφxφxx

ρ2
−
ρ̄xxxϕφxx

ρ2
−
ūxxxφφxx

ρ2
,

and

L(t, x, y) = −
φy∇φy · ∇divΨ

ρ2
−

∇φ · (divΨx∇φx + divΨy∇φy)

ρ2
−
φyy∇ψ · ∇φy

ρ2

−
(ψx∇φx + ψy∇φy) · ∇φy

ρ2
−

(φx∇
2ϕ+ φy∇

2ψ) · ∇2φ

ρ2
−

(ϕx∇φx + ϕy∇φy) · ∇φx
ρ2

−
∇ϕ · (φxx∇φx + φxy∇φy)

ρ2
+

|∇2φ|2divΨ

2ρ2
−
µφy∇φx · ∇ψx

(2µ + λ)ρ2
+
µφx∇φy · ∇ψx

(2µ+ λ)ρ2

−
µφx∇φy · ∇ϕy

(2µ + λ)ρ2
+
µφy∇φx · ∇ϕy

(2µ + λ)ρ2
−
µρ̄x∇φy · ∇ϕy

(2µ + λ)ρ2
−

2ρ̄x∇φx · ∇divΨ

ρ2
−
ρ̄x∇

2φ · ∇2ϕ

ρ2

−
2ρ̄xx∇ϕ · ∇φx

ρ2
−

2ūxx∇φ · ∇φx
ρ2

.

Then dividing the second equation of (3.1) by ρ, applying the operator ∇ on the resulted
equation and then multiplying the final equation by ∇2φ, we have

(∇Ψ · ∇2φ)t − div(φxt∇ϕ+ φyt∇ψ)− (u∇φ ·Ψyy)x + (u∇φ ·Ψxy)y +
p′(ρ)

ρ
|∇2φ|2

−
µ∇2φ · ∇△Ψ+ (µ+ λ)∇2φ · ∇2divΨ

ρ
= ρ∇divΨ · △Ψ+M(t, x, y) +N(t, x, y),

(4.17)

where

M(t, x, y) = divΨ∇φ · △Ψ+ ψ∇φy · △Ψ− ϕx∇ϕ · ∇φx −
p′′′(ρ)

γ − 1
φx∇φ · ∇φx

−
µ

ρ2
△ϕ∇φ · ∇φx −

µ+ λ

ρ2
divΨx∇φ · ∇φx + ρ̄xdivΨ△ϕ+ ūx∇φ ·Ψxx + ρ̄xxϕ△ϕ

+ ūxxφ△ϕ− (
p′′′(ρ)

γ − 1
−
p′′′(ρ̄)

γ − 1
)ρ̄2xφxx − (

p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xxφxx −

µ

ρ2
ρ̄x∇φx · △Ψ

−
2µ + λ

ρ2
ūxx∇φ · ∇φx −

2µ+ λ

ρ2
ρ̄xūxxφxx +

2µ + λ

ρ
ūxxxφxx,
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and

N(t, x, y) = φy∇ψ · △Ψ+ φx∇ϕ · △Ψ+ ϕy∇φ ·Ψxy − ϕx∇φ ·Ψyy − ψx∇ϕ · ∇φy

− ψ∇Ψy · ∇
2φ− ϕy∇ψ · ∇φx − ψy∇ψ · ∇φy −

p′′′(ρ)

γ − 1
φy∇φ · ∇φy −

µ

ρ2
△ψ∇φ · ∇φy

−
µ+ λ

ρ2
divΨy∇φ · ∇φy + ūxφx△ϕ+ ρ̄x∇ϕ · △Ψ− ūxΨx · ∇φx − ūxxϕφxx

− ūx∇ϕ · ∇φx −
2p′′′(ρ)

γ − 1
ρ̄x∇φ · ∇φx −

µ+ λ

ρ2
ρ̄x∇φx · ∇divΨ.

Now multiplying (4.16) by 2µ+ λ, adding the resulted equation and (4.17) together, using
the same cancellations as in Lemma 4.2 on both last terms in the left hand side of (4.16)
and (4.17), and then integrating the final equation over [0, t]× R× T, one has

(4.18)

[

∫

T

∫

R

(2µ+ λ

2ρ2
|∇2φ|2 +∇Ψ · ∇2φ

)

dxdy
]∣

∣

∣

t

0

+

∫ t

0

∫

T

∫

R

[2(2µ + λ)

ρ2
ūx|∇φx|

2 +
p′(ρ)

ρ
|∇2φ|2

]

dxdydt

=

∫ t

0

∫

T

∫

R

[

ρ∇divΨ · △Ψ+ (2µ + λ)K(t, x, y) + (2µ + λ)L(t, x, y) +M(t, x, y)

+N(t, x, y)
]

dxdydt.

The combination of (4.11) and (4.18) leads to
(4.19)

‖(φ,Ψ)‖21(t) + ‖∇2φ‖2(t) +

∫ t

0

[

‖ū1/2x (φ,ϕ,∇φx)‖
2 + ‖(∇φ,∇Ψ)‖21

]

dt

≤ C
[

‖(φ0,Ψ0)‖
2
1 + ‖∇2φ0‖

2 + α1/4)
]

+ C(E + α)

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖2
]

dt

+C

∫ t

0

∫

T

∫

R

[

|K(t, x, y)|+ |L(t, x, y)| + |M(t, x, y)| + |N(t, x, y)|
]

dxdydt.

Now we estimate the terms on the right-hand side of (4.19). First, we consider the terms
in K(t, x, y) as

C

∫ t

0

∫

T

∫

R

|K(t, x, y)|dxdydt

≤ C

∫ t

0

∫

T

∫

R

[

|
φx∇φx · ∇divΨ

ρ2
|+ |

φxy∇ψ · ∇φx
ρ2

|+ |
ūx|∇

2φ|2

2ρ2
|+ |

µρ̄x∇φy · ∇ψx

(2µ + λ)ρ2
|

+ |
ρ̄xxdivΨφxx

ρ2
|+ |

ūxxφxφxx
ρ2

|+ |
ρ̄xxxϕφxx

ρ2
|+ |

ūxxxφφxx
ρ2

|
]

dxdydt =
8

∑

i=1

Ki.

(4.20)
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Each term in (4.20) will be estimated as follows. By Young’s inequality and interpolation
inequality, one has

K1 = C

∫ t

0
‖
φx∇φx · ∇divΨ

ρ2
‖L1dt ≤

1

80

∫ t

0
‖∇φx‖

2dt+ C

∫ t

0
(‖φx‖

4
L4 + ‖∇divΨ‖4L4)dt

≤
1

80

∫ t

0
‖∇φx‖

2dt+C

∫ t

0
(‖φx‖

2‖φx‖
2
1 + ‖∇divΨ‖2‖∇divΨ‖21)dt

≤
1

80

∫ t

0
‖∇φx‖

2dt+CE

∫ t

0
(‖(φx,∇φx)‖

2 + ‖(∇divΨ,∇2divΨ)‖2)dt.

By Hölder’s inequality, Cauchy’s inequality and Sobolev’s inequality, it holds that

K2 = C

∫ t

0
‖
φxy∇ψ · ∇φx

ρ2
‖L1dt ≤ C

∫ t

0
‖∇ψ‖L∞‖φxy‖‖∇φx‖dt

≤ CE

∫ t

0
‖∇ψ‖2‖φxy‖dt ≤ CE

∫ t

0
(‖∇ψ‖ + ‖∇2ψ‖+ ‖∇3ψ‖)‖φxy‖dt

≤ CE

∫ t

0
(‖φxy‖

2 + ‖∇ψ‖2 + ‖∇2ψ‖2 + ‖∇3ψ‖2)dt.

By Lemma 2.2, one has

K3 = C

∫ t

0
‖
ūx|∇

2φ|2

2ρ2
‖L1dt ≤ Cα

∫ t

0
‖∇2φ‖2dt.

It follows from Cauchy’s inequality and Lemma 2.2 that

K4 = C

∫ t

0
‖
µρ̄x∇φy · ∇ψx

(2µ + λ)ρ2
‖L1dt ≤

1

80

∫ t

0
‖∇φy‖

2dt+ Cα

∫ t

0
‖∇ψx‖

2dt.

By Young’s inequality, interpolation inequality and Lemma 2.2, one has

K5 = C

∫ t

0
‖
ρ̄xxdivΨφxx

ρ2
‖L1dt ≤

1

80

∫ t

0
‖φxx‖

2dt+ C

∫ t

0
‖ρ̄xx‖

4
L4dt+ C

∫ t

0
‖divΨ‖4L4dt

≤
1

80

∫ t

0
‖φxx‖

2dt+ C

∫ t

0
‖divΨ‖2‖divΨ‖21dt+ C

∫ t

0
(α1/2(1 + t)−1/2)4dt

≤
1

80

∫ t

0
‖φxx‖

2dt+ CE

∫ t

0
‖(divΨ,∇divΨ)‖2dt+Cα2.

Similarly, one can obtain

K6 = C

∫ t

0
‖
ūxxφxφxx

ρ2
‖L1dt ≤

1

80

∫ t

0
‖φxx‖

2dt+CE

∫ t

0
‖∇φx‖

2dt+ Cα2,

K7 = C

∫ t

0
‖
ρ̄xxxϕφxx

ρ2
‖L1dt ≤

1

80

∫ t

0
‖φxx‖

2dt+ CE

∫ t

0
‖∇ϕ‖2dt+ Cα2,

and

K8 = C

∫ t

0
‖
ūxxxφφxx

ρ2
‖L1dt ≤

1

80

∫ t

0
‖φxx‖

2dt+ CE

∫ t

0
‖∇φ‖2dt+Cα2.
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The terms in L(t, x, y) can be handled similarly and the details will be omitted for brevity.
In the following, we will estimate M(t, x, y) and N(t, x, y) and we only estimate M(t, x, y)
for brevity. First, it holds that

C

∫ t

0

∫

T

∫

R

|M(t, x, y)|dxdydt

≤ C

∫ t

0

∫

T

∫

R

[

|divΨ∇φ · △Ψ|+ |ψ∇φy · △Ψ|+ |ϕx∇ϕ · ∇φx|+ |
p′′′(ρ)

γ − 1
φx∇φ · ∇φx|

+ |
µ

ρ2
△ϕ∇φ · ∇φx|+ |

µ + λ

ρ2
divΨx∇φ · ∇φx|+ |ρ̄xdivΨ△ϕ|+ |ūx∇φ ·Ψxx|+ |ρ̄xxϕ△ϕ|

+ |ūxxφ△ϕ|+ |(
p′′′(ρ)

γ − 1
−
p′′′(ρ̄)

γ − 1
)ρ̄2xφxx|+ |(

p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xxφxx|+ |

µ

ρ2
ρ̄x∇φx · △Ψ|

+ |
2µ+ λ

ρ2
ūxx∇φ · ∇φx|+ |

2µ+ λ

ρ2
ρ̄xūxxφxx|+ |

2µ+ λ

ρ
ūxxxφxx|

]

dxdydt =

16
∑

i=1

Mi.

(4.21)

Next we estimate the right hand side of (4.21) terms by terms. By Young’s inequality and
interpolation inequality, it holds that

M1 = C

∫ t

0
‖divΨ∇φ · △Ψ‖L1dt ≤

1

80

∫ t

0
‖△Ψ‖2dt+ C

∫ t

0
(‖divΨ‖4L4 + ‖∇φ‖4L4)dt

≤
1

80

∫ t

0
‖△Ψ‖2dt+ C

∫ t

0
(‖divΨ‖2‖divΨ‖21 + ‖∇φ‖2‖∇φ‖21)dt

≤
1

80

∫ t

0
‖△Ψ‖2dt+ CE

∫ t

0
(‖(divΨ,∇divΨ)‖2 + ‖(∇φ,∇2φ)‖2)dt,

and

M2 = C

∫ t

0
‖ψ∇φy · △Ψ‖L1dt ≤

1

80

∫ t

0
‖∇φy‖

2dt+ CE

∫ t

0
‖△Ψ‖2dt.

Similarly, one has

M3 = C

∫ t

0
‖ϕx∇ϕ · ∇φx‖L1dt

≤
1

80

∫ t

0
‖∇φx‖

2dt+ CE

∫ t

0
(‖(ϕx,∇ϕx)‖

2 + ‖(∇ϕ,∇2ϕ)‖2)dt,

M4 = C

∫ t

0
‖
p′′′(ρ)

γ − 1
φx∇φ · ∇φx‖L1dt

≤
1

80

∫ t

0
‖∇φx‖

2dt+ CE

∫ t

0
(‖(φx,∇φx)‖

2 + ‖(∇φ,∇2φ)‖2)dt,

M5 = C

∫ t

0
‖
µ

ρ2
△ϕ∇φ · ∇φx‖L1dt

≤
1

80

∫ t

0
‖∇φx‖

2dt+ CE

∫ t

0
(‖(△ϕ,∇△ϕ)‖2 + ‖(∇φ,∇2φ)‖2)dt,
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and

M6 = C

∫ t

0
‖
µ + λ

ρ2
divΨx∇φ · ∇φx‖L1dt

≤
1

80

∫ t

0
‖∇φx‖

2dt+ CE

∫ t

0
(‖(divΨx,∇divΨx)‖

2 + ‖(∇φ,∇2φ)‖2)dt.

It follows from Cauchy’s inequality and Lemma 2.2 that

M7 = C

∫ t

0
‖ρ̄xdivΨ△ϕ‖L1dt ≤

1

80

∫ t

0
‖△ϕ‖2dt+ Cα

∫ t

0
(‖ϕx‖

2 + ‖ψy‖
2)dt,

and

M8 = C

∫ t

0
‖ūx∇φ ·Ψxx‖L1dt ≤

1

80

∫ t

0
‖Ψxx‖

2dt+ Cα

∫ t

0
‖∇φ‖2dt.

By Young’s inequality, interpolation inequality and Lemma 2.2, one has

M9 = C

∫ t

0
‖ρ̄xxϕ△ϕ‖L1dt ≤

1

80

∫ t

0
‖△ϕ‖2dt+ C

∫ t

0
‖ρ̄xx‖

2
L∞‖ϕ‖2dt

≤
1

80

∫ t

0
‖△ϕ‖2dt+ Cα1/2 sup

0≤t≤T
‖ϕ‖2,

and

M10 = C

∫ t

0
‖ūxxφ△ϕ‖L1dt ≤

1

80

∫ t

0
‖△ϕ‖2dt+ CE

∫ t

0
‖∇φ‖2dt+ Cα2.

Then it follows from Cauchy’s inequality and Lemma 2.2 that

M11 = C

∫ t

0
‖(
p′′′(ρ)

γ − 1
−
p′′′(ρ̄)

γ − 1
)ρ̄2xφxx‖L1dt ≤

1

80

∫ t

0
‖φxx‖

2dt+ C

∫ t

0
‖ρ̄x‖

4
L4dt

≤
1

80

∫ t

0
‖φxx‖

2dt+ Cα2,

M12 = C

∫ t

0
‖(
p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xxφxx‖L1dt ≤

1

80

∫ t

0
‖φxx‖

2dt+ C

∫ t

0
‖ρ̄xx‖

2dt

≤
1

80

∫ t

0
‖φxx‖

2dt+Cα2/3,

and

M13 = C

∫ t

0
‖
µ

ρ2
ρ̄x∇φx · △Ψ‖L1dt ≤

1

80

∫ t

0
‖△Ψ‖2dt+ Cα

∫ t

0
‖∇φx‖

2dt.

Similar to M9, we have

M14 = C

∫ t

0
‖
2µ + λ

ρ2
ūxx∇φ · ∇φx‖L1dt ≤

1

80

∫ t

0
‖∇φx‖

2dt+ CE

∫ t

0
‖∇2φ‖2dt+Cα2.

It follows from Cauchy’s inequality and Lemma 2.2 that

M15 = C

∫ t

0
‖
2µ + λ

ρ2
ρ̄xūxxφxx‖L1dt ≤ C

∫ t

0
‖ρ̄xφxx‖

2dt+ C

∫ t

0
‖ūxx‖

2dt

≤ Cα

∫ t

0
‖φxx‖

2dt+ Cα2/3,
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and

M16 = C

∫ t

0
‖
2µ + λ

ρ
ūxxxφxx‖L1dt ≤

1

80

∫ t

0
‖φxx‖

2dt+ C

∫ t

0
‖ūxxx‖

2dt

≤
1

80

∫ t

0
‖φxx‖

2dt+ Cα2/3.

Substituting the estimates of K(t, x, y), L(t, x, y),M(t, x, y) and N(t, x, y) into (4.19) and
using the Elliptic estimates ‖△Ψ‖ ∼ ‖∇2Ψ‖ and ‖∇△Ψ‖ ∼ ‖∇3Ψ‖, we can complete the
proof of Lemma 4.4. �

Lemma 4.5. There exists a positive constant C such that for 0 ≤ t ≤ T ,

‖(φ,Ψ)‖22(t) +

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖21 + ‖∇3Ψ‖2
]

dt

≤ C
[

‖(φ0,Ψ0)‖
2
2 + α1/4

]

+ C(E + α)

∫ t

0

[

‖ū1/2x (φ,ϕ)‖2 + ‖(∇φ,∇Ψ)‖21 + ‖∇3Ψ‖2
]

dt.

(4.22)

Proof. We first divide the second equation of (3.1) by ρ, then applying the operator ∇ to
the resulted equation and then multiply the final equation by −∇△Ψ to obtain

(
|∇2Ψ|2

2
)t − div(ϕtx∇ϕx + ϕty∇ϕy + ψtx∇ψx + ψty∇ψy +

µ+ λ

ρ
divΨx∇divΨx

+
µ+ λ

ρ
divΨy∇divΨy −

µ+ λ

ρ
(divΨx△Ψx + divΨy△Ψy)) + (

u

2
|Ψyy|

2 −
u

2
|Ψxx|

2)x

− (uΨxx ·Ψxy + uΨxy ·Ψyy)y +
1

2
ūx|Ψxx|

2 +
µ

ρ
|∇△Ψ|2 +

µ+ λ

ρ
|∇2divΨ|2

= P (t, x, y) +Q(t, x, y),

(4.23)

where

P (t, x, y) = −ϕyΨxy · △Ψ+ ϕx∇ϕ · ∇△ϕ+ ψ∇Ψy · ∇△Ψ+
p′(ρ)

ρ
∇2φ · ∇△Ψ

+
p′′′(ρ)

γ − 1
φx∇φ · ∇△ϕ+

µ

ρ2
△ϕ∇φ · ∇△ϕ+

µ+ λ

ρ2
divΨx∇φ · △Ψx +

1

2
ūx|Ψyy|

2

+ ūxΨx · △Ψx + ūxxϕ△ϕx + (
p′′′(ρ)

γ − 1
−
p′′′(ρ̄)

γ − 1
)ρ̄2x△ϕx + (

p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xx△ϕx

+
µ

ρ2
ρ̄x△Ψ · △Ψx +

2µ+ λ

ρ2
ūxx∇φ · ∇△ϕ+

2µ + λ

ρ2
ρ̄xūxx△ϕx −

2µ + λ

ρ
ūxxx△ϕx,
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and

Q(t, x, y) =
1

2
ϕx(|Ψyy|

2 − |Ψxx|
2) + ψx∇ϕ · ∇△ψ +∇ψ · (ϕy∇△ϕ+ ψy∇△ψ)

+ ūx∇ϕ · ∇△ϕ+
p′′′(ρ)

γ − 1
φy∇φ · ∇△ψ +

p′′′(ρ)

γ − 1
ρ̄x∇φ · (△Ψx +∇△ϕ)

+
µ

ρ2
△ψ∇φ · ∇△ψ +

µ+ λ

ρ2
∇φ · (divΨy△Ψy − divΨx∇divΨx − divΨy∇divΨy)

+
µ+ λ

ρ2
ρ̄x∇divΨ · (∇△ϕ−∇divΨx) +

µ+ λ

ρ2
∇φ · (divΨx∇△ϕ+ divΨy∇△ψ)

+
µ+ λ

ρ2
ρ̄x∇divΨ · △Ψx.

Integrating the equation (4.23) over [0, t]× R× T yields that

‖∇2Ψ‖2 +

∫ t

0

[

‖ū1/2x Ψxx‖
2 + ‖∇△Ψ‖2

]

dt

≤ C‖∇2Ψ0‖
2 + C

∫ t

0

∫

T

∫

R

[

|P (t, x, y)| + |Q(t, x, y)|
]

dxdydt.

(4.24)

Now we estimate the terms on the right-hand side of (4.24). Since the estimate for Q(t, x, y)
is similar to but somewhat easier than that on P (t, x, y), we only consider the terms in
P (t, x, y) for simplicity as

C

∫ t

0

∫

T

∫

R

|P (t, x, y)|dxdydt

≤ C

∫ t

0

∫

T

∫

R

|ϕyΨxy · △Ψ|+ |ϕx∇ϕ · ∇△ϕ|+ |ψ∇Ψy · ∇△Ψ|+ |
p′(ρ)

ρ
∇2φ · ∇△Ψ|

+ |
p′′′(ρ)

γ − 1
φx∇φ · ∇△ϕ|+ |

µ

ρ2
△ϕ∇φ · ∇△ϕ|+ |

µ+ λ

ρ2
divΨx∇φ · △Ψx|+ |

1

2
ūx|Ψyy|

2|

+ |ūxΨx · △Ψx|+ |ūxxϕ△ϕx|+ |(
p′′′(ρ)

γ − 1
−
p′′′(ρ̄)

γ − 1
)ρ̄2x△ϕx|+ |(

p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xx△ϕx|

+ |
µ

ρ2
ρ̄x△Ψ · △Ψx|+ |

2µ+ λ

ρ2
ūxx∇φ · ∇△ϕ|+ |

2µ+ λ

ρ2
ρ̄xūxx△ϕx|

+ |
2µ + λ

ρ
ūxxx△ϕx|dxdydt =

16
∑

i=1

Pi.

(4.25)

Each term in (4.25) will be estimated as follows. By Young’s inequality, and interpolation
inequality, it holds that

P1 = C

∫ t

0
‖ϕyΨxy · △Ψ‖L1dt ≤

1

80

∫ t

0
‖Ψxy‖

2dt+ C

∫ t

0
(‖ϕy‖

4
L4 + ‖△Ψ‖4L4)dt

≤
1

80

∫ t

0
‖Ψxy‖

2dt+ C

∫ t

0
(‖ϕy‖

2‖ϕy‖
2
1 + ‖△Ψ‖2‖△Ψ‖21)dt

≤
1

80

∫ t

0
‖Ψxy‖

2dt+ CE

∫ t

0
(‖(ϕy ,∇ϕy)‖

2 + ‖(△Ψ,∇△Ψ)‖2)dt.
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Similarly, one can obtain

P2 = C

∫ t

0
‖ϕx∇ϕ · ∇△ϕ‖L1dt

≤
1

80

∫ t

0
‖∇△ϕ‖2dt+ CE

∫ t

0
(‖(ϕx,∇ϕx)‖

2 + ‖(∇ϕ,∇2ϕ)‖2)dt,

P3 = C

∫ t

0
‖ψ∇Ψy · ∇△Ψ‖L1dt ≤

1

80

∫ t

0
‖∇△Ψ‖2dt+ CE

∫ t

0
‖∇Ψy‖

2dt,

and

P4 = C

∫ t

0
‖
p′(ρ)

ρ
∇2φ · ∇△Ψ‖L1dt ≤

1

80

∫ t

0
‖∇△Ψ‖2dt+ C

∫ t

0
‖∇2φ‖2dt.

Similar to P1, we can obtain the estimate of P5 − P7:

P5 = C

∫ t

0
‖
p′′′(ρ)

γ − 1
φx∇φ · ∇△ϕ‖L1dt

≤
1

80

∫ t

0
‖∇△ϕ‖2dt+ CE

∫ t

0
(‖(φx,∇φx)‖

2 + ‖(∇φ,∇2φ)‖2)dt,

P6 = C

∫ t

0
‖
µ

ρ2
△ϕ∇φ · ∇△ϕ‖L1dt

≤
1

80

∫ t

0
‖∇△ϕ‖2dt+ CE

∫ t

0
(‖(△ϕ,∇△ϕ)‖2 + ‖(∇φ,∇2φ)‖2)dt,

and

P7 = C

∫ t

0
‖
µ+ λ

ρ2
divΨx∇φ · △Ψx‖L1dt

≤
1

80

∫ t

0
‖△Ψx‖

2dt+ CE

∫ t

0
(‖(divΨx,∇divΨx)‖

2 + ‖(∇φ,∇2φ)‖2)dt.

By Lemma 2.2, one has

P8 = C

∫ t

0
‖
1

2
ūx|Ψyy|

2‖L1dt ≤ Cα

∫ t

0
‖Ψyy‖

2dt.

It follows from Cauchy’s inequality, interpolation inequality and Lemma 2.2 that

P9 = C

∫ t

0
‖ūxΨx · △Ψx‖L1dt ≤

1

80

∫ t

0
‖△Ψx‖

2dt+ C

∫ t

0
‖ūxΨx‖

2dt

≤
1

80

∫ t

0
‖△Ψx‖

2dt+ Cα

∫ t

0
‖Ψx‖

2dt,

P10 = C

∫ t

0
‖ūxxϕ△ϕx‖L1dt ≤

1

80

∫ t

0
‖△ϕx‖

2dt+ C

∫ t

0
‖ūxx‖

2
L∞‖ϕ‖2dt

≤
1

80

∫ t

0
‖△ϕx‖

2dt+ Cα1/2 sup
0≤t≤T

‖ϕ‖2,
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P11 = C

∫ t

0
‖(
p′′′(ρ)

γ − 1
−
p′′′(ρ̄)

γ − 1
)ρ̄2x△ϕx‖L1dt ≤

1

80

∫ t

0
‖△ϕx‖

2dt+ C

∫ t

0
‖ρ̄x‖

4
L4dt

≤
1

80

∫ t

0
‖△ϕx‖

2dt+ Cα2,

P12 = C

∫ t

0
‖(
p′(ρ)

ρ
−
p′(ρ̄)

ρ̄
)ρ̄xx△ϕx‖L1dt ≤

1

80

∫ t

0
‖△ϕx‖

2dt+ C

∫ t

0
‖ρ̄xx‖

2dt

≤
1

80

∫ t

0
‖△ϕx‖

2dt+ Cα2/3,

and

P13 = C

∫ t

0
‖
µ

ρ2
ρ̄x△Ψ · △Ψx‖L1dt ≤

1

80

∫ t

0
‖△Ψx‖

2dt+ Cα

∫ t

0
‖△Ψ‖2dt.

Similar to P10, we have

P14 = C

∫ t

0
‖
2µ + λ

ρ2
ūxx∇φ · ∇△ϕ‖L1dt ≤

1

80

∫ t

0
‖∇△ϕ‖2dt+ Cα

∫ t

0
‖∇φ‖2dt.

By Cauchy’s inequality and Lemma 2.2, one can obtain

P15 = C

∫ t

0
‖
2µ + λ

ρ2
ρ̄xūxx△ϕx‖L1dt ≤

1

80

∫ t

0
‖ρ̄x△ϕx‖

2dt+ C

∫ t

0
‖ūxx‖

2dt

≤ Cα

∫ t

0
‖△ϕx‖

2dt+ Cα2/3,

and

P16 = C

∫ t

0
‖
2µ + λ

ρ
ūxxx△ϕx‖L1dt ≤

1

80

∫ t

0
‖△ϕx‖

2dt+ C

∫ t

0
‖ūxxx‖

2dt

≤
1

80

∫ t

0
‖△ϕx‖

2dt+ Cα2/3.

Substituting the estimates of P (t, x, y) and Q(t, x, y) into (4.24) and using the Elliptic
estimates ‖△Ψ‖ ∼ ‖∇2Ψ‖ and ‖∇△Ψ‖ ∼ ‖∇3Ψ‖, it holds that

‖∇2Ψ‖2(t) +

∫ t

0

[

‖ū1/2x Ψxx‖
2 + ‖∇3Ψ‖2

]

dt

≤ C
[

‖∇2Ψ0‖
2 + α2/3

]

+ C

∫ t

0
‖(∇2φ,∇2Ψ)‖2dt

+ C(E + α)

∫ t

0

[

‖(∇φ,∇Ψ)‖21 + ‖∇3Ψ‖2
]

dt.

(4.26)

Combining (4.15) and (4.26), we complete the proof of Lemma 4.5. �

Therefore if we take E and α suitably small, saying E + α ≤ ǫ1, we have the desired a
priori estimate (3.10). Thus the proof of a priori estimates in Proposition 3.2 is completed.



24 LI AND WANG

References

[1] Brezina, J., Chiodaroli, E., Kreml, O., On contact discontinuities in multi-dimensional isentropic Euler

equations, Preprint, https://arxiv.org/abs/1707.00473.
[2] Chen, G.Q., Chen, J.: Stability of rarefaction waves and vacuum states for the multidimensional Euler

equations. J. Hyperbolic Differ. Equ. 4 (1), 105-122 (2007).
[3] Chiodaroli, E., DeLellis, C., Kreml, O.: Global ill-posedness of the isentropic system of gas dynamics.

Comm. Pure Appl. Math. 68 (7), 1157-1190 (2015).
[4] Chiodaroli E., Kreml O., Non-uniqueness of admissible weak solutions to the Riemann problem for the

isentropic Euler equations. Preprint, https://arxiv.org/abs/1704.01747.
[5] DeLellis, C., Szekelyhidi Jr., L., The Euler equations as a differential inclusion. Ann. of Math. (2), 170

(3), 1417-1436 (2009).
[6] Feireisl, E., Kreml, O., Uniqueness of rarefaction waves in multidimensional compressible Euler system.

J. Hyperbolic Differ. Equ. 12 (3), 489-499 (2015).
[7] Feireisl, E., Kreml, O., Vasseur, A., Stability of the isentropic Riemann solutions of the full multidi-

mensional Euler system, SIAM J. Math. Anal., 47 (3), 2416-2425 (2015).
[8] Hokari, H. and Matsumura, A.: Asymptotics toward one-dimensional rarefaction wave for the solution

of two-dimensional compressible Euler equation with an artificial viscosity. Asymptot. Anal. 15, 283-298
(1997).

[9] Ito, K., Asymptotic decay toward the planar rarefaction waves of solutions for viscous conservation laws

in several space dimensions. Math. Models and Methods in Appl. Scis. 6(3), 315-338 (1996).
[10] Klingenberg, C., Markfelder, S.: The Riemann problem for the multi- dimensional isentropic system of

gas dynamics is ill-posed if it contains a shock. Preprint.
[11] Lax, P. D.: Hyperbolic systems of conservation laws, II. Comm. Pure Appl. Math. 10, 537-566 (1957).
[12] Liu, T.-P. and Xin, Z.-P.: Nonlinear stability of rarefaction waves for compressible Navier-Stokes equa-

tions. Comm. Math. Phys. 118, 451-465 (1988).
[13] Liu, T.P., Yu, S. H., Viscous rarefaction waves. Bull. Inst. Math. Acad. Sin. (N.S.) 5, no. 2, 123-179

(2010).
[14] Matsumura, A. and Nishihara, K.: Asymptotics toward the rarefaction waves of the solutions of a

one-dimensional model system for compressible viscous gas. Japan J. Appl. Math. 3, 1-13 (1986).
[15] Matsumura, A. and Nishihara, K.: Global stability of the rarefaction wave of a one-dimensional model

system for compressible viscous gas. Comm. Math. Phys. 144 , no. 2, 325-335 (1992).
[16] M. Nishikawa, K. Nishihara, Asymptotics toward the planar rarefaction wave for viscous conservation

law in two space dimensions. Trans. Amer. Math. Soc. 352, no. 3, 1203-1215 (2000).
[17] K. Nishihara, T. Yang, H. J. Zhao, Nonlinear stability of strong rarefaction waves for compressible

Navier-Stokes equations. SIAM J. Math. Anal. 35, no. 6, 1561-1597 (2004).
[18] V. A. Solonnikov, On solvability of an initial-boundary value problem for the equations of motion of a

viscous compressible fluid. in: Studies on Linear Operators and Function Theory. Vol. 6 [in Russain],
Nauka, Leningrad, 1976,128-142.

[19] Xin, Z. P.: Asymptotic stability of planar rarefaction waves for viscous conservation laws in several

dimensions. Trans. Amer. Math. Soc. 319, 805-820 (1990).

(Linan Li)
Institute of Applied Mathematics, AMSS, Academia Sinica, Beijing 100190, P. R. China

E-mail address: linanli@amss.ac.cn

(Yi Wang)

CEMS, HCMS, NCMIS, Academy of Mathematics and Systems Science, Chinese Academy of

Sciences, Beijing 100190, China

and School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing

100049, China

E-mail address: wangyi@amss.ac.cn


	1. Introduction and Main Result
	2. Smooth Approximate Rarefaction Wave
	3. Reformulation of the problem
	4. A Priori Estimates
	References

