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MONOTONICITY IN INVERSE MEDIUM SCATTERING ON
UNBOUNDED DOMAINS

ROLAND GRIESMAIER* AND BASTIAN HARRACH'

Abstract. We discuss a time-harmonic inverse scattering problem for the Helmholtz equa-
tion with compactly supported penetrable and possibly inhomogeneous scattering objects in an
unbounded homogeneous background medium, and we develop a monotonicity relation for the far
field operator that maps superpositions of incident plane waves to the far field patterns of the corre-
sponding scattered waves. We utilize this monotonicity relation to establish novel characterizations
of the support of the scattering objects in terms of the far field operator. These are related to and
extend corresponding results known from factorization and linear sampling methods to determine the
support of unknown scattering objects from far field observations of scattered fields. An attraction
of the new characterizations is that they only require the refractive index of the scattering objects to
be above or below the refractive index of the background medium locally and near the boundary of
the scatterers. An important tool to prove these results are so-called localized wave functions that
have arbitrarily large norm in some prescribed region while at the same time having arbitrarily small
norm in some other prescribed region. We present numerical examples to illustrate our theoretical
findings.
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geneous medium
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1. Introduction. Accurately recovering the location and the shape of unknown
scattering objects from far field observations of scattered acoustic or electromagnetic
waves is a basic but severely ill-posed inverse problem in remote sensing, and in the
past twenty years efficient qualitative reconstruction methods for this purpose have
received a lot of attention (see, e.g., [5, 7, 9, 36, 41] and the references therein). In this
work we develop a new approach for this shape reconstruction problem that is based on
a monotonicity relation for the far field operator that maps superpositions of incident
plane waves, which are being scattered at the unknown scattering objects, to the far
field patterns of the corresponding scattered waves. Throughout we assume that the
scattering objects are penetrable, non-absorbing, and possibly inhomogeneous.

The new monotonicity relation generalizes similar results for the Neumann-to-
Dirichlet map for the Laplace equation on bounded domains that have been estab-
lished in [26], where they have been utilized to justify and extend an earlier mono-
tonicity based reconstruction scheme for electrical impedance tomography developed
in [43], using so-called localized potentials introduced in [13]. This is also related to
corresponding estimates for the Laplace equation developed in [29, 30]. The analy-
sis from [26] has recently been extended for the Neumann-to-Dirichlet operator for
the Helmholtz equation on bounded domains in [24], and the main contribution of
the present work is the generalization of these results to the inverse medium scat-
tering problem on unbounded domains with plane wave incident fields and far field
observations of the scattered waves.

*Institut fiir Angewandte und Numerische Mathematik, Karlsruher Institut fiir Technologie, 76049
Karlsruhe, Germany (roland.griesmaier@kit.edu).

fInstitut fiir Mathematik Universitit Frankfurt, 60325 Frankfurt am Main, Germany (har-
rach@math.uni-frankfurt.de).

This is a preprint version of a journal article published in
SIAM J. Appl. Math. 78(5), 2533-2557, 2018 (https://doi.org/10.1137/18M1171679).

1


http://arxiv.org/abs/1802.06264v2
mailto:roland.griesmaier@kit.edu
mailto:harrach@math.uni-frankfurt.de
https://doi.org/10.1137/18M1171679

2 R. GRIESMAIER AND B. HARRACH

The monotonicity relation for the far field operator essentially states that the real
part of a suitable unitary transform of the difference of two far field operators corre-
sponding to two different inhomogeneous media is positive or negative semi-definite
up to a finite dimensional subspace, if the difference of the corresponding refractive
indices is either non-negative or non-positive pointwise almost everywhere. This can
be translated into criteria and algorithms for shape reconstruction by comparing a
given (or observed) far field operator to various virtual (or simulated) far field opera-
tors corresponding to a sufficiently small or large index of refraction on some probing
domains to decide whether these probing domains are contained inside the support of
the unknown scattering objects or whether the probing domains contain the unknown
scattering objects. In fact the situation is even more favorable, since it turns out to be
sufficient to compare the given far field operator to linearized versions of the probing
far field operators, i.e., Born far field operators, which can be simulated numerically
very efficiently. An advantage of these new characterizations is that they only require
the refractive index of the scattering object to be above or below the refractive index
of the background medium locally and near the boundary of the scatterers, i.e., they
apply to a large class of so-called indefinite scatterers.

Besides the monotonicity relation, the second main ingredient of our analysis are
so-called localized wave functions, which are special solutions to scattering problems
corresponding to suitably chosen incident waves that have arbitrarily large norm on
some prescribed region B C R?, while at the same time having arbitrarily small norm
on a different prescribed region D C R?, assuming that R%\ D is connected and B ¢ D.
This generalizes corresponding results on so-called localized potentials for the Laplace
equation established in [13]. The arguments that we use to prove the existence of such
localized wave functions are inspired by the analysis of the factorization method (see
[4, 31, 32, 33] for the origins of the method and [16, 19, 36] for recent overviews),
and of the linear sampling method for the inverse medium scattering problem (see,
e.g., [5, 7, 8]).

It is interesting to note that the characterizations of the support of the scattering
objects in terms of the far field operator developed in this work are independent
of so-called transmission eigenvalues (see, e.g., [5, 6, 9] and [39]). On the other
hand, the monotonicity relation for the far field operator is somewhat related to
well-known monotonicity principles for the phases of the eigenvalues of the so-called
scattering operator, which have been discussed, e.g., in [37], where they have actually
been utilized to characterize transmission eigenvalues. The latter have recently been
extended to monotonicity relations for the difference of far field operators in [38] that
are closely related to our results. Our work substantially extends the results in [38],
using very different analytical tools.

For further recent contributions on monotonicity based reconstruction methods
for various inverse problems for partial differential equations we refer to [2, 3, 10, 11,
12, 20, 21, 22, 23, 27, 40, 42, 44, 45, 46]. We further note that this approach has also
been utilized to obtain theoretical uniqueness results for inverse problems (see, e.g.,
[1, 17, 18, 25, 28]).

The outline of this article is as follows. After briefly introducing the mathematical
setting of the scattering problem in Section 2, we develop the monotonicity relation
for the far field operator in Section 3. In Section 4 we discuss the existence of localized
wave functions for the Helmholtz equation in unbounded domains, and we use them
to provide a converse of the monotonicity relation from Section 3. In Section 5 we
establish rigorous characterizations of the support of scattering objects in terms of
the far field operator. An efficient and suitably regularized numerical implementation
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of these criteria is beyond the scope of this article, but we discuss a preliminary algo-
rithm and two numerical examples for the sign-definite case (i.e., when the refractive
index of the scattering objects is either above or below the refractive index of the back-
ground medium) in Section 6 to illustrate our theoretical findings. This preliminary
algorithm cannot be considered competitive when compared against state-of-the-art
implementations of linear sampling or factorization methods, but, as outlined in our
final remarks, this may change in the future.

2. Scattering by an inhomogeneous medium. We use the Helmholtz equa-
tion as a simple model for the propagation of time-harmonic acoustic or electromag-
netic waves in an isotropic non-absorbing inhomogeneous medium in R?, d = 2, 3.
Assuming that the inhomogeneity is compactly supported, the refractive index can
be written as n? = 1 + ¢ with a real-valued contrast function q € L8f+(]Rd), where
Lo, (R9) denotes the space of compactly supported L>-functions satisfying ¢ > —1
a.e. on R?.

The wave motion caused by an incident field u® satisfying

(2.1) Au + k' =0  in RY

with wave number k > 0, that is being scattered at the inhomogeneous medium is
described by the total field ug, which is a superposition

(2.2a) ug = u' + uy

of the incident field and the scattered field uy such that the Helmholtz equation

(2.2b) Aug + k*n*uy = 0 in R?
is satisfied together with the Sommerfeld radiation condition
d—1 ou?
: - q : s _ _
(2.2¢) lim 75 (S (2) — ikuj(e) =0, r=lal,

uniformly with respect to all directions z/|x| € S9~1.

REMARK 2.1. Throughout this work, Helmholtz equations are always to be un-
derstood in distributional (or weak) sense. For instance, u, € HL (R%) is a solution
to (2.2b) if and only if

/ (Vug - Vo — k*n?uv) doz = 0 for all v € C5°(RY).
Rd

Accordingly, standard regularity results yield smoothness of u, and uy in R?\ Bg(0),
where Br(0) is a ball containing the support of the contrast function supp(q), and the
entire solution u’ is smooth throughout R¢. In particular the Sommerfeld radiation

condition (2.2¢) is well defined. O

LEMMA 2.2. Suppose that the incident field u' € HJ (RY) satisfies (2.1), then
the scattering problem (2.2) has a unique solution u, € HL _(RY). Furthermore, the
scattered field us = uq —u' € HY_(R?) has the asymptotic behavior

eik|m| N 4
(23) us(w) = Cdm?ugo(,f) + O(|;[;| T)7 |$| — 00,

As usual, we call a (weak) solution to a Helmholtz equation on an unbounded domain that
satisfies the Sommerfeld radiation condition a radiating solution.



4 R. GRIESMAIER AND B. HARRACH
uniformly in all directions T := x/|x| € ST=1, where
(24) Cy=e€"4\Brk ifn=2 and Cy=1/(4r) ifn=23,

and the far field pattern ug® is given by

6e—ik§-y o Ous
2.5 uX(x) = / ud(y)——— — e RV _9L(y)) ds(y), Tesit,
es) @ = [ (0, —L(y)) ds(y)

Proof. The unique solvability follows, e.g., immediately from [9, Thm. 8.7] (see
also [34, Thm. 6.9]), and the farfield asymptotics are, e.g., shown in [9, Thm. 2.6]. O

For the special case of a plane wave incident field u'(z;0) := e*9'* we explicitly

indicate the dependence on the incident direction § € S?~! by a second argument,
and accordingly we write u,(+; 0), u;(+; 6), and ug°(+; ) for the corresponding scattered
field, total field, and far field pattern, respectively. As usual, we collect the far field
patterns ug°(z;0) for all possible observation and incident directions 7,60 € S4=1 in
the far field operator

QO B IS S IS, (Fo)@) = [ e @oso) dso),

which is compact and normal (see, e.g., [9, Thm. 3.24]). Moreover, the scattering
operator is defined by

(2.7) S, L2847 — L2(S47 Y S,9:= (I + 2ik|C4)?F,)g,

where Cy is again the constant from (2.4). The operator S; is unitary, and con-
sequently the eigenvalues of Fj lie on the circle of radius 1/(2k|Cy|?) centered in
i/(2k|C4]?) in the complex plane (cf., e.g., [9, pp. 285-286]).

By linearity, for any given function ¢ € L?(S?"!), the solution to the direct
scattering problem (2.2) with incident field

(2.8a) uzg(:v) = / e*0g(0) ds(9), r €R?,
Sd*l

is given by

(2.8b) wao(@) = [ ufas0)g®) ds®), s e R,
gd—1

and the corresponding scattered field

(2.8¢) uf (z) = / ui(z;0)g(0) ds(9),  zeR?,
- Sd—1
has the far field pattern ugs, = Fg satisfying

de~ikTy . duf
2.8d) u () = / ud  (y)——— — e KTV DI (1)) ds(y), ze st
(2.8d) u, (%) aw( O S5(y) ) ds(y)

Incident fields as in (2.8a) are usually called Herglotz wave functions.
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3. A monotonicity relation for the far field operator. We will frequently
be discussing relative orderings compact self-adjoint operators. The following exten-
sion of the Loewner order was introduced in [24]. Let A, B : X — X be two compact
self-adjoint linear operators on a Hilbert space X. We write

A<, B for some r € N,

if B — A has at most r negative eigenvalues. Similarly, we write A <g, B if A <, B
holds for some r € N, and the notations A >, B and A >g, B are defined accordingly.
The following result was shown in [24, Cor. 3.3].

LEMMA 3.1. Let A, B : X — X be two compact self-adjoint linear operators on a
Hilbert space X with scalar product (-,-), and let r € N. Then the following statements
are equivalent:

(a) A<, B

(b) There exists a finite-dimensional subspace V- C X with dim (V') < r such that

((B—A)v,v) >0 for allv e V*.

In particular this lemma shows that <g, and >g, are transitive relations (see [24,
Lmm. 3.4]) and thus preorders. We use this notation in the following monotonicity
relation for the far field operator.

THEOREM 3.2. Let q1,q2 € L§® (Rd). Then there exists a finite-dimensional sub-
space V C L%(S9™1) such that

(3.1) Re(/ 985 (Fo, — Fau)g ds) 2 k2/ (42—a1)|ug, o> dz for all g € v
Sd 1 Rd

In particular
(3.2) @ < @2 implies that Re(S;, Fyy) <an Re(S,, Fy,) 5
where as usual the real part of a linear operator A : X — X on a Hilbert space X is
the self-adjoint operator given by Re(A) := 1(A+ A*).

REMARK 3.3. Since the scattering operators S; and Sy are unitary, we find us-
ing (2.7) that

1 1

Sql(qu _Flh) - 2]€|O |28q1(8 _Slh) = 2]€|O |2

1 % * 1 " * B . N
- (21k|Cd|2( ~ 505 )) (21k|C |28q2(8 _Szn)) = (85, (Fo — Fyy)) -

Recalling that the eigenvalues of a compact linear operator and of its adjoint are
complex conjugates of each other, we conclude that the spectra of Re(S;, (Fy, — Fy,))
and Re(S;, (Fy, — I, )) coincide. Consequently, the monotonicity relatlons (3.1)-(3.2)
remain true if we replace S;l by S;‘Q in these formulas. O

(8585 — 1)

Interchanging the roles of g1 and g2, except for Sy (see Remark 3.3), we may
restate Theorem 3.2 as follows.

COROLLARY 3.4. Let q1,q2 € L8?+(Rd). Then there ezists a finite-dimensional
subspace V- C L?(S9~1) such that

(3.3) Re(/sd 985, (Fgy — Fg)g ds) <K /Rd(%—mﬂuqmgﬁ de forallge V*.
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REMARK 3.5. A well known monotonicity principle for the phases of the eigen-
values of the far field operator, which has been discussed, e.g., in [37, Lmm. 4.1], can
be rephrased as Re(Fy) >an 0 if ¢ > 0 and Re(F,) <an 0 if ¢ < 0 a.e. on the support
of the contrast function supp(g). This result can now also be obtained as a special
case of (3.1) in Theorem 3.2 with ¢ =0 and g2 = qif ¢ > 0 (or ¢ = ¢ and g3 =0
and S replaced by Sy (see Remark 3.3) if ¢ < 0).

The monotonicity relation (3.2), which is a consequence of the stronger result
(3.1), has already been established in [38, Lmm. 3], using rather different techniques. ¢

The proof of Theorem 3.2 is a simple corollary of the following lemmas. We begin
by summarizing some useful identities for the solution of the scattering problem (2.2).

LEMMA 3.6. Let ¢ € L (R?), n® = 1+ q, and let Br(0) be a ball containing
supp(q). Then

(3.4) / gF,gds = k2/ qu;m dx for all g € L*(S471),
Sd—1 Br(0)
and, for any v € H*(Bg(0)),

ou? .
(3.5) / (Vug , - Vo — k2n2u2 V) dz —/ v—29 ds = k2/ qugv dz.
Br(0) ’ ’ oBr(0) OV Br(0)

Furthermore, if qi,q2 € L (R?) and Bgr(0) is a ball containing supp(q1) U
supp(qz), then, for any j,1 € {1,2},

ous ou’. .
3.6 (ﬂ— ‘“’g)d :—2'k02/ F,gF,qds,
(30 /(98R(0) R A WGl J,. P9 Fag s

where Cy denotes the constant from (2.4).

Proof. Let g € L*(S%71), then the scattered field uf , € HY (R?) from (2.8¢)
solves

Au;q + E2n’u®

0y = —Aué)g —k*n%t = —k2quz)g in Br(0),

9,9

and accordingly Green’s formula shows that, for any v € H'(Bg(0)),

ous .
/ Vu, , Vo dr = / v—29 ds + k2/ n2u2)qv dx + kz/ qug v dz,
Br(0) 9Br(0) OV Br(0) Br(0)

which proves (3.5).
Likewise, we obtain from (2.8d) and Green’s formula that

—ikO-y s
Oe 8uq,g

50 = [ (i) 25— ) st

= k2/ a(Y)ug,e(y)e Y dy,
BRr(0)

and thus
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Using (2.8a) this shows (3.4).

To see (3.6) let r > R, then u?

0,97 Ug, g € Hlloc(Rd) solve (for ¢ = ¢; and ¢ = q)

Aul  + ki, =0  in B.(0)\ Bg(0),

and applying Green’s formula we obtain that

S

ous ou ) ous 6US_
3.7 ( s a9 _ % q]ﬁg) d :/ ( s w9 5 qj,g) ds
(3.7) /BBT(O) Ugs,9 B Ugi,g By S DB (0) Ugs.g o ug, g ey s

Using the radiation condition (2.2¢) and the far field expansion (2.3) (for ¢ = ¢; and
q = q) we find that, as r — oo,

s 6“’2179 S au‘sljvg ds = %2ik s d 1
Y5979, ~ Yae Ty § = —4 Ug, gy .g ds +o(1)
(3.8) 8B,.(0) v v dB,.(0)

—21k|Cd|2/ Fy,gFg,gds+o(1).
Sd—l

Substituting (3.8) into (3.7) and letting r — oo finally gives (3.6). O

The next tool we will use to prove the monotonicity relation for the far field
operator in Theorem 3.2 is the following integral identity.

LEMMA 3.7. Let q1,q2 € L8?+(Rd) and let Bg(0) be a ball containing supp(q1) U
supp(q2). Then, for any g € L?(S971),

(3.9) / (9 Fp9 =9 Fu.9) ds+2ik|Cd|2/ Fqlgmdsﬂng (0 — )t o
. s R4
= ) (P = ) ol i )
R

;| (TS Vo
_ (s, —un )ty Yang) g
/BBR(O) a2,9 ~ Yai,g By

Proof. The identity (3.6) (with j = 1 and { = 2) immediately implies that

ous
2Re/ ughg—a‘z’g ds
OBRr(0)

ou’ _
_ ey | o) g, o0 2/ F,gF,gds.
/R(O)(u‘h’g Ov Tl Ov ) s = 2ik|Cdl gd—1 @d g @S
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Using this and (3.5) we find that

/ (|qu2 g qul 9| k2n§|uqz g uf1179|2) da
Br(0)
—; | (TSR TE
— (us, , —up )—28 000’ g
~/BBR(O) q2,9 q1,9 (91/

= / (|qu2 g|2 k2n§|uq2 g| ) dx—!—/ (|qu1 9|2 k2n§|uq1 g| ) dx
Br(0) Br(0)

ou?
_ ) 5 y
- QRQ(/ (Vug, o Vg, o —k n2uq2 ol g) Ao _/ Yai.g 8qu2 ; ds)
Br(0) 9Br(0)

ou? ou?
2ik|C, Fgds— ; q”d—/ L d
+ 2ik|Cy)? / Fy 9 Fg,g ds /BBR(O) Ya2.97 5, 9BR(0) Ya9™p, °
= k2/ qguqu§2 g dr — 2Re(k2/ qguqugl g dx) + kz/ qluqug1 g dz
Br(0) Br(0) Br(0)

8 [ (=g P e 2HC? [ FgTrg ds.
BR(O) Sd—1

Further simple manipulations give

/ (|VU¢I2 g vu21 9| k2n§|uqz g u2119|2) dz
Br(0)

_ o(us,,—ul )
— (ug, . —ug )M ds
9Br(0) 92,9 q1,9 ov

k2/ qupug,  dr — 2Re(k2/ (42 — @1 )ugug, 4 dx)
Br(0) Br(0)

— kQ/ qlu_éugl)g dx — k2/ (g2 — ql)|u2hg|2 dx + 2ik|C’d|2/ Fo9Fy,gds
Br(0) Br(0) gd—1

kz/ QU Tgrg da — k2/ qrujug, 4 do — kz/ (42 — q1)|uy|? dz
Br(0) Br(0) B (0)

- 2Re(k2/ (g2 — qu)uiu, dx) - k2/ (g2 — @), o* dw
Br(0) Br(0)

+2ik|Cd|2/ F,9F,qgds
Sd—l

= k2/ qgu;uqz,g dx — kz/ qlu_guqhg dx — k2/ (g2 — q1)|ug, .o dz
Br(0) Br(0) Br(0)

+2ik|Cd|2/ F,9F,gds.
Sd—l
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Finally, applying (3.4) we obtain that

92,9 q1,9 q2,9 ~ "q1,9

_/ (us, . —u )a(ugz,g_uzl,g) ds
PR B T o -

= / (qu2g_§Fq1-q) ds—k2/ (Q2_(J1)|uq1,g|2 dx
Sd—1 BR(O)

/ (IVus, , — Vus |* — k*n3luf up ,?) dz
Br(0)

+2ik|Cd|2/ F,g9F,gds,
Sd—l

which proves the assertion. a

REMARK 3.8. Since the adjoint of the scattering operator S, from (2.7) is given
by

Sy = 1 —2ik|Cq|*F},
we find that
S;I(qu - Flh) = qu - Fth - 2ik|Cd|2(F;1qu - FJIFQJ )
and accordingly,
RG(S; (qu - Fth)) = Re(qu - Flh - 2ik|Cd|2F;1qu) :

Therefore the real part of the first two terms on the left hand side of (3.9) fulfills

Re(/ (gFlI2g_§F¢hg) d5+21k|0d|2/ FZI1gF¢I2g dS)
Sd—1 Sd—1

(3.10) - Re(/SCH 9(Fy. — Fyu — BHICaPFy, Fyg)g ds)
_ Re(/SH 955, (Fau — Fyy)g ds) .
The operator S; (Fy, — Fy,) is compact and normal (see [38, Lemma 1]). O

Next we consider the right hand side of (3.9), and we show that it is non-
negative if g belongs to the complement of a certain finite dimensional subspace
V C L?(S971). To that end we denote by I : H'(Bg(0)) — H'(Bg(0)) the identity
operator, by J : H'(Br(0)) — L?(Br(0)) the compact embedding, and accordingly
we define, for any ¢ € L§°, (R?) and any ball Bg(0) containing supp(q), the operator
K : HY(Bgr(0)) — HY(Bgr(0)) by

Kv := J"Jv,
and K, : H(Bgr(0)) — H'(Br(0)) by
Ko = J((1+q)Jv).

Then K and K, are compact self-adjoint linear operators, and, for any v € H*(Bg(0)),

(I - K — K*K,)v,v) (IVv]? = K*(1 + ¢)[v]?) d=.

H (Br(0)) ~ /BR(O)
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For 0 < & < R we denote by N. : H'(Bg(0)) — L?*(0Br(0)) the bounded linear
operator that maps v € H!(Bg(0)) to the normal derivative dv. /Ov on dBr(0) of the
radiating solution to the exterior boundary value problem

Av. + k*v. = 0 in R? \ Br-:(0), ve = v on dBr_-(0),

and A : L?(0Bgr(0)) — L?(0Bg(0)) denotes the compact exterior Neumann-to-
Dirichlet operator that maps ¢ € L*(0Bg(0)) to the trace w|sp, (o) of the radiat-
ing solution to

ow

Aw+k*w =0 in R?\ Bg(0), = ¥ on dBR(0),
v

(see, e.g., [9, p. 51-55]). Then,

v
N.v = %’aBR(o) and  ANe = vlopg)
and accordingly
N A _Ov
<NE NE'U,'U>H1(BR(O)) = < Na’UvNE’U>L2(aBR(O)) = 8Br(0) U% ds
R

for any v € H'(Br(0)) that can be extended to a radiating solution of the Helmholtz
equation

Av+E*w =0 inRY\ Bp_.(0).

S

In particular this holds for v = ug, , —

supp(gz).-
LEMMA 3.9. Let q1,q2 € Lg° (R?) and let Br(0) be a ball containing supp(q1) U
supp(q2). Then there exists a finite dimensional subspace V' C L?(S%1) such that

ug, . if the ball Br_.(0) contains supp(q:) and

[ o 19y = ) Kol — )
R

. O —us
_Re(/ (us —us ) ( 92,9 lILg) ds) >0 for allgEVJ-.
8BRr(0)

q2,9 q1,9 81/

Proof. Let € > 0 be sufficiently small, so that supp(q1) U supp(g2) C Br—<(0).
Then

[ o 19y = ) Kol — )
R

oS, ,—ud
—Re(/ (ug, 4 _ugl)g) ( qz,gay ql,g) ds)
9Br(0)

= <(I - K- szth - Re(N:ANE))(SQ - Sl)gv (SQ - Sl)g>H1(BR(O)) )

where for j = 1,2 we denote by S; : L?(S%~!) — H!(Bg(0)) the bounded linear op-
erator that maps g € L2(S971) to the restriction of the scattered field ug, 4 on Br(0).
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Let W be the sum of eigenspaces of the compact self-adjoint operator K +k*K, +
Re(NFAN,) associated to eigenvalues larger than 1. Then W is finite dimensional and

(I = K = k?Kq, = Re(NZAN)w, ) 1 50y = 0 for all w € W+,

Since, for any g € L2(S91),
(So—Si)geW* ifandonlyif ge ((Sy—S) W)™,

and of course dim((Sz — S1)*W) < dim(W) < oo, choosing V := (S2 — S1)*W ends

the proof. |
Proof of Theorem 3.2. Taking the real part of (3.9) and applying (3.10), the result
follows immediately from Lemma 3.9. |

4. Localized wave functions. In this section we establish the existence of local-
ized wave functions that have arbitrarily large norm on some prescribed region B C R?
while at the same time having arbitrarily small norm in a different region D C R?,
assuming that R?\ D is connected. These will be utilized to establish a rigorous
characterization of the support of scattering objects in terms of the far field operator
using the monotonicity relations from Theorem 3.2 and Corollary 3.4 in Section 5
below.

THEOREM 4.1. Suppose that g € L§°, (R%) and let B, D C R? be open and bounded
such that R\ D is connected.

If B¢ D, then for any finite dimensional subspace V- C L?(S9™1) there exists a
sequence (gm)men C V+ such that

/ |tig.g,, 1> dz — 00 and / [tug.g, |* dz — 0 as m — 00,
B D

where ug 4, € HE (R?) is given by (2.8b) with g = g,
The proof of Theorem 4.1 relies on the following lemmas.

LEMMA 4.2. Suppose that q € L8?+(Rd), let n? = 1+q, and assume that D C R?
is open and bounded. We define

Lgp: L2(Sd_1) — L*(D), g— Uqg|D s

where ug 4 € HE (R?) is given by (2.8b). Then Ly p is a compact linear operator and
its adjoint is given by

Lip:L*(D) = L*(S™Y), fe Sjw™,

where S, denotes the scattering operator from (2.7), and w> € L?(S%~1) is the far
field pattern of the radiating solution w € HJ_(R?) to

(4.1) Aw + E*n*w = —f in R?,

Proof. The representation formula for the total field in (2.8b) shows that L, p
is a Fredholm integral operator with square integrable kernel and therefore compact
and linear from L?(S4~1) to L?(D).

Throughout, we identify f € L?(D) with its continuation to R? by zero whenever appropriate.
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The existence and uniqueness of a radiating solution w € H}_(R?) of (4.1) follows
again from [9, Thm. 8.7] (see also [34, Thm. 6.9]). To determine the adjoint of L, p we

first observe that, for any ball Br(0), this solution satisfies, for any v € H*(Bg(0)),

(4.2) / (Vw - Vo — k*nwo) dz = / fo dz +/ va_w ds.
Br(0) Br(0) 9Br(0) OV

We choose R > 0 large enough such that supp(q) and D are contained in Bg(0).
Applying (4.2), Green’s formula, and the representation formula for the far field pat-
tern w™ of w analogous to (2.5) we find that, for any g € L%(S?"!) and f € L?(D),
ow

Ug,g Em ds

/ (Lq)Dg)f dz = / (Vug,q Vw — k2n2uq7gm) dz — /
D Br(0) P

Oug,qg_ w
= 2 — _ d
v/aBR(O)( 81/ v uq)g 8V) 5

6eik9.y— i .ya’w
— /Sdilg@) 8BR(O)( o w(y) — e E(y)) as(y) ds(6)

Br(0)

(4.3)
ougy —— o Dw,
+/5d719(9) 8BR(O)(a—Vy(y79)w(y) — 43,y 0) 5 (1)) ds(y) ds(0)

= [ o0iu=T@ aste)
Sd—l

iy o e 00
00 [ (Gt ui) v, w05 @) dstw) dsto)

Ovy

Using the radiation condition (2.2¢) and the farfield expansion (2.3) we obtain that,
as R — oo,

oug 4 N S
/BBR(O)(8—%(97H)w(y)—uqﬁg(y,ﬁ)a(y)) ds(y)

= 2O [ @0 ds(@) + of1).

Accordingly, substituting this into (4.3), and using (2.6) and (2.7) gives
/ (Lq,Dg)T dz
D

— / 9(0)w= () ds(8) + 2ik|Cf? / 4(0) / u,(§:0)w=(3) ds(5) ds(6)
gd—1 gd—1 gd—1

~

— / 9(0)w= () ds(6) + 2k|Cf? / (Fg)@)w=(F) ds(3) = / 95w ds.
gd—1 gd—1 gd—1

0

LEMMA 4.3. Suppose that q € L8?+(Rd). Let B,D C R? be open and bounded
such that R%\ (B U D) is connected and BN D = (. Then,

R(Lgp) VR(Lgp) = {0},
and R(L; 5), R(L; p) C L2(S89=1) are both dense.
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Proof. To start with, we show the injectivity of L4 g, and we note that the injec-
tivity of Ly p follows analogously. Let R > 0 such that supp(q) € Br(0). Then the
solution ug 4 of (2.2) from (2.8b) satisfies the Lippmann-Schwinger equation

@4 uglo) = @) B [ a)Be = i) dy. v e Ba(0),

where ® denotes the fundamental solution to the Helmholtz equation (cf., e.g., [9,
Thm. 8.3]). By unique continuation, L, g = u4,4|p = 0 implies that u,, = 0 in R?
(cf., e.g., [24, Sec. 2.3]). Substituting this into (4.4), we find that the Herglotz wave

function uy = 0 in Bg(0), and thus by analyticity on all of R?. This implies that

g =0 (cf, e.g., [9, Thm. 3.19)), i.e., Ly p is injective.

The injectivity of Ly p and Lg,p immediately yields that R(L; 5) and R(L; p)
are dense in L2(S?~1). Next suppose that h € R(L; 5p) NR(L}, p). Then Lemma 4.2
shows that there exist fg € L%(B), fp € L*(D), and wg,wp € H} _(R?) such that
the far field patterns w® and w$ of the radiating solutions to

Aw3+k2(1+q)w3 = —fp and Awp+k2(1+q)wp = —fp in Rd,

satisty

wy = wp = Sgh.

Rellich’s lemma and unique continuation guarantee that wp = wp in R?\ (B U D)
(cf., e.g., [9, Thm. 2.14]). Hence we may define w € H\ _(RY) by

wp =wp in R\ (BUD),
w = {wp in D,

Wp iIlB7

and w is the unique radiating solution to

Aw+E*(1+qw =0 in RY.
Thus w = 0 in R?, and since the scattering operator is unitary, this shows that
h = S&;w> =0. O
In the next lemma we quote a special case of Lemma 2.5 in [26].

LEMMA 4.4. Let X,Y and Z be Hilbert spaces, andlet A: X —Y and B: X — Z
be bounded linear operators. Then,

3C >0: ||Az|| < C|Bz|| VzeX if and only if  R(A*) C R(B").

Now we give the proof of Theorem 4.1.

Proof of Theorem 4.1. Suppose that ¢ € L8f+(]Rd), let B, D C R? be open such
that R?\ D is connected, and let V' C L?(S9"1) be a finite dimensional subspace.
We first note that without loss of generality we may assume that BN D = () and
that R?\ (BU D) is connected (otherwise we replace B by a sufficiently small ball
BCB \ D., where D. denotes a sufficiently small neighborhood of D).

We denote by Py : L2(S971) — L2(S9°1) the orthogonal projection on V.
Lemma 4.3 shows that R(L; p) N R(L; p) = {0}, and that R(L} p) is infinite di-
mensional. Using a simple d1mens1onahty argument (see [24, Lemma 4. 7]) it follows
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that

RiLys) € RiLo)+V = R(Lo R ==((%7) ).

Accordingly, Lemma 4.4 implies that there is no constant C' > 0 such that

Lop
()5

for all g € L?(S9~1). Hence, there exists as sequence (Gm)men C L?(S9 1) such that

2

= C*(ILq,n9l1 220y + 1 Prall72(sa-1y)

ILq,890723) < C?
L2(D)x L2(S4-1)

||Lq,B§m||L2(B) — oo and ||Lq,D§m||L2(D) + ||Pvgm||L2(Sd71) —0 as m — o0.
Setting gm := Gm — Pvgm € V+ C L2(S971) for any m € N, we finally obtain

| Lg,Bgml2(B) > IILq,BImllL2(B)y = | Le, B[ PvgmlL2(sa-1) — 00 asm — oo,

>
I Lg.pgmllL2(Dy < |Lg.DGmllL2(D) + I Lo, D[PV gmllL2(sa-1) — 0 asm — oco.

Since Lq BGm = Uq,g,.|B a0d Lq pgm = Uq,g,,| D, this ends the proof. a
The next result is a simple consequence of the Lemmas 4.2 and 4.4.

THEOREM 4.5. Suppose that q1,q2 € Lg‘)’_‘_(Rd), and let D C R? be open and

bounded. If q1(x) = q2(z) for a.e. x € R\ D, then there exist constants c¢,C > 0 such
that

c/ gy .¢? dz < / [Ug.g]? dz < C/ [ug, 4 d for all g € L*(S471),
D D D

where ug, 4 € HE (R?), j = 1,2, is given by (2.8b) with ¢ = q;.

Proof. Let q1,q2 € Lg%, (R%). We denote by Ly, p and L,, p the operators from
Lemma 4.2 with ¢ = g1 and ¢ = ¢, respectively. We showed in Lemma 4.2 that for
any f € L*(D)

(4.5) Ly, pf = S;wie and Ly, pf = S;w,

where w3°, j = 1,2, are the far field patterns of the radiating solutions to
Aw; +k*(1+¢))w; = —f  inR%.

This implies that

(4.6a) Awy + K1+ @)wr = —(f + k*(q1 — g2)wr) in R,
(4.6b) Awsy + K2 (1 + q)wy = —(f + k*(q2 — q1)wo) in R?.

Since ¢; — g2 vanishes a.e. outside D, we find that
Spu® = Ly p(f 4@ —@wn)  and  Sjug® = Ly, p(f + k(g — qi)un)

Combining (4.5) and (4.6), we obtain that R(Sq, L} p) = R(Sg, L}, p). Since Sy,
and Sy, are unitary operators, the assertion follows from Lemma 4.4. a
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As a first application of Theorem 4.1 we establish a converse of (3.2) in Theo-
rem 3.2.

THEOREM 4.6. Suppose that q1,q2 € L8?+(Rd) with supp(q;) € Br(0). IfO C R?
is an unbounded domain such that

q < q a.e. in O,
and if B C Br(0)NO is open with
(4.7) G <qg—c a.e. in B for some ¢ >0,

then

Re(S;, Fyy) Z6in Re(S,, Fy,)

i.e., the operator Re(S; (Fy, — Fy,)) has infinitely many positive eigenvalues. In
particular, this implies that Fy, # Fy,.

Proof. We prove the result by contradiction and assume that
(4.8) Re(S8g, (Fg, — Fg,)) <gin 0.

Using the monotonicity relation (3.1) in Theorem 3.2, we find that there exists a finite
dimensional subspace V' C L2(S?~!) such that
(4.9)

Re (/ g8 (Fyy — Fy, )g ds) > kz/ (g2 — ql)|uql,g|2 dz forall g e V*.
Sd—1 BR(O)

Combining (4.8), (4.9), and (4.7) we obtain that there exists a finite dimensional
subspace V C L2(S971) such that, for any g € V1,

0 > Re (/ gS;I(FQQ _Fq1)g dS) > k2/ (Q2_QI)|uq17g|2 dx
Sd-1 Br(0)

— 2 [ @l R (- @)l do
ONBg(0) Br(0)\O

> Ck2/ |UJZI179|2 de — Ok2/ _ |u¢I179|2 d‘rv
B Br(0O\O

where C :
D = Br(0)\ O and q = g1, which guarantees the existence of (gp)men € V4 with

1911l oo (may + |l@2]| oo (may- However, this contradicts Theorem 4.1 with

u 2 da = o0 and U 2dz =0 as m — oo.
q1,9m q1,9m
B Br(0)\O

Consequently, Re(S;, (Fy, — Fy,)) Zfin 0. u

5. Monotonicity based shape reconstruction. Given any open and bounded
subset B C R%, we define the operator T : L2(S971) — L?(S471) by

(5.1) Tpg = k*HjyHgg,

where Hp : L?(S9') — L?(B) denotes the Herglotz operator given by

(Hpg)(x) = /Sdi1 e*94(6) ds(h) , T € B.
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Accordingly,
/ 9Tpg ds = k2/ [uf|? da for all g € L*(S%71),
Sd-1 B

where ug denotes the Herglotz wave function with density g from (2.8a). The opera-
tor T is bounded, compact and self-adjoint, and it coincides with the Born approxi-
mation of the far field operator Fj, with contrast function ¢ = xp, where xp denotes
the characteristic function of B (see, e.g., [35]).

In the following we discuss criteria to determine the support supp(q) of an un-
known scattering object in terms of the corresponding far field operator Fj;. To begin
with we discuss the case when the contrast function ¢ is positive a.e. on its support.

THEOREM 5.1. Let B, D C R? be open and bounded such that R\ D is connected,
and let g € LS?JF(Rd) with supp(q) = D. Suppose that 0 < gmin < ¢ < Gmax < 0O a.e.
i D for some constants qumin, Gmax € R.

(a) If B C D, then

aTp <gan Re(Fy) for all a < quin, -
(b) If BZ D, then
oTp %an Re(Fy) for any a >0,

i.e., the operator Re(Fy) — aTp has infinitely many negative eigenvalues for
all o > 0.

Proof. From Theorem 3.2 with ¢g; = 0 and g2 = g we obtain that there exists a
finite dimensional subspace V' C L2(S?~!) such that

Re(/ gF.g ds) > k2/ q|uf]|2 dx forallge V*1.
Sd*l D h
Moreover, if B C D and a < @uin, then

a/ 9Tpg ds = kz/ oz|uf1|2 dz < k2/ q|u‘f]|2 dz,
§d-1 B D

which shows part (a).
We prove part (b) by contradiction. Let B € D, a > 0, and assume that

(5.2) oTp <gan Re(Fy).

Using the monotonicity relation (3.3) in Corollary 3.4 with ¢; = 0 and ¢ = ¢, we find
that there exists a finite dimensional subspace V C L2(S971) such that

(5.3) Re(/ gF,g ds) < k2/ quggl? dz forallge V*.
Sa-1 D

Combining (5.2) and (5.3), we obtain that there exists a finite dimensional sub-
space V € L2(S91) such that

kzoe/ |u;|2 dz < kz/ q|uqﬁg|2 dz < k2qmax/ |uqﬁg|2 dz for all g € v,
B D D
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Applying Theorem 4.5 with g1 = 0 and g2 = ¢, this implies that there exists a
constant C' > 0 such that

kza/ luf)? da < Ck2qmax/ [uf|* da forallg e V*.
B D

However, this contradicts Theorem 4.1 with ¢ = 0, which guarantees the existence of
a sequence (g, )men C V4 with

/|ugm|2 dz — oo and / |uzm|2 dz — 0 as m — 0o.
B D

Hence, Re(Fy) — oI'p must have infinitely many negative eigenvalues. a

The next result is analogous to Theorem 5.2, but with contrast functions being
negative on the support of the scattering objects, instead of being positive.

THEOREM 5.2. Let B, D C R? be open and bounded such that R\ D is connected,
and let g € L8?+(Rd) with supp(q) = D. Suppose that —1 < ¢min < ¢ < Gmax < 0 a.e.
in D for some constants qmin, Gmax € R.

(a) If B C D, then there exists a constant C' > 0 such that

aTp >gn Re(Fy) for all a > Cqmax -
(b) If BZ D, then
oaTp Zan Re(Fy) for any a <0,

i.e., the operator Re(Fy) — oTp has infinitely many positive eigenvalues.

Proof. If B C D, then Corollary 3.4 and Theorem 4.5 with ¢g; = 0 and g3 = ¢ show
that there exists a constant C' > 0 and a finite dimensional subspace V' C L?(S471)
such that, for any g € V1,

Re (/ gF,g9 ds)
Sd—1

IN

kz/DQ|“q7g|2 da

< k2qmax/ [ug,q* do < Ckzqmax/ |ulf]|2 dx .
D D

A

In particular,
Re(Fy) <an oI for all & > Cqmax,

and part (a) is proven.
We prove part (b) by contradiction. Let B € D, a < 0, and assume that

(5.4) oTp >gn Re(Fy).

Using the monotonicity relation (3.1) in Theorem 3.2 with g1 = 0 and ¢2 = ¢, we find
that there exists a finite dimensional subspace V C L2(S9~1) such that

(5.5) Re</ gF,g ds) > k2/ qluyl> de forallge V=",
Sd—1 D
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Combining (5.4) and (5.5) shows that there exists a finite dimensional subspace
V € L2(S471) such that

kza/ |u;|2 dz > k2/ q|u;|2 dz > k2qmin/ |u;|2 dz forall g e V*.
B D D

However, since a < 0, this contradicts Theorem 4.1 with ¢ = 0, which guarantees the
existence of a sequence (g, )men € V+ such that

a/ lul, |> do — —o0 and /|uf1m|2 dz —0.
B D

Hence, Re(Fy) — oI'’p must have infinitely many positive eigenvalues for all o < 0. O

Next we consider the general case, i.e., the contrast function ¢ is no longer required
to be either positive or negative a.e. on the support of all scattering objects. While in
the sign definite case the criteria developed in Theorems 5.1-5.2 determine whether
a certain probing domain B is contained in the support D of the scattering objects or
not, the criterion for the indefinite case established in Theorem 5.3 below characterizes
whether a certain probing domain B contains the support D of the scattering objects
or not.

THEOREM 5.3. Let B, D C R? be open and bounded such that R\ D is connected,
and let q € L8?+(Rd) with supp(q) = D. Suppose that —1 < Gumin < ¢ < Gmax <
a.e. on D for some constants qumin, ¢max € R.

Furthermore, we assume that for any point x € 0D on the boundary of D, and for
any neighborhood U C D of x in D, there exists an unbounded neighborhood O C R?
of x with ON D C U, and an open subset E C O N D, such that

(5.6)  qlo >0 and qlE > Gmin,g >0 or  qlo <0 and ¢|lg < gmax,g <0

for some constants qmin, E; Gmax,E € R.
(a) If D C B, then there exists a constant C > 0 such that

aTp <gan Re(Fy) <an 8T for all @ < min{0, gmin}, 8 > max{0, C¢max} -
(b) If D £ B, then

oTp £an Re(Fy) foranya e R or Re(Fy) £an BT for any B €R.

REMARK 5.4. The local definiteness property (5.6) in Theorem 5.3 is, e.g., always
satisfied, if the contrast function is piecewise analytic (see Appendix A of [26]) or if
the supports of the positive part and of the negative part of the constrast function
are well-separated from each other. O

Proof of Theorem 5.3. If D C B, then Corollary 3.4 and Theorem 4.5 with ¢; =0
and go = g show that there exists a constant C' > 0 and a finite dimensional subspace
V C L?(S%71) such that, for all g € V+ and any 8 > max{0, C¢max},

Re</ gF,g ds>
gd—1

IN

kz/ q|1L(17g|2 dz < kzqmax/ |1L(17g|2 dzx
D D

< k2CqmaX/ luf|? do < kzﬁ/ [ARGED
D B

A

As usual, the inequalities in (5.6) are to be understood pointwise almost everywhere.
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Similarly, Theorem 3.2 with ¢; = 0 and g2 = g shows that there exists a finite di-
mensional subspace V' C L%(S%1) such that, for all g € V* and any a < min{0, ¢uin},

Re / gm ds| > kz/ q|ui|2 do > k2qmin/ |ui|2 dz > kzoz/ |ui|2 dzx,
gd-1 p 7 p ? B 7

and part (a) is proven.

We prove part (b) by contradiction. Since D ¢ B, U := D \ B is not empty,
and there exists z € U N 9D as well as an unbounded open neighborhood O C R¢
of x with ON D C U, and an open subset E C O N D such that (5.6) is satisfied.
Furthermore, let R > 0 be large enough such that B, D C Bg(0).

We first assume that g|o > 0 and ¢|p > ¢min,z > 0, and that Re(Fy;) <gn 815 for
some 3 € R. Using the monotonicity relation (3.1) in Theorem 3.2 with ¢; = 0 and
q2 = ¢, we find that there exists a finite dimensional subspace V' C L?(S%~!) such
that, for any g € V+,

0= [ ol iTag) ds = B [ (g pxa)luf? do
Sd—1 Br(0)
= k2/ 7(q—6x3)|u§|2 d$+/€2/ (q—ﬁXB)|uf]|2 dz
BR(O)\O BR(O)ﬁO
>

(e + 161) [

|ug|2 dx + kzqmimE/ |ug|2 dx .
Br(0)\O E
However, this contradicts Theorem 4.1 with B = E, D = Br(0)\ O, and ¢ = 0, which
guarantees the existence of a sequence (g, )men C V+ with

/ |ugm|2 dz — oo and / |ugm|2 dz — 0 as m — 0o.
E Br(0)\O

Consequently, Re(Fy,) £an 815 for all g € R.

On the other hand, if ¢lo < 0 and ¢|g < gmax,g < 0, and if aTp <g, Re(Fy) for
some a € R, then the monotonicity relation (3.3) in Corollary 3.4 with ¢; = 0 and
g2 = q shows that there exists a finite dimensional subspace V' C L?(S971) such that,
for any g € V*,

0

IN

[ oeEg =T ds < 1 [ (qlugyl? - axalisl?) do
Sd—1 BR(O)

— 8 [ (g - axaliy) do B [ (glug - axalu ) do
Br(0)\O Br(0)NO
< qumaX/ |u(17g|2 dz + k%o |uf]|2 dz + kQQmax,E/ |1L(17g|2 do.
Br(0)\O Br(0O\O E
Applying Theorem 4.5 with D = Br(0)\ O, ¢; = 0, and ¢» = ¢ we find that there

exists a constant C' > 0 such that

0 S k2(CQmax + |OZ|>/ |uf7|2 dz + k2cqmax,E/ |uf]|2 de-
BrO\O B

However, since gmax,z < 0, this contradicts Theorem 4.1 with B = E, D = Br(0)\ O,
and ¢ = 0, which guarantees the existence of a sequence (g )men C V+ with

/ |u;m|2 dz — oo and / |u;m|2 dz — 0 as m — 0o.
E Br(0)\O
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Consequently, oT's Z5n Re(Fy) for all @ € R, which ends the proof of part (b). O

6. Numerical examples. In the following we discuss two numerical examples
for the two-dimensional sign-definite case to illustrate the theoretical results developed
in Theorems 5.1-5.2. The algorithm suggested below is preliminary, and does not
immediately extend to the indefinite case considered in Theorem 5.3.

We assume that far field observations u™(Zy; 0,,) are available for N equidistant

observation and incident directions
(6.1) Z1, 0 € {(cos dp,sing,) € S* | ¢ = (n—1)27/N, n=0,...,N — 1},
1 <1,m < N. Accordingly, the matrix

2 =R
(6.2) F, = W[u(’o(xzﬁm)hgz,mSN e CV*N,

approximates the far field operator F, from (2.6). If the support of the contrast
function g, i.e., of the scattering objects, is contained in the ball Bg(0) for some R > 0,
then it is appropriate to choose

(6.3) N > 2kR.

where as before k£ denotes the wave number, to fully resolve the relevant information
contained in the far field patterns (see, e.g., [15]).
We consider an equidistant grid on the region of interest

J
(6.4) [-R.R” = |J P R>0,
j=1
with quadratic pixels P; = z;+ [—%, %]2, 1 < j < J, where z; € R? denotes the center
of P; and h is its side length. In this case a short computation shows that for each
pixel P; the operator Tp, from (5.1) is approximated by the matrix

2T N2 ik (Om—00) (kh ) . (kh )] NxN
Tp, = ~ (kh)“e'"#i sinc{ 3 (0m—0:)1 ) sinc 5 (0 —01)2 1§l)m§N€ C )
Therewith, we compute the eigenvalues )\gj ), ceey A%) € R of the self-adjoint matrix
(6.5) Ap, = sign(q)(Re(F,) —oTp,), 1<ji<J.

For numerical stabilization, we discard those eigenvalues whose absolute values
are smaller than some threshold. This number depends on the quality of the data. If
there are good reasons to believe that Ap, is known up to a perturbation of size § > 0
(with respect to the spectral norm), then we can only trust in those eigenvalues with
magnitude larger than 0 (see, e.g., [14, Thm. 7.2.2]). To obtain a reasonable estimate
for §, we use the magnitude of the non-unitary part of S, := (Iy +1i/(4n)Fy), i.e. we
take 6 = [|SyS; — In||2, since this quantity should be zero for exact data and be of
the order of the data error, otherwise.

Assuming that the contrast function ¢ is either larger or smaller than zero a.e.
in supp(q), and that the parameter o € R satisfies the conditions in part (a) of
Theorems 5.1 or 5.2, respectively, we then simply count for each pixel P; the number
of negative eigenvalues of Ap,, and define the indicator function I : [-R, R)? - N,

(6.6) In(z) = #{DW |\ < -6, 1<n< N}, ifzeP.
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Fic. 6.1. Scatterers with positive contrast functions: Visualization of the indicator func-
tion I for three different parameters a = 0.01,0.1, and o = 1 (left to right) and three
different wave numbers k = 1,2, and k = 5 (top down). Ezact shape of the scatterers is
shown as dashed lines.

Theorems 5.1-5.2 suggest that I, is larger on pixels P; that do not intersect the
support supp(g) of the scattering object than on pixels P; contained in supp(q).

ExAMPLE 6.1. We consider two penetrable scatterers, a kite and an ellipse, with
positive constant contrast functions ¢ = 1 (kite) and ¢ = 2 (ellipse) as sketched in
Figure 6.1 (dashed lines), and simulate the corresponding far field matrix F, € C54*64
for N = 64 observation and incident directions as in (6.1) using a Nystrém method for
a boundary integral formulation of the scattering problem with three different wave
numbers k = 1,2, and k = 5.

In Figure 6.1, we show color coded plots of the indicator function I, from (6.6)
with threshold parameter § = 10714 (i.e., the number of negative eigenvalues smaller
than —§ = —107* of the matrix Ap, from (6.5) on each pixel P;) in the region of
interest [—5,5]% C R? for three different parameters @ = 0.01,0.1, and o = 1 (left
to right) and three different wave numbers £ = 1,2, and k¥ = 5 (top down). The
equidistant rectangular sampling grid on the region of interest from (6.4) consists
of 100 pixels in each direction.

Overall, the number of negative eigenvalues of the matrix Ap, increases with
increasing wave number, and it is larger on pixels P; sufficiently far away from the
support of the scatterers than on pixels P; inside, as suggested by Theorems 5.1-5.2.
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Fic. 6.2. Scatterers with negative contrast functions: Visualization of the indicator func-
tion I for three different parameters a = —0.001, —0.01, and o = —0.1 (left to right) and
three different wave numbers k = 1,2, and k = 5 (top down). Ezact shape of the scatterers
is shown as dashed lines.

The lower value always coincides with the number of negative eigenvalues of the real
part Re(Fy,) of the far field matrix from (6.2) that are smaller than the threshold —é.
The number of eigenvalues of Ap,, j = 1,...,J, whose absolute values are larger
than ¢ is approximately (on average) 25 (for k = 1), 36 (for k& = 2), and 62 (for
k =5), independent of «.

If the parameter « is suitably chosen, depending on the wave number, then the
lowest level set of the indicator function I, nicely approximates the support of the
two scatterers. O

EXAMPLE 6.2. In the second example, we consider three penetrable scatterers, a
kite, an ellipse and a nut-shaped scatterer, with negative constant contrasts ¢ = —0.8
(kite), ¢ = —0.4 (nut), and ¢ = —0.2 (ellipse) as sketched in Figure 6.2 (dashed
lines), and simulate the corresponding far field matrix F, € C'?®*128 for N = 128
observation and incident directions for three different wave numbers £ = 1,2, and
k = 5. We increase the number of discretization points because the diameter of the
support of this configuration of scattering objects is roughly twice as large as in the
previous example (i.e., to fulfill the sampling condition (6.3)).

In Figure 6.1, we show color coded plots of the indicator function I, from (6.6)
with threshold parameter § = 107! in the region of interest [—10,10]2 C R? for
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three different parameters o = —0.001, —0.01, and o = —0.1 (left to right) and three
different wave numbers k = 1,2, and k = 5 (top down). The equidistant rectangular
sampling grid on the region of interest from (6.4) on this region of interest consists of
100 pixels in each direction.

Again, the number of negative eigenvalues of the matrix Ap, increases with in-
creasing wave number, and it is larger on pixels P; sufficiently far away from the
support of the scatterers than on pixels P; inside, in compliance with Theorems 5.1
5.2. The lower value always coincides with the number of positive eigenvalues of the
matrix Re(F}) from (6.2) that are larger than the threshold § = 1074, The number
of eigenvalues of Ap,, j =1,...,J, whose absolute values are larger than ¢ is approx-
imately (on average) 39 (for k = 1), 60 (for k = 2), and 115 (for k£ = 5), independent
of a.

If the parameter « is suitably chosen, depending on the wave number, then the
support of the indicator function I, approximates the support of the three scatterers
rather well. O

An efficient and suitably regularized numerical implementation of the theoretical
results developed in Theorems 5.1-5.3 is beyond the scope of this article, and the
preliminary algorithm discussed in this section cannot be considered competitive when
compared against state-of-the-art implementations of linear sampling or factorization
methods. The numerical results in the Examples 6.1-6.2 have been obtained for highly
accurate simulated far field data. Further numerical tests showed that the algorithm
is rather sensitive to noise in the data.

Conclusions. We have derived new monotonicity relations for the far field oper-
ator for the inverse medium scattering problem with compactly supported scattering
objects, and we used them to provide novel monotonicity tests to determine the sup-
port of unknown scattering objects from far field observations of scattered waves
corresponding to infinitely many plane wave incident fields. Along the way we have
shown the existence of localized wave functions that have arbitrarily large norm in
some prescribed region while having arbitrarily small norm in some other prescribed
region.

When compared to traditional qualitative reconstructions methods, advantages of
these new characterizations are that they apply to indefinite scattering configurations.
Moreover, these characterizations are independent of transmission eigenvalues. How-
ever, although we presented some preliminary numerical examples for the sign definite
case, a stable numerical implementation of these monotonicity tests still needs to be
developed.

Acknowledgments. This research was initiated at the Oberwolfach Workshop
“Computational Inverse Problems for Partial Differential Equations” in May 2017
organized by Liliana Borcea, Thorsten Hohage, and Barbara Kaltenbacher. We thank
the organizers and the Oberwolfach Research Institute for Mathematics (MFO) for
the kind invitation.

REFERENCES

(1] L. Arnold and B. Harrach. Unique shape detection in transient eddy current problems. Inverse
Problems, 29(9):095004, 2013.

[2] A.Barth, B. Harrach, N. Hyvonen, and L. Mustonen. Detecting stochastic inclusions in electrical
impedance tomography. Inverse Problems, 33(11):115012, 2017.



24
3]
[4]
[5]
[6]

7]

(8]

[9]

[10] H.

(11]
12]
(13]
[14]
(15]
[16]

[17)
(18]

(19]
20]
(21]
(22]

(23]

[24]
25]
[26]
27]
28]

[29]
(30]

(31]

(32]

R. GRIESMAIER AND B. HARRACH

T. Brander, B. Harrach, M. Kar, and M. Salo. Monotonicity and enclosure methods for the

M.

p-Laplace equation. SIAM J. Appl. Math., accepted for publication.
Briihl. Explicit characterization of inclusions in electrical impedance tomography. SIAM J.
Math. Anal., 32(6):1327-1341, 2001.

F. Cakoni and D. Colton. A qualitative approach to inverse scattering theory. Springer, New

York, 2014.

F. Cakoni, D. Colton, and H. Haddar. Inverse scattering theory and transmission eigenvalues,

volume 88 of CBMS-NSF Regional Conference Series in Applied Mathematics. Society for
Industrial and Applied Mathematics (STAM), Philadelphia, PA, 2016.

F. Cakoni, D. Colton, and P. Monk. The linear sampling method in inverse electromagnetic

scattering, volume 80 of CBMS-NSF Regional Conference Series in Applied Mathematics.
Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 2011.

D. Colton and A. Kirsch. A simple method for solving inverse scattering problems in the reso-

nance region. Inverse Problems, 12(4):383-393, 1996.

D. Colton and R. Kress. Inverse acoustic and electromagnetic scattering theory. Springer, New

H.

H
B
G
R
M
B.
B
B
B
B
B
B

L = = 1< vo R ve R ve R ve R ¥

York, third edition, 2013.

Garde. Comparison of linear and non-linear monotonicity-based shape reconstruction using
exact matrix characterizations. Inverse Probl. Sci. Eng., 26(1):33-50, 2018.

Garde and S. Staboulis. Convergence and regularization for monotonicity-based shape re-
construction in electrical impedance tomography. Numer. Math., 135(4):1221-1251, 2017.

. Garde and S. Staboulis. The regularized monotonicity method: detecting irregular indefinite

inclusions. arXiv preprint arXiv:1705.07372, 2017.

. Gebauer. Localized potentials in electrical impedance tomography. Inverse Probl. Imaging,

2(2):251-269, 2008.

. H. Golub and C. F. Van Loan. Matriz computations. Johns Hopkins Studies in the Mathe-

matical Sciences. Johns Hopkins University Press, Baltimore, MD, third edition, 1996.

. Griesmaier and J. Sylvester. Uncertainty principles for inverse source problems, far field

splitting, and data completion. SIAM J. Appl. Math., 77(1):154-180, 2017.

. Hanke and A. Kirsch. Sampling methods. In O. Scherzer, editor, Handbook of Mathematical

Models in Imaging, pages 501-550. Springer, 2011.
Harrach. On uniqueness in diffuse optical tomography. Inverse Problems, 25(5):055010, 2009.

. Harrach. Simultaneous determination of the diffusion and absorption coefficient from bound-

ary data. Inverse Probl. Imaging, 6(4):663-679, 2012.

. Harrach. Recent progress on the factorization method for electrical impedance tomography.

Comput. Math. Methods Med., page 425184, 2013.

. Harrach, E. Lee, and M. Ullrich. Combining frequency-difference and ultrasound modulated

electrical impedance tomography. Inverse Problems, 31(9):095003, 2015.

. Harrach and Y.-H. Lin. Monotonicity-based inversion of the fractional Schrédinger equation.

arXiv preprint arXiv:1711.05641, 2017.

. Harrach and M. N. Minh. Enhancing residual-based techniques with shape reconstruction

features in electrical impedance tomography. Inverse Problems, 32(12):125002, 2016.

. Harrach and M. N. Minh. Monotonicity-based regularization for phantom experiment data in

electrical impedance tomography. In B. Hofmann, A. Leitao, and J. P. Zubelli, editors, New
Trends in Parameter Identification for Mathematical Models, Trends Math., pages 107—120.
Springer International, 2018.

. Harrach, V. Pohjola, and M. Salo. Monotonicity and local uniqueness for the Helmholtz

equation. arXiv preprint arXiv:1709.08756, 2017.

. Harrach and J. K. Seo. Exact shape-reconstruction by one-step linearization in electrical

impedance tomography. SIAM J. Math. Anal., 42(4):1505-1518, 2010.

. Harrach and M. Ullrich. Monotonicity-based shape reconstruction in electrical impedance

tomography. SIAM J. Math. Anal., 45(6):3382-3403, 2013.

. Harrach and M. Ullrich. Resolution guarantees in electrical impedance tomography. IEEE

Trans. Med. Imaging, 34:1513-1521, 2015.

. Harrach and M. Ullrich. Local uniqueness for an inverse boundary value problem with partial

data. Proc. Amer. Math. Soc., 145(3):1087-1095, 2017.

. Ikehata. Size estimation of inclusion. J. Inverse Ill-Posed Probl., 6(2):127-140, 1998.
. Kang, J. K. Seo, and D. Sheen. The inverse conductivity problem with one measurement:

stability and estimation of size. SIAM J. Math. Anal., 28(6):1389-1405, 1997.

. Kirsch. Characterization of the shape of a scattering obstacle using the spectral data of the

far field operator. Inverse Problems, 14(6):1489-1512, 1998.

. Kirsch. Factorization of the far-field operator for the inhomogeneous medium case and an

application in inverse scattering theory. Inverse Problems, 15(2):413-429, 1999.



(33]
(34]
(35]
(36]
(37)

(38]

(39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

R

L.

MONOTONICITY IN INVERSE MEDIUM SCATTERING 25

. Kirsch. The MUSIC algorithm and the factorization method in inverse scattering theory for
inhomogeneous media. Inverse Problems, 18(4):1025-1040, 2002.

. Kirsch. An introduction to the mathematical theory of inverse problems. Springer, New
York, second edition, 2011.

. Kirsch. Remarks on the Born approximation and the factorization method. Appl. Anal.,
96(1):70-84, 2017.

. Kirsch and N. Grinberg. The factorization method for inverse problems. Oxford University
Press, Oxford, 2008.

. Kirsch and A. Lechleiter. The inside—outside duality for scattering problems by inhomoge-
neous media. Inverse Problems, 29(10):104011, 2013.

. Lakshtanov and A. Lechleiter. Difference factorizations and monotonicity in inverse medium
scattering for contrasts with fixed sign on the boundary. SIAM J. Math. Anal., 48(6):3688—
3707, 2016.

. Lechleiter. The factorization method is independent of transmission eigenvalues. Inverse
Probl. Imaging, 3(1):123-138, 2009.

. Maffucci, A. Vento, S. Ventre, and A. Tamburrino. A novel technique for evaluating the
effective permittivity of inhomogeneous interconnects based on the monotonicity property.
IEEE Transactions on Components, Packaging and Manufacturing Technology, 6(9):1417—
1427, 2016.

. Potthast. A survey on sampling and probe methods for inverse problems. Inverse Problems,
22(2):R1-R47, 2006.

. Su, L. Udpa, G. Giovinco, S. Ventre, and A. Tamburrino. Monotonicity principle in pulsed

eddy current testing and its application to defect sizing. In Applied Computational Electro-
magnetics Society Symposium-Italy (ACES), 2017 International, pages 1-2. IEEE, 2017.

. Tamburrino and G. Rubinacci. A new non-iterative inversion method for electrical resistance
tomography. Inverse Problems, 18(6):1809-1829, 2002.

. Tamburrino, Z. Sua, S. Ventre, L. Udpa, and S. S. Udpa. Monotonicity based imaging
method in time domain eddy current testing. FElectromagnetic Nondestructive Evaluation
(XIX), 41:1, 2016.

. Ventre, A. Maffucci, F. Caire, N. Le Lostec, A. Perrotta, G. Rubinacci, B. Sartre, A. Vento,

and A. Tamburrino. Design of a real-time eddy current tomography system. IEEE Trans-
actions on Magnetics, 53(3):1-8, 2017.

Zhou, B. Harrach, and J. K. Seo. Monotonicity-based electrical impedance tomography for
lung imaging. Inverse Problems, 34(4):045005, 25, 2018.






ERRATUM: MONOTONICITY IN INVERSE MEDIUM
SCATTERING ON UNBOUNDED DOMAINS
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Abstract. We correct a mistake in the proof of Theorem 5.3 in [R. Griesmaier and B. Harrach.
SIAM J. Appl. Math., 78(5):2533-2557, 2018].
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1. An error in the proof of Theorem 5.3 in [3]. At the end of the proof
of Theorem 5.3 in [3] “Applying Theorem 4.5 with D = Bg(0) \ O, ¢ = 0, and
g2 = q ...” is not possible, because the assumption of Theorem 4.5 in [3] that
q1(z) = q2(z) for a.e. z € R?\ D is not satisfied for this choice of D, ¢; and gs.

To fix this issue we will extend the results on localized wave functions from Sec-
tion 4 of [3] in Section 2 below. Then, in Section 3 we will reformulate Theorem 5.3
of [3], making stronger assumptions on the domains and on the index of refraction,

and we will correct the final argument in the original proof in [3].

2. Simultaneously localized wave functions. We establish the existence of
simultaneously localized wave functions that have arbitrarily large norm on some
prescribed region E C R? while at the same time having arbitrarily small norm in
a different region M C R?, assuming among others that R?\ (E U M) is connected.
The result generalizes Theorem 4.1 in [3] in the sense that we not only control the
total field but also the incident field. Similar results have recently been established for
the Schrodinger equation in [4, Thm. 3.11] and for the Helmholtz obstacle scattering
problem in [1, Thm. 4.5].

THEOREM 2.1. Suppose that q € Lg°, (RY), and let E, M C R? be open and Lips-
chitz bounded such that supp(q) C EUM, R\ (EUM) is connected, and ENM = ().
Assume furthermore that there is a connected subset ' C OE \ M that is relatively
open and C*' smooth.

Then for any finite dimensional subspace V. C L?(S?~1) there exists a sequence
(gm)men C V*+ such that

/ |u(Mm|2 dr — oo and / (|Uq,gm|2 + |u;m|2) de — 0 as m — 00,
E M
where u g, € H (RY) are given by (2.8a)—(2.8b) in [3] with g = gm.

The proof of Theorem 2.1 relies on the following three lemmas.

LEMMA 2.2. Suppose that q € L8?+(Rd), let n?> = 1+q, and assume that D C R?
is open and bounded. We define

Lgp: L*(S%Y) = HY (D), g~ ugglp,
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rach@math.uni-frankfurt.de).
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where ug,, € HL (R?) is given by (2.8b) in [3]. Then Ly p is a linear operator and
its adjoint is given by

L:p:HY(D)* = L*(S*), fe Sjw™,

where H'(D)* is the dual of H'(D), S denotes the adjoint of the scattering operator
from (2.7) in [3], and w™ € L%(S971) is the far field pattern of the radiating solution
w € HL (R?) to

(2.1) Aw+ E*n*w = —f  inR?.
Proof. This follows from the same arguments that have been used in the proof of

Lemma 4.2 in [3]. O

LEMMA 2.3. Suppose that q € Lg°,. (RY), and let E, M C R? be open and Lipschitz

bounded such that supp(q) € EUM, R\ (EU M) is connected, and E N M = 0.
Assume furthermore that there is a connected subset T' C OE \ M that is relatively
open and C*' smooth. Then,

R(Lyp) € R((Lon L))
and there exists an infinite dimensional subspace Z C R(L;E) such that
ZOR((Ln L)) = {0},

Proof. Let h € R(L; 5) "R((L; s Lo ar))- Then Lemma 2.2 shows that there
exist fo.g € HY(E)* and fym, foom € H'(M)* such that the far field patterns
Wiy, wyoy, wooy of the radiating solutions wy, g, wy,ar, wo, M € HE (RY) to

Awg g+ k(1+Quor = —fu5 in R,
Awgar + K (1+ Qwgnr = —fom in R,
Awo,u + k*won = —four in R?,

satisty
i *, 00 _ o) * 00
h = Sqw%E = wO)M+Sqwq7M.

Here we used that Sy is the identity operator. Accordingly, using the definition of the
scattering operator in (2.7) of [3], we find that

= Wyp — Wens — Wonr — 2ik|Cd|2qu8)°M
where v° is the far field of a radiating solution v, € HJ._(R?) to
Avg +k*(1+qvg, =0  inRY.

Since supp(q) € EU M and R?\ (E U M) is connected, Rellich’s lemma and unique
continuation guarantee that

(2.2) Wy B — (Wgnr +worr +vg) =0  in R\ (EUM)
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(cf., e.g., [2, Thm. 2.14]).

Next we discuss the regularity of the traces of wy g and wg ar + wo,pr + vq at
the boundary segment I' C OF \ M. W.lo.g. we may assume that I' is bounded
away from M. Since supp(fqa + fo,m) € M, interior regularity results (see, e.g.,
[7, Thm. 4.18]) show that (wg,ar + wo,nr + vg)|. € HZ(T). Thus (2.2) implies that
wq,E|lir € H2(T') as well.

On the other hand, let H2 (T') be the closure of D(T') in H2 (T) (sce, e.g., [7, p. 99]).
We will construct sources f € H'(E)* such that L} ,f ¢ R((L:ar Loas)). Given
any g € H? (I'), we denote by g € Hz (OF) its extension to OF by zero. Accordingly,
let ut € HL .(R?\ E) be the radiating solution to the exterior Dirichlet problem

(2.3) Aut +E*n?ut =0 in R\ E, ut =9 ondE.
Similarly, we define u~ € H'(E) as the solution to the interior Dirichlet problem
Ay~ =0 in FE, u~ =g ondFE.

Therewith we introduce u € L2 _(R%) by

loc
uw- in F,
u = —
ut inRI\E,
and f € H'(E)* by

olos ~ o)

e 12,2, — _ ¢
f = —k“n“u ”y(ay

oE  Ov

where v* : H2(9E) — H'(E)* denotes the adjoint of the interior trace operator
v:HY(E) — H2(dE). Then u € HL_(R?) (see, e.g., [8, Lmm. 5.3]), and

Au+ E*n’*u = —f in R?

(see, e.g., [7, Lmm. 6.9]). Accordingly, L] pf = S;u™, where u™ € L2(8971)
coincides with the far field of the radiating solution u% to the exterior Dirichlet
problem (2.3). If § ¢ H2(E), then our regularity considerations above show that
Lipf € R((Loar L))

Now let X C H=(T') be an infinite dimensional subspace of Hz(T') such that
XNH2(') = {0} (e.g., the subspace of piecewise linear functions on I' that vanish
on AT as considered in the proof of Lemma 4.6 in [1]). Let G : Hz () — L2(S% 1) be
the operator that maps g € H 2 (T) to the far field pattern of the radiating solution u™
of (2.3), where § € Hz(JE) is again the extension of g to OE by zero. Then Gp is
one-to-one (see, e.g., [1, Thm. 3.2]), and thus Z := S;Gg(X) is infinite dimensional.
Furthermore, we have just shown that

ZER(Wyy)  ad  ZOR((Ly Lia)) = {0}

In the next lemma we quote a special case of Lemma 2.5 in [6].
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LEMMA 2.4. Let X,Y and Z be Hilbert spaces, andlet A: X —Y and B: X — Z
be bounded linear operators. Then,

3C >0: ||Az|| < C|Bz|| VzeX if and only if  R(A*) C R(B").

Now we give the proof of Theorem 2.1.

Proof of Theorem 2.1. Let V. C L?(S971) be a finite dimensional subspace. We
denote by Py : L?(S91) — L2(S?"!) the orthogonal projection on V. Combining
Lemma 2.3 with a simple dimensionality argument (see [5, Lmm. 4.7]) shows that

2 ¢ R((Lon Low)) +V = R((Lom Lo Tv)),

where Z C R(L} ) denotes the subspace in Lemma 2.3. Thus,

R(Lop) € R((Lanr Low)) +V = R((Loa Lo Pr)),
and accordingly Lemma 2.4 implies that there is no constant C' > 0 such that

) Lqm 2
CH Lowm | g

Py
= C?(ILg,m9l72ary + I1Lo,ml172(ar) + 1 Prall7ecsary)

IN

I Lg. 29172 (i)

L2(M)xL2(M)xL?(S4-1)

for all g € L2(S91). Hence, there exists as sequence (Gm)men C L?(S971) such that

||Lq,E§m||L2(E) — 00,
| Lg.asgmllz2ary + [ Lo,pGm | L2 ary + [Py mllp2(sa-1y =0 as m — oco.

Setting gm := Gm — Pvgm € V- C L2(S971) for any m € N, we finally obtain

1Lq,29mllL2E) = |Lg,BGmlL2m) = LBl Py gmllL2(se-1) = 00 asm — o0,

and

| Lg,mgmllL2ary + (| Lopgmllzary < 1 Lg,mGmll2ary + 11 Lo,mGmll 2 an)
+ ([ Lg,m |l + | Lo ma DI PvGmll L2 (sa-1) — 0 asm — oo.

Since Lg pgm = Uq,g,,|E> LgMGm = Uqg,,|m, and Lo yvgm = uj, |a, this ends the
proof. a

3. Correction of the statement and of the proof of Theorem 5.3 in [3].

THEOREM 3.1. Let B,D C R be open and Lipschitz bounded such that 0D is
piecewise C1* smooth, and R*\ B as well as R\ D are connected. Let q € L, (R)
with supp(q) = D, and suppose that —1 < Gumin < ¢ < @max < 00 a.e. on D for some
constants Gmin, Gmax € R.

Furthermore, we assume that for any point x € 0D on the boundary of D, there
exists a connected unbounded neighborhood O C R of x such that, for E:= O N D,

(3.1) q/E > Gmin,g >0 or 9B < gmax,p <0

for some constants qmin, E; Gmax,E € R.
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(a) If D C B, then there exists a constant C > 0 such that
aTp <gan Re(Fy) <an 8T for all « < min{0, gmin}, 8 > max{0, C¢max} -
(b) If D € B, then
oTp %an Re(Fy) foranya € R or Re(Fy) €an 8T for any B €R.

REMARK 3.2. The assumptions on B and D as well as the local definiteness as-
sumption (3.1) in Theorem 3.1 are stronger than in the original version of Theorem 5.3
in [3]. O

Proof of Theorem 3.1. If D C B, then Corollary 3.4 and Theorem 4.5 in [3] with
¢q1 = 0 and ¢2 = ¢ show that there exists a constant C' > 0 and a finite dimensional
subspace V' C L?(S%1) such that, for all g € V* and any 38 > max{0, C¢max},

Re</ gF,g ds>
gd—1

IN

k2/ q|1L(17g|2 dz < qumaX/ |1L(17g|2 dzx
D D

< kQCqmaX/ |u;|2 dz < k2ﬁ/ |u;|2 dz.
D B

A

Similarly, Theorem 3.2 in [3] with ¢; = 0 and g2 = ¢ shows that there exists
a finite dimensional subspace V' C L?(S?7!) such that, for all ¢ € V+ and any
a< min{O, Qmin}a

Re(/ gF,9 ds) > k2/ qlug|* do > kzqmin/ luf|® da > k2a/ luf|* da,
Sd—1 D D B

and part (a) is proven.

We prove part (b) by contradiction. Since D € B, U := D\ B is not empty, and
there exists € UNAD as well as a connected unbounded open neighborhood O C R¢
of zx with OND C U and O N B = (), such that (3.1) is satisfied with £ := O N D.
Furthermore, let R > 0 be large enough such that B, D C Bg(0). Without loss of
generality we assume that O N Br(0), and Bg(0) \ O are connected.

We first assume that ¢|g > ¢min,z > 0, and that Re(Fy) <gn ST for some 5 € R.
Using the monotonicity relation (3.1) in Theorem 3.2 of [3] with ¢; = 0 and ¢2 = ¢,
we find that there exists a finite dimensional subspace V C L2?(S%~!) such that, for
any g € V*,

o
Y

/ 9(Re(Fy)g — BTpg) ds > k2/ (¢ — Bxs)|uy|* dz
gd—1 Br(0)

R / (g Bxp)l P de + K2 / (¢ Axp)luif? do
BR(O)\O BR(O)ﬁO

Y

(gl o ) + 18) /

Br(0)\

7|uf]|2 dx+k2qmin7E/ |u‘f]|2 dz.
O E

However, this contradicts Theorem 4.1 in [3] with B = E, D = Bg(0)\ O, and ¢ = 0,
which guarantees the existence of a sequence (g, )men C V+ with

/ |u;m|2 dz — oo and / |u;m|2 dz — 0 as m — 0o.
E Br(0)\O
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Consequently, Re(Fy) £sn 815 for all 5 € R.

On the other hand, if ¢|g < gmax,r < 0, and if aTs <gn Re(Fy) for some a € R,
then the monotonicity relation (3.3) in Corollary 3.4 of [3] with ¢ = 0 and ¢2 = ¢
shows that there exists a finite dimensional subspace V' C L2(S9~1) such that, for
any g € V4,

o
IN

[ oeEg =T ds < 1 [ (qlugyl? - axalisl?) do
Sd—1 BR(O)

= [ el s ek [ Gl sl ) d
Br(ON\O Br(0)nO

IN

qumaX/ _|u(17g|2 dz + k?|a _|u§|2 dx+k2qmax1E/ |1L(17g|2 do.
Br(0)\O Br(0)\O E

Let M := Bg(0) \ O. Since D is piecewise C'! smooth, there is a connected subset
I' C OE \ M that is relatively open and C'! smooth. Applying Theorem 2.1 we find
that there exists a sequence (gm)men € V* such that

/ |tg.g,,|° dz — 0o and / [tg.gm | + |uf]m|2 dz — 0 as m — 00.
E Br(0)\O ’

However, since gmax,z < 0, this gives a contradiction. Consequently, oI5 Zgn Re(Fy)

for all o € R, which ends the proof of part (b). d
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