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DYNKIN GAMES WITH POISSON RANDOM INTERVENTION
TIMES*

GECHUN LIANG, HAODONG SUN'

Abstract. This paper introduces a new class of Dynkin games, where the two players are
allowed to make their stopping decisions at a sequence of exogenous Poisson arrival times. The value
function and the associated optimal stopping strategy are characterized by the solution of a backward
stochastic differential equation. The paper further provides a replication strategy for the game, and
applies the model to study the optimal conversion and calling strategies of convertible bonds, and
their asymptotics when the Poisson intensity goes to infinity.

Key words. constrained Dynkin game, penalized BSDE, optimal stopping strategy, replication
strategy, convertible bond.

AMS subject classifications. 60G40, 91A05, 91G80, 93E20.

1. Introduction. Dynkin games are the games on stopping times, where two
players determine their optimal stopping times as their strategies. The game was
first introduced by Dynkin [14], and later generalized by Neveu [28] in 1970s. In this
game, two players observe two stochastic processes, say L and U, and their aims are
to maximize/minimize the expected value of the payoff

R(J, T) = Lrl{q—ga} + Ug]l{g<.,.}

over stopping times 7 and o, respectively. In a discrete-time setting, under the as-
sumption that U > L, Neveu proved the existence of the game value and its associated
optimal strategy.

Since then, there has been a considerable development of Dynkin games. The
corresponding continuous time models were developed, among others, by Bismut [6],
Alario-Nazaret et al [1], Lepeltier and Maingueneau [21] and Morimoto [27]. In order
to relax the condition U > L, Yasuda [36] proposed to extend the class of strategies
to randomized stopping times, and proved that the game value exists under merely
an integrability condition. Rosemberg et al [30], Touzi and Vielle [34] and Laraki and
Solan [19] further extended his work in this direction. If the two players in the game
are with asymmetric payoffs, then it gives arise to a nonzero-sum Dynkin game. See,
for example, Hamadene and Zhang [16] and more recently De Angelis et al [12] with
more references therein. A robust version of Dynkin games can be found in Bayraktar
and Yao [3] if the players are ambiguous about their probability model.

The setups in all the aforementioned works are either in continuous time where
stopping times take any value in a certain time interval, or in discrete time where
stopping times only take values in a pre-specified time grid. In this paper, we consider
a hybrid of continuous and discrete times, and introduce a new type of Dynkin games,
where both players are allowed to stop at a sequence of random times generated by an
exogenous Poisson process serving as a signal process. We call such a Dynkin game a
constrained Dynkin game.

The underlying Poisson process can be regarded as an exogenous constraint on
the players’ abilities to stop, so it may represent the liquidity effect, i.e. the Poisson
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2 Gechun Liang and Haodong Sun

process indicates the times at which the underlying stochastic processes are available
to stop. Moreover, the Poisson process can also be seen as an information constraint.
The players are allowed to make their stopping decisions at all times, but they are
only able to observe the underlying stochastic processes at Poisson times.

Our first main result is Theorem 2.3, which characterizes the value of the con-
strained Dynkin game and its associated optimal stopping strategy in terms of the
solution of a penalized backward stochastic differential equation (BSDE). The latter
is widely used to approximate the solution of a reflected BSDE with double obstacles
and the corresponding continuous time Dynkin game. The main idea to solve the con-
strained Dynkin game is to introduce a family of auxiliary games (see (3.9)-(3.10)),
for which standard dynamic programming principle holds. Furthermore, following
from the convergence of penalized BSDE to reflected BSDE (see, for example, [11]
and [15]) and the penalized BSDE characterization (2.6) of the constrained Dynkin
game, we also make a connection with standard Dynkin games in continuous time.
That is, the value of the constrained Dynkin game will converge to the value of its
continuous time counterpart when the Poisson intensity goes to infinity.

Our second main result is about replication of the constrained Dynkin game (see
Theorem 5.1). This has an application to the hedging problems in finance. In the
existing literature of financial applications of optimal stopping with Poisson times,
the vast majority of papers focus on the risk-neutral valuation without even men-
tioning the issue of hedging (see [13] and [20] among others). This somewhat lacks a
foundation since, as is well known, the major argument supporting the risk-neutral
valuation is the existence of hedging strategies. We address this issue by constructing
a replication strategy for the constrained Dynkin game (which in particular covers the
optimal stopping case). For such a replication problem, a new element is the jump risk
stemming from the Poisson process. To hedge this jump risk, we introduce a pricing
process generated by the jump times of the Poisson process. We then construct the
replication strategies recursively for a sequence of constrained Dynkin games starting
from different Poisson arrival times, and for each game, the replication strategy is
constructed via two linear BSDEs. The first BSDE is used to replicate the payoff of
the game before the next jump time, and the second equation is used to replicate the
payoff after this jump time.

With the above replication strategies behind the risk-neutral valuation, we then
apply the constrained Dynkin game to study convertible bonds. In a convertible bond,
the bondholder decides whether to keep the bond to collect coupons or to convert it to
the firm’s stocks. She will choose a conversion strategy to maximize the bond value.
On the other hand, the issuing firm has the right to call the bond, and presumably
acts to maximize the equity value of the firm by minimizing the bond value. This
creates a two-person, zero-sum Dynkin game.

Traditionally, convertible bond models often assume that both the bond holder
and the firm are allowed to stopped at any stopping time adapted to the firm’s fun-
damental (such as its stock prices). In reality, there may exist some liquidation con-
straint as an external shock, and both players only make their decisions when such
a shock arrives. We model such a liquidation shock as the arrival times of an exoge-
nous Poisson process, and thus the convertible bond model falls into the framework
of constrained Dynkin games. A similar idea has first appeared in the modeling of
debt run problems (see [23]), which can be formulated as optimal stopping problems
with Poisson arrival times.

Furthermore, in a Markovian setting, we derive explicitly the optimal stopping
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strategies for both the bondholder and the firm. We show that if the initial stock
price is not too high (otherwise the game will stop at the first Poisson arrival time),
the optimal stopping rules of the two players depend on the relationship between the
coupon rate ¢, dividend rate ¢, interest rate r and surrender price K. For the firm,
its optimal stopping strategy is to either call the bond back as soon as possible (if
¢ > rK) or postpone the calling time of the bond as late as possible (if ¢ < rK). In
contrast, the investor’s optimal stopping strategy depends on the relationship between
c and ¢K. If ¢ > gK, the investor will delay her conversion time as late as possible;
if ¢ < ¢K, her conversion strategy is determined by an optimal conversion boundary,
the latter of which is obtained by solving a free boundary problem.

Turning to the literature, the optimal stopping problem with constraints on the
stopping times was introduced by Dupuis and Wang [13], when they used it to model
perpetual American options exercised at exogenous Poisson arrival times. See also
Lempa [20] and Menaldi and Robin [25] for further extensions of this type of optimal
stopping problems. On the other hand, Liang [22] made a connection between such
kind of optimal stopping problems with penalized BSDE. The corresponding optimal
switching (impulse control) problems were studied by Liang and Wei [24] and more
recently by Menaldi and Robin [26] with more general signal times and state spaces.

The study of convertible bonds dated back to Brennan and Schwartz [7] and
Ingersoll [17]. However, it was Sirbu et al [31] who first analyzed the optimal strategy
of perpetual convertible bonds (see also Sirbu and Shreve [32] for the finite horizon
counterpart). They reduced the problem from a Dynkin game to an optimal stopping
problem, and discussed when call precedes conversion and vice versa. Several more
realistic features of convertible bonds have been taken into account since then. For
example, Bielecki et al [4] considered the problem of the decomposition of a convertible
bond into bond component and option component. Crepey and Rahal [10] studied
the convertible bond with call protection, which is typically path dependent. Chen
et al [9] considered the tax benefit and bankruptcy cost for convertible bonds. For
a complete literature review, we refer to the aforementioned papers with references
therein.

The paper is organized as follows. Section 2 contains the problem formulation and
main result, with its proof provided in section 3. In section 4, we establish a connection
with standard Dynkin games. Section 5 is about replication of the constrained Dynkin
game. In section 6, we apply the constrained Dynkin game to study the convertible
bonds in a Markovian setting, and derive the explicit optimal stopping strategies and
the corresponding free boundaries under various situations. Section 7 carries out an
asymptotic analysis of the game values and the free boundaries when the Poisson
intensity goes to infinity.

2. Constrained Dynkin games. Let (W;);>0 be a d-dimensional standard
Brownian motion defined on a filtered probability space (Q, F,F = (F})i>0,P) with
F being the minimal augmented filtration of W. Let (T});>0 be the arrival times of
an independent Poisson process with intensity A and minimal augmented filtration
H = (#H¢)t>0. Denote the smallest filtration generated by F and H as G = (Gy):>0, i.e.
G = F: V H;. Without loss of generality, we also assume that Ty = 0 and T, = oo.

Let T be a finite F-stopping time representing the terminal time of the game,
and £ be an Fp-measurable random variable representing the corresponding payoff.
Define a random variable M : Q — N such that T}, is the next Poisson arrival time
after T, i.e. M(w) = 2121 i]l{Ti_l(w)gT(w)<Ti(w)}-
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For any integer ¢ > 0, define the control set
R, () = {G-stopping time 7 for 7(w) = Ty (w) where i < N < M(w)}.

The subscript T; in Ry, (A) represents the smallest stopping time that is allowed to
choose, and A represents the intensity of the underlying Poisson process.

Consider the following constrained Dynkin game, where two players choose their
respective stopping times 0,7 € Ry, (A) in order to minimize/maximize the expected
value of the discounted payoff
(2.1)

o ANTAT
R(Ua T) = / eiTsfs d5+eirT§]]-{a/\‘r2T}+67TTLT]]-{T<T,T§U}+67TUUU ]]-{U'<T,O'<T}7
0

where r > 0 is the discount rate, and f, as a real-valued F-progressively measurable
process, is the running payoff. The terminal payoff is U if ¢ happens firstly, L if 7
happens firstly or ¢ and 7 happen simultaneously, and £ otherwise, where L and U
are two real-valued IF-progressively measurable processes.

Let us define the upper and lower values of the constrained Dynkin game

2.2 7 inf sup B[R '
( ) UERTI(A) TERT, (N [ ( )]

2.3 A= su inf E[R(o,7)].
( ) TGRTI?(A)”ERTl(A) [( )]

<

A, Tt is standard to show
such that E [R(c*,7)] <
), then the value of this

The game (2.2)-(2.3) is said to have value v if v} = 7* = v,
that if there exists a saddle point (¢*,7*) € Ry, (A) X R ( )
E[R(o*,7%)] < E[R(o,7*)] for every (0,7) € Ry, (A) X R, (A
game exists and equals to v* = E[R(c*,7")].

There are two new features of the above constrained Dynkin game. First, there is
a control constraint in the sense that only stopping at Poisson arrival times is allowed.
Second, the players are not allowed to stop at the initial starting time. Instead, they
are only allowed to stop from the first Poisson time onwards.

We also consider an auxiliary game related to the above constrained Dyknin game
by replacing the control set in (2.2)-(2.3) with Rz, (A), so the players are also allowed
to stop at the initial starting time. That is

<A

24 v = inf sup ER ’
( ) dERT(N) TERT,(N) [ ( )]
(2.5) o= sup _inf E[R(o,7)].

TER 1, (A) TERT, (A)

Note that the difference between (2.4)-(2.5) and (2.2)-(2.3) is that the former is allowed
to stop at the initial starting time Ty = 0, while the latter not. In other words, the
players in (2.4)-(2.5) first make their stopping decisions and then move forward, while
n (2.2)-(2.3) they first move forward and then make their decisions. We shall show
that if the game (2.2)-(2.3) has value v*, then the value of (2.4)-(2.5) also exists and
is given by ©* = min{Uy, max{v*, Ly}}, so the key is to solve the game (2.2)-(2.3).
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2.1. Main result. To solve the above constrained Dynkin games, we introduce
the following BSDE defined on a random horizon [0, T':

T T

[fs A (L= V) (2 vyt —rvj} ds—/ Z> dw,
tAT

(2:6) Vir =6+

tAT
for t > 0. Note that the above BSDE (2.6) is often used to construct the solution of
a reflected BSDE with two reflecting barriers L and U (cf. (4.3)). Intuitively, when
VA falls below L (or goes above U), there will be a penalty A\(L —V?*) (or A(VA —U))
incurred, so BSDE (2.6) is also refereed to as the penalized equation.

ASSUMPTION 2.1. Fort € [0,T], Ly < U, a.s. Moreover, (i) when T is an
unbounded stopping time, the running payoff f and the terminal payoffs L, U and &
are all bounded; (ii) when T is a bounded stopping time, f, L, U and £ are square-
integrable, i.e. E[supg<;<p | X¢|*] < o0 for X = f,L,U and €.

The assumption L < U is crucial to the existence of the game value. On the other
hand, the conditions (i) and (ii) are to guarantee the existence and uniqueness of the
solution to BSDE (2.6), which will in turn be used to construct the game value and
its associated optimal stopping strategy.

PROPOSITION 2.2. Suppose that Assumption 2.1 holds. Then, there ezists a
unique solution (V,Z) to BSDE (2.6). Moreover, (i) when T is unbounded, V is a
bounded and continuous F-adapted process, and Z € M2, (0, T;R?), where the latter

loc
denotes the space of all F-progressively measurable processes Z such that

tAT
/ |Zs|? ds
0

(ii) when T is bounded, then V is a continuous square-integrable F-adapted process,
and Z € M?(0,T; R%).

The proof essentially follows from Theorem 4.1 in [29] (for bounded T") and Section
5 in [8] (for unbounded T'), so we omit its proof and refer to [29] and [8] for the details.
We are now in a position to state the main result of this paper.

THEOREM 2.3. Suppose that Assumption 2.1 holds. Let (VX Z*) be the unique
solution to BSDE (2.6). Then, the value of the constrained Dynkin game (2.2)-(2.3)
exists and is given by v* = v* = v* = Vy\. The corresponding optimal stopping
strategy is given by

||Z||120C =E < oo fort>0;

2.7) or = inf{Ty > 1T : V%‘N > Ury} AT
’ 7'7*«1 :inf{TN > 1Ty :VT%\N §LTN}/\TM.

Moreover, the value of the Dynkin game (2.4)-(2.5) also exists and is given by 9™ =
min{Uy, max{v*, Ly}}, with the associated optimal stopping strategy or, and TF, .

2.2. Examples. Theorem 2.3 solves a wide class of problems in a unified man-
ner, covering from Markovian to non-Markovian situations and from finite to infinite
horizons. In the one-dimensional homogenous Markovian setting, there usually exists
a threshold strategy. For this, we will discuss a specific convertible-bond example in
section 6. In the rest of the section, we list several path-dependent examples, which
are difficult to deal with under Markovian framework (at least it needs a case-by-case
study) but covered by Theorem 2.3.

(i) Path-dependent payoffs L and U. Let T be fixed so it is a constant stopping
time and S be a one-dimensional positive diffusion process adapted to F. For § > 0,
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consider an Israeli option written on .S with maturity 7', where the holder may exercise
to get a normal claim but the writer is punished by an amount 65 for annulling the
contract early (see [18]). The payoffs L and U may take the form L; = max{m, S;}
and Uy = max{m, S;} + S, for m > Sy and S} = supg<,<; Su. This is so called
Israeli Russian option. For L; = fg Sudu and Uy = fot Sydu + §.5;, it is called Israeli
integral option (see [2]). Under mild integrability assumption on S as in Assumption
2.1, Theorem 2.3 shows that the values of both Israeli options exist and the associated
optimal strategies can be characterized via the solution to (2.6).

(ii) Path-dependent stopping time T'. Stopping times are widely used in insurance
as indicators of a variety of risks. Let .S be a one-dimensional positive diffusion process
adapted to F. We may consider the following stopping times as the terminal time of
the game: drawdown stopping time 7" = inf{t > 0 : S} — S; > m} for m > 0;
occupation stopping time 7' = inf{t > m : f(f lis,eaydu > m} for A C Ry. Note
that unlike the standard first-passage-time (see #* in section 6), both types of path-
dependent stopping times need tailor-made analysis under Markovian framework, but
can be covered by Theorem 2.3 in a unified manner.

3. Proof of Theorem 2.3. We first give an equivalent formulation of the con-
strained Dynkin game (2.2)-(2.3). Given the arrival time T;, define pre-T; o-field

Gr,=( A€ \/QS:AH{Tigs}egsforszo
s>0

and G = (Gr,)i>0- It is obvious that the upper and lower values of the constrained
Dynkin game can be rewritten as

3.1 M= inf sup E[R(Tn-,Tn-)],
(3.1) N7eN1(A) NTeNi(N) (T, T )]
(3.2) v’ = sup inf  E[R(Tn-,Tn-)],

NTeN;(A) NTEN1(N)
where

N.(\) = {(f}—stopping time N for n < N(w) < M(w)} .

The subscript n in N, (\) represents the smallest stopping time that is allowed to
choose, and \ represents the intensity of the underlying filtration G. Both players are
allowed to stop at a sequence of integers n,n +1,--- , M.

We also observe that a pair of processes (VA, VA ’\) solve (2.6), if and only if the
corresponding discounted processes (Q, Z}) = (e "'V}, e~ Z}), for t € [0, T}, solve
the following BSDE

T T

Fea(i-@) (@) e [ 2.
t

AT

(33) Q=&+ [

tAT
where £ = e "T¢ and ¢, = e "¢, for ¢ = f, L, U.

Thus, to prove Theorem 2.3, it is equivalent to show that Q) = 7 = g)‘, where

34 7' := inf su E[RT +» T T}’
(3.4) T voena NTGJ\E()\) e o)
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3.5 ¢ = sup inf E|R(Tno,Tn-)|,
(3.5) = D Neeh ) (Tne, Tn~)

with

o ATAT
R(U7 T) = / fs ds + gll—{(r/\’rZT} + LT]]-{T<T,T§0'} + UO']]-{O'<T,0'<T}7
0
and the optimal stopping strategy is given by

56) Ny =inf{N > 1:Q}, > Ur,} A M,
' N{"=inf{N >1:Q3, <Ly} AM.

To prove the above assertions, we start with the following lemma.

LEMMA 3.1. Suppose that Assumption 2.1 holds. Then, for any 1 < n < M, the
solution of BSDE (3.3) at time T,,_1 is the unique solution of the recursive equation

(3.7)

T AT }
Q. =F / Fods +ELp,om

Th-1

7 7 A
+ (Yap, 20005 + Ly, <y L1 + 111y, <y, <) @) Limcrt| O]
Proof. Applying Itd’s formula to ;Q;', where oy = e~*, we obtain, for ¢ € [0, 7],
T ~ T
@ =ar@h+ [ o, [LAR@)] ds— [ azaw,
t t

where F,(Q)) := Q) + (Ls — Q)" — (Q) — U,)*. Consequently,

Q%‘nfl
T T
__or g+/ s [fs+>\FS(Q§)} dsf/ D 7N aw,
aT, Tp_1 OTh_1 Tp_1 OT,_1
T
-k e—/\(T—Tnfl)g_*_/ e~ As=Tn-1) |:.fs+)\Fs(Q?)j| ds|Gr, .
Tnfl

On the other hand, we use the conditional density Ae=**~Tn-1) dz of T}, to cal-
culate the right-hand side of (3.7):

ngl]

T T T
=E e*MT*Tn—l)/ fsds+/ )\e’A(z’Tn—l)/ fodsdx

Tn-1 Thn-1 Thn-1

TuAT
E / fsds

Tn_1

ng1]
ngl}

T T T
=E e_’\(T_T"—l)/ fs ds+/ fs/ e MNE=Tn-1) g dg
Thn-1

Tn—l S

T
=E / e A= Tn-1) £ g
| T

ng1‘| 9
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where we used integration by parts in the second equality. Similarly, we have
E [é]l{Tn>T}‘ gT,,L,l} =E [G_A(T_Tn*l)é‘ ngq} )

and

7 T A
B (L3, 200,107 + Liay, <) 10 + iy, <03, <071 @) Lirazy| 97,

gT?Ll] °

It follows that (3.7) holds. Since the recursive equation (3.7) obviously admits a
unique solution, Q}n_l is then the unique solution of (3.7) for 1 <n < M. 0O

T
- F / )\e—)\(s—Tn—l) (jﬂ'{Qi‘ZUs}Us + ]l{QéSis}LS + 1{E5<QQ<US}Q?) ds

Thn-1

As a direct consequence of Lemma 3.1, if we define O = min{ﬁ, max{Q*, i}},
then by the assumption L < U (so L < U),

Q" =Ligun U+ Ligreny L + Lizcgrary @

and thus, Q™ satisfies the following recursive equation: For 1 <n < M,
(3.8)
Qé\—‘nfl

= min{ﬁTnl,max{lE ng1‘| 7I~1Tnl}} s

which also admits a unique solution since we can calculate its solution backwards in a
recursive way. We show that Q}n_l is the value of another constrained Dynkin game.
Introduce the upper and lower values of an auxiliary constrained Dynkin game as

T AT B .
/ fods+ELir, sy + QY Ly, <1y

Tn—l

7A ~

3.9 q = essinf esssup [E [Rn, Tneo,Tn+)|GrT, ] ,
( ) Th-1 NoEN,_1(N) N EN. 1 () 1( )| 1
3.10 P = esssu essinf [E {R _1(TNe, Tn~)|G 1},
(3.10) dr, NTGNn—Il)()\) NoeNn-—1(X) w1 (I, Tl
where

_ o ATAT - - B B

Rnfl(o—v T) = / fs ds + E]I‘{UATZT} + LT1{7<T,T§0} + Ud]l{(7<T,a'<'r}

Tnfl/\T

with Ro(o,7) = R(0,7), and
Nozi(N) = {@—stopping time N forn —1 < N(w) < M(w)} .

Note that, when n = 1, (3.9)-(3.10) corresponds to the auxiliary Dynkin game
(2.4)-(2.5), which will be used to solve the original constrained Dynkin game. The
difference between the auxiliary game and the original game is that the players first
make their stopping decisions and then move forward in the auxiliary game, while in
original game they first move forward and then make their decisions.
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LEMMA 3.2. Suppose that Assumption 2.1 holds. Then, for any 1 < n < M, the
value of the auziliary constrained Dynkin game (8.9)-(3.10) exists. Its value, denoted
0,

by c}%ﬁ_l, satisfies the recursive equation (3.8), namely,
= min{ﬁTnl,max{IE) ,sznl}}.

Hence, (j%"il = Q%,}Wl a.s. The optimal stopping strategy of (3.9)-(3.10) is given by

T AT .
/ Fods + (g, oy + @, Lz, <y

Th-1

ng—l

(3.11) { N7* =inf{N >n—1:43, = Uny} A M;

NI =inf{N >n—1:¢), =Ly, } A M.

Proof. Without loss of generality, we may assume f; = 0.
Step 1. Since Tpy—1 < T < Ty, the upper value of the auxiliary game (3.9) is
equivalent to

—\ - 5
Gr . = essinf esssup [E [5]1 No—N~=n} + Lrgs Lin 1< Nt <M_1.N"<N°
Tt No N1 (V) NTeN 1 (V) { } n~ L{n—1<NT<M-1,NT<Nv}

+ Uryo ]l{nflgNgngl,N“<NT}|ng71} .

We claim that

(3.12) @r,, . =min {UTM_l , max {IE |:§:|QTM_1} L, }} ,

and, forn —1<i< M — 2,
=A . F —A =
(3.13) 7, = min {UTi,rnaX {IE] [qTiH \QTZ} 7LT1}} .
If (3.12)-(3.13) hold, then
A . B
qr,_, = mln{

)

~ 7)\ ~
Ur,_,, max {E [fﬂ{n:M} + anll{ngM71}|ng,1] ,LT,H}}
[ - 2 =
= min {UTn—l , Inax {IE |:€]]-{Tn>T} + QTn ]]-{TnST}|ng—1:| ) LTnfl }}
which is the recursive equation (3.8).
Similarly, we obtain that Q; B also satisfies the recursive equation (3.8). Since

(3.8) admits a unique solution, it is clear that E;nfl = QE\F L= @ =@  as.
Step 2. Next, we show (3.12)-(3.13). Indeed, for i = M — 1,

)\ ~ ~
J = essinf ess su IE[ Linyoenr—ar + L1y, Llin—i—Nr<Ne
ITni—s NoeNy—1(N) NTeNM,E)(A) Lo =) Tu-1 {M-1=NTEN}

+ UTM_l 1{M—1=N"<NT}|QTJVI—1:|

= i E 3 ]]. o—NT— j: ]]_ —_1=NT o
Naef/l]brl,l(x)zv*e%?fl(m{ (€1GTy L No=NT=m} + L1y L{pr—1=N7<No}

+ 0TA4711{M_1:N0<NT}}

= min {UTMf1 ,max {]E[QQTMA], [iTMA}} .
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In general, forn — 1 < i < M — 2, we have
A

Gy = essinf esssup IE[EIL Noenr—ay + L. 1 < NT<M—1,NT<No
T NTeN (v NTEN(N) t ! NTRUSNTS N7}

+ Uryo Tgi<No<M—1,No<NT} \gTi] :

Taking conditional expectation on Gr, , further yields

—A\ ~ ~
Gr, = essinf esssup E [LTi]l i=NT<Noy +Un Li—no o N7
B NTENO) NreNu(v) == li=N7<NT)

+E [g]l{NU:NT:M} + Ly Tit1<NT<M-1,NT<Nv}
+ Urye ]1{i+1§N0§M—1,N0<NT}|gTi+1} |ng}
= min {UTi,max {IE |:6%+1 |gTi:| ’I:Ti}} s

where the second equality holds since the operations essinf yoca, (1) €SS SUp - ENip1 (V)
and [ [|Gr,| are interchangeable, which will be proved in the next step.

Step 3. In this step, we show the operations essinfyoen;,,(x) €sssupy- ENipa(n) and
E [/|Gr,] are interchangeable, i.e. (3.16) below holds. To this end, for fixed ¢ and
N° € N;()\), we note that the family

(3.14) (E [Ri(TNU7TNT)|gTi} N7 ¢ M(A))

is an increasing directed set. Indeed, if we choose arbitrary N7, NJ € N;(\) and let
X; =E {Jéi(TNU,TN;ﬂQTi} , for j = 1,2. Then, defining the stopping time N7 as

N™ = Nf]]-{Xlng}+Ngl{X1<X2}a we have N7 € M()\) and [E |:R1(TN(T)TNT)|QT1 >
max{Xl, X2}
Similarly, we also have, for fixed i, the family

(3.15) esssup [E [éi(TNU,TNTHQTi , N7 € N;(\)
NTeN; (M)

is a decreasing directed set. Under Assumption 2.1, it is obvious that both (3.14) and

(3.15) are uniformly integrable. Therefore, by Proposition VI-1-1 of Neveu [28], we

obtain

7)\ ~
E [(j |G } =E essinf esssup [E {Ri Tne, Tn-)|Gr, } gr,
Tiva | I N7ENi11(A\) N7eNi 11 (V) 1Ty Ine )| || Or
= essinf IE| esssup E [RZ Tne,Tn+)|Gr, } gr,
NoeN;+1(N) NT€M+3>‘) +(Tye, Do) o "
(3.16) = essinf esssup [E [RiH(TNa,TNTHQTi] .

N7ENi+1(A) NTeNi 11 (M)

Step 4. It remains to prove that (NU’* Z\Af;_*1> in (3.11) are indeed the optimal

n—1»

stopping times for the auxiliary Dynkin game (3.9)-(3.10), i.e. for every (N?,N7) €
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N1\ X N1 (N,
£ [l (e 6] <[ (1 1) 1,
<E [Rn,l (TNU e ) G 1} .
To this end, it suffices to prove that

(i) (@:’) e ) is a G-martingale;
m>n—1

mANT " AN

(ii) <d%mAN” . ANT) is a G-supermartingale for any N7 € N, _1()\);
m>n—1

iy (2.,

) is a G-submartingale for any N7 € Na—1(N).
1 m>n—1

Indeed, we have

E AN
qT(m+1)/\N: TUANTE ng
:E ]]_ Aa* T, % . +]l 7O, T Tk q% gT
Z {N72 ANTE =5} N AN Z2mA1} (m+DANTH ANT* | T
j=n—1

m

AN AN
Z (5 AN =y 4T Lme s avr smay B [quﬂ ng}
m

_ . IS NESY
= Z Ly g afre —J}qT T LR AR sma 1} 4T, = AT, oo gro

n—1 n—1

where the second last equality follows from the definition of (N o Ngfl) in (3.11),

n—1s
so the martingale property (i) has been proved.
To prove the supermartingale property (ii), we note that

oY
E qT(m+1)AN”’* m:|
=B (j/\(erl)AN“ - Linrome1y + qT o 1{N7<m}‘ ng:|
i m
=[E Z ]1{1\7;;*1:3‘} + ]]‘{N:flszrl} qT(erl)ANo o LNT>my1)
j=n—1

+ qAﬁ\“NaflANT ]]-{NTSm}‘ ng}

> l{zvgfl:j}‘f%j+1{N:flzm+1}E[‘?%m+l ng] LN >m+1y

j=n—1

AN ]]_
g LNT<m)-

Using the definition of N7*| in (3.11), we further have

Gr, | <max{E @, ,,

IE |:q/\%7”+1 gT7n] 7[~1Tm,} = qA%”L on {N;? 1 > m + 1}
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|

Z Lygo —J}QT +1ygo >m+1}qu L{N~>m+1) Jr‘IT o e HNT<m}

Jj=n—1

E [c}%

GO,k .
(m+1)ANT* AN

IN

Lyn- Iyn-
quAN"* {NT2m+1} +qT NI AN {NT<m} = 'm/\N IANT’

which proves the supermartingale property (ii). Likewise, the submartingale property
(iii) can be proved in a similar way, and the proof of the lemma is completed. O
We are now in a position to prove Theorem 2.3. By Lemmas 3.1 and 3.2, we have

Q) =E

AT . N
/ fods + €L >y + Q, Lir <1y
0

=E

TiANT _ ~
/ fsds + &Ly >1y + @%1 Lym <1y
0

TWAT
(3.17) 2 ]E[/ fsds+&l(p >y + E [Rl( N TNT)|gT1:| ]1{T1<T}:|
0

for any N™ € Ni()), where last inequality follows from the supermartingale property
(ii). Moreover, recall that

E [Rl( po TNT)|ng}

T T*ATNT/\T _ _
/ deS—’_g]l{TNf,*/\TNTZT}

TiN\T

=E

L )
+ Ly 1 {TNT<TTNT<T “} +UT o {T o <T,T H<TNT}‘QT1

Plugging the above expression into (3.17) further yields

N TNf «*NTnT AT N ~ ~
Q=E /0 fads+ f]l{TNf)* AT+ ZT} + Loy, ]I{TNT <T,Tn7 STN?*}

+ UT o {T e <TT H<TNT}} =E {R(TN;’*’TNT)}’

for any G-stopping time N7 e Ni1(A). Taking the supremum over N7 € Nj()\), we
obtain

Q)> sup E [R(TAJ,*,TNT)} > inf sup [E {R(TNG7TNT)] =7\
0 NTeNT(A) Ny N7eN1(X) NTeN1(N)

Similarly, we also have Q) < g/\. It then follows from g* > gk that Q) = QA =7\
Finally, we verify that Q) = IE[R(TNF,*, Nf’*)}’ so (N7*, NT*) are the optimal

stopping strategy. Indeed, with N° = N”* and N™ = N;*, (3.17) becomes an
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equality due to the martingale property (i), i.e.

TINT N N
Q) =E /0 fsds + &ELr >7y +4%1]1{T1<T}1

TIAT R ~
=B / fsds +Elir>ry + B [Rl(TN;’*aTA;V*)IQTJ ]l{TlgT}l
0

—E :R(TNf,*,TT,*)} .

We conclude the proof by proving that the optimal stopping times ( VO NT *) are
actually (N7, N{") in (3.6). Indeed,

NY* =inf{N >1:¢), =Ury} AM
=inf{N>1:Q}, =Ury} AM
=inf{N >1:Q}, >Ur,} AM = N{*,

and, similarly, N{"* = N"".

4. Connection with standard Dynkin games. We show that, when A — oo,
the value v* of the constrained Dynkin game converges to the value of a standard
Dynkin game. The setup is the same as in section 2 except that the control set is
replaced with R;, which is defined as

R = {F-stopping time 7 for ¢t < 7(w) < T}.

Define the corresponding upper and lower values of the standard Dynkin game as

4. 1 - lllf Sllp E R o 5 7 5
( ) v Ro cRo ( )

4.2 == Sllp Hlf E R ag,17 .
( ) v ) Ro [ ( ) )]

This game is said to have value v if v =7 = v, and (0*,7*) € Ry x Rq is called
a saddle point of the game if E [R(c*,7)] < E[R(c*,7")] < E[R(0,7*)] for every
(O’,T) S R() X Ro.

PROPOSITION 4.1. Suppose that Assumption 2.1 holds and, moreover, both L and
U are continuous and satisfy Ly < & < Up. Then, the value v of the Dynkin game
(4.1)-(4.2) exists and, moreover, limytoo v = v.

Proof. To solve the Dynkin game (4.1)-(4.2), we introduce the following reflected
BSDE defined on a random horizon [0, T']:

T T T T
(fs —rVi)ds +/ dKF —/ dK —/ Zg dW,
t t

tAT AT AT

(4.3) Viar = ¢ +/
tAT
for t > 0, under the constraints (i) Ly < V; < Uy, for 0 < ¢t < T; (ii) fOT (V; — Ly) dK;"

fOT (U — Vi) dK; = 0. By a solution to the reflected BSDE (4.3), we mean a triplet
of F-progressively measurable processes (V, Z, K), where K := KT — K~ with K+
and K~ being increasing processes starting from Kgr =K, =0.
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It follows from Hamadene et al [15] that (4.3) is well-posed and admits a unique
solution. Using arguments similar to the ones in Cvitanic and Karatzas [11], it is
standard to show that the value of the Dynkin game (4.1)-(4.2) exists and is given by
the solution of the reflected BSDE (4.3),i.e. v=1=v = Vj.

To prove the second assertion, we note that BSDE (2.6) can be regarded as a
sequence of penalized BSDEs for (4.3), where the local time processes K+ and K~
are approximated by

t t
KM ::/ ML=V dsy KT ::/ ANV =U,)" ds,
0 0

with KA 1= KM — KA Since limygoo Efsup,epo 7y [Vi* = Vil?] = 0 (see, for example,
[15] and [11]), the second assertion follows immediately. O

5. Replication of constrained Dynkin games. In this section, we discuss
about replication of the constrained Dynkin game. This provides a foundation for the
risk-neutral valuation of convertible bonds introduced in the next section.

Let Ny := Y on>1 Lir, <ty — At, t > 0, be the compensated Poisson martingale on
the filtered probability space (2, F, G,P). Suppose there exist (d + 2) underlying
assets, whose pricing processes follow

(5.1) dS; = Si(r — ¢")dt + Sioc"dW,, 1 <i < d;
. dPt:Pt,Tdt—l—Pt,&dNt;
(5.3) dB; = Byrdt,

where r > 0 is the risk-free interest rate, & > 0 represents the volatility of P, and ¢
and o := (09) < j<q represent, respectively, the dividend and volatility of S%. Assume
that the volatility matrix o := (¢%7);<; j<q4 is invertible. The risky assets (S%)1<i<q
are the underlying assets used to hedge the Brownian noise of the game. The risky
asset P is used to hedge the jump risk of the Poisson process. In practice, it could be
the cash flow of a credit default swap delivering payoffs at jump times (T},)n>1 (see,
for example, [5] for the single jump case). Finally, B represents the risk-free bank
account. Therefore, P could be interpreted as a risk-neutral probability measure.

From section 2.3 (Lemmas 3.1 and 3.2 in particular), we know that the solution
VA of BSDE (2.6) provides the values of the constrained Dynkin game (2.2)-(2.3)
starting at different Poisson arrival times T;,_1, for 1 < n < M, and they satisfy the
recursive equation

T AT
/ e " feds + efrTfl{T,,&T}
Trn_1

+ e T min{UTn , maX{Vf‘n, LTW, }}H{TnST} |ng_1] .

—rT, A _
(5.4) e Ty} = F

Thus, the discounted payoff of the game starting at T;,_1 is

T
(5.5) </ e fsds+ 6_7'T§> Lir,>my

Tn— 1

Th
+ </ e " fods+ e "n min{Ur, , max{VT/\n, LTJ}) Lir, <7y,

Tn—l
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with ij‘n being the value of the game starting at 7,,. Compared to the original payoff
(2.1), the above payoff (5.5) (with n = 1) only involves the first Poisson arrival time
T1, and the optimality of stopping strategies is encoded in qu‘l . Thus, the replication
of the constrained Dynkin game (2.2)-(2.3) naturally depends on the replication of the
same game but starting at Poisson arrival time 77, the later of which in turn depends
on the replication of the game starting from 75 and so on and so forth. In particular,
the discounted payoff of the game starting at Th;_1 is f;;u_l e " fods + e "TE, since
Ty—1 < T < Ty by the definition of the random variable M.

For 1 < n < M, consider the constrained Dynkin game starting at Poisson

. . . o . Sn _Pn _B
arrival time 7,,_;. We aim to construct a replication portfolio (7", m, ", 7 "),

t € [Ty,_1,T), to replicate the discounted payoff (5.5), where 75" = (7%"");<;<q rep-

resents the amount of the money invested in (5*)1<;<q, and 7" and 78" represent

the amount of the money invested in P and B, respectively. Let X;* be the corre-

sponding wealth of each player at time . Then, X? = S>% 75 " 47" 47" and

the self-financing condition implies that

t d aStm oPm xBn .
Xgl:X%n_ﬁ/ > = —dSi+ —=—dP,+ —2—dB,+ Y q'm5 "ds

Tn-1 \4=1 5 P B i=1
t
5.6 =X 4+ rX"ds 4+ 72" cdW, + 7P"5dN,) ,
Th_1 s s s
Tnfl

for t € [T,_1,T]. The problem is to find a replication portfolio (7", 7P 7B:m)
such that the discounted wealth e~"7 X2 replicates the discounted payoff (5.5), and
to prove that X7 =~ = VF}‘L i.e. the constrained Dynkin game starting from 7;,_;

n—1"7

is replicable and its value is indeed given by VT’\n_l.

THEOREM 5.1. Let (Y9 Z9) be the unique solution of the linear BSDE defined
on the random horizon [0,T] with a parameter 8 € [0,T1], i.e.

T T T
(5.7) Y5h = / "= fds+¢ | - / rY&Pds — / AR 18
0 tAT tAT

fort > 0. Then, for the constrained Dynkin game starting at Ths_1, its replication
wealth and the corresponding replication portfolio are given by

XM :Y£7TJVI—1,
(58) tSM }:D]\/[ B7M ET S,M
(7Tt’ YT Ty ):(Zt7 MﬁlailaOvXtM_ﬂt’ )a tE[TM*hT]v

where 0~ is the inverse of the volatility matriz (O’ij)lgi’jgd, Moreover, the value of
the game is given by X%4_1 = Vjﬁ\M_l.

In general, let (Y?, Z%) be the unique solution of the linear BSDE defined on [0, T)
with a parameter 6 € [0,T)], i.e.

T T T
(5.9) Vi = ( | ermsas 5) [ et yias- [ ztaw.,
[’ t

AT tAT

Jort >0, and (Y%9, Z%9) be the unique solution of the linear BSDE defined on [0,T)
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with parameters 0,0 satisfying 0 < 0 <0 < T, i.e.

_ 0 _
(510) Y= ( [ et s+ @0 min{Ug,max{veﬁLe}Q
6

T _ T _
— / rY8Pds — / z%0aws,
tAT tAT

fort > 0, where V is the unique solution to BSDE (2.6). Then, for the constrained
Dynkin game starting at T,,_1 for 1 < n < M — 1, its replication wealth and the
corresponding replication portfolio are given by

n T — Tn_1,Tn
X =Y " ey YT sy
5T T — Trn—1,Tn —
" = (2 Lpery + 240 ]l{t>Tn}) ol
(5.11) P To i oTas L
m =Y Y, ) Ly<r, 10

P =X, — P —wP" e [Ty, T).

Moreover, the value of the game is given by X = Vf‘nil.
Proof. We first replicate the constrained Dynkin game starting at Ths—;. It is
clear that (Y& Ta-1 7&Thi-15=1 () satisfies the wealth equation (5.6) and, moreover,

by applying It6’s formula to e~ 'Y} ’9, we further have

T T
B_T(t/\T)Yf/\’gw _ / e—rs]csds + e_TT£ _ / €_TSZ§79dWS.
7] tAT

Thus, e”"Tqu’TM‘1 replicates the discounted payoff (5.5) with n = M and, moreover,

_ A
Thi—1 gT}\l—l _VTM,I'

T
X%lﬂ y&T-1 _ g [/ eir(s*TM_l)fst + 6*T(T*TM—1)£

Thr—1

In general, we prove the assertion for 1 <n < M — 1 by induction. Suppose the
assertion holds for the game starting at 7;, and X7 n+l VT Then, for the game
starting at T;,_1, by the construction of X™ in (5.11) and the terminal data for BSDEs
(5.9) and (5.10), we have

—r n —r T — Thn-1,Tn
e TXT =e T (YT 1]1{T<Tn} + Y l{TZTn})

T
< / e " fods + eTT5> Lz, 71

Th-1

Tn

(5.12) + / e " fods + e " min{Ur, ,maX{VT L}y | Ly, <1y-
Trn-1

Therefore, e "7 X replicates the discounted payoff (5.5).
Next, we show that (X™, m%m" 7") given in (5.11) indeed satisfies the wealth
equation (5.6). To this end, note that

Xi' = Xing, - + (Xinr, — Xiar, ) + (X¢ = X))
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for t € [T;,—1,T]. Since X}, = Yg&;l_ by the definition of X™, we have

T tATy, — tATy, —
inr, - =YL+ /T [Py = A = Y ds + /T Znrdw,
n—1 1

AT, — AT, —

Th— T

= X7 +/ rY, 1d5+/ Z =t dWy
Thn-1 Thn-1

t
— / (}/ST"_l’S — Y;Tn_l)]].{SSTn})\dS.
Thn-1

Furthermore, at the Poisson arrival time T;,, X™ has a jump with size

n

t
n n Tn—1,Th Trn—1 —1,8 e
AT, ~ AT, — = (YT - Y, ) Lyr, <ty = / (Y15 =Y =) 1<, ANG.

n—1

On the other hand, since X" = ¥;""~"" on the event {t > T},}, we have

t t
X=X = / rYn-rTnds + / ZIn=Tnqwy.
t

AT, tAT,

In turn, we deduce, using the constructions of X™, 75" and 7™ in (5.11), that

t ¢ ¢
X' =X71 | +/ rXids —|—/ I dW, —|—/ 7PrGdN;.
Th_1 Th—1 Trn-1

Finally, applying Itd’s formula to e~"* X" and using (5.12), we obtain that

T
e—TTn—lX%n71 = (/ e_mfs ds + C_TT§> IL{TTL>T}

Thn-1

T"l
+ (/ e " fods+e n min{Ur, , maX{Vﬁ, Lt, }}) L, <7}
Tn—l

T T
—/ e*”wf’”odwsf/ efrsﬂf’"ﬁst.
Tn,1 Tn—l

In turn, taking conditional expectation with respect to Gr

., and using (5.4), we
conclude that X7 = VT’\n_l. a

6. Application to convertible bonds with random intervention times.
In this section, using the constrained Dynkin game introduced in section 2, we study
convertible bonds for which both players are only allowed to stop at a sequence of
random intervention times.

Traditionally, convertible bond models often assume that both the bond holder
and the issuing firm are allowed to stopped at any stopping time adapted to the firm’s
fundamental (such as its stock prices). In reality, there may exist some liquidation
constraint as an external shock, and both players only make their decisions when
such a shock arrives. We model such a liquidation shock as the arrival times of an
exogenous Poisson process. A similar idea has first appeared in the modeling of debt
run problems (see [23]), which can be formulated as optimal stopping problems with
Poisson arrival times.
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ASSUMPTION 6.1. Let d = 1. The firm’s stock price S°, under the risk-neutral
probability measure P, follows

t t
(6.1) S; = s+/ (r—q)S; du+/ oS, dW,,
0 0

with S§ = s > 0, where the constants r, q, o represent the risk-free interest rate,
the dividend rate and the volatility of the stock, satisfying the parameter assumption
r>qh.

The firm issues convertible bonds as perpetuities with a constant coupon rate c.
Consider an investor purchasing a share of this convertible bond at initial time ¢t = 0.
By holding the convertible bond, the investor will continuously receive the coupon
rate ¢ from the firm until the contract is terminated. The investor has the right to
convert her bond to the firm’s stocks, while the firm has the right to call the bond
and force the bondholder to surrender her bond to the firm at a sequence of Poisson
arrival times (7),),>1 with a constant intensity A > 0. Hence, there are two situations
that the contract maybe terminated:

(i) if the firm calls the bond at some G-stopping time o firstly, the bondholder
will receive a pre-specified surrender price K at time o;

(ii) if the investor chooses to convert her bond at some G-stopping time 7 firstly
or both players choose to stop the contract simultaneously, the bondholder will obtain
~S; at time 7 from converting her bond with a pre-specified conversion rate v € (0, 1).

In summary, the investor will obtain the following discounted payoff at initial
time ¢ = 0:

ONT
(6.2) P(s;o,7) = / e Medu+e TS lr<oy + e T KL gory,
0

with o, 7 € Ry, (), where
Rr,(\) = {G-stopping time 7 for 7(w) = Ty (w) where N > }.

The investor will choose 7 € Ry, (\) to maximize the bond value, while the firm
will choose o € 7~2T1()\) to maximize the equity value of the firm by minimizing the
bond value. This leads to a constrained Dynkin game as introduced in section 2. The
upper value and lower value of this constrained convertible bond are

(6.3) 7M(s) = inf sup E[P(s;o,7)],
o€RT (N) TE”%TI()\)
(6.4) v (s) = sup inf E[P(s;o,7)].

r€RT, (A) TERT (N)

Note that the constrained Dynkin game in section 2 does not exactly cover the
above constrained convertible bond, since the model in section 2 has a random ter-
minal time T, while the convertible bond is perpetual. However, in the following
proposition, we shall show that when

,,\._q-i-)\E
Cor+Ay]

IThe case r < q can be treated in a similar way.
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the optimal stopping strategy is trivial. In this region, it is always optimal for both
the investor and the firm to stop at the first Poisson arrival time. Intuitively, when
the stock price is high, the stock is attractive enough to lead both the investor to
convert her bond to stocks and the firm to prevent the investor from converting by
calling the bond as early as possible.

PROPOSITION 6.2. Suppose that Assumption 6.1 holds. Then, the value of the
constrained convertible bond, denoted as v*(s), ewists and satisfies L*(s) < v*(s) <
U? for s € (0,00), where

c A A CHAK

r+>\+q+>\75; Coor+ A

L)\(S) =

Moreover, in the domain s € [s*,00), it holds that v*(s) = L*(s), and the optimal
stopping strategy is 75 = o = T}.

Proof. Choosing 7 = Ty in (6.4) yields a lower bound of the convertible bond
price:

oNT
M= sl B[ e edit e TS ey 4 R L o
reRp (\) TERT (N) 0 B
> inf [E

T
i / e ™edu + e_TTWS‘%l
gERT, (N) 0

=E {/ e~ Am </ e "Medu + ermfyan> dm}
0 0

= / /\e_>‘m/ e "edudm + MWE [/ e~ (rHmgs dm}
0 0 0
c

A
+ e (s),

r+ A

where we used the integration by parts in the last equality.

On the other hand, by choosing ¢ = T3 in (6.3), we get an upper bound of the
convertible bond price:

ONT
7(s) = inf sup [E [/ e Medu+ e TS lr<o) + e_T”KIL{(KT}]
ERT (A) reRr, (A) 0

T
< sup E / e "edu + 67TT175%1 Tgr=pyy + erTlK]l{T>Tl}]
TeﬁTl ()\) 0
c AK
= s, b = LA (s), U}
r+)\+max{q+>\ys,r+>\} max{L"(s),U"}
In the domain s € [}, 00), we always have L*(s) > U* so 0*(s) < L*(s) < v*(s
Thus, the value of the convertible bond exists, and v*(s) = 9*(s) = v (s) = L*(s),

with the optimal stopping strategy 7** = o** = T7.
In the domain s € (0, §)‘), we have L*(s) < U*. Introduce an [F-stopping time

0 ;= inf{u>0:8 > 35}
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Then, it follows from the dynamic programming principle that

7M(s) = inf sup [E
oE€RT (N) reRp, (V)

+ (e_TT'YS:]]-{TSJ} + e_rUK]l{a<'r}) ]]-{a/\'r<0>‘} ] .

By the definition of the stopping time 6%, v* (Sgk) = (5’\) = LN3\) = U*. Thus,
in the domain s € (0,3"), (6.3)-(6.4) are equivalent to

o ATAON N
/ e "Medu+e " 0N (S5) Lionr>00}
0

(6.5) 7M(s) = inf sup [E []5(3;0, 7’)] ,
o€RT (A) 'r€7§’,T1 \)

(6.6) v (s) = sup inf E []5(3;0,7)] ,
re€Rp (A) TERT (A)

where the payoff 15(3; o,7) is

oATAON
/ e_Tquu + 6—7‘9’\ U)\]]‘{O'/\TZQA} + e_TT’yS'ls'Jl{T<0>‘,T§0} + e_TUK]I{0'<9*,U<T}'
0

Note that if we introduce the G-stopping time
(6.7) Ty = inf{Ty > 6> : N > 1},

since the payoff function 15(5;0, 7) does not change after Ths, we may replace the
control set Ry, (\) in (6.5)-(6.6) with Ry, (A), the latter of which consists of G-stopping
times 11,75, -+ , Ty

Now, we apply Theorem 2.3 with T'= 0*, L; = vS{, Uy = K, f; = c and ¢ = U*
to (6.5)-(6.6), and obtain the existence of the value of the convertible bond in the
domain s € (0,5"). O

Thanks to the above proposition, we focus our analysis to the domain s € (O, §>‘)
in the rest of this section. We characterize the value of the convertible bond and the
corresponding optimal stopping strategy via the solution of ODEs and the associated
free boundaries, respectively.

PROPOSITION 6.3. Suppose that Assumption 6.1 holds. Define the infinitesimal
generator Lo = 302520% + (r — q)s0s — 1. For s € (0,5"), the value of the convertible
bond v*(s) is the unique solution to the following ODEs:

(i) If ¢ > qK, then v*(s) > s, and

(6.8) —Lov* =c— Ao = K)*t
with the boundary condition v*(3) = U*;

(i3) If ¢ < rK, then v(s) < K, and
(6.9) —Lov* = c4+ A(ys — o) T
with the boundary condition v*(3*) = U™,

Proof. Tt is immediate from Theorem 2.3 and (6.5)-(6.6) that the convertible bond

value is v*(s) = V3%, for s € (0,5"), where V5 is the first component of the solution
to the penalized BSDE
(6.10)

o> o
Ve = U*+/ e A (r8s = V) T = A (Ve = )T = v du—/ 700 dW,.
t t

tAON T U
AOX AOX
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Moreover, the optimal stopping strategy is

(6.11) oA =inf{Ty > Ty : V3" > K} AT
' A =inf{Ty > T1 : V3* <85, } AT,

with Tps given in (6.7).
On the other hand, by the Markov property of the stock price S, Vt)"s = v (S5).
In turn, It6’s formula further implies that
(6.12)
o> 0>
VM(S5n) — v (SEign) = / [Lov*(S5) + 0 (S5)] du —|—/ 050,0™(S2)dW,.
t

AOX tAOX

It then follows from (6.10) and (6.12) that v*(s), for s € (0,5*), solves the ODE
(6.13) —Lov* = c+ Ays — o) T = A0 — K)T,
with the boundary condition v*(5}) = U*. Note that if ¢ < rK, Proposition 6.2 yields

AK K+ \K
v)‘(s)_UA:c_‘_ <= i =K,
r4+ A r4+ A

and if ¢ > ¢K, it follows that

—— + A s> aK +
r+A g+ RIS g+ A
The ODEs (6.8)-(6.9) then follow immediately. O

The rest of this section is devoted to the characterization of the optimal stopping
strategy of the constrained convertible bond via its associated free boundaries.

v (s) > LA(s) = vs > s.

6.1. The Case I: ¢K < ¢ < rK. From Proposition 6.3, when ¢K < ¢ < rK,
we always have vs < v*(s) < K. Thus, following from (6.11), the optimal stopping
strategy is

A

7 = 0% = Ty

Intuitively, when the coupon rate c satisfies ¢ < rK, i.e. & < K, the firm shall
never spend K to call the bond back, since it only needs to pay the coupon rate c as

a perpetual bond, whose value is 7. Thus, the firm shall never call until T,.

When the coupon rate ¢ satisfies ¢ > ¢K, ie. ¢ > qK > qgig\\”ys > gvs, the
investor shall never convert her bond into stocks, since the stock dividends she will
receive by holding ~ shares of the stock are no more than what she would otherwise
receive from the bond coupons. Thus, the investor shall never convert until T},;.

In Figure 7.1, the bold horizontal line 5* represents the conversion and calling
boundary. We simulate three Poisson times 77 = 0.3, 75 = 0.5, 75 = 0.8, and two
stock price paths. The investor (and the firm) will convert (and call) the bond at Ty
for the stock path 1. They will continue at T; and 75, and terminate the contract at
T3 for the stock path 2.

We further calculate the convertible bond value by solving the corresponding ODE

explicitly. Note that in such a situation, v* = v solves

—Lov*r—¢ = 0, for 0 < s <35
(6.14) oA 04) = ;;
V) = U
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We put the perpetual bond value ¢ at the boundary v'*(0+) := limgyo v'*(s), be-
cause in such a situation, there is no motivation for the firm to call or for the investor
to convert the bond.

The general solution of (6.14) has the form v'*(s) = A, s® + A_s® + ¢, for
0 < s < &\, where

2 2
—(r—q—%)x+/(r—q— %)%+ 2ro?
(6.15) ot = 2 \/02 2 .

Since a~ < 0, we obtain A_ = 0 by the boundary condition at v'*(0+). Using the
other boundary condition, we further obtain

(6.16) vl’)‘(s) = AlAge 4 E,
,

At (7).

In Figure 2, we further plot the value function v':*(s), which always stays between
[L(s),U?] for s € (0,5"). Since L* > s and U* < K, the value function also stays
between (ys, K), which means it is never optimal for the firm or the investor to stop
in the region s € (0, 3%).

where a = ot and AV* =

6.2. The Case II: ¢ > rK. It is obvious that ¢ > ¢K if ¢ > rK. Thus, from
Proposition 6.3, we always have v*(s) > s, and following from (6.11), the optimal
conversion strategy for the investor is

7—*)\ = TM7

i.e. it is never optimal for the investor to convert until 7;. Instead, the investor’s
optimal strategy is to keep the convertible bond to receive its coupons (up to Ths).
On the other hand, following from (6.8), v* = v?* solves

—Lov?N —c+ AP —K)T = 0, for 0 < s <3
(6.17) v?AN04+) = U
v2’>‘(§>‘) = UM

We put U at the boundary v**(0+) := limgjov**(s). In this situation, since the
coupon rate c is too large, the firm would prefer to convert as soon as possible to stop
paying the bond coupons. It is clear that v?*(s) = U* > K. In turn, by (6.11), it is
optimal for the firm to call as soon as possible, i.e. at the first Poisson arrival time

O'*’)\ =1Ti.

In Figure 3, the bold horizontal line 5* represents the conversion boundary for the
investor. Once again, we simulate three Poisson times 77 = 0.25, T = 0.5, T5 = 0.8,
and two stock price paths. For the stock price path 1, the firm will call the bond at
T firstly, and for the stock price path 2, both the firm and the investor will terminate
the contract at T7.

Figure 4 further plots the value function v?*, which is a constant U* for s €
(0,5"). Since the value function always stays above K, and therefore also above 7s,
it is never optimal for the investor to convert in the region (0, 5*).

2,2
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6.3. The Case III: ¢ < gK. It is obvious that ¢ < rK if ¢ < gK. Thus, from
Proposition 6.3, we always have v*(s) < K, and following from (6.11), the optimal
calling time for the firm is

0*7)\ = TM7

i.e. it is never optimal for the firm to call until Th;. Furthermore, following from
(6.9), v = v>* solves

—Lov? —c— Ays — 3T = 0, for 0 < s < 3
c
(6.18) vINO0+) =
BAE) = U

Next, we solve (6.18) explicitly. Since ¢ < gk, the intersection point of the lower
bound L*(s) of the convertible bond value and the investor’s payoff function s is no
greater than 3 (so 7s is no less than L*(s) between this intersection point and ).
Thus, it may happen that, in the region s € (0,5"), the investor converts the bond
earlier than Thy. Since v (s) > s when s | 0, and v®*(s) < s for s = 53*, we define

(6.19) N = inf {s € (0, w3 (s) < vs}.

By definition it is obvious v** > s for s € (0,2**), and by the continuity of v**(-),
v32(2**) = y2**. Let us at the moment assume that v3* < vs for s € (2%, 5.
Later, we will verify this condition. If this condition holds, (6.18) is equivalent to the
following free boundary problem

(6.20) —Lov3* — =0, for 0 < s < a*?*;

(6.21) —Lov*N — ¢+ A0 —8) =0, for 29 < 5 < 7

(6.22) v3(0+) ;;

(6.23) V3NN = U,

(6.24) v3"A(a:*’)‘—) = vz,

(6.25) V3@t ) =

(6.26) (03’)‘)/ (x5 =) = (v?”/\)/ (2 )

We first observe that, with the boundary condition (6.22), ODEs (6.20)-(6.21) imply
A3Ag> 4 & if s € (0, 2%*);

(6.27) 03 (s) = { B, s iTB_Sﬁ— bt q%\vs’ ifsc Ez*,,\’;\)’

where a = a™ is given in (6.15),

2 2
~(r—q— %) £1/(r—q— F)2 +2r + N)o?
+ _

(6.28) g~ = = ,
and four unknowns (A3* B, B_ z*?) are to be determined. Using the continuity
across o™, i.e. (6.24)-(6.25), the smooth pasting across z**, i.e. (6.26), and the
boundary condition at s = §*, i.e. (6.23), we obtain that 2** € (0,5*] is the (unique)
solution to the following algebraic equation

(6.29) Chal P 4 Coaf P 4 Cya+ Cy =0,
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with
1= (o= gix — 7 8*) 7
(6.30) Ca == (af = 7556+
Cy=— (a5 = 7587 ) (M7 77,

(08 - 25587) 077,

K
I

and the coefficients are determined by

3N A) T A .
AP = (2m2) T (gt = 2)5
-;1-/\'737*7)\_ EY
— q r .
(631) B+ - (m*,A)/3+,(§A)/3+—B7(;E*,A)ﬁ’ ’
q 'YI*’)\fwcA
B, — g+ T

(@5 M)B ™ —(32)F~ =BT (gx. )BT
It remains to verify the condition v3* < vs for s € (#** 5. Indeed, since
A3 >0, a0 >1, By <0, >1and BL >0, B~ < 0, it is clear that v3*
is convex in the interval (0,z*?) and concave in the interval (z**,5"]. Moreover,
(v3*) (**) < 7. This verifies the condition.
The optimal conversion time for the investor is therefore given as

T*’A = 1nf{TN : S%N > J}*’A} A T]\/[.

In Figure 5, the top bold horizontal line 5* represents the calling boundary for
the firm, and the bottom bold horizontal line z** represents the conversion boundary
for the investor. Once again, we simulate three Poisson times 77 = 0.3, T = 0.5,
T3 = 0.8, and two stock price paths. For the stock price path 1, both the investor
and the firm will terminate the contract at 77; and for the stock path 2, the investor
will continue at T and convert at T5, while the firm will not call the bond back at
neither T nor T5.

In Figure 6, we further plot the value function v>*, which crosses the payoff
function ~s in the region (0,5%], so the crossing point #*:* is the optimal conversion
boundary for the investor. Furthermore, the value function v>* is strictly dominated
by K for s € (0,5"), so the firm never calls the bond back in this region.

7. Asymptotics as A — co. We study the asymptotic behavior of the convert-
ible bond price and its associated free boundaries when the Poisson intensity A — oo.
Intuitively, they will converge to their continuous time counterparts. We prove this
intuition in this section.

7.1. Review of standard convertible bonds. The setting is the same as in
section 6 except that both the investor and the firm choose their respective optimal
stopping strategies as [F-stopping times taking values in [0, c0]. Then, the upper and
lower values of the standard convertible bond are given by

(7.1) 7= inf sup E[P(s;o,7)],
o€R0 R,
(7.2) v= sup inf E[P(s;o,7)],

7'67%0 0€Ro
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and the control set Ry is defined as
Ro = {F-stopping time 7 for 7 > 0}.

We say this game has value v if v = T = v, and has a saddle point (o*,7*) €
RoxRo it E[P(s;0*,7)] < E[P(s;0*,7%)] < E[P(s;0,7")] for every (o, 7) € RoxRo.

The proof of the following result follows along the similar arguments in [35] and
is thus omitted. We refer to [35] for its further details.

PROPOSITION 7.1. Suppose that Assumption 6.1 holds. Let 5 := %, and define an
F-stopping time 6 = inf{u > 0: S5 > 5}. Then, the value of the standard convertible
bond v(s) is given as follows:

(i) The Case I: ¢K < ¢ < rK,

[ A+ L ifse(0,5);
(7.3) vl(s) = { ~s, if s €[5, 00),

with a = o™ as in (6.15) and A' = @(5)’“. The optimal stopping strategy is given
by
(7.4) of=1"=90.

(i) The Case II: ¢ > rK,

(7.5) vi(s) = { ﬁs ?fci E Egz)

The optimal stopping strategy is given by
(7.6) ct=0; 7"=80.
(iii) The Case III: ¢ < ¢K,

3. 4 ; 3.
(7.7) v3(s) = { ;4878 G gz E Egéigi

with a = ot and A% = ('yx3 — %) (x®)=. The optimal stopping strategy is given by

(7.8) o =0, 7" =inf{t>0:5 >3},
where

23— ¥ = ﬁﬁ, ifcgaT_HK;

3, if c > %TK.

7.2. Asymptotics. We conclude the paper by studying, when A — oo, (i) the
convergence of the constrained convertible bond price v* to its continuous-time coun-
terpart v; (ii) the convergence of the optimal conversion/calling boundaries for the
constrained convertible bond to its continuous-time counterparts.

It is easy to check that 8 — 5, AY — Al LA (s) — s and U* — K with the
convergence rate 1/ by using their explicit forms. As a consequence, we have

P (s) = vl(s); P (s) = vP(s),
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with the convergence rate 1/A. Hence, we only need to establish the convergence
results for Case III when ¢ < ¢K. To this end, we first establish the monotonic
property of 2%, as defined in (6.19), with respect to X in the following lemma.

PROPOSITION 7.2. Suppose that Assumption 6.1 holds and that ¢ < qK. Then,
2 is non-decreasing with respect to \.

Proof. By the definition of z** in (6.19), it is sufficient to prove v3* is non-
decreasing in A. Recall that v>?* is the solution to the ODE (6.18) in the domain
s € (0,5"), and v®* = L in the domain s € [3*, 00).

Let us suppose A; < Ay and it is easy to check that 5 < 52. For s > 5, we
have v3* = LA, Then,

3 (5) — 032 (s) < LM (5) — L2 (s)
- C(/\2 - )\1) _ q(>\2 - /\1) s
T M) @ra)E@ )
(g —r)gK (X2 — M)
T (r A+ A)(r +A2)

< 0.

On the other hand, for s < s, note that v3*(04) = v®*2(0+) = £ and
v3M (M) < v322(5M). Define the set N = {s € (0,5M) : 0321 (s) > v3*2(s)}, and
suppose that ' # 0. Then on A, we have

LN = e M (s — o)
—Lov3A2 = ¢+ Ao(ys — v>22) T,

which implies
_EO(U?)’)\I _ 1)3’)\2) — )\1(73 _ ,US,/\l)-‘r _ )\2(’}/8 _ ,03,)\2)—}-
<Az [(ys —0*M)F = (ys —0P2)F] <0,

Hence, we have v>* < ¢3*2 on A, which is in contradiction with the definition of
N. O

Since 2** is bounded by 5*(< 3), Proposition 7.2 then implies that limy_,, z**
exists, denoted by °°. Moreover, by Proposition 7.1, we have z*° < z* if ¢ < O‘T_HK,
and z*° < sif ¢ > O‘T_HK.

On the other hand, by (6.29), z** is the solution to the following allergic equation

ao (@) [(on 2 ) el (e )]

_ N ¢
=(Br-p )<q+/\7mr+/\>.

Sending A — oo in (7.9), since the right hand side of (7.9) has the limit 0, we obtain

A Br—B~ A \ c N q \ c
1. —1 _— A - — A = 0.
Atvoo (s*) KO‘ q+A)W =P (qu: r+A)] °

PS IIx

This implies at least one of I* and II* has the limit 0.

Ife< O‘T_HK, we have limy_,o, I = —1, since
I A > < T* a ¢ <1
im =—< — = —
Ao 8 5 — 5 a—1rK
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This implies limy_yo0 [I* =0, i.e. ™ = z*.

Ifc> O‘T_HK, we have

lim 17 = (@ — 1)yz™ — ol < (. —1)(yz™>™ — K) <0,

A—00 r

which implies lim oo I = 0,ie z*° =35.
If c= D‘T_HK, it is easy to check that x> = z* = 5.
Hence, we have established the convergence of z** — 2% as A\ — co. As a con-
sequence, it also follows that v®*(s) — v3(s). However, due to the lack of explicit
solutions for Case III, it is unclear what is the corresponding convergence rate.
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Stock Price

29

Optimal Conversion and Calling Times

Fic. 7.1. Scenario Simulation for Case I. The figure shows two simulated stock price paths in
the case of ¢K < ¢ < rK. Parameter values are K = 1, r=0.05, ¢=0.03, 0=0.2, y=1 and \=1.
The initial stock price is set to s=1.2. The bold horizontal line describes the conversion and calling
boundary 3*. Given the Poisson times Ti =0.8, To=0.5 and T3=0.8, the investor will convert and

the firm will call the bond both at T (for path 1) and T3 (for path 2).

&Y

Tnilial Stock Price s

FIG. 7.2. The value function v'** for Case I.
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Optimal Conversion and Calling Time
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Stock Price

|

Optimal Calling Time

Fia. 7.3. Scenario Stmulation for Case II. The figure shows two simulated stock price paths in
the case of ¢ > rK. The parameters are the same as those in Figure 7.1.The bold horizontal line
describes the conversion boundary 5. Given the Poisson times T} =0.25, To=0.5 and T3=0.8, the
firm will call the bond at T1 (marked square) for the stock price path 1; and both the firm and the
tnvestor will terminate the contract at Th (marked square) for the stock price path 2.

Bond Price

vs T

Tnitial Stock Price s

FIG. 7.4. The value function v*>* for Case II.
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Fic. 7.5. Scenario Simulation for Case III. The figure shows two simulated stock price paths
in the case of ¢ < qK. The parameters are the same as those in Figure 7.1. The top bold horizontal

line is the calling boundary 5, and the bottom bold horizontal line is the conversion boundary x

*, A

Given the Poisson times T1=0.3, To=0.5 and T3=0.8, both the investor and the firm will terminate
the contract at T (marked square) for the stock price path 1; and the invertor will convert her bond
T> (marked square) for the stock price path 2.

Bond Price

wl

Fia. 7.6

Tnitial Stock Price s

. The value function v3* for Case III.



